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ABSTRACT
OF THE 'THESIS OF

Mohammad Hisham Fakhredin for Master of Science
Major: Physics

Title: Metrics Depending on One Variable in D-Dimensional Einstein-Dilaton-
Gauge Theories

This thesis investigates one-variable solutions in D-dimensional Einstein-Dilaton-
Gauge theories, which are gravitational theories with anti-symmetric tensors and a
coupled dilaton field. We focus on finding exact solutions to Einstein’s field equations
with and without matter fields. Vacuum solutions are derived systematically in
synchronous coordinates for arbitrary spacetime signature and dimensions. These
results are extended to incorporate gauge and dilaton fields, producing families of
solutions within Einstein-Dilaton-Gauge theories. We identify novel generalizations
of the Kasner metric and related solutions, that reduce to vacuum solutions with
w=,/g =7 orw=1. Finally, example solutions are provided in the bosonic sector
of various supergravity theories.
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CHAPTER 1

INTRODUCTION

This thesis will be structured as follows: in chapter 1, we begin with a review of the
literature relevant to the results presented in the body of the thesis. Chapter 2 will
be dedicated to finding the most general vacuum solutions to Einstein’s equations
in one-variable and in arbitrary signature. Finally, in chapter 3 we present general-
izations to those solutions in low-energy effective theories in string theory, which we
shall call Einstein-Dilaton-Gauge theories in analogy with Einstein-Maxwell-Dilaton
theory. We use ‘Gauge’ to denote a gauge field in this context.

1.1 Kasner Metric

The metric that will form an important part of our discussion in the rest of this
thesis is the Bianchi I metric [1]:
ds? = —dr® + 7% (da')? + 722 (da®)? + 77 (d2”)?, (1.1)

with the constants a; satisfying the conditions:

ay +as+az =aj+a;+a;=1. (1.2)

In the literature, (1.1) is referred to as the Kasner metric [2]. As in the original
account of Kasner [2], this metric can be written in arbitrary space-time signature
as [3]:

ds® = eo7?d7r? + £17" (da")? + eo72 (da?)? + e372 (da®)?, (1.3)

where ¢, = &1, and the exponents satisfy the conditions:
ay + as +as = ag + 1, a%—l—agjta%:(ao—l—l)? (1.4)

By choosing the appropriate €, and setting ag = 0, we recover the metric (1.1).
In [3], it was pointed out that Kasner did not consider the case where ag + 1 = 0.
In chapter 2, we consider, as in [1], vacuum solutions in arbitrary dimension and
signature corresponding to the metric:

ds® = egdr® + g, (7)dx'da’. (1.5)



These solutions contain as a special case the metric (1.1), as well as similar non-
diagonal solutions, satisfying the condition w = /g = 7, where g = |det(g;;)|. We
also present an account—and examples—of the “missed” Kasner solutions, which
will satisfy the condition w = 1 [5]. Generalizations of these solutions to Einstein-
Maxwell theory with a specific choice of the electromagnetic field strength tensor
were derived in [6]. Moreover, specific generalizations of the Kasner solution into
theories with form gauge fields and a dilaton field were considered in [7].

1.2 Scalar-Kasner Solution

In [3], solutions for gravity with a scalar field as described by the action:

1
S = /d4x\/§ <R - §g“”8ﬂqﬁ&,¢) , (1.6)
were considered. The equations of motion are given by:
V,.Vt¢ =0, (1.7)
1
R;LV = 5 M¢8V¢' (18)

A particular solution obtained in the case of one-variable dependence is the
following [3]:

d82 — —d7'2 + 7_2(11 (dCCl)Q + 7_2(12 (de)Q + 7_2(13 (d$3)2,
¢=slnr, (1.9)
with the exponents satisfying the conditions,
2

a; +as +az =1, a?—i—a%jt&%:l—%. (1.10)

As can be seen, if s = 0 the Kanser metric (1.1) is recovered. We will call the
family of solutions with non-zero s the “scalar-Kasner” solutions, and as we will see
in chapter 3, we will recover these solutions as a special case of a more general class
of one-variable solutions with a scalar field.

1.3 Melvin and Generalized Melvin Solutions

Another important class of one-variable solutions, but within Einstein-Maxwell the-
ory, is the Melvin solution [6, 9, 10]:

2

ds* = f2(r)(—dt* +dr* + dy®) + fg—md¢2,
o @ - Q°
Frée = el f=1+ Er% (1.11)



for which [10] established a correspondence with the anisotropic Melvin cosmology
[0, 10]:

2

ds® = f2(t)(—dt* + dz’® + dy®) + f2—(t)dz2’
pre = @ f:1+—2t2 (1.12)
tf2’ 16 ‘

where @ is a constant in both cases. In [0], solutions were found via a general analysis
of the equations of motion of Einstein-Maxwell theory. Also, in [10], these solutions
were found using generating methods with seed solutions from general relativity and
Einstein-Maxwell theory [11, 12]. Additionally, in Einstein-Maxwell-Dilaton theory
and using the aforementioned scalar-Kasner solution as a seed solution, generating
methods can be used to find the Dilaton-Melvin solution (1.13) which can then be
analytically continued into the anisotropic Dilaton-Melvin cosmology (1.14) [10, 13]:

2

ds* = f2(r)(—dt* + dr* + dz*) + T—ngQ,
() )+ 750
pro= Dyt oo
,
2
f1+52 =14+ 1 + 6 Q27”2, (113)
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2

ds® = f2(t)(—dt* + dz® + dy®) + 720 dz?,
:_ Qo oa4se
Fts — ?f 2(1+8 )7 e — f267
2 1+ B2
=14 J{—G/BQQtQ, (1.14)

where @) is a constant, and [ is a coupling constant. Again, we will find these
solutions as a special case of the solutions we develop in chapter 3.

1.4 Generalization to Solutions in Supergravity

In [14] and [15], generalizations of the Melvin solutions (1.11) and (1.12) were found
in N = 2 supergravity coupled to vector multiplets in four and five dimensions. In
this thesis, we further explore this research direction by finding such generalized
solutions in theories which arise as truncations of the bosonic sector of various
supergravity theories; specifically, we will find one-variable solutions in arbitrary
space-time dimension and signature for theories that are described by the action:

S = / d°z\/g (R - %gwamayqs - %WF@) , (1.15)



where ¢ = £1, m € N, and f € R. As mentioned before, we will call theories
described by this action Einstein-Dilaton-Gauge theories for ease of reference. The
solutions we develop will be relevant to 11-dimensional supergravity with a four-
form, and to many 10-dimensional supergravity theories including type ITA, type
ITA*, type IIB, type IIB*, and type IIB’ supergravity [16].



CHAPTER 2

VACUUM METRICS IN SYNCHRONOQUS
COORDINATES FOR ARBITRARY
SIGNATURE

2.1 Christoffel Symbols, Riemann and Ricci Tensors
A “synchronous” metric is of the form:
ds® = eod7? + 9ij (7)dx'da?, (2.1)

In what follows, Latin indices indicate the exclusion of the 7 coordinate, whereas
Greek indices include it. The inverse metric has the components ¢ = ¢, and g%
such that g*g,; = ¢’;. Using these, we find the following Christoffel symbols:

4 1 i
r k= 59 (ajgak + akgaj - aagjk)
1 .

