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AN ABSTRACT OF THE THESIS OF

Joan Nadia Naji Salem for Master of Science
Major: Mathematics

Title: Bourgain’s Incidence Set Problem

This thesis investigates Bourgain’s incidence set problem. This problem concerns the intersection pat-
terns of lines in space. More precisely, given a set X in R3, and a set L of N? lines in R? satisfying the
following conditions:

(i) Each line of L contains at least N points of X.

(ii) No more than N lines of L can lie in the same plane,

We need to find a lower bound on the cardinality of X.

Bourgain conjectured in 2004 that the cardinality of X is bounded from below by C N®, where C is
an absolute constant. This conjecture remained open until 2010, when it was resolved by Guth and Katz
using polynomial partitioning methods.

In Chapter 1, we present some of the results that were known before the 2010 paper of Guth and
Katz. These results are obtained by using standard counting methods, and they fall short of the conjec-
tured estimate.

In Chapter 2, we present the background needed for using the polynomial partitioning method.

In Chapter 3, we study flat points .

In Chapter 4 we present the paper in which Guth and Katz prove the conjecture.

In Chapter 5, we give a proof of the conjecture by using the Szemerédi—Trotter theorem in %% fol-
lowing the development in Guth’s book.

In Chapter 6, we investigate the same problem but in the finite field setting following the work of
Ellenberg and Hablicsek.
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0.1 Introduction

The main subject of the present thesis is Bourgain’s incidence set problem. This is a very important

problem in the field of incidence geometry and is still at the center of current, active research.

Through time, mathematicians were interested in solving problems related to the intersection pattern of
lines in space. Many questions, regarding this subject, were hard to answer. Some of them were even
considered as open problem. For instance, Bourgain’s incident problem:

Given a set X in R3, and a set L of N? lines in R® satisfying the following conditions:

(i) Each line of L contains at least N points of X.

(ii) No more than N lines of L can lie in the same plane,

Then, the cardinality of X is bounded from below by CN?3, where C is an absolute constant

Bourgain’s conjecture was made in 2004 in[2].

First, they started to answer them by developing and using some tools from combinatorics field. But the
bounds of the sets were not sharp. In addition, similiar problems appeared while studying vector spaces

over finite fields.

In 2010, Guth and Katz solved Bourgain’s conjecture using polynomial method. The basic idea of this
proof involves the following: finding a polynomial that vanish on a set which we define, studying its
irreducible factors and the sets where they vanishs, finally we investiguate those sets by studying flat

points and it's geometry.

In addition, due to the polynomial method and it’s application, Guth was able to develop Szemerédi-Trotter
in R® This theorem is also capable of solving Bourgain’s incident problem. We only have to connect
the upper and lower bounds of the set of incidences between the lines and X. Finally, in this thesis,
we show how to generalize the proof of Guth and Katz for Bourgain’s conjecture tothe finite field set-
ting. This generalization was done by Ellenberg and Hablicsek in[3],and will draw our attention to some

modifications that will occur at the level of algebraic geometry.



Chapter 1

Estimation Using Counting Methods

Introduction

Bourgain’s incident problem and the joints theorem are proved nowadays by using polynomial methods.
Before the dicovery of this method, people used to handle those problems by using to some standard
counting methods. In this chapter, we will explain the results due to the methods that people used to
work with in order to solve joints theorem. In addition, we will notice the weak estimation and some
problems that they had encountered in order to appreciate the importance of the polynomial method.

In this chapter, [ am basically following the development in Guth’s book[1,Chap3].

Notation 1.1 F, is the finite field with q element.

Definition 1.1 A set K C Fy is called Kakeya set if it contains a line in every direction. In other
words, the set K must salisfy the following condition:
To every a € Ty \{ 0 } there is a vector b € Fy such that the line

{at+bteF;} CK (1.1)
Proposition 1.1 A Kakeya set contains at least q lines

Proof. By definition, to construct a line in K, we have to satisfy the following:
1. For each direction a € Fy \{ 0 }, we associate a line

2. K contains a line in every direction.

Then K contains at least

g > ¢ Ygeometric series)
= (1.2)
2q(n>2)
Proposition 1.2 Suppose s < ¢
Ifeé ... £s are lines in Fy, then their union has cardinality at least %qs. In particular, if K € Fg is a

Kakeya set then | K |> $¢*

Proof. We imagine adding the lines ones at a time and keep track of the size of their union.



o The first of these lines contains ¢ points.
e The second of these lines contains (g — 1) points which are not on the first.
e The third of these lines contains also (¢ — 2) points which are not on the first two lines.

Proceeding in this fashion, we have that the s** line contains at least ¢ — s + 1 lines.

Therefore, the number of distincts points in the union of all s lines is at least

s(g+g—s+1)
2

s

sat+s—s+1) (a2

g+(g-+..+(g-s+1)= (arithmetic series)

v

(1.3)

Y

%(Q'i'l) (¢g+1>4q)

13
2(1

v

By proposition 1.1, we have for Kakeya set | K [> %qz since s = q

Corollary 1.1 Let £ be a set of N? lines in R3, and X be a finite set in R3.

Suppose each line £ € L contains al least N points of X and each line contains al least N points of X.

Proof. We apply proposition 1.2 with s = ¢ = N. We can then conclude that | X |> %Nz.

We try to enhance the previous estimation for larger u.

Proposition 1.3 (Bush Method.) If ¢1.....Lp are lines in g, then the number of points in their union
is at least %qM%. If K C ¥} is a Kakeya set, then | K |> %qﬁz’_1

Proof.[1, Prop 3.2

Corollary 1.2 Let £ be a set of N? lines in R, and X be o finite set in RS,

Suppose each line £ € L conlains af least N points of X and each line contains at least N points of X.

Proof. We apply proposition 1.3 with ¢ = N and M = N. We can then conclude that

241

| X |> N = 1NLS,

By combining the two previous propositions and the fact that not too many lines in a Kakeya set

lies in the plane, we discover the hairbrush method in order to improve previous result.

Proposition 1.4 Hairbrush method.

Suppose that £1..Ly are lines in Fy and suppose that at most q + 1 of the lines lie in any plane. Then
ng2
2

their union has cardinality at least %q%M%. If K C ¥} is a Kakeya set, then | K |> % | g

Proof. Let X = U¥;. If 4; is a line in K, then the hairbrush with sterm ¢; is defined by the set of line
that intersect £;. We do not include #;, itself in hairbrush.

Claim: There is always a hairbrush with > %sz | X |7! lines.

Proof. Let £ be the set of lines £, £p...4p¢

In order to simplify the notation and terms in this proof, we will consider the following context: In a
university, each student (line in 4;) attend a number of classes, where each class refer to a point X. In
addition, each student recieve a tag with his/her name on top them his/her fellow. We want to find

number of student that have a tag where a fix name appear.



Since we want to study how many lines passes through a point, in other word, for a class p, we are

interested in how many students are taking a class.

We need to define a measure g it is a function such that
u {each singelton) = u(z € X) =1
Then

/' ppdu =" p(p)z, =Y u(p)=qM (1.4)

Where Zp 14+(p) represent the number of student in the university, in other word, the number of line
passing through the point in the set ¢

Then we have

Soul) < O (17 x S up)?)?
Youp) < QoD x (O ) (1.5)
gM <| X 2 x()_ u(p)®)?

p

Where Zp p(p)? consists of how many tags is produced to each class.
If two students are registered in a class, they received both two tags. They are designed in a way: that
the student, holding its tag, has his/her name first then his fellow for this class. So we can conclude that

two tags with different orders are given to two students taking a class together

That is why, we fix a student A. A has at least M of classes in common with other student. So each
student has his/her name written in at least HZTMZ|X|_1 = ¢>M|X|™! tags.

Similarly, A’s name is written in total on ¢>M|X|~! tags.
We already know that A and other student taking a class share two different tags. Then the number of

students that has a tags with A’s name on it is at least > %q2M|X|_1

Fix a hairbrush containing > 1¢?M | X |~! line. Let £; be the sterm of the hairbrush.

Consider the 2 planes that confain the sterm ¢;. Each line in the hairbrush lie in exactly one of these
two plane. If 7 is a 2 plane. Let H(7) denote the line in the hairbrush that lie in 7. Since every plane
contain at most g + 1 of lines. We know that there is at most ¢ line in H(r).Since each line in the
hairbrush lie in exactly one plane 7, we have

S, 1 H(m) |2 2?M | X |7

But by our proposition 1.2, the union of lines in H () contains at least

591 H(m) | > 3q| H(m) |.

As 7 varries among the 2 planes containing #;, the set 7. are disjoint. Then the union of lines in

the hairbrush is at least

1 1 1 1 1
= > = HmM==x>¢M|X|"1=2¢M| X | 1.6
d_zelHm) |2 ngl (m) =3 x 5¢°M | X | SO M| X | (1.6)

m



The lines in the hairbrush all lie in X so:
M| X |71 X |

X |2 3qE M

For Kakeya set, we have K = U¢;, where £; point in different direction M > ¢™~1 lines ¢;. Each
nt2

line point in different direction, we have g + 1 line in a plane, then | K |> %q 2

Corollary 1.3 Let £ be a set of N? lines in R®, and X be a finite set in R3.

Suppose each. line £ € L contains at least N points of X and each line contains at least N points of X.

Proof. We apply proposition 1.3 with ¢ = N and M = N2,
We can then conclude that | X |> %N% x (N?)z = %N%.



Chapter 2

The Tools for the Polynomial
Method

2.1 Toolbox

Definition 2.1 Suppose thatF is a field, D a non-negative integer andn. € N*. The space of polynomials
in n variables over F of degree atmost D will be denoted by Polyp(F™).

An element in P in Polyp(F™) can be written as

D n n
P= E Py where Py(zy,...,2,) = E g Ciy i Tiy - - - Tiy
k=0 11=1 =1
where x1,..., %, are coordinates in F7,

We note that Py is homogeneous in degree k, ie Py(Az) = APy (z) for all A € F.

Lemma 2.1 Polyp(F™) is a vector space over F of dimension (D:"). In particular, dimPoly(F™) > %71.

Proof. It is clear that Polyp(F)™ is a vector space over F. It is also clear that the set

n
zf’l...zf" : D; > 0 and ZD,- <D

=1

forms a basis for Polyp(F™). We write each monomial :chl co.zPnoas 1D°:c{31 ...xDn with Dg > 0 and

TL_ Dr,; = D. SO the problem of Counting the monomials becomes a problem of counting the number

=0

( 1)
n

of ways we can place D balls into n + 1 jars so the answer is . A simple computation shows that

(") = 3
Consider the following problem.

Suppose we are in R? and consider the set of points
S10000 = (1, 1), (2,-2), ..., (10000, —10000).

We want to find a polynomial P of two variables that vanishes on S. One easy solution is the polynomial

10000

Qz,y) = [ (= —n)

n=1



and the degree of P is the cardinality of S which is 10000. The following lemma provides us with a

smaller degree polynomial that vanishes on S.

Lemma 2.2 Suppose that F is a field and S C F™.
Let D =min{d € N: . > |S|} then
Tl D'n
L 2 <
n!

(27)(n!)

2. There is a non-zero polynomial P € Polyp(F™) such that P vanishes on S,

Proof. We define a linear map @ : Polyp(F") — F® by ®(P) = P|s.
By lemma 2.1, dimPolyp (F") > D" /n! and dimF? = |S| < D™/n! and thus ® is not injective.
Therefore, there is a non zero polynomial P € Polyp(F™) such that P|s = 0. This proves (ii).

To prove (i), we notice from the definition of D that

(-1~

s

which means
D—1< ¥nlSIM™ — D < ¥al|S|Y™ 4+ 1 < Vnl|S|V™ 4+ Vnl|S|H™ = 2 /al| S/
giving the desired bound on D.
Thus the above lemma tells us that there is a polynomial of degree at most 2 ¥/n! |S|*/™ that vanishes on

S. So if we apply this to the above example, we get a polynomial of degree at most 300 that vanishes in

S10000-

Lemma 2.3 Suppose that P € Polyp(F) and o € F. Then there is a polynomial Q € Polyp_1(F) and

an element v € F such that
P(z) = (z — z0)Q(z) + .

