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Abstract Let R = k[w,xy,...,x,]/I be a graded Gorenstein Artin algebra.
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1 Introduction

Let R = k[x, ..., x,] be the polynomial ring in r variables over a field k of character-
istic zero and / be a homogeneous ideal of R. Let A = R/ be an Artinian Gorenstein
quotient of R.If r = 2, then it is known that / is a complete intersection. If » = 3, then
by Buchsbaum and Eisenbud structure theorem Buchsbaum and Eisenbud (1977), I is
the (2n)th order pfaffians of a (2n + 1)th order skew symmetric matrix. When r = 4,
Kustin and Miller (1982) gave a structure theorem for Gorenstein Artinian ideals of
the form (f, g, h, x4J), where J is a Gorenstein ideal of height three. Let [ = @,>11,
be the direct sum decomposition of a Gorenstein Artinian ideal in k[x, y, z, w].
Tarrobino and Srinivasan (2005) studied several properties of the Gorenstein ideals
I such that I = (wx, wy, wz) or I = (wx, wy, wz). They gave a structure theorem
for ideals I with I = (wx, wy, wz) and Hilbert function Hg;; = (1,4,7,...,1).
They did this by establishing a connection between some properties of the ideal / and
J =1NR, where R = k[x, y, z], which is a height three Gorenstein ideal. When
I = (wx, wy, w?), they named these algebras mysterious Gorenstein algebras and
studied their various properties. They showed that such an ideal can be obtained as an
annihilator of a homogeneous form F = G(X, Y, Z) + wzlU-1 ¢ k[X,Y, Z, W],
where k[ X, Y, Z, W] denotes the divided power algebra. They studied the Hilbert
function properties of R/I connecting it with those of R’/J. El Khoury and Srini-
vasan (2009) gave a structure theorem for such ideals. They showed that / is generated
by I>, J = I N R’ and an element of the form wz? — g, where g € R’ ¢ 1.

Furthermore, by seeing that gx and gy € J, El Khoury and Srinivasan proved that
{wx, wy, w2 o, .. 01,2, wzf — g} 1s a minimal generating set for / unless gx
or gy is already a minimal generator of J = (a1, ..., ®,_1, z/). In that case, dropping
each of gx and gy thatis aminimal generator for J, the remaining n+-3 or n+2 elements
minimally generate /. They obtained a minimal free resolution of R/ in all three cases
where neither gx nor gy are part of a minimal generating set for J, either one of them
is a minimal generator, and finally when both are minimal generators for J. They also
studied a special case of these ideals namely, F = X lal g Y, 2)+wz U=11 In that
case, they described completely the minimal free resolution of R/I. They concluded
their article with a question on classifying the ideals / withn +2,n + 3 and n + 4
number of generators where n denotes the minimum number of generators of J.

In this article, we consider the problem in higher embedding dimensions and par-
tially answer this question.

Let R = k[w = xp, x1, ... x,] be a standard graded ring of dimension n + 1 and
I a homogeneous Gorenstein ideal of height n + 1 with H(R/I) = (I,n + 1,1 +
("‘ZLI), o ("erl) + 1,n + 1, 1). Suppose the ideal RI, has height one. Then after a
possible change of variables,  equals ann F, where F = G(X1, ..., X,) + Wlil or
F=GX,...X,)+ WX,[f_l] under Macaulay equivalence.

LetJ = INk[xy,...x,] = INR'sothatR = R'[w].If F = G(X1, ... Xp)+ WU,
then J is Gorenstein of height n and / is minimally generated by J, wx;forl <i <
n—1,wP — gforsomeg € R andnotin I.If F = G(X1,...X,) + WXE,];”,
then [ is generated by J, wx;forl <i <n —1, w2, wx,f —gforsome g < j—1
and g € R’\J. In the u-generic case, all of these are minimal generators, that is
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gx; is not a minimal generator of J for any i. Thus, if G is sufficiently general,
u(l) =u(J)+n-+1and we say G or I = ann(G + WZ[j_l]) is u-generic. Since
there is a one-to-one correspondence between the height four Gorenstein ideals /
with the property that I, = (wx;forl < i < n — 1, w?) and homogeneous forms
F=GX1,...X,) + WzU=1l ¢ k[W, X1,...X,_1, X, = Z], classifying such
ideals is equivalent to classifying these homogeneous forms in the divided power
algebra. Therefore, we try to classify the property of I being p-generic in terms of
certain properties of the homogeneous form F such that / = ann F.

