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Abstract In this paper, we study network routing and traffic controls under demand
uncertainty. Specifically, we examine the strategy of using a deterministic param-
eter in an optimization setting (a strategy employed in the literature) to represent
the demand uncertainty, where traffic flows are modeled using the cell transmission
model (CTM). For a special class of networks, for which instances have been previ-
ously analyzed in the literature, we provide an optimal policy (i.e., a policy whose
solution is optimal for any realization of the demand). Using this optimal policy we
show the problems inherent using a deterministic parameter to represent uncertainty.
We then show that, for other types of networks, for which optimal policies do not
exist, simple heuristics can outperform the use of optimization with a deterministic
parameter that represents the demand uncertainty.

Keywords Cell Transmission Model (CTM) - Demand uncertainty - Robust
optimization - Stochastic optimization

1 Introduction

In this paper, we study the problem of routing and controlling traffic flows through
a network, from origins to destination, under demand uncertainty. The objective is to
minimize the sum of the time that each vehicle (from the realized demand) remains
in the network before reaching a destination; we refer to this as the Total System
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Time (TST) which is known as the system optimal problem (as opposed to the
other common objective of obtaining a user equilibrium). This important problem is
related to dynamic traffic assignment (DTA) and regional evacuation planning prob-
lems. Specifically, we study this problem using the cell transmission model (CTM)
(Daganzo 1994, 1995) to approximate traffic flows. One potential drawback of CTM
is that it has a nonlinear flow-density relationship. Ziliaskopoulos (2000) proposed a
Linear Program (LP) where traffic flows are governed by a linear version of CTM.
This framework optimizes routing and traffic controls (e.g., flow priorities at net-
work merges) to minimize TST, and has been extensively studied in the literature
under deterministic demand for both DTA problems (e.g., Lo (2001), Lin and Wang
(2004), and Nie (2011)) and similar evacuation planning problems (e.g., Bish and
Sherali (2013), Bish et al. (2014), Chiu et al. (2007), Liu et al. (2006), and Tuydes
and Ziliaskopoulos (2006)). This framework has also been studied under demand
uncertainty in Waller and Ziliaskopoulos (2006), Yao et al. (2009), and Chung et al.
(2011, 2012); these papers propose the use of a deterministic demand parameter to
represent the stochastic demand in an optimization setting. The optimal traffic flows
produced from this strategy (optimal, that is, for the given deterministic problem) are
then subject to policies to produce a solution (i.e., a plan) for any realization of the
demand.

Waller and Ziliaskopoulos (2006) considers a known cumulative distribution func-
tion (CDF) of the demand at each origin, and set the deterministic demand parameter
based on the probability that the realized demand will be lower, e.g., the demand
parameter can be set such that there is a 70 % chance that the realized demand will
be less than or equal to the parameter. Using this demand parameter an LP is used
to minimize TST. Using this framework, various probability levels are empirically
tested to assess their performance under different demand realizations. To transform
the LP solution into an actionable plan the following rules are used: 1) if the realized
demand is less than the demand parameter, a randomly chosen subset of flows will
be implemented, and 2) if the realized demand is more than the demand parameter,
the traffic flows of the solution are implemented, and the “extra” demand is routed
over randomly selected routes from from the LP solution.

Yao et al. (2009), and Chung et al. (2011, 2012) study the routing problem in an
evacuation setting using a robust optimization approach based on a deterministic LP
where a range is provided for the uncertain demand. Here the objective is to minimize
TST with an additional large penalty for evacuees that have not reached a destination
by the end of the given time horizon. To transform the LP solution into an actionable
plan the following rules are used: 1) if the realized demand is less than the demand
parameter, a randomly chosen subset of flows will be implemented, and 2) if the
realized demand is more than the demand parameter, the “extra” demand will remain
at the destination (and thus incur the penalty). Because of the second rule, the large
penalty for not evacuating the system, and the assumption of a known range for the
demand, the deterministic demand parameter is set to the high-end of the demand
range. This is considered a robust approach.

When demand is uncertain, there are various ways of measuring the quality of
a solution. For instance, important qualities of a solution include the robustness of
a solution (the likelihood that a solution is feasible under various realizations), the
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expected objective function value (i.e., expected TST), or the solutions worst-case
performance, given the possible demand realizations (i.e., the worst possible TST).
The solution approaches studied in Waller and Ziliaskopoulos (2006), Yao et al.
(2009), and Chung et al. (2011, 2012) consider various of these aspects, but these
solutions all have problems directly related to the modeling framework used. One of
the main goals of this paper is to illustrate some of the problems. To do so, we develop
an optimal policy for problems that have a special network structure (the network
used in Waller and Ziliaskopoulos (2006) and Chung et al. (2012), which we also use
for illustrative purposes, has this structure). This policy is easily implemented and
directly leads to an optimal solution for any realization of the demand (and is thus
robust). This allows us to evaluate the solution approaches studied in Waller and Zil-
iaskopoulos (2006), Yao et al. (2009), and Chung et al. (2011, 2012). Furthermore,
for more general networks we provide a heuristic that also outperforms the solution
deterministic counterpart approaches from the literature.

The remainder of the paper is structured as follows. Section 2 presents the
model that we are studying, we then review the approaches used by Waller and
Ziliaskopoulos (2006), Yao et al. (2009), and Chung et al. (2011, 2012) to solve this
model. In Section 3, we present a class of networks that are studied in the litera-
ture in which the optimal solution can be characterized irrespective of the demand
level and we will use it to illustrate some of the disadvantages of the methods intro-
duced in Section 2 to solve the model with demand uncertainty. In Section 4, we
describe a heuristic that can be used in any network structure, and we compare it to
the deterministic counterpart strategies. And finally, Section 5 is the conclusion.

