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Abstract Two microfluidic transistors for analog flow con-
trol and amplification for lab-on-a-chip applications are
presented. The transistors are based on the elastic mem-
brane microchannel, where the flow in the microchannel
between the substrate and the membrane is controlled by
the pressure differences along the channel and across the
membrane. Reduced-order models that capture the low-
inertia dynamic behavior of the coupled fluid—structure
interaction were developed to enable fast small-signal
analysis of large circuits. The accuracy of the models is
assessed by comparing to numerical simulations of the cou-
pled fluid—structure interaction problem. Analog behavior
(based on analytical modeling and numerical simulation) of
the two devices is characterized in terms of dependence of
the volume flow rate on the source—drain and gate—source
pressure differences, analogous to the characterization of
MOSFET operation. The characteristic curves are then
used to extract the small-signal parameters (transconduct-
ance and intrinsic output resistance), characterizing the
dynamic response to small time-varying pressures at the
gate and/or drain. The characterization enabled identifica-
tion of the various static and dynamic operation regimes
of the devices, including the transistive regime where the
device operates as amplifier, and the capacitive (positive
and negative) regimes. Finally, the dual-membrane transis-
tor is used to showcase its use as a diode and a common-
source amplifier in the design of a micropump that, in turn,
is used for mixing of two species using pulsating flows.
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List of abbreviations

Mass flow rate

Time

Frequency

Dynamic viscosity

Modulus of elasticity of the gate
Cross-sectional area

Length of the fluidic transistor channel
Length of the channel preceding the fluidic
transistor

Reference height of the undeflected transistor
channel

Width of the fluidic transistor

Density

Thickness of the gate

Vertical deflection of the gate from equilibrium
Vertical deflection at the center of the gate
Velocity of fluid in the x-direction

Average velocity of fluid in the x-direction
Velocity of fluid in the y-direction

Average velocity of fluid in the y-direction
Velocity of fluid in the z-direction

Average velocity of fluid in the z-direction
Volume flow rate

Transconductance

Intrinsic output resistance

Intrinsic pressure gain

Pressure inside the channel

Parm  Atmospheric pressure

Pd Fluid pressure at the drain
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Ds Fluid pressure at the source
Ds External gate pressure
D Average pressure inside fluidic transistor

Dsd Source—drain pressure drop difference

Dss Actuation gate pressure relative to source pressure
Average speed of a Poiseuille flow in a channel of
height A due to a reference pressure drop of pgq
U Reference speed = 12Upo;s

Upois

v Kinematic viscosity

Re Reynolds number

St Strouhal number

o Transistor channel aspect ratio

(o Refers to reference or DC state
(O)pc Refers to reference or DC state
(r  Refers to fluid

(O)m  Refers to membrane

(Vg Refers to the gate

1 Introduction

Extensive research has been done on developing and
designing microfluidic components and circuits in the last
few years, due to the wide spectrum of applications of
microfluidic devices, especially in biotechnology.

An important component in such devices is the elastic
membrane microchannel, which is made of elastomers, par-
ticularly polydimethylsiloxane (PDMS) (Duffy et al. 1998).
This component operates as a switch making it the building
block of microfluidic logic circuits. Microfluidic logic circuits
enable the integration of a large number of components such
as valves and pumps, allowing the control of a large number
of output flows with a minimal number of input gates, which
is essential for saving space and energy (Weaver et al. 2010;
Pennathur 2008; Dertinger et al. 2001; Whitesides 2006).

Classically, elastomeric components have been used as
basic elements of microfluidic logic circuits. They can act as
valves or switches: a pressure difference across the flexible
membrane causes a downward deflection that changes its state
from open to closed, either allowing the flow to pass or block-
ing it (Jeon et al. 2002; Toepke 2007; Weaver et al. 2010; Rhee
2009; Oh 2012). The literature is abundant with examples of
using elastomeric components as an ON/OFF switching
devices.! For instance, usage as an active switch can be found
in Rhee (2009), Tanaka (2013), whereas usage as a passive
switch can be found in Leslie et al. (2009). Elastomeric compo-
nents are also commonly used as transistors for logic control
(switch with gain) of microfluidic circuits (Weaver et al. 2010;

! In the literature, we noticed a confusion between a diode and a
valve. A diode is a passive one-way valve; by passive, we mean that
it is actuated by the flow itself. All the others are passive or actively
controlled switches.
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Leslie et al. 2009). In addition, elastic membrane equipped
channels have been used as diodes (Mosadegh et al. 2011; Jeon
et al. 2002) and capacitors (Leslie et al. 2009; Laser 2004) for
charging and discharging mass.

Complex devices that employ these basic components
include microfluidic oscillators (Mosadegh et al. 2011;
Kim 2012), pumps (Leslie et al. 2009; Laser 2004), and
frequency-specific mircofluidic control circuits (Leslie
et al. 2009).

In the logic (digital) operation of transistors, the
designer pays no attention to issues such as nonlinearity
and distortion (as long as the device switches between
the ON/OFF states in a predictable manner and without
failure). One of the advantages for considering analog
designs, in addition, is that they offer more functionality.
For example, in the design of large integrated microfluidic
circuits, when amplifying harmonic pressure signals using
logic devices, the amplified output signals look similar to a
square wave. An ideal analog amplifier, however, produces
a linearly amplified version of the harmonic input signal.
In reality, components such as the elastomeric channel are
nonideal, and their output suffers from compression and
harmonic distortion. One of the benefits and challenges of
analog design is to produce an output signal with accept-
able gain, linearity, and distortion, while dealing with
nonlinear components. None of the previously mentioned
studies investigates the analog operation of the elastomeric
membrane as a transistor.

In this paper, we first present novel regimes of the
elastic membrane microchannel, as a microfluidic tran-
sistor for analog flow control and amplification, and as
capacitor with positive and negative capacitance. This
device, depicted in Fig. 2a, is a single-membrane tran-
sistor that consists of a microchannel with a compliant
wall where the fluid flow rate is controlled by the com-
bined effect of the pressure differential along the chan-
nel (ps — pg) and the upper wall deflection (§), controlled
by the external pressure (pg). Second, we present a novel
device consisting of two single-membrane units in series,
where the external pressure at the membrane of the sec-
ond unit is the same as the source pressure of the first
unit. We demonstrate that this dual-membrane device,
depicted in Fig. 2b, not only performs as a better tran-
sistor, but can be used a diode (passive) and shutdown
safety switch.

Similar designs to our first device are found in the
literature (Weaver et al. 2010; Takao et al. 2002; Takao
and Ishida 2003; Mosadegh et al. 2011). However, these
designs are only used for logic operations, acting as ON/
OFF switches with gain. It should be noted here that the
authors in Takao et al. (2002), Takao and Ishida (2003)
have worked on characterizing (experimentally) the tran-
sistive regime of a device similar to our first design, but
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Fig. 1 a Control logic using pressure gain valve (Weaver et al. 2010), b pneumatic silicon microvalve (Takao et al. 2002; Takao and Ishida
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Fig. 2 Schematics of the single- and dual-membrane microfluidic transistors. a Single-membrane transistor, b dual-membrane transistor

the pneumatic microvalve proposed in these papers is
made of silicon, and the membrane is actuated away
from the fluidic channel, which is otherwise blocked
(see Fig. 1b). Although this device was characterized in
a manner similar to that of a pMOS, it was showcased in
Takao and Ishida (2003) as a switching device with gain
(an inverting amplifier). For a comparison of these various
devices, see Fig. 1.

Although elastomeric components can be found fre-
quently in the literature, detailed characterization of the
static and dynamic behavior over wide ranges of oper-
ating parameters is still lacking. Such an understand-
ing predicts the dynamic dependence of the flow rate on
geometric parameters, physical properties, pressure drop
along the channel, and the external actuation force. Analo-
gies between electric and fluidic components have been
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extensively used in fluidic circuit analysis (Oh 2012). The
motivation behind this analogy is that the analysis of large
networks of fluidic circuits is made simpler by using the
well-established techniques in electric circuit analysis. Suc-
cessful component design requires accurate and fast char-
acterization of the device behavior over the intended regime
of operation. Reduced-order models Issa (2015), Issa and
Lakkis (2014, 2013), Lakkis (2008) that are cost-effective
and accurate can be used to characterize these various com-
ponents, making it efficient to design and simulate large
microfluidic circuits. Another contribution of this work is
to present a reduced-order analytical model that captures
the low-frequency behavior of the devices shown in Fig. 2.
This model is based on coupling the equations governing
the membrane deflection and fluid flow in the channel,
while employing simplifying assumptions to reduce their
complexity.

