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Abstract
of the Thesis of

Mohammad Hisham Fakhredin for Master of Science
Major: Physics

Title: Metrics Depending on One Variable in D-Dimensional Einstein-Dilaton-
Gauge Theories

This thesis investigates one-variable solutions in D-dimensional Einstein-Dilaton-
Gauge theories, which are gravitational theories with anti-symmetric tensors and a
coupled dilaton field. We focus on finding exact solutions to Einstein’s field equations
with and without matter fields. Vacuum solutions are derived systematically in
synchronous coordinates for arbitrary spacetime signature and dimensions. These
results are extended to incorporate gauge and dilaton fields, producing families of
solutions within Einstein-Dilaton-Gauge theories. We identify novel generalizations
of the Kasner metric and related solutions, that reduce to vacuum solutions with
ω =

√
g = τ or ω = 1. Finally, example solutions are provided in the bosonic sector

of various supergravity theories.
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Chapter 1

Introduction

This thesis will be structured as follows: in chapter 1, we begin with a review of the
literature relevant to the results presented in the body of the thesis. Chapter 2 will
be dedicated to finding the most general vacuum solutions to Einstein’s equations
in one-variable and in arbitrary signature. Finally, in chapter 3 we present general-
izations to those solutions in low-energy effective theories in string theory, which we
shall call Einstein-Dilaton-Gauge theories in analogy with Einstein-Maxwell-Dilaton
theory. We use ‘Gauge’ to denote a gauge field in this context.

1.1 Kasner Metric

The metric that will form an important part of our discussion in the rest of this
thesis is the Bianchi I metric [1]:

ds2 = −dτ 2 + τ 2a1(dx1)2 + τ 2a2(dx2)2 + τ 2a3(dx3)2, (1.1)

with the constants ai satisfying the conditions:

a1 + a2 + a3 = a21 + a22 + a23 = 1. (1.2)

In the literature, (1.1) is referred to as the Kasner metric [2]. As in the original
account of Kasner [2], this metric can be written in arbitrary space-time signature
as [3]:

ds2 = ε0τ
2a0dτ 2 + ε1τ

2a1(dx1)2 + ε2τ
2a2(dx2)2 + ε3τ

2a3(dx3)2, (1.3)

where εµ = ±1, and the exponents satisfy the conditions:

a1 + a2 + a3 = a0 + 1, a21 + a22 + a23 = (a0 + 1)2. (1.4)

By choosing the appropriate εµ, and setting a0 = 0, we recover the metric (1.1).
In [3], it was pointed out that Kasner did not consider the case where a0 + 1 = 0.
In chapter 2, we consider, as in [4], vacuum solutions in arbitrary dimension and
signature corresponding to the metric:

ds2 = ε0dτ
2 + gij (τ)dx

idxj. (1.5)
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These solutions contain as a special case the metric (1.1), as well as similar non-
diagonal solutions, satisfying the condition ω =

√
g = τ , where g = |det(gij )|. We

also present an account—and examples—of the “missed” Kasner solutions, which
will satisfy the condition ω = 1 [5]. Generalizations of these solutions to Einstein-
Maxwell theory with a specific choice of the electromagnetic field strength tensor
were derived in [6]. Moreover, specific generalizations of the Kasner solution into
theories with form gauge fields and a dilaton field were considered in [7].

1.2 Scalar-Kasner Solution

In [8], solutions for gravity with a scalar field as described by the action:

S =

∫
d4x

√
g

(
R− 1

2
gµν∂µϕ∂νϕ

)
, (1.6)

were considered. The equations of motion are given by:

∇µ∇µϕ = 0, (1.7)

Rµν =
1

2
∂µϕ∂νϕ. (1.8)

A particular solution obtained in the case of one-variable dependence is the
following [8]:

ds2 = −dτ 2 + τ 2a1(dx1)2 + τ 2a2(dx2)2 + τ 2a3(dx3)2,

ϕ = s ln τ, (1.9)

with the exponents satisfying the conditions,

a1 + a2 + a3 = 1, a21 + a22 + a23 = 1− s2

2
. (1.10)

As can be seen, if s = 0 the Kanser metric (1.1) is recovered. We will call the
family of solutions with non-zero s the “scalar-Kasner” solutions, and as we will see
in chapter 3, we will recover these solutions as a special case of a more general class
of one-variable solutions with a scalar field.

1.3 Melvin and Generalized Melvin Solutions

Another important class of one-variable solutions, but within Einstein-Maxwell the-
ory, is the Melvin solution [6, 9, 10]:

ds2 = f 2(r)(−dt2 + dr2 + dy2) +
r2

f 2(r)
dφ2,

F rφ =
Q

rf 2
, f = 1 +

Q2

16
r2, (1.11)
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for which [10] established a correspondence with the anisotropic Melvin cosmology
[6, 10]:

ds2 = f 2(t)(−dt2 + dx2 + dy2) +
t2

f 2(t)
dz2,

F tz =
Q

tf 2
, f = 1 +

Q2

16
t2, (1.12)

whereQ is a constant in both cases. In [6], solutions were found via a general analysis
of the equations of motion of Einstein-Maxwell theory. Also, in [10], these solutions
were found using generating methods with seed solutions from general relativity and
Einstein-Maxwell theory [11, 12]. Additionally, in Einstein-Maxwell-Dilaton theory
and using the aforementioned scalar-Kasner solution as a seed solution, generating
methods can be used to find the Dilaton-Melvin solution (1.13) which can then be
analytically continued into the anisotropic Dilaton-Melvin cosmology (1.14) [10, 13]:

ds2 = f 2(r)(−dt2 + dr2 + dz2) +
r2

f 2(r)
dφ2,

F rφ =
Q

r
f−2(1+β2), eϕ = f 2β,

f 1+β2

= 1 +
1 + β2

16
Q2r2, (1.13)

ds2 = f 2(t)(−dt2 + dx2 + dy2) +
t2

f 2(t)
dz2,

F tz =
Q

t
f−2(1+β2), eϕ = f 2β,

f 1+β2

= 1 +
1 + β2

16
Q2t2, (1.14)

where Q is a constant, and β is a coupling constant. Again, we will find these
solutions as a special case of the solutions we develop in chapter 3.

1.4 Generalization to Solutions in Supergravity

In [14] and [15], generalizations of the Melvin solutions (1.11) and (1.12) were found
in N = 2 supergravity coupled to vector multiplets in four and five dimensions. In
this thesis, we further explore this research direction by finding such generalized
solutions in theories which arise as truncations of the bosonic sector of various
supergravity theories; specifically, we will find one-variable solutions in arbitrary
space-time dimension and signature for theories that are described by the action:

S =

∫
dDx

√
g

(
R− 1

2
gµν∂µϕ∂νϕ− ε

2m!
eβϕF 2

m

)
, (1.15)
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where ε = ±1, m ∈ N, and β ∈ R. As mentioned before, we will call theories
described by this action Einstein-Dilaton-Gauge theories for ease of reference. The
solutions we develop will be relevant to 11-dimensional supergravity with a four-
form, and to many 10-dimensional supergravity theories including type IIA, type
IIA*, type IIB, type IIB*, and type IIB’ supergravity [16].
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Chapter 2

Vacuum Metrics in Synchronous
Coordinates for Arbitrary

Signature

2.1 Christoffel Symbols, Riemann and Ricci Tensors

A “synchronous” metric is of the form:

ds2 = ε0dτ
2 + gij (τ)dx

idxj, (2.1)

In what follows, Latin indices indicate the exclusion of the τ coordinate, whereas
Greek indices include it. The inverse metric has the components g00 = ε0 and gij

such that gikgkj = δij . Using these, we find the following Christoffel symbols:

Γi
jk =

1

2
giα(∂jgαk + ∂kgαj − ∂αgjk)

= −1

2
giα∂αgjk

= −1

2
giτ∂τgjk = 0,

Γτ
jk =

1

2
gτα(∂jgαk + ∂kgαj − ∂αgjk)

= −1

2
ε0∂τgjk

= −1

2
ε0ġjk ,

Γτ
ττ =

1

2
gτα(∂τgατ + ∂τgατ − ∂αgττ )

= 0,
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Γτ
τi =

1

2
gτα(∂τgαi + ∂igατ − ∂αgτi)

=
1

2
gττ∂τgτi +

1

2
gτj∂τgji

= 0,

Γi
ττ =

1

2
giα(∂τgατ + ∂τgατ − ∂αgττ )

= 0,

Γi
τj =

1

2
giα(∂τgαj + ∂jgατ − ∂αgτj )

=
1

2
gik∂τgkj

=
1

2
gikġkj .