2 Model

In this section, we present the cell transmission model (CTM), which will be used to
model traffic flows, and describe the problem of interest. Next we present two mod-
els, the first (Model 1) is a nonlinear (and nonconvex) program based on the CTM. As
this model can be difficult to solve, we then present a second model (Model 2), which
is a commonly used linearized version of CTM. We then discuss the implications of
demand uncertainty for the problem.

The CTM (see Daganzo 1994, 1995) utilizes a discrete, time-expanded network of
cells and links (C, L) to represent a roadway system. Cells can be either source cells
(set S,) (demand is generated in the source cells, which have only a single, outgoing
link, and no incoming links), sink cells (set S,) (which have only a single incom-
ing link, and no outgoing links), or roadway cells (set R). Links represent allowable,
directed, movements between cells. When a roadway cell has two outgoing links,
these links are diverge links (L), likewise when a roadway cell has two incoming
links, these links are merge links (L,,). We will use the convention of calling a road-
way cell having outgoing diverge links a diverge cell, and a roadway cell having
incoming merge links a merge cell. All other links are ordinary (L,); an ordinary link
is the only outgoing and incoming link for two adjacent cells. Each source cell has
only one outgoing link, while each sink cell has only one incoming link. Figure 1
illustrates these network components; Cell 1 is a source, Cell 8 a sink, and cells
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Fig. 1 A small network example to illustrate the network components used in CTM

2-7 are roadway cells, links (2, 3) and (2, 5) are diverge links, links (4, 7) and (6,
7) are merge links, and links (1, 2), (3, 4), (5, 6) and (7, 8) are ordinary links. The
planning horizon is divided into 7' time intervals of length 7, and a roadway cell
represents a section of roadway of length £ such that vehicles traveling at free-flow
speed (u y) traverse the section in one time interval; thatis £ = uy x 7.

Using this framework, our problem is to send flows (vehicles) through a network
from source cells to sink cells, by selecting routes (decisions at diverge cells) and
setting traffic controls (priority decisions at merge cells) to minimize the total sys-
tem time (TST), i.e., the sum of the time each vehicle spends in the network before
reaching a sink, under demand uncertainty. For a deterministic problem, measur-
ing the performance of a solution is a straightforward task, but when the demand
is uncertain, evaluating a solution is more complicated. Since the demand is a ran-
dom variable the objective function value is also a random variable. One way of
evaluating a potential solution is by using the expected value of the objective func-
tion value. Another is to use the worst case performance of a potential solution
considering all the possible demand realizations. In addition, the feasibility of the
solution (i.e., how robust the solution is), over the potential demand realizations, is
also important. Waller and Ziliaskopoulos (2006), Yao et al. (2009), and Chung et al.
(2011, 2012) explore an approach to solving this problem under demand uncertain
using a deterministic model and deterministic counterparts, i.e., deterministic param-
eters, to represent the random demand variables. We denote this general deterministic
counterpart strategy as the DC strategy. Before we examine the various deterministic
counterparts proposed in the literature, we present some additional notation and two
related deterministic models.

Parameters:

di’ : demand generated in cell i in time interval 7,7 € S,

N; : maximum number of vehicles that cell i can hold, Vi € R
Q; : inflow/outflow capacity of cell i, Vi € R

&; . traffic flow parameter for cell i, Vi € R

The CTM parameters have the following relationships for any roadway cell i:
0 < Q; < N;, while 0 < §; < 1. By definition, Q; represents the maximum flow
into or out of cell i. This flow might not be achievable, if for instance, the adjacent
downstream cell j had a lower Q-value. It does imply that the parameters be set
such that §; [Nl- — xf] > Q; when x! < Q;, else the definition of Q; would be
contradicted, that is, cell i itself would prohibit a flow of Q; from ever entering cell i.
Asaresult, N; > (1+1/6;)0;.
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Decision Variables:

xf :  number of vehicles in cell i at the beginning of time interval ¢, Vi € C,
t = 1, cee, T

! I number of vehicles flowing from cell i to cell j during time interval t, ¥
(lv.])EL’t: 13"' 7T

p;. : proportion of vehicles flowing on a diverge link (i,j) from cell i, V (i, j) €

Ld,tzlv"'sT

All the decision variables are restricted to be non-negative; furthermore we set
xi1 =0,i € RUS,. We now present the Model 1 formulation.

T
Model 1 : Minimizez Z x! eV}
t=1ieC/S,
subject to :
xb=x"t o Z yil+d YieS, t=2,---,T (2)
k:(i,kyeL
d=xTl Y0 = D ok VieC/S, 1=2,00T 3)
k:(k,i)eL k:(i,k)eL
St =min(x!,Q;), VieR, t=1,---,T “)
R = min (0,5 [N~ ) Vi€ R =100 ®
sty =min (SLRY), VG ) €Ly, =T ©6)
vy < min (SLRY). Vi€ R () €Ly t =10, T M
S+ vy = min (SIS RY) L VG € R o) (k) € L i kst =10 T (8)

t

pA
yij = min (PSS,[R;fR,'(> VieR, (i,j),Gk €Ly jEkt=1,---,T (9
P

Pi+pi=1 VG ), (k) €Lla, i €R, j#k (10)