The paper is organized as follows. The reduced-order
model is presented in Sect. 2. Implementation aspects of
the model are presented in Sect. 3. In Sect. 4, numerical
simulations (Ansys—Fluent) are used for characterizing
the device behavior in terms of the dependence of the flow
rate Q on the operating pressure differences (psqg = ps — pd
and pgs = pg — ps). This is done in a manner analogous
to the standard characterization of electronic transistors.
In addition to the characteristic curves, the reduced-order
parameters (i.e., the transconductance, intrinsic output
resistance, and pressure gain) are presented over wide
ranges of operating pressures. Accuracy of the proposed
reduced-order model is assessed by comparing its perfor-
mance with Ansys fluid—structure interaction (FSI) simu-
lations. In Sect. 5, the behavior of the dual-membrane
transistor (Fig. 2b) is discussed and compared to that of a
single-membrane transistor (Fig. 2a) in terms of the static
and small-signal operations of the devices. Applications of
how the transistor can be used are presented in Sect. 6.

2 Reduced-order model of the microfluidic
transistor

In this section, a reduced-order model of the single-mem-
brane microfluidic transistor is presented. The model
accounts for the coupling between the solid mechanics of
the membrane and the fluid dynamics of the channel flow
through the pressure distribution in the channel. Various
models of a fluidic microchannel with a deformable mem-
brane can be found in the literature (Begley 2008; Senturia
2002; Bakarji et al. 2013). In Begley (2008), the deflection
of the membrane is expressed as a fourth-order polynomial
as a function of the average pressure differential across the
channel. The model assumes a symmetric membrane with
no pressure difference across the channel (pyg =0). A
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model that accounts for the pressure drop along the chan-
nel is presented in Bakarji et al. (2013). The model uses a
trial function for the deflection proposed in Senturia (2002)
that automatically satisfies the boundary conditions at both
fixed ends, and accounts for both small and large deflections
(stretching and bending) at the center. The model, however,
only allows deflections that obey the trial function, where
the maximum deflection is always in the middle (at L/2),
with the approximation that the pressure distribution on the
flow side of the membrane is uniform. These assumptions
contribute to significant departure of the behavior predicted
by the model from the actual behavior, especially for larger
pressure differences along the channel. In what follows, we
present an improved model of the single-membrane micro-
fluidic transistor that allows for more accurate membrane
deflection and flow pressure profiles along the channel.

2.1 Plate deflection
Considering an isotropic homogeneous thin rectangu-

lar plate clamped at its edges, the deformation (measured
upward) is governed by (Timoshenko et al. 1959)

DV?V?s§ + 35+ daZa (x,1) +N. 0%
c— — =px, 1) — —
ot P TP Pe T Nag 2 0
N 928 N 928
972 “axoz
where
945 945 945
V2Vis = — 42 )

o oo T oA
p(x, 1) is the pressure exerted on the plate by the fluid in
the channel, p, is the pressure applied externally on the
other side of the plate (gate), § is the mid-plane deflection
in the direction normal to the flow, D is the flexural rigidity
(D = Ed?/(12(1 — v?))), c is the damping coefficient, p,,
is the plate density, d is the plate thickness, and N,, N, and
N, are the in-plane stretching stresses, expressed, respec-
tively, in terms of the strains as

Ny = =2 (€x + vey) 3)
Ed

N, = 1 5 (€2 +vey) 4)
—V

Ny, = Gdyx, ®)

Assuming that the plate width (normal to flow) is much
larger than its length (along the flow), W/L >> 1, strains
in the z-direction can then be neglected, so that €, = 0 and
vxz = 0 (plane strain). This implies that the displacement
in the z-direction is zero, 6, = 0, and the displacements
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in the x- and y-directions do not depend on z, i.e.,
00y/0z = 008y/0z = 0. Using 6 = 6,

v _ _Fd Ed (98 1(03 2

= €, = - —_ —

T =2 T =2 a2\ x ©)
Upon employing the equations of equilibrium of a differen-
tial element in the x — z plane, we get

0N,
0x

=0 )

so that the stretching force is independent of x and is
expressed as

v __ Fd L(a(s)zdx q
X_2(1—v2)L/0 ax ®)

The equation governing the deflection of the plate is then

ats 38 3%3 %8

W—'_Ca +,0md 5 =DP— pg-l-Nx82
Scaling § by a reference channel height, 4o, x by channel
length, L, t by 1/f, where f'is a reference frequency of the forc-
ing (pressure at gate or pressure at drain), p by a reference
pressure, po, Eq. (9) is expressed in dimensionless form as

(€))

9% oL 95 | pmdf’L* 9% p0L4 (p )
3% T D o D o2 b
AN 2 A
h3 113§ \ 9%
+6d2 0 a d)C @ (10)

where the hats denote dimensionless quantities. By inspect-
ing Eq. (10), it can be deduced that inertia and damplng
effects can be neglected when 224 = ”’df Lt << land L <<1
respectively. So if the forcing frequency f1is much 1ess than

ZL4 and 2 1% the effects of inertia and damping can be
neglected and the plate can be assumed to instantly respond
to pressure loading with a quasi-static deflection profile

governed by

N AN\ 2 A~
945 L 135 \ 9% .
ey <8x> |25 =n6-p)

2)@

where B =ho/d, T =8E —12(1—v and
o = ho/L. It can be seen from Eq. (11) that for deflections
much less than the plate thickness, pure bending domi-
nates stretching, whereas stretching dominates pure bend-
ing when the deflection is larger than plate thickness. Note
that although structural damping is neglected, the damping
force imparted by the fluid on the plate dynamics is present
through the coupling of the pressure distribution in the fluid

with the viscous shear. The solution of Eq. (11) is

8(x,7) = C1(?) sinh(ak) + C(7) cosh(ak) + C3(D)x

+ C4(h)g(®) + Co(2) (12)
where
g(Dasinh(a) + (1 — cosh(a))g’(1)
€= a’B
(1 — cosh(a))ag(1) + (—a + sinh(a))g’'(1)
G = a’B
—a2g(1) sinh(a) + (cosh(a) — Dag'(1)
C3 = 5
aB
a?® sinh(a) 4+ 2(1 — cosh(a))a
Cy = 5
a-B
_ (cosh(a) — Dag(1) + (a — sinh(a))g'(1)
B a’B
B = 4 4+ 2asinh(a) — 4 cosh(a)

R SRR . X2 . )
gk, 1) = / / (e““m ( / e_a(t)x'f(xl,t)dxl)
0o Jo 0
~ X2 ~
e4x ( / e OX1f (xy, ?)dxl) ) dxodxs
0

f(&, 1) =R, 1) — pg), and the
f N2
parameter, a(f) = \/6,32 fol (%) dx, is the solution of

where g’ = dg/dx,

the nonlinear equation

-1
/ C1g () (Cag () + 2(Cracosh(ak) + Crasinh(ai + C3)))dz
0

1
+ C? + C | Caasinh(a)? + 5(Cl2 + C%)acosh(a) sinh(a)

a2

Cz)a = @

—2C2C5(1 — cosh(a)) + 2C| C3 sinh(a) + %(C2
Equation (12) constitutes the plate deflection model that
yields the deflection for a given gate pressure and flow
pressure distribution along the channel.