= _§gw¢ a9k

1 T
= _59 9k = 0,

T 1 T
Ik =59 (0i9ak + OkGaj — Oalir)
1

= —5€00r g

1.
- _§€Ogjk7

T 1 Ta
I T 59 (aTgaT + a‘I'ga‘r - aOégT‘r)
=0,



1

FTT@' = égTa(aTgai + 8igoc7 - aagm')

1 1.
= —¢70-q.. + =¢0q..
59" 0rgri + 597 Orgjq

=0,

, 1 .
FZT’T = Egza(aTgozT + 87'9(17’ - 80497'7')
=0,

% 1 (2o}
r T §g (aTgozj + ajgom' o aagrj)

1

= §gika‘rgkj

L k.
259 Gk -

Using the notation k;; = g,;, and raising and lowering indices using g;; and g,
the only non-vanishing Christoffel symbols are:

We may also find the components of the Riemann tensor via the formula:
Rpa;w = 8MFpVU - a’/rpmr + pr)\FAVU - sz/)\FAua (23)

The only non-vanishing components of the Riemann tensor given the Christoffel
symbols above are:

Ry = 07 = O + T\, = T T
= 0 Iy, — FTleln‘
1 1 1

= 37(—550/€ki) - (—§€oﬁk1)(§"€li)

€0 1 I .
:5 5’%“%_’%1‘ )

= 7y = T 1Ty

1, 1 1, 1
= (5“ k)(—§50“lj) - (5"3 z)(_§50“kj)
€0/ 4 i



% _ % % % A ) A
RTjT_ajFTT_aTFjT+FjAF TT_FT)\F T
— 7 % A
- _aTFjT_FTAF T
1 1

- —07(%%) = (GRW(5AY)

Ll Lk
=75 Iij—|—§/€kl-€j .

We can also rewrite these results solely in terms of the metric tensor simply by
substituting in the definition of x;:

€0 1 Im - - .
Ri=—1{59" mi — ki | » 24
itk = 5 (29 gki9 Ik ) (2.4)
i L .. L.
RTjT = _59 Ikj — Zg Gkj, (2.5)
" €o ip . - im - .
Ry = 1 (9 Papldr; — 9 gmkglj) . (2.6)

Keeping in mind that x%; = g”g;; = d(Ing)/dr, where g = |det(g;;)|, we may
find in a similar fashion the components of the Ricci tensor as follows:

RTT = aaraﬂ' - 87']‘_\047'04 + Faaﬁrﬁﬂ' - FaTBFBozT

1 . 1 . .
= _aq—(§f€zl) - ZHZJI‘{/],L
IR ST A
= 2/@ 4/£j/-i i

R, = 0.1, — 0,1, + 1,5 b — Fa@ﬁrﬁai
=0,

_ o o o B a 1B
_ T l T l T
- aTF ij +T lTF ij r iTF lj

= —550/%- — 150/1 1Kij §€0K,i/€lj
1 . 1
By raising indices, we may also write:
RTT = gTTRTT
1.. 1 . .
_ ) v ,.J
= 50(—5’% - Z“ it i) (2.7)
and
i o d

= —2—\@5(\/57“3)- (2.8)
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2.2 Standard Vacuum Solutions in 4 Dimensions

In vacuum, the Einstein equations reduce to R, = 0, so the equations we need to
solve become:

. 1 . .
K 4 5%2/&- =0, (2.9)
1d ,
- LY =0. 2.1
(VR =0 (2.10)
The methods used to solve the equations above are adapted from [17]. From
Equation (2.10), we get
K/Z.:—)\Z. — ,‘{;zi:—, 211
1= NG (2.11)
where \’; are constants with the choice X’; = 1. Now note that '; = % = \/lg, S0 we
have: : 9
J- = (2.12)
9 V9
Now note from Equation (2.9):
d [ 2 L2\
— (= )+=—=) NN, =0
dr \\/9 2\ V9 J
g2
LV
but replacing Equation (2.12), we get:
2 2 . .
—_ + _)\Zj>\‘j,i - 0
9 g 4
If we go back term by term to Equation (2.9), we find:
. N\ 2
i g <9)
g g
1, ;, 122 2 1(9)2
e S I
2 29vV9 9 2\y
Thus, Equation (2.9) reduces to:
. 1 SN\ 2
g_- (g) = 0. (2.13)
9 2\yg

We can make the substitution w = /g, which reduces the above equation to

2\/gw =0, or
w =0, (2.14)



whose general solution is w = a + br. In [17], it is argued that by an affine
reparametrization we may write w = 7, but that ignores the possibility that a =
1,b =0, which we will discuss in later sections.

Assuming w = 7, we may cast Equation (2.11) in the form:

. 2
Jik = ;)‘jigjk' (2.15)

Different solutions to this equation depend on the eigenvalues of the
A matrix [1]. If we have three real distinct eigenvalues a,b, and ¢ then from the
constraints on A in the diagonal basis we conclude:

a+b+c=1
A+ +E =1,

and the system of differential equations simplifies to:

(. 2a
g11 = —J11

T

) 2b
922 = — (@22

T

. 2c
g33 = — 333,

\ T

whose solutions (setting multiplicative constants to 1) are clearly g1, = 72%, gao =
72 g33 = 72¢. Hence, we obtain the well-known Kasner metric [2],

ds? = godr? + 72%dx* + 720 dy? + 72°d27. (2.16)

We could also consider the case where A has complex eigenvalues:

0 0 b—1c
Now, when plugged back into the conditions on the parameters, a, b, and c satisfy:

a+2b=1
a’ +20* — 22 =1,

and the system of differential equations reduces to,

(. 2a
g1 = —4du1
T
) 2b + 2ic
g2 = ——— (022
T
. 2b — 2ic
g3z = ———033,
\ T

12



whose solutions are given by:

gi1 = T2

o = ArHTEe = 72 (cos (2¢In Z) + isin (2¢In Z))
« «

g33 = Ar?Te = 72 <cos (2¢In Z) —isin (2¢ln Z)) :
« o

If we apply a complex change of variables 9 = y 4+ iz and x3 = y — iz as had
been done in [18], we get the following real metric:

ds® = godr* + 72dx® + 7% cos (2cIn Z)(dy2 — d2*) + 2% sin (2cIn Z)alyalz. (2.17)
a a

This leaves us with a final possibility for A in which two of the roots are repeated.
We know that in that case, the matrix A can be put into the form:

a =Tk
A=10
0

ot O O

a
0
where k is a positive constant. The system of differential equations becomes (after
considering the symmetries of the metric):

(. 2a
g = 7(911 + kgio)

. 2a
g12 = —43g12
T

. 2b
g33 = —3gs3.
\ T

We can choose k such that 2ak = 1, and then the solutions for these equations
are gs3 = 72, g1o = 72, and g1; = £7**In (7/a). Thus, the metric becomes

ds? = eodr? + e,720 I Lda? + 2r%dady + 720d22, (2.18)
«

where ¢; = 1.

2.3 Vacuum Solutions for w = 1 in 4 Dimensions

In this section we consider the second case mentioned previously: w = /g = 1
[5]. We have some changes to the constant matrix X’;. First, Equation (2.10) now
implies that £’; = 2)\; and since x'; = §/g = 0, we get

N = 0. (2.19)
Also, given that £, = 0, Equation (2.9) implies
NN, =0, (2.20)

13



By substituting the definition of x’; into the equation x'; = 2X;, we get the
differential equations for the components of the metric (and absorbing the factor of
2 into the constant matrix): A

Jix = A]igjk' (2.21)

Suppose A is diagonalizable, then in some coordinate system:

aq 0 0
A= 0 a9 0
0 0 as

If X satisfies Equations (2.19) and (2.20), then we have

CL1+CL2+CL3:O
ai + a3+ a3 = 0.

