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This paper provides theoretical understanding of the interplay between the scattering of phonons

by the boundaries and point-defects in SiGe thin films. It also provides a tool for the design of

SiGe-based high-efficiency thermoelectric devices. The contributions of the alloy composition,

grain size, and film thickness to the phonon scattering rate are described by a model for the thermal

conductivity based on the single-mode relaxation time approximation. The exact Boltzmann

equation including spatial dependence of phonon distribution function is solved to yield an

expression for the rate at which phonons scatter by the thin film boundaries in the presence of the

other phonon scattering mechanisms. The rates at which phonons scatter via normal and resistive

three-phonon processes are calculated by using perturbation theories with taking into account

dispersion of confined acoustic phonons in a two dimensional structure. The vibrational parameters

of the model are deduced from the dispersion of confined acoustic phonons as functions of tempera-

ture and crystallographic direction. The accuracy of the model is demonstrated with reference to

recent experimental investigations regarding the thermal conductivity of single-crystal and

polycrystalline SiGe films. The paper describes the strength of each of the phonon scattering

mechanisms in the full temperature range. Furthermore, it predicts the alloy composition and film

thickness that lead to minimum thermal conductivity in a single-crystal SiGe film, and the alloy

composition and grain size that lead to minimum thermal conductivity in a polycrystalline SiGe

film. VC 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4915948]

I. INTRODUCTION

The conversion between heat flux and electricity

through thermoelectric effects is attracting heightened inter-

est due to the current need for alternative technologies to

replace the shrinking supply of fossil fuel. The efficiency of

a material in thermoelectric conversion is related to the

dimensionless figure of merit ZT ¼ ðS2r
j ÞT, where S, r, j,

and T are the Seebeck coefficient, electrical conductivity,

thermal conductivity, and absolute temperature, respectively.

Thus, a good thermoelectric material should exhibit high val-

ues for r and S and a low value for j. Unfortunately, nature

does not provide materials with high electrical properties

and low thermal properties. Therefore, efficient thermoelec-

tric materials should be engineered. The design of a highly

efficient thermoelectric system, however, has demonstrated

to be a challenging task as one has to engineer a material

that behaves as “phonon-glass/electron-crystal” (PGEC);

that is, it would have the electrical properties of a crystalline

material and thermal conductivity as low as that of an amor-

phous or glass-like material. It has been proposed that the

increase in the electron density of states at the Fermi level

along with the enhancement of the phonon scattering is the

only way to attain PGEC characteristics for high efficiency

thermoelectric conversion.

Several attempts have been made to enhance ZT by

increasing r and S.1 Nevertheless, it has been found that r
and S behave oppositely when the material is doped or

nanostructured.2,3 Thus, it has been concluded that an ultra-

low j along with r and S values of a crystalline material are

key characteristics that an efficient thermoelectric material

should present.2,3 In other words, it has been concluded that

the best strategy to enhance ZT is to scatter the phonons (the

heat carriers) without affecting the valence electrons.

Theoretically, the lower limit of j of a crystalline mate-

rial is attained when all the phonons are scattered to reach a

mean free path essentially equal to the interatomic spacing

of the constituent atoms.4 This has been attempted by scat-

tering phonons in different frequency ranges using a variety

of methods such as mass fluctuation scattering, grain-

boundary scattering, and interface scattering. Alloys of sili-

con (Si) and germanium (Ge) have been demonstrated to be

excellent candidates for high-temperature thermoelectric

generation because they efficiently scatter high energy pho-

nons and substantially reduce the material’s thermal conduc-

tivity without unduly reducing the carrier mobility. As such,

ZT � 0:6� 0:7 could be realized at high temperatures in

Si0.3Ge0.7.5 The nanostructuration of SiGe also enhances the

phonon scattering rate and greatly increases the thermoelec-

tric efficiency at high temperatures. However, it is not clearly

understood whether the alloy effect or the phonon-boundary

scattering mechanism is more efficient in scattering the pho-

nons and reducing the material’s thermal conductivity. In

fact, it has been recently reported on a peak ZT of about 1.3

at 900 �C in n-type nanostructured SiGe alloy that can be

obtained due to a drastic reduction in j caused by the
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enhanced phonon scattering by a high density of nanograin

boundaries,6,7 while other experimental studies have shown

that nanosize interfaces are less efficient in scattering short

wavelength phonons than point defects. Namely, it has been

shown that ZT of Si0.95Ge0.05 made up of nanosized grains is

similar to that of large grained Si0.8Ge0.2 alloys.8

Furthermore, experimental measurements have shown that j
of SiGe alloys is limited by finite size effects and sample