2.2 Fluid flow in the channel

Coupling between the plate deformation and the fluid
flow in the channel is through the pressure distribution in
the flow, p, and the plate deflection, 5. On the fluid side,
the conservation of mass and momentum for a Newtonian
incompressible fluid is governed by the following equations

Vou=0 (14)

ou
Pf <8t +u~Vu> = —Vp+puViu (15)

where u is the velocity vector, oy and u are, respectively,
the density and dynamic viscosity of the fluid. The grav-
ity body force is neglected, as is typical in microflows. For
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ho << L and hy << W, the flow may be modeled as two-
dimensional in the x — y domain. Scaling ¢ by 1/f, x by L,
y by ho, p by a reference pressure drop along the channel,
Pds.o (so that p scales as 722, and u by U = 120 20 (Note
that U = Upms, the average speed of a P01seullle flow in
a channel of height Ao due to a reference pressure drop of
Dds.0), the component of the momentum Eq. (15) along the
flow direction is expressed in dimensionless form as

re(st 2% 4 o090 2 ap+ i + Kl 16
e — t+auVi| =—-Po— ~ I

ot 0x  0y? 0x2 (16)
where Re = "°‘Sh° St = ﬂ”’, , and Po = 12 are, respec-

tively, the Reynolds Strouhal and Poiseuille numbers. In
what follows, we drop the hats and present models of the
channel flow for the cases when the flow is inertia-free and
when the flow has some inertia.

2.2.1 The inertia-free channel flow model

When inertia effects are negligible (Re << 1 and
Re.St << 1) or when the flow is steady (du/dt = 0) and
nearly parallel @ << 1, the momentum equation in the flow
direction may be approximated as
2

0~ —Poal + ou

ax  9y?
Since from continuity (14), v ~ au, it can be seen, by
comparing the x-component to the y-component of the
momentum equation, that % ~ «, so that for o << 1,
p = p(x,t). Integrating Eq. (17), subject to no-slip bound-
ary conditions u#(0) = u(h) = 0, we get

a7

N2
_ n(l—mh’po <_ap) s

2 0x

where n = y/h(x) and the subscript 0 denotes inertia-free
solution. Expressing a(x,t) = 1 4+ 6(x, t), the volume flow
rate (normalized by Uhy) is then

_ 3(_9p
Qo=(1+9) ( 8x> 19)

Noting that, from conservation of mass, Q does not vary in
x, the flow rate and the pressure distribution along the chan-
nel are given by

1 1 -1
00 = pu ( /0 de) (20)
and
B N
Po=pi= 0 | s @1
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where pgq is the pressure drop along the channel. Equa-
tions (20) and (21) constitute the inertia-free model of the
channel flow that yields the pressure distribution along the
channel and the volume flow rate for a given plate deflec-
tion profile, § (x), and a given pressure drop, psg.

2.2.2 The low-inertia channel flow model

To account for inertia, the inertia term is estimated from the
velocity solution of the inertia-free model, and the pressure
distribution and the flow rate are then updated. The conti-
nuity equation is used to get an expression for v, with ug
and po, so that

Po W
—n*(1 — npsa

2A(1) h

where i’ = dh/dx, A(x) = [; dx’/h(x") and the subscript
1 refers to solution with inertia correction. Note that, from
the continuity equation, v is scaled by o Upois. An improved
estimate of the pressure can then be obtained from the
y-component of the momentum equation, where it is
assumed that the pressure term balances the diffusion term
(negligible inertia)

vi =

9 2
0~ —Poﬂ + oe2—a il

dy dy?
which yields

2 /
APy h 3,

T (n o ) +f@) (22)
where f(x) =pi(x,y=0) is the pressure distribu-

tion at the lower wall. Note also that ps = fo p1(0,y)dy
and pg = fo p1(1,y)dy. An improved solution of u that
includes correction for inertia is then determined by solv-
ing the steady momentum equation in the flow direction

dug dugp 8p1 8141
Re(up— +vi— | = — + 2
* e<u0 ox ! oy ) ©ox 9y? (23)

The solution of Eq. (23), upon satisfying the no-slip bound-
ary conditions at solid walls, is

2 3/
u = %%(n — 5% + 6177 — 2n )Psd+ R 1)
+ @B <(ﬁ - hl)ff (ﬁ - hf”)f - hln)m
2A(1) ho 4 ho 3 127
(24
where f’ = df /dx. Noting that f(0) = pg and f(1) = ps,

equation (24) is integrated to get the flow rate as

_ 382 K 9ReQp 25
QI_QO[I IOA(I)/ (h3 W7 a hs)“} (25)
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The function fix) can be determined by noting that
0 = foh(x) u1dy is independent of x, resulting in the pres-
sure distribution

4 3
~ 2 _ 22
P1 = po+o Qo{h2<77 277>

1 [*/3K* KW' 9ReQy I
- —t s o —— — |dY
10/0 < B2 7« h3> (26)
1A V7302 W' 9ReQg W
+ 7ﬂ _— 4 — — ,eigoi dx
10A(1) Jo h3 2n2 7 a K3
Equations (25) and (26) constitute the low-inertia model
of the channel flow that yields the pressure distribution
along the channel and the volume flow rate for a given plate

deflection profile, §(x), and pressure drop along the chan-
nel, pgd.

2.3 DC operating point

The low-inertia model exhibits a nonlinear dependence of
the flow rate on the source—drain and gate—source pres-
sure differences psq and ﬁgs. The flow rate also depends on
Reynolds number of the flow, Re, the structural parameter,
I1, and the aspect ratio, o:

0 = O(psas Pas Re, @, TT) 27

For a given device geometry, material properties, and refer-
ence pressure, psq.0. the dimensionless parameters Re, I,
and « are constant and the flow rate is a function of both

Psd and pgs;

Q = Q(ﬁsdaﬁgs) (28)

It should be noted that in some cases, there are two equi-
librium values of Q for a given pgq and a given Dos. As
will be shown in Sect. 4, these two operating points are
characterized by different deflection profiles of the plate,
different pressure distribution along the channel, and dif-
ferent values of Reynolds number, indicating that the
channel flow in one of these two operating points has
higher inertia.

At static (steady) conditions, the device operates as a
variable resistance controlled by the gate pressure, with the
resistance given as

ﬁsd

R(psas pes) = 5————
Q(psd»pgs)

(29)

Characterization of the dynamic behavior of the device is
discussed next.

2.4 Capacitance

The capacitive behavior of the device can be investigated
through the dependence of the mass stored in the device on
gate—drain and gate—source pressure differences, since the
device stores mass due to the compliance of the gate. The
stored mass is

1
M(psg (1), pag (1)) = /0 (1 +8(%,1)dzx, (30)
where m = m/(pWLhg), and
dﬁi(;) > dIA’sg > dﬁdg
—— = Cyo—== + C, = 31
d? e Tl (3D
A A om
Csg(Dsg (1), pag (1)) = 7 , (32)
Psg Pag
Cag g0, Pas ) = 2
d, » Pd =
g(Psg g 0pag . (33)

where C‘sg is the source—gate capacitance; the increase in
the mass stored per unit increase in source—gate pressure
difference, while holding the drain—gate pressure differ-
ence constant. Similarly, é’dg is the drain—gate capaci-
tance measuring the increase in the mass stored per unit
increase in the drain—gate pressure difference, while hold-
ing the source—gate pressure difference constant. If the
device is symmetric and pgg = 0, we expect C‘sg = é‘gd. As
will be shown in Sect. 4, there exists an operation region
where a negative é‘sg capacitance is observed, indicating a
reduction in the mass stored as the source—gate pressure
difference is increased, for a given drain—gate pressure
difference.

2.5 Small-signal behavior (model)

Small-signal operation of the device is characterized in
a manner similar to that of an electronic transistor where
the flow rate (current) is controlled by the pressure differ-
ence between the source and the drain (source—drain volt-
age) and the pressure difference between the source and
the gate (source—gate voltage). At small frequencies, inertia
effects may be neglected, and the device behaves as pres-
sure (voltage)-controlled volume flow rate (current) source.
The model presented in the previous section exhibits a non-
linear dependence of the flow rate, Q, on the source—drain,
Psd» and gate—source pressure differences pgs.

