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Abstract

We consider mimetic Horava gravity, where the scalar field of mimetic gravity was used
in the construction of diffeomorphism invariant models reducing to Horava gravity in
the synchronous gauge. It will be shown that the gravitational action with the addition
of the Gibbons—Hawking—York term and the mimetic Horava action are equivalent for
manifolds whose topology is R x X, where ¥ is a three-dimensional hypersurface;
otherwise, the mimetic Horava action does not contain any surface terms.
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Despite the huge success that GR has achieved, still it is unable to explain some chal-
lenges: dark matter, spacetime singularities including those of the big bang cosmology,
and black holes. This issue has pushed physicists to modify GR in several ways. Some
modified theories of gravity have aimed to quantize GR as a way to resolve the Big
bang singularities or the black holes. Approaches to quantum gravity can be classified
into two groups [1]. The first group starts from the classical theory of gravity and
then applies the quantization steps. The covariant quantum gravity is a good example,
where one starts from the path integral of the GR action and then applies the pertur-
bation procedures for the metric around a background one. The resulting theory has
been a nonrenormalizable one upon extending it to higher energies. The canonical
quantum gravity is another model that belongs to the same group. In this approach,
one starts constructing the Hamiltonian of the classical GR theory and then turns it into
the quantum one by quantizing the constraints. Special attention should be taken upon
dealing with surface terms [2]. The second group aims to construct a unified quantum
theory of all the forces as in string theory. By adding higher-order derivative terms,
such as R, R*Y, to the Einstein—Hilbert action, we obtain an improved UV behavior.
However, it turned out that the modified theory contains ghosts [3]. The emergence
of ghosts is closely related to the presence of orders of time derivatives higher than
two. The most notable attempt to solve the problem of ghosts was to break Lorentz

B Ola Malaeb
oh09@aub.edu.lb

Department of Physics, American University of Beirut, Beirut, Lebanon

Center for Advanced Mathematical Sciences, American University of Beirut, Beirut, Lebanon

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10714-023-03171-y&domain=pdf

122 Page2of7 0. Malaeb, C. Saghir

Invariance in the ultraviolet limit. This was done by Horava [4] where he included
only high-order spatial derivative terms while keeping the time derivative terms to the
second order.

Horava constructed a model of quantum gravity by choosing to break Lorentz Invari-
ance. He considered anisotropic scaling between time and space. Terms dependent on
the spatial Ricci tensor and curvature scalar and their space derivatives were added
to the action ([5] and references therein). Although perturbative renormalizability of
projectable Horava gravity was proved, upon making the model covariant by adding
one new field, the property of renormalizability was lost [6]. In an attempt to restore
Lorentz invariance while keeping the renormalizability, a dynamical scalar is added
[7]. Such a theory propagates three degrees of freedom, two are related to the graviton
and one is related to an additional propagating scalar mode.

In an attempt to explain dark matter, the mimetic dark model was proposed by
Chamseddine and Mukhanov, as a modified theory of general relativity [8]. In this
reformulation of GR, the conformal degree of freedom is isolated in a covariant way.
The physical metric was defined in terms of an auxiliary metric and a scalar field (¢). It
was shown that the extra conformal degree of freedom becomes dynamical, and it can
mimic cold dark matter. In addition to the prediction of dark matter, this model also pre-
dicted several cosmological solutions [9] and dark energy [10], resolving singularities
[11, 12] and building a ghost-free massive gravity model [13].

Recently, a mimetic Horava gravity model, which regenerates the Horava gravity with-
out any ghosts, was proposed by Chamseddine, Mukhanov, and Russ [14]. Using the
scalar field of mimetic gravity, a diffeomorphism invariant model, without introducing
new propagating degrees of freedom, was constructed that reduces to Horava grav-
ity in the synchronous gauge. The quantities written are such that Horava gravity is
formulated in a diffeomorphism invariant way without the introduction of ghost-like
degrees of freedom.

The main purpose of this letter is to study the surface terms that appear upon varying
the mimetic Horava action. Considering first the surface terms emerging in GR, upon
variation of the Einstein—Hilbert action with respect to the metric, a surface integral
over the boundary d M is obtained. These surface terms gather into a total variation;
therefore, to have a well-defined variational principle, a total divergence is added
to the action. This is the Gibbons—Hawking—York surface (GHY) term [15, 16]. This
guarantees that upon deriving the equations of motion, the boundary terms arising from
the variation vanish. This manipulation was needed because a second-order derivative
hides in the Ricci scalar R, which is not allowed in the path integral formalism. To
get an action that depends only on the first derivatives of the metric, these second
derivatives terms are removed by integration by parts. Then the resulting action is
quadratic in the first derivatives of the metric. The boundary term that is obtained
upon varying the Hilbert—Einstein action is given by

—f eh“”n"‘(Sg,w,a«/ﬁ d’x 1)
aM
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which can be recast into a much more elegant form written as
2 y§ eKh d’x )
aM

where

g™’ = en"*n’ + 0",

nunt =e 3)

dM is the boundary of M, A, is the induced metric on d M, and K is the trace of the
second fundamental form on oM. If n is a time-like unit vector, then € = 1.
Accordingly, the amended gravitational action, which is fully consistent with the
Einstein field equations, becomes [17, 18]

1=—/ @Rd4x—27§ eKh dx
M oM

This modification is interesting because the variation of the GHY term cancels the
terms involving the variations of the derivatives of the metric, and therefore, setting the
variation of the metric equal to zero becomes sufficient to make the action stationary.
In canonical formulation, some ignore the presence of the surface term. As a result,
certain boundary terms must be added to the constraint to give a well-defined equation
of motion [19].

