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Abstract

The existence of a non-defective stationary disc attached to a non-degenerate model quadric in CV is a necessary condition to
ensure the unique 1-jet determination of the lifts of a key family of stationary discs [6]. In this paper, we give an elementary
proof of the equivalence when the model quadric is strongly pseudoconvex, recovering a result of Tumanov [14]. Our proof
is based on the explicit expression of stationary discs, and opens up a conjecture for the unique 1-jet determination to hold

when the model is not necessarily strongly pseudoconvex.

Introduction

In the paper [6], we gave an explicit construction of station-
ary discs attached to a strongly Levi non-degenerate model
quadric, and obtained a necessary condition, namely the exis-
tence of a non-defective stationary disc, to ensure the unique
1-jet determination of their lifts. As emphasized in [5], this
is a crucial step to deduce the 2-jet determination of CR
automorphisms of strongly Levi non-degenerate CR sub-
manifolds. Tumanov proved in [14] that the existence of a
non-defective stationary disc is also a sufficient condition
if the model is strongly pseudoconvex. His proof is based
on the fact that, in the strongly pseudoconvex case, lifts of
stationary discs can be made “supporting” in a suitable (non-
linear) system of coordinates (Proposition 3.9 in [14], see
also Proposition 2.2” in [13]).

One purpose of the present paper is to address the
question of recovering Tumanov’s result using the explicit
construction of stationary discs, without performing a non-
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linear change of coordinates that would not preserve the
model quadric (Theorem 4.3). The elementary proof we give
reveals a possible generalization to merely strongly Levi non-
degenerate model quadric of this unique 1-jet determination
(Sect. 4.1 and its open questions).

Another purpose of this paper is to discuss the link
between various definitions related to the model quadric (see
Lemma 1.2), and also between different technics used to
obtain finite jet determination of biholomorphisms preserv-
ing CR submanifolds. We thus generalize, for a class of Levi
generating submanifolds, the 2-jet determination of biholo-
morphisms preserving strongly Levi non-degenerate CR
submanifolds obtained in [4] to merely Levi non-degenerate
CR submanifolds (see Theorem 1.6). We recall that the 2-jet
determination of biholomorphisms preserving (Levi gener-
ating) Levi non-degenerate CR real-analytic submanifolds
does not hold in general, due to the counterexamples obtained
in [9]. We refer to the surveys of Zaitsev [16] and, Lamel and
Mir [11], and references therein, for an overview of finite jet
determination problems.

1 Hermitian matrices associated to the Levi
map of generic submanifolds

In this section, we recall various definitions related to the Levi
map (see p. 41 [1]) of a generic submanifold via its associated
Hermitian matrices. We also recall recent results about 2-jet
determination of CR mappings in higher codimension, and
obtain a new result in this direction.
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Let M C C"“ be a C* generic real submanifold of real
codimension d > 1 through p = 0 given locally by the
following system of equations

New = 'ZA1z+ 03)
: (1.1)
NRewy = 'ZAqz+ 03)

where Aq, ..., A; are Hermitian matrices of size n. In the
remainder O(3), the variables z and Imw are respectively of
weight one and two. We associate to M the model quadric
My given by

Rew, = Az
(1.2)

Rewy = 'ZA42.

Recall that M is of finite type at O with 2 the only Hor-
mander number if and only M is Levi generating at O if and
only if the matrices Ay, ..., Ay are linearly-independent (see
[7] for instance). We say that M is Levi non-degenerate at O
in case ﬂ‘f:lKerA j = {0}. The submanifold M is strongly
Levi non-degenerate at 0 (resp. strongly pseudoconvex at 0) if
there exists b € RY such that the matrix Z?:l bjAjisinvert-
ible (resp. positive definite). Note that in case M is strongly
pseudoconvex, the matrix 27:1 bjA; may be chosen to be
the identity matrix after a linear holomorphic change of vari-
ables. We also recall the following definition from [5].

Definition 1.1 Let M be strongly Levi non-degenerate at 0
given by (1.1) and let b € R be such that Z‘;zl bjAj is
invertible. We say that M is ®-non-degenerate at 0 if there
exists V € C" such that, if we set Dy to be the n x d matrix
whose j’* columnis AV, then EYte(IBO(Z’;ZI b;A;)~1Dg)
is invertible.