Using the notation κij = ġij , and raising and lowering indices using gij and gij,
the only non-vanishing Christoffel symbols are:

Γτ
ij = −1

2
ε0κij, Γi

τj =
1

2
κi

j. (2.2)

We may also find the components of the Riemann tensor via the formula:

Rρ
σµν = ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ + Γρ

µλΓ
λ
νσ − Γρ

νλΓ
λ
µσ (2.3)

The only non-vanishing components of the Riemann tensor given the Christoffel
symbols above are:

Rτ
iτk = ∂τΓ

τ
ki − ∂kΓ

τ
τi + Γτ

τλΓ
λ
ki − Γτ

kλΓ
λ
τi

= ∂τΓ
τ
ki − Γτ

klΓ
l
τ i

= ∂τ (−
1

2
ε0κki)− (−1

2
ε0κkl)(

1

2
κl

i)

=
ε0
2

(
1

2
κl

iκlk − κ̇ki

)
,

Ri
jkl = ∂kΓ

i
lj − ∂lΓ

i
kj + Γi

kλΓ
λ
lj − Γi

lλΓ
λ
kj

= Γi
kτΓ

τ
lj − Γi

lτΓ
τ
kj

= (
1

2
κi

k)(−
1

2
ε0κlj)− (

1

2
κi

l)(−
1

2
ε0κkj)

=
ε0
4

(
κi

lκkj − κi
kκlj

)
,
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Ri
τjτ = ∂jΓ

i
ττ − ∂τΓ

i
jτ + Γi

jλΓ
λ
ττ − Γi

τλΓ
λ
jτ

= −∂τΓ
i
jτ − Γi

τλΓ
λ
jτ

= −∂τ (
1

2
κi

j)− (
1

2
κi

k)(
1

2
κk

j)

= −1

2

(
κ̇i

j +
1

2
κi

kκ
k
j

)
.

We can also rewrite these results solely in terms of the metric tensor simply by
substituting in the definition of κij:

Rτ
iτk =

ε0
2

(
1

2
glmġklġmi − g̈ki

)
, (2.4)

Ri
τjτ = −1

2
gikg̈kj −

1

4
ġikġkj, (2.5)

Ri
jkl =

ε0
4

(
gipġplġkj − gimġmkġlj

)
. (2.6)

Keeping in mind that κi
i = gij ġij = d(ln g)/dτ , where g = |det(gij )|, we may

find in a similar fashion the components of the Ricci tensor as follows:

Rττ = ∂αΓ
α
ττ − ∂τΓ

α
τα + Γα

αβΓ
β
ττ − Γα

τβΓ
β
ατ

= −∂τ (
1

2
κi

i)−
1

4
κi

jκ
j
i

= −1

2
κ̇i

i −
1

4
κi

jκ
j
i,

Rτi = ∂αΓ
α
τi − ∂τΓ

α
iα + Γα

αβΓ
β
τi − Γα

0βΓ
β
αi

= 0,

Rij = ∂αΓ
α
ij − ∂iΓ

α
jα + Γα

αβΓ
β
ij − Γα

iβΓ
β
αj

= ∂τΓ
τ
ij + Γl

lτΓ
τ
ij − Γl

iτΓ
τ
lj

= −1

2
ε0κ̇ij −

1

4
ε0κ

l
lκij +

1

2
ε0κ

l
iκlj

= −1

2
ε0κ̇ij −

1

4
ε0(κ

l
lκij − 2κl

iκlj).

By raising indices, we may also write:

Rτ
τ = gττRττ

= ε0(−
1

2
κ̇i

i −
1

4
κi

jκ
j
i), (2.7)

and

Ri
j = − ε0

2
√
g

d

dτ
(
√
gκi

j). (2.8)
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2.2 Standard Vacuum Solutions in 4 Dimensions

In vacuum, the Einstein equations reduce to Rµν = 0, so the equations we need to
solve become:

κ̇i
i +

1

2
κi

jκ
j
i = 0, (2.9)

1

2

d

dτ
(
√
gκi

j) = 0. (2.10)

The methods used to solve the equations above are adapted from [17]. From
Equation (2.10), we get

κi
j =

2
√
g
λi

j =⇒ κi
i =

2
√
g
, (2.11)

where λi
j are constants with the choice λi

i = 1. Now note that κi
i =

ġ
g
= 2√

g
, so we

have:
ġ

g
=

2
√
g
. (2.12)

Now note from Equation (2.9):

d

dτ

(
2
√
g

)
+

1

2

(
2
√
g

)2

λi
jλ

j
i = 0

=⇒ − ġ

g
√
g
+

2

g
λi

jλ
j
i = 0,

but replacing Equation (2.12), we get:

−2

g
+

2

g
λi

jλ
j
i = 0

=⇒ λi
jλ

j
i = 1.

If we go back term by term to Equation (2.9), we find:

κ̇i
i =

g̈

g
−
(
ġ

g

)2

1

2
κi

jκ
j
i =

1

2

2
√
g

2
√
g
=

2

g
=

1

2

(
ġ

g

)2

.

Thus, Equation (2.9) reduces to:

g̈

g
− 1

2

(
ġ

g

)2

= 0. (2.13)

We can make the substitution ω =
√
g, which reduces the above equation to

2
√
gω̈ = 0, or

ω̈ = 0, (2.14)
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whose general solution is ω = a + bτ . In [17], it is argued that by an affine
reparametrization we may write ω = τ , but that ignores the possibility that a =
1, b = 0, which we will discuss in later sections.

Assuming ω = τ , we may cast Equation (2.11) in the form:

ġik =
2

τ
λj

igjk . (2.15)

Different solutions to this equation depend on the eigenvalues of the
λ matrix [4]. If we have three real distinct eigenvalues a, b, and c then from the
constraints on λ in the diagonal basis we conclude:

a+ b+ c = 1

a2 + b2 + c2 = 1,

and the system of differential equations simplifies to:
ġ11 =

2a

τ
g11

ġ22 =
2b

τ
g22

ġ33 =
2c

τ
g33,

whose solutions (setting multiplicative constants to 1) are clearly g11 = τ 2a, g22 =
τ 2b, g33 = τ 2c. Hence, we obtain the well-known Kasner metric [2],

ds2 = ε0dτ
2 + τ 2adx2 + τ 2bdy2 + τ 2cdz2. (2.16)

We could also consider the case where λ has complex eigenvalues:

λ =

a 0 0
0 b+ ic 0
0 0 b− ic

 .

Now, when plugged back into the conditions on the parameters, a, b, and c satisfy:

a+ 2b = 1

a2 + 2b2 − 2c2 = 1,

and the system of differential equations reduces to,
ġ11 =

2a

τ
g11

ġ22 =
2b+ 2ic

τ
g22

ġ33 =
2b− 2ic

τ
g33,
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whose solutions are given by:
g11 = τ 2a

g22 = Aτ 2b+2ic = τ 2b
(
cos (2c ln

τ

α
) + i sin (2c ln

τ

α
)
)

g33 = Aτ 2b−2ic = τ 2b
(
cos (2c ln

τ

α
)− i sin (2c ln

τ

α
)
)
.

If we apply a complex change of variables x2 = y + iz and x3 = y − iz as had
been done in [18], we get the following real metric:

ds2 = ε0dτ
2 + τ 2adx2 + τ 2b cos (2c ln

τ

α
)(dy2 − dz2) + 2τ 2b sin (2c ln

τ

α
)dydz. (2.17)

This leaves us with a final possibility for λ in which two of the roots are repeated.
We know that in that case, the matrix λ can be put into the form:

λ =

a ±k 0
0 a 0
0 0 b

 ,

where k is a positive constant. The system of differential equations becomes (after
considering the symmetries of the metric):

ġ11 =
2a

τ
(g11 ± kg12)

ġ12 =
2a

τ
g12

ġ33 =
2b

τ
g33.

We can choose k such that 2ak = 1, and then the solutions for these equations
are g33 = τ 2b, g12 = τ 2a, and g11 = ±τ 2a ln (τ/α). Thus, the metric becomes

ds2 = ε0dτ
2 + ε1τ

2a ln
τ

α
dx2 + 2τ 2adxdy + τ 2bdz2, (2.18)

where ε1 = ±1.

2.3 Vacuum Solutions for ω = 1 in 4 Dimensions

In this section we consider the second case mentioned previously: ω =
√
g = 1

[5]. We have some changes to the constant matrix λi
j. First, Equation (2.10) now

implies that κi
j = 2λi

j and since κi
i = ġ/g = 0, we get

λi
i = 0. (2.19)

Also, given that κ̇i
i = 0, Equation (2.9) implies

λi
jλ

j
i = 0. (2.20)
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By substituting the definition of κi
j into the equation κi

j = 2λi
j, we get the

differential equations for the components of the metric (and absorbing the factor of
2 into the constant matrix):

ġik = λj
igjk . (2.21)

Suppose λ is diagonalizable, then in some coordinate system:

λ =

a1 0 0
0 a2 0
0 0 a3

 .

If λ satisfies Equations (2.19) and (2.20), then we have

a1 + a2 + a3 = 0

a21 + a22 + a23 = 0.

These can only be satisfied non-trivially by introducing complex numbers. Let-
ting a1 = a + ib, a2 = a − ib, and c = −2a, we see that the equations above are
satisfied only if b = a

√
3. Thus, we have the following form of λ:

λ = a

1 + i
√
3 0 0

0 1− i
√
3 0

0 0 −2

 .

This leads to the system of equations (all other terms are vanishing):
ġ11 = a(1 + i

√
3)g11

ġ22 = a(1− i
√
3)g22

ġ33 = −2ag33,

which have the trivial solutions:
g11 = eaτ

(
cos (a

√
3τ) + i sin (a

√
3τ)
)

g22 = eaτ
(
cos (a

√
3τ)− i sin (a

√
3τ)
)

g33 = e−2aτ .

