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The formation of the dendritic microstructures during the electrodeposition is a complex process depending on several physical/
chemical parameters. We establish an analytical framework for tracking the one dimensional dendritic interface based on the
asynchronous developments in the concentration C and the electric potential V. Comparing the dynamics of the interface vs the
ions, we establish linearized forms of the concentration C and the electric potential V during the quasi-steady-state evolution.
Subsequently, we investigate the potentiostatic (V0) and galvanostatic (i0) conditions, where we have analytically attained the
dependent parameters (i or V) and justified their respective variations in the binary electrolyte. Consequently, we have quantified
the role of original concentration C0, the inter-electrode potential V0, the electrolyte diffusivity D and the inter-electrode separation
l on the value and the growth rate of the dendritic interface. In particular, for the given infinitesimal dendritic growth, we have
shown a higher efficacy for the electromigration than the diffusion, especially during the instigation period of the electrodeposition.
© 2022 The Electrochemical Society (“ECS”). Published on behalf of ECS by IOP Publishing Limited. [DOI: 10.1149/1945-7111/
ac9d6a]
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List of Symbols

j Ionic flux (mol.m2.s−1)
V Electric potential (V)
V0 inter-electrode potential (V)
C Concentration (mol.m−3 )
T Temperature (K)
ρave The spatial filling density ([])
D Diffusion coefficient (m2.s−1)
Ω Molar volume (m3.mol−1)
s interface position (m)
ŝ normalized interface position ([])
C0 electrolyte concentration (mol.m−3)
Cc, Ca cationic/anionic conc. (mol.m−3)
ρave average spatial density of dendrite ([ ])
ε0 Vacuum Permittivity (F.m−1)
ε Dielectric constant of electrolyte. ([])
l Inter-electrode distance (m)
F Faraday’s constant (C.mol−1)
R Universal gas constant (J.mol−1.K−1)
z Valence electrons. ([])
i Current density (A.m−2)
r, d cell radius and diameter (m)
y distance from growing electrode (m)
μ mobility of moving ions (m2.V−1.s−1)
e electron charge (C)
NA Avogadro’s number

The current lifestyle demands portable storage and flexible utility
of energy1 and the rechargeable batteries are one of the main and
clean resources for this purpose.2 The interpretation from the
Moore’s law is the exponential growth in the computing power,
due to doubling of the the transistors every two years, which
demands the increase in the source of energy and its density for
portable electronics.3

One of the prominent barriers hampering the exploitation of the
high-energy-density electrode materials is the non-uniform growth
of the electrodeposits upon charging. The so-called dendrites could
quickly fill substantial fraction of space with extreme porosity and

could trigger the of the short-circuit. Additionally, they can also
dissolve from their thinner necks during subsequent discharge
period. Such a formation-dissolution cycle is particularly prominent
for the metal electrodes . Meanwhile, the metallic electrodes have a
packed structure, (vs the layered structures, such as conventional
graphite), therefore the upcoming ions cannot penetrate (i.e. inter-
calate) in depth of the electrode. Hence they keep accumulating in
the surface, generating a larger cluster of the dendritic
electrodeposits.4

In particular amongst the metals the lithium possesses the lowest
volumetric density (ρ= 0.53 g.cm−3) and the smallest ionic radius
( =+r 90Li pm) which provides a very high gravimetric energy
density and possesses the highest electropositivity (E0 =−3.04 V
vs SHE) that likely provides the highest possible voltage,5,6 making
it suitable for high-power applications such as electric vehicles.7,8

Previous studies have investigated various factors on dendritic
formation such as current density,9 electrode surface roughness,10–13

impurities,14 solvent and electrolyte chemical composition,15 elec-
trolyte concentration,16 temperature,17,18 guiding scaffolds,19,20 ca-
pillary pressure,21 cathode morphology22 and mechanics.23 Some of
the recently-developed characterization techniques used include
NMR24 and MRI.25 Recent studies also have shown the necessity
of stability for solid electrolyte interphase (i.e. SEI) layer for
controlling the nucleation and growth of the branched medium.26,27