The following lemma was pointed out to us by Bernhard
Lamel; we thank him for that. This lemma shows the connec-
tion between the Segre sets introduced by Baouendi, Ebenfelt
and Rothschild (see Chapter 10 in [1]) and the matrix D
introduced in the previous definition.

Lemma 1.2 The model quadric My given by (1.2) is of finite
type with Segre number 2 at O if and only if there exists a
V such that the n x d matrix whose j' column is A;V has

rank d.

Proof Let S>(0) be the Segre set of order 2 at 0. A direct
computation yields to

$2(0) = {(z,w) e C" x C? |I e C", w; ="¢Ajz).

@ Springer

Let d>(0) be the generic rank of the map

LAz € crtd,
(1.3)

pri(z,0) eC"xC" — (z,"¢c A1z, ..

According to Theorem 10.5.5 in [1], the quadric My is of
finite type at O with Segre number 2 at O if and only if d> (0) =
n+d. According to the form of the map pr given by (1.3), we
obtain that d>(0) = n+d if and only if the n x d matrix whose
j column is AV hasrank d for some V. This achieves the
proof. O

We now highlight two recent results on 2-jet determina-
tion of CR automorphisms. Tumanov obtained in [15] the
following theorem for strongly pseudoconvex submanifolds.

Theorem 1.3 [15]Let M C CVN be aC* generic real subman-
ifold given by (1.1). Assume that M is strongly pseudoconvex
and that the matrices Ay, ..., Aq are linearly-independent.
Then any germ at 0 of CR automorphism of M of class C> is
uniquely determined by its 2-jet at 0.

In [5], we proved that 2-jet determination holds under the
®-non-degeneracy of the submanifold (see also [4]). More
precisely,

Theorem 1.4 [5] Let M C CV be a C* generic real subman-
ifold given by (1.1). Assume that M is ©-non-degenerate at
0. Then any germ at 0 of CR automorphism of M of class C3
is uniquely determined by its 2-jet at Q.

In light of Lemma 1.2, we may rewrite the following the-
orem due to Baouendi, Ebenfelt and Rothschild (Theorem
12.3.11 and Remark 12.3.13 in [1]) for the model quadric
Mpy.

Theorem 1.5 [1] Let My C CN be a model quadric given
by (1.2). Assume that My is Levi non-degenerate at 0 and
that there exists V- € C" such that the n x d matrix Dy whose
™ column is A ;V is of rank d. Then any biholomorphism
sending My into itself is uniquely determined by its 2-jet
at 0.

Proof This is a direct application of Lemma 1.2 and Propo-
sition 11.1.12 in [1]. O

Using Theorem 1.5, we then obtain the following new
result which is a direct application of Theorem 3.10 in [8]
for smooth generic submanifolds:

Theorem 1.6 Let M C CV be a smooth submanifold given
by (1.1). Assume that M is Levi non-degenerate at 0 and
that the matrix Do whose j™ column is A iV is of rank d.
Then any biholomorphism sending M into itself is uniquely
determined by its 2-jet at 0.
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Proof Let hol(My, 0) be the set of germs of real-analytic
infinitesimal CR automorphisms of My at 0. By Theorem
1.5, the elements of hol(Mpy, 0) are determined by their 2-
jets. Hence, a direct application of Theorem 3.10 in [8] yields
to the result. O

Remark 1.7 The second author recently wrote a paper with
Kolaf [10] in which they observe that it is enough to assume
that M is of class C? in the previous theorem.

2 Stationary minimal submanifolds

Let M be a strongly Levi non-degenerate real submanifold
given by (1.1). We fix b € R? such that Z?:] bjAjisinvert-
ible, and let @ € C¥ be sufficiently small. We consider the
following quadratic matrix equation
PX’4+AX+'P=0 2.1)
where P := Z?:l ajAjand A := Z‘;=1(bj —aj—aj)A;.
Consider X to be the unique n x n matrix solution of (2.1)
such that || X|| < 1. Note that X depends on both a and b.
Moreover, the existence and unicity of X is provided by the
Implicit Function Theorem (see Theorem 6.3.8 [1] ). The

following definition, inspired by the work of Tumanov in the
strongly pseudoconvex setting [14], was introduced in [6].