In Sect. 1, we begin by comparing / = ann(G + WZU!) and I,, = ann(% +
W Zli=11) in general and show that when X; divides G, I can be u-generic only if Iy,
is u-generic. When n = 3, for Gorenstein Artinian algebras, we have more specific
results. We prove thatif / = ann(F) is ;t-generic, then there are some relations among
the X, Y and Z degrees of F.

In Sect. 2, we study the case when F = G(Y, Z) + X'“IG| + WzUi=1l. When
a > j/2 we prove that [ is p-generic if and only if max degy (G) = maxdegy (G1).
Inthe next section, we discuss the general case, where F = G (Y, Z)+X lalg, Y, 2)+
w4 XlGyy, z) + wzU-1, Assuming that j —a; < a1 < --- < a;, we obtain
necessary and sufficient conditions for / to be p-generic.

We conclude our article by comparing the Hilbert functions of R/I and R'/J. As
a consequence, we show that certain classes of Cohen—Macaulay height three ideals
in k[x, y, z] are unimodal, even though they are not Gorenstein.

2 Preliminary

In this section, we recall certain results from the literature. We refer the reader to
(Eisenbud 1995, Appendix 2) for the definition and basic properties of divided power
algebras. Let R be the polynomial ring in n variables, R = k[x1, ... x,]. We denote
the divided power algebra associated to R by RPP — [ PP[x, ... X,]. In RPP,

Xx1al denotes };—7 and xldlxbl = (a : b)X[“+h]. Then R acts on RP? by “partial
differentiation”:

() 3L =8

() ?38?;_[:] — xla—p]

2.1 Macaulay inverse system

The graded Artinian Gorenstein Algebras R /I are in one-to-one correspondence with
homogeneous elements of RP? as shown by Macaulay.

Theorem 2.1 [Macaulay (1994)] Let char k = 0 or char k > j. There is a one-to-one
correspondence between graded Artinian Gorenstein algebra A = R/I of R of socle
degree j, and the elements F € R;’-‘. The correspondence is given by:

I=anmmF ={heRlhoF=h i,...,i (F)=0
X 0X,
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where
F = ()" € R} mod k*

Here F is also the generator of the R-submodule I+ C R*,
I ={GeR|hoG =0 forall h €I}.
The Hilbert function H(R/I) satisfies:

H(R/D)j = dimy(RoF);=H(R/I)j_;.
Furthermore fori < j, I; is determined by I or by F' as follows:
Ii=1:Rj_j={heR |hRj_;Cli}={heRi|ho(Rj_joF) =0}

When chark = p > j the statements are analogous, but we must replace R* =
K[X1, ..., X,] by the ring of divided powers kPP[X,,...X,], and the action of R
on kPPX1, ... X,] by the contraction action.

Example 2.2 Let R = k[x,y,z,w] and F = XBlyBlz + wzU0l Then 1 =
(wx, wy, w?, yz%, xz%, x0, y0, wz? —x7y7, 21,
Let us choose g = wz’ —x°y>. We will show that this element belongs to the ann F

oF oF IF
dg  dwz?  9xdyd
oF

— =Z7Z-7Z=0.
g

3 p-Genericity

Let R be a standard graded k algebra of dimension n 4 1 and / be a graded Gorenstein
ideal of height n+ 1 suchthat H(R/I) = (1, n+1, 1+ ("3"), ..., (") +1,n+1, D).
Then the ideal I has n quadrics amongst its minimal generators. Suppose these quadrics
generate an ideal I of height one, then there exists a degree one form w such that
I, C (w) and R = k[w, xq, ..., x,] for some suitable degree one form x;. Let
R =k[x1,...,x,]Jand J =INR’.