Dendrites instigation is rooted in the non-uniformity of electrode
surface morphology at the atomic scale combined with Brownian
ionic motion during electrodeposition. Any asperity in the surface is
a convex-shaped peak with a high curvature that generates a large
electric field and attracts the upcoming ions, acting as the electro-
deposition sink for the incoming ionic flux. Indeed another sig-
nificantly-contributing factor is the higher spherical diffusion in the
dendritic tip relative to the flat surface.28 In fact, the same
mechanism is responsible for the further semi-exponential growth
of dendrites in any scale. The relaxation of ionic concentration
during the idle period provides a useful mechanism to achieve
uniform deposition and growth during the subsequent pulse interval.
Such dynamics typically occurs within the double layer (or stern
layer29) which is relatively small and comparable to the Debye
length. In high charge rates, the ionic concentration is depleted and
concentration on the depletion reaches zero;30 Nonetheless, our
continuum-level study extends to larger scale, beyond the double
layer region.31

Experiment-wise, recent works have addressed the self-healing
electrostatic shield,32 in situ growth of the interface,33 opticalzE-mail: aryanfar@caltech.edu
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concentration measurement16,34 and the bifurcation in the growing
morphology and the respective transition state.35–37

Earlier model of dendrites had focused on the electric field and
space charge as the main responsible mechanism38 while the later
models focused on ionic concentration causing the diffusion limited
aggregation (DLA).39–41 Both mechanisms are part of the electro-
chemical potential,42,43 indicating that each could be dominant
depending on the localizations of the electric potential or ionic
concentration within the medium. Nevertheless, their interplay has
been explored rarely, especially in continuum scale and realistic time
intervals, matching scales of the experimental time and space.

The original research on the interfacial growth returns back to the
analysis of the interface stability44,45 and exploring the spherical
diffusion where the optimum interface radius for the maximum
growth rate is estimated,28 and later studies have complemented it
via utilization of over-potential via inclusion of the curvature
effect.46 More recent works on the dendritic growth have explored
the interface stability,47 transport anisotropy,48,49 temperature,18

transient evolution of concentration in the dendrite tip39,50,51 and
the larger cell domain,52–54 surface conduction,55 larger-scale
geometry of the electrodes,56 cracking,57 phase field modeling58–62

and effect of the elastic (mechanical) deformation.12

One of the main attributes of the dendrite growth, which could control
the feeding rate of the ions is the solid electrolyte interphase (SEI),
produced from the passivation of the electrolytic compounds on the
growing interface.63 Therefore, in recent developments there has been an
urging need for the incorporation of its role in atomistic and continuum
scales.64–66 Recent frameworks, has related time of the trigger of dendrites
and its temperature-dependency to the surface overpotential reaching the
maximum value, where the thickening of the SEI leads to the exhaust of
its containing concentration of charge carriers.67,68

Nevertheless the analytical understanding of the dendritic growth
has yet been limited which could quantify the role of the involved
parameters in the dendritic buildup.

In this paper, a new analytical development has been developed
for computing the growth of the dendritic electrodeposits either
during the potentiostatic or galvanostatic condition. The parametric
investigation has explored the role of the original concentration C0,
voltage V0, diffusivity D of the electrolyte and the current density i
on the kinetics of the dendritic growth. The resulted time-dependent
development is useful for design of the respective parameters
suitable for avoiding the onset of the short-circuit. As well,
determining the range of obtained parameters could help avoiding
degradation of the electrolytic species.

Experimental

We have carried out experiments within manually-fabricated
sandwich cells,69 providing the possibility of in situ observation of
the growing dendrites from their transparent separator (Fig. 1b). The
cell consists of two disk Li0 electrodes with the diameters of 1.59 cm
(r= 7.95 mm) and the inter-electrode distance of l= 0.32 cm (i.e.