Therefore, we have the metric below:

ds2 = ε0dτ
2 + eaτ

(
cos (a

√
3τ) + i sin (a

√
3τ)
)
(dx1)2

+ eaτ
(
cos (a

√
3τ)− i sin (a

√
3τ)
)
(dx2)2 + e−2aτ (dx3)2. (2.22)

We can make a complex change of coordinates x1 = u + iv, x2 = u − iv, and
x3 = z [3], which gives us the real metric:

ds2 = ε0dτ
2 + 2eaτ cos (a

√
3τ)[du2 − dv2]− 4eaτ sin (a

√
3τ)dudv + e−2aτdz2,
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which can be rewritten by absorbing a factor of
√
2 into du and dv respectively as

[5]:

ds2 = ε0dτ
2 + eaτ cos (a

√
3τ)[du2 − dv2]− 2eaτ sin (a

√
3τ)dudv + e−2aτdz2. (2.23)

We can also look at the trivial solution a1 = a2 = a3 = 0. In this case, the matrix
λ can be put into Jordan normal form, depending on the geometric multiplicity (GM)
of the eigenvalue 0. For example, if the GM is 1, the matrix λ takes the form:

λ =

0 1 0
0 0 1
0 0 0

 , (2.24)

and if the GM is 2, it takes the form:

λ =

0 1 0
0 0 0
0 0 0

 . (2.25)

In the case that GM = 3, we just recover the trivial zero matrix which is of no
interest.

In these forms, λ still satisfies Equations (2.19) and (2.20), but now that these
matrices are not diagonal, the system of differential equations governing the metric
components is not as simple. It is then more convenient to write the solution of
Equation (2.21) in matrix exponential form:

gij = hik

(
eλτ
)k
j
, (2.26)

where hac is a matrix of constants whose determinant is ±1. By imposing the
symmetry of the metric, we find that

h = hT and hλ = (hλ)T , (2.27)

with the proof given in Appendix A.
Starting with λ as given in Equation (2.24), the symmetry conditions (2.27) force

h to take the form:

h =

 0 0 c0
0 c0 c1
c0 c1 c2

 ,

where c0, c1, c2 are arbitrary constants.
Remembering that |h| = ±1, this yields c0 = ±1. Keeping with our convention,

we will rename c0 → ε1 = ±1 which would give the final expression for h as:

h =

 0 0 ε1
0 ε1 c1
ε1 c1 c2

 .
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Now, we would like to calculate eλτ . Calculating the powers of λ, we find that:

λ2 =

0 0 1
0 0 0
0 0 0

 ,

and λk = 0 for k > 2. Hence, eλτ = I + λτ + λ2τ 2/2, which yields:

eλτ =

1 τ τ2

2

0 1 τ
0 0 1

 .

Combining these results, we end up with the final expression for the metric
resulting from this choice of λ:

ds2 = ε0dτ
2 + 2ε1dxdy + ε1dy

2 + 2(ε1τ + c1)dydz + (ε1
τ 2

2
+ c1τ + c2)dz

2. (2.28)

We verified that this metric is not flat by calculating its Riemann tensor compo-
nents using the Pytearcat GR Python package (See Appendix B for a similar script).
We note that this solution was not considered in [5]. Now we turn to λ as given by
Equation (2.25). Again, applying the symmetry conditions (2.27), the matrix h is
restricted to:

h =

 0 c0 0
c0 c1 c2
0 c2 c3

 ,

with c0, c1, c2, c3 being constants satisfying:∣∣∣∣∣∣
0 c0 0
c0 c1 c2
0 c2 c3

∣∣∣∣∣∣ = ±1.

This case is much simpler, as λk = 0 for k > 1, which implies that eλτ = I + λτ .
As such, eλτ is given by:

eλτ =

1 τ 0
0 1 0
0 0 1

 ,

and the final metric is given by:

ds2 = ε0dτ
2 + 2c0dxdy + (c0τ + c1)dy

2 + 2c2dydz + c3dz
2. (2.29)

The metric (2.29) turns out to be the flat Minkowski metric in an unusual co-
ordinate system. We used the Pytearcat GR Python package to verify that the
Riemann tensor vanishes in all its components (see Appendix B).
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Chapter 3

Solutions in
Einstein-Dilaton-Gauge Theories

3.1 Equations of Motion

We consider an action of the form:

S =

∫
dDx

√
g

(
R− 1

2
gµν∂µϕ∂νϕ− ε

2m!
eβϕF 2

m

)
, (3.1)

where ε = ±1, m ∈ N, and β ∈ R. We first vary the action with respect to gµν :

δS =

∫
dDx

{
−1

2

√
ggµνδg

µν

(
R− 1

2
∂αϕ∂αϕ− ε

2m!
eβϕF 2

m

)
+
√
gδgµν

(
Rµν −

1

2
∂µϕ∂νϕ− εeβϕ

2(m− 1)!
Fµα2...αm

F α2...αm
ν

)}
.

Ignoring boundary terms and setting δS = 0, we get thet EFE:

Rµν −
1

2
Rgµν =

1

2
∂µϕ∂νϕ− 1

4
gµν∂

αϕ∂αϕ

+ εeβϕ
(

1

2(m− 1)!
Fµα2...αm

F α2...αm
ν − 1

4m!
gµνF

2
m

)
. (3.2)

Taking the trace of this equation yields:

R =
1

2
∂αϕ∂αϕ− εeβϕ

2m−D

2m!(D − 2)
F 2
m, (3.3)

which when substituted back into Equation (3.2) gives:

Rµν =
1

2
∂µϕ∂νϕ+ εeβϕ

(
1

2(m− 1)!
Fµα2...αm

F α2...αm
ν − (m− 1)

2m!(D − 2)
gµνF

2
m

)
. (3.4)

We can write this in a more useful form by raising the index µ on both sides:

Rµ
ν =

1

2
∂µϕ∂νϕ+ εeβϕ

(
1

2(m− 1)!
F µα2...αmFνα2...αm

− (m− 1)

2m!(D − 2)
δµνF

2
m

)
. (3.5)
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Next, we write F 2
m = F µα2...αmFµα2...αm

and we note that Fµα2...αm
= ∂[µAα2...αm].

We now vary the action with respect to Aα2...αm
:

δS = −
∫

dDx
√
g

ε

2m!
F µα2...αm∂µ(δAα2...αm

)

=
ε

2m!

∫
dDx ∂µ(

√
geβϕF µα2...αm)δAα2...αm

,

which when setting δS = 0 results in the second equation of motion:

∂µ(
√
geβϕF µα2...αm) = 0. (3.6)

Lastly, we vary the action with respect to ϕ:

δS =

∫
dDx

{
−√

g∂µ(δϕ)∂
µϕ− εβ

2m!

√
geβϕF 2

mδϕ

}
=

∫
dDx

{
∂µ(

√
g∂µϕ)− εβ

2m!

√
geβϕF 2

m

}
δϕ.

Setting δS = 0 yields the final equation of motion:

∂µ(
√
g∂µϕ) =

εβ

2m!

√
geβϕF 2

m. (3.7)

3.2 Non-Diagonal Scalar-Kasner Solutions

We begin by solving the equations of motion for a non-trivial dilaton field and a
vanishing gauge field. The aim is to generalize the diagonal Scalar-Kasner solution
presented in chapter 1 to non-diagonal solutions. The equations of motion (3.4) and
(3.7) become (with ω =

√
g):

Rµν =
1

2
∂µϕ∂νϕ, (3.8)

∂µ(ω∂
µϕ) = 0. (3.9)

We consider a metric of the form:

ds2 = ε0dτ
2 + gij (τ)dx

idxj, (3.10)

with i, j = 1, 2, . . . , D − 1. We can raise one index on equation (3.8) to get:

Rµ
ν =

1

2
∂µϕ∂νϕ. (3.11)

Now, taking ϕ = ϕ(τ), we resolve the Ricci tensor into its components:

Rτ
τ =

1

2
ε0ϕ̇

2, (3.12)

Ri
j = 0, (3.13)
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which become upon the substitution of Equations (2.7) and (2.8):

1

2
κ̇i

i +
1

4
κi

jκ
j
i +

1

2
ϕ̇2 = 0, (3.14)

d

dτ
(ωκi

j) = 0. (3.15)

Knowing that κ̇i
i = 2(ω̈/ω − ω̇2/ω2), we can write the equations as:

ω̈

ω
− ω̇2

ω2
+

1

4
κi

jκ
j
i +

1

2
ϕ̇2 = 0, (3.16)

κ̇i
j +

ω̇

ω
κi

j = 0. (3.17)

Keeping in mind that κi
i = 2ω̇/ω, taking the trace of Equation (3.17) yields:

ω̈ = 0, (3.18)

for which, as in chapter 2, the two inequivalent solutions that should be considered
are ω = τ and ω = 1. Before proceeding further with the metric, we note that the
scalar equation of motion (3.9) can be rewritten as:

ϕ̇ =
s

ω
, (3.19)

where s ∈ R. For ω = τ , this admits the solution ϕ = s ln τ , and for ω = 1, it
admits the solution ϕ = sτ .