These can only be satisfied non-trivially by introducing complex numbers. Let-
ting a; = a + ib, ay = a — b, and ¢ = —2a, we see that the equations above are
satisfied only if b = av/3. Thus, we have the following form of \:

1+ivV3 0 0
A=a 0 1—iv3 0
0 0 -2

This leads to the system of equations (all other terms are vanishing):

g1 = a(l+ i\/g)gn
o2 = a(1 — iV/3) g2
33 = —2agss,
which have the trivial solutions:
g = v’ (cos (aV/37) +isin (a\/§7)>
Gag = €7 (cos (aV/37) — isin (a\/37)>
gsz = e 2.
Therefore, we have the metric below:
ds® = eod7? + €°7 (cos (aV/37) +isin (a\/gT)) (dz')?
+ e <COS (aV/37) — isin (ax/&‘)) (dz*)? + e 27 (d2®)%. (2.22)

We can make a complex change of coordinates ' = u + v, 2 = u — iv, and

23 = 2 [3], which gives us the real metric:

ds? = eod7? + 2 cos (aV/37)[du? — dv?] — 4e® sin (aV/37)dudv + 27 d2?,

14



which can be rewritten by absorbing a factor of v/2 into du and dv respectively as

[]:
ds? = eodr? + € cos (aV/37)[du® — dv?] — 2¢%" sin (aV/37)dudv + e~ 27 dz%. (2.23)

We can also look at the trivial solution a; = as = a3 = 0. In this case, the matrix
A can be put into Jordan normal form, depending on the geometric multiplicity (GM)
of the eigenvalue 0. For example, if the GM is 1, the matrix A takes the form:

010
A=10 0 1], (2.24)
000
and if the GM is 2, it takes the form:
010
A=10 0 0]. (2.25)
0 00

In the case that GM = 3, we just recover the trivial zero matrix which is of no
interest.

In these forms, A still satisfies Equations (2.19) and (2.20), but now that these
matrices are not diagonal, the system of differential equations governing the metric
components is not as simple. It is then more convenient to write the solution of
Equation (2.21) in matrix exponential form:

k
j

9i; = hiy (e)‘T) (2.26)

where h,. is a matrix of constants whose determinant is £1. By imposing the
symmetry of the metric, we find that

h=h" and kA= (RN, (2.27)

with the proof given in Appendix A.
Starting with A as given in Equation (2.24), the symmetry conditions (2.27) force
h to take the form:

0 0 Co
h=10 ¢ ¢ |,
Cho C1 C2

where cg, ¢1, co are arbitrary constants.
Remembering that |h| = £1, this yields ¢y = £1. Keeping with our convention,
we will rename ¢y — £; = £1 which would give the final expression for h as:

0 0 &1
h = 0 g1
€1 G C

15



Now, we would like to calculate e*”. Calculating the powers of \, we find that:

A2 =

O O O
o O O
OO =

and \* = 0 for k > 2. Hence, e’ = I + A7 + A\?72/2, which yields:

2

1
e)\T — O
0

S = 3
l—ﬂ\]w|

Combining these results, we end up with the final expression for the metric
resulting from this choice of A:

2
ds® = eodr? + 2e1dxdy + e, dy* + 2(e17 + ¢1)dydz + (81% + 1T+ cp)dZ? (2.28)

We verified that this metric is not flat by calculating its Riemann tensor compo-
nents using the Pytearcat GR Python package (See Appendix B for a similar script).
We note that this solution was not considered in [5]. Now we turn to A as given by
Equation (2.25). Again, applying the symmetry conditions (2.27), the matrix h is
restricted to:

0 Co 0
h=1{c a e,
0 Co C3

with ¢, ¢1, ¢2, c3 being constants satisfying:

0 Co 0
Ch C1 Cof = +1.
0 Cy C3

This case is much simpler, as \¥ = 0 for k& > 1, which implies that e’ = I + A\r.
As such, eV is given by:

1 70
eM=101 0],
0 0 1
and the final metric is given by:
ds® = eodr? + 2codxdy + (coT + c1)dy? + 2cadydz + c3dz?. (2.29)

The metric (2.29) turns out to be the flat Minkowski metric in an unusual co-
ordinate system. We used the Pytearcat GR Python package to verify that the
Riemann tensor vanishes in all its components (see Appendix B).

16



CHAPTER 3

SOLUTIONS IN
EINSTEIN-DILATON-GAUGE THEORIES

3.1 Equations of Motion

We consider an action of the form:
1 €
— D T = ,B¢F2 1
S /d /g (R 59 0,60,¢ 5l m) , (3.1)
where ¢ = +1, m € N, and € R. We first vary the action with respect to g"":
5S = /de L i g (R = Lorgane — ——esop2
2 i 2 “ 2m! m
g (R - o,00,0 - — = _p . peson
g g iz 2 12 v 2(m _ 1)' Ho...0op <V :
Ignoring boundary terms and setting 65 = 0, we get thet EFE:

1
g

1 1
R Rg/u/ = éau¢aV¢ - Zguyaa¢aa¢

1 1
B r F o2wom .~ g 2 3.2
+ ce (2(m _ 1)' HO2...00m — V 4m!gulj m) ( )

Taking the trace of this equation yields:

1 2m — D
— —p _ PP F2
R 2(9 $0n — ce ml(D—2) ™ (3.3)
which when substituted back into Equation (3.2) gives:

1 1 (m —1)
R = =8,00, L pozeam _ T2 g2 3y
w = 50n00,0 + e (2(m— 1)1 Hezom Ty 2oml(D — 2)7m"m (34)

We can write this in a more useful form by raising the index p on both sides:

[He2-am [ (m - 1)
!

2m — 1)1 vog..com m&j}ﬂi) . (3:5)

RH, = %a%ayqs +ee <

17



Next, we write Fj;, = F#oz-emf,  and we note that F,,,

We now vary the action with respect to 4., , :

= 8[#‘4

€ Q9...Qm
55 = = [y P, 64, )

2l / P 0u(\/ge  FI* )6 A, o

-~ 2m)!

which when setting 05 = 0 results in the second equation of motion:
0, (y/ge’® Froz-om) = (.

Lastly, we vary the action with respect to ¢:
08 = /de {—\/ﬁﬁu(égb)@“gb - ;—Wfl\/ﬁeﬁ‘ﬁfﬂiégb}
= / dPx {Ou(\/ﬁa“gb) — ;—z!\@eﬂw@} 5.
Setting 0S5 = 0 yields the final equation of motion:

0,(V/506) = o G,

3.2 Non-Diagonal Scalar-Kasner Solutions

@...0m]"

(3.6)

(3.7)

We begin by solving the equations of motion for a non-trivial dilaton field and a
vanishing gauge field. The aim is to generalize the diagonal Scalar-Kasner solution
presented in chapter 1 to non-diagonal solutions. The equations of motion (3.4) and

(3.7) become (with w = ,/g):

1
R,uu - éa,u¢al/¢a
Oy (wdg) = 0.
We consider a metric of the form:
ds® = eodr® + g;;(1)da'da’ |
with 4,7 =1,2,..., D — 1. We can raise one index on equation (3.8) to get:
1
RMV - éﬁ“gbayqb

Now, taking ¢ = ¢(7), we resolve the Ricci tensor into its components:

1 .
RTT = §€0¢27

18



which become upon the substitution of Equations (2.7) and (2.8):

L, 1, 5 1.