″1

8
) housed via acrylic PMMA (i.e. Plexiglas) wall which serves as a

transparent component enclosing the space between the electrodes,
which provides the possibility of observation of the internally-
growing microstructures. The electrolyte was synthesized via mixing
the appropriate proportions of the LiPF6 in the solvent with the equal
volumetric ratio of ethylene carbonate and ethyl methyl carbonate
(EC: EMC ≡ 1:1), generating the concentration C0 values given in the
Table I. After cell assembly, the electrolyte was filled-in via a syringe
within an argon-filled and moisture-controlled glove box (H2O,
O2< 0.5 ppm). Multiple such cells were fabricated and charged
with the inter-electrode potential V0 given in the Table I, using the
programmable multichannel SP150 Bio-Logic potentiostat. After each
experiment, 3 images were taken from the periphery of 120° by means
of Leica M205FA optical microscope through the acrylic separator,
shown in the Fig. 1a. Subsequently the image processing algorithm
was performed to identify the dendrites in the taken image, as below:

1. The RGB image consists of the 3 color values of {R, G, B} ∈ [0,
255], where after normalizing the range of the intensity values
Ii,j will be 0 ⩽ Ii,j ⩽ 1a. Therefore, the grayscale image I could
get computed by the weighted sum of the normalized values,
using the luminosity method, as:

= + + [ ]I R G B0.229 0.587 0.114 1

2. The grayscale image Ii,j is binarized into Bi,j via the grayness
threshold Ic such that Ji,j ≔ 1 if Ii,j ⩾ Ic and is 0 otherwise. The
threshold value Ic is attained so to minimize the weighted intra-
class variance σ2 defined proportionally as:70

σ ω σ ω σ= + [ ]20 0
2

1 1
2

where ω0 and ω1 are the individual weight of each portion as the
fraction of total (ω0 + ω1 = 1) and σ0

2 and σ1
2 are their respective

variances. Such minimization ensures that each group in the binary
images are fall in the closest proximity of each other, leaving out the
best binary approximation of the total grayscale image.
3. Each peripheral images on the curved boundary with the angle

range of (120°) should get projected into the flat surface. From
the Fig. 1b, the image width ′x can get related to the central

angle θ as θ′ = ( )x sind

2
, therefore the incremental width would

be θ θ′ = ( )dx dcosd

2
, where θ( ) = −cos 1 x

d

4 2

2 . Projecting into

the realistic length δx on the boundary71 leads to δ = δ ′

−
x x

1 x

d

4 2

2

,

leaving the actual length on the boundary x slightly larger than
the width ′x seen in the image.

4. Sweeping from left-to-right, the height of the dendrites were
measured at every small segments of δx, which eventually was
normalized by with respect to the inter-electrode distance
(ˆ ≔s s

l
). The obtained fraction from total distance is a a measure

for the grown dendrites, computed as:

∫∑
π

ˆ = ˆ ( )

−
[ ]

= −

+
s

dl

s x dx1

1
3

k

k

x

d
1

3

4b

b

2

2

2

2

where b is the width of each image. − ⩽ ⩽xb b

2 2
.

Figure 1c shows such investigation for the dendritic formation in
two sample images, where the red encirclement is the approximated
dendrite area, the green rectangle is the total area. For each variation
of electrolyte concentration C0 and cell voltage V0, 3 experiments
has been performed and the resulted dendrite lengths in time is
shown in the Figs. 4a and 4b concurrent with the analytical results.

It is worth to mention since opening the cells for 3D imaging
(tomography, etc.) will destroy the metastable dendrites, the 2D
measurement of the dendrites has been performed from the periphery
assuming that the in-depth (3D) pattern of formation remains in
similar pattern. As well the illumination for each sample has been
adjusted for the best contrast and clarity of the microstructures.