Small-signal models that assume that the pressure sig-
nals experience a small time-varying (AC) component on
top of a static operating point (or DC Bias) are commonly
used to carry out fast small-signal analysis of complex
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Fig. 3 Small-signal model of Gate Cgs Source
the single-membrane microflu- Pg Ps
idic transistor S — o PY
G *{ ng 9m Pgs To
’ l
Pa
Drain
electronic circuits. To this end, we express the gate—source .
pressure difference, source—drain pressure difference, and 12ul BQ 12uL 40)
. . r, = = fred T
the volume flow rate as the surp of a ste.ady operating point 0 Whg dPsa Whg 0
(DC) component and a small time-varying component,
) The intrinsic small-signal pressure gain, defined as
Pes(t) = PgsDC + Pgs (1) Ay = Ply/Pls 1s given by the product
/
s = Dq 4 A A
p%d(t) p%d,DC +psd(t) (3 ) AV = —gmlo (41)

O(t) = Opc + Q'(1)

where  |py/pespcl << 1, Ipy/psapcl << 1, and
|0’ /Opc| << 1. For a given device geometry, material
properties, and reference pressure pgq, the dimensionless
parameters Re, I, and « are constant and the flow rate is a
function of both pgs and pyq, so that

Y

dQ =
a[7gs

dpgs +
Psd

0
——| dp«

dpsd Pes ’ (35)
It can then be shown that a linear relationship among the
small-signal components is obtained as

1
Q' (1) == gmpgs(1) + Tp;d(t) (36)

The small-signal behavior is expressed in Eq. (36) in a
manner that is analogous to that of electronic MOSFET,
where g, and r, are, respectively, the transconductance and
intrinsic output resistance

0
8m = 3 37
Pgs (Psd-Pgs)DC
30 \ !
fo = < 5 ) (38)
Psd /' (psa.pes)ne
In dimensionless form,
wid [ 90 Wi
8m =TonL (aﬁgs = 2uLs" (39)
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The intrinsic gain is the maximum gain that can be achieved
using a single transistor. The small-signal model of the low-
inertia behavior is described by the circuit shown in Fig. 3.
The model corresponds to a pressure (voltage)-controlled
flow rate (current) source in parallel with intrinsic output
resistance r,. The source—gate and drain—gate capacitances,
shown in the circuit, can be ignored when the frequency is
sufficiently small.
Alternatively, we may express

~ Al A 1 A/
Q= EmPag + ﬁpsd (42)
o

where it can be shown that

&n=—28n (43)
o (1 .\

o=\~ —8m (44‘)

To

If pz is the characteristic gate gage pressure at which the
gate closes when the gage pressure in the channel is 0, then

- (g _PE) —Pd

== e 7 45

Pgd Po (45)

~ (pg - P*) — Ps

Ph=—""— (46)
po

Numerical implementation of the model, along with
determination of the capacitances and the small-signal
parameters, is discussed in the following section. Discussion
of the different operation regimes, predicted by the model



Microfluid Nanofiuid (2016) 20:91 Page 90f 24 91
initial guess end
p(x,t) = —psalt)z + ps(t) YES
NO convergence
check
compute the deflection profile compute the flowrate update the pressure distribution
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Fig. 4 Flowchart of model implementation
as well as by the detailed computational simulation of the 100 — T
. . . . . psa =01 —
fluid—structure interaction problem, is presented in Sect. 4. 0.07 —
0.04 =——
0.01
3 Model implementation
. . . & 50 F ]
The model presented in the previous section enables fast
computation of the membrane deflection (Eq. 12), fluid
flow rate (Eq. 19 or 25), and pressure distribution along the
channel (Eq. 21 or 26) using the following simple iterative
method. The method starts by assuming an initial linear
pressure profile along the channel similar to that of a Poi- 0
. 0 0.05 0.1
seuille flow, N
Pgd

p(xX) = —psaX + Ps. (47)
The pressure is then plugged in Eq. (12) to get a deflection
profile S(x) of the membrane. The deflection profile is then
inserted in the flow rate Egs. (19) and (25) to determine the
flow rate, Q The flow rate is then used in Egs. (21) and (26)
to update the pressure profile of the flow under the mem-
brane. This process, illustrated in Fig. 4, is repeated until
the solution is converged. The capacitances and the small-
signal parameters (transconductance and intrinsic resist-
ance) are determined by numerically computing the deriva-
tives in Eqs. (32), (33), (37), and (38).

4 The single-membrane transistor

In this section, we characterize the behavior of the 2D
pressure-actuated single-membrane microfluidic transis-
tor depicted in Fig. 2a, using model-based and fluid—struc-
ture interaction (FSI) numerical simulations on FLUENT/
Ansys over ranges of operating pressures (psg = ps — Pd
and pgs = pg — ps). This behavior is presented in the
form of characteristic curves similar to those relating the
source—drain current to source—drain and gate—source volt-
age differences in a MOSFET. These characteristic curves
are then used as the basis for choosing the static operat-
ing point (DC bias) of the transistor and for the extraction
of the capacitances and the small-signal parameters such

Fig. 5 Static resistance of the single-membrane microfluidic tran-
sistor switches from a small value (ON state) at small pgq to a large
value (OFF state) at large pgq

as transconductance, intrinsic output resistance, and pres-
sure gain. The large-signal steady (DC) behavior as well
as the small-signal unsteady (AC) behavior will be qualita-
tively compared to and contrasted with those of a standard
MOSFET.

As depicted in Fig. 2a, the membrane is fixed from
both sides (x =0 and x = L). For the FSI simulations
of the single-membrane transistor, the following dimen-
sions are used: length of the membrane L = 3118 wum, the
(undeformed) channel height is g = 59 wm, the width is
L, = 500 um, and the membrane thickness is d = 196 .
m. These dimensions are similar to those used for the flu-
idic capacitor presented in Leslie et al. (2009). To ensure a
fully developed flow at the inlet of the transistor, an entry
section is added at the source side of the transistor with
a length of L, =600 um and height h, = hgp = 59 pm.
The boundary condition at the entry section is prescribed
in terms of a velocity inlet and assumed to be uniform.
At the outlet, atmospheric pressure is prescribed, i.e.,
Pd = Pam- A uniform gate pressure, pg, is imposed as a
boundary condition in the structural part of the numerical
solver.
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Fig. 6 Characteristic curves of the single-membrane microfluidic
transistor computed from numerical simulations of the FSI problem
using Ansys
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Fig. 7 Characteristic curves of the single-membrane microfluidic
transistor. Solid lines model. Dashed lines Ansys FSI

The numerical results are obtained from 2D Ansys
numerical simulations of the coupled fluid—structure inter-
action. The simulation mesh is made of cubic elements
having a maximum size of 5 wm, with the mesh size cho-
sen so that the solution is nearly mesh-independent. In the
solid mechanics part, the computational element is defined
by eight nodes with three degrees of freedom at each node.
These elements are mainly used for creep, swelling, stress
stiffening, large deflection, and large strain simulations.

4.1 Operating point (DC) characteristic curves

At static (steady) operation, the device behaves as a switch
controlled by the gate pressure, with the resistance given
by Eq. (29). It can be observed from Fig. 5 that, for a given
source—drain pressure difference, the resistance increases
as the gate pressure is increased, as predicted by the
reduced-order model. This is because increasing the gate
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Fig. 8 Plate maximum and/or minimum deflection. Positive indicates
upward deflection, and negative indicates downward deflection. Solid
lines model. Dashed lines Ansys FSI
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Fig. 9 Source-gate capacitance of the single-membrane device
versus source—drain pressure difference for different values of the
source—gate pressure difference. Solid lines Ansys FSI

pressure causes a downward deflection of the plate, thus
reducing the channel height, which significantly increases
the resistance. One can see that the device at static condi-
tions operates similar to the electric transistor, which has a
high resistance when operating in the linear (ohmic) regime
and a lower resistance in the saturation regime.

Following the procedure conventionally used in small-
signal characterization of electronic transistors (Sedra
2004), a plot of the volume flow rate, Q, versus the source—
drain pressure difference, psqy, for different values of the
gate—drain pressure, ﬁ;d, is presented in Fig. 6, as predicted
by Ansys FSI simulations. Comparison with the model is
shown in Fig. 7, where the solid lines denote the flow rates
predicted by the model and the dashed line denotes those
computed from Ansys FSI simulations. It can be observed
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Fig. 10 Drain—gate capacitance of the single-membrane device. Solid
lines model. Dashed lines Ansys FSI

from the figure that the model is more accurate at smaller
values of pq for a given py,, as inferred by the agreement
with the Ansys FSI solution. This is expected because the
model is developed for low-inertia flows.

The normalized maximum and/or minimum membrane
deflections are plotted in Fig. 8, for the same ranges of pg
and ﬁZd as in Fig. 7. By inspecting Figs. 7 and 8, the follow-
ing regions of dynamic operation are identified: (1) positive
capacitance regime (upward plate deflection), (2) negative
capacitance regime (upward plate deflection with signifi-
cant inertia role), and (3) a transistor region (downward or
S-shaped plate deflection). The regimes of dynamic opera-
tion are discussed next.