We will make use of the Macaulay equivalence between graded Gorenstein ideals
of socle degree j in R = k[w, x1, ..., x,] and degree-j forms in the divided power
algebra R* = k[W, Xy, ..., X,;] by the action of R on R* by differentiation. If
F € R*,thenann F = {f € R|(3/3f)(F) = 0}. Note that the multiplication in the
divided power algebra is different from the usual polynomial algebra: X[ . x1P1 —
(a‘:‘_bb')!X[a+b]_

a'Iﬁ terms of the algebra R/I or the ideal 7, a graded Gorenstein Artin algebra R/I
with a Hilbert function (1,n + 1,1 + (”JZF]), ... 1) with RI, an ideal of height one
is called p-generic if u(I) = w(J) +n + 1 where, I C (w) for some one form w,
R=R[w]landJ =INR.
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In our situation, I = ann F, where F = G + W/l or G + WXELj_l], depending
on whether w? ¢ I or w? e I.1f w? ¢ I, then we can see that I, = (wx;, 1 <i <n)
and R’/J is a Gorenstein Artin algebra of embedding dimension n. Moreover, in this
case, I = (J, wxy, ..., wx,, w — g) so that u(I) = u(J) +n + 1 and hence I is
J-generic in our sense.

From now on, we consider the case where w? € I. Then w? is one of the quadrics
minimally generating I and for a suitable choice of degree one forms x1, ... x,—1, X, =
., h = (wz, WXy, ..., Wx,—1). There exists a unique F = G(Xy,..., X,—1,Z) +
W ZU=1 of degree j in the divided power algebra such that / = ann F. It has been
proved in El Khoury and Srinivasan (2009) that [ is generated by (I, J, wz? — g) with
J=I1Nk[x1,....,x, =2],8 € k[x1,...,x,-1,z]\J and B < j — 1. Suppose J is
minimally generatedby «, ..., o, = 7/ . Since wx; arein I,gx;,1 <i <n—1belong
to J. Therefore, if gx; € nJ, where n = (xy, ..., x,—1,2) C k[x1, ..., xp—1, 2], then
they are not part of any minimal generating set for J and hence (1) = pu(J)+n+1.
Depending on whether gx;’s are part of a minimal generating set for J, the number of
minimal generators for / will be ;(J) + ¢ for 2 <t < n + 1. We summarize this as:

Remark 3.1 If A = R/I is a Gorenstein Artin algebra with Hilbert function (1, n +

1, 1~|—('H2'1), ...,n+1, 1), then after alinear change of variables, R = k[x, ..., x,, w]
and there exists a unique minimal generator for I of the form wx,',3 —g(x1, ..., xp). If
J =1Nk[x1,...,x,],then u(I) = u(J) +n+ 1 —r, where r is the cardinality of

{ilgx; € J/mJ}.

Thus, I is p-generic if and only if gx; € (x1,...,x,)J forall 1 <i <n — 1. The
purpose of this paper is to classify these polynomials F that give rise to u-generic
ideals 1.

We begin by proving a result which helps us restrict our study to a simpler class
of polynomials. Let F = G(Xy, ..., X,—1,Z2) + wZU=11 and I = ann F. Without
loss of generality, we may also assume that G does not have a term in LZ/~! where
L is a linear form for in that case we can replace W by (W + L). In what follows we
will take I = ann F with F as above. For any form F € k[Xy, ..., X,—1, Z, W], Fx
denotes the partial with respect to X.

Theorem 3.2 Suppose F' = X;G + WZ[j]for somet,1 <t <n-—11Ifann F is
u-generic, then so is ann F’.

Proof Let X; = X,I’ = ann F' and [ = ann F. Let R" = k[xy,...,x,_1, 2] and
J =T Nk[xt,...,xn—1,2]. Then I' = (wx;, 1 <i <n—1,w? J wzf —g) for
some g’ € R\J and B’ < j.

CLAIM: wz? — g e I for some g if and only if wzf+! —gx e I'.
Proof of the claim: If wz? — g € I, then

_9F 903G +aWZU*” G  owzli-l
- dwzf —g  dwzf dwzh dg g
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3G gzLli—-1
— W .
g g

_ Zli-p-11 _

=11

This implies
G

G .
= 0and e = ZUi=B=11 Now, consider
8

3G +wzUlh 3G’ awzll 3G’ awzlU!

dwzPtl —gx  qwzftl T qwzPtl  agx  ogx
_ gli-p-n_ 99
g
=0.