éﬁi‘i‘zﬁjﬁ]i‘i_égé :07 (314)
a,
E(w/@j) = 0. (3.15)

Knowing that &, = 2(&0/w — w?/w?), we can write the equations as:

oWt 1, . 1.,

i, W
Keeping in mind that s, = 2w/w, taking the trace of Equation (3.17) yields:
o =0, (3.18)

for which, as in chapter 2, the two inequivalent solutions that should be considered
are w = 7 and w = 1. Before proceeding further with the metric, we note that the
scalar equation of motion (3.9) can be rewritten as:
.S
= —, 3.19
=2 (319
where s € R. For w = 7, this admits the solution ¢ = sln7, and for w = 1, it
admits the solution ¢ = s7.
Now going back to the metric, notice that Equation (3.15) is the same as Equa-
tion (2.10). So the differential equations in the metric tensor will be completely the
same, that is for w = 7:

) 2.
Ry = X, (3.20)
: 2

with %, = 1, just as in Equation (2.15). As for the case w = 1, we get:
K =X, (3.22)
= g = Nigr, (3.23)
with A\, = 0, just as in Equation (2.21). The one difference with chapter 2 lies in

the fact that Equation (3.16) contains a contribution from the dilaton, so we get
modified conditions on A’;\;, which will look as follows:

i \J Lo
AN =1— 35 for w=r, (3.24)
)\ij)\jz- = —25%, for w=1. (3.25)
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Afterwards, solving Equations (3.21) and (3.23) is straightforward:

nT !
ij = hy (€7) Iy for w=r, (3.26)
!
i = hy (€™7) I for w=1, (3.27)

with h;; in both cases being a matrix of constants satisfying the symmetry conditions
(2.27). For completion, the metric and scalar field for the case w = 7 have the final
form:

ds® = godr* + hy (e”lm)lj dz'dx?
¢ =sln, (3.28)
and for the case w = 1 they are:
ds? = eqdr? + hy ()", d'da?,
¢ = sT. (3.29)

Choosing g = —1 and a diagonal A for the metric in Equation (3.28) reproduces
the diagonal Scalar-Kasner solution [8] that we presented in chapter 1 in Equation
(1.9).

3.3 Solutions That Reduce in Vacuum to the w = 7 Case

We now allow for a non-trivial gauge field. Consider a metric of the form:

q
ds® = 20dr® + ) go (T)(dz®)? + g, (7)da"da®, (3.30)

a=1

where a,b = q+1,...,q+p+1, with D = ¢+p+1. Supposing we have a (¢+1)-form
whose only non-trivial component is F™'¢, we can solve the equation of motion (3.6)
for F' to yield:

ao(weﬁd)FTl...q) -0
s priea = @oto (3.31)
w
where as usual w = /g and @ is a constant. We will also find useful the below:

Ffl...q = G9ra911 " gqual...q
q
Q _
=&y H gaa;e Bd). (332)
a=1

Using these expressions, we can substitute F, = m!F™9F_  into Equation
(3.5) to get:

1 1
RY, = 5060, + e (—2 RS

2 m — 1) vag...0im,
(m — 1) o Tl...q
TR 2)5 SR ) (3.33)
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Those can be resolved into the following components after substituting expres-
sions (3.31) and (3.32) for F' (no sum over «):

1 m—1
R :aO O Bo [ = FTl"'qF
T ¢ 0¢ +ce 9 2(D _ 2) Tl...q
1 ., 1 p—1\ ¢ Q*
= §€0¢2 + 5550 (m) Hgmﬁe Bd), (334)
a=1
o _ 1 _(pP-1\77. @ _
R a — 5550 (D _ 2) Hgaaﬁe ﬁ¢7 (335)
a=1
o _ 1 ¢ 17, @ -
R% = —5%0 <m) 5% Hgaaﬁe hg. (3.36)
a=1

On the left hand side, we again use Equations (2.7) and (2.8), while keeping in
mind that k%, = ¢/g = 2w/w and &%, = 2(0/w — w? /w?). In all, we get the following
equations (no sum over «):

5 O w? L, i p—1\ T Q" sy _

o) i e (g ) e fge =0 6a7)
o e @ (PN, @y 3.38
I{a_‘_"ioé;—i_g m Ol_llgaoz?e - ( )

. q 2
-a a W q a Q —B¢ _
ffb—kfibz—e(—D_Q)ébgnge = 0. (3.39)

Taking the trace of Equations (3.38) and (3.39) and now applying the Einstein
summation convention over repeated indices, we get:

. q 2
a 0 W p—1 Q" s

J— 8 — —_— prm—
ma—i-ffaw—i- q(D—2>II1ga°‘w2€ )

w q : Q2 Bé
..a a 2 S - =0.
'%a_‘_’{‘aw gp(D_Q)Illgaawge

Adding both of these equations gives:

) LW q 4 Q2 86
Gt be —e | =—— || —e =0
/{Z—{_KJZW (D_2>algww2€ ’

where ¢ runs from 1 to ¢ + p + 1. Recalling that /%, + x%,w/w = 20 /w, we obtain:

q
A - H g Q—ze’ﬁd’. (3.40)
2(D—=2) 127" w
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Substituting into Equations (3.37), (3.38), and (3.39), yields:

. .2 1 1
2(‘—"—”—)+ L a2l =19 (3.41)
W w? 2 q w
. TG
o 4o Lol T2 g, (3.42)
w g w
e 4 ——20%—=0. 3.43
’fb“"fbw % (3.43)

We can also substitute Equation (3.40) into the scalar equation of motion (3.7):
) 1 Q2
D, — - X B9
(swe) = 26 L[lgaa e
D -2,
&
q

— 0, (wd) =p <¥) . (3.44)

= 552

Equations (3.42) and (3.43) can be written as:

o = —go P ¥ (3.45)
w q w
1 w
@ = —0% +26% —. 3.46
Ry = 0% + b (3.46)
Evaluating k', gives:

but k!, = 2w/w, therefore,
=> 6%+ ) 6, =0 (3.47)

Also, we can calculate £;+7; as follows:

_K/./{/.:—Z + /{b/{b
_L Z(ea _213;12 a nb a - -2
= o W) 4 0%,6°, + 46, w + dpw
q

1 i g 4(p_1) «a 4(]3_1)22 a - .
=75 (@%-Twz&:e ”27“ +46% & + 4po
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Plugging this back in Equation (3.41), we get:

1. . 2(p—1 2(p —1)?
ezjgji_ (pq )w28aa+ (p )w2

w? w2\ 2 q

2 1
= (Gw — &*)+ (
@ -2 o 2p-1Dw
—226’ w2007 | "+ ——— =0,
which, after some algebraic manipulations becomes:

2(D — 2)

1y 2(D—-2) o - 2, 2(D—2)
S0t - geaw p (p— 1)w?+

Finally, using Equation (3.40), we may write:

ww + ¢52w2

= 0.