Definition 2.1 Let M be a strongly Levi non-degenerate (at
0) real submanifold given by (1.1). Let b € R? be such that
Z;{:l bjAj is invertible and let V € C". Consider a € C¢
sufficiently small and the solution X of (2.1) with || X|| < 1.
We say that M is stationary minimal at O for (a,b — a —
a, V) if the matrices A1, ..., Ay, as linear transformations,
restricted to the orbit space

Ox.y = spang{V, XV, X?>V, ... X"V, ..}

are R-linearly-independent.

Note that the above definition is independent of the choice
of holomorphic coordinates and that M is stationary mini-
mal for (0, b, V) in case it is ®-non-degenerate. Tumanov
proved thatif Ay, ..., Ay are d linearly-independent Hermi-
tian matrices, then there exist a € R? and V € C" such that
the matrices Ay, ..., Ag restricted to the space

spang{V, PV, P2V, ..., Pkv, ..}

are R-linearly-independent (Theorem 5.3 in [15]). In partic-
ular, this implies that strongly pseudoconvex Levi generating
submanifolds are stationary minimal. For the sake of clarity,
we provide a proof.

Theorem 2.2 [15]Let M C CVN be aC* generic real subman-
ifold given by (1.1). Assume that M is strongly pseudoconvex
and that the matrices Ay, ..., Aq are linearly-independent.
Then there exists a,b € R and V € C" such that M is
stationary minimal at O for (a, b — 2a, V).

Proof Let b € R? be such that Z?:l bjAj is positive defi-

nite; without loss of generality, we assume that Z?:l bjA;
is the identity matrix. According to Theorem 5.3 in [15],
there exists ag € R? and V e C” such that the matrices
Ay, ..., Ay are R-linearly-independent on the space

Oao.vy := spang{V, PV, P2V, .., PV, ...},

with P = Y ap jAj. Note that since ap can be chosen as
small as necessary, the matrix A := Z?:] (bj —2apj)A;j is
positive definite. Taking s large enough, we assume that
Oag.vy = spang(V, PV, P2V, ..., P*V}.

We set

V =(V,PV,P>V,...,P’V) e CltDn

and we define A~j, j=1...,d, and P to be the following
(s + 1)n x (s + 1)n matrices

A; 0) P 0)
- A - P
Aj = ) , P:=
0) Aj 0) P
It follows that the vectors Al \7, ...,A~d\~/ are R-linearly-

independent. We may then find an invertible d x d matrix
Chom Whose j" column is given by well chosen (independent
of j) components of A;V. Let X be the matrix solution of
(2.1) with || X|| < 1. We replace 1% by Vx, where

VX = (V, XV, X2V’ e XSV) c (C(S_H)”’

with X evaluated at ag, and we consider the d x d matrix C
obtained from A Vy, ..., AgVx by keeping the same rows
as the ones of Cy,,;,. Since X is of the form

—1

d
— ]—ZZa()jAj P+ 0(|00|3)
=1

e
I

= —"P + 0(lao)),

it follows that C has a determinant with a first non-zero
homogeneous term of degree d depending on ag, actually
the determinant of Cp,,,. Therefore, expanding the determi-
nant of C into homogeneous terms, and replacing ag by Aag,

@ Springer
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we obtain a function /4 (A) with respect to A whose first term
coefficient of order d is non-zero. Therefore, we may choose
Ao such that h(rg) # 0. This shows that M is stationary
minimal for a = Agag. O

3 Stationary discs

Let M c CN be a C* generic real submanifold of codimen-
sion d given by (1.1). Following Lempert [12] and Tumanov
[14], a holomorphic disc f : A — CV continuous up to
d A and such that f(0A) C M is stationary for M if there
exist d real valued functions ¢y, ..., cs : dA — R such that
Z?:l ¢j(£)or;j(0) # Oforall ¢ € dA and such that the map

denoted by f

d
¢ &Y ©0r (). T@)

j=1

defined on d A extends holomorphically on A. In that case,
the disc f = (f, f ) is a holomorphic lift of f to the cotan-
gent bundle 7*CV and the set of all such lifts f = (f, f),
with f non-constant, is denoted by S(M).