Now going back to the metric, notice that Equation (3.15) is the same as Equa-
tion (2.10). So the differential equations in the metric tensor will be completely the
same, that is for ω = τ :

κi
j =

2

τ
λi

j, (3.20)

=⇒ ġik =
2

τ
λj

igjk , (3.21)

with λi
i = 1, just as in Equation (2.15). As for the case ω = 1, we get:

κi
j = λi

j, (3.22)

=⇒ ġik = λj
igjk , (3.23)

with λi
i = 0, just as in Equation (2.21). The one difference with chapter 2 lies in

the fact that Equation (3.16) contains a contribution from the dilaton, so we get
modified conditions on λi

jλ
j
i, which will look as follows:

λi
jλ

j
i = 1− 1

2
s2, for ω = τ, (3.24)

λi
jλ

j
i = −2s2, for ω = 1. (3.25)
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Afterwards, solving Equations (3.21) and (3.23) is straightforward:

gij = hil

(
e2λ ln τ

)l
j
, for ω = τ, (3.26)

gij = hil

(
eλτ
)l

j
, for ω = 1, (3.27)

with hij in both cases being a matrix of constants satisfying the symmetry conditions
(2.27). For completion, the metric and scalar field for the case ω = τ have the final
form:

ds2 = ε0dτ
2 + hil

(
e2λ ln τ

)l
j
dxidxj,

ϕ = s ln τ, (3.28)

and for the case ω = 1 they are:

ds2 = ε0dτ
2 + hil

(
eλτ
)l

j
dxidxj,

ϕ = sτ. (3.29)

Choosing ε0 = −1 and a diagonal λ for the metric in Equation (3.28) reproduces
the diagonal Scalar-Kasner solution [8] that we presented in chapter 1 in Equation
(1.9).

3.3 Solutions That Reduce in Vacuum to the ω = τ Case

We now allow for a non-trivial gauge field. Consider a metric of the form:

ds2 = ε0dτ
2 +

q∑
α=1

gαα(τ)(dx
α)2 + gab(τ)dx

adxb, (3.30)

where a, b = q+1, . . . , q+p+1, with D = q+p+1. Supposing we have a (q+1)-form
whose only non-trivial component is F τ1...q, we can solve the equation of motion (3.6)
for F to yield:

∂0(ωe
βϕF τ1...q) = 0

=⇒ F τ1...q =
Q

ω
e−βϕ, (3.31)

where as usual ω =
√
g and Q is a constant. We will also find useful the below:

Fτ1...q = gταg11 · · · gqqFα1...q

= ε0

q∏
α=1

gαα
Q

ω
e−βϕ. (3.32)

Using these expressions, we can substitute F 2
m = m!F τ1...qFτ1...q into Equation

(3.5) to get:

Rµ
ν =

1

2
∂µϕ∂νϕ+ εeβϕ

(
1

2(m− 1)!
F µα2...αmFνα2...αm

− (m− 1)

2(D − 2)
δµνF

τ1...qFτ1...q

)
. (3.33)
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Those can be resolved into the following components after substituting expres-
sions (3.31) and (3.32) for F (no sum over α):

Rτ
τ = ∂0ϕ∂0ϕ+ εeβϕ

(
1

2
− m− 1

2(D − 2)

)
F τ1...qFτ1...q

=
1

2
ε0ϕ̇

2 +
1

2
εε0

(
p− 1

D − 2

) q∏
α=1

gαα
Q2

ω2
e−βϕ, (3.34)

Rα
α =

1

2
εε0

(
p− 1

D − 2

) q∏
α=1

gαα
Q2

ω2
e−βϕ, (3.35)

Ra
b = −1

2
εε0

(
q

D − 2

)
δab

q∏
α=1

gαα
Q2

ω2
e−βϕ. (3.36)

On the left hand side, we again use Equations (2.7) and (2.8), while keeping in
mind that κi

i = ġ/g = 2ω̇/ω and κ̇i
i = 2(ω̈/ω − ω̇2/ω2). In all, we get the following

equations (no sum over α):

2

(
ω̈

ω
− ω̇2

ω2

)
+

1

2
κi

jκ
j
i + ϕ̇2 + ε

(
p− 1

D − 2

) q∏
α=1

gαα
Q2

ω2
e−βϕ = 0, (3.37)

κ̇α
α + κα

α

ω̇

ω
+ ε

(
p− 1

D − 2

) q∏
α=1

gαα
Q2

ω2
e−βϕ = 0, (3.38)

κ̇a
b + κa

b

ω̇

ω
− ε

(
q

D − 2

)
δab

q∏
α=1

gαα
Q2

ω2
e−βϕ = 0. (3.39)

Taking the trace of Equations (3.38) and (3.39) and now applying the Einstein
summation convention over repeated indices, we get:

κ̇α
α + κα

α

ω̇

ω
+ εq

(
p− 1

D − 2

) q∏
α=1

gαα
Q2

ω2
e−βϕ = 0,

κ̇a
a + κa

a

ω̇

ω
− εp

(
q

D − 2

) q∏
α=1

gαα
Q2

ω2
e−βϕ = 0.

Adding both of these equations gives:

κ̇i
i + κi

i

ω̇

ω
− ε

(
q

D − 2

) q∏
α=1

gαα
Q2

ω2
e−βϕ = 0,

where i runs from 1 to q + p+ 1. Recalling that κ̇i
i + κi

iω̇/ω = 2ω̈/ω, we obtain:

ω̈ = ε
q

2(D − 2)

q∏
α=1

gαα
Q2

ω
e−βϕ. (3.40)

21



Substituting into Equations (3.37), (3.38), and (3.39), yields:

2

(
ω̈

ω
− ω̇2

ω2

)
+

1

2
κi

jκ
j
i + ϕ̇2 + 2

p− 1

q

ω̈

ω
= 0, (3.41)

κ̇α
α + κα

α

ω̇

ω
+ 2

p− 1

q

ω̈

ω
= 0, (3.42)

κ̇a
b + κa

b

ω̇

ω
− 2δab

ω̈

ω
= 0. (3.43)

We can also substitute Equation (3.40) into the scalar equation of motion (3.7):

∂τ (��ε0ωϕ̇) = ε��ε0β
1

2

q∏
α=1

gαα
Q2

ω
e−βϕ

= βε2
D − 2

q
ω̈

=⇒ ∂τ (ωϕ̇) = β

(
D − 2

q

)
ω̈. (3.44)

Equations (3.42) and (3.43) can be written as:

d

dτ
(κα

αω) = −2
p− 1

q
ω̈,

d

dτ
(κa

bω) = 2δabω̈,

which can be easily integrated to yield:

κα
α =

1

ω
θαα − 2

p− 1

q

ω̇

ω
, (3.45)

κa
b =

1

ω
θab + 2δab

ω̇

ω
. (3.46)

Evaluating κi
i gives:

κi
i =

1

ω
θii + 2

ω̇

ω
,

but κi
i = 2ω̇/ω, therefore,

θii =
∑
α

θαα +
∑
a

θaa = 0. (3.47)

Also, we can calculate κi
jκ

j
i as follows:

1

2
κi

jκ
j
i =

1

2

∑
α

(κα
α)

2 +
1

2
κa

bκ
b
a

=
1

2ω2

(∑
α

(θαα − 2
p− 1

q
ω̇)2 + θabθ

b
a + 4θaaω̇ + 4pω̇2

)

=
1

2ω2

(
θijθ

j
i −

4(p− 1)

q
ω̇
∑
α

θαα +
∑
α

4(p− 1)2

q2
ω̇2 + 4θaaω̇ + 4pω̇

)
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Plugging this back in Equation (3.41), we get:

2

ω2
(ω̈ω − ω̇2)+

1

ω2

(
1

2
θijθ

j
i −

2(p− 1)

q
ω̇
∑
α

θαα +
2(p− 1)2

q
ω̇2

−2
∑
α

θααω̇ + 2pω̇2

)
+ ϕ̇2 +

2(p− 1)

q

ω̈

ω
= 0,

which, after some algebraic manipulations becomes:

1

2
θijθ

j
i −

2(D − 2)

q

∑
α

θααω̇ +
2(D − 2)

q
(p− 1)ω̇2 +

2(D − 2)

q
ω̈ω + ϕ̇2ω2 = 0.