1, 2(D—2) -2 a - - 2,—Bp _ 12 2
56’j93i+— ((p—l)w —za:@ aw) :_5}_[19%@ e P’ — ot . (3.48)

q

From the definition of x’; = ¢**¢, ;, we may write the differential equations (3.45)

and (3.46) explicitly in terms of the metric components:

1 —1
gaa = - <0aa -2 (p > w) Yaas
w q

) 1 . .
Gap = a (gace b + 29abw) :

We make the change of variables [0]:

do 1
E—E, (U—O'H7

so that the equations above become:

dg,. 2 p—1\ 1dH
Woa _ 2 g, —2 (2=
o q

do H do Joe
dg b 2 2 dH
do Jgac bt H do Jab:
where,
o 1 o p— 1 a 1 a a
la:)\a:§<6a—2(7>), >\b:§(9b+25b>

Equations (3.52) and (3.53) admit the solutions:

Goo = Eauo e H25T)

Gy = hac (€2Aln0)cb H2,
with e, = 1, and h,, constants satisfying (2.27).
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We may also write the scalar equation in the new coordinates as:

d do B D—2\ d o dH
%("%)WT )%(ﬁ%)’ (3.57)

which can be simply integrated to yield the solution:
et = o7 5), (3.58)

where s is a constant.
We can then rewrite Equation (3.40) in the new coordinates, after substituting
the relevant quantities, as:

1 dH o (dH 2+ o d’H
H?do H3 \ do H? do?

Bé q - 25 o 7722 Q2
— — aH —«p_v
92 [z )0 oH’

1 dH a(dH)2 o d®H

Hdo H?\do H do?

: gﬁ <ﬁl 5““) o e A S
(3.59)
We can use the following ansatz to solve the equation above:
H = (1+ea?>b72). (3.60)

After substituting the necessary derivatives of H, and after some tedious algebra,
we obtain:

1dH o (dH\® o d®H )
- _ | == _ — 2 la o 2 QZla—Bs—le;‘
H do H2(do) i dpr = 122 o= Bs)eo

Comparing with the right hand side of Equation (3.59), we have:
1 D -2
o (22),
gl 2q
q
2 q 2
’)/(2216!—68) C—éfm (gcfaa) Q . (361)
We can now go back to Equation (3.48), for which we note that:
q
D -2
€ gaaQ2€7B¢ =2 (—> C:)UJ,
11 ;
. 1dH 1 D—-2\ 1dH 1
‘b—E%_E(ﬁ( p )E%*S" >

: D —2\? 02 [dH\? D—2\ odH
2 2 _ 02 = = s et =~ Rl 2
dm_ﬁ( q )H2<d0> +258( q >Hd0+8'
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Writing everything in the new coordinates, we get:

L D—2 N o dH dH
g+ (222) <(p_1>_¥e ek (w))
D -2 ocdH o® (dH 02d2H
12— ) 5= — = [ — +——
q Hdo H? \ do H do?

D—2 dH\* D -2\ o dH
2 Dl 2 Rl 2
+ﬂ(Q)H2(d)+6S<Q>Hd0+S
=0.

Substituting the solution (3.60) and its appropriate derivatives into the equation
above yields after some algebra:

1. D -2 .
éejeﬂim(T) [@—1)—20 .

Substituting the definitions (3.54), we can rewrite the above and Equation (3.47)
as:

s* = 0. (3.62)

Sl ) N, =1, (3.63)
SR, =1 % (3.64)
In summary, the solutions take the form:

ds® = H*(godo® + hy, (€M), da®da®) +ngg2la A2 (deey?,

a=1

p—1+5%( 52 [_1—'—62( ﬂ 25 la—Bs
e e L (Hgaa>aza w)

Fo‘l...q — QO'_BS_IH_ﬁQ(%)_z, e¢ — O'SH’8<T7)7 (365)

along with the conditions (3.63) and (3.64), and the usual symmetry conditions on
hge (2.27).
We now a consider a metric in D = p + ¢ + 1 dimensions of the form:

ds® = eodr? +Z Goo (T)(dz®)? + g, (T)da"da®, (3.66)

a=1

with a p-form whose only nontrivial component being F}, , = P. We resolve the
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Ricci tensor (3.33) into its components as follows:

I Bé p—1 : 2

T - _ _ & - OCOCP .

R T 250¢ ge (2(D — 2)) O!llg ) (3 67)
-1 d

@ B aa p2

R®, =ce (< 2))”5} P, (3.68)
1 P

RY, = —eeP? ( ) | | g P25, (3.69)

Analogously to the case above, we substitute the definitions (2.7) and (2.8) to
the left hand side to obtain:

oo 1, 5\ 1, p—1 \ 1
SR (e T P Y SRR\ (U i o p2 3.70
5o<w w2+4“a“z) RS0 —ee (Q(D—Q))gg - 370
€0 w p—l P
_ 0 [ pa a7 ) =Pt aa p2 3.71
e (e ) = (2@_))}19 , (3.71)
€0 w p—l -
<0 . a a\ _ __ B ¥ - aa P2 ca
) (H, b—l—/fbw) = —¢ce (2(D—2)>}_[19 P25, (3.72)

Taking the trace of Equation (3.72) and adding the result to Equation (3.71),
we get:

. 3 (':' 3(}5 Q(p
. —+ P = OtOzPQ
R R EEpE ( D ) | | qg

which becomes, after recognizing that &, + ' w/w = 20 /w:
. p
Yo eqge® L TT g P 3.73
- ggpe 2(D—2)£Ilg . (3.73)

Substituting this into Equations (3.70), (3.71), and (3.72), the equations of mo-
tion become:

O w1, . 1., p—1&
B e U N 4
5 w2+4f£j/<cl+2¢+ — 0, (3.74)
/:@aa pre Y 9% 2, (3.75)

w w

1w
2(5“——:0. 3.76
/fb—Hib + p— (3.76)

Equations (3.75) and (3.76) can be written as:

dT(KI W) = 20w,

d p—1
oy~ _gga P
dT(K bw) b q W,
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which can then be integrated to yield:

1
K, = a(eaa + 2w), (3.77)
1 p—1
¢ =—(0%Y —2——0%w). 3.78
K w( b q b)) ( )
From this, we can find:
1 w
= — 0> 0* 2—
sOMAED SR

and remembering that ', = 2w/w, we get:
> oo+ 60, =0 (3.79)

We rewrite Equation (3.74) as follows:

D—-2u & 1 )
q E_E—FZ(Z(K )+/<Lb/<d >—|— ¢_O

«

which, upon substituting Equations (3.77), (3.78), and Equation (3.73), gives the
final expression:

1 D-2 , . . L
S0 +2 (T) [(p — 1)w® — 0%,&] + (¢2 — e [ [ 9 P2> w? = 0. (3.80)

a=1

Knowing that /{ij = g““gkj, we may rewrite the Equations (3.77) and (3.78) as

(0%, 4 20) G e (3.81)
2(p—1)

oo =

EI*—‘EIH

gab - (gacecb - gabw>' (382)

Making the same change of variables (3.51), the equations above become:

dg 2 2 dH
22 = o , 3.83
dg, 2 p—1\ 1dH
— 2 = — A\ — 2 3.84
do O_.gac ( q ) H do 5 YGab> ( )
where,
a 1 a a 1 a p— 1 a
The solutions for these equations take the form:
Goey = Eau0 " H?, (3.86)
Gap = hge (20, 20T, (3.87)
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The scalar Equation of motion (3.7) reads:

Or(pw) = ,8( p 2> @, (3.88)

and in the new coordinates become:

do ( zzlf) B _@( . 2) % (a% lnH) : (3.89)

which can be simply integrated to give the solution:
¢t = o7 (57), (3.90)