4.2 Capacitive region

The capacitive region is characterized by an upward deflec-
tion of the membrane which occurs when pyq > pZ;, where
P%; is some characteristic source—drain pressure difference.
In this region, increasing the source—drain pressure differ-
ence, for a given gate—drain pressure difference, causes the
plate to deflect further upward so that more mass is stored
and the source—gate capacitance is positive; C’Sg > 0. The
characteristic source—drain pressure difference, p¥,;, above
which the device enters the capacitive region exhibits a lin-
ear dependence on the gate—source pressure difference,
Piy = 1.3pga + 0.05, as predicted by Ansys FSI simulations.

The dependence of the source—gate and drain—gate
capacitances on the source-gate and source-drain pressure
differences is presented in Figs. 9 and 10. Upon inspect-
ing these figures, the following observations can be made:
(1) the source—gate capacitance is, to a large degree, inde-
pendent of the source—drain and source—gate pressure dif-
ferences for smaller positive values of ps, and small posi-
tive values of py (e.g., é‘sg ~ 6.5+ 1 for pyg < 0.05 and

0.2

T
A, delfection ==
B, deflection =——

A, pressure= =
B, pressure = =

{101 &

8>

Fig. 11 Deflection and pressure profile for points A and B, shown in
Figs. 7 and 8

Dsg = 0), (2) the source—gate capacitance can be increased
by decreasing the source—gate pressure while increasing
the source—drain pressure up to a point, at which é’sg is a
maximum and beyond which it starts decreasing, (3) for
sufficiently large gate—source pressure (e.g., psg < —0.07,
the source—gate capacitance experiences sharp drops from
large positive values to large (in absolute value) nega-
tive values and vice versa as the flow rate is continuously
increased (in addition to Fig. 9, refer to Figs. 6, 7, 8).

It is observed in some cases that, for given source—drain
and gate—drain pressure differences, there exist two separate
operating points, such as points A and B in Fig. 7. Point A
is characterized by a larger flow rate (large Re) and larger
upward deflection than point B, as can be observed in Fig. 11.
The large deflection at point B is, in part, sustained by a larger
pressure in the channel caused by expansion of the flow in
the larger channel. In effect, the large upward deflection and
the corresponding pressure recovery in the channel enhance
one another. Point A belongs to a negative capacitance region.
This can be illustrated further by inspecting points A and C
in Fig. 8. While both points have the same gate—drain pres-
sure difference, point C is characterized by a larger upward
deflection and a smaller source—drain pressure difference
when compared to point A, which implies that more mass is
stored as the operating point is moved from A to C while the
source—drain pressure difference has decreased, indicating
that the source—gate capacitance is negative.

4.3 Transistive region

When the plate deflection is downward or when it assumes an
S-shape (where it is upward on the source side and downward
on the drain side), the device behaves as a transistor that is
capable of amplifying small gate pressure variations. As an
amplifier, the device can be employed in a common-drain or a
common-source configuration, as depicted in Fig. 12.
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Fig. 12 Left common-source
configuration. Right common-
drain configuration

=

Fig. 13 Single-membrane
device in a common-source
configuration Di
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Fig. 14 Characteristic curves of the (common-source) single-mem-
brane microfluidic transistor. Solid Lines model. Dashed lines Ansys
FSI

In electronic circuits, the common-source amplifier,
depicted in Fig. 13(left), is commonly used as a voltage
amplifier. The input signal voltage is applied at the gate of the
MOSFET, and the amplified output voltage is experienced at
the drain. In the common-source configuration of the single-
membrane microfluidic transistor, shown in Fig. 13(right),
the resistance Rp and the load resistance, Ry, are realized by
microfluidic channels, and the output is sensed at the drain
and the intrinsic small-signal gain is A, = st = —gmlo. In
the common-drain configuration, the output is sensed at the
source an intrinsic pressure gain A}, = 533 =—g.r.

The single-membrane device has some similarity to a
p-type MOSFET, as can be inferred from Fig. 14, where the
source—drain flow rate is plotted against the source—drain
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Fig. 15 Intrinsic output resistance of the (common-source) single-
membrane microfluidic transistor. Solid Lines model. Dashed lines
Ansys FSI

pressure, pgq, for dlfferent values of the gate—source pres-
sure, pgs = Pk where p = 4220 Pa is the gate
gage pressure at Wthh the channel closes when the drain
and source are kept at zero gage pressures.

Similar to its electronic counterpart, the single-mem-
brane microfluidic transistor exhibits a linear dependence
of the flow rate on the source—drain pressure difference
for small values of this difference; psq << |pg| This lin-
ear (ohmic) regime is followed by a nonlinear regime in
which the intrinsic output resistance (inverse of the slope)
starts increasing as pgq is increased until it reaches infin-
ity at pjy > 0.837|pgs| + 0.019. The regime in which the
incremental output resistance is very large (psq > ply) is
called the saturation regime. There is, however, a significant
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Fig. 16 Transconductance of the (common-source) single-membrane
microfluidic transistor. Solid Lines model. Dashed lines Ansys FSI
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Fig. 17 Gain (unloaded) of the (common-source) single-membrane
microfluidic transistor. Solid Lines model. Dashed lines Ansys FSI

difference between this device and the electronic MOSFET.
The saturation region in the MOSFET extends for Vg > VS*d
with a very large, ideally infinite, incremental output resist-
ance. In contrast, the saturation regime of the single-mem-
brane microfluidic transistor is limited to a narrow range of
the source—drain pressure centered at p;, and for psq > p¥,,
the flow rate decreases, indicating a switch in the sign of the
output resistance, 7, (from positive to negative) accompa-
nied by a reduction in its absolute value. The fact that 7, > 0
over the entire operation range of the source—drain voltage
in a MOSFET is what makes the gain of the common-drain
configuration less than unity; g,,/(1/7, + gm) < L

This observed dependence of the flow rate on the
source—drain pressure as the gate—source pressure is fixed
is the outcome of two opposing mechanism. While increas-
ing the source—drain pressure tends to increase the flow
rate, it also implies reducing the drain pressure (while

keeping the source pressure constant) which pulls the gate
into the channel thus reducing the channel height, which in
turn reduces the flow rate. For pyg < ply, the first mecha-
nism is dominant while in for psq > pZ,, the second mecha-
nism is dominant.

4.3.1 Small-signal model parameters

Characterization and subsequent investigation of the small-
signal low-frequency (inertia-free) behavior of the tran-
sistor are based on plots of the intrinsic output resistance,
the transconductance, and the pressure gain versus pgq for
different values of ﬁﬁg‘s. These plots are shown in Figs. 15,
16, and 17, respectively. Since the incremental output
resistance is the inverse of the slope of the Q — Dds» To 18
singular when 0 is maximum (3Q/dpsq = 0) and switches
sign from positive to negative as the flow rate rises to its
maximum and then falls as the source—drain pressure is
increased from 0. For a given gate—source pressure, the
transistor shuts down at high values of the source—drain
pressure. This is because for a fixed source pressure,
increasing the source—drain pressure is accomplished by
reduction in the drain pressure, which causes the membrane
to be deflected into the channel, eventually closing it. This
effect is expected to be more pronounced at larger values
of the Reynolds number, i.e., higher inertia flows. This is
because the flow speeds up in the channel region where
the membrane deflection into the channel is largest, which
in turn reduces the pressure. As the channel closes due to
sufficiently low pressure, the incremental output resistance
starts approaching —oo, which is the resistance when the
channel is closed.

The transconductance, which measures the incremental
increase in the flow rate caused by an incremental increase
in the gate—source pressure, while holding the source—drain
pressure fixed, is negative because increasing the gate pres-
sure reduces the channel height and consequently the flow
rate. The transconductance behaves similar to the flow rate,
as can be observed from Fig. 16.