Proof. We use induction on D. If D = 0 then P is the constant polynomial and the result is trivial.
Suppose that D > 1 and the result is true for D — 1. We write

D
P(z) = Zakxk
k=0
and we let
Q(z) = P(z) — aD:cD_l(m — o)

Clearly, @ has degree smaller than or equal to D — 1 and thus by the induction hypothesis, there is a
polynomial @ € Polyp_2(F) and an r’ € IF such that

Q(z) = (z — 20)Q'(z) + '

this yields
P(z) = (¢ — z0)(Q'(z) + apz” ) + (r + 1)

where r + ' € F and Q'(z) + apzP~! € Polyp_;(F) which proves the lemma.

Lemma 2.4 Let P € Polyp(F). If P vanishes on D + 1 points of F, then P is the zero polynomial.



Proof. If D = 0, then P(x)=r for some constant » € F. Since P vanishes on some point of F, then r =0
and hence P is the zero polynomial. We suppose that D > 1 and the result is true for D — 1. We know
that the degree of P is less than or equal to D and P vanishes on points say z1,%2,...,Zp41 € F. We
write using the above lemma

P(z) = (z - z)Q(z) +r

Plugging in for z; we see that r = 0 and hence P(z) = (z — z1)Q(z). This means that @ vanishes on
T2,...,Tpy1- Bub Q has degree smaller than or equal to D — 1 and vanishes on D points of F thus by
the induction hypothesis @ = 0 and therefore P = 0.

Definition 2.2 Let F be a field and a,b € F™ such that a # 0.
The set {at +b: L € F} is called a line in F™.

Lemma 2.5 (Vanishing Lemma) Let P € Polyp(F™).
Suppose that L C F™. If P vanishes on D 4+ 1 points of L, the P is vanishes on L.

Proof. Let us write L = {at + b : t € F}. We define a polynomial Q € Polyp(F) by
Q(t) = P(at + b)

Then Q vanishes at D + 1 points of F. The above lemma tells us that @ is the zero polynomial and thus

P vanishes on L.

Throughout the course, F, will denote a finite field with ¢ elements.

Lemma 2.6 If P € Poly,—1(Fy) vanishes on the entire space Fy then P is the zero polynomial.

Proof. We induct on the dimension n. For n = 1 we have a polynomial in one variable of degree smaller
than or equal to ¢ — 1 which vanishes on ¢ points. By a previous lemma, g is the zero polynomial. We

now suppose that n > 2 and that the lemma is true for n — 1. We write

g—1
P(z) = Plzy,...,zn) = ZPj(ml, ey Epe1)XD,
j=1

We fix values for z1,...,z,_1 and we consider P as a polynomial in one variable. The new polynomial
has degree at most ¢ — 1 and vanishes on all of the ¢ points of F,. This means that the new poly-
nomial is the zero polynomial and therefore all of it’s coeflicients are zero. Therefore each P; vanishes

on IF(T;_I. This means by induction that each P; is the zero polynomial and thus P is the zero polynomial.

2.2 The Bézout Theorem

Our goals in this section are to prove the Bézout theorem in the plane and the Bézout theorem for lines.



2.2.1 Bézout’s Theorem in the Plane

Theorem 2.1 (Bézout’s Theorem in the Plane) SupposeF is a field and P,Q € Poly(F?) are poly-
nomials. Let Z(P,Q) = {(z,y) € F*: P(z,y) = Q(z,y) = 0}.
If P and Q have no common factors, then |Z(P, Q)| < (deg P) - (deg Q).

We need several lemmas before proving this theorem.

Lemma 2.7 Suppose F is a field and X C F™ is a finite set. Let f: X — F be a function, then there is
a polynomial p € Poly(F™) such that

1. deg P < |X|—1.

2. P=fonX.

Proof. Let p € X. We're going to construct a polynomial P, € Poly(F™) such that deg P, < |X| -1,
P,(p) =1 and P,(q) =0 for all ¢ € X\{p}.

Let ¢ € X\{p}, then ¢ has coordinate which is different from p, say ¢; and 1 < j < n. Define the
polynomial Lq(x) = z; — ¢; then Lg(¢) = 0 and Ly(g) # 0. Define

P(x)=C [] L¢x)
q€X\{p}
and observe that deg P = |X| — 1, P,(¢g) = 0 and choosing C appropriately we get that Pp(p) = 1.
Finally, we construct P using the P,’s by

P(x)= Y f(p)Pp(x)
peX

and P has the desired properties.

Notation 2.1 We use the following notation, I C Poly(F™) is an ideal and suppose that D > 0 is an
integer then define Z(I) = {x € F* : P(x) =0 for all P € I'} and Ip = I N PolypF™).

We note that the injective linear map that goes from Polyp(F™)/Ip to Poly(F™)/I and takes

P+ 1Ip— P41 allows us to view Polyp(F™)/Ip as a vector subspace of Poly(F"™)/1 over the field F.

Lemma 2.8 Suppose that I C Poly(F™) is an ideal then |Z(I)| < dim(Poly(F™)/I).

Proof. We show that if X C Z(I) which is finite, then |X| < dim(F")/I. Define the map
® : Poly(F*) — FX such that ®(P) = P|x.

Above lemma tells us that @ is surjective. Also, I C ker ® so ® : Poly(F™)/I — FX becomes a surjective
map so that | X| = dimFX < dim(Poly(F*)/I).

We use the following notation. (P, Q) = {P1P + Q1Q : P1, P, € Poly(F")} and define also Z(P, Q) =
{z e F": PLP + @Q1Q = 0}. Notice that Z(P,Q) = Z(P) N Z(Q).

Lemma 2.9 Let P € Poly(F") be a non zero polynomial. Let D > deg P be an integer. Let J = (P) be
the ideal generated by P then
dimPolyD_degp(]F") B dzm(JD)



Proof. Define a linear map ® : Polyp_deg p — Jp by ®(R) = PR. Since P is non zero, ker ® is trivial
and the map is injective. Also S € Jp implies S = PR for some R € Polyp_deg p{F"). So S = ®(R)

and thus the map is surjective.

Lemma 2.10 Let P € Poly(F™) be a non-zero polynomial and D > deg P be an integer. Let J = (P)

then
D D —deg P
dim(Polyp(F")/Jp) = ( +”> - ( o +”> .
n n

Proof. We define a linear map « : Polyp(F™) — Polyp(F)™/Jp given by a(R) = R+ Jp. Then clearly,
« is surjective and ker o = Jp so dim(Ima) = dim(Polyp(F™)) — dim(ker @) by Rank-Nullity. Since

D+n D—degP+n
dim(Polyp (F™)) = ( +”> and dim.Jp = ( . +”>

n n

and the map is surjective, the result follows.

Proposition 2.1 Let P,Q, R € Polyp(F™) be polynomials such that P divides QR, P and Q are rela-
tively prime. Then P divides R.

Lemma 2.11 Let P,Q € Poly(F™) be two relatively prime polynomials and let D > deg P be an integer.
Let I = (P) and J = (P, Q) be the ideals generated by P, and P and Q respectively then

dim(Polyp(F"*/Ip)) < dim(Polyp(F™)/Jp) — dim(Polyp_deg (F")/ID—deg @)-

Proof. We define two linear map: ® : Polyp—degq(F™) \ Jp_dego — Polyp(F™)\ Jp
by ®(R+ Jp_gegq) = QR+ Jp

B : Polyp(F™)\ Jp — Polyp(F™)\ Ip

by 8(S+Jp)=S+1Ip

We note that S{(®(R + Jp_deg0)) = B(QR+Jp) =QR+Ip=0

Then, Im(®) C Ker(f) Claim: ® is injective—

R+ Jp_gegq € Ker(®)

— (I>(R+ JD-degQ) =0

- QR+Jp=0

- QReJp

— P divides QR because Jp=(P)

— P divides R because P and Q have no comon factors

— R € Jp_degq

— R+ Jp_gegg =10

then Ker (2)=0

So we can conclude that @ is injective

This claim tells us the following:

dim(Im(®))= dim(Polyp_aegq(F™) \ Jp_degq)

dim(Polyp—degq (F™) \ Jp-degq)< dim(Ker(B))<dim(Polyp(F™) \ Jp)- dim(Polyp(F") \ Ip)

10



Lemma 2.12 V vector space over a field F
V1, Va... subspace of V.
fVicveCc..cVandV = Uo,f):l Vp then, dimVp = limp_, Vp

Proof. We have dim(V;) < dim(V2) < ... < dim(V)

solimp_,o Vp < dimV

Let 1= limp_, 0, Vp we still need to show that dim(V) < Vp If L is infinity ,we are done.

Suppose Lj oo and dim(V);L. V has n linearly independent vectors with n;L.

Since V =|JB_, Vp, there is an integer Dy such that n inearly independent vectors belong to Vp,.

This is a contradiction because dim{Vp,) < L < n.

Theorem 2.2 (Bézout’s Theorem in the Plane) Suppose[ is a field and P, Q € Poly(F?) are poly-
nomials. Let Z(P,Q) = {(z,y) € F?: P(z,y) = Q(z,y) = 0}.
If P and Q have no common factors, then |Z(P, Q)| < (deg P) - (deg Q).

Proof. We are going to apply the above lemma with:
V = Poly(F?\ I) and Vp = Polyp \ Ip
We note that dim(Vp) < deg(P) x deg(Q), Then dimV = limp_,, Vp < deg(P) x deg(Q)

Theorem 2.3 (Bezout’s Theorem for Lines) Let F be an infinite field and let P,Q € Poly(F?) be
relatively prime polynomials. If £y,..., L € Z(P,Q) then m < (deg P) - (deg Q).

Proof. As before, we let J= (P) and I =(P,Q) and we recall that

dim(PolypF? \ Jp) = (D;S) - (D_desgp+3)

__ (DHI)(D+2)(D+8)  (D+3—degP)(D+2—degP)(D+1—degP)
- 3! 3!

= WegP)xD? _ 1 (P)D — Co(P)

We also recall that :

dim(Polyp(F*)\ Ip) < dim(Polyp(F3) \ Jp) — dim(Polyp—qeqq(F?) \ Jp—degq)
< WeaPXD” 3 (P)D — Co(P) — esP)X(D=de9@)" _ (3 (P)(D) ~ deg(Q)) — Co(P)
= (degP)(degQ)D — {aDWe0Q | 0, (P)degQ

We claim that

dim(Polyp(F*\ Ip) > mD —m? for all D > () + m

We will proof this claim in the next section. We get: for all D > (7;) +m

mD —m? < (degP)(degQ)D — %8P)es(@ 4 ¢ (P)degQ

m— mT2 < (degP)(degQ) — deg(Pgtgg(Q)z + C1(P[))degQ

Letting m — oo we have m< (deqP)(degQ)

2.2.2 claim in Bézout’s Theorem for Lines

In order to prove the claim in Bézout’s Theorem for Line, we need some lemma.

Lemma 2.13 Let V be a vector space over an infinite field F and suppose dimV > 2 then V can’t be

written as finite union of one dimensional subspaces.

Proof. SupposeV =V, UVo U ...UV,, with m > 2 and dimV; =1 for i =1,2..n
We let e; and ey be two linearly independent element of V. Then e; and ey belongs to subspace V; and
V; with i# j.
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We consider the set {ae; + ez a € F}.

We also note that a # bif and only if ae; + e2 = be; + e3. Since F is infinit in our set and V =
Vi UVa U ... UV, by pigeonhole principle there is two different element in our set lies in the same
subspace V.

Since dimVy, = 1, Vi is spaned by one element e3. So, there is v, f € F\ {0} such that ae) + e2 = aes
and be; + ez = fes Se1 + ;1;62 = %el + %62 = e3

5—%)61+(§—%)62=0

a
e; and e be two linearly independent, it follows that:
a_b_qg
o
11
a—5=0

so that a=b, we have a contradiction

Lemma 2.14 Let F be an infinite field and V' be a vector space over F, then V can’t be written as the

finite union of proper subspaces of V.

Proof.Suppose V =V, UV, U ... UV, with each V; is proper subspace of V.

There are 2 linearly independent vector vector e; and ez which cannot lie in the same subspace.e; € V;
and ey € V; with 4 # 3.

We let W be a subspace of V spaned by e; and ey ,and Wy, = W N V.

We let W=Ji—, Wi

We also have each Wy, is a subspace of W with dimension< 1.

We let{W .. W,,,} = {W;|1 <i<m anddim(W;) =1} and W = |J{-_, W;.We have a contradiction.

Lemma 2.15 Let F be an infinite field andn > 2. Let aq,...,a, € F™ be non zero vectors then there is
a vector b € F™ such that b-a; #0 foralli=1,...,m.