Based on [14], mimetic Horava gravity, we consider a Horava action in mimetic gravity
given by

I = / V=8(=R =2V, (0¢p V") + 2V, (V,V° pVF¢))d*x @)

In this letter, our aim is to prove that this action is equivalent to the Einstein—Hilbert
action plus Gibbon’s Hawking boundary term for manifolds that have topology R x X.
The main goal behind canceling the surface terms is to perform the Hamiltonian
analysis which is the base for the canonical quantization of GR. It has been years
and the inclusion of boundary terms in the action, in the Hamiltonian quantization of
gravity, is considered a must. Here, the remarkable point is that, in mimetic Horava
gravity, the cancellation occurs without the addition of the Gibbons—Hawking—York
surface (GHY) term.
We start by writing the action 4 as a sum of three parts

I=Ig+5L+1L

Iy is the Einstein—Hilbert action for general relativity. It is given by
Iy = —/4/_—gR dx )
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I; and I, are given by
I = f V=g (=2V,(OpVHp)d*x)
and
L= / V=82V (V,V°pVFP)d*x)

Upon varying the Einstein—Hilbert action (5), we get the surface contributions given
in Eq. (1) which must vanish if the action is to be stationary. To check if the overall
surface terms obtained upon varying the mimetic Horava action (4) are going to cancel
out, we need to study the variation of the other terms (/1 & I7). The variation of each
of I and I will be written as a sum of two terms, one that contains the ¢ variation
and the other that contains the metric variation. These are given by

1
51, = I(5¢) +2 f 28778 2380~ 5850V Vap A"
ay

and

3 = 12/(5¢) - % gpr(agp.t,a + agot,u - (Sgluf,r)v/oqs Vﬂd) axe.
ay

Studying first the variation in the field ¢, the two terms, I 1/ (6¢) and 12’ (8¢), are given
by
I{(8¢) = Zyg V. 08¢ dXH +27§ V8¢ O¢ dXH
ay ay

and

L(5¢) = 25£ V,Vedp Vip dS° + 255 V. Vo VH8p dT°.
ay %

It is clear that these two terms could be integrated out (surface of a surface) and will
vanish upon setting ¢p = 0 on the boundaries.

The more interesting part is studying the other surface terms, over §g,,, of §/y,
811 and § I, and checking under what condition (if any) these cancel out upon addition.
The resulting boundary terms from /7 and I, are given by

1
2%’) zgpﬂgak(zagp)u,o - Sgpo,k)vud) voz¢ axzt
14

- % gpr(Sg;u,a + 880t — 88uc,0)Vpd Vip dx® (6)
%
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which can be written as

f 28”7 88p3.0Vup Vi dTH — f 87788p02Vup V' dSH
ay ay

- ?g 88ur.o Vi Vip dx? )
ay

where dX# = nte/h d3y.

If the Lorentzian spacetime manifold has topology R x ¥ and can be foliated by
a succession of three-dimensional space-like hypersurfaces, the normal n is time-like
unit vector and satisfies n,n* = 1[20, 21]. This is like in ADM canonical formulation
where the sign of € = n,n* in Eq. (2) is taken to be plus one. With the constraint
governing the evolution of ¢ from [14], we can identify

I @®)

Upon this choice and with the use of equations 3, the surface terms 7 will cancel the
surface term from the Hilbert—Einstein action. We say that the gravitational action with
the added Gibbons—Hawking—York term becomes equivalent to the mimetic Horava
action. Otherwise, the mimetic Horava action is good on its own without adding
any surface terms because the second-time derivatives cancel. The elimination of the
surface terms in the latter will occur in the synchronous gauge, where the time-like
unit vector n,, is given by d,,¢. This means that there is no need to integrate by part to
compute the Hamiltonian; hence, the momenta is defined without ambiguity. This can
be easily seen by writing the mimetic Horava action in 3 + 1 formalism. The ¢-part
of the mimetic Horava action is given by

Iy = / V—8(—=2V (n® Vn™) 4 2V, (n* V,,n®))d* x )
and the scalar curvature R (including the total derivative) can be written as
*R=(R— K>+ KijK") = 2V 0"V, n® — n®V,n") (10)

The cancellation of the surface terms is manifested.

It is worth noting that ¢ in mimetic Horava gravity, in the synchronous gauge,
can always be used as one particular synchronous time coordinate. Furthermore, the
mimetic constraint, g"V9,¢0,¢ = 1 is the same as the condition needed to define
synchronous time [22]. This implies that the vector n,, is always time-like because if
it is time-like at one event, then it is everywhere time-like [23]. Making use of this
time-like unit vector, n,, = 9d,,¢, any Lagrangian can be projected to have higher space
derivative terms and no higher time derivative ones. Here, we have shown that the vari-
ation of the resulting higher space derivative surface terms is capable of canceling the
surface term resulting from the variation of Einstein—Hilbert action. The remarkable
point is that starting from the mimetic Horava action, the signs and the coefficients of
the surface terms are just right to cancel out.
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In summary, quantizing gravity helps to explain several unsolved problems. Most
quantum gravity theory depends on the Hamiltonian analysis of general relativity.
The presence of a surface term in the variation of the Einstein—Hilbert action gen-
erates problems in the equations of motion. GHY has been widely accepted as the
correct modification of the action, but this raises the question of the uniqueness of the
modification. In this letter, we proved that the Einstein—Hilbert action plus Gibbon’s
Hawking boundary term is equivalent to the mimetic Horava action for manifolds that
has topology R x X; otherwise, the mimetic action is good on its own without adding
any surface terms because the second time derivatives cancel.
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