Objective Function (1) minimizes the total system time (TST), i.e., the sum of the
time each vehicle spends in the network before reaching a sink. Constraints (2) and
(3) are the flow conservation constraints. Constraints (4) defines Sf , the maximum
allowable flow out of a cell i in interval ¢; Roadway cell i is considered to be in
the congested state (i.e., congested) when x; > Q;. Constraint (5) is the maximum
allowable flow into a cell. Constraint (6) is the equation for the flow at ordinary links.
Constraints (7) and (8) determine the flows on the merge links. Constraint (7) places a
limit on each individual flow, while Eq. 8 (a simplification of the original constraints
proposed in Daganzo (1995)) determines the flows (i.e., priorities, which represent
traffic controls) for the merge links and ensures the maximum possible flow into the
merge cell. Constraints (9) and (10) determine the flow on the diverge links (i.e., the
routing decisions). Constraints (10) for the set of diverge links (i, j) and (i, k) are
equivalent to max{y;; +yik : y;;+ik < S, PjOj;+yin) < R}, prOi;+vie) < R}
given the turn percentages p'; and p;, where y; = p',(y}; + yix) and yj; = pi(y]; +
vik)- In other words, either the diverge cell must be sending flow out at its maximum
rate, or one of the downstream adjacent cells must be receiving flow at its maximum
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rate. The formulation is complete given the logical nonnegativity restrictions on the
decision variables.
Next, we present two important observations about the CTM.

Observation 1 Congestion on any roadway cell i (cell i is congested when x; > Q;)
does not limit the flow out of i.

Observation 1 is directly obtained from Eq. 4, which defines the maximum flow
out of any roadway cell, which considers the number of vehicles a limiting factor,
which, is a limit on flow based on conservation, not congestion.

Observation 2 For any route through the network, the roadway cell i having the
smallest Q-value sets the maximum flow over the route, which cannot be reduced due
to network congestion, and can be achieved, in isolation, given sufficient demand.

Observation 2 implies that, if used in isolation, any route can send a flow equiva-
lent to the minimum Q-value on that route given sufficient demand, no matter how
congested any of the cells are. Of course, if, for example, two routes shave roadway
cells, this can reduce the flow on one or both routes, but not because of congestion.

Model 1 can be difficult to solve since it is nonlinear and nonconvex. An alter-
native approach, that is commonly used, is a linearized CTM (see Ziliaskopoulos
(2000)), which is the approach used in Model 2; where we replace Constraints (4)—
(10) with the following:

> oyt =axlvieC t=1,--.T (11)
Jj:i,j)eL

> V=0 VieR t=1,--.T (12)
JiijeL

> ¥ <0Qi YieR t=1,--.T (13)
JiueL

Z Vi S 8(Ni—x)), VieR, t=1,--T. (14)
JiG)eL

Constraints (11)—(14) are linearized replacements for Egs. 6-10 (see
Ziliaskopoulos (2000)). The flow over any ordinary link, merging link, or set of
diverging links is limited by the occupancy of the upstream cell (11) and its flow
capacity (12). Furthermore the flow over any ordinary link, diverge link, or set of
merging links is limited by the flow capacity of the downstream cell (13) and its
remaining capacity (14). A consequence of linearizing the constraints in Model 2 is
an expansion of the feasible region, e.g., the flow of an ordinary link y! j has to be
Model 2. This (well known) problem is referred to as traffic holding, whiéh occurs
when a solution to Model 2 is infeasible for Model 1, in other words, solutions with
traffic holding do not conform to the flow-density relationship underpinning CTM.
Liu et al. (2006) mentions traffic holding as an unrealistic behavior, while Bish

equal to min(S;, R") in Model 1, whereas it can be in the interval [0, min(S! R;)] in
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and Sherali (2013) and Nie (2011) shows that traffic holding is not required in an
optimal solution for the deterministic problem. Furthermore, we find in our initial
studies that it is harmful under uncertainty. Unfortunately, Model 2 usually produces
solutions having traffic holding. Since traffic holding is not a necessary feature of an
optimal solution and potentially detrimental under demand uncertainty, we remove
it using a lexicographic objective function that minimizes TST, and then minimizes
Z(i’ el Zthltyi ; (Lin and Wang 2004). This secondary objective forces the traffic
flows to advance as much as possible, i.e., until one of the CTM flow constraints
is tight. This alternative objective function gives us solutions that minimize TST
and are feasible for Model 2. Another option is to solve Model 2 with objective
function (1), obtain the optimal TST, and then use this as an additional constraint
in Model 2, which we solve again, but now minimizing Z(i,j)eLZZ:ltyij' An
alternative objective, minimizing the network clearance time (NCT), i.e., finding the
earliest time interval in which all the demand can reach the sinks, is often used in
evacuation planning. For the deterministic problem a solution to Model 1 or 2 that
minimizes TST also minimizes NCT (see Bish et al. (2014)). Later, we will consider
the NCT objective under demand uncertainty.

We now address an obvious obstacle when using the solution from Models 1 or
2 under demand uncertainty, and an important step in implementing a DC strategy,
which is that the demand realization is unlikely to match the deterministic counterpart
used, and thus the solution from these models must be modified. Two implementation
methods for DC strategies are as follows:

Priority Method The flows from the deterministic solution (from either Models 1
or 2) are used to calculate turn percentages for diverge links and priorities for
merge links for each interval. These are, in turn, applied to the realized demand. If,
for a particular interval, the deterministic solution does not supply the appropriate
flows to calculate these values, average values for the particular cell (merge or
diverge) are used.