Proof. Let V; = {z € F" : a; - 5 = 0}. Since a; # 0, V; is a proper subspace of F". Suppose that no such

b exists then F* = |JI* | V; which contradicts the above lemma.

Lemma 2.16 Let F be an infinite field and €1, ..., 6y be lines in F™. Let X = ¢, U ... UZ,, then to
every integer D > m there is Xo C X such that

1. | Xo| =mD —m?

2. To every function [ : Xq — F there is a polynomial p € Polyp(F™) such that P = f on Xq.
Proof. We let aq,...,an be the directional vectors of ¢y, ..., %y, then a1, ..., an, are non zero vectors in
F™ and by the above lemma there is a b € F™ such that b a; # 0 for all 1 = 1,...,m. This means that

non of the lines ¢4, ..., 4,, is parallel to the hyperplane b-x = 0. We let eq,..., e, be the standard basis
of F™. Define T : F™ — ™ such that

T(b) = e, and T({b-z = 0}) = F"~L.

We let Li,..., Ly be T¢,...,T¢, then non of these lines is parallel to F*~1. This implies that each
hyperplane of the form z,, = h (h € ) intersects each line L; at exactly one point. In other words, =,
is transverse to L;. We let X = L; U...U Ly, = T'X. Since F is infinite and D — m > 0, there is a set
{h1,...,hp_m} C F such that

I{mnzhj}07|=mforallj:1,...,D—m.

12



Next we let
D—m

Yo = U {En =hij}
j=1

then clearly [Xo| = m(D —m) = mD — m2. We let Xo = T-'X, then Xp C X and |Xo| = |Xol.
Suppose we are given a function f: Xo = F. Welet f: Xy - F be f = foT~1. We are now going
to find a polynomial P € Polyp(F™) such that P = J on X, and defining P = P o T gives the desired
polynomial since

P(z) = PoT(2) = P(Tx) = fT(z) = f o T Y(Tx) = f(x).

We now construct P. Write
{@n, = h;} NX = {(yk,j,hj)  k=1,...,m}.

By lemma 5.2, we can find a polynomial P; € Poly,,(F™) such that P;(yk;) = f{ykj, hj). We need to
find a polynomial
() P(y,h;)=P; for j=1,...,Dp.

We expand
Pi(y)= Y caliy™ and P(y,za)= > Pi(za)y”
lel<m le| <m
for P to satisfy (*), we need Py(h;) = calj) for j = 1,...,Dy,. But we can get a polynomial P, by
applying lemma 5.2. We will proof now the claim: dim(Polyp(F*\ Ip) > mD —m? for all D > (7} +m

Proof. We define a linear map:® : Polyp(F® — (FX)

with ®(R) = R|s

We know that FX° is a subspace of (FX)where X; is the set from the lemma above. By the lemma
above, we have FX° C Im(®)

so we have dim(FX°) < dim(Im(®))

But dim(FX°) = | Xo| = mD — m?

It follows that dim(Im(®)) > mD — m?

Also ReIp —» ®(R)=0

because X=ly Ul U ...l;, € Z(P) and I =(P,Q)

So ® descends to the mapPolyp(F®) \ Ip) — (FX)with the same image

We can now conclude that dim(Polyp((F?)\ Ip) > dim(Im(®)) > mD — m?

2.3 Polynomial Partitioning

Lemma 2.17 (Continuity Lemma) Suppose (X, 11) is a measure space and {fn} is a sequence of

functions that converges pointwise on X to a function f € O. Let w € L' () be such that

/ wdp =0 then / wdp — wd.
{f=0} {f.>0} {#>0}

Proof. First we notice that

/ wdp =/ wdu+/ wd#=/(X{fn>0}X{f>o} + X{ o >0} X{f<0}) WAL
{fn>0} {fn>0}n{f>0} {fn>0}n{f<0}

13



‘We have that

1 if f(z) >0
X{f.>01 (Z)X (>0} (x)goes to as n — 00.
0 if f(z) <0
and
0 if f(z) >0
X{fo>0} ()X (<0} () — as n — oo.
0 if f(z) <0
so that

X{fn>0}X{F>0} F X{fa>0}X{f<0} — X{5>0}-
We have that
| (X{rm>0) X550} + X{fu>01X(s<0}) w| S w

and w’s integral over X is finite, so by the dominated convergence theorem we get that

/ wdy goes to /x{f>o}wd,u, :/ wdjs,
{fn>0} ’ {r>0}

which finishes the proof.

We state a theorem from algebraic topology but without proof.

Theorem 2.4 (Borsuk-Ulam) Suppose F': SV — RN is a continuous map. If F(—u) = —F(u) for
all u € SN, then there is av € SV such that F(v) = 0.

This theorem is needed in the proof of the following important theorem.

Theorem 2.5 (General Ham Sandwish Theorem, Stone and Tukey 1942) Suppose Wy,..., Wy €

LY(R"™) are functions and V is a subspace of Og of dimension greater than N. Suppose
/ wydA =0 for allu e VA\{0} and 7 =1,...,n.
{u=0}
Then there is a function v € V\{0} such that

/ WA = / W,dA.
{v>0} {v<0}

Proof. Without loss of generality, suppose that dimV = N 4+ 1. We can identify V with R?¥! so that
SY can be seen as a subset of V' \ {0}. We define F: V' \ {0} — R¥ by setting the j’th coordinate to

Fj(u) = / Wjd)\ — W]d)\
{u>0} {u<0}

Clearly £} is antipodal and so £ is antipodal. Since f{u:O} W;dX = 0 for all w € V\{0}, lemma. 6.1 tells us
that F' is continuous. By Borsuk-Ulam, there is a v € V'\ {0} such that F(v) = 0 which finishes the proof.

Corollary 2.1 (Polynomial Ham Sandwish Theorem) Let Wi,..., Wy € LY(R™) then to every
integer D such that N < (D:”), there is a polynomial P € Polyp(R™) such that

/ Wjd)\z/ Wd\ for j=1,...,N
{P>0} {P<0}

14



Proof. Apply the general ham sandwich theorem to V = Polyp{R™). We can do this since if P is any
non zero polynomial in Polyp(R™) then A(Z(P)) = 0 and thus fZ(P) fax=0for all f € L' (R").

Given a set S C R™ is finite and P € Poly(R™) a non zero polynomial. We say that P bisects S if
Hp < 0}nS|<|8]/2 and |{p >0} N S| < |S]/2.

Corollary 2.2 Suppose that Sy,...,Sy C R"™ are finite sets. To every positive integer D satisfying
N < (D+”) there is a P € Polyp(R™) that bisects each S;.

n

Proof. Let Ny = (D:") — 1 then N < Ny and (D:") = Np + 1, so we can identify Polyp(R™) with
RMo+1 with a map @. This allows us to have SNo - Polyp(R™) \ {0}. For each § > 0, we set

Qj,5 = U B(:L‘,(S)
€S
Then the polynomial ham sandwich theorem provides us with a non zero polynomial Ps € Polyp(R")
such that
AA{P>0INQys)=A{P <0}NQs),

forallj=1,...,N.
Without loss of generality, assume Ps € S™o. Since S™ is compact, we can find a sequence of real

positive numbers {§,,} and polynomials P; g SNe such that 8, — 0 and Ps,, — P as m — co. This

m

means that the coefficients of Ps,, converge to the coefficients of P and thus Ps, converges to P locally

uniformly on bounded subsets of R™. We claim that this P bisects each S;. To prove this, suppose not
i.e there is some j such that [{P > 0} N .S;| > |5;]/2. We let S;' = {P > 0} N Sj, then there is some
€ > 0 such that
P(y) >0 forall ye U B(z,¢).
zest
We can choose this ¢ small enough so that for all z,y € S; such that = # y, B{(z,¢) 0 B(y,¢) = 0. Since
Fs, converges to P uniformly on bounded sets, there an integer M such that for all m > M, 6,, < € and
P (y)>0forallyc Ua:ES;‘L B(z,¢) then
1551

N{P > 011 055,) = A Uy B, om)) = 171 A (Bw, 6)) > 230 A (B(z,5) = 2205,

which is a contradiction.

Corollary 2.3 Let Sq,...,S88v C R"™ be finite sets then there is a positive integer D and a polynomial

P € Polyp(R™) \ {0} such that
Dr <N< Dn
2nrnl — n!

and P bisects each Sj.

Proof. We let D = min{d € N: d"/n! > N} then D"/n! > N therefore D™ > n!N > 1 so that D > 2.
But also, (D —1)"/n! < N and since D —1 > D/2 then (1/n!)(D/2)* < N. Part (ii) is clear since
N < D"/n! < (D:”) and we can get P from corollary 6.3.2.

Lemma 2.18 To every finite set S C R™ there are sequences {Dy} in N and { Py} in Poly(R") \ {0}
such that:

15



1. For each k € N,

DR k-1 _ Di
< .
2n(nl) — < n!
2. For each k € N,
Py € Polyp, (R™) \ {0}.

3. For each k € N,
R*\ Z(P...P) = | Q*,
ax€lx
where I, = {+, —}¥ and the Q™ are open and disjoint.

4. For each k € N,

" |S]
QNS < o
for all oy € I.
Proof. We use induction. By the Ham Sandwish Theorem for finite sets there is an integer D; € N and
P, € Polyp, (R™) \ {0} such that
n DTL
& <1< =L and P bisects S.
2nnl n!
We let Q" = {P; > 0} and O~ = {P; < 0} then

R™"\Z(P)=0tuQ = [ J am
acl;
where I = {+,—} and |Q* N S| < §/|2|, for all a; € I.
Apply the ham sandwish theorem again to get an integer D € N and a polynomial P € Polyp, (R™)\ {0}

such that P o5
2 <9< =2 and P, bisects 2 N S.
2nn! n!

Let QF = {P> > 0} and Q5 = {P; < 0} then

Rn\Z(PIPQ) = Z(Pl)cﬁZ(PQ)C = ( U Qal) n (Q;UQZ_) — U )02

a1 €l €l
where Ip = {+,—}? and |[Q®2 N §| < |S|/2%.
Suppose that Dy_; € N and P;,_; € Polyp, ,(R™)\ {0} have been found satisfying:

Diy _gieo _ DRy
2nnl n!
and
R*"\ Z(P\P,---Poy)= | ) Q=
ap_1€M_)

where Iy_1 = {+,—}*¥71, and then |Q%- NS < |S]/25~1, for all a_; € Ir_1. Now apply Theorem
6.3.1 again to get an integer Dy € N and Py, € Polyp, (R™) \ {0} such that

Dy Dy
k—1 < k=2 ¢ k—1
2nn/! "l

and Py, bisects each Q*~1 N 5. We let Qf = {P; > 0} and Q5 = {P; < 0} then

R"™ \ Z(Pl cee Pk—lpk) e (Z(P1 cee Pk:—l) 0] Z(Pk))c
=Z(P - Pk_l)c N Z(Pk)c

- U Q-1 | N (Q;c" U QI:) = ( U QO‘"> with I = {+, —}k

Q1€ —1 ap el
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Theorem 2.6 (Polynomial Partitioning) To every finite set S C R™ and integer D € N there is a
polynomial P € Poly p(R™) \ {0} such that R™\ Z(P) is a disjoint union of at most 2D™ open sets O;
each containing
2"+ (n) _
——— |S| D"
. (21/71_ l)n I |

points of S.

1
Proof. Case 1: 1< D < 28 95/n, Since 1 < ( M
n

sandwich theorem for finite sets provides us with a polynomial P € Poly; (R") \ {0} satisfying

) , the corollary proved before the polynomial ham

S
{P>0}nS|, {P<0}nS|< %
We let O; = {P > 0} and O, = {P < 0}. Then O; and O are open, and
R™\ Z(P) = O; UO; = disjoint union of two open sets.