Therefore wzf+! — gx € ann(G' + WZzUly = 1'.
Suppose wz! —h' € I' forsome ! < B+ 1 and i’ ¢ J'. Then

G +wzbh 960 owzll 96" gwzl]

wil — W dwgl + dwzl  on oh’
’ [/]
_ gl _ 0G0
ah’ oh’
azU! G’ :
Hence - = 0 and T ZU=1_ This implies that x divides 4’. Let i’ = xh for

some h. Consider wz'~! — h,

9G + wzli-1l G awzl-11 3G  awzli-1

dwd-T—h  owd-1 ' awdT  ah ok
: G gzl-1
=z — _w :
dh dh

azU-1 . . .
If azah is non-zero, then A contains a pure power of z, which must be z/. But

%—g,/ = 7zU=! would then mean that G’ has a term X ZU/! which is not possible by our

. gzZli—11
assumption on F. So "Za;l =0.
. / -1 _
Since G = % and i’ = xh, we get % = 0. Therefore wz/~! —h e I

which contradicts the minimality of 8. This completes the proof of the claim.
Suppose I = (I, J, wz? — g) is p-generic and let I’ = (I, J/, wzft! — gx,).
First note that if & € nJ, then hx, € nJ' for all ¢. Since gx; € nJ, gxgx; € nJ’ for all
1 < s,t < n. Therefore they are not part of minimal generating set for J’. Hence I’
is ju-generic. O

We may also restate the theorem as a necessary condition as follows: Let I =
ann F = ann(G + WZUI). Suppose G = X,Gy, for some 1 <t < n — 1. Then
I = ann F is p-generic if ann(Gy, + wzU=11) is p-generic.

As aresult of the above theorem, we concentrate on polynomials F = G+ Wzl =1
in the divided power algebra such that none of the X;, 1 <i < n — 1 divides G and
G has no terms containing ZL/ =1,
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The converse of the above theorem is not true in general as we can see in the
Example 6.1.

We remark that it is not always the case that we can achieve ‘u-genericity’ by mul-
tiplying by an X; even if one of gx; is a non-minimal generator for the corresponding
ideal J. See the examples in the last section. However, it is an interesting question,
whether if F = G + WX,[,j_l] € k[X1,..., X,, W] is not u-generic, does there
exist a suitable power of X;, 1 < i < n — 1 multiplying G by which will result in a

u-generic ideal, better yet does there exist a suitable one form L(X1q, ..., X,—1) so
that I’ = ann(LG + WX,, ) issuchthat u(I'y =n+ 14+ pn(I") Nk[xy,...,x,]?

4 Embedding dimension four

In embedding dimension 4, we can get a stronger characterization. We now letn = 3
so that R = k[w, x, y, z].

Notation 4.1 For the rest of the paper, we set
F =Go+ X[lll]Gl N X[ﬂ/]Gl + wzLUi—-1

where Go = >0 cp— Y ZIGH ¢ £ 0,41 < --- < @ and at least one of the
G's contain a pure power of Z.

For a polynomial h(xy, ..., x,) € k[x, ..., x,], let degxi h denotes the highest
power of x; in . Thus, in F asin 4.1, degy F = q;.

We first obtain a necessary condition for an ideal to be p-generic in terms of F.
Before we prove the result, we prove a technical, but very important lemma that is
needed in the proof of this theorem. This lemma will play a crucial role in the proofs
of all the forthcoming characterization results as well.

Lemma 4.2 With the notation as in 4.1, if degy Go = p then ann Go doesn’t have
elements of degree less than or equal to j — p = q except for yP+1 in the case when
p<Jj—r

Proof Clearly y?*! € ann G¢. Suppose ann G contains a generator of degree less
than j — p,say g = Zfzoozly’ izl forsome 0 < k <r < j — p, where ax # 0.
Then we have

3G acpy[Plz[q] 4 Cp_ly[P—llz[q+1] ot Cp_my[P—m]Z[q+m]
T dory" + a1y a4 gy Rk

= ak_lcpY[”_r+k]Z[q_k] + terms in Y of degree less than p — r + k.

Since ¢, # 0, ay = 0, which is a contradiction. Hence the assertion follows. a

Theorem 4.3 With the notation as in 4.1, if I is p-generic, then either a; < degy Go
ordegy Go < max{degy G; :i =1,...,n}.