We now consider a strongly Levi non-degenerate quadric
My given by (1.2). We fix b € R? such that Z?:l bjA;jis
invertible and we define So(Mpy) C S(Mp) to be the subset
of lifts whose value at { = 1 1s (0,0, 0, b/2). Consider an
initial disc fo € So(Mp) given by

fo=(1=5)Vo, 21— Vo A1 Vay, ..., 2(1—0) Vo Aa Vo, (1
- ¢
-0V, bjAj),=b),
OV bjA)). >
with Vo € C". In [6], we obtained the explicit expres-
sion of lifts of stationary discs near fy. Actually, that result
is due to Tumanov [14] when the quadric My is strongly

pseudoconvex. More precisely lifts of stationary discs f =
(h,g,h, g) € So(Mp) near fy are of the form

hQ)=V - —cX)"'a-Xx)Vv

g () ="VA;V=2VA;c(I —¢X)~ 1 - X)V
+HV(IXKj—K;jX)V+
WU - XK +20 XU — X)"Hha -xv,

h(©) = —¢ 'h©) (X422 + (b —a - D +T50)4))

a+(b—a-a) +ac?
2

8¢ =
3.1

@ Springer

where V € C" (close to Vp), a € C? is sufficiently small, X
is the unique n x n matrix solution of (2.1) (withb —a —a)
with | X|| < l,andfor j =1,...,d

o0
Kj=Y 'X'AjX". (3.2)
r=0

As a consequence of that explicit expression, it is possible
to characterize non-defective discs in So(Mpr). Recall from
[2] that a stationary disc f is defective if it admits a lift f =
(f, /) : A — T*CN such that (f, f/¢) is holomorphic
on A. As proved in [6], a disc f of the form (3.1) is non-
defective if and only if the quadric My is stationary minimal
at 0 for (a, b —a —a, h(0)). Together with Theorem 2.2, we
then recover

Theorem 3.1 [15] Let My be a strongly pseudoconvex
quadric given by (1.2). Assume that matrices Ay, ..., Aq
are linearly-independent. Then there exists a non-defective
stationary disc f of the form (3.1).

4 The 1-jet map for stationary discs of the
model quadric

Let My be a model quadric of the form (1.2). Consider the
1-jet map at ¢ = 1 defined on So(My)

i1 f = (FD, /D).

Since f(1) = (0,0,0,b/2) where b € R? is fixed, the 1-
jet map is identified with the derivative map f — f'(1) at
¢ = 1. Using the explicit expression of lifts (3.1), we note in
[6] that, after changes of variables in both the source and the
target spaces, the I1-jet map j; : C¢ x C* — C" x R? x C¢
at ¢ = | may be written as

ji1: (@, V)= (V,'VUI - "X)K;I — X)V,Ima). (4.1)

We prove in [6] that the fact that My is stationary minimal
at 0 is a necessary condition for the 1-jet map j; to be a local
diffeomorphism. In this section, we give an elementary proof
of the equivalence when the model quadric My is strongly
pseudoconvex.

Denote by M,,(C) the space of square matrices of size n
with complex coefficients. Let P and X be given by (2.1).
We consider the map

(p . Mn(((:) - Mﬂ((c)v
defined by

9(N)=N+ P(NX + XN). “4.2)
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Fora € C¢ small enough, the map ¢ is invertible with inverse
of the form

¢ '(N)=N+)_ 0.(P,X)NX",
r=0

where @, is a convergent power series in P and X;
eg. Q0 = Y ;o1 (—=DX¥(PX)*. Moreover Q,(P,X) =
Y k1 R (P, X) where Ry - (P, X)is ahomogeneous poly-
nomial of degree k in P and k—r in X. Note thatif a = 0 then
¢ is the identity map. In what follows, we denote by Xy,

the derivative

,s =1,...,d. We have the following
NReag
lemma.

Lemma4.1 Let My be a strongly pseudoconvex quadric
given by (1.2). Let a € R? be small enough and let X be
the unique n x n matrix solution of (2.1) such that | X|| < 1.
Then, after a linear choice of coordinates, we have

Xitea, = ¢~ (= As(I = X)) = —p~ (AU — X)?,

where @ is given by (4.2).

Proof Since My is strongly pseudoconvex, we choose coor-
dinates for which 27:1 (bj —aj—aj)A; = I.Differentiat-
ing Eq. (2.1) in fea, and evaluating at (a, b —a —a) implies
that

A X+ P (X Xgea; + Xea, X) — 2A5 X + Xoteq, + A5 =0
and so

Xoiea, + P(X Xiea, + Xoea, X) = —As(I — X)?

We then obtain

Xoea, = ¢ H(=As(I — X))} = —p (AU — X)2.

We recall the following lemma.