size rather than alloying,9,10 while other studies have con-

firmed that the phonon scattering rate and thermal conductiv-

ities in nanosized SiGe samples are limited by alloy effects

rather than boundaries effect.11,12 A surprising ZT value of

0.95 has also been achieved in p-type polycrystalline SiGe

alloys.13 This value that is about 50% higher than the best

reported record in p-type SiGe alloys13,14 and 90% higher

than what is currently used in space flight missions supports

the hypothesis that boundaries are more efficient than alloy-

ing in scattering phonons.

Indeed, a complete theoretical understanding of the

interplay between the intrinsic phonon scattering, the alloy

scattering, and the boundary scattering in SiGe is highly de-

sirable to explain these controversial experimental results.

With such a theoretical guidance in hand one can also gain

insight into the phonon heat transport in nanostructured alloy

materials and rationally tailor SiGe-based highly efficient

thermoelectric systems. In this paper, we tackle this issue by

using an approach for the calculation of the lattice thermal

conductivity in nanostructured SiGe alloys. This approach

can also be used as a predictive tool to optimize the composi-

tion and structure that lead to a crystalline SiGe material

with the lowest thermal conductivity.

In order to generate expressions for the rates at which

phonons are scattered by the boundaries of a finite crystal in

the presence of intrinsic scattering and alloy scattering mech-

anisms, we solve Boltzmann equation for phonons in finite

crystal with taking into account the physical nature of the

phonon processes and the spatial dependence of the phonon

distribution function. Besides the role of static impurities in

scattering phonons, we account for the modification of the

dynamical matrix due to the presence of dynamical impur-

ities. We account for the effects of surfaces by considering

the contribution of surface phonons to the lattice thermal

conductivity of the nanostructures under consideration. We

also account for the dependence of the crystallographic ori-

entation (which has demonstrated to be an important deter-

minant of j in a finite crystal15–17) through a directional

dependent dynamical matrix. We apply the developed model

to calculate j in single-crystal and polycrystalline SiGe thin

films, and we show the conditions (sample size, temperature

range, alloy compositions, etc.) where j is limited by alloy

effects rather than boundaries effects, and the conditions

where the finite size of the sample is the only determinant of

j. Furthermore, we demonstrate the minimum j that can be

attained in a SiGe film.

II. THEORIES

Despite the advanced atomistic approaches developed

recently,18,19 the solution of Boltzmann transport equation

with a single phonon mode relaxation time approximation,

and phonon scattering rates deduced from perturbation theo-

ries remains the most used approach to calculate j in nonme-

tallic materials.20–25 This is due to the fact that such an

approach is flexible to include many phonon mechanisms

occurring simultaneously.

The common approach to account for the phonon scat-

tering by boundaries in Boltzmann models is to introduce a

relaxation time whose expression is given by Casimir

theory,26 modified with specularity factors.27,28 However,

such an approach is physically reasonable only when the

other phonon scattering mechanisms (phonon-impurity scat-

tering, three-phonon processes, etc.) can be ignored, i.e., in

highly pure crystals and at very low temperatures. In the

case where interplay between the various phonon scattering

processes is present, the widely used Casimir theory turns

out to be physically inappropriate to describe the overall

phonon scattering rate in the crystal. In that case, a more

general theory for the phonon scattering rate becomes essen-

tial to predict j especially in nanosized materials where the

phonon-boundary scattering mechanism may coexist with

other phonon processes over a wide temperature range.

Furthermore, in the case of nanosized materials (where sur-

face to volume ratio is not negligible), interaction takes place

between the surface phonons and the volume phonons. This

may lead to a significant modification in the phonon scatter-

ing rate. Indeed, such a surface effect should be described by

a fundamental treatment rather than simple specularity

factors.