We can then rewrite Equation (3.40) in the new coordinates, after substituting
the relevant quantities, as:

1 dH a(d_]—l>2 o d’H

do H do?

p
_ q 2 Bs—2 Y na+1 pp2—2p—42 (L2
= 680—2<D—2)P (alzllaaa> o w8 (P52)
(3.91)

Define a new parameter [ as:
[=1-) n, (3.92)

To solve Equation (3.91), we use the ansatz:
H = (1+ co®P)7, (3.93)

We substitute the necessary derivatives of H, and after some algebra we obtain:

_ 2 _2l+pBs—1
Hdo IE\do ) THdpz ~ 1CRLE B e

1 dH o d_H 0d2H
Hd

Comparing with the right hand side of Equation (3.91), we have:

D-2
:p—1+52( % ) (3.94)

ve(20 + Bs)? = —seoﬁfﬂ (};[1 aaa> : (3.95)

We can now go back to Equation (3.80), which we can write as:

1. D—2 D—2
5050 +2 (T) [(p —1)a? + za:@aaw 2w + 2 (T) Gw? =0,
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and we note that:

: D —2\?%¢? (dH\? D -2\ o dH
2 .2 02 - il - -~ el 2
prwt =5 ( q ) HQ(dO') 2BS( q )Hda+5’

which would give us:

1, D—2 o dH o2 (dH\?>
gy 4o Z—= —1 Eja—z—— )= (=
03+ ( p )<(p 2 gt )H2<da>>

07

D—2\(ocdH o2 (dH\® o?d®H
+2 ——— =] + ==
q Hdo H? \ do H do?

D—2\? 02 [dH\? D—2\ o dH
2 - = s o o -~ e 2
+ﬁ( q ) H2<d0> 268( q >Hd0+8

=0.

Substituting the solution (3.93) and its appropriate derivatives, we get:

1. D—2 .
gejefﬁz(T) [(p—l)—l—;@ .

which when substituting the definitions (3.85), the equation above and Equation

(3.79) become:
Np=) nat+ Y M, =1, (3.97)

82

NN = (na)® + A%\, =1 - 7 (3.98)

+52 =0, (3.96)

o

In summary, the solutions take the form:
p
ds* = H*(eodo® + 3 £,00%" (d2®)?) + by, (2100)°, H 2T ) davda,

a=1
qlp—1+p5 (57 r
2[<D ~2)(2 E ;s>>2] : (11 g““) )

D—2)

- P, = H P, (3.99)

H(p_1+ﬂ2(DT;2)) =11-—c¢eg

F

1..p

along with the conditions (3.97) and (3.98), and the symmetry conditions on h,,
(2.27).

3.4 Solutions That Reduce in Vacuum to the w =1 Case

We consider the metric (3.30) with the (¢+1)-form whose only non-trivial component
FT1 given by Equation (3.31). We now make a different change of variables:
dx 1
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It follows that w = (Inw)" and & = (1/w)(Inw)”, where the prime denotes
differentiation with respect to x. Then, Equations (3.49) and (3.50) become:

1\ W
g/aa = eaagaa - 2 (p—> igaa, (3101)

q w

/ c w,
b = 9acs + 290 (3.102)
whose solutions are easily obtained as:

Goo = Eaqu 25T )%, (3.103)
oy = hae® (€7¥)%, - (3.104)

The scalar equation of motion (3.44) in the new coordinates becomes:

D -2
" =p (—) (Inw)”, (3.105)
4q
which can be easily integrated to give the solution:
e = esxwﬁ<¥), (3.106)

where s is a constant. Also, Equation (3.40) becomes:

(Inw)” = (H 5M> Q%eX(0%a=5s) W (P, (3.107)

Letting

=> 0%, (3.108)
we use the following ansatz to solve Equation (3.106):

w= (14 peP=8x)5. (3.109)

From this, we find:
1
Inw = —In(1+ pe®Px),
’Y

(21—-Bs)x
(lnw) == L2 68; ,
ol 1+ Me( Bs)x

1
(lnw)” N ( ﬁ5> (21-Bs) wa2'y

Comparing with the right hand side of Equation (3.107):

o , (D —2
y=p—1+p (—2q ) (3.110)

uzgq [p_HﬁQ <D2_;2>}Q2 <ﬁ5w>. (3.111)

2(D — 2)(21 — Bs)?
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Equation (3.48) becomes:

%Hijé?ji +2 <¥) (p—D(Inw)? —2(Inw)") + (%) (Inw)” + ¢*w? =0,

and note that:
: D —2\? D -2
P*w? = ¢? = B2 (—) (Inw)”? + 28s (—) (Inw)’ + 5%,
q q
which when substituted into the equation above yields:

30,042 (222) (- me? - 210men) + (222 tmoy

2
+ 82 (?) (Inw)? +28s (#) (nw) +5* =0

Substituting the expressions for (lnw)’ and (Inw)”, and doing the necessary
algebra, gives the final expression:

ini 2
Qjﬁji = —25°. (3.112)
In summary, the solutions take the form:
q
ds® = w’(godx® + hy, ()", dz"da®) + Z 8aaw_2(p71)eeaax(d:ca)2,
a=1
. q|p—1+p (E)] “
(P—H‘ﬂQ(DTqQ)) — 1|1 [ 2q 2 (21—PBs)x
v D)@ g ¢ [l ) ’
a=1
Fxlea — Qe‘ﬁsxw_Z_ﬁ(%), e? = esxw5(¥), (3.113)

with the conditions (3.47), (3.112) and the symmetry conditions on h,, (2.27).
We can now move on to the second metric (3.66) with a p-form whose only
nontrivial component being Fy, , = P. Equations (3.81) and (3.82) become:

/

Too = (0% + 200 (3.114)
p—1 W
"= a0 — 2| —— — 3.115
G ab 9acV b ( q >gabw7 ( )
whose solutions are given by:

Gue = Ean’ “Xw?, (3.116)

Gap = hge (%), w2(57). (3.117)

The scalar equation of motion (3.88) transforms to:
D -2
" =—p (—) (Inw)”, (3.118)
q
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which admits the solution:

e? = esxw_ﬁ(¥), (3.119)
with s being a constant. Additionally, letting 20 = — )" 6%, Equation (3.73) be-
comes:

q P 29 52 D—-2
(Inw)” = —€€Qm Hew PReiBs)x 22— (552) (3.120)
a=1

This is solved by the same ansatz as before, so we shall omit the details of the
calculations and present the final solution as:

w = (1 + pe@+ox)y, (3.121)
with,
D—2
=p—1+8*—= 122
v=p-145t(22)), (3.122)
1 q P
“u(21 2 - —egg—n—— P2, 12
,yu( + ﬁS) EEp 2(D _ 2) <01;[1 60404) (3 3)

Since the calculations are also identical in this case, Equation (3.80) simply
reduces to: o
0',0°; = —2s°. (3.124)

Therefore, the solutions take the form:
P -
ds* = w? (50dx2 + Z éaaeeaax(dxa)2> + h,, (eex)cbw_2(7>dx“dxb,

a=1
S (2] /e
waww»_l_%f@ "\ s ( %prmwx,
1

2(D — 2)(21 + Bs)?

a=

F,=P ¢ =ew?(%) (3.125)

along with the conditions (3.79) and (3.124), as well as the symmetry conditions
(2.27).