Flow Method The flows from the deterministic solution are used directly. If the
demand realization for a source is less than the deterministic counterpart in any
interval, the flows for the various routes selected for that intervals demand are
proportionally reduced. If the demand realization is greater than specified by the
deterministic counterpart in any interval, the flow from the solutions are used, and
additional flows (in accordance with the demand realization) are sent on randomly
selected routes used in the solution in that interval. If, for a particular interval,
the deterministic solution does not supply appropriate flows for a source node’s
demand, then routes are randomly selected from all routes used in deterministic
solution for that particular source node. The priority decisions on merge links are
used as necessary.

Next, we discuss the literature, specifically the deterministic counterparts used
and the implementation method. Waller and Ziliaskopoulos (2006) assumes that the
demand has a known cumulative distribution function (cdf) F (x) and the deter-

ministic counterpart aAllt is set based on a parameter « that is a probability measure
of the extent to which constraint violations are permitted, thus F (c?f ) = . Waller
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and Ziliaskopoulos (2006) essentially studies the problem using Model 2 and a given
deterministic counterpart based on various a-parameters. To evaluate the various
solutions, the paper uses the Flow Method and simulation.

Yao et al. (2009), and Chung et al. (2011, 2012) all use a similar framework to
study demand uncertainty in an evacuation context. This framework is built on the
assumption that there is a known demand range, and that if the demand realization is
larger than the the deterministic counterpart, then the excess demand will remain at
the source. This is coupled with an objective function that minimizes a modified TST.
Specifically, this objective function is Zszlzz'eC/cs c'x/, where ¢’ = 1forr # T,
¢’ = M and M is a large number representing the infeasibility cost resulting from
demand uncertainty. Thus M is a penalty for evacuees that do not “clear” the network
by time 7. Due to this large penalty, and the above assumptions, they find the best
approach is to set the deterministic counterpart to the high end of the range (similar
to using an «-parameter of 1 in Waller and Ziliaskopoulos (2006)). To evaluate this
solution, these papers assume if the demand realization is less than the deterministic
counterpart, the flows on each route are reduced proportionally, which is similar to
the Flow Method described above.

3 An Optimal Policy Under Uncertainty

In this section, we introduce a class of networks that have a special structure such
that there exists an optimal policy for Models 1 and 2 under demand uncertainty.
This optimal policy is easy to implement, and produces the optimal solution for
any demand realization. We denote these networks as single source shortest path
dominated (SSSPD) networks. We note that SSSPD networks are common in the lit-
erature, for instance, the SSSPD network we use in our analysis (see Fig. 2) is used
in Waller and Ziliaskopoulos (2006), Chung et al. (2012), and Li et al. (2003). Using
these networks, we examine the use of the DC strategy to derive solutions for Model 1
under uncertainty as was done in the literature. We introduce additional set notation
and a set operator to define SSSPD networks.

c@,j) . set of cells on the shortest route connecting cell i and cell j, i.e., the
route with the fewest number of cells.

Omin(A) : min(Q;:i € (AU R)), i.e., the smallest Q-value of the roadway cell
in set A. If A represents a route, then this represents the flow capacity
of the route.

An SSSPD network has a single sink cell s. We denote the last merge cell before
the sink as m (the sink only has a single incoming link) and the first diverge cell after
source i as d; (each source cell only has a single outgoing link); there is only one route
connecting i to d; and also only one route connecting m to s. Given this, we define an
SSSPD networks as a single sink network where the following two conditions hold:

Condition 1. If there exists more than one route between source cell i and the sink
cell s, then the shortest route between cell i and s must have either Q,,;,(C(d;,

m)) = Qmin(C(m, 5)) or Qmin(C(di, m)) = Omin(C (i, d;)).
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Cell | Freeway cells | Arterial cells
N; 20 10
Qi 12 3
0 1 1

Fig. 2 Test network and the shortest path subnetwork

Condition 2. For each merge cell k£ used in the solution (including m) the following
must hold: Q; > QO and/or Q; > Qy, where cells i and j are the two direct
predecessors of k.

For SSSPD networks, we can define the optimal policy as follows:

Proposition 1 The optimal policy for Models 1 and 2, under demand uncertainly,
for a problem instance on an SSSPD network, has the following structure:

1. The demand at each source cell i € S, uses the shortest route from source i
to sink s, i.e., route C(i, s). If there are multiple shortest routes, pick a shortest
route satisfying Condition 1.

2. Atevery merge cell k, having i and j as predecessors, the cell with the lower Q-
value has priority. Thus, without loss of generality, if Q; > Qj, then the flows
onto k are y;k = min(S;, RY), yl, = min(S!, R}, — Yir):

Proof Every route between the source cells and the sink on an SSSPD network
must go through merge cell m and the single route between merge cell m and the
sink, thus Q,,;, (C(m, s)) is an upper bound on the flow into the sink in any interval.
Under CTM, see Observation 1 and 2, the flow out of a roadway cell i is not reduced
because of congestion on 7, nor will congestion reduce the flow capacity of any route.
Because congestion cannot limit the flow into the sink, the only way to reduce this
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flow, given ample demand, is to use the network inefficiently, i.e., send flows less
than Qi (C(m, s)) over route C(m, s), when there is sufficient demand to utilize
route C (m, s) to its full extent. Inefficacy can be occur through routing (i.e., decisions
at diverge cells) or traffic controls (i.e., priority decisions at merge cells).