Linearized Framework

During a typical electrodeposition, the inter-electrode distance
can be divided to three main compartments of the growing dendrite,
the double layer (DL) and the bulk region as illustrated in the Fig. 2.
The dendrite is porous medium with the thickness s which develops
in time and forms a moving boundary for the bulk electrolyte,
proportional to the ionic flux j. Additionally the dendrite possess the
identical voltage value to the electrode, since they are physically
connected. The double layer λ is where the reactions/deposition
occurs72 and is significantly thinner relative to the inter-electrode
domain l (i.e. λ= l). There has been a few approaches to estimate

ai, j refer to the counter in the length and height of the image.
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the thickness of the double layer DL and herein we use the Debye
length λD,

73 which is a measure for how far the electrostatic field of
a charge carrier persists:74

λ εε≈ [ ]RT

ez FC
4D

0
2

0

where ε is the relative permittivity of the medium, ε0 is the vacuum
permittivity, R is the universal gas constant (8.3 J.mol−1.K−1), T is the
temperature, e is the electron charge, z is the number of valence electrons,
Fis the Faraday constant (96 kC.mol−1) and C0 is the ionic concentration.
Needless to mention that, there has been other approaches for expressing
such thin region, such as space-charge.38 Finally, the bulk region, shown
in the Fig. 2, is relatively a large medium for the rest of the ionic
transport by means of the respective charge-carriers.

Meanwhile, the respective profiles of the concentrations Cc, Ca

and the electric potential V evolve and reach the steady-state
condition after an initial transition. Comparing the relatively slow

dynamics of the developing dendritic interface ( )∂ ( )
∂

i.e. s t

t
with the

relatively faster variation in the aforementioned species leads to:

{ }∂
∂

∂
∂

∂
∂

≫ ∂ ( )
∂

[ ]C

t

C

t

V

t

s t

t
, , 5c a

In fact during the growth, the ionic concentration C and electric
potential V distributions have relatively reached the steady-state

condition, compared to the rate of growth of the dendrites ( )ds t

dt
, and

the micro-structural development could be approximated via merely
the steady-state form of the parameters, which we refer to quasi-
steady-state evolution.

The general governing relationship for the variation of cationic
and anionic concentrations depends on the variations in the
concentrations C and the electric potential V as well as the
electrolyte diffusivity D and the ionic mobility μ for each ion
type.38,50,75 Considering the quasi-steady state behavior in one
dimensional progress, the Nernst-Plank relationships are simplified
as below:

μ μ

μ μ

εε

∂
∂

+ ∂
∂

∂
∂

+ ∂
∂

≈

∂
∂

− ∂
∂

∂
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= − ( − )
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y
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C
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0

0 6
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c
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a

a a

c a
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2

2

2

2

2

2

2

2

2
0

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

In fact, the terms in the first two lines represent the role of the sole-
diffusion, cooperative diffusion and electro-migration, and the sole
migration. The third line additionally represents the Gauss law.76

where the electric field is formed due to charge density. Additionally
after passing through an initial transitory behavior, one can expect the
system to reach the electro-neutral state where Cc≈ Ca≈ C. Herein
we consider two distinct cases of potentiostatic (ΔV= V0) and
galvanostatic (i= i0) dendrite growth:

Potentiostatic dendrite growth (ΔV =V0).—During the charge,
the initial uniform concentration profile C0 gets imbalanced by the
incoming/outgoing ionic flux in the oxidation/reduction sites. With the
identical ionic flux j the ionic quantity should conserve, and starting
from the uniform concentration of C0 across the cell, one has:

∫ ( ) = [ ]C y t dy C l, 7
l

0
0

The concentration value could reach zero in the dendrite surface,
when the applied potential is such large that the transport limited

Figure 1. Component view (a)69 and experimental observation (b)70,71 and samples of measurements (c).

Table I. Experimental parameters (for exploring each variable, the
middle value of the other parameters is considered).

Parameter C0 V0 l r T

Value { }0.5, 1, 2 { }3.5, 4.3, 4.7 3.175 7.95 298
Unit M V mm mm K

Figure 2. Schematics of 1D formation of dendrites, involving ionic
concentration Cc, Ca and the respective electric potential V.
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value for metal deposition has been reached (j ⩾ j*). The form
of the concentration profile in the bulk region previously has
been expressed either as a straight line39 or with a slight
positive curvature38 and Fig. 3a visualizes the linearization
where the concentration profile starts from the growing dendrite
interface and extending from the double-layer and bulk region,
reaching the counter-electrode. The form of the profile is
obtained as:

( ) ≈
⩽ < ( )