3.5 Example Solutions

In this section, we will recover some of the solutions we introduced in chapter 1, then
move on to provide example solutions in some 10-dimensional and 11-dimensional
supergravity theories.

We first consider Equation (3.65) with the following choices: e =1, D =4, ¢ =
1,p = 2 (i.e. Einstein-Maxwell-Dilaton theory), along with a diagonal A whose
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eigenvalues are a,b € R. These choices lead to the following solution:
1+ 52 2 2l—fBs
4(2l _ 65)262 €330 )
e? = o H?,
FO’3 _ QO'_l_BSH_2(1+’B2),
ds® = H*(godo? + £110%(da')? + 29907 (d2?)?) + £330 H*(d2*)?.  (3.126)

HY™P =1 4

Further, letting o = r, ' = t, 22 = 2, 2® = ¢ with the choices g9 = 1, ;1 =
—1, 99 = 1,e33 = 1, as well as the parameter choices a = b = s = 0,1 = 1,
we exactly recover the Dilaton-Melvin solution (1.13). On the other hand, letting

=tot = 2,22 =y, 2% = 2z withgg = —1,611 = 1,690 = 1,633 = 1, and
keeping the same parameter choices as above, we exactly recover the Dilaton-Melvin
cosmology (1.14).

We now consider 11-dimensional supergravity with bosonic action [10]:

SM/M* :/dux\/_ (R——F2> 6/03/\F4/\F4, (3127)

where Fy = dC3, ¢ = 1 in M-theory, and ¢ = —1 in M*-theory. Since in our
solutions, we assume that Fj; has only one non-vanishing component, this implies
the vanishing of the Chern-Simons term in the action, and we are left with:

S = / Az, /g (R . —F2> (3.128)

M-theories were found to exist in signatures (10,1), (9,2), and (6,5), and mirror
M*-theories were found in signatures (1,10), (2,9), and (5,6) [16]. We will also be
considering solutions in the following theories: 10-dimensional type ITA, type ITIA*,
type IIB, type IIB*, and type IIB’ supergravity. The bosonic actions in the Einstein
frame are given by [10]:
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1 1
Siia = / d"z\/g <R — §g/wauqb&,¢ — E6—4511@.?

1 1 1
_Zeiaﬁ}m_@ewm) 2/BQ/\F4/\F4+..., (3.129)
10 1 v 1 —¢ 172
SIIA* = d l’\/g R_ﬁgu augb@ ¢—E€ H3
letemy Lo L L (B AR AR+ (3.130)
4 48 2 2T R '
1 1
Siip = / d"z\/g <R — §g’“’3u¢3,,¢ - Ee*%ﬁf2
1oy 1 1
— e F2 — — 2 3.131
26 1 12 3 240 5> 9 ( )

1 1
Stpr = /dl%\/g <R - 59”1/3#(1551/(? - E€_¢H§

L gyo, 1 2 |
—eF e’ F + —F, . 3.132
TR T e s T ot ’ (3.132)

1 1
SIIB’ = /dlol’\/g <R - §gwj quaygb + E€_¢H§

1 1 1

+§€2¢F12 o e?F + %Fg) - (3.133)

where H3 = dB, is the field-strength of the NS-NS 2-form gauge field B, and

F,1 =dC,,+...1is the field strength for the RR m-form gauge field C,,. Note that
the IIB, IIB*, and IIB’ actions are supplemented by the condition F5 = *F5.

To get these actions to a form similar to the action (3.1), we must set all but one
gauge field to zero. This will still yield a solution to the full theory, since setting
some gauge fields to zero is a consistent truncation of supergravity [19].

To begin with the examples, we present a solution in M/M* theory with action
(3.128), which can be thought of as an 11-dimensional Melvin solution but with a
4-form instead of a 2-form. Plugging into Equation (3.65) the values D = 11, ¢ =
3,p=7,0 =0, and setting ¢ = 0 to remove the dilatonic contribution, as well as

letting A be diagonal with eigenvalues As4, As5, ..., Ao10, We get:
s
2
H={14 & H Ean :
4(204 1
F0'123 — QHfZ
o Y
3 10
ds*> = H™* Z Eaao? (dx™)? + H? (60d02 + Z 8aaa’\““(dx“)2> : (3.134)
a=1 a=4
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with the conditions (3.63) and (3.64) becoming:

3

3 10 10
Dot Y Ada=1 D (l)’+> () =1 (3.135)
a=1 a=4 a=4

a=1

Now consider the action:

S = / d"z\/g (R — %g”yau(b&,gb - Eeﬁ¢G2) (3.136)
where ¢ = +1, § = £1, and (3 is a stand-in for either the NS-NS field H3 or the
RR field F3. For different choices of (g, 8, G3), this action admits solutions in all
the theories (3.129)-(3.133). For example, (e, 5,G3) = (1,—1, Hs) represents the
NS-NS sector of type ITA* supergravity (3.130), (¢, 3, G3) = (1,1, F3) represents the
RR sector of type IIB supergravity (3.131), (e, 8, G3) = (—1, —1, H3) represents the
NS-NS sector of type I1IB’ supergravity (3.133), and so on. We will also present here
the solution (3.65) for a diagonal A. In this case, we have D =10, ¢=2,p=T:

£ 2 s
H — 1 + 60(0: 0’2 Zazl la—ﬁs ,
( (2 Za 1 l - 58 (o]zI )

F0‘12 — Qo_fl ,BSH 67
e? = o*H*,

ds® = GZema 2L Hg? (50d0 + Zeaaa Aaa () ) , (3.137)

a=3

00| =

with the conditions:

;la T ;Aaa =1, D ()Y (M) =1- % (3.138)

a=1 a=3

N
Ne)
[\

These solutions can be thought of as generalized Dilaton-Melvin solutions. Next
consider the action:

S = / d"z\/g (R — %g“”@uqﬁ@y(b — §e§¢F§) , (3.139)

which describes part of the RR sector for type ITA (3.129) and ITA* (3.130) super-
gravities. The example which will follow will be of Equation (3.99), with the added
twist that in additional to a diagonal A\, the parameters n; and ny are complex con-
jugates, so that they are n; + iny and ny — in. In this case, D = 10, p = 2, q =

7, 0= %, and taking €11 = €99 = £1, we have:

g (1— EEQEL P? 0_%3+2(1—2n1)
4 (gs +1—2ny)?
o — o' g2 (3.140)

k-

)
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with the conditions:

2

9 9
2+ Y Aa=1  2-23+ > (Na)?=1- % (3.141)
= a=3

The metric in this case needs some work to become a valid metric; left in its
original form, it reads:

9
ds® = H? (godo® + &1 [02™Fm)(dxh)? 4 o2 (M 72 (d2%)?]) —|—H*% Zeaaa”““(dx“)z,

a=3

but it can be put into real form via a complex change of variables
b — (1/v/2) (2! —ix?) and 2> — (1/4/2)(z! 4 ix?), which obtains:

ds®> = H? (50d0 + g,0%™m [cos (2nyIn — )((d:)s )2 — (dz?)?)

+ 2sin (2ng In — )dmldx D +H 7 Z a0 (dz®)?, (3.142)

a=3

where « is an arbitrary constant. There is nothing special about the n, to be
chosen as complex conjugates; in fact we may choose any number of pairs of [, nq,
or eigenvalues of A and make them complex conjugates. The current setup was
chosen for ease of computation.