We first consider routing. In a SSSPD network, when there are multiple routes
between a source i and the sink s, the shortest route selected by the given policy, by
Condition 1, has the roadway cell with the limiting flow capacity (i.e., the smallest Q-
value) in the set of cells C (i, d;) or C(m, s); in either case flows cannot be augmented
by using multiple or alternate routes. Route C(d;, m) can send sufficient flow to fully
utilize route C(m, s), even if multiple routes share some of these cells (which does
not diminish the flow into merge cell m), even in the presence of congestion, based on
Observations 1 and 2 (the lack of flow reduction due to congestion for CTM). Having
multiple routes share some of these cells would limit the flow from (some of) the
sources sharing the roadway cells, but not the flow into the sink. This is independent
of demand uncertainty, because it is based on the known parameters of the SSSPD
network (i.e., flow capacity, Q; for cell 7).

Next we consider traffic controls. At a merge cell, by Eq. 8 the solution will always
send as much flow as possible, given the available demand, which allows for ineffi-
ciencies based on demand. Consider two merge links (i, k) and (j, k), and suppose
without loss of generalization that Q; < Qr < Q, which adheres to Condition 2 for
SSSPD networks. We are only interested in situation where there is sufficient demand
to form a traffic queue (in this case Eq. 8 allows a decision, which is where the queue
forms, either on i, j, or both). If the queue for merge link (j, k) is exhausted before
the queue for link (7, k), then cell k can be used inefficiently when Q; < Qk. Thus
giving link (i, k) full priority ensures the most efficient use of the merge by exhaust-
ing the queue on the lower capacity link as early as possible (full priority, based on
Eqgs. 7 and 8 uses the merge cell to its full extent when demand is sufficient, and
does not imply zero flow over link link (j, k)). When demand is exhausted on cell
i, cell j can fully supply the flow to k since Q; > Q. Of course, this is depen-
dent on Observation 1, i.e., that congestion does not reduce flow. In the special case
where Q; = Q;, giving either link the full priority will utilize cell & efficiently since

Qi =0; > Ok O

The optimal policy described in Proposition 1 provides an optimal solution to
every possible realization of the demand, given an SSSPD network, and is thus a
robust policy, even when the upper range of the demand distribution is not known.
The optimal policy does not directly provide the values of the flows (the y-variables),
which are dependent on the demand realization. This policy is quite easily imple-
mented, since all vehicles from the same source are given the same route (such an
easily implementable strategy was studied in Bish and Sherali (2013), but for net-
works where this is not necessarily the optimal policy). Conversely, the optimal
solutions generated using the DC strategy are not simple to implement given the
multiple routing and the solution that does not match the realized demand (thus the
implementations discussed in Section 2). We note that there are other network con-
figurations where this policy is optimal, and other network configurations that have
similar optimal policies. Our purpose here is to use the optimal policy to evaluate and
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demonstrate the problems with using Models 1 and 2 and a deterministic counterpart
to solve the problem under demand uncertainty.

To illustrate the shortcomings of the DC strategy, we use an example on the
SSSPD network displayed in Fig. 2 (including a table of cell parameters) and the
optimal policy described in Proposition 1. This network was introduced in Li et al.
(2003) in a deterministic setting, and under demand uncertainty (along with a DC
strategy) in Waller and Ziliaskopoulos (2006) and Yao et al. (2009). Figure 2 dis-
plays the shortest route from each source to the sink by showing the appropriate cells
in bold. Source cells are square, with their identifier underlined, and cell 59 (also
displayed as a square) is the sink. Square roadway cells represent arterial roadways,
while circular roadway cells represent freeways. There is only one path from source
cell 56 to the sink, thus there are no diverge cells between this source and sink, and
this route does not have to adhere to the Condition 1 (which only applies if there are
multiple routes). Merge cell 14 is the final merge before the sink (i.e., m), and by
Condition 2, cell 62 has priority over cell 34 (cell 62 sends its maximum possible
flow in any interval, and cell 34 can then make use of any excess flow capacity in that
interval). The only other merge used in the solution is cell 18, where, again by Con-
dition 2, cell 58 has priority over cell 17. These merges illustrate why Condition 2
is required under demand uncertainty, consider merge cell 14, here the route from
source cell 54 can utilize the full flow capacity of cell 14 (i.e., Q14), while the route
from source cell 56 cannot. In the solution from the optimal policy, congestion forms
before cell 14 (the bottleneck and last merge cell) and before cell 18 (a merge cell
between the first diverges of source cells 54 and 55 and the last merge cell). Solu-
tions from the deterministic counterpart strategies can have congestion form at other
points in the network.

As in Waller and Ziliaskopoulos (2006), Yao et al. (2009), and Chung et al.
(2011, 2012), we will assume that the demand is only generated at the three source
cells (cell 54, 55 and 56) at time 0. For this example the demand is assumed to be
uniformly distributed between 0 and 400 for all the source cells. The planning hori-
zon (T) is set to 200 time intervals. In this study, the demand leaves the source cells
at the highest possible rate, until it is exhausted. We generate 500 demand scenarios,
which are then evaluated for the different DC strategies and the optimal policy, the
results are summarized in Table 1.