Also, 2 € 2D™, and

2W25/”)n@( 2l/m 1 )" 24 (n))

|S]
l0ins| < = _(21/n_1 v < oD

1S|D—™,

Case 2: 2—%;‘7% 25/n < D. We let

_ 2\/_ k:/n
K =max {k € N: 22— 2" < D},
Then K > 5, and
2¥/n! oK/n < p < 2\/_ o(K+1)/n_
ol/n 1 ol/n 1 1

We define P = P;...Pk, and we note that

DegP = ZDeng < ZDK < > 2¥mlok-/n

k=1

1—2K/n 23/n]
_ 2 K/n
= 2vnl T 5i/m < 5/ ]

N

where {Dj} and {P;} are the sequences given to us by Lemma 6.4. We let {O;} = {Q%*< : ax € Ix}.
Then the O; are open and disjoint, and

N S| 2|
|0, N S| =% N8| < 2K| = 21|<+|1-
But
(2”’“ _ l)" Dn. < 2K 41
27 (n!) ’
v 151 wH ()
2 25 (nl
IOi n SI < 1/n " =% |S| D,
22:-(:1:1) D (‘3]'{“ - 1)'1
Also,
oL/m _ 1) 2
M < 2K < ( D" D™ < D"
< 2" < =y 2" < gy 2
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Chapter 3

Flat Points

Lemma 3.1 (Two Advanced Calculus
h: Q= R C?® function
then Taylor theorem tell us that:

Facts) I) Q € R? is an open set with OC Q

h(z) = h(0) + VA(0)z + % (2202h(0) + 221220102h(0) + z393h(0)) + 0 (| z |3); V& € Q

o(I=*)
where T Oasz—0

II) Q € R? is an open set

F=(f,g)is a map Q — R?

z € Q a point where F is differentiable

F never vanishes in 0 . We define N = ]%I
Then N'(z).v =0« F'(z) v /) F(x)

Proof. Let us write N = (N1, N3) with Ny

Np= - —_ 9 .
(6] s

We recall that:

- ANy OV,
81N2 agNz
o [ 0F Bl
019 Oag
2f8f4+2g98qf
ONy = B(—d) = TV it
\/fz_,_gz f2+g%
_ af(fz+.<12)—f2¢93f—9f59
(f2+92)2
s a 2—
(f249%)2
- g(af)g—fag
(f2+92)2
ON, = fou=90f
: f(f2+92)7
N'(z)v=0

and v = (a,b) € R?

S
(£ ™ ff2rq?
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aalNl + bagNl =0

aO1 Ny + b0y Ny, =0

{ 9[a(01f.g — fO19) +b(02f.g — fO29)] = 0
fla(1g.-f — go1f) + b(fOag — B2f.g)] =

T

T

9l(Vfw g——(ng f1=0
fl(Vgv)f = (Vfv)gl =0

9l(Vfv,Vgv){g,-f)] =0

T

I

fl(Vfv,Vgv).(—g, f)] =0

[
o { gl(Vfu,Vgn).(g,—f)] =0
F(V£.5,9g.9).(6, ) =0

Since F does not vanish on 2 so (f,g) cannot be simultiniously zero so one of them is zero.

< (Vfv,Vgu).(g,-f) =0
> F'(z)v L (g,—f) than it is parallel to (f,g) = F
< Flzg)jv ) F

Py [ I _ (Y
019 Oag Vg
Fi(z) = Vf a\ _ Vfiuv
. Vg b Vg.v

Definition 3.1 M C R? smooth submanifold and x € M
After rotating and translating, we can assume that =0 and tangent space of M at z is the plane x3 = 0.
Then M can be described locally as a graph xs = h(z1,z2) with h(0) = VA(0) =0

If the second order partial derivative of h vanishes at 0, we say z is a flat point.

Lemma 3.2 P € Poly(R?) and z € Z(P)

Suppose z lies in 3 lines Iy, la,ls in Z(P). Then t is either a critical point or a flat point.

Proof. Suppose x is not a critical point of P. We need to show that x is a flat point of Z(P). After trans-
lating and rotating, we can assume x=0 and that Z(P) can be described locally as graph z3 = h(z1,z2)
with h(0)=

We can also arrange for a tangent space of Z(P) at x to be the plane z3 = 0 and we also have VA(0) = 0.
Let I1,12,13 be the lines of Z(P) that contains x and let uy,ug, u3 be their directions. Since P vanishes
on l1, lg, I3, this means P is constant there and so the derivative of P at x in the direction u, ug, us3 equal
to zero.

In other words, VP(z).u; = VP(z).uz = VP(z),u3 = 0.

Therefore, this implies that the vectors uy, ug, uz belong Ty (Z(P)) which implies the lines I3, {3, I3 are in
1 — Xo plane.

We have, that in a neighborhood U of the origin in z;,z plane, Z(P) can be described as a graph
x3 = h(z1,z2) with h(0)=0 and Vh(0) =0.
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h(z) = h(0) + VR(0).z + 3 (z202h(0) + 2212201 02h(0) + z203R(0) + O(| = |*)
= ha(z) + O(| z °)

When h3(z) = 3(z20%h + 22,220,0:h(0) + 23031 (U)).

Clearly

ha(tx) = t2h(z);Vt € R and z € R?

hz € Polyz(R?) of 2 variables degree 2.

Since I3, 1,13 € Z(P) we see that the function h vanishes on iy NU, o NU,l3NU

By homogenecity consideration, hs also vanishes on [y NU, I, NU,I3NU

By the vanishing lemma, we conclude that hy vanishes on [y, 13,13

One more application of the vanishing lemma tells us that hy vanishes everywhere in R2,

We can concluse that hs is identically 0.

Therefore the coeffecient of the polynimial hq are all zero (2nd derivative). We conclude that x is a flat

point.

Remark. P is a polynomial in R3.

x € Z(P) non critical point of P or a regular point.

N = 1%—1;' unit normal vector of Z(P) which is defined in a neighborhood of x.

[e1, €2, €3] is a standard basis in R3

Then

(i) x flat & N'(z).v = 0;Yv € T,(Z(P)

(ii) {e1 X VP(z),eq x VP(x),e3 x VP(x)} span T, (Z(P)).

Proof. (ii) Clearly e; x VP L VP

s0 e; x VP € T (Z(P) for j=1,2,3.

and the span of {e; x VP];=1 2,3 is contained in T,(Z(P)).

To prove the reverse inclusion, we need{v,w} be an orthonormal basis of T, (Z(P))

Then v x VP(x) /7w and w x VP(z) /7 v (same story.)

So v and w lies in the same span {v x VP(z),w x VP(z)}but both v and w lies in the span {e|, ez, e3} so
v x VP(z) and w x VP(z) lies in the span {e; x VP(z)};=1,2,3 and so the span {v x VP(z),w x VP(z)}
lies in the span {e; x VP(z)}.Therefore Ty (Z(P)) lies in the span {e; x VP(x)};j-1,23

Notation 3.1 (3) Q € R™ open set

f:QeR™ map

x € Q where f is differentiable.

Then for v € R™ we write Vyf = f'(z).v

(ii) P € Poly(R3)

{e1,e2,e3} standard basis in R3

We letSP(z) = {(Ve,xvPVP) x VP};—123

We note that SP(x) is a list of 3 vectors in R®.

So we can think of it as a list of 9 polynimial in Poly(R?)
Each of the 9 polynimial have a degree < 3 deg(P).

We write this as deg(SP) < 3deg(P).

We also write SP(z) = 0 if all 9 polynimials vanishes at z.
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Proposition 3.1 z € Z(P).
SP(z) =0 ¢ = is a critical or flat

Proof. x is critical & SP(X) = 0 + SP involves cross product of VP

x flat
rregular }
= V,VP(z) /' VP;,Yv € T,(Z(P))
= V,VP(z) x VP = 0;Vv € T,,(Z(P))
= Ve, xvpVP x VP =0
= SP(z)=0

On the other hand

for j=1,2,3.
S =0 Ve, A\ A\
'p(x) o e;xvPVP S & Vo, wwp N(z) = 0
rregular VP(zx) # 0; because x isregular

— Vo N(z) = 0;Yv € T,{Z(P));
because {e; x VP}{J.=1 2,3y Span T, (Z(P)) part 2 remark
— x is flat, by part 1

Lemma 3.3 Plane Detection Lemma
P € Poly(R3) irreducible
SPuannisheson Z(P) — deg(P) = land Z(P)isaplane.

Z(P) contains a regular point

Proof. We still have to show the following claim:

Claim: P is irreducible polynomial in Poly(R?)

SP vannishes on Z(P).

Z(P) contains a regular point

Then P is a polynimial of degree 1 and Z(P) is a plane

Let x be a regular point in Z(P). In a neighborhood of x,Z(P) is a flat submanifold. The normal vector
is constant and so tangent vector is constant and this is an open subset of a plane. By the vanishing
lemma, Z(P) contains the whole plane.

Let P, be the degree 1 polynomial that vanishes on the plane.

We claim that P; divides P

Suppose that P; does not divide P.Then, we have by Bézout theorem for plane;

|Z(P N P)| < degree(P) x degree(Py) < degree(P)

But, P, and P both vanish on the plane. Then we have contradiction.

We can concude thatP; divides P. We are given that P is irreducible.Then, we can conclude that P =

P;. So P is a polynomial of degree 1.
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Chapter 4

Guth and Katz’s Proof of the

Conjecture

Introduction

Larry Guth and Nets Katz are two professors of mathematics at Massachusetts Institute of Technol-
ogy and California Institute of Technology. They are famous for applying polynomial in combinatorics.
At their early study, they were able to find a solution for Erd8s distance set problem Due to their
employment of polynomial and their deep study in geometry, they were able to reach a solution to Bour-

gain conjecture in this following paper ” Algebraic methods in discrete analogs of the Kakeya problem”.[2]

First, let us state Bourgain’s incidence problem.

Let L be a set of N? lines in R®

Let X be a set of N points in R3

Suppose no more than N lines in L lies in the same plane and each line in L contains at least N points
of X.

Then | X |= Q(N?)

Now we will present the proof of the theorem

Proof. We suppose the following
1. We have a set of points X in R® of cardinality N73 with K large to be specified.
2. A set L of N2 lines so that no IV lines lies in the same plane.
3. Each line £ € L is incident to at least N points of X.

We may assume that each line is incident to exactly N points by coloring N of its incidence black and
only counting black incidence below. We say a point is valuable if it is incident to at least ﬁ lines.
In order to make the term valuable more convenient to the readers, we consider the following: each line
pays a 1 dollar bills to the point that passed by. Then a valuable point is a point that make more than
10% $. That is why, we define v(zx) the value of x to be a number of lines it is incident to. In other word,
v(z) represent money made by rich point. In addition, we let X, be the set of valuable point.

Clearly, we have | X, |< %QN“Q’ because X, C X
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We have by 2 and 3, the entire set make N3 dollars in total. That is why

N3 < Z v(z) + Z v(z) (4.1)

XeX, XeX,
Since a non valuable point is indent to at most 1000 lines and X, C X then
K
N3 < — < el Tog5 | Xv
<2 vt X qgp < X v@+ 3 1000 Z v(e) +1000] |
XeX, XeXx, XeX, XeX,
< X
< Y vlm) b oo | X
XeXx,
K N3
N3 < —_—— 1
So < Z v(x)—l—looo e (by 1) (4.2)
XeX
1
N3
- —) <
N1~ 5550 < 2 @)
XeX

999N3
SLP S
1000 XeXy

We decide to perform some dialytic pigeonhole principle to uniformize the quantity v(z). That is why,
27 21K

we define X; to be the set of those z € X, such that 1000K S U@nS 560

In other word, for each j in N, we define X; to be all rich point in X, with specific income. According

to j, we are able to construct familty of classes in which the upper bound of the income is specify by the

upper bound of v(z).

Moreover, we define

vi= Y v(z) (4.3)

.’EGXJ'
then we conclude that
= 999N
= >
D Vi= D @) > oo (4.4)
i=1 reX,

Note that

> %2 (4.5)

Jj=1

Our aim is to find a dominant class that will help us to draw out some information on the income of rich

and valuable point. That is why, we want to write 9?8(1)\(’) as a series

999N3 #x%  6x 999 x N® 1 1 > 6 x 0.999
SUBENEN- BB\ N Sl s - N3 4.6
1000_%2 6 1000 w2 ;ﬂ J; m2g (46)

Since we have ZJ V5> Z] : Sior%%NS we conclude that there exist j such that

6 x 0.999 0.999 0.999
v N3 = 2" N8 > N3
J > 7r2j2 g_r(;]g 2j2 (

2
% <2). (4.7)

In this argument below the reader is encouraged to assume that j = 1, since this is indeed the worst
case.