Lemma 4.2 [6] Let My be a strongly Levi non-degenerate
quadric given by (1.2) and let b € R? be such that
Z?:l bjAj is positive definite. Let a € C? be small enough
and let X be the unique n x n matrix solution of (2.1) such
that | X|| < 1.

i. The 1-jet map j is a local diffeomorphism at (a, V) €
C¢ x C" if and only if the d x d matrix

V(I -"X)K;(I - X)V)

<8f)%eas s

is invertible.

ii. Foranys =1,...,d, we have

d
INeag

oo
= —2%e (Z V(I -'X) ’Y’Kjxmeasx’v> .
r=0

V(I-"X)K;I-X)V

The main theorem is

Theorem 4.3 Let My be a strongly pseudoconvex quadric
given by (1.2) and let b € R? be such that Z?:l bjAj is
positive definite. Assume that My is stationary minimal at 0
for(a,b—a—a, V) witha € C sufficiently small. Then the
1-jetmapj; given by (4.1)is a local diffeomorphismat (a, V).

Proof Assume that M is stationary minimal at O for (a, b —
a —a, V) with a € C? sufficiently small. Due to the strong
pseudoconvexity of My, we assume that the matrix A :=
Z;{=1(b j —aj —aj;)A; is the identity. In light of Lemma
4.2, we need to show that

o0
! - =2 1=
= Ne (§ V(I -"X) ’X’Kjxmwxxrv>

r=0 j.s

is invertible. In fact, we will prove it is negative definite.
Using Lemma 4.1, we have:

o0
Y = —%Ne (Z V(I - ’Y)z XK~ (AnX"(UI ~ X2)V>

r=0 Jss

o
= —MNe (Z ’V”X’K,«pl(As)X’V’>
r=0 j.s
where V' = (I — X)2V. Since the quadric My is station-
ary minimal at O for (a,b —a — @, V), it is also stationary
minimal at 0 for (a,b —a —a, (I — X)2V) (see the proof
of Lemma 6.7 [14], see also [6].) We then abusively write
V in place of V’, and we need to show that the matrix
e (X520 VX K9~ (A)X7V) s positive definite.
]S

Let W € C4 be a non-zero unit vector. Since M is station-
ary minimal, we have

[e )
"Wte (Z VX A; ASXrV>
r=0 j.s

o0 o0
W= ID,WI*+ > ID,W|* >0,
r=0 r=0

where D, is the n x d matrix whose s column is A; X" V.
Since X is solution of Eq. (2.1), the term D, W is a sum
of homogeneous polynomials in a, a of degree greater than

@ Springer
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or equal to r (and congruent to » modulo 2). Denote by
k(r) the minimal degree appearing in this decomposition
and define kp := min,>0 k(r). We denote by I the finite
set of integers r which realize the minimum, that is such
that D, W contains terms of degree ko. Note that if r ¢ [
then D,W = O(|la|**!). Note also that the minimal
degree appearing ) oo | D,W|? is exactly 2kq. Moreover,
the function ko is a upper semi-continuous in W, which by
compactness implies that it is bounded by above; this fact is
crucial since it allows to choose a smaller if necessary. Now
define

S, ='W (’VIYrKj(p_l(AS)XrV) W,
]S

In case r € [ then
Sy = 1D, WII* + O(llal****2) > 0.

We claim thatif » ¢ I then S, = O(||a||***?). To show this,
note that, in that case, S, only contains terms of the form

"W (IVIYH_ZIAJ- X(Zl Rka(P, X)ASXH_EZ V) .
J.s

W = "Dy, WX Ry 1, (P, X)Dy 10, W,

where Ry ¢, (P, X) is a homogeneous polynomial of degree
kin P and k — ¢, in X; this is due to the form of the inverse
of ¢ (see Eq. (4.2)). Whether r 4+ £1 and r + ¢ are in [ or
not, we have

"Dy, WX Rty (P, X) D, W = O(flal 072,
Indeed, we distinguish the four following cases.

o Ifr+¢; ¢ I andr+4, ¢ I,thisisclear since DH_ng =
O([lall**!), j =1,2.

e Thecaser + €1 ¢ I and r 4+ £» € I can only occur if
k > 1. In that case, we have D, W = O(Jla|**1)
and Dy ¢, W = O(||la||*0). Due to the contribution of the
term Ry ¢, (P, X), we obtain O (||a|/*0+?2).

e The case r +¢1 € I and r 4+ £, ¢ I can only occur
if £, > 1. We have Dy, W = O(|la||*0), Dy 10, W =
O(Jla|*t1) and with the contribution of the term X*!
we obtain O (|la||?k0t2).

e Finally, thecaser+#£1 € I andr+¢£, € I canonly occur
if ¢ > 1and k > 1. We have D,1¢; W = O(Jla|*),
Jj = 1,2, and with the contribution of the terms X & and
Ri.0,(P, X) we also obtain O([|a|***2).