In a previous work,29 we have demonstrated that j along

a well-defined crystallographic orientation is given by

j ¼
X
hkl½ �

X
qhkl

X
j

sj qhklð Þ�v2
j;hkl

�hxj qhklð Þ
� �

kBT2

�
exp

�hxj qhklð Þ
kBT

� �

exp
�hxj qhklð Þ

kBT
� 1

� �� �2
cos whkl; (1a)

where the summation runs over all the high-symmetry direc-

tion of the crystal ð
P
½hkl�Þ, over all the phonon states in the

direction ½hkl�ð
P

qhkl
Þ, and over all the phonon branches

ð
P

jÞ. In Eq. (1a), sjðqhklÞ denotes the total relaxation time of

the phonon of wavevector q propagating in the high-

symmetry direction ½hkl�. This total relaxation time is defined

as sjðqhklÞ ¼ sj;CðqhklÞ½1þ
bj;hkl

sj;NðqhklÞ�. Here, sj;CðqhklÞ is a com-

bined relaxation time of the phonon in the state qhkl, and is

defined as 1
sj;CðqhklÞ ¼

1
sj;NðqhklÞ þ

1
sj;RðqhklÞ with sj;NðqhklÞ and

sj;RðqhklÞ being the relaxation times associated with the nor-

mal and resistive processes, respectively, and bj;hkl a parame-

ter with the dimension of a relaxation time given by20,29

bj;hkl ¼

ÐhD;j;hkl
T

0

dx
x4ex

ex � 1ð Þ2
sj;C qhklð Þ
sj;N qhklð Þ

ÐhD;j;hkl
T

0

dx
x4ex

ex � 1ð Þ2
1

sj;N qhklð Þ
1�

sj;C qhklð Þ
sj;N qhklð Þ

 ! ; (1b)
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with x being a dimensionless parameter defined as

x ¼ �hxðkhklÞ
kBT . The parameter whkl that appears in Eq. (1a)

represents the angle between the high-symmetry direction

½hkl� and the direction of the temperature gradient. Thus,

the average thermal conductivity of the crystal is given by

�j ¼ 1

m

X
hkl½ �

X
khkl

X
j

sj qhklð Þ�v2
j;hkl

�hxj qhklð Þ
� �

kBT2

�
exp

�hxj qhklð Þ
kBT

� �

exp
�hxj qhklð Þ

kBT
� 1

� �� �2
; (2)

where m is the number of high-symmetry directions in the

crystal structure under consideration. The number of high-

symmetry directions in a given crystalline structure equals

the number of independent elastic constants.30

To account for the effects of the interaction between the

surface phonons and the volume phonons, and the interplay

between the phonon-boundary scattering and phonon intrinsic

scattering on j, a spatial-dependent Boltzmann equation was

solved and the rates at which phonons are scattered by bounda-

ries were described by expressions that depend on the intrinsic

scattering and the strength of the interaction between the sur-

face phonons and the volume phonons. Considering a ¼ x or

y, the phonon-boundary scattering rates are given by29

1

sB;a
¼
ÐÐ

va
@ ~N
@a dxdyÐÐ
~Ndxdy

; (3)

where

~N ¼ Rs
2

1� exp
�x yð Þ
svx

� �� �
þ 1� exp

�y xð Þ
svy

� �� �" #
;

þ rz exp
�x yð Þ
svx

� �
þ rz exp

�y xð Þ
svy

� �
(4)

the deviation of the phonon distribution from the equilibrium

value, with R ¼ �vz
d �N
dT

@T
dz being the negative of the rate at

which phonons are delivered to a unit volume of the reciprocal

space, xðyÞ the y-dependent distance from a boundary parallel

to the x axis, measured in a direction normal to the tempera-

ture gradient, and yðxÞ the x-dependent distance from a bound-

ary parallel to the y axis, measured in a direction normal to

the temperature gradient, and rz the deviation of the phonon

distribution due to interactions with surface phonons propagat-

ing in the direction of the phonon heat current. The rate of

phonon scattering by the boundaries of a thin film of infinite

length and of width ly and thickness lxðlx �� lyÞ is given by29

1

sB;x
¼ vx

lx
:

1� 2
rz

sR

� �
1� exp

�lx

svx

� �� �

2�
P

a
sva

la
1� exp

�la
sva

� �� �
1� 2

rz

sR

� �" # ;

(5)

where a ¼ x or y. Here, we consider that the thin film lies in

the plane yz, the thickness is measured with respect to the x-

axis, and the temperature gradient is along the z-axis.

As discussed in Ref. 29, the term 2rz

sR in Eq. (5) has all

the characteristics of the phonon specularity factor t, which

is usually expressed as t ¼ exp ð�16p2k2x2

v2 Þ with k being the

root mean square roughness at the surface.31 Therefore,

Eq. (5) can be simplified by substituting the term 2rz

sR by the

specularity factor t.
The intrinsic phonon relaxation times in confined struc-

tures are taken as given in Ref. 32. However, in the present

paper, the possible decay of the volume phonons into surface

phonons is accounted for.