Finally, using Equation (3.40), we may write:

1

2
θijθ

j
i +

2(D − 2)

q

(
(p− 1)ω̇2 −

∑
α

θααω̇

)
= −ε

q∏
α=1

gααQ
2e−βϕ − ϕ̇2ω2. (3.48)

From the definition of κi
j = gikġkj , we may write the differential equations (3.45)

and (3.46) explicitly in terms of the metric components:

ġαα =
1

ω

(
θαα − 2

(
p− 1

q

)
ω̇

)
gαα, (3.49)

ġab =
1

ω
(gacθ

c
b + 2gabω̇) . (3.50)

We make the change of variables [6]:

dσ

dτ
=

1

H
, ω = σH, (3.51)

so that the equations above become:

dgαα
dσ

=
2

σ
lαgαα − 2

(
p− 1

q

)
1

H

dH

dσ
gαα, (3.52)

dgab
dσ

=
2

σ
gacλ

c
b +

2

H

dH

dσ
gab, (3.53)

where,

lα = λα
α =

1

2

(
θαα − 2

(
p− 1

q

))
, λa

b =
1

2
(θab + 2δab). (3.54)

Equations (3.52) and (3.53) admit the solutions:

gαα = εαασ
2lαH−2( p−1

q ) (3.55)

gab = hac

(
e2λ lnσ

)c
b
H2, (3.56)

with εαα = ±1, and hac constants satisfying (2.27).
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We may also write the scalar equation in the new coordinates as:

d

dσ

(
σ
dϕ

dσ

)
= β

(
D − 2

q

)
d

dσ

(
σ

H

dH

dσ

)
, (3.57)

which can be simply integrated to yield the solution:

eϕ = σsHβ(D−2
q ), (3.58)

where s is a constant.
We can then rewrite Equation (3.40) in the new coordinates, after substituting

the relevant quantities, as:

1

H2

dH

dσ
− σ

H3

(
dH

dσ

)2

+
σ

H2

d2H

dσ2

= εe−βϕ q

2(D − 2)

(
q∏

α=1

εαα

)
σ2

∑
lαH2−2p Q

2

σH
,

1

H

dH

dσ
− σ

H2

(
dH

dσ

)2

+
σ

H

d2H

dσ2

= ε
q

2(D − 2)

(
q∏

α=1

εαα

)
Q2σ2

∑
lα−βs−1H2−2p−β2(D−2

q ).

(3.59)

We can use the following ansatz to solve the equation above:

H =
(
1 + cσ2

∑
lα−βs

)γ
. (3.60)

After substituting the necessary derivatives of H, and after some tedious algebra,
we obtain:

1

H

dH

dσ
− σ

H2

(
dH

dσ

)2

+
σ

H

d2H

dσ2
= γ(2

∑
lα − βs)2cσ2

∑
lα−βs−1H− 2

γ .

Comparing with the right hand side of Equation (3.59), we have:

1

γ
= p− 1 + β2

(
D − 2

2q

)
,

γ(2
∑

lα − βs)2c = ε
q

2(D − 2)

(
q∏

α=1

εαα

)
Q2. (3.61)

We can now go back to Equation (3.48), for which we note that:

ε

q∏
α=1

gααQ
2e−βϕ = 2

(
D − 2

q

)
ω̈ω,

ϕ̇ =
1

H

dH

dσ
=

1

H

(
β

(
D − 2

q

)
1

H

dH

dσ
+ sσ−1

)
,

ϕ̇2ω2 = β2

(
D − 2

q

)2
σ2

H2

(
dH

dσ

)2

+ 2βs

(
D − 2

q

)
σ

H

dH

dσ
+ s2.
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Writing everything in the new coordinates, we get:

1

2
θijθ

j
i + 2

(
D − 2

q

)(
(p− 1)−

∑
α

θαα − σ

H

dH

dσ
2
∑
α

lα + (p− 1)
σ2

H2

(
dH

dσ

)2
)

+ 2

(
D − 2

q

)(
σ

H

dH

dσ
− σ2

H2

(
dH

dσ

)2

+
σ2

H

d2H

dσ2

)

+ β2

(
D − 2

q

)2
σ2

H2

(
dH

dσ

)2

+ 2βs

(
D − 2

q

)
σ

H

dH

dσ
+ s2

= 0.

Substituting the solution (3.60) and its appropriate derivatives into the equation
above yields after some algebra:

1

2
θijθ

j
i + 2

(
D − 2

q

)[
(p− 1)−

∑
α

θαα

]
+ s2 = 0. (3.62)

Substituting the definitions (3.54), we can rewrite the above and Equation (3.47)
as: ∑

α

lα +
∑
a

λa
a = 1, (3.63)

∑
α

l2α + λa
bλ

b
a = 1− s2

2
. (3.64)

In summary, the solutions take the form:

ds2 = H2(ε0dσ
2 + hac

(
e2λ lnσ

)c
b
dxadxb) +

q∑
α=1

εαασ
2lαH−2( p−1

q )(dxα)2,

H(p−1+β2(D−2
2q )) =

1 + ε
q
[
p− 1 + β2

(
D−2
2q

)]
2 (2

∑
α lα − βs)2 (D − 2)

Q2

(
q∏

α=1

εαα

)
σ2

∑
α lα−βs

 ,

F σ1...q = Qσ−βs−1H−β2(D−2
q )−2, eϕ = σsHβ(D−2

q ), (3.65)

along with the conditions (3.63) and (3.64), and the usual symmetry conditions on
hac (2.27).

We now a consider a metric in D = p+ q + 1 dimensions of the form:

ds2 = ε0dτ
2 +

p∑
α=1

gαα(τ)(dx
α)2 + gab(τ)dx

adxb, (3.66)

with a p-form whose only nontrivial component being F12...p = P . We resolve the
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Ricci tensor (3.33) into its components as follows:

Rτ
τ =

1

2
ε0ϕ̇

2 − εeβϕ
(

p− 1

2(D − 2)

) p∏
α=1

gααP 2, (3.67)

Rα
α = εeβϕ

(
p− 1

2(D − 2)

) p∏
α=1

gααP 2, (3.68)

Ra
b = −εeβϕ

(
p− 1

2(D − 2)

) p∏
α=1

gααP 2δab. (3.69)

Analogously to the case above, we substitute the definitions (2.7) and (2.8) to
the left hand side to obtain:

−ε0

(
ω̈

ω
− ω̇2

ω2
+

1

4
κi

jκ
j
i

)
=

1

2
ε0ϕ̇

2 − εeβϕ
(

p− 1

2(D − 2)

) p∏
α=1

gααP 2, (3.70)

−ε0
2

(
κ̇α

α + κα
α

ω̇

ω

)
= εeβϕ

(
p− 1

2(D − 2)

) p∏
α=1

gααP 2, (3.71)

−ε0
2

(
κ̇a

b + κa
b

ω̇

ω

)
= −εeβϕ

(
p− 1

2(D − 2)

) p∏
α=1

gααP 2δab. (3.72)

Taking the trace of Equation (3.72) and adding the result to Equation (3.71),
we get:

κ̇i
i + κi

i

ω̇

ω
= εε0e

βϕ

(
q(p− 1)

D − 2
− qp

D − 2

) p∏
α=1

gααP 2,

which becomes, after recognizing that κ̇i
i + κi

iω̇/ω = 2ω̈/ω:

ω̈

ω
= −εε0e

βϕ q

2(D − 2)

p∏
α=1

gααP 2. (3.73)

Substituting this into Equations (3.70), (3.71), and (3.72), the equations of mo-
tion become:

ω̈

ω
− ω̇2

ω2
+

1

4
κi

jκ
j
i +

1

2
ϕ̇2 +

p− 1

q

ω̈

ω
= 0, (3.74)

κ̇α
α + κα

α

ω̇

ω
− 2

ω̈

ω
= 0, (3.75)

κ̇a
b + κa

b

ω̇

ω
+ 2δab

p− 1

q

ω̈

ω
= 0. (3.76)

Equations (3.75) and (3.76) can be written as:

d

dτ
(κα

αω) = 2ω̈,

d

dτ
(κa

bω) = −2δab
p− 1

q
ω̈,
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which can then be integrated to yield:

κα
α =

1

ω
(θαα + 2ω̇), (3.77)

κa
b =

1

ω
(θab − 2

p− 1

q
δabω̇). (3.78)

From this, we can find:

κi
i =

1

ω
(
∑
α

θαα +
∑
a

θaa) + 2
ω̇

ω
,

and remembering that κi
i = 2ω̇/ω, we get:∑

α

θαα +
∑
a

θaa = 0. (3.79)

We rewrite Equation (3.74) as follows:

D − 2

q

ω̈

ω
− ω̇2

ω2
+

1

4

(∑
α

(κα
α)

2 + κa
bκ

b
a

)
+

1

2
ϕ̇2 = 0,

which, upon substituting Equations (3.77), (3.78), and Equation (3.73), gives the
final expression:

1

2
θijθ

j
i + 2

(
D − 2

q

)
[(p− 1)ω̇2 − θaaω̇] +

(
ϕ̇2 − εε0e

βϕ

p∏
α=1

gααP 2

)
ω2 = 0. (3.80)

Knowing that κi
j = gikġkj , we may rewrite the Equations (3.77) and (3.78) as:

ġαα =
1

ω
(θαα + 2ω̇)gαα, (3.81)

ġab =
1

ω
(gacθ

c
b −

2(p− 1)

q
gabω̇). (3.82)

Making the same change of variables (3.51), the equations above become:

dgαα
dσ

=

(
2

σ
nα +

2

H

dH

dσ

)
gαα, (3.83)

dgab
dσ

=
2

σ
gacλ

c
b − 2

(
p− 1

q

)
1

H

dH

dσ
gab, (3.84)

where,

nα = λα
α =

1

2
(θαα + 2), λa

b =
1

2
(θab − 2

p− 1

q
δab). (3.85)

The solutions for these equations take the form:

gαα = εαασ
2nαH2, (3.86)

gab = hac

(
e2λ lnσ

)c
b
H−2( p−1

q ). (3.87)
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The scalar Equation of motion (3.7) reads:

∂τ (ϕω̇) = −β

(
D − 2

q

)
ω̈, (3.88)

and in the new coordinates become:

d

dσ

(
σ
dϕ

dσ

)
= −β

(
D − 2

q

)
d

dσ

(
σ
d

dσ
lnH

)
, (3.89)

which can be simply integrated to give the solution:

eϕ = σsH−β(D−2
q ). (3.90)

We can then rewrite Equation (3.40) in the new coordinates, after substituting
the relevant quantities, as:

1

H

dH

dσ
− σ

H2

(
dH

dσ

)2

+
σ

H

d2H

dσ2

= −εε0
q

2(D − 2)
P 2

(
p∏

α=1

εαα

)
σβs−2

∑
nα+1H2−2p−β2(D−2

q ).