From this we see

999N
200077 < Vi > v(@) <N (4.8)
z€EX;
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By the definition of v; and the upper bound of v(z), we have:
999N3 YK VK
200052 = 7 2 v@ < > 1505 = Too | |
T€EX; reX; (49)

999 N3 .
m <|Xj | ( Bquation 1)

and by the lower bound of v(z) and the upper bound of v; we have:

V; = z:v(:v)SN3

T€X;
3
then Z 1000 Z v(z) < N
z€X; T€X;
j—1
1000
z€X;
hen 2K X;| < N?
then Togo X 1 %7 1<
N3 x 1000 .
then o= >| X; | ( Equation 2)

So by Equation 1 and Equation 2, we conclude that J—ﬁ&f <] X5 |< N;%lr(}%, since | X; |C F?, then

there is an integer D and a polynomial Polypl? such that
3 3
Lo <I X5 1< &
2. p vanishes on X;

This fact is proved in details in Chapter two. That is why, we can find a polynomial p which vanishes

on every point of X; with degree D such that by 1 and Equation 2

D3 N3 x 1000
w - Nl STy
23 % 6 x 1000N® N3
then D3 < _ng;m_l < 21 X 6 % 10007 (4.11)

) 4
D < 3/2 X 6 ><.1000N < 46.>< ]1\/ < 6'01V1
K.27 25 K3 25 K'3

The polynomial p may not be irreducible, thus we factorize it p = p1pa....pm With each p; has degree D;,

so D = deg(p) = deg(p1p2...pm) =D1+ Dy + ...+ Dy then D1+ Dy + ...+ Dy = D < 60}’;’1
23

We define X, to be the set of points on which py vanishes such that X;, C X;. As a consequence, we
have the following X; C Uk 1 Xj, and by Equation 1,
999 N3
20tL K 52
60N 22tHLK2 999N3

| X |+ 1 X [+t [ Xy | 2 X5 1>

D .+ D - . = 4.12
1 Det ot D < o 000N DTIKS? (4.12)
60N 2+l K42
So Di+Dy+ ...+ D, < mw“ Xj,l | + | leg | +...+ | Xj,k: |)
Then we have by pigeonhole principle, we can fix a K in {1,2,...,m} such that:
60N 27+ x 42
D —_— | X
k< oTxd oo | Kk @13
999N2Dy, '
Xk | >
120K3522%
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We let Y = Xj, and [ is the number of incidences between L and Y. For the convenient of the
reader, I represents how much money point in Y, a neighborhood of X;, we know that each point make

27K
v(z) 2 o5

2-1K WK 2
> <Y [> B 999]\2/ Dkz-
1000 2x1000  120K73j22% (4.14)
0.999 2 il 1. 9 2
OIZ—-NDk23K3J >>NDk
240
We also conclude that
e [ >8|Y | provided that
I 2 K|Y|>8|Y]
> > 8
= 1000 - (4.15)
K > 80002771 >8000 (5> 1)
o ] > 200N2D; provided that
0.999 i1 0.999 11
Vi > N2D~ .—'—2> 2 03 .—-72> 2
Z S0 K23 K37 _—240><106N D23 K35 %> 200N* Dy
6 6 3 9
. xh _240><10 X@jZZMOxlO x 10 :240><10 (4.16)
0.999 23 0.999 0.999
9
K > (240 x 10 )2
0.999

We let L' be the set of incident to more than 100 Dy points of Y and I’ be the number of incidences
between L’ and Y. In other word, we consider L’ to be the loyal or good citizens that makes large
amount of money.In order to use the geometry which we discuss in previous chapter, we want a line with
many flat and critical points. We define

L =TL'JL,,,, such that L], represent the line paying less than 100Dy dollars. Since L., C L, so

res

| L. os: |< N2 and T > 200N2Dy,

Test

Clearly, we can conclude that

I
I=I+1,,<I' +100DyN* <I' + -
2 (4.17)
I I '
ml——=-<TI
2 2

We know that each line of L, ¢, is incident to more that 100D; points of Y. Then, for the fixed K
by pigeonhole principle, the polynomial py of degree Dy, that vanishes on more than 100D, > Dy + 1
points on #. By the vanishing lemma, we have p; vanishes on ¢'. Since ¢ is arbitrary line of L', we can

conclude that pg vanishes on all lines of I’. Then each line of L’ is the zero set of pg.

Now let Y’/ be the set of points of Y incident to more that 3 lines of L’

Let V' lies in 3 lines #1, 25, 4 of L’ in Z(py). Then Y’ either critical or flat point by theorem in chapter
3. Since Y is arbitrary, we have each point in Y is either critical or flat points. We let L” be the set of
lines in L' incident to at least 10Dy, points of Y. For the convenient of the reader, let Y’ be a building in
the neighbor of Y. We want to calculate the income of this building by removing the income of others
such that other buildings that are making less than 2§ and some people in this building that are making
at most 10D;$. As for incidence, the number of building making less than 29 is less than Y. Then

I
I">I—-2|Y|-10DyN? > 5—2|Y|—10DkN2 (4.18)
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Knowing I >8|Y | s02|Y |< £ and I > 200N2Dy so & > 10Dk N? so

st I _ 1 T
=2 4 2075
0.999 :
But I> WNQD,€2%K*J'—2 (4.19)
> B nep ai gt
1200

We let If1q¢ and Ieriticar be the number of incidences with flat points and critical points respectively.

Note: Ieritical + L1t > I” We have then two cases
Case 1:
Iflat < Ieritical

) (4.20)
"< Iflat + Icm’tical < 2Icr'iifical

We have from before I > %(%NngQ%K%j_2

80, Luriticat > $302 N2 D28 K52

We also note that we have in total N? lines such that each line passes through exactly N points. In
addition, Ieriticar 15 2 subset of I”, the number of incidences between lines of L” and points of Y.

We conclude that: Iopigiea < Nx | {€ € L | £ contains at least 10Dy critical points of Y'} |

By combining both inequalities, we get

0.999 j
mNszZéK%j_2 < Ioriticat < Nx | {£ € L" | £ contains at least 10 Dy, critical pointsof Y'} |

(4.21)
By dividing by N, so
0.999 i 1. 9 1" 5 e . !
———NDy2: K352 <| {¢ € L" | £ contains at least 10 Dy, critical points of Y'} |
2400 (4.22)

This means that there are more than D% lines in the surface p, = 0. But, px and Vpg 2 polynomials in
Poly(F?) with no common factor. This is true because py is irreducible and Vpy has a degree equal to
degree py, — 1. The set {£ € L” | £ contains at least 10Dy critical points of Y} is in Z(P, NV Py)

Then by Bézout’s theorem for planes, we conclude that

| {€ € L" | £contains at least 10 Dy, critical points of Y'} | < degPy x degV Py,

=Dy X (D —1
( ) (4.23)
< Dg x Dy,
< D}
So we have contradiction.
Case 2:
Icm'tica.t < Iflat
B < Iflat + Ieritical < 2Iflat
0.999 j 4.24
We Know that I” > ——N2D1¢2%K'%j"2 ( )
1200
0.999 i1
80 Isiqs > ——N?D235K3;572
0 lflat 2 5400 kadi3]
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We also note that we have in total N? lines such that cach line passes through exactly N points. In
addition, Ifiq¢ is a subset of I”, the number of incidences between lines of L” and points of Y.

We conclude that Ifey < Nx | {£ € L" | £ contains at least 10Dy, flat points of Y’} |

By combining both inequalities, we get

0.999

S N2D25 K372 <[ < Nx | {¢ € L" | £ contains at least 10 Dy, flat pointsof Y'} |

By stmplifying by N;

999 i
—2400 NDy25K372 <|{¢ € L' | £ contains at least 10 D flat points of Y'Y |
60N
Since Dy < D1+ Dy + ... + Dy £ ——
23 K3

and j > 1, we have

0.999 i1, 0.999 g 5 60N . 28K3
N x D23K3j7%2 = ND25K3;72 : .
pago Y X PRPRED 2a00 PR KEIT X (G ) (e
0.999 5% 2, 0.999 x 2552, ,
> : e -
2 2400 x 60 < D x 27 KET Dk 2 — e DK

0.999 x 25,2

D2K% >> 3D? is true provided that 0-999 x 2§j_2K% >> 3
144000 k R proviaed that =600
432000 s
> (——3)?
0.999 x 27
(4.25)

We conclude that

0.999

2
3Dk: < 2400

NDy25 K452 <| {£ e L"” | £ contains at least 10Dy, flat points of Y’} |

Then we have py is irreducible polynomial {£ € L” | £ contains at least 10D, flat points of Y’} is
in Z(Py), so SPy vanishes on Z(P) by a proposition in Chapter 3 and clearly Z(P;) contains regular
points.Then, by planar detector lemma, we conclude that Z(P) is a plane. But Z(F%) contains more

than N lines of L, this contradict the fact that no more than N lines of L lies in a plane.

Finally, we have:

240 x 10°

42000

K >8000; K> 3 and K >> (————)% 4.26
> 2 (—5ggg )+ an (0.999 » 2%) (4.26)
240 x 10° 42000
So K > maz{8000, (23 ( -)%)
240 % 10
. > 3
K2 (—5550 )

Finally, this proof shows a contradiction of the fact: we can choose K large enough such that X C R3

has cardinality NTS
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Chapter 5

Szemerédi—Trotter theorem

Introduction

Due to the discovery of Polynomial method and it’s application, Guth was capable to develop Sze-
merédi-Trotter theorem on R? and on R3. This Theorem helps us to solve Bourgain’s incident set
problem because of the relation on the upper and lower bound of the set of incidenses between lines and
points.In this chapter, I am basically following the development in [1, Chap 12].

Notation 5.1

L is o set of lines in the plane.

S is a set of points in the plane.

S=|S| and L=|L|

The set of incidences between L and S
I(S,L) ={(p,l) € Sx Lipc 1}

Lemma 5.1
IS, D) <5+ L?
(S, L) < L+ §*

Proof.

1. We write
I(S,L) = {(p,1) € S x L;p lies in exactly one line of L}U{(p,!) € S x L; p lies in exactly two lines of L}.
The points of the first set generate < S in incidences. A linel € L can pass through at most L — 1
points from the second set, and hence produces < (L — 1) incidences. Therefore, the points of the

second set generate < L(L — 1)incidences.
So, [I(S,L)| < S+ L(L—-1)< S+ L?

2. We write
I{S,L) ={(p,!) € S x L;1 passes through exactly one point of S}U{(p,1) € S x L;1 passes through exactly two Ipc
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The lines of the first set generate < L in incidences. A point p € S can belong to at most S — 1
lines from the second set, and hence produces < S-1 incidences. Therefore, the lines of the second
set generates < S(S — 1) incidences.

So, I(S,L)| <L+ S(S—1)< L+ S?

Theorem 5.1 Szemerédi—Trotter theorem
I(S,L)| < C(S% x L3 + S+ L) where C is some constant.

Proof.If L% < S,the result follows from the lemma I|(S,L)| < S§ + L? < 25 < 2(S3L3 + S+ L)

If $2 < L, the result also follows I|(S,L)| < S+ L? < 2L < 2(S3L% + S + L).

For the rest of the proof, we assume that —vS < L < §2.

Let D € N, the polynomial partitioning theorem provide us with a non zero polynomial p € Polyp (R?)
such that R?\ Z(P) = UO;, O; open and disjoint |{i}| < 2D™ = 2D?

26 % 21 i
and |0; N S| < X2 |5|D"% = 2__9p-? < 747D,

(28 — 1)2 3-2v2

We will call O; cells.

For each i, we let

L; = LnNno;
S;i = SNO;
L. = {{eLLNO;+0}

andSi = ]Sl|andL1 = ILLI
We also let Seeyp = UrSt and Sqy = SN Z(P)

Clearly § = S.nU Salg and Scepp N Sa[g =0
I(S, L) I(Scell) L) U I(Salg, L)
II(S)L)l II(ScellaL)| + |I(Salg:L)|
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We start by estimating |I(Secer, L)| |1 (Secers, L)| = Wi|1(S;, L)|
By countable additivity.:

I(Sceu, L) > (S, L)

= i: |I(S;, L;) U I(Si, L — Ly)|
= Z [1(S;i, L;) U@

- XI: [1(Ss, L)

2‘: (Li +57)

i Li+ > 8}

XI: Li+ X': Si x (747SD7?)
i: Li+ 7;1751)—2 s

> Li+ (147)8* x D?

IN

IN

IN

IN

IN

Now, if a line intersect Z(P) at > D+1 points.The vanishing lemma tell us that lines lies in the Z{P).So

a line can enter at most D+1 of the cells O;.