The phonon relaxation time associated with the scatter-

ing of phonons at state qhkl by static impurities in alloy sys-

tems is expressed as33

s�1
I;j qhklð Þ ¼

Cmd;j;hklX

4pv3
j;hkl

x4 qhklð Þ; (6a)

where X is the volume per atom and Cmd the mass-

fluctuation coefficient defined as

Cmd;j;hkl ¼
X

i

fi
DMi

M

� �2

þ 2
Dgi

g
� 6:4cj;hkl

Ddi

d

� �2
" #

:

(6b)

Here, fi is the concentration of the ith element in the alloy, di

the atomic radius of the ith element in the alloy, d the radius

of an atom in the virtual crystal, gi an average stiffness con-

stant of the nearest-neighbor bonds from the impurity to the

host lattice, g the average stiffness constant for the host

atoms, Dgi ¼ gi � g, Ddi ¼ di � d, and cj;hkl the Gr€uneisen

parameter of the phonon branch j in the direction ½hkl�.
For the calculation of the in-plane j in polycrystalline

thin films, one has to account for the existence of boundaries

in the direction along which the phonon heat current is

directed. This can be made possible by noting that in the

plane of the thin film, every grain experiences the same heat

flux, but different temperature gradient due to the thermal

resistances of the boundaries.29 Thus, the effect of grain

boundaries in the direction of the heat current can be

accounted for by simply considering that these boundaries

add resistances to the intrinsic resistance of the film without

boundaries. Therefore, the in-plane j of a polycrystalline

thin film can be expressed as29

Rz ¼
Xnz

i¼2

R1 þ Ri þ RB;ði�1Þi; (7)

where R1 is the resistance of the first grain, Ri the resistance

of the ith grain, RB;ði�1Þi the resistance of the boundary

between the grain ði� 1Þ and the ith grain, and nz the aver-

age number of grains in the z direction (the direction along

which the heat current is directed). Considering Lz the sam-

ple dimension in the z direction, l the average grain size in

the z direction, �RB an average boundary thermal resistance,

and �nz equals Lz

l rounded to the nearest integer, the in-plane j
in polycrystalline thin film can be written as29

125102-3 Iskandar et al. J. Appl. Phys. 117, 125102 (2015)

 17 April 2024 07:46:39



j ¼ Lz

�nz
l

j single�crystal
þ �RB

h i
� �RB

; (8)

where j single�crystal is the intrinsic thermal conductivity of

the film without boundaries. The thermal resistance of a

boundary between two different materials is the inverse of

the boundary thermal conductance TC, which is defined

as34

TC ¼ 1

2

X
j

X
q

1

kBT2
�h2x2

j qð Þvj qð Þ

�
exp

�hxj qð Þ
kBT

� �

exp
�hxj qð Þ

kBT

� �
� 1

� �2
Cj qð Þ; (9)

where CjðqÞ is the probability for a phonon of polarization j
and wavevector q to transmit specularly or diffusively

across the boundary. It can be shown that the transmission

probability across a boundary between two grains of the

same material is independent of the orientations of the

grains at both sides of the boundary,29,35,36 and of magni-

tude given by

Cj qð Þ ¼ C ¼ �l þ 1� t

2
; (10)

where �l is an average specular transmission probability

equaling to 4t
2m ðm4 þ

P
½hkl�

½h0l0k0� 6¼ ½hkl�

�vhkl�vh0k0 l0

ð�vhklþ�vh0k0 l0 Þ
2Þ and t a specular-

ity factor equaling to 2rz

sR .

We note that at small spatial scales (smaller than the

phonon coherence length),37 the phonon may not feel the

interface separating two materials, and propagate ballisti-

cally without being scattered at the interface. Such a pho-

non mechanism is known as the coherent phonon

transport mode. Basically, such a phonon mechanism

might be encountered at very clean interfaces. When

irregularities are present at the interfaces, the phonons

scatter regardless the size of the material where they

come from or going to because these irregularities

become the only determinant of the phonon mean free

path and coherence length. Typically, in granular and pol-

ycrystalline materials of randomly oriented grains, the

grain boundary presents an important amount of irregular-

ity. Therefore, the assumption that the phonon transport

from grain to grain is incoherent and the phonons scatter

at the grain boundary irrespectively to the average grain

size is reasonably justified.