(3.91)

Define a new parameter l as:

l = 1−
∑
α

nα, (3.92)

To solve Equation (3.91), we use the ansatz:

H = (1 + cσ2l+βs)γ. (3.93)

We substitute the necessary derivatives of H, and after some algebra we obtain:

1

H

dH

dσ
− σ

H2

(
dH

dσ

)2

+
σ

H

d2H

dσ2
= γc(2l + βs)2σ2l+βs−1H− 2

γ .

Comparing with the right hand side of Equation (3.91), we have:

1

γ
= p− 1 + β2

(
D − 2

2q

)
, (3.94)

γc(2l + βs)2 = −εε0
q

2(D − 2)
P 2

(
p∏

α=1

εαα

)
. (3.95)

We can now go back to Equation (3.80), which we can write as:

1

2
θijθ

j
i + 2

(
D − 2

q

)[
(p− 1)ω̇2 +

∑
α

θααω̇

]
+ ϕ̇2ω2 + 2

(
D − 2

q

)
ω̈ω2 = 0,
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and we note that:

ϕ̇2ω2 = β2

(
D − 2

q

)2
σ2

H2

(
dH

dσ

)2

− 2βs

(
D − 2

q

)
σ

H

dH

dσ
+ s2,

which would give us:

1

2
θijθ

j
i + 2

(
D − 2

q

)(
(p− 1) +

∑
α

θαα − 2l
σ

H

dH

dσ
+ (p− 1)

σ2

H2

(
dH

dσ

)2
)

+ 2

(
D − 2

q

)(
σ

H

dH

dσ
− σ2

H2

(
dH

dσ

)2

+
σ2

H

d2H

dσ2

)

+ β2

(
D − 2

q

)2
σ2

H2

(
dH

dσ

)2

− 2βs

(
D − 2

q

)
σ

H

dH

dσ
+ s2

= 0.

Substituting the solution (3.93) and its appropriate derivatives, we get:

1

2
θijθ

j
i + 2

(
D − 2

q

)[
(p− 1) +

∑
α

θαα

]
+ s2 = 0, (3.96)

which when substituting the definitions (3.85), the equation above and Equation
(3.79) become:

λi
i =

∑
α

nα +
∑
a

λa
a = 1, (3.97)

λi
jλ

j
i =

∑
α

(nα)
2 + λa

bλ
b
a = 1− s2

2
. (3.98)

In summary, the solutions take the form:

ds2 = H2(ε0dσ
2 +

p∑
α=1

εαασ
2nα(dxα)2) + hac

(
e2λ lnσ

)c
b
H−2( p−1

q )dxadxb,

H(p−1+β2(D−2
2q )) =

1− εε0
q
[
p− 1 + β2

(
D−2
2q

)]
2(D − 2)(2l + βs)2

P 2

(
p∏

α=1

εαα

)
σ2l+βs

 ,

F1...p = P, eϕ = σsH−β(D−2
q ), (3.99)

along with the conditions (3.97) and (3.98), and the symmetry conditions on hac

(2.27).

3.4 Solutions That Reduce in Vacuum to the ω = 1 Case

We consider the metric (3.30) with the (q+1)-form whose only non-trivial component
F τ1...q given by Equation (3.31). We now make a different change of variables:

dχ

dτ
=

1

ω(χ)
. (3.100)
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It follows that ω̇ = (lnω)′ and ω̈ = (1/ω)(lnω)′′, where the prime denotes
differentiation with respect to χ. Then, Equations (3.49) and (3.50) become:

g′αα = θααgαα − 2

(
p− 1

q

)
ω′

ω
gαα, (3.101)

g′ab = gacθ
c
b + 2gab

ω′

ω
, (3.102)

whose solutions are easily obtained as:

gαα = εααω
−2( p−1

q )eθ
α
αχ, (3.103)

gab = hacω
2
(
eθχ
)c

b
. (3.104)

The scalar equation of motion (3.44) in the new coordinates becomes:

ϕ′′ = β

(
D − 2

q

)
(lnω)′′, (3.105)

which can be easily integrated to give the solution:

eϕ = esχωβ(D−2
q ), (3.106)

where s is a constant. Also, Equation (3.40) becomes:

(lnω)′′ = ε
q

2(D − 2)

(
q∏

α=1

εαα

)
Q2eχ(θ

α
α−βs)ω2−2p−β2(D−2

q ). (3.107)

Letting

2l =
∑
α

θαα, (3.108)

we use the following ansatz to solve Equation (3.106):

ω = (1 + µe(2l−βs)χ)
1
γ . (3.109)

From this, we find:

lnω =
1

γ
ln (1 + µe(2l−βs)χ),

(lnω)′ =
1

γ

µ(2l − βs)e(2l−βs)χ

1 + µe(2l−βs)χ
,

(lnω)′′ =
1

γ
µ(2l − βs)2e(2l−βs)χω−2γ.

Comparing with the right hand side of Equation (3.107):

γ = p− 1 + β2

(
D − 2

2q

)
, (3.110)

µ = ε
q
[
p− 1 + β2

(
D−2
2q

)]
2(D − 2)(2l − βs)2

Q2

(
q∏

α=1

εαα

)
. (3.111)
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Equation (3.48) becomes:

1

2
θijθ

j
i + 2

(
D − 2

q

)
((p− 1)(lnω)′2 − 2l(lnω)′) +

(
D − 2

q

)
(lnω)′′ + ϕ̇2ω2 = 0,

and note that:

ϕ̇2ω2 = ϕ′2 = β2

(
D − 2

q

)2

(lnω)′2 + 2βs

(
D − 2

q

)
(lnω)′ + s2,

which when substituted into the equation above yields:

1

2
θijθ

j
i + 2

(
D − 2

q

)
((p− 1)(lnω)′2 − 2l(lnω)′) +

(
D − 2

q

)
(lnω)′′

+ β2

(
D − 2

q

)2

(lnω)′2 + 2βs

(
D − 2

q

)
(lnω)′ + s2 = 0

Substituting the expressions for (lnω)′ and (lnω)′′, and doing the necessary
algebra, gives the final expression:

θijθ
j
i = −2s2. (3.112)

In summary, the solutions take the form:

ds2 = ω2(ε0dχ
2 + hac

(
eθχ
)c

b
dxadxb) +

q∑
α=1

εααω
−2( p−1

q )eθ
α
αχ(dxα)2,

ω(p−1+β2(D−2
2q )) =

1 + ε
q
[
p− 1 + β2

(
D−2
2q

)]
2(D − 2)(2l − βs)2

Q2

(
q∏

α=1

εαα

)
e(2l−βs)χ

 ,

F χ1...q = Qe−βsχω−2−β2(D−2
q ), eϕ = esχωβ(D−2

q ), (3.113)

with the conditions (3.47), (3.112) and the symmetry conditions on hac (2.27).
We can now move on to the second metric (3.66) with a p-form whose only

nontrivial component being F12...p = P . Equations (3.81) and (3.82) become:

g′αα = (θαα + 2
ω′

ω
)gαα, (3.114)

g′ab = gacθ
c
b − 2

(
p− 1

q

)
gab

ω′

ω
, (3.115)

whose solutions are given by:

gαα = εααe
θααχω2, (3.116)

gab = hac

(
eθχ
)c

b
ω−2( p−1

q ). (3.117)

The scalar equation of motion (3.88) transforms to:

ϕ′′ = −β

(
D − 2

q

)
(lnω)′′, (3.118)
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which admits the solution:
eϕ = esχω−β(D−2

q ), (3.119)

with s being a constant. Additionally, letting 2l = −
∑

θαα Equation (3.73) be-
comes:

(lnω)′′ = −εε0
q

2(D − 2)

(
p∏

α=1

εαα

)
P 2e(2l+βs)χω2−2p−β2(D−2

q ). (3.120)

This is solved by the same ansatz as before, so we shall omit the details of the
calculations and present the final solution as:

ω = (1 + µe(2l+βs)χ)
1
γ , (3.121)

with,

γ = p− 1 + β2

(
D − 2

2q

)
, (3.122)

1

γ
µ(2l + βs)2 = −εε0

q

2(D − 2)

(
p∏

α=1

εαα

)
P 2. (3.123)

Since the calculations are also identical in this case, Equation (3.80) simply
reduces to:

θijθ
j
i = −2s2. (3.124)

Therefore, the solutions take the form:

ds2 = ω2

(
ε0dχ

2 +

p∑
α=1

εααe
θααχ(dxα)2

)
+ hac

(
eθχ
)c

b
ω−2( p−1

q )dxadxb,

ω(p−1+β2(D−2
2q )) =

1− εε0
q
[
p− 1 + β2

(
D−2
2q

)]
2(D − 2)(2l + βs)2

(
p∏

α=1

εαα

)
P 2e(2l+βs)χ

 ,

F1...p = P, eϕ = esχω−β(D−2
q ), (3.125)

along with the conditions (3.79) and (3.124), as well as the symmetry conditions
(2.27).