Proof We first show that if f € ann F' with deg f < a, then either f € ann Gy N
ann WZU_l]ﬁann(Z:ﬁ:l xl4lGyor f e ann(Go~|—WZ[/_1])Oann(Z:§:1 xlalG))y.
For if f € ann F, then
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IF _ 3Go Zax[az‘lci awzl-1
+ )

0= +
of T or T&Tar of
Therefore
9Go , AWzl _ L axlalg,
af of of

i=1

Since Gy is a polynomial in ¥ and Z, the term on the left hand side of the above

equality does not involve X. Since deg f < a; we get that Zl 1 aX:—}G’ = 0 and

M = 0. We now proceed to the proof of the theorem. We show that if

a; > p > degy G; for every i, where p = degy Gy, then [ is not p-generic. We do
this by considering the following two cases:

Case 1. Suppose p < j — p. By Lemma 4.2, y?*! is a minimal generator for ann G
since all other generators have degree strictly greater than j — p. Since p > degy G;
for all i, it can be seen that yerl € ann Go Nann W ZU= nann X141G; for all i, and
it cannot be obtained from a generator having degree of y less than p + 1. We then
conclude that y”*! is a minimal generator for ann F.

On the other hand, note that f = wz”~!—y” € ann F. Since the degree of f = p <
ai and contains a term in w, we get f € ann(Gog + WZU~1hn ann(Zéz1 xlailg,).
We show that f is a minimal generator. Suppose wz? — g € I forsome f < p — 1.1t
implies that y? —zP~1=# ¢ ¢ I which is impossible since y”*! is a minimal generator.
Therefore, wz? — g ¢ I forany B < p — 1 so that f is a minimal generator for I.
Since y”*! is a minimal generator, I is not y-generic.

Case 2. Suppose p > j — p. In that case wz”~! — y” € ann F, but might not be
a minimal generator for I. Let f = wz#~! — g(x, y, z) be a minimal generator for
I, with B < p. We first show that we can replace g(x, y, z) by g(y, z). We write
g(x,y,2) = g1(y,2) + xg2(x, y, z). Then,

IF ZZ: axlailG, aw zli-1l

of 3g1(y 2)

+
= 0g1(y,2) +xga(x, y.2) - dwzh!

xlailG
Since a; > p > B, we get 5 300 — 7U=B1 and Zl ) dg1+xg2 = 0. Therefore, either

g1 = yP orthe degree of g is strlctly less than p. Butin both cases and by Lemma 4.2,
the degree of g is greater than j — p. On the other hand, the degree of G, is at most

Jj — p — 1. Tt follows that % = O forall i, and hence xg> € J. So g(x, y, z) can
be replaced by g(y Z) '
We know that ag( = 7Zli=Bland yg(y, z) € ann F.Infact, yg(y, z) € ann GoN

ann(WZzU=1) N ann(Z:f.=1 X141G;). As in the case of the proof of Lemma 4.2 in
El Khoury and Srinivasan (2009), ann G is minimally generated in k[ y, z] by aregular
sequence (y8(y, z), 0(y, 2)) with0(y, z) = z' +01(y, 7). By Lemma 4.2, the degrees
of y8(y, z) and 6(y, z) are at least j — p + 1 and the degrees of the G/s are at most
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j — p — 1. It follows that y3(y, z) and 6(y, z) € ann Gog N ann(Zf=1 xl41G;). But
0(y,z) ¢ ann WZU~! Therefore (y, z) ¢ ann F, but yf(y, z) € ann F. Hence,
v38(y, z) and yO(y, z) are minimal generators for ann F.

We now show that yg(y, z) is a minimal generator for / and can be chosen to
be y&(y, z). Suppose yg(y, z) is not minimal then yg(y,z) = f1(y,2)yé(y,2) +
f2(y. 2)y0(y, z). Itimplies that g (y, z) = f1(y, 2)8(y, 2) + f2(y, 2)0(y, z). Consider

Gy _ 9Go _ 9Go _ ZLi-Al
0g(y,2)  0f1(y, 8y, )+ 2y, 20(y,2)  3f1(y, 2)8(y, 2) '