As Table 1 illustrates, the two DC strategies converge for « = 1, because they
differ in how demand in excess of the deterministic counterpart is handled. Overall
the Priority Method tends to do better for lower «-levels than the Flow Method. This
is because the Flow Method randomly selects routes for any demand over the deter-
ministic counterpart, unlike the Priority Method, where the excess demand is routed
in a less random manner. The better performance of the Priority Method also stems
from the use of an SSSPD network. This is because, as « decreases the solution to
Models 1 and 2 tend to use the shortest paths. This is because there is less conges-
tion, which, at least for the deterministic setting, makes the use of the longer paths
unlikely in an optimal solution. As a thought exercise, we can see that if we solve this
problem for a single vehicle from each source, the model would always choose the
shortest path, and important feature of the optimal policy. For example, Fig. 3 shows
the optimality gap for the two DC strategy implementations for « = 0.5; here we see
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Table 1 Performance measures of the two DC strategies and the optimal policy

DC strategy

Priority Method Flow Method

a=05 a=07 a=1 a=05 a=07 a=1 Optimal policy

TST mean 33,459 34,181 35,212 34,866 34,306 35212 33,341

std 17,504 17,447 17,160 19,207 17,442 17,160 15,561
max 71,885 73,447 76,966 95,380 85,917 76,966 70,994
NCT  mean 112.32 115.34 119.36 123.2 119.12 119.36 111.7
std 333 324 30.4 40.19 34.06 30.4 29.5
max 165 167 171 200 186 171 158

some of the biggest optimality gaps at high demand levels. We note that even at low
demand levels, any particular source might require many random paths when using
the Flow Method).

In Waller and Ziliaskopoulos (2006) the DC strategy is implemented using the
Flow Method. Our findings are similar in that we also observed that an «-value of
0.7 tends to yield the best results for the Flow Method. It does so by balancing the
selection of a large number of routes randomly selected from our solutions route set,
which occurs when the demand realization is larger than the deterministic counter-
part, with the problems associated with proportionality reducing the flow compared
to the solution found using the deterministic counterpart (which includes taking flow
from the shortest paths, part of the described optimal policy), which occurs when the
deterministic counterpart is larger than the realized demand.

The concept of efficiency used in the proof of Proposition 1 is illustrated in Fig. 4,
which shows the flow out of cell 4. To use the network efficiently, we must utilize
the merge m (cell 14) as efficiently as possible, as this is the network’s upper bound
on flow. To do so, the shortest path from any source to the sink, which is the freeway
path from source 54, must be used. In this network, the freeway is able to send enough
flow to fully utilize the merge, which accounts for the quick jump from zero flow to

15

aFlow O Priority A,
2 & x
= A
oy ah N
2z NN Al ﬁ;x s
| A A
g p - Span, D228 & A
S 5 L A A A
: N u] Agﬁ 2 a AL AAﬁAAA
23 t&%ﬁﬂ o
4
=g O o
I\ 8 ‘% &0 Sy B2
0 = @% i gt 70 ES
200 400 6

00 800 1000 1200
Realized demand

Fig. 3 The TST optimality gap for &« = 0.5 for the Flow and Priority Methods
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Fig. 4 The flow out of merge cell 14 (the last merge m and a network bottleneck) for an instance using
a=0.5

a flow of 12 (the maximum flow capacity). Here we see both the DC strategy, and
the optimal policy are similar for the initial intervals. It is at the later time intervals
that we see inefficiencies. The optimal policy uses the merge as efficiently as the
realized demand allows, and reduces flows in a step fashion as demand from the
various sources is exhausted. The DC strategy produces a solution that uses the merge
cell efficiently only if the demand realization matches the «-level . When it does not,
we get the inefficiencies displayed in the figure. These can be directly attributed to
controlling merge 14 and 18 inefficiently, and sending some portion of the flow over
longer routes.

The optimal policy provides a solution that is optimal for every demand realiza-
tion, and because of that, the solution is optimal for the TST (which the objective
function minimizes), but also for the NCT. This is not the case with the DC strategy;
when demand realizations do not conform to the deterministic counterpart used, this
can impact the NCT in a different manner, as the NCT is a function of when the last
vehicle clears the network. We can see this in the optimality gaps displayed in Fig. 5,
where the largest optimality gaps are for the NCT. For example the average optimal-
ity gap for the TST at « = 0.5 for the Flow Method is around 5 %. But for the NCT
it is greater than 26 %. This is because if the DC strategy efficiently routes most of
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Fig. 5 The optimality gap for « = 1 for TST and NCT
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the vehicles, the TST objective value will be close to optimal, but the small portion
of the vehicles routed inefficiently can greatly increase the NCT because the NCT is
only dependent on the last vehicle in the system.

Yao et al. (2009), and Chung et al. (2011, 2012) use an objective function that
is based on minimizing the TST, but modified as follows: Y. ;3" _- /5,¢'x] where
¢! =1fort <tyand ¢" = M fort > 11, and M is a large number (a penalty).
These papers assume that the uncertain demand falls within a given range, and that
any demand realization in excess of the deterministic counterpart is not able to leave
its source. Because of these assumption, along with the penalty M for any demand
that does not reach the sink by time #; (which includes the demand not able to leave
its source due to the deterministic counterpart being less than the realized demand),
the best solution obtainable by the DC strategy from « is set to 1, that is, set the
deterministic counterpart to the upper range of demand. The penalty for not evacuat-
ing by interval #; is related to the NCT. We see from Table 1, and Fig. 5 that setting
o to 1 is not optimal for the TST, nor is it optimal for the NCT. If we consider the
penalty, the optimality gap between the deterministic counterpart and the optimal
policy increases, for instance, if 1; = 160, the optimal policy plan’s objective func-
tion value will remain unchanged since the NCT is always less than 158, whereas the
plans generated from the DC strategy incurs the penalty in some cases. We note that
the penalty in the alternative objective function does not alter the DC strategy’s plans
because for the deterministic problem minimizing TST also minimizes NCT.