These trends of the dependence of g,, and 7, on pgq pro-
duce the pressure gain (Eq. (41)) shown in Fig. 17. The
unloaded small-signal gain, A,, is directly proportional to
the incremental output resistance and is therefore singular at
the same values of pgq at which 7, is singular. Note that rela-
tively large gain realized at large values of pgq could be mis-
leading, because at these values, the channel is closed and
the transistor is effectively off. For the device to be capable
of amplifying the small-signal gate pressure, the channel
should not be closed over the entire swing of the gate pres-
sure. It should also be mentioned that the actual gain when
the device is loaded is different from the unloaded gain
given by Eq. (41). In particular, if the load is dissipative,
with resistance Ry, the output resistance is effectively the
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Fig. 18 Loaded gain of the (common-source) single-membrane
microfluidic transistor. Solid Lines model. Dashed lines Ansys FSI

small-signal output resistance in parallel with the load,’
ro//Rr, resulting in a loaded pressure gain of

Rir,

Ay =gn——mor,
v ngL+Vn

(48)
which reduces the gain if r, > 0. If 0 < Ry << r,, the
loaded gain can be approximated as g,,R;. If, however,
ro < 0, which is the case for psq > p%;, Ry can be cho-
sen so that the effective output resistance r,//Ry, is posi-
tive, negative, and even infinite is R;, = —r,. The operating
point should be chosen such that r,//R; does not change
over the entire gate—pressure and source—drain pressure
swings. If the device is to be equipped with a feedback to
realize an op-amp, then stability requires r,//R to posi-
tive. Figure 18 shows the variation in the loaded gain of the
single-membrane transistor versus the source—drain pres-
sure for pg, = —0.0322. The resistive load is realized by a
2D channel of length 1000 wm. The different curves corre-
spond to different values of the channel height. For channel
height larger than 25 pm, the load resistance is such that
Ry / /7, is positive over the entire range of the source—drain
pressure.

The maximum source pressure (psmax) and the channel
length (L) and height (ko) are expected to play roles analo-
gous to the maximum drain supply voltage® Vpp, channel
width W, and dopant distribution in a MOSFET. These
parameters characterize the power consumption and speed
of the device, and as technology improves, both Vpp and W
decrease, indicating faster and lower power transistors. The

2 For the common-source configuration shown in Fig. 13, the effec-
tive output resistance is r,//Rr//Rp.

3 Conventionally, the supply voltage is referred to as Vpp in micro-
electronic circuits because it drives the drain of a p-MOS device.
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single-membrane transistor for a harmonic pressure input at the gate
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bias gate and drain pressures are selected, and the transistor
is sized so that g,, and r, yield the desired gain when the
device is loaded. Ideally, this should be achieved while
minimizing the power consumption and device size. The
transconductance, g,,, and the intrinsic output resistance, r,,
of the transistor are obtained from the characteristic curves
of the transistor.

To illustrate the design process of a common-source con-
figuration, we choose the operating point shown in Fig. 14
and labeled “OP.” This operating point is chosen to be at the
maximum flow rate for p3; = —0.0322. The corresponding
values of the incremental output resistance and transcon-
ductance are marked, respectively, in Figs. 15 and 16. The
resistive load consists of a 2D channel of 1000 pm length
and 20 wm height. The loaded device is biased such that
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Fig. 21 Impact of the channel width on the unloaded gain

the gate—source and source—drain pressures match those of
point “OP” This biasing requires the source—ground pres-
sure to be 10,240 Pa. The loaded gain, as determined from
the characteristic curves, is expected to be equal to —35,
as shown in Fig. 18. A small-signal harmonic pressure is
applied at the gate pgs = pgsDC + Opgs sin(2mft), where
Pgs,pc = 1000 Pa and the frequency f is chosen to be suf-
ficiently small to avoid high-frequency effects caused by the
source—gate and drain—gate capacitances. The time-varying
component of the output pressure recorded at the drain, as
computed from the transient Ansys FSI simulation, is plot-
ted over one period in Fig. 19 for small-signal gate pres-
sure of 6pgs = 20 and 100 Pa. It can be observed that for
8pgs = 20 Pa, the common-source configuration yields a
gain equal to —4.9, as determined by the ratio of the peaks.
This is expected since the input signal has a small amplitude
so that the device behavior is linear. Note that the gain is
negative, indicating that the output signal is inverted or 180°
out of phase with respect to the input signal. As the ampli-
tude of the input pressure signal at the gate is increased to
100 Pa, departure from the linear behavior is expected. If
the departure is too large, the behavior may become unsta-
ble. This can be inferred from Fig. 18. If the amplitude of
the input gate—source pressure is 100 Pa, the corresponding
swing in the source—drain pressure (—449 to 891 Pa) will
include the region where the gain switches from —oc to
+o00. One may conclude that realizing high gain is not use-
ful if the output is unstable and/or distorted, as is the case
with §pgs = 100 Pa. Distortion of the output drain pressure,
measuring the departure from a linearly amplified signal
using an Ly norm is shown in Fig. 20 to increase as the input
gate pressure signal amplitude is increased.

4.4 Effect of finite channel width

The results presented so far were obtained from 2D
simulations of the single-membrane transistor by using
several assumptions to neglect the impact of the channel
width on the fluid and solid mechanics. These assump-
tions are based on the observations that when the chan-
nel width is very large, the z-component of the stress in
the membrane can be neglected and the effect of the side
walls on the flow in the channel can also be neglected,
thus allowing the device to be modeled as two-dimen-
sional. In this section, we investigate the impact of
the ratio of the channel width to channel length on the
small-signal unloaded pressure gain, A,. In order to sim-
ulate the 3D problem, a 3D mesh of sufficient resolution
is employed, and all the boundary conditions enforced
in the 2D simulation are the same except that the mem-
brane sides are replaced by fixed supports and the flow
channel sides by no-slip walls. The results of the 3D and
2D simulations are compared to each other in Fig. 21,
where the dependence of the A, on W/L is shown. From
the figure, it can be seen that the 3D gain converges to
the 2D as W/L is increased. It is observed that higher
gain is achieved as the aspect ratio of the channel cross
section approaches unity. This may be attributed to two
factors that contribute to increasing the incremental
output resistance. The first is the larger stiffness of the
membrane due to the additional fixed support that con-
strain its deflection into the channel as the flow pres-
sure decreases due to the speeding up of the flow in the
region where the gate deflection into the channel is larg-
est. The second factor is attributed to the fact that the
dependence of the flow rate on the channel height does
not scale as 43, which is valid for W/h — oc. In fact for
W /h = 1, the flow rate scales as h%. This implies that for
a given deflection of the gate into the channel, the flow
rate per unit width does not decrease as much compared
with the 2D case.

As demonstrated previously, the single-membrane device
is capable of realizing high gain over a narrow range of the
source—drain pressure centered at p?;. Outside this range,
the absolute value of r, decreases which limits the gain.
More importantly, this range of pgq contains a singular-
ity in the incremental output resistance and unloaded gain.
This has significant impact on the stability and distortion.
One way to increase the saturation range over which r, is
large and nonsingular is by using the dual-membrane tran-
sistor, introduced next. This allows for stable and less dis-
torted output for larger input gate pressure signal amplitudes
(swings).
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Fig. 23 Static (DC) resistance for the dual-membrane transistor

5 The dual-membrane transistor

In this section, we present the dual-membrane microfluidic
transistor. This transistor consists of two elastic membranes
next to each other with flow passing under them as shown
in Fig. 2b. Both membranes have their edges fixed, with
an external pressure (pg) applied on the first membrane
(gate), and the input (source) pressure (ps) applied on the
second membrane. The source—drain pressure difference
(Psa = Ps — Pq) is the sum of the pressure drops in the flow
on the flow side of the membranes along the channel. The
flow rate passing through the channel of the dual-mem-
brane transistor is thus controlled by the combined effect
of the pressure drop along the channel, pyq, and the deflec-
tion of the two membranes. The deflection of each mem-
brane is, in turn, controlled by the difference between the
external pressure and the flow pressure in the channel. The
motivation behind the dual-membrane transistor is to have
an additional degree of freedom to enable us to adjust the
Q — Dsa curve to have a larger range of pgg in which the
device is in saturation (large 7, free of singularities).
Characterization of the various operating regions of the
dual-membrane transistor is carried out in manner simi-
lar to that done for the single-membrane transistor. The
static behavior of the device is discussed first, followed
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Fig. 24 Characteristic (Q Dds) curves gf the dual-membrane tran-
sistor. Q Q/QOpois Where mes =1 (L“l f:L The gate pressure at
which the channel closed is p = 10, 8&) Pa. §()lld lines reduced-order
model. Dashed lines Ansys FSI

by a discussion of the small-signal behavior through the
characteristic curves. The results are presented for a dual-
membrane transistor with the following dimensions: The
membrane lengths are L; = Ly = 2470 pum, the thicknesses
are di = dp = 196 pm, the undeformed height of the chan-
nel is 7y = 59 wm, and the length of the entry channel is
L, = 500 um. The reduced-order model of the dual-mem-
brane transistor consists of two single-membrane chan-
nels connected in series, where the external pressure on the
second membrane is equal to the input pressure of the first
channel, in accordance with Fig. 2b. A flowchart is pre-
sented in Fig. 22.