III. COMPUTATIONAL DETAILS

All the parameters in Eqs. (1) and (2) are calculated

from elasticity theory that treats the thin film as a block of

matter without invoking any interatomic potentials. The

only input parameter is the phonon group velocity in the

bulk material. The advantage of this technique is that it has

no size limitation, and can be reliably applied to verify the

trend of physical properties when the size of the material

goes from the nanoscale to infinity. The “allowed” wave-

vectors, q, are considered to be the ones that satisfy Ortavy

criterion38

jqj2 ¼ p2 n2
1

l2
1

þ n2
2

l22
þ n2

3

l2
3

 !
; (11)

where l1; l2, and l3 are the dimensions of the sample, and n1;
n2, and n3 are positive integers. These integers cannot run to

infinity. The number of modes (or the number of atoms in

the sample) sets their limiting values. We derive all the

allowed wavevectors by following Ortavy criterion and we

carry out the calculation of the lattice thermal conductivity

for all the allowed wavevectors.

The eigenfrequencies of the acoustic phonon modes

confined in thin films can be derived from acoustics.39 The

main difference between the confined phonon modes and the

phonon modes in infinite crystals is that the x component of

the confined mode wavevector, qx, takes discrete set of val-

ues at each particular in-plane wavevector q. The theory

describing the confinement of the acoustic phonon modes

and the corresponding relative displacement vector compo-

nents is detailed in Ref. 40. In the present paper, we only

report the basic elements required for the computation of the

eigenfrequencies xjðqÞ of the confined acoustic phonon

modes in thin films. The dispersion relation for shear modes

in the direction ½h; k; l� is given by40

xj;hkl ¼ vhkl;T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2

x;j þ q2

q
; (12)

where vhkl;T is the transverse phonon group velocity in the

direction ½h; k; l� and qx;j ¼ pj
l is the x component of the wave-

vector that is quantized based on the assumption that an inte-

ger number of half wavelengths fits in a semiconductor slab

of thickness l.
The dispersion relation for dilatational modes in the

direction ½h; k; l� is given by40

xj;hkl ¼ vhkl;L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ q2

l;j

q
¼ vhkl;T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ q2

t;j

q
; (13)

where vhkl;L is the bulk longitudinal phonon group velocity in

the direction ½h; k; l� and the parameters ql;j and qt;j are the

solutions of the system of two algebraic equations

tan qtl
2

	 

tan qll

2

	 
¼� 4q2qlqt

q2�q2
t

� �2
and v2

hkl;L q2þq2
l

� �
¼ v2

hkl;T q2þq2
t

� �
:

(14)

This system of equations has many solutions for ql and qt at

each in-plane wavevector q. Each solution is labeled by an

index (or branch number) j. These solutions are either real or

pure imaginary depending on q and j. The real solutions

result in phonon branches describing the eigenfrequencies of

volume modes, whereas the pure imaginary solutions result

in phonon branches describing the eigenfrequencies of evan-

escent phonon modes localized at the surface. Such modes

are known as surface phonon modes.
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The dispersion relation for the flexural modes (or trans-

verse modes) can be obtained from Eq. (14) by simply

exchanging ql;j and qt;j because by this way the force gener-

ating the elastic wave makes the particles of the medium

moving perpendicularly to the direction of propagation of

the wave. This gives many new solutions for ql and qt at

each in-plane wavevector of flexural modes. The solutions ql

and qt for flexural modes may also be either real or pure

imaginary for a given set of q and j. Thus, the solutions for

flexural modes also result in phonon branches describing the

frequencies of volume modes, and phonon branches describ-

ing the eigenfrequencies of localized surface modes. It is

worth noting that we consider only the real eigenfrequencies

of the imaginary ql;j and qt;j as the eigenfrequencies of the

surface modes. We do not account for any imaginary eigen-

frequencies because the SiGe lattice is stable in the tempera-

ture range investigated.

The theory of elasticity predict in the folded Brillouin

zone of a nanostructured material a large number of phonon

branches that flatten out as the frequency increases. Since the

phonon group velocity corresponding to a given phonon

branch is determined only by the slope of the phonon branch,

the high frequency phonon branches have negligible contri-

bution to the thermal conductivity. Therefore, although the

elasticity theory predicts a large number of phonon branches

exceeding the cutoff frequency of the bulk material, it can

accurately predict the thermal conductivity of nanostructures

because the high frequency branches have very low group

velocities, and consequently have almost no effect on the lat-

tice thermal conductivity.