In summary, the DC strategy does not provide an optimal solution for Models 1 or
2 under demand uncertainty, which we illustrated by using SSSPD networks having
optimal policies. The DC strategies have the following disadvantages:

1. Models 1 and 2 often have multiple optimal solutions in the deterministic set-
ting, each of which can have different results under uncertainty, yielding a high
variance on the objective function value.

2. A solution generated by Models 1 or 2 require an implementation method, i.e. a
set of rules to modify the solution when the demand realization does match the
deterministic counterpart, which is not considered in the optimization.

3. The DC strategy solution is difficult to implement since the routing and traffic
controls can be complex; solutions often have different priorities and turn per-
centages at merge and diverge links at each time interval. Conversely the optimal
policy is easy to implement.

4. Model 1 is difficult to solve, and Model 2, if not used carefully, can gener-
ate solutions that have traffic holding, which are not feasible for Model 1, and
introduce further sub-optimalities under uncertainty.

5. In the optimal policy, minimizing the TST is equivalent to minimizing the NCT
since we are maximizing the flow to the sink at each time interval. This is not
the case in the DC strategies, two plans can have relatively close TST, but their
NCT can be very different.

For more complex networks there are potentially even more disadvantages in the

DC strategy. Consider the network displayed in Fig. 6, which has two sources and
two sinks. We assume that the demand for each source cell is uniform between 0 and
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Fig. 6 A network example with two sinks having an optimal policy

200. The flows are completely characterized by the turn percentages and priorities at
cells 3, 4, 13, 14. Each source has two shortest paths to a sink. Due to symmetry, the
optimal policy has the following turn percentages: p = 0.5, pg = 0.5, p, = 0.5,
pé =0.5,Vr =1, .., T irrespective of the realized demand because it will guaran-
tee that the flow to the sinks will be maximized at all time intervals. Now suppose we
use the DC strategy with any «-level. One possible solution has the following turn
percentages pt = 1, pt =0, p, =0, p; = 1Vt = 1,---, T. This plan is optimal
whenever the demands at the source cells are equal. If we apply the first optimal plan
to the scenario where the realized demand is 200 at cell 1 and O at cell 2, we geta TST
of 1900 and a NCT of 15. In this solution the flow rate to the sinks is 20 each time
interval. In the case of the DC strategy solution, since we are forcing yi, = 0, the
flow rate to the sinks will be reduced to 10 each time interval which is the minimum
possible flow. This will be the worst solution in terms of objective function value.
The TST in this case is 2900 and the NCT is 25. The optimality gap is more than
50 % for the TST and 66 % for the NCT. In the next section, we examine networks
without an optimal policy under uncertainty.

4 A Heuristic for more Complex Networks

Next we present a heuristic that can be used in more complex networks that do not
have optimal policies. In this heuristic, the traffic management tools are turn percent-
ages at diverge cells, which determines routing and priorities at merge cells. We will
use the shortest paths subnetwork at its fullest potential, and we will evaluate whether
we use the other paths or not.
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4.1 Control at Diverge Links

Given two diverge links (m, n), (m, 0) € Ly, where n is on the shortest path subnet-
work, o is not. Since n is in the shortest path to the sink cells, we will use the route
to its maximum potential that is y,, = min(R!, S! ). To determine y/ , we define
Bo = |C(0, Se)l/ Omin(C (o, Se)). As B, decreases it will become more useful to send
the vehicles through y!,  since either the distance between o and the shortest sink is
small or the flow per time interval Q,,;,(C (o, S¢)) is high. So a comparison to 8,
seems logical to decide whether we use the other path. Specifically if 8, >> B, then
it would be better to set y, . = 0. To determine how much 8, should be bigger than
By, the comparison should depend on the average total demand connected to cell m:
as the average total demand increases we should allow more flow in y! . Thus we
came up with the following heuristic: Let d,, be the average total demand connected
to cell m. y!, . and y!  are defined as follows:

yh, =min(R., Sh) (15)
min (xrln - yltnn’ Qm - yrtnn’ thz) if /30 < mﬁn (16)
0 otherwise
Equation 15 sets the flow on the shortest path to its maximum level. Equation 16
describes the flow on the longer path; this flow depend on the values of 8, and §,,.
Deciding on whether using the shortest path only or not depends on the demand level,
the length of the paths connected to the sink, and the inflow/outflow parameter of
these cells: As the demand increases, it is more likely to use more paths than using
only shortest paths. Similarly as the length of the shortest path decreases and its flow
increases it is more likely to use the shortest path only.

o
ymo_

4.2 Control at Merge Links

Given two merge links, (i, k), (j, k) € L, and assuming R}, > Q; and R} > Q;,
then the flow equations are as follows:

min (S’ R’) if min R > min [ |
yitk _ i* "k _Qi’ R,Q—Qi_ - _R,'(—Qj’ Q.i_ (17)
min (Sl’ R} — y;.k) otherwise
in (st R 1 if mi [ _> N
Vi = mm( ik _yik> e AR e R e TR T P
' min (S; R,i) otherwise
If R; < Q; or R} < @/, then the flow equations are as follows:
, [ min(St, RY) if Qi < 0 o
Yik =\ min (Sl?, R} — y;k otherwise (19)
min (" R'—y?) ifQ: < Q;
> Tk k l J
Yix = ! ’ (20)

min (S ; , R,i) otherwise
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Fig. 7 A network example with two sinks without an optimal policy

Through these equations, we are trying to maximize the time we use the merge cell
k at full potential Q. Equations 19-20 are similar to Proposition 1 in the previous

5 X
R,—Q;’ Q;j
flow of R,’{ if cell i were given full priority. We evaluate the same ratio for cell j and
we give full priority to the cell with the highest ratio.

section. In Eqs. 17-18, min i| is the time merge cell k can be supplied a

4.3 Testing the Heuristic

In this section, we will test the heuristics on several networks. First, considering the
network displayed in Fig. 2, the heuristic had the same performance as the optimal
policy. In the network in Fig. 6, since we have two identical paths at each source
cells, the heuristic uses both paths to their fullest potentials and hence the heuristic
also provides the optimal policy.