Finally, we discuss A beyond the simply diagonal. The most general form for
A, up to a linear coordinate change, is a Jordan normal form. According to [20],
the number of possible Jordan forms for an n x n matrix is given by the number
of partitions of the partitions of n. This is given by the sequence [21, A001970],
of which the first eleven terms are a(1) = 1, a(2) = 3, a(3) = 6a(4) = 14, a(b) =
27, a(6) = 58, a(7) = 111, a(8) = 223, a(9) = 424, a(10) = 817, a(11) = 1527. As
is clear, it progressively becomes unmanageable to list all the possible Jordan forms,
and as such, we will give a single example of a A in Jordan form.

We consider an action of the form:

S = /dlox\/ﬁ (R — %g’” 90, — @62¢F2) (3.143)

Just like the previous action we discussed, this action describes part of the RR
sector for type ITA (3.129) and ITA* (3.130) supergravities. Again, we make the
choice Fia34 = P, i.e. we have to use Equation (3.99). In this case, D = 10, p =
4, q=05, 0= %, which would yield:

4 16
e (1- €0 P2 ([ con | b0t |
4( 5+ 1- Za 1 Tba)2 a=1

e =0 H 5. (3.144)
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Now in this case, A is a 5 x 5 matrix, which we will take to be:

a 1 0 00
0 a1 00
A=|0 0 a 0 O}, (3.145)
00 0O
0000 ¢

with a, b, c € R. The conditions (3.97) and (3.98) on the parameters become:

4 4 9
Ba+btct Y na=1, 3a2+b2+c2+2(na)2:1—%. (3.146)

a=1 a=1

Recall that the metric will have the final form:

4
ds®> = H? <5Od02 + Z Ewa%a(da:a)Q) + H‘ghaC (e”ln”)cb dzdx?®.

a=1

The task then is to determine he?*'™?, given that h = h* and hA = XTh. First
notice that A = A + B, where

a 0000 01000
0a 000 00100
A=|lo00ao0o0|, B=|loo0oo0o0o0 (3.147)
000b0 00000
0000 c 00000

It can be shown that [A, B] = 0, so that e?n7 = ¢2Aloe2BIno - Knowing this,
we may write:

o 0 0 0 0
0 o 0 0 0
Ame — o0 o> 0 0|, (3.148)
0 0 0 o® 0
0 0 0 0 o*
and note that:
00100
00000
B*=10 00 0 0f, B3 =0,
00000
00000
which would imply that 2" = [ + 2B1Ino + 2B?In? 0, yielding:
1 2lno 2In*c 0 0
0 1 2lnoc 0 0
e —p=10 0 1 00 (3.149)
0 0 0 10
0 0 0 0 1



Multiplying (3.148) and (3.149) gives the desired result:

2a

o2 202 Ing 202 s 0 0
0 2@ 20%%lno 0 0
e —pB =10 0 0% 0o 0 |]. (3.150)
0 0 0 a® 0
0 0 0 0 o

All that is left is to constrain the h matrix by imposing the condition hA = A\Th,
which would give the following matrix of constants:

0 0 ¢ 0 O
0 C1 Co 0 0
h = Ci C2 C3 0 0 5 (3151)
0 0 0 ¢ O
0 0 0 0 c5
where ¢1,¢a,...,c5 € R. The final result is obtained via multiplication of (3.151)
and (3.150):
h62)\lna —
0 0 cpo%e 0 0
0 cpo%e 2c10%% ln o + cy0% 0 0
102 2¢102%Ino 4 c02* 2c10%1In% 0 + 2c50% Ino + c302 0 0
0 0 0 cqo?? 0
0 0 0 0 cgo0%
(3.152)

The metric will finally take the form:

4
ds* = H? (50d02 + Zeaaa%a(daga)Q)

a=1
+H S [claQa(Qdfdm? + (dz®)?) 4 20%**(2¢c; In o + ¢;)da®dx”
+0%(2¢; In* 0 + 23 In 0 + ¢3)(d2®)? + c40*(d2®)® + c50°°(da'0)?,  (3.153)

with H and ¢ given by Equations (3.144), and the conditions on the parameters
given by (3.146).
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CHAPTER 4

D1scUSSION AND CONCLUSION

In this thesis, we presented one-variable solutions in arbitrary space-time dimensions
and signature in theories described by actions which progressively incorporated more
fields. We first found solutions in vacuum in the context of ordianry general relativity
(chapter 2). We made a central point of discussion the exposition of the “missed”
Kasner solutions, i.e. the solutions for which w = 1, and we provided examples
of these solutions in 4 dimensions. This distinction between vacuum solutions for
which w = 7 and w = 1 guided us towards finding additional classes of solutions in
the subsequent chapter.

Afterwards, in chapter 3, we presented the equations of motion in “Einstein-
Dilaton-Gauge” theories, and presented the method for analytically finding their
one-variable solutions first for a vanishing gauge field and then for two specific choices
of non-trivial gauge fields. In the last part of the thesis, through the presentation of
example solutions, we expanded on the utility of these solutions in relation to the
bosonic sector of various supergravity theories.

A promising direction for future work involves incorporating multiple gauge fields
into the action simultaneously. Another possibility is to introduce potential func-
tions that depend on the dilaton, although it is uncertain whether a substantial class
of such potentials would allow for analytical solutions. Additionally, there may exist
transformations capable of generating two-variable solutions from the one-variable
solutions we have identified. Such an approach has been successfully applied, for
instance, to vacuum solutions in [1].

For the choice € = —1, our solutions correspond to phantom form fields, which
have intriguing implications in cosmology, as discussed in [22]. Additionally, the
solutions we have developed may find valuable applications in string cosmology,
particularly in the study of time-dependent string backgrounds and pre-big-bang
scenarios [23]. If some of these solutions allow for a cosmological interpretation,
it would be worthwhile to explore mechanisms that could generate isotropy at late
times, especially since these solutions are predominantly anisotropic. This concept
has been previously examined in the context of string cosmologies with magnetic
fields, as detailed in [24].

39



APPENDIX A

PROOF OF THE SYMMETRY
CONDITIONS

Recall that the matrix exponential in Equation (2.26) is defined in terms of a Taylor

series expansion:
— 1
=D M (A1)
k=0

Thus, Equation (2.26) can be rewritten in the form:

> 1
=hy Y E (A.2)

k=0

By the symmetry of the metric, it satisfies the equation g,; — g;; = 0, which
translates upon substituting the above results to:

which upon factorization turns into:

Z ;' (ha () =y () 7 =0, (A.3)

This can only be identically zero if all the coefficients vanish. For k = 0, this
takes the form:
h,:=h (A.4)

(] Ju
and for k =1,
hiZAg = hleg, (A.5)

which are the component forms of the equations h = h? and hA = (hA)T. Of course,
more generally we have hA* = (hAF)T, but those become less useful for constraining
h for k > 1.
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APPENDIX B

RIEMANN TENSOR CODE

Below is the Python script used to calculate the Riemann tensor components for
the metric (2.29):

import pytearcat as pt
t, X, y, z = pt.coords('t,x,y,z")
a, b, ¢, d = pt.con('a', 'b', 'c', 'd'")

ds = 'ds2 = -dtx*2 + 2xakxdxkdy + (axt + b)xdy**2 \
+ 2xcxdy*xdz + dxdzx*2'

pt.metric(ds)

(0}
Il

R = pt.riemann()
R.display("~,_,_,_")
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