The average phonon group velocity in nanostructures

has been intensively investigated within the continuum me-

dium approximation.32,41–44 However, since the model

developed in the present work assumes discrete lattice wave-

vectors, one should account for the fact that only the con-

fined modes of small wavevectors are excited at low

temperatures and almost all the modes are excited at high

temperatures. Thus, one has to express the phonon group ve-

locity as a function of temperature. To do so, we write the

temperature-dependent average group velocity for the con-

fined acoustic phonon that corresponds to the branch j in the

direction ½h; k; l� as given in Ref. 45.

�vj;hkl ¼
P

qhkl
vj;qhkl

: �Nj qhklð ÞP
qhkl

�Nj qhklð Þ
; (15)

where vj;qhkl
is the derivative of the jth phonon branch in the

direction ½h; k; l� at qhkl and �NjðqhklÞ the equilibrium phonon

occupation of the state qhkl.

The introduction of the parameter b (that is expressed in

Eq. (1b)) simplifies Boltzmann equation when the effects of

the normal processes, which drag the crystal momentum

back and forth between the normal modes, are accounted

for.20 Nevertheless, the Debye-temperature should be

temperature-dependent in order for b to provide a solution

for Boltzmann equation over a wide temperature range.46 To

express the Debye-temperature as a function of temperature,

we equate the specific heat for the jth branch in the direction

½h; k; l� calculated with the discrete phonon wavevectors to

the Debye approximation of the specific heat

Cj;hkl ¼ kB

X
qhkl

�hxj qhklð Þ
2kBT

� �2

sinh
�hxj qhklð Þ

2kBT

� �

¼ 3rNckB
T

hD;j;hkl

� �3 ðhD;j;hkl
T

0

x4ex

ex � 1ð Þ2
dx; (16)

and consider the resulting equation as an expression for the

Debye-temperature for the jth branch in the direction ½h; k; l�.
By this way, we obtain the theoretical dependence of the

Debye-temperature for the jth branch in the direction ½h; k; l�
on temperature. In Eq. (16), r denotes the number of atoms

per unit cell and Nc the number of unit cells in the crystal.

The derivation of the temperature-dependent Gr€uneisen

parameter cj;hkl that appears in the expressions of the relaxa-

tion time associated with the interaction of phonons at state

qhkl with static impurities in alloys (see Eq. (6)) and the

relaxation time associated with the intrinsic scattering of

confined phonons (see Ref. 32) is carried out by assuming

that the contribution from each single mode Gr€uneisen pa-

rameter cjðqhklÞ to the overall Gr€uneisen parameter cj;hkl is

set by its contribution to the specific heat Cj;hkl as

cj;hkl ¼
P

qhkl
cj qhklð Þ � Cj;hklP

qhkl
Cj;hkl

; (17)

then calculating the single mode Gr€uneisen parameter

cjðqhklÞ from its definition cjðqhklÞ ¼ �X
xjðqhklÞ

@xjðqhklÞ
@X . At this

point, all the ingredients in Eqs. (1)–(10) are found, so the

numerical calculation of the thermal conductivity in single-

crystal and polycrystalline thin films is made possible.

IV. RESULTS AND DISCUSSION

In order to visualize the effect of the alloy composition

on the dynamical matrix of a nanosized SiGe film, we have

plotted the eigenfrequencies of phonon modes in 10 nm thick

SiGe slab oriented in the [111] direction for several alloy

compositions. The eigenfrequencies of the shear modes, dila-

tational modes, flexural modes, and surface modes are shown

in Figs. 1, 2, 3, and 4, respectively, together with the corre-

sponding Debye-like acoustic phonon branch in infinite crys-

tal. As can be noticed, the magnitudes of the

eigenfrequencies and phonon group velocities decrease with

increasing the alloy composition. Thus, the alloy has a two-

fold effect on j. It reduces j due to the enhancement of the

rate at which phonons are scattered by static impurities, and

due to the reduction in the phonons eigenfrequencies and

group velocities that are key determinants of j. The model

developed in the present paper accounts for both effects.

In order to verify its accuracy, we have used the devel-

oped model to reproduce previously reported experimentally

measured j in single-crystals and polycrystalline thin films

of SiGe. Namely, the model was applied to reproduce the
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measurements of Cahill et al. on epitaxial layers of dilute

SiGe alloy,47 the measurements of Cheaito et al. on SiGe

alloy single-crystal thin films,9 and the measurements of Zhu

et al. on nanograined SiGe samples.8 For the calculation of j
in single-crystal thin films, the actual dimensions of the

measured film were used as input parameters. However, for

the calculation of j in polycrystalline thin films, the actual

dimensions of the measured film and constituent grains were

used as input parameters, and the rms roughness k at the

grain boundaries has been adjusted until best agreement

FIG. 2. Eigenfrequencies of dilata-

tional acoustic modes in 10 nm thick

SiGe slab oriented in the [111] direc-

tion for several alloy compositions.