Table 2 Performance measures
of the DC strategy and the DC strategy
heuristic

a=0.5 o =0.75 a=1 Heuristic

TST mean 26,149 26,529 28,579 24,192
std 14,559 14,368 15,271 13,854
max 58,258 58,309 62,876 54,703

NCT mean 22.69 23.25 23.85 19.68
std 4.9 4 33 4.8
max 29 29 29 26
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Fig. 8 Sioux Falls network
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Table 3 Performance measures

of the DC strategy and the DC strategy
heuristic on the Sioux Falls
network a=0.5 o =0.75 a=1 Heuristic

TST mean 2.53 x 105 2.64x10° 271 x 10° 1.99 x 10°
std 9.44 x 10* 8.75x 10* 8.11 x 10* 8.38 x 10*
max 441 x10° 4.56x 105 5.19 x 10° 4.28 x 10°

NCT mean 120.34 122.13 125.56 110.15
std 30.01 27.21 26.23 29.21
max 170 173 175 156

Now we test the heuristic on a more complex network as in Fig. 7. We assume that
demand at source cells 1 and 10 are uniform between 0 and 200. Each source has a
shortest path to a sink and another longer path to another sink. As a result, the optimal
solution is dependent on the demand realized at the source cells, and thus there is no
optimal policy. For example if the demand is high at a given source cell, it would be
better to use the both paths, whereas if the demand is low, using the shortest path only
will yield a better solution. The results for the heuristic and the DC strategy (using
the priority method) are shown in Table 2.

We next test the heuristic on the Sioux Falls network, which is heavily studied in
the transportation literature (see Abdulaal and LeBlanc (1979)). We did not find a
CTM implementation of this network in the literature. Our CTM network version of
the Sioux Falls network is presented in Fig. 8. The network parameters are obtained
from Chakirov and F P (2014). We chose the time interval length to be 0.5 min and
the jam density is assumed to be 198 vehicles/mile/lane. Two types of roadways is
the Sioux Falls network, highways, which have three lanes and a maximal flow rate
of 1800 vehicles/lane/hour, and urban roadways, which have two lanes with maximal
flow of 900 vehicles/lane/hour. This yields two types of roadway cells in the CTM
network: highway cells (marked as H in the network) having parameters of Q;, = 45
and Ny = 119, and urban cells (marked as U in the network) having Q, = 15
and N, = 79. We assume that the demand at all source cells are uniformly dis-
tributed between 0 and 2000. We compare the performance of the heuristic and the
deterministic counterpart strategies in Table 3.

The DC strategy finds a solution with all the issues discussed above, and the
heuristic performed better than the DC strategy for all values of «. For the mean TST
we find that « = 1 performs the worst, and has a mean TST that is 37 % larger than
that found be the heuristic, and @ = 0.5 performs the best, but it still has a mean
TST that is 27 % larger than the heuristic. The heuristic also had better worst-case
performance for all values of o and better network clearance time performance.

5 Conclusion

In this paper, we illustrate some of the problems in using the deterministic counter-
part parameter to replace the stochastic demand in the CTM model: we started with
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a survey of the deterministic counterpart strategies in the literature, specifically we
talk about the chance constrained optimization formulation proposed by Waller and
Ziliaskopoulos (2006), and the robust optimization formulation proposed by Yao
et al. (2009), along with the assumptions needed to implement it. We next present
a class of networks, which are used in the literature and we show that there exists
an optimal routing and traffic control policy that is independent of demand, so we
can implement the optimal evacuation plan for any demand realization. We use an
example of such networks to highlight some of the problems associated with the
deterministic counterpart approaches. We also discuss the drawbacks of using the
deterministic counterpart strategies in more complex networks where an optimal pol-
icy independent of demand does not exist, and we provide a simple heuristic that can
outperform the DC strategies.

In the CTM model proposed by Daganzo (1994, 1995), the flow out of a roadway
cell is not reduced by congestion on that cell; this property can be exploited when
developing a good routing plan. In future research, we should find efficient methods
to replace the deterministic counterpart strategies in dealing with demand uncertainty
by exploiting that property. We could find more general structures of network that
have known optimal solutions independent on demand, or develop heuristics that
have known optimal gaps with respect to the optimal solution.

Another research direction is to study demand uncertainty in models where con-
gestion does have an effect on the flow in the network. The model studied in Bish
et al. (2013) is a generalization of the CTM where the flow out of a cell is reduced in
the presence of congestion. In that setting, an optimal policy independent on demand
will probably not exist for many network structures. The complexity of this prob-
lem makes it challenging due to the dependency of the flow rate on the level of the
congestion in the network, but it can contribute to this area of research, especially in
extreme cases where a very high demand level is expected like for example evacua-
tion planning where the demand level is stochastic, and congestion plays a big role
in the decision making process.
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