S < L(D+1)
We can conclude that

|I(Seer, L) < (D +1)L+7478*D~2;

It remains to estimate I|(Saig, L)| We write Leeny = U;L; and Lgyg = L\ Leey = {I € L|l € Z(P)} then

I(Salg:L) = I(SalgaLcell)UI(Salg;Lalg)
[1{Satg, 1)l = 1 (Satgs Licetr)| + 1 (Saig, Latg)]

Each line in Leey has at most D points of intersection of Z(P).So each line in L. and at most D
incidences withL,,
|I(Scella Lcell)| < DL

There are at most D lines that lies in Z(P) By the lemma: |I(Sqq, Lag)| < S+ D?
Therefore, |I(S,L)| < (D + 1)L + 7475°D~% + S+ D? < (2D + 1)L + 74782D~2 + § + D?
We conclude that |1(S, L)| < 3DL + 7475%D~% + S + D?

We now consider the function y(D) = 3DL + 74752D~? then

2(747)

y(D)=0 = 3L — =55~ S§2=0
498
3 _ 2
D= —S5
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2
We define D by D = min {d eN,d® > 49%9 }, then

{/49852
%

>
D > 23498
49852
D-1)?
( ) < T
D D, 449852
5<(D—1)(3) < .

We conclude the following:

2 2
669855 L3 L} 9 /10853
IS L) s =7 +MTx | g | 745+ | =
< 63siL% 42578

By adding case 1 and case 2 , we have:

II(S,L)| < 63S3L% +257S+S+1L
6355 L% 1 2585 + L
258 (s8L% + 5+ 1)

IA

IA

Corollary 5.1 Given a set X in R? and a set L of N? lines in R? satisfying the following conditions:
1. FEach line of L contains at least N points of X.
2. No more than N lines of L can lie in the same line.

Then | X| is bounded by a CN® from below

Proof. By Szemerédi-Trotter in R? we have

N® < I(X,L) < 258(]X |3 (V?) % 4+ N2 + |X])
N® < I(X,L) < 258(|X|$ NS + N* + | X))

Case 1:
If|X|¥N% > maz[N?,|X|] then,

N® < I(X,L) < 258 x 3|X|3N5

N3 <3x258x |X|§N3

N 2
< 5
3 x 258 — ‘Xl

5

N2
(3 x 258)3

Nl

<X
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This is true

Case 2:
If N2 > mam[|X|%N%, | X) then,
N3 < (X, L) <258 x3x N2 5 N <258 x 3

This is true.
Case 3:
If | X| > maz||X|3N3, N2, then

N3 < I(X,L) < 258 x 3 x | X]|

N? N?
=— <|X]|.
783~ 77 = Xl

Now we will prove Szemerédi-Trotter theorem in R3. We will first explain the fact that Szemerédi—Trotter

theorem in R? is applicable in any dimension by a random projection give the same estimation

Theorem 5.2 Szemerédi-Trotter theorem in R®

There is a large constant Cy so that the following holds:
1. Let S be a set of S points
2. Let I be a set of L lines in R®

Suppose there are ot most B lines of L in any plane and that B > L. Then the number of incidences is
bounded as follows:
I(S,L) < Co [t L2 + BELESE 4+ L+ 5] (1)

Proof. The proof is by induction on L.
We assume that (1) holds for sets of < L lines and we want to prove it also holds for LWe had some

previous estimation for I|(S, L)|The counting argument in Lemma 12.4 gives :
I(SL)<S?+Land(SL) <L?2 48
Also,the Szemerédi—Trotter theorem applies in any dimension by a random projection give the estimate:

I(S,L)< C [S%L% +S+ L]

We will start by proving it for the base case for L=1.
I(S,L) < S <Co [shid 4 BELEst 4+ L+ 5]

the inequality is due because a line L. will pass by at most all points of S. We suppose it holds for less
than L:
I(S,L) < Cy [S%L% + B LIS 4L+ S}

If we have S < 10L3, then

I(S,L) < L+ 5% < L +102L < 101L < 101 [S%L% +BL3SS 4+ L+ S
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this is true

We also have by setting
2

L
> 2 <
S_10—>L < 108

IS,L)<L+8*<10S+S<11S<11 [S%L% +BiLigh +L+S]

this is also true.

That is why ,due of the counting bounds, we can assume that:
1 L?

10L2 < S < —

-~ 10

Let D>1 be an integer that we will choose later. By polynomial partitioning, proved in Chapter 2,
we have to every finite set S and integer D, there is a non zero polynomial P € Polyp(R?) such that
R3/Z(P) is a union at most 2D? disjoint open set O;

23+43! 3 3
|0;N S| < ——=_8D~3 < 437365D
(25 —1)8

First, we estimate the incidences coming from points outside of Z(P). We make some vocabulary to
describe which objects are in Z(P).

1. Saig is the set of poirits of S that lie in Z(P)
2. Scell = S\Salg
3. Layg is the set of lines of L that lie on Z(P)

4. Lcell = L\Lalg
Lemma 5.2 Cellular estimate. For some constant C:
I(8,L) < C [D-%L%S% + DL+ Sce”} + 1 (Sutg, Laly)

Proof. Let O; be the components of R3\Z{P). We define:

S;i=8nN0;

L; be the set of lines of Lthat intersect O;

We knew that Y, S; = Seey and S; <437363 SD~3

If a line intersects more than D+1 cells, the line intersects D41 point. By the vanishing lemma, the line

lies in Z(P).So a line can iterate at most D+1 cells .

Y Li<L(D+1)<2DL

1
(A line that pass a cell pays $1)
Now I(Sceu, L) = > 1(S;,L;) Since S is disjoint unions of 8; and O, are disjoint by C.A, we have:
i
I(Sceu, L) = > T(8;,L) = > I(8;,Li) UI(S;, L\ Ly)
i i

But I(S;,L\ L;) = & because a line in L \ L; cannot pass by a point of the Scey
We apply Szemerédi—Trotter theorem to I(S;, L;)
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I(Sca, L) = > I(Si,Ly)
i
< CZ(L?S;% +Si+L,->
i
= CY LS{ +Seu+2DL
< c

S Lis} 4+ S+ DL

To bound the first term, we recall that S; <437363 SD~3 and then we apply Holder:

2 2 1

SLisf < Yo Lisss!
i i

< YoLisF (cisp?)*

= ol

< ¢'D7'ss Y Lis}
l 3 3
< ¢'D7l§s (Z Li> (Z Sl> (Holder)
< Co'p'siepr)isy,
< C'DTELESH(Sy  8)
We conclude the following
I(Sce, L) < Cnt [DL-FSceu +D‘%S%L%]

On the other hand, each line | € L. has more than D points of intersection in Z(P) then 1 € Z(p) and

1 € Saig s0, each line in L.y has at most D incidences with Sq;9 That is why, we have

I(Saig: Leen) < DL
I(S,L) = I(SaiL)+1(Sceu,L)
= I (Saig, Latg) + I (Scet, Licest) + T (Scenr, L)
< I(Salg Latg) + DL + C11 DL + C118een + C11 D3 S8 LE
< I(Say Lay) +C [DL + Seent + D—%S%L%]

Our next goal is to control I(Saig, Laig)

For the argument in 2 dimensions, we knew that |Lg| < Dand we start to choose D in a way to
arrange that |Layg| < L/2 allowing to handle this term by introducing. In the third dimension they are
no bound on the size of Ly, and we have to take more attention to this term. Some of the incidences
on I(Say, Lalg) may come from points and lines in planes of Z(P). To control this incidences, we need
to use hypothesis that < B lines of L lines that lie in any plane. We make the following vocabulary to
describe the contribution of the plane in Z(P).

1. Lpian is the set of lines of L contained in at least one plane in Z(P).

2. Luyniplan is the set of lines of L contained in exactly one plane in Z(P).
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3. Lumuitiplan is the set of lines of L contained in at least 2 planes in Z(P).
4. Spian is the set of points of S contained in at least 1 plane in Z(P).

5. Suniplan is the set of points of S contained in exactly one plane in Z(P).
6. Smuitiplan is the set of points of S contained in at least 2 planes in 7Z(P).

We prove the following estimate for incidence involving planes.
Lemma 5.3 (Planar estimate)
11,2
I (Salgy Lplan) < o |:B‘3 L3383 + DL + Suniplan) +1I (Smultiplanx Lmultipla.n)

The statement is little to complicated and so we discuss where we eventually choose D. we will choose
it such that the first term in the right hand side is acceptable for the equation (1). There cannot be too
many lines in Ly,yitiplan by induction. There are at most D lines that lie in Z(P) , because if a line lies
in Z(P) ,we have P’ and P are not prime and P’|P and has at most D of the factor . If each line lies in a
plane then Z(P) contained at mostly D planes, then , Z(P) contains at most D planes Since Luitiptan
is the set of lines L contained in at least 2 planes in Z(P). Then:

D D!
Lmu iplan < = —< D2
Lenitipton| < (2) 2(D—2)! ~

We will choose D so that D? < I/10 and then we can handle the contribution of Lyputipian by induction

of L. Now we turn to the proof of the lemma.

Proof. We first observe that: Lpien is the set of line in I contained in at least 1 plane, so 1 € Luniplan
and 1 € Lyjen, maybe contained in exactly one plane or in at least 2 planes , so 1 € Lmaultiplan

If a point that passes through at least 2 planes then it lies in Simuitiplan
I(SaigsLpian) = I(Saig, Luniptan) + I (Saig; Limultipian)
= I (Sag, Luniptan) + I (Smuitiptan, Lmuttiplan)
Therefore it is sufficient to prove that:
T (Satg: Luniptan) < C [BELESH + DL+ Suniptan]

Morally, we used Szemerédi-Trotter in each plane of Z(P) and add up the results.

If 7 is a plane in Z(P). We let: Ly C Lpian be the set of lines in a plane 7 .In addition, Lunir C Lunipian
be the set of lines of I that lie in 7 and no other plane Z(P).

We define S, and S,,ir in the same fashion.

Next we observe that:

1 (Salg7 Luniplan) s Z I(Svr7 Luniﬂ')

if 1is a line in Lynir , then 1 can contain at most D points of Smuitiplan . We have by the vanishing

lemma, 1 lies in S,yitiplan - We also can conclude that | lies in more than 2 planes. so

Z I(Swy Lu'm"/r) - Z I (Smultiplana Luni'rr) + Z 1 (Suni'rr: Luni‘lr)

IN

DLuniplan + Z I (Suni‘m Luniﬂ)
DL + Z I (Sum'm Luml'/r)

IA
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The sets Synir are disjoints as 7 varies and so

Z Suniw < Suniplan
™

Z Luniﬂ' < Lunip[an
m

It is a result of the fact Synix C Syniplan same for Lypnir C Lynipian Now we bound the last sum by

applying Szemerédi—Trotter to each term:

Z I(Suni'na Lunin) S Z CO ( unim unwr + Luniﬂ' + Suniw)
_<_ Z (L;nlﬂ-s{lnlﬂ + Luni‘rr + Sunwr)
S C’0 L S Sunz + Z Lunwr umvr:|

To bound the last sum we use Holder and L,,; < B

ZL 8§ <BiList

unim™~ unim

: : Lunur unwr - : : Lunwr ‘U"V'LZ‘"’ UTI’L?T

< B 2 L3 i S i
}
< B <Z Luni‘lr) (Z Suni?r)
< B3LS |Su’niplan|%
< B3L3S3
< LD+ CyL + C§Suniplan + CyB3 L3 S3
< 20y [DL + Suniplan + B%L%S%>
< o [DL + Suniptan + B%L%5é>

Assembling the estimates we get the desired conclusion

I (Salga L'u,niplan) S CS (B%L%S% + DL + Suniplan)

We denote C3g by C we get :

I (Sa197 Lum’plan) < C(B%L%S% + DL+ Suniplan)

We have now bounded the incident coming from points and lines in the planar part of Z(P). Next we
turn to the points and lines in the rest of Z(P). These bounds involve the theory of critical and flat
points in Z(P). Which we study in Chapter 3. Recall we say a point in Z(P) is special if x is critical or
flat.

L is special in Z{P) if each point of the line is special. Now we define some subsets of S and L that have

to do with special points and lines:
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Snonspec = Salg \ Sspecial~
2. Lgpecial is the subset of Leonsisting of special lines of Z(P)
S

3. Sspeciat 1s the subset of Sconsisting of special lines of Z(P)

4. Lnonspeiu[ = Lalg \ Lspecial

From chapter 3, we provided the following result involving special points and lines.

Lemma 5.4 (Plane Detection Lemma) For any polynomial P in R|z1, T2, z3] we can associate a list

of polynomials SP with the following properties:
1. Ifx in Z(P) then SP(z) = 0 if and ony if © is critical or flat.
2. If x is contained in 3 lines in Z(P), then SP(z) = 0.
3. Degree SP(z) < 8 deg(P).