The red line shows the corresponding

Debye-like acoustic phonon branch in

infinite crystal.

FIG. 1. Eigenfrequencies of shear

acoustic modes in 10 nm thick SiGe

slab oriented in the [111] direction for

several alloy compositions. The red

line shows the corresponding Debye-

like acoustic phonon branch in infinite

crystal.

FIG. 3. Eigenfrequencies of flexural

acoustic modes in 10 nm thick SiGe

slab oriented in the [111] direction for

several alloy compositions. The red

line shows the corresponding Debye-

like acoustic phonon branch in infinite

crystal.
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between the theoretical and experimental curves was

obtained. The theoretical and experimental curves are shown

together in Fig. 5. The excellent agreement between calcu-

lated and measured j reveals the importance of all the physi-

cal mechanisms involved and clearly demonstrates the

predictive power and wide scope of the developed model.

An important conclusion can be drawn from Fig. 5.

While the thermal conductivity of 200 and 400 nm thick

single-crystal Si0.8Ge0.2 films tends to be at low temperatures

greater than the thermal conductivity of polycrystalline

Si0.99Ge0.01 films of 20 nm average grain size, the thermal

conductivity of the polycrystalline films exceeds the thermal

conductivity of the single-crystal films at high temperatures.

This clearly demonstrates that the phonon scattering by grain

boundaries is the dominant phonon scattering mechanism at

low temperatures, whereas the phonon scattering by impur-

ities is the dominant phonon scattering mechanism at high

temperatures.

For the sake of further verification of the accuracy of the

model, we have calculated the frequency-dependent intrinsic

phonon relaxation times of the acoustic longitudinal phonon

branch in bulk Si, and compared them to those obtained

from first principles calculations.48 The results are shown in

Fig. 6. The relaxation time associated with the normal pho-

non scattering mechanism as obtained from the present

model agrees well with that calculated by using first princi-

ples approaches. Nevertheless, the relaxation time associated

with the Umklapp phonon scattering mechanism as obtained

from the present model agrees with that obtained from first

principles calculations only at low frequencies. This may be

due to the fact that the continuum medium approximation

breaks down at high frequencies. However, this discrepancy

does not make the model presented in this work questionable

because the intrinsic thermal conductivity of the materials is

determined mainly by the low-frequency acoustic phonons

due to their lower scattering rates.

We have also used the developed model to calculate the

dependence of alloy composition on the thermal conductivity

of SiGe at high temperatures. The obtained theoretical

results are plotted in Fig. 7 together with previously reported

experimental results.49 The good agreement between the the-

oretical and experimental curves at all the temperatures

FIG. 4. Eigenfrequencies of surface

acoustic modes in 10 nm thick SiGe

slab oriented in the [111] direction for

several alloy compositions. The red

line shows the corresponding Debye-

like acoustic phonon branch in infinite

crystal.

FIG. 5. Effects of alloy composition, film thickness, and grain size on the

thermal conductivity of single-crystal and polycrystalline SiGe films. The

symbols present previously reported experimental data. The solid lines pres-

ent theoretical results obtained from the model described in the present

paper.

FIG. 6. Frequency-dependent phonon relaxation times of the longitudinal

acoustic phonon branch in Si associated with normal and Umklapp scatter-

ing mechanisms. The lines indicate the results obtained from the model pre-

sented in this work. The symbols indicate the results obtained from first

principles calculations (Ref. 48).
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considered clearly demonstrates the capability of the devel-

oped model to account for the interplay between the har-

monic intrinsic scattering and the anharmonic alloy

scattering. It is also worth noting that the results obtained

from the developed model agree with those obtained from

first principles calculation,50 which demonstrated that an

addition of as little as 12% Ge is sufficient to reduce the

room temperature thermal conductivity to around the mini-

mum value achievable through alloying.