( − ( ))
( − ( )) ( ) ⩽ < [ ]C y t

y s t
C l

l s t
y s t s t y l

,
0 0

2 80
2

⎧

⎨
⎩

where the coefficient of linear profile
( − )

C l

l s

2 0
2

⎜ ⎟
⎛
⎝

⎞
⎠
is obtained by the

ionic conservation given in the Eq. 7.
Considering the electroneutrality, one expects the voltage profile

to be linear segments based on the third line in the Eq. 6. Figure 3b
represents the voltage profile across the cell, where the largest
variation occurs in the double-layer region with the scale of Debye
length λ38,39 and has been linearized as a straight line as:

λ
λ

λ

( ) ≈

⩽ < ( )

( − ( )) ( ) ⩽ < ( ) +

( ) + ⩽ <

[ ]V y t

y s t
V

y s t s t y s t

V s t y l

,

0 0

90

0

⎧

⎨
⎪

⎩
⎪

The dendritic microstructure develops based on the feeding ionic
density j in the interface, inside the double layer region, as:

ρ
( ) ≈ − Ω [ ]ds t

dt
j 10

ave

where Ω is the molar volume of the dendritic material, ρave is the
average spatial density of the dendrite, which additionally have been
approximated to be constant during the one dimensional growth. In
fact the evolution of the dendrites has been found to start with an
initial formation of dense electrodeposits, followed by a branched
morphology pattern, with the average density of ρave,

35,36 which
depends on the material type, charging conditions, electrolyte
composition, etc.

The ionic flux j is obtained cooperatively from the gradients of
concentration C and the voltage V as:38

Figure 3. The simplified form of the profiles during the dendritic evolution, with the exaggerated double layer thickness λ.

Table II. Calculation parameters (For each variation the middle value of the other parameters is considered).

Parameter Value(s) References Constant Value References

( )C M0 { }0.5, 1, 2 18, 51,39 F(kC.mol−1) 96.485 77
( )V V0 { }3.5, 4.3, 4.7 78–80 R(J.mol−1.K−1) 8.3 81

l(μm) { }25, 50, 100 38, 82,39 ε([]) 80 38
D(μm2.s−1) {100, 200,

300}
16 ε0(pF.m

−1) 8.85 83

Ω(cm3.mol−1) 13 59,84 NA(atom.mol−1) 6.02 × 1023 85
μ(nV.m−1.s−1) 10 13 ρave([]) 0.1 86
i(mA.cm−2) {1, 2, 3} 16, 87,88 λ(μm) ∼0.14 Calculateda)

a) λ

μ

=

=

= ×
≈

εε

× × × ×
× × × × × ×

−

−

− −

m

1.9 10

0.14

D
RT

ez FC

80 8.85 10 8.3 298

1.6 10 9.6485 10 10 6 10

14

c

0
2

0

12

19 4 3 23

.
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μ= − − [ ]j D
dC

dy
C

dV

dy
11c

c c

where the negative sign shows that the direction of ionic flux j is in
the opposite of the concentration and voltage gradients. Combining
Eqs. 11, 10, 8 and 9 leads to:

ρ
μ
λ

( ) = Ω
( − )

+ ( − ) [ ]ds t

dt

C l

l s
D

V
y s

2
12

ave

0
2

0⎛
⎝

⎞
⎠

where the rearranging leads to the time-dependency of the dendrite
scale s:

ρ
( − ( )) ( )

+ ( − )
= Ω [ ]μ

λ

l s t ds t

D y s

C l
dt

2
13

V
ave

2
0

0

The extra variable y in this equation is relatable to the dendrite
scale ( )s t . The double layer region typically shields the growing

interface,where λ∈ [ ( ) ( ) + ]y s t s t, and is a substantially thinner
range relative to the inter-electrode domain (λ= l). Hence one can

approximate it as ≈ ( ) + λy s t
2
, which leads to:

∫ ∫μ ρ
( − ( ))

+
( ) ≈ Ω [ ]

( ) l s t

D
V

ds t
C l

dt

2

2
14

s t t

ave0

2

0 0

0

therefore, the integration leads to:

ρ
μ

( ) ≈ − − Ω + [ ]s t l l
C l

D
V

t
6

2
15

ave

3 0 0
3 ⎛

⎝
⎞
⎠

The analytical relationship in the Eq. 15 opens room for the
investigation of the individual parameters on the dendrite growth.
Exploiting the literature values given in the Table II, Figs. 4a, 4b, 5b
and 5a show the role of original concentration C0, original inter-
electrode potential V0, the inter-electrode distance l and the diffusion

Figure 4. The role of original concentration C0 and voltage V0 on the progress of the dendritic interface. The experimental values are additionally illustrated with
their respective standard deviation.