5.1 Operating point (DC) characteristic curves

At static conditions, the dual-membrane device operates as
a variable resistor controlled by the source—drain and gate—
drain pressure differences, with the resistance given by Eq.
(29). As observed in Fig. 23, the DC resistance depend-
ence on pgq is similar to the single-membrane transistor
for small values of pgq . This dependence weakens as the
source—drain pressure increases, as the second membrane
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0.8

Fig. 25 Transconductance of the dual-membrane transistor. Solid
lines reduced-order model. Dashed lines Ansys FSI

starts to close the channel. This behavior is due to the fact
that increasing the source pressure causes an increase in
the channel height along the first membrane and a decrease
in the channel height along the second membrane. In this
case, the resistance to the flow is dominated by the deflec-
tion of the second membrane and is weakly dependent
on the gate pressure over the presented range of pgq. For
Psd << Dgd, the high pressure at the gate causes the first
membrane to deflect toward the channel, thus dominating
and controlling the resistance to the flow.

Dependence of the source—drain flow rate, 0, on the
source—drain pressure, pgq, for different values of the gate—
source pressure, Py, is plotted in Fig. 24 for the dual-mem-
brane transistor. Upon inspecting the figure, the following
operating regions can be identified: (1) linear rising regime,
(2) saturation region, and (3) linear falling regime termi-
nated with shutdown. At low values of the source—drain
pressure, the device is in the linear region, and it operates
as a resistor controlled by the gate—source pressure differ-
ence. When the source pressure approaches p,, at which
the flow rate is maximum, the device enters the saturation
region where the flow rate starts to saturate. Increasing
the source—drain pressure even more will cause the device
to enter another linear regime where an increase in the
source—drain pressure causes a decrease in the flow rate.
What differs from the single-membrane behavior is that the
saturation region is observed to extend over a larger range
of the source—drain pressure over a range of gate—source
pressure. In particular, when ﬁzs = —0.0508, the satura-
tion region predicted by Ansys FSI simulation extends
from pgg = 0.08 to 0.15. This behavior, not present in the
single-membrane transistor, is caused by the deflection of
the second membrane toward the channel at high values
of the source pressure. Similar regions are observed in the
electronic MOSFET, but the saturation region in a typical

Phs = —0.108 ——
—0.083 ——
—0.0508 ——

0 0.15 0.3
ﬁsd

Fig. 26 Intrinsic output resistance of the dual-membrane transistor.
Solid lines reduced-order model. Dashed lines Ansys FSI

10 T

sign(Ay) - log(1 + |Ay|)

-10

0 0.15 0.3
ﬁsd

Fig. 27 Gain (unloaded) of the dual-membrane transistor. Solid lines
reduced-order model. Dashed lines Ansys FSI

MOSFET is wider than that of the dual-membrane micro-
fluidic transistor presented in Fig. 24.

5.2 Small-signal parameters

The small-signal behavior of the dual-membrane microflu-
idic transistor is characterized by plotting the intrinsic out-
put resistance, the transconductance, and the small-signal
pressure gain against pgs in Figs. 25, 26, and 27, respec-
tively, for different values of pys.

It can be seen from Fig. 25 that the maximum transcon-
ductance is realized somewhere between the linear region
and the saturation region. As for the intrinsic output resist-
ance, it reaches its maximum in the saturation region where
the flow rate is maximum, since the intrinsic resistance is

@ Springer
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Fig. 28 Impact of changing the length of the second membrane on
the dependence of the flow rate on the source—drain pressure differ-
ence
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Fig. 29 Impact of modifying the length of the second membrane on
the dependence of the transconductance on the source—drain pressure
difference

the inverse of the slope of the Q — pgs curve for a given pgs.
These trends of g, and 7, produce the unloaded small-
signal pressure gain (Eq. 41) shown in Fig. 27. The small-
signal gain A, attains its peak values for large values of 7,,
where the device is in the saturation region. By observ-
ing Figs. 25 and 26, it can be seen that the dual-membrane
transistor succeeded in achieving higher gains than its
single-membrane counterpart. This is due to its ability to
partially decouple the transconductance from the intrin-
sic output resistance, thus allowing it to maintain higher
transconductance levels in the saturation region, where the
incremental output resistance is large.

As mentioned previously, when the device is loaded
at the drain, the output resistance is effectively the
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Fig. 30 Impact of changing the length of the second membrane on
the dependence of the loaded gain on the source—drain pressure dif-
ference. The load is a 2D channel of length 1000 wm and height /;.
L; = 2470, pgs =5000 Pa, peiosing = 10,00 Pa, pg = —0.0581,
ho =59 um, d = 196 pm

small-signal output resistance in parallel with the load
resistance, resulting in a loaded small-signal pressure gain
given by Eq. (48). One can see from (Eq. 48) that for a
given Ry, the operating point that yields the highest loaded
gain is generally not the same as the operating point of the
highest unloaded gain, except when Ry /r, — oo. In par-
ticular, when Ry /r, — O, the loaded pressure gain becomes
equal to g,,Ry, and in this case, the ratio of the loaded to the
unloaded gain is Ry /7.

5.3 Controlling the saturation region

In this section, we investigate the impact of changing the
length of the second membrane, Ly, on the Q — Dgs char-
acteristic curves, the transconductance, and on the loaded
gain, as predicted by the model. Figure 28 shows how
increasing the length of the second membrane impacts
the dependence of the flow rate on the source—drain pres-
sure, for a gate—source pressure of pgs = 5000 Pa. Increas-
ing L from O (i.e., single-membrane device) to 2470 pm
expanded the saturation region significantly.

The corresponding impact on the transconductance is
shown in Fig. 29, where increasing the length of the second
membrane is accompanied by an increase in the transcon-
ductance that shifts to higher source—drain pressures (as L;
increases from 0 to 2370 pwm), followed by a decrease that
shifts to the left (as L increases from 2370 to 2570 pm).
The resulting loaded gain is shown in Fig. 30, where the
dual membrane clearly outperforms the single-membrane
device in terms of linearity and the size of source—drain
pressure range over which the loaded gain is large. Note
that the load for each device is chosen to be large enough



Microfluid Nanofluid (2016) 20:91

Page 19 0f 24 91

Fig. 31 Dual-membrane tran-
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so that the gain does not switch sign over the entire source—
drain pressure range.

The linear falling regime, characterized by closing the
channel at a sufficiently high value of the source pres-
sure, can be eliminated or modified by placing stops in the
channel beneath the second membrane, thus constraining
its deflection, as depicted in Fig. 31. Placing these stops
that have perforations that allow the flow to pass through
is expected to further widen the range of the source—drain
pressure over the saturation region.

6 Applications

The single-membrane transistor can be used as a switch
(valve) controlled by the gate pressure or as a digital ampli-
fier for microfluidic logic control, as mentioned in the intro-
duction. In logic circuits, the transistor is driven with a gate
voltage of large swing so that the device switch from on to
off (or off to on) with the output pressure at the drain operat-
ing between its maximum and minimum (rail to rail). In this

case, stability and distortion are not critical issues as long as
the device does not fail. The relaxation of these restrictions
allows choosing operating points where the gain is large.

In this section, we explore some of the applications of
the dual-membrane microfluidic transistor.