4. If P is irreducible and SP vanishes on Z(p) and Z(P) contains a regular point then Z(P) is a

plane .

It will allow us to bound the contribution from a non special line in Z(p).

Lemma 5.5 (Algebraic estimation) I (Sag, Laig \ Lpian) < C (DL + Sponspec) 1 (Sspeciats Lspecial \ Iplan)
Proof. We note that:

1 (Salg7 Lalg \ Lplan) < I (Snonspecialy Lalg) +1 (Sspecial, Lalg \ Lnonspecial) +1 (Sspeciah Lspecial \ Lplan)

We have x is non special, then x is not flat and non critical then x lie in at most 2 lines, for every x in
Snonspecial We have I(Snonspecial, Lalg) < 2Snonspecial We have x in Snonspecial then x is either flat and
critical. Since L is not special, 1 intersect Sgpeciar and Sponspeciat- By item (3) of the Plane Detection
Lemma, we have Deg(SP(x)) <3Deg(P) = 3D.

I(Sspeciala Lnonspecial) S 3LD
A line can pass by max 3D points or if more 1 will become special. We have:
I(Salg; Lalg \ Lplan) S 2Snonspecial +3DL+ I(Sspecial) Lspecial \ Lplan)

We still have to control the contribution of the special lines. The last key point is that there are few lines
in Lgpecial \ Lipian allowing us to control this term by induction. In particular, we will prove the following
bound on: |Lgspeciar \ Lpian| < 4D? This estimate follows from a bound on the number of special line in

algebraic surface. We begin with the irreducible case.

Proposition 5.1 If P is irreducible and Z(P) is not a plane, then Z(P) contains < 3(deg(P))?* special

line.

Proof. Suppose that Z(P) has a regular point. If SP vanishes on Z(P) then the plane detection lemma
would imply Z(P) is a plane. Therefore, SP does not vanish on Z(P). Let Q be one polynomial in
the list SP that does not vanish on Z(P). P is irreducible, P and Q has no common factors then SP
vanishes on each special line, so the special line lies in Z{P) N Z(Q) By the Bézout’s theorem for lines:
Z(P) N Z(Q) contains at most 3(deg(P))? lines
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IZ(P) N Z(Q)] < deg(P) x deg(Q) < deg(P) x (3deg(Q)) < 3(deg(P))(deg(P)) < 3(deg(P))* Now we
suppose that Z(P) has no regular point. Then ;P vanishes on Z(P) for each i. Since P is not constant,
we choose i so that ad;P is not the zero polynomial. But P is irreducible aud degree 9;P | deg(P), we see
that P and a &;P has no common divisors (P is not irreducible) Then using Bézout’s theorem for lines:
Z(P) C Z(P) N Z(9;P) So Z(P) < deg(P) x deg(8;P) < D x D = D? Now we return to the general

case :

Proposition 5.2 if P is any (square-free) non zero polynomial, then there are at most 4(deg(P))? special
lines of Z(P) that are not contained in any plane in Z(P).

Proof. Suppose that P = [] P; where Pj are irreducible. We claim that a line | in Z(P) is a special line
for P if and only if either | is a special line of P; for some j or 1 lies in Z(P;) for more than one J. Assume
the claim for a moment,.

Let us count that special line in Z(P; ). By Bézout’s theorem, the number of line lying in Z(P;) for more
than one j is <(deg(P))? The number of special lines in Z(P;) is <(3deg (P;))? Hence, the total number

of special lines in all Z(P) is by the previous lemma:
<D 3(deg(P))* =3 deg(Py)* = 3(deg (P))”
J 7

So the total number of special lines in all Z(P) is

< 3(deg (P))? + deg (P)* = 4 (deg (P))?

We still have to proof the claim above.
First we suppose that a line | is contained in Z(P;) and Z(P;) for i#j. Any point x€L, v P = 0. To
see this, we expand

VP =) VPP Pe_1 Py
k

and note that each term vanishes at x, so le Z(P) For every point of 1 is critical, and | is a special line,
we now suppose that 1€ Z(P;) for a unique j Along 1, we have VP = (VFP;)P -+ Pj_1Pj11 -~

Since P; and i#j vanishes at only finitely many points of 1. We see that VP vanishes on 1 if and only if
V P; vanishes on 1. So 1is a critical line on Z(P) if and only if | is a critical line on Z(P;). Finally, we
suppose that 1is not a critical line of Z(P) or Z(P;). Then 1 is special if every regular point of | is flat.
But we check flatness of Z(P) near a regular point by examining Z(P) on a neighborhood of x. For a
regular point x, there is a small neighborhood, xeU where Z(P)NU = Z(P;) N U. So a regular point x
is flat for Z(P) if and only if x is flat for Z(P;) Where we put together 3 lemmas, we get an estimate
for lots of the incidences in I{(S,L) plus a leftover term involving special and multiplanar lines. We will

bound the leftover by induction:
L4 Lleftove'r - Lmu.ltiplan U (Lspec \ Lplan)
° Sleftover = Smultiplan U Sspec

hd Smain =8 \ Sleftouer
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18,L) < C[D7¥S4LE+ DL+ Seeu] + I(Satgs Latg)
< C[D388L + DL+ See] + G [BYSELE + DL+ Sunin | + H(Smuttitans Lmattiplan)
< C [D_ésgL% + DL+ Scell] +C [Bﬂ S3L3 + DL + Synin ] + I(Smuttiplans Lmuttiptan)
< ¢ [D 3S3L3 4+ L+ Souy + DL] +C (DL + Suniplan + B%L%S‘) + 2Snonsp + 3DL + I(Sieftovers Liest)
4 @ [D—%S%L% + DL + (8 + Syni + Sceut) + BIL3S% + L] + I(Stestovers Liestover)
<

C [D_%'S%L% + DL + Smain + B%L%S% + L] + I(Sleftover:Lleftover)

Moreover, we had proven that |Lutipiarn] < D? and | (Lispec \ Lptan) | < 4D?
we also have |Licriover| < [Lmuttiptan| + | (Lspec \ Lptan) | < D? + 4D?% = 5D% < 10D? We choose D in
1

L2
the range 1 < D < 10 in order to minimize the term in bracket.

Lz g &
Since D < 1o & the |Liestoper| < 10X —= T2=10 <= 5

The rest is calculation. When we choose the optimal value of D in the given range. y” > 0 We claim we
get: D=3S3L3% + DL < Con(SELE + B5L35%)
L

Given the claim and [Lieftover| < 10D? < LG < =5 We see by induction:

I(S,L)<C [D—%s%L% 4 DL+ Spain + BYL3SE + L] + I(Sieftovers Liestover)

, then we can apply induction to the leftover term.

t~

3
L+ L
IS, L)<C [S%L% + B3L3S3 + Spain + L] +Co [5% <5> + BSL3S3 + 5+ Sieftover
Finally, we check the claim that we can choose the given range for D so that inequality holds. To minimize
D-iS3L% + DL, we want to choose D to balance the 2 terms D355 L5 and DL; The balance is by

achieving by settmg D=S83L" y =D-3585L% + DL+ B5L5S% + L + Spgin
Yy = —ED 59303 4+ L
S5L%
We have y'=0 when: 3—43 =L
2 =1 3D§
CAL LN D3
3
SELF N .
So 23 = D Because of the counting estimate, we have been able to assume from the beginning that
1
2
10L%gsg% - 1<S7L73 <4
LZ
— 10L*<S<—
— 10
T L
— V10LT <852 < —

Joe

{0

o 1< VI0<SIL i< <L

—
o

However, in order to apply induction, we need to choose D in the range that we specified. We have now
2

2 cases depending on whether S 1L7F is larger or smaller than m
L2

Case 1: STL~% < 10

we set D to be( the greatest integer at most )S2L=% and D~3S3L3 4 DL ~ S3L

(S
[~
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In other word,

D-isiriypL < strhpistisipig
< SiL% 4823
< 28%L%

1 1

I
Case 2: If S¥L~% > %, then we set D (to be the greatest integer at mos)t 1—8 In this case D=3 83 L3 +
DL is dominated by D=3S3L3

but since B > L? then
S%Lt =sipspt < sipipd
soD™353L% 4 DI < BSLi8%

This is true.

Proposition 5.3 Given a set X in R® and a set L of N? lines in R® satisfying the following:

1. Each line of L contains at least N points of X
2. No more than N lines of L can lie in the same plane

Then —X— is bounded by CN3 from below
Proof. By Szemerédi-Trotter in R®, we have:

I(S,L) < Go[S? L% + BSL3S% + L+ S

we have :B > L% = (NQ)% =N
and by part (1) N x N2 = N3 < I so

N3 < I(X,L) < Cy[|X|*N% + BSN3|X|3 + N? + |X]]

Case 1:
If
IX|*N? > mas[BEN|X|3,|X]|, N?
N® < I(X,L) < 4Go|X|* N

N% 1

— < | X7

G S | X|

N3

< |X

g < X!

Case 2:

BIN¥|X|? > maz[N?, | X|,|X|FNF]

N3 < I(X,L) <4CoB5N3|X|}

40



S

N3
4CyB3 N5 ~

NS
ooy <11
0 R

Since B > N then % < |X|#
0

This is what we want

Case 3:
| X| > maz[BIN3|X|5, N2 |X|2N?)
N? < I(X,L) < 4Co|X|

N3
— <X
10, = X
This is what we want
Cased: N2 > maz[Bi N3|X|3,|X|, | X|2N?]
N® < I(X,L) < 4CoN?

N < 4C,

This is always true
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Chapter 6

Bourgain’s Incident Problem on
Finite Field

Introduction

Jordan S. Ellenberg and Marton Hablicesk are professor of mathematics. Their researches focus on arith-
metic geometry.Marton is the student of Jordan S.Ellenberg. They were both capable of generalizing
Bourgain’s incidence conjecture for spaces with characterestic zero to characterestic p.They studied the
geometry of flat surface in fields with different characterestic.In their paper, they investigate Bourgain’s

incident set problemt for finite field of characteristic zero to p.

Theorem 6.1 Let K be a field and L be a set of N2 line in K3, such that

e no more than 2N lines lie in any plane;

e no more than 2Nd lines lie in any flexy surface of degree D
Lel S be a set of points such that each line in L contains at least N points of S. Then | S |> e¢N® for
some constant ¢

In order to prove this theorem, we will start by a lemma similiar to the proof of Chapter 4.

Lemma 6.1 Let L be a set of N? lines in K® and let S be a set of points such that each line in L
contains at least N points of S. Suppose | S |= NTJ where K is sufficiently large constant. Then there

extsts:

X1
1

o an irreducible hyperspace X of degree D <
o a subset S’ C SNX(K)
o subsets of L' C L' C L with | L" |> 2N D such that:

— each point on S’ is on at least 3 lines of L'

— each line in L contains at least 10D points of S’
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Proof. Without loss of generality, we assume that K is algebraically closed. If I is the set of incidences,
then I contains at least N points projecting to any given line. This is true because each line in L contains
at least NV points of S.

We distinguish I' a subset of I containing exactly N incidences for each line, and from now on we use
the word ”incidence” to refer to this distinguished incidences.

In particular, if T is a subset of S and M is a subset of L , we denote by I(T, M) the number of incidences
(p,8)in I’ withpeTand L€ M.

For I(S, L) is the number of incidences (p,£) in I’ with pin Sand £ € L
I(S,L)=|L|.N=N*N=N3

We define v(z) to be the number of lines incident to . We denote by S, the set of point z in S such
that v(z) > &5,

In other words, for the convenient of the reader, we consider the following:

Each line pays a dollar bill to the point that passed by. Then a valuable point is a point that makes

more than 1000$ v(x) represents money made by rich point.

Since S, is a subset of S and each line is incident to exactly N points.Therefore, | S, |< w%(yv—a.

So I(S\Sy, L) <[ S| w(z) £ K 1(1)%0 = 1%,00

This is true because if x € S\S, so this point is not valuable, then the number of line incident to it at

most ac=. We also note that z € S\S, C S.
‘We can conclude that
" I(Sy, L) > I(S,L) = I(S\Sy, L) (6.1)
N®  999N?
then I(S,, L) > N%— — =
enI(Sn, 1) 2 1000 1000

We decide to deform some dialytic pigeonhole principle to uniformize the quantity v(z). That is why,
we define X; to be the set of those 2 € S; such that:

21'—1K WK

To00 = ") < 1o (6.2)

In other words, for each j in N, e define S; to be all rich point in S, with specific income. According to

4, we are able to construct family of classes in which the upper bound of the income is specified hy the
upper bound of v(z).