Figure 5. The role of cell scale l and the diffusion coefficient D of the electrolyte.
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coefficient D of the electrolyte on the real-time evolution of the
dendrite scale ( )s t .

Consequently, the short-circuit time tshort could be analytically
obtained by setting ( ) ≔s t lshort as:

ρ
μ

=
Ω +

[ ]t
l

C D
V

6
2

16ave
short

2

0
0⎛

⎝
⎞
⎠

Galvanostatic dendrite growth (i = i0).—For the galvanostatic
case, the mass balance Eq. 10 can easily be integrated to:

ρ
( ) =

Ω
[ ]s t

C j
t 17

ave

0 0

where =j i

zF0
0 is the respective constant ionic flux during the

galvanostatic development. The short-circuit time simply obtained as:

ρ
=

Ω
[ ]t

l

C j
18ave

short
0 0

The ionic flux j0 is in fact generated either due to the gradients of
the concentration C or the electric potential V (Eq. 11) and one can
compute the evolution of the voltage profile ( )V y as:

μ=
( − ( ))

+
( − ( ))

× ( − ( )) [ ]

j D
C l

l s t

C l

l s t

y s t
dV

dy

2 2

19

0
0

2
0

2

One notices that in the interface of the dendrite with the
electrolyte y= s the voltage dependency second term in the RHS
vanishes and the only remaining response for the flux becomes
diffusion (first term). Therefore, in order to to find the voltage profile
in the Bulk medium (a shown in the Fig. 2), since the double-layer
region is substantially thin region (λ= l), we move forward with

setting the integral boundary to ∈ ( ) + λy s t l,
2⎡⎣ ⎤⎦. Re-arranging

gives the following approximation:

∫ ∫ μ
− ( )

≈
( − ( )) −

[ ]λ+

dy

y s t

dV

l s t

C l
j D

2

20
s

y V

2
0 2

0
0

which can get integrated to extract the electric potential ( )V y profiles as:

μ μ λ
( ) ≈

( − ( ))
− − ( ) [ ]V y

l s t j

C l

D y s t

2
ln 21

2
0

0
⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

which is valid in the range of ∈ ( ) + λy s t l,
2⎡⎣ ⎤⎦. The galvanostatic

voltage profile ( )V y vs the distance in the bulk region is illustrated
for different current densities in the Fig. 6b.

Results and Discussion

The linearization of the concentration C and electric potential V
profiles in the Eqs. 9 and 8 in fact quarantines their respective second
derivative to tend to zero, which verifies the steady-state approximations
in the Nernst-Plank relationships (Eq. 6) for the most part, except the
middle term in the double layer region, which could get approached by:
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μ

λ
∂
∂

∂
∂

∼ [ ]V

y

C

y

C V

l

2
22c

c c 0 0

2

Therefore, in order for the approximations to be valid one should
have low concentration (C0 → 0) or low voltage (V0 → 0) regimes of
operation.

The original assumption of the concentration profile in the Eq. 8
is to start from zero value in the dendrite interface ( ( ) =C s 0). This
could occur via imposing high-enough current (or voltage) which
previously has been estimated as:87

μ μ
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since the value of the order of the current densities considered in the
Table II, the assumption are valid. Additionally, the quasi-steady
assumptions in the Eq. 6 could be investigated by calculating the
transition time for vanishing the concentration in the electrode which
is known as the Sand’s time tSand as:
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where μa and μa are the respective cationic and anionic mobilities.
Since the transition time tSand is almost negligible relative to the
dendrite life time, therefore the growth occurs almost entirely in the
quasi steady-state regime and such assumption proves to be valid.
Nonetheless, the Sand’s time, which was originally developed from
classical diffusion equation,90 could get complemented via inclusion
of additional involved factors, such as solid electrolyte interface
(SEI),91 which leads to even smaller values for the instigation of
dendritic morphology and is consistent with the current analogy in
the Eq. 24.