3.5 Example Solutions

In this section, we will recover some of the solutions we introduced in chapter 1, then
move on to provide example solutions in some 10-dimensional and 11-dimensional
supergravity theories.

We first consider Equation (3.65) with the following choices: ε = 1, D = 4, q =
1, p = 2 (i.e. Einstein-Maxwell-Dilaton theory), along with a diagonal λ whose
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eigenvalues are a, b ∈ R. These choices lead to the following solution:

H1+β2

= 1 +
1 + β2

4(2l − βs)2
Q2ε3 3σ

2l−βs,

eϕ = σsH2β,

F σ3 = Qσ−1−βsH−2(1+β2),

ds2 = H2(ε0dσ
2 + ε1 1σ

2a(dx1)2 + ε2 2σ
2b(dx2)2) + ε3 3σ

2lH−2(dx3)2. (3.126)

Further, letting σ = r, x1 = t, x2 = z, x3 = ϕ with the choices ε0 = 1, ε1 1 =
−1, ε2 2 = 1, ε3 3 = 1, as well as the parameter choices a = b = s = 0, l = 1,
we exactly recover the Dilaton-Melvin solution (1.13). On the other hand, letting
σ = t, x1 = x, x2 = y, x3 = z with ε0 = −1, ε1 1 = 1, ε2 2 = 1, ε3 3 = 1, and
keeping the same parameter choices as above, we exactly recover the Dilaton-Melvin
cosmology (1.14).

We now consider 11-dimensional supergravity with bosonic action [16]:

SM/M∗ =

∫
d11x

√
g
(
R− ε

48
F 2
4

)
− 1

6

∫
C3 ∧ F4 ∧ F4, (3.127)

where F4 = dC3, ε = 1 in M-theory, and ε = −1 in M*-theory. Since in our
solutions, we assume that F4 has only one non-vanishing component, this implies
the vanishing of the Chern-Simons term in the action, and we are left with:

SM/M∗ =

∫
d11x

√
g
(
R− ε

48
F 2
4

)
. (3.128)

M-theories were found to exist in signatures (10,1), (9,2), and (6,5), and mirror
M*-theories were found in signatures (1,10), (2,9), and (5,6) [16]. We will also be
considering solutions in the following theories: 10-dimensional type IIA, type IIA*,
type IIB, type IIB*, and type IIB’ supergravity. The bosonic actions in the Einstein
frame are given by [16]:
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SIIA =

∫
d10x

√
g

(
R− 1

2
gµν∂µϕ∂νϕ− 1

12
e−ϕH2

3

−1

4
e

3
2
ϕF 2

2 − 1

48
e

1
2
ϕF 2

4

)
− 1

2

∫
B2 ∧ F4 ∧ F4 + . . . , (3.129)

SIIA∗ =

∫
d10x

√
g

(
R− 1

2
gµν∂µϕ∂νϕ− 1

12
e−ϕH2

3

+
1

4
e

3
2
ϕF 2

2 +
1

48
e

1
2
ϕF 2

4

)
+

1

2

∫
B2 ∧ F4 ∧ F4 + . . . , (3.130)

SIIB =

∫
d10x

√
g

(
R− 1

2
gµν∂µϕ∂νϕ− 1

12
e−ϕH2

3

−1

2
e2ϕF 2

1 − 1

12
eϕF 2

3 − 1

240
F 2
5

)
+ . . . , (3.131)

SIIB∗ =

∫
d10x

√
g

(
R− 1

2
gµν∂µϕ∂νϕ− 1

12
e−ϕH2

3

+
1

2
e2ϕF 2

1 +
1

12
eϕF 2

3 +
1

240
F 2
5

)
+ . . . , (3.132)

SIIB′ =

∫
d10x

√
g

(
R− 1

2
gµν∂µϕ∂νϕ+

1

12
e−ϕH2

3

+
1

2
e2ϕF 2

1 − 1

12
eϕF 2

3 +
1

240
F 2
5

)
+ . . . , (3.133)

where H3 = dB2 is the field-strength of the NS-NS 2-form gauge field B2 and
Fm+1 = dCm+ . . . is the field strength for the RR m-form gauge field Cm. Note that
the IIB, IIB*, and IIB’ actions are supplemented by the condition F5 = ∗F5.

To get these actions to a form similar to the action (3.1), we must set all but one
gauge field to zero. This will still yield a solution to the full theory, since setting
some gauge fields to zero is a consistent truncation of supergravity [19].

To begin with the examples, we present a solution in M/M* theory with action
(3.128), which can be thought of as an 11-dimensional Melvin solution but with a
4-form instead of a 2-form. Plugging into Equation (3.65) the values D = 11, q =
3, p = 7, β = 0, and setting ϕ = 0 to remove the dilatonic contribution, as well as
letting λ be diagonal with eigenvalues λ4 4, λ5 5, . . . , λ10 10, we get:

H =

(
1 +

εQ2

4(
∑3

α=1 lα)
2

(
3∏

α=1

εαα

)
σ2

∑3
α=1 lα

) 1
6

,

F σ123 =
Q

σ
H−2,

ds2 = H−4

3∑
α=1

εαασ
2lα(dxα)2 +H2

(
ε0dσ

2 +
10∑
a=4

εaaσ
λaa(dxa)2

)
, (3.134)
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with the conditions (3.63) and (3.64) becoming:

3∑
α=1

lα +
10∑
a=4

λaa = 1,
3∑

α=1

(lα)
2 +

10∑
a=4

(λaa)
2 = 1. (3.135)

Now consider the action:

S =

∫
d10x

√
g

(
R− 1

2
gµν∂µϕ∂νϕ− ε

12
eβϕG2

3

)
, (3.136)

where ε = ±1, β = ±1, and G3 is a stand-in for either the NS-NS field H3 or the
RR field F3. For different choices of (ε, β,G3), this action admits solutions in all
the theories (3.129)-(3.133). For example, (ε, β,G3) = (1,−1, H3) represents the
NS-NS sector of type IIA* supergravity (3.130), (ε, β,G3) = (1, 1, F3) represents the
RR sector of type IIB supergravity (3.131), (ε, β,G3) = (−1,−1, H3) represents the
NS-NS sector of type IIB’ supergravity (3.133), and so on. We will also present here
the solution (3.65) for a diagonal λ. In this case, we have D = 10, q = 2, p = 7:

H =

(
1 +

ε

(2
∑2

α=1 lα − βs)2
Q2

(
2∏

α=1

εαα

)
σ2

∑2
α=1 lα−βs

) 1
8

,

F σ12 = Qσ−1−βsH−6,

eϕ = σsH4β,

ds2 = H−6

2∑
α=1

εαασ
2lα(dxα)2 +H2

(
ε0dσ

2 +
9∑

a=3

εaaσ
2λaa(dxa)2

)
, (3.137)

with the conditions:

2∑
α=1

lα +
9∑

a=3

λaa = 1,
2∑

α=1

(lα)
2 +

9∑
a=3

(λaa)
2 = 1− s2

2
. (3.138)

These solutions can be thought of as generalized Dilaton-Melvin solutions. Next
consider the action:

S =

∫
d10x

√
g

(
R− 1

2
gµν∂µϕ∂νϕ− ε

8
e

3
2
ϕF 2

2

)
, (3.139)

which describes part of the RR sector for type IIA (3.129) and IIA* (3.130) super-
gravities. The example which will follow will be of Equation (3.99), with the added
twist that in additional to a diagonal λ, the parameters n1 and n2 are complex con-
jugates, so that they are n1 + in2 and n1 − in2. In this case, D = 10, p = 2, q =
7, β = 3

2
, and taking ε1 1 = ε2 2 = ε1, we have:

H =

(
1− εε0ε1

4

P 2

(3
2
s+ 1− 2n1)2

σ
3
2
s+2(1−2n1)

) 7
16

,

eϕ = σsH− 12
7 , (3.140)
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with the conditions:

2n1 +
9∑

a=3

λaa = 1, 2n2
1 − 2n2

2 +
9∑

a=3

(λaa)
2 = 1− s2

2
. (3.141)

The metric in this case needs some work to become a valid metric; left in its
original form, it reads:

ds2 = H2
(
ε0dσ

2 + ε1
[
σ2(n1+in2)(dx1)2 + σ2(n1−in2)(dx2)2

])
+H− 2

7

9∑
a=3

εaaσ
2λaa(dxa)2,

but it can be put into real form via a complex change of variables
x1 → (1/

√
2)(x1 − ix2) and x2 → (1/

√
2)(x1 + ix2), which obtains:

ds2 = H2
(
ε0dσ

2 + ε1σ
2n1

[
cos (2n2 ln

σ

α
)((dx1)2 − (dx2)2)

+ 2 sin (2n2 ln
σ

α
)dx1dx2

])
+H− 2

7

9∑
a=3

εaaσ
2λaa(dxa)2, (3.142)

where α is an arbitrary constant. There is nothing special about the nα to be
chosen as complex conjugates; in fact we may choose any number of pairs of lα, nα,
or eigenvalues of λ and make them complex conjugates. The current setup was
chosen for ease of computation.