6.1 Diode and safety shutdown

The dual-membrane device can be used a diode that is self-
actuated, which differs from the valve controlled by the gate
pressure. Operation of the diode is shown in Fig. 32(left).
Note that in the diode configuration, the gate is connected
to the source. If the source pressure is larger than the drain
pressure, the second membrane starts closing. The value
of the source—drain pressure at which the channel closed,
Dds.th, can be decreased/increased by increasing/decreasing
the compliance of the second membrane. Impact of increas-
ing the compliance of the second membrane by increasing
its thickness is shown in Fig. 33(left).

Reducing the second membrane thickness from 400 to
200 wm increases its compliance and lowers pgsm from 30
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Fig. 34 Employing the diode configuration of the dual-membrane device in the operation of a micropump

Fig. 35 Dual-membrane device Ds l
in a common-source configura-
tion Pin = Pg m Ps
._—| Pout = Pd ‘ Ds Pa S~ J
C RD 4
Rp Ry, R,
to 3 kPa. Figure 33(right) shows the impact of increasing PDD
the second membrane length on pgs . If the drain pressure T D
is larger than the source pressure (i.e., if pds < —pds,h)s COMIMON-SOUrce G diode-connected
both membranes are deflected away from the channel and dual-membrane g su‘dl’membmne

the flow pass through, which is captured by the performance
curve shown in Fig. 32(left). Note that for larger value of d»,
the device operates as a shutdown switch, which stops the
flow if the pressure amplitude becomes too large.

An example application employing the device as a
diode device is the operation of the micropump depicted
in Fig. 34. When the external pressure decreases in the
first half of the cycle (lower-middle plot), the diode on
the left closes and the one on the right opens so that the
flow entering from the right fills the chamber. In the sec-
ond half of the cycle, the external pressure is increased
pushing the pump membrane inward forcing the fluid
to leave through the left diode, which is open. During
this half cycle, the diode on the right is closed. The flow
rates through the left and right diodes over one opera-
tion cycle are shown in the lower left and right plots of
Fig. 34.

Other applications of the diode-connected device
include (1) signal rectification, (2) signal limiting and reg-
ulation, (3) current mirroring where the device is used to
copy a reference flow rate, and (4) in differential amplifier
pairs, which are attractive because they lower the distortion
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Fig. 36 Using a common-source (dual-membrane) amplifier to drive
the gate of a single-membrane device operating as a pump equipped
with two diodes

by removing the second harmonics. These applications will
be the subject of future work.

6.2 Common-source amplifier

The dual-membrane microfluidic transistor employed
in a common-source amplifier configuration is shown in
Fig. 35(right) along with its electronic counterpart (left).
We consider two applications of the common-source ampli-
fier: (1) the common source driving the membrane of the
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Fig. 37 Employing the

common-source amplifier in a
mixing circuit using pulsating
flows -1

R e O,

micropump shown in Fig. 34, and (2) using the pump for
mixing of biological species using two pulsating microflu-
idic streams.

6.2.1 Common source driving a micropump

The external pressure applied to the membrane of the pump
shown in Fig. 34 can be realized as the output of a com-
mon-source amplifier, as depicted in Fig. 36. In this case,
the amplified signal at the drain of the common source,
PDexternal = Pex.DC + Aypin, can be used to actuate the gate
of a single-membrane transistor. The DC pressure, pex D,
is the bias pressure of the drain of the common source and
is equal to QpiasR, where QOpias is the bias DC flow rate from
source to drain. The resistance R can be realized using a
channel or using a diode-connected transistor. Using a
diode-connected transistor instead of a resistor increases
the gain since it increases the output impedance. Since the
common source is driving the gate of a single-membrane
device, the input impedance looking into the gate of the
single-membrane device is capacitive. Since the imped-
ance looking into the gate of the single-membrane device
is capacitive, high gains can be realized since the resistive
part of that impedance is infinite.

6.3 Micromixing

The common source amplifier driving a micropump in
Fig. 36 can be used for mixing of biological or chemical
species using pulsating flows. Mixing on the microscale is
challenging due to the fact that these species typically have
a small mass diffusion coefficient, which, in the absence of

reservoir 1 |

reservoir 2 |

Lo oy

PbD

pg,2

e Jh % )

@ Q2

mixing channel

reservoir 3

turbulence, limits the mixing process. A schematic of the
proposed mixing circuit is presented in Fig. 37.

The two pulsating flows take place in the chan-
nels connected to mixing channel, as shown in Fig. 37.
Both common-source amplifiers have the same sup-
ply total pressure ppp at the source. The pressures
applied at the gates of the common-source transis-
tors have the form pg1 = pgo+ dpgsin(2rft) and
DPs2 = Pg0 + 8pg sin(2rft + ¢), where ¢ is the phase differ-
ence. The common-source amplifiers will amplify the time-
varying component of the gate pressure and produce output
(drain) pressures of the form pq| = pgo + A,dpg sin(2mft)
and  pas = pao +A,8pesinruft + ¢'), assuming the
amplification is linear. These drain pressures will cre-
ate two, out of phase, pulsating pressures actuating the
gates of the pumps. The diodes D; and D; ensure that
the flow is established from reservoirs 1 and 2 into the
pump but not in the opposite direction. Diodes, D1, and
Dy, connecting the pump to the mixing channel are
designed to allow flow in the reverse direction so that at
the branches leading to the mixing channel, the follow-
ing flow rates are realized: Q1 = Qo + 6Q sin(2xft) and
0> = Qo + 8Q sin(2xft + ¢’), where ¢’ is the phase differ-
ence between the two flows.

Efficient mixing using pulsating flows (Glasgow et al.
2004) has been reported for §Q/Qo > 1 and ¢’ = 7/2 and
at an optimal pulsating frequency fopt ~ 8V /Dy, above and
below which the mixing efficiency deteriorates (Cheaib
et al. 2015).

Driving the gate with pressure signals at a frequency
of 10 Hz and with a 90° phase difference and design-
ing the common-source amplifiers, pump, and diodes so
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Fig. 38 Degree of mixing at
different stages of the pulsation
period
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that §Q/Qp = 10 produce the mixing behavior shown in
Fig. 38. In the figure, the degree of mixing is shown at dif-
ferent time steps with respect to the period 7. As shown,
mixing between the two flows entering the mixing channel
is well established throughout the channel.

It should finally be noted that the circuit presented is not
the only way mixing using pulsating flows can be realized.
Mixing may also be realized using the microfluidic oscilla-
tor presented in Mosadegh (2010) or the device presented in
Leslie et al. (2009), where flow-switching between the two
reservoirs is achieved by combining two frequency-selective
branches. In Glasgow et al. (2004), an external peristaltic
pump is employed. The authors in Glasgow et al. (2004) sug-
gested that future designs could generate pulsing by electro-
static actuation of integrated diaphragms or even externally
actuated elastomeric PDMS membranes incorporated in the
device.

7 Conclusion

Two microfluidic transistors that employ the elastic mem-
brane microchannel channel are presented.

Reduced-order models that capture the low-inertia
dynamic behavior of the coupled fluid—solid problem were
developed to enable fast small-signal analysis of large cir-
cuits. The models, when compared to detailed numerical
simulations of the coupled fluid—structure interaction prob-
lem over a wide range of operating pressures, proved to be
most accurate when the inertia of the flow in the channel is
small.

Characterization of the analog behavior of the two
devices is expressed in terms of dependence of the volume
flow rate versus the source—drain and gate—source pressure
differences, analogous to the characteristic curves of MOS-
FET operation. The characteristic curves are then used to
extract the small-signal parameters (transconductance and
intrinsic output resistance), characterizing the dynamic
response to small time-varying pressures at the gate and/
or drain.

For the single-membrane device, the characterization
revealed that, depending on these operating pressure differ-
ences, the device operates as a capacitor when the mem-
brane is deflected away from the channel and as a transis-
tor when it is deflected into the channel. When the flow
inertia is sufficiently high, a negative capacitive behavior
is observed at high gate pressures. In the transistor regime
of operation, the device is capable of providing large gains.
Due to the narrowness of the saturation regime, the linear-
ity is poor and distortion is high.

The dual-membrane transistor proposed is shown to
improve linearity and reduce distortion by expanding the
saturation zone. In addition to its operation as a transistor,

the dual-membrane design is also shown to operate as a
diode and a shutdown safety switch.

Finally, the dual-membrane transistor is used to drive a
micropump equipped with two diodes. The micropump is
then employed in a larger circuit that performs mixing of
two species using pulsating flows.
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