In order to investigate in a systematic way the interplay

between the alloy effect and the size effect, we have plotted a

mesh describing the variation of j with the alloy composition

and single-crystal film thickness at several temperatures in the

three high-symmetry directions, and a mesh describing the

variation of j with the alloy composition and average grain

size in a polycrystalline film at several temperatures. The

three-dimensional plot describing the variation of j with the

alloy composition and single-crystal film thickness is shown

in Fig. 8. Along the three high-symmetry directions, at very

low temperatures (around 5 K), where the intrinsic phonon

scattering mechanism is almost absent (s! 0), j increases as

both film thickness and Ge content increase. This is due to the

fact that the phonon-boundary scattering rate (Eq. (5)), which

is the only determinant of j at very low temperatures, takes

the form 1
sB
¼ v

l, and consequently it increases as the phonon

group velocity increases and the film thickness decreases. At

higher temperatures (around 50 K), where the phonon intrinsic

scattering mechanisms partially contribute to the determina-

tion of j, j drops rapidly as the alloy composition attains

0.15. On the other hand, j increases as the film thickness

increases independently of the Ge content. However, at tem-

peratures exceeding the room temperature, the effect of film

thickness diminishes and j of SiGe becomes almost limited

by alloying. According to the results in Fig. 8, a 5 nm thick

(100)-oriented single-crystal Si0.42Ge0.58 film reaches at room

temperature a j value as low as 0.54 W K�1 m�1, which is a

value smaller than that of j of amorphous or glass-like materi-

als.51–53 Consequently, 5 nm thick (100)-oriented single-

crystal Si0.42Ge0.58 film can be considered as a potential

PGEC material for SiGe-based high-efficiency thermoelectric

devices operating at room temperature.

The variation of j with the alloy composition and grain

size is shown in Fig. 9. At low temperatures, the alloy compo-

sition and grain size contribute equally to the phonon scatter-

ing and determination of j. However, as the temperature

increases, the alloy effect starts to dominate that of the grain

size. At high temperatures, the effect of the grain size on j
becomes negligible compared to that of the alloy composition.

The highest phonon scattering rate at room temperature in pol-

ycrystalline SiGe films can be reached with a grain size as

small as 5 nm and a Ge molar composition of 0.8. Such poly-

crystalline SiGe film characteristics result in a j value of

1.83 W K�1 m�1, which is almost three times greater than the

minimum j that can be reached in single-crystal SiGe thin

films. Thus, these results add support to the hypothesis that at

temperatures greater than some tens of degrees Kelvin, the

alloy is more efficient than boundary, and the grain boundary

FIG. 8. Thermal conductivity of single-crystal SiGe thin film versus alloy

composition and film thickness.

FIG. 7. Dependence of alloy composition on the thermal conductivity in

SiGe at 300, 500, and 900 K. Symbols indicate previously reported experi-

mental results. Solid lines show theoretical results obtained from the model

developed in the present paper.

FIG. 9. Thermal conductivity of polycrystalline SiGe thin film versus alloy

composition and grain size.
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is less efficient than the film boundary in scattering phonons.

Consequently, single-crystal Si0.42Ge0.58 ultrathin film would

be a potential material for a new generation of high-efficiency

room temperature thermoelectric devices.

V. CONCLUSION

Exact Boltzmann transport equation with spatial depend-

ence of the phonon distribution function has been solved with

taking into account dispersion of confined phonon modes in

nanosized films to deduce the thermal conductivity in single-

crystal and polycrystalline SiGe thin films. The rates at which

phonons scatter via normal and resistive processes have been

derived by using perturbation theories. The vibration parame-

ters have been introduced in Boltzmann equation as functions

of temperature and crystallographic direction to obtain accu-

rate thermal conductivity values in the full temperature range.

The accuracy of the model has been clearly demonstrated

with respect to previously reported experimental measure-

ments regarding the effect of alloy on the thermal conductivity

of bulk SiGe materials, the effects of alloy composition and

film thickness on the thermal conductivity of single-crystal

thin SiGe films, and the effect of alloy composition and grain

size on the thermal conductivity of polycrystalline SiGe films.

Then, the model has been used to determine at each tempera-

ture the strength of each of the phonon scattering processes.

As a result, we have determined the alloy composition and

film thickness that lead to the minimum thermal conductivity

in single-crystal thin SiGe films, and the alloy composition

and grain size that lead to the minimum thermal conductivity

in polycrystalline SiGe films. Furthermore, we have demon-

strated that a single-crystal thin film with specific alloy com-

position and thickness might attain the “phonon-glass/

electron-crystal” characteristics, which are the key require-

ments for a new generation of high-efficiency thermoelectric

devices.
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