The dendritic run-away behavior obtained in the Figs. 4b, 4a, 5b
and 5a in fact is due to the augmentation in the electric field E due to
progress of the dendrite interface and the decrease in the remaining
bulk medium. This resembles with the previously well-known
relationship for the progress speed of the dendritic interface as:92,93

μ= [ ]v E 25a

which mentions that the speed of the growing interface is the same
as the speed of the escaping anions from the interface due to
migration.93,94 From the Eq. 25, assuming one dimensional growth
pattern with negligible interface curvature we arrive at the following
for the potentiostatic case:

μ≈
−

[ ]ds

dt

V

l s
26a

0

therefore, re-arranging gives:

∫ ∫ μ( − ) ≈ [ ]l s ds V dt 27
s t

a
0 0

0

and integrating leads to:

μ( ) ≈ − − [ ]s t l l V t2 28a
2

0

This relationship in fact highly resonates with the quickening
trend represented in the Eq. 15. Additionally, the parameter-wise
variations obtained in the Figs. 4a, 4b and 5a are intuitively obvious,
since the increase either in the initial concentration C0, voltage V0,
electrolyte diffusivity D would exacerbate the run-away behavior in
the dendritic development. The trend in the Fig. 5b additionally has
inverse relationship with the dendritic growth, since higher scale l
leads to lower electric field E, leading to decrease in the dendritic
development.

While both potentiostatic (ΔV= V0) and galvanostatic (i= i0)
forms of interface progress have been explored separately, the
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remaining parameter can be tracked which is roughly related to the
Ohm’s law.76 For the potentiostatic case, one can get the current
density i via reverting back from time-derivative of the Eq. 10 as:
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Figure 6a visualizes the current density evolution which shows a
run-away behavior of the current density i vs time t. As well for the
galvanostatic case, the build up of the voltage V with the logarithmic
form in fact in match with the long term form of the voltage profile
illustrated in the Monroe & Newman.39

Having a closer look at the analytical relationship given in the

Eq. 15 the coefficients of D and
μ V

2
0 are individually responsible for

the role of diffusion and electromigration. If the δsDiff and sole δsMig

illustrate their individual displacements from either effect, one has:
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Where β ≔
ρ
ΩC l2

ave

0 is a coefficient with the unit of m, and the

relationship between the diffusivity D and mobility μ is obtained

from the Einstein relationship as = μD k T

e
B . The obtained equation

shows a significantly higher efficacy of the electromigration relative
to the diffusion on the current density i and ultimately the dendrite
scale ( )s t . This is particularly obvious during the instigation of the
electrodeposition, since initially the free ions have uniform distribu-
tion with no gradient, and the remaining sole drive for the ionic flux
is the difference in the electric potential (i.e. electromigration).

Needless to mention that the obtained profiles for the concentra-
tion C and voltage V considers the wholistic view of the dendritic

growth in the simple form and extra complexities such as SEI or the
chemical composition of the electrolyte. In fact such consideration in
the model will adde.

Conclusions

In this paper we have developed an analytical method for the
evolution of the dendritic electrodeposits via considering the
linearized transition in the profiles ofionic concentration C and the
electric potential V which we refer as quasi steady-state develop-
ment. Considering two distinct methods of potentiostatic (V0) and
galvanostatic (i0) dendritic growth, the Ohm’s law-based dependent
parameter (i or V) is analytically obtained and justified. We have
additionally explored the role of the potential V0, initial concentra-
tion C0, diffusion coefficient D and domain scale l on the rate of the
dendritic development. The established relationship can be utilized
for the design process of the range of the parameters for preventing
the short circuit as well as the possible electrolyte degradation.
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