Moreover, we define v; = Zzesj v(z) then we conclude that

+oo
999 N3
V. = > 6.3
Z J ZV(:U)__ 1000 (6.3)

j=1 €Sy

So by the definition of v(x), we can say

999 N3
1000

f[(sj, L) > I(S,, L) > (6.4)
j=1

We know that N

8

1 2
]—2=%<2 (6.5)

.
’_‘II

1
Our aim is to find a dominant class that will helps us to draw out some information on the outcome of

999 N3

1000 as a series.

rich and valuable point. That is why, we want to write

(6.6)

999N% 72  6x 999 x N? 1 *2” ZﬁxOQQQxN
1000276 1000 72

'—1
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Since we have

+co +oo
6 x 0.999 x N3
ZI(SJ"L)ZZT (6.7)
. . mey]
Jj=1
We can conclude that there exist a j such that

6x0.999 x N3  0.999 x N® _, 0999 x N3 m?

I{(S;,L) > : — <2 6.8
( VAl )— 7l'2j2 %2‘72 2]2 (6 < ) ( )
The reader is encourage to assume j = 1 since it is the worst case. Since each element z € Sj, v(z) < %éf),
we have N
999N® = YK VK
—— < I(5;,L) < I(S;,L) < —=—85;
20057 < 50 L)< Z (55 L)< 2 1506 = 1000 | %7
j=1 TES; (6.9)
999 N3 .
3 PIKE <| 55| (Equation 1)

and by the lower bound of v(z) and the upper bound of - ¢ I(S;, L) we have:

> I(S;, L) < N®

€S
t
fen Z 1000
TES; z€S;
j—1
3 Y k< N3 (6.10)
1000
€S
7 1K S; |< N3
1000 55 1=
N? x 1000 .
BTy >| 55 | (Equation 2)

By Equation 1 and Equation 2 , we conclude that

999 N3 % 1000

2j+1—1{j2 <| S l_ VK (611)

For any set T C K3 of size at most (D+3) then there is a polynomial P of degree at most D such that:

D-3
L 85 <851« &
2. P vanishes on T

(proved in Chapter 2)
Then we have by Equation 1 , Equation 2, and the above

D—1)3 N3 x 1000 200N3
( 3! ) IS = = ok
so(D -1 < w
WK
(D -1) < B 3! ><200‘>< N3 (@)
= K27
/3! x 2000 25N

We can assume P is a square free and separable. It may not be irreducible. If it is not, we may factor

it into irreducible factors P = P P;....Py,
We denote the degree of the Py by Dg.Let S; ¢ be the set of points of S; where Py vanishes
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D =degP = deg(P,Py....Py,) = degPy + degPs + ... + degPp, = Dy 4 Dy ++ ... + Dy, then
Di+Dy+ ...+ Dy =D < 25V

23K}

We have also S;, C §; and §; C UJL,S;,¢ and be Equation 1
999N3

2j+1](j2

25N 27t1K452 99gN3

| S [+ Ssel+ o+ S5k | 285>

Di+Dy+ ...+ Dy < — . = 6.13
Dot ot D < oy e N K (6.13)
25N 2+l K 42
Then we have by pigeonhole principle, we can fix a £ in {1,2,...,m} such that:
25N 27+
Dy < e R — = peprre S
¢ < it goone | el (6.10)
999N2D, '
Sl > —5——r
50K 335223
We have I(S;,) represents how much a point in S;, make in a neighborhood S;.
271K
> _— 4 :
> 2 x| Sy (6.15)

We denote by X the hyperspace cut out by Py and by D the corresponding degree D;. Note that
S;e C X(K). We denote L' to be the set of lines in L incidence to more than 100D points of X (K).
Clearly L' ¢ LN X(K)

1(S;.0, I\L') < 100Dx | L' |< 100D x | L |= 100DN? (6.16)

In other words, we have each line pays a 1§ when it passes through a point. A line £ € L\L' is a line
that is incident to at most 100D points of X (K). ¢ will pay maximum 100D dollars. We are looking for
the good and loyal citizen with large income. A similar calculation shows that if S’ denotes the set of
points of S;, incident to at least 3 lines of L. A point z € S;,\S’ so at most 2 lines passes through =
so z make at most 2 dollars.

Then 1(S;0\S', L) < 2| $5.6\8" < 2| Sy | (Ss.e € S5.0\8") .

So S’ are people in the neighborhood making less than 2§. Finally, if L’ denotes the set of lines in L/
incident to more than 10D point in S’.

For the convenient of the reader, let S’ be a building in a neighborhood of S; ;. We want to calculate the
income of people in this building by removing the income of the buildings in the neighborhood making

less than 2§ and some people in the building where they make at most 10D$.
I(S',L'\L") < 10D | I’\L" |[< 10D | L |= 10DN? (L'\L" c L' C L) (6.17)

By combining the above inequalities:

I(S', L")y > 1(S;4, L) — I(S;0, L\ L) = I(S;,\ §', L') = I(S', L/ \ L”)

271

I(S', L) > |S;| %555k — 100N2D — 2|S;,| — 10N°D
Sincej > landk > 1, I(S', L) > |S;,| 185 — 2/Sj:| — 110N2D.

L 2
By de finition |S;,| > 2292
506327 52
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2 2
I(S/,L”) > 9992N Dk _ 2X99;X21;\L’ D 110N2D
sokf2% j2x1000 sokd2¥ e

forn 999N3DE (k5 2y 2
theref(n"e, I(S ,L ) Z m 1000 ;g—) 110N*D

I{S', L") > 2N2D,this is true provided that
1
SUCDR (G — ) — 110N?D > 2N2D

27 x50% 52 1000
)
G k=2000 5, 112522 x50 _ 5600,
1000k% — 999 o999

k=2000 ~, 5600000.
L2 = 999

)

. 5600000 7,2 5600000
Butk > 1; k — 2000 > 563000055 > 56000
all 3602000
Finally k > =555,

Since every linein L isincident to at most N pointsof S’ so by above
2N2?D < I(S8',L") < N x |L”|

then2N2D < N|L”|

Therefore, 2ND < |L”|

We also take a possibily large k, we can ensure D < %.

D < BN < I then:
2%K§

ol

1 N 6
- 24X-25andk2(4x%)——10

2% Nz
_ 3602000 10°
SO, k= ma:c(wq——, 71'—)

Lemma: let X be a reduced polynomial non-flexy surface of degree bigger than 1 in A3,
Let L; be the set of Lines contained in X which contains at least D singular points of X, and Ly be the

set of lines that contained in X which contains at least 3D-3 flexy points of X.
Then |L1| + |L2[ < 4D?

Proof. Let P be an irreducible, square free polynomial with degree D.

The singular locus of X is formed by the point where F and it’s partial derivative of P has degree D-1. By
the vanishing lemma, we have the partial derivative of P on a line [y, which contains at least D singular
point vanishes and similarly P vanishes on [ and all partial derivative.

But [y is an arbitraty line, we conclude that on every line on L1, P and all the partial derivative vanish.
Given X a reduced surface, then the singular locus is a curve C; in X.

We can conclude that C; is contained in the intersection of X and one of it’s partial derivative.

Since P is a square free and irreducible polynomial so P and one of its partial derivative has no common
factor.

By Bézout’s theorem for lines, we have also Ly € Z(Pnone it’s partial derivative).

So we have; |C)| < deg(P)x deg(one of it’s partial derivative)< D(D — 1).

So|L| < D(D-1)
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Let C5 be the locus of flexy point of X.

A point is flexy then we know by chapter 3 that SP(x), the list of nine polynomials vanishes. By hy-
pothesis, C3 is a proper subvariety of X. We define p be a non flexy point of X.Due to the definition of
flexy points, we can tell that the tangent hyperplane section of X containing p, which is not in Cy,is a
non flexy curve.

Choose a hyperplane H such that H N X is a non felxy curve Z in H.

By change of coordinates, we may assume that p is the origin and H is the plane z=0.

So Z is simply a plane curve cut out by the vanishing of F(x,y,0). At any flexy point of X one has.
(x,y) flat if and only if N’(x,y).v=0 for every v in T, (Z(F))

We put:

VI \/,u.,_—pz ‘/Fi_;__pi'
L= L=
V=AM = AF )

so (x,y) flat point if and only if N*.v=0 > H.v=0

I,

7 P Faad Fy Fya T, Koyt b
Foo/FFFF}-P. 5500 Py [FERT] o
(524 +
[J+FJ ;z_H--i >\Fy _ 0
T FaFeat Fy Fys T g Py Fu by E
Fye/Fi+Fy F24¢3 Fyu/FEAF] F21E7 —AFy 0

F’+F\’ FI+F2

Fog P24 Faa Pl —F2Fon—FoFyFys  FaoyFi+4FoyF2—F2Fpy~FyFyFyy

\/(FZ+F2)3 \/(F2+F2)3 )\Fy = 0
Fy;TF +FyTF FyFszx—Fny.—; Fyur +Fyur FyF FTy—F Fl/!l _/\Fm - 0

VIERHEY VIS

FooF2—FoFyFyn  FoyFZ—FoFyFyy
TS ST ARy, N (0
F F2 —FuFyFow  Fyy Fl—FyFy Fay AR - 0

(F2+F2)° B 0
AFy Fyu P2 = AF2 Frq Fo— )\FﬁFyy+>\F3Fyme Voo
JEZHFD)?

NF2F, o —2NF2F, Fy o A NFEF Py,

~/(ﬂ+ri)§ (0
AR, Fyu F2 -AP‘F},F, AF2R,, "\

VTR

(AFy)(z«“2 wx — 2FyFeFye + Fppy F2 \ (0
(AFL)2FyFyoFy — FlFpy — F2Fy,

( AP Frg —AF2 Fy Fyn—AFoy Fa Fat AF2 Fy Fyy

Substracting both equations:

2F2Fyy + F2Fyy — 4FyFuFyp =0
G=Fe  F2h0 R FF, =0
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In characteristic 2, we define Egl to be the divided power equation.

In other words, %-‘:1 is defined WX”_I

The locus Cy is contained in the locus where both I and G vannish. Since Z is not a flexy curve
that is cut by the vanishing of F and by construction of G, we have F and G has no common factor. By

Bézout’s theorem, we have

|Z(F N G)| < deg(F) x deg(G) = D(3D — 4).

Since degree G = deg(Ff%-‘L + Fy”—?zu — FpFyFyy).
=D-D+{(D-1)+(D-2)=3D—-4

We have by restriction of G, any line in Ly is a polynomial of degree 3D-4 which has 3D-3 flexy points
so it vanish on 3d-3 different point.

Then Ly C Z(F NG).

so |Lo| < |Z(FNG)| < D(3D —4)

We suppose that |S| < %d— for a large enough K. Take an irreducible hyperspace X of degree D < %
(this is possible lemma 1) so N > 4D.

Fach line in L” contains at least 10D points of X and by definition each point in S’ is contained in at
least 3 lines of I”. Then, by chapter 3, we conclude that each point in S’ is either singular or flexy point
in X.

We have by lemma 1, |L”/| > 2ND > 8D? > 4D?

By the lemma above , X is either a plane or a flexy surface.

But since X contains at least 2ND lines of I, then by hypothesis of the theorem X is neither a plane or

a flexy point. We have a contradiction of the fact that k is large enough.

Lemma 6.2 let K be a field and let X € A™\ k be a reduced, irreducible flexy hypersurface of degree d
bigger than 1. then d > p.

For the proof of this lemma. , refer to [3]

Corollary 6.1 let L be a set of p? lines in IFf; no more than p of which lie in any plane.

Then the union of all lines in L has cardinality at least cp® for some absolute constant c.

Proof. We apply theorem 5.1 with N = p

We note that the second part of the hypothesis provide us with important information: No more than 2
pd lines lie in any flexy surface of degree d.

By the lemma above , we bound 2pd > 2p2.

In other word, we have no more than 2p? lines lie in any flexy surface degree d. Since 2p? > |L| > p, we

conclude that no more thean 2pd > |L| lines lie in any flexy surface which is not a plane.

Finally, we proved the main theorem. We note that this theorem is applicable for field of character-

estic zero because of flexy variety is a plane.
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However, in characterestic p, theorem 5.1 does not hold because of the lines lying in a flexy surface are

not, a plane.
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