Finally, we discuss λ beyond the simply diagonal. The most general form for
λ, up to a linear coordinate change, is a Jordan normal form. According to [20],
the number of possible Jordan forms for an n × n matrix is given by the number
of partitions of the partitions of n. This is given by the sequence [21, A001970],
of which the first eleven terms are a(1) = 1, a(2) = 3, a(3) = 6 a(4) = 14, a(5) =
27, a(6) = 58, a(7) = 111, a(8) = 223, a(9) = 424, a(10) = 817, a(11) = 1527. As
is clear, it progressively becomes unmanageable to list all the possible Jordan forms,
and as such, we will give a single example of a λ in Jordan form.

We consider an action of the form:

S =

∫
d10x

√
g

(
R− 1

2
gµν∂µϕ∂νϕ− ε

48
e

1
2
ϕF 2

4

)
. (3.143)

Just like the previous action we discussed, this action describes part of the RR
sector for type IIA (3.129) and IIA* (3.130) supergravities. Again, we make the
choice F1234 = P , i.e. we have to use Equation (3.99). In this case, D = 10, p =
4, q = 5, β = 1

2
, which would yield:

H =

(
1− εε0

4(1
2
s+ 1−

∑4
α=1 nα)2

P 2

(
4∏

α=1

εαα

)
σ

1
2
s+2(1−

∑4
α=1 nα)

) 5
16

,

eϕ = σsH− 4
5 . (3.144)
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Now in this case, λ is a 5× 5 matrix, which we will take to be:

λ =


a 1 0 0 0
0 a 1 0 0
0 0 a 0 0
0 0 0 b 0
0 0 0 0 c

 , (3.145)

with a, b, c ∈ R. The conditions (3.97) and (3.98) on the parameters become:

3a+ b+ c+
4∑

α=1

nα = 1, 3a2 + b2 + c2 +
4∑

α=1

(nα)
2 = 1− s2

2
. (3.146)

Recall that the metric will have the final form:

ds2 = H2

(
ε0dσ

2 +
4∑

α=1

εαασ
2nα(dxα)2

)
+H− 6

5hac

(
e2λ lnσ

)c
b
dxadxb.

The task then is to determine he2λ lnσ, given that h = hT and hλ = λTh. First
notice that λ = A+B, where

A =


a 0 0 0 0
0 a 0 0 0
0 0 a 0 0
0 0 0 b 0
0 0 0 0 c

 , B =


0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 . (3.147)

It can be shown that [A,B] = 0, so that e2λ lnσ = e2A lnσe2B lnσ. Knowing this,
we may write:

e2A lnσ =


σ2a 0 0 0 0
0 σ2a 0 0 0
0 0 σ2a 0 0
0 0 0 σ2b 0
0 0 0 0 σ2c

 , (3.148)

and note that:

B2 =


0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , B3 = 0,

which would imply that e2B lnσ = I + 2B lnσ + 2B2 ln2 σ, yielding:

e2B lnσ = B =


1 2 lnσ 2 ln2 σ 0 0
0 1 2 lnσ 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 . (3.149)
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Multiplying (3.148) and (3.149) gives the desired result:

e2λ lnσ = B =


σ2a 2σ2a lnσ 2σ2a ln2 σ 0 0
0 σ2a 2σ2a lnσ 0 0
0 0 σ2a 0 0
0 0 0 σ2b 0
0 0 0 0 σ2c

 . (3.150)

All that is left is to constrain the h matrix by imposing the condition hλ = λTh,
which would give the following matrix of constants:

h =


0 0 c1 0 0
0 c1 c2 0 0
c1 c2 c3 0 0
0 0 0 c4 0
0 0 0 0 c5

 , (3.151)

where c1, c2, . . . , c5 ∈ R. The final result is obtained via multiplication of (3.151)
and (3.150):

he2λ lnσ =
0 0 c1σ

2a 0 0
0 c1σ

2a 2c1σ
2a lnσ + c2σ

2a 0 0
c1σ

2a 2c1σ
2a lnσ + c2σ

2a 2c1σ
2a ln2 σ + 2c2σ

2a lnσ + c3σ
2a 0 0

0 0 0 c4σ
2b 0

0 0 0 0 c5σ
2c

 .

(3.152)

The metric will finally take the form:

ds2 = H2

(
ε0dσ

2 +
4∑

α=1

εαασ
2nα(dxα)2

)
+H− 6

5

[
c1σ

2a(2dx5dx7 + (dx6)2) + 2σ2a(2c1 lnσ + c2)dx
6dx7

+ σ2a(2c1 ln
2 σ + 2c2 lnσ + c3)(dx

8)2 + c4σ
2b(dx9)2 + c5σ

2c(dx10)2, (3.153)

with H and ϕ given by Equations (3.144), and the conditions on the parameters
given by (3.146).
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Chapter 4

Discussion and Conclusion

In this thesis, we presented one-variable solutions in arbitrary space-time dimensions
and signature in theories described by actions which progressively incorporated more
fields. We first found solutions in vacuum in the context of ordianry general relativity
(chapter 2). We made a central point of discussion the exposition of the “missed”
Kasner solutions, i.e. the solutions for which ω = 1, and we provided examples
of these solutions in 4 dimensions. This distinction between vacuum solutions for
which ω = τ and ω = 1 guided us towards finding additional classes of solutions in
the subsequent chapter.

Afterwards, in chapter 3, we presented the equations of motion in “Einstein-
Dilaton-Gauge” theories, and presented the method for analytically finding their
one-variable solutions first for a vanishing gauge field and then for two specific choices
of non-trivial gauge fields. In the last part of the thesis, through the presentation of
example solutions, we expanded on the utility of these solutions in relation to the
bosonic sector of various supergravity theories.

A promising direction for future work involves incorporating multiple gauge fields
into the action simultaneously. Another possibility is to introduce potential func-
tions that depend on the dilaton, although it is uncertain whether a substantial class
of such potentials would allow for analytical solutions. Additionally, there may exist
transformations capable of generating two-variable solutions from the one-variable
solutions we have identified. Such an approach has been successfully applied, for
instance, to vacuum solutions in [4].

For the choice ϵ = −1, our solutions correspond to phantom form fields, which
have intriguing implications in cosmology, as discussed in [22]. Additionally, the
solutions we have developed may find valuable applications in string cosmology,
particularly in the study of time-dependent string backgrounds and pre-big-bang
scenarios [23]. If some of these solutions allow for a cosmological interpretation,
it would be worthwhile to explore mechanisms that could generate isotropy at late
times, especially since these solutions are predominantly anisotropic. This concept
has been previously examined in the context of string cosmologies with magnetic
fields, as detailed in [24].
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Appendix A

Proof of the Symmetry
Conditions

Recall that the matrix exponential in Equation (2.26) is defined in terms of a Taylor
series expansion:

eλτ =
∞∑
k=0

1

k!
λkτ k. (A.1)

Thus, Equation (2.26) can be rewritten in the form:

gij = hil

∞∑
k=0

1

k!

(
λk
)l
j
τ k. (A.2)

By the symmetry of the metric, it satisfies the equation gij − gji = 0, which
translates upon substituting the above results to:

hil

∞∑
k=0

1

k!

(
λk
)l
j
τ k − hjl

∞∑
k=0

1

k!

(
λk
)l
i
τ k = 0,

which upon factorization turns into:

∞∑
k=0

1

k!

(
hil

(
λk
)l
j
− hjl

(
λk
)l
i

)
τ k = 0. (A.3)

This can only be identically zero if all the coefficients vanish. For k = 0, this
takes the form:

hij = hji, (A.4)

and for k = 1,
hilλ

l
j = hjlλ

l
i, (A.5)

which are the component forms of the equations h = hT and hλ = (hλ)T . Of course,
more generally we have hλk = (hλk)T , but those become less useful for constraining
h for k > 1.
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Appendix B

Riemann Tensor Code

Below is the Python script used to calculate the Riemann tensor components for
the metric (2.29):

1 import pytearcat as pt

2 t, x, y, z = pt.coords('t,x,y,z')

3 a, b, c, d = pt.con('a', 'b', 'c', 'd')

4

5 ds = 'ds2 = -dt**2 + 2*a*dx*dy + (a*t + b)*dy**2 \

6 + 2*c*dy*dz + d*dz**2'

7

8 g = pt.metric(ds)

9

10 R = pt.riemann()

11 R.display("^,_,_,_")
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