At this stage, we have proved that

o
D08 =D IDWIP + O(llal*ot?)

r=0 rel

@ Springer

and so is positive since a can be taken smaller if necessary.
This proves that Y is negative definite and concludes the proof
of the theorem. O

The previous theorem and Theorem 2.2 imply the follow-
ing result.

Corollary 4.4 Let My be a strongly pseudoconvex quadric
given by (1.2). Assume that the matrices Ay, ..., Aq are
linearly-independent. Then there exist a € R? and V e C"
such that the 1-jet map i1 is a local diffeomorphism at (a, V).

As a direct consequence, we recover Theorem 1.3 by the
usual stationary disc method [3-5].

4.1 Open questions

An interesting feature of Theorem 4.3 is the fact that its proof
gives a roadmap for extending the result to quadrics and sub-
manifolds which are not necessarily strongly pseudoconvex.
In this vein, we define

Definition 4.5 Let M be a real submanifold given by (1.1).
Assume M is strongly Levi non-degenerate at 0 and let b €
R? be such that Y9_, b;A; is invertible. Let a € C? be
sufficiently small and set A := 27:1 (bj —aj—aj)A;. We
say that M is (resp. strongly) ®(a)-non-degenerate at 0 if
there exists V € C”" such that the matrix

o
e (Z ’VIYrAjA_lASXrV>
r=0 j.s

is non-degenerate (resp. positive definite).

Note that when a = 0, we recover the definition of ©-
non-degeneracy. The following lemma is immediate.

Lemma 4.6 Definition 4.5 is independent of the choice of
holomorphic coordinates.

We also have

Lemma 4.7 If M is ©(a)-non-degenerate at 0 then M is sta-
tionary minimal at O for (a, b —a —a, V) for some V € C".

Proof Assumethatiq, ..., Ay € Raresuch that Z?:l AjAj
X"V =0forallr =0,1,2,....Set W = (A1, ..., Aq) €
R? and we consider the n x d matrix D, whose s column
is A;X"V. We then have D,W =0 forallr =0,1,2,....
It follows that

o0
e (Z ’VIY’A,AlASX’V>
r=0 j.s

W="'D,A"'D,W+'D,A 'D;W
='D,'AT'D,W =0
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Since M is ©(a)-non-degenerate, it follows that W =
0. O

We also note that in case M is strongly pseudoconvex then
if M is stationary minimal at O for (¢, b —a — a, V) then it
is (strongly) ® (a)-non-degenerate at 0; in fact, according to
Theorem 2.2, if M is strongly pseudoconvex and Levi gen-
erating then it is (strongly) ©(a)-non-degenerate for some
aeC?,

In [5], we conjectured that if M is a C* generic real sub-
manifold strongly Levi non-degenerate of the form (1.1), and
admitting a non-defective stationary disc passing through 0,
then any germ at 0 of CR automorphism of M of class C3
is uniquely determined by its 2-jet at p. The key point in
the conjecture is to show that the 1-jet map j; is a local dif-
feomorphism. In [5], we proved that if My is strongly Levi
non-degenerate quadric and the map j; is a local diffeomor-
phism, then My is stationary minimal. At the moment, it is
not clear to us how to obtain the converse.

Questions Consider a C* generic real submanifold M C
C™+d | Assume that M is (strongly) ® (a)-non-degenerate at
0.

i. Is the 1-jet map j1 a local diffeomorphism at (a, V') for
some V € C"?
ii. Are germs at 0 of biholomorphisms sending M into itself
uniquely determined by their 2-jet at 0?
iii. Are germs at 0 of CR automorphisms of Mof class C3
uniquely determined by their 2-jet at 0?

Note that although i. implies ii. and iii., it may be possible
to prove the second and third points ii. and iii. without using
the stationary disc method via different techniques.

Data availability Data availability statement Data sharing not applica-
ble to this article as no datasets were generated or analysed during the
current study.
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