We can choose g(y, z) = fi1(y, 2)8(y, 2). If f1(y, z) is a constant then we are done.
Otherwise f1(y, z) = c¢z" since y§(y, z) isin J. On the other hand, § (y, z) cannot have
a pure power of z, otherwise g(y, z) will have a pure power of z and will not belong to

flel 3G . T
1. But 88(y?z) =Y 8y8(y0,z) + aZ! = oz with @ # 0 and the multiplication is the

usual polynomial multiplication. It implies that f' = awz?~17* —§(y, z) is a minimal
generator for / which contradicts the minimality of f. Hence, g(y, z) = ¢6(y, z) and
vg(y, z) is minimal, and 7 is not u-generic. O

In El Khoury and Srinivasan (2009), it was proved that if F = X!91G 4+ wzlU~1l
with a; > 1, then [ is p1-generic. Example 6.6 shows that this property does not hold
if F=Go+ X“G, +wzU=1 Let

F =Go+X"“G, + wzli-!l

where Go = > 'L, c[,_rY[”_’]Z[‘”"] and G contains a power of Z.
If we suppose thata > j —a > p, then we get an improved version of Theorem 4.3
in this case.

Theorem 4.4 Let F be as above and suppose degy F > deg G| > degy Go. Then I
is w-generic if and only if degy G| = p.

Proof Supposedegy Gi = p.Wewrite F = ¢, YlP1Zlatslq. o g oyl Zlatstp=2]4
X[“](apY[p]Z[S] + -+ agZPsly 4 wzU=1 with cp,apand ag # 0.

We first show that wz?*s — c;l yPz5*1 is a minimal generator for I. Clearly,
wzPTs — c;ly/’z“rl e I. Suppose there exists wz? — g € I forsome g < p + s, take
B = p+s — 1. As in the proof of Theorem 4.3, we can assume that g is a function of
y and z. Then we have

oF
0= —F—
dwzf — g
_ 9Go+ XGy + wzli-l
N dwzf — g '
Therefore
3Gy + Xl41G,

— li-1-B1 _ lal
g
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Since G does not involve X and g has degree p + s < a, we get 88—? = zlal

and % = 0. Therefore, there exists 0 < i < p — 1 < a with ¢;,_; # 0 such that
g=c, L yP T 4 g1y, ). 10 # 0, then 520 = ¢ .c Lyl ZIa= 4.y 7ol 4

- and g does not annihilate Gy — c¢,_; Y!P~11ZIa+s+] by emma 4.2, which is a
contradiction. Hence i = 0 and g = c;lypzs + g1(y, z). Therefore, "3—2,0 = 7%l and
3xlgG,

gt = ¢, 'ap X141, This implies that there exists aterm g2(y, z) in g1 (y, ) in y and

z of total degree p +s such that =55 =1 = —c, o, X191 Again %ﬁjzw

by Lemma 4.2. Continuing in this manner, we see that wz? — g does not annihilate
F, which is a contradiction. Therefore p + s is the minimum exponent 8 of z such
that wz? — g € I and hence wz?*s — c;lyl’zs“ is a minimal generator in /. Since

axldG,

yP+1 e I,y yPz5+! is not a minimal generator of /. Note also that if j is the smallest
integer so thata,_; # 0, then x (cr,— jyPz° — apyP~iz5%)) € I. Therefore, x - yPz5T!
is also not a minimal generator of /. Hence [ is p-generic.

We now prove the converse. We know by Theorem 4.3 that if @ > p and [ is
pu-generic, then degy G > degy Go. With the extra assumption that F has only two
terms and a > j — a, we show that degy G| = degy Go = p. So it suffices to show
that if degy G| > p, then I is not p-generic. Write

F =c,yWPzletsl 4 oyl glatstp=2]

ptr

m=0

with &, 4+; # 0 for some i > 0. It is clear that wzP*s — ¢, ~'yPz**! € [.1f it is not
a minimal generator for I, then there exists 8 < p + s such that wz? — g(y, z) is
minimal. We get
_F s 200 a6 (D

dwzf —g(y,2) g g
Since a > p + s, we get g € ann G| and % = zUi=1=A1,

We first claim that g(y, z) = ¢, 'y”z% + g1(, z), where p +q =pB+1and
g1(y,2) € ann G with deg, g1 > p + 1. Suppose g(y,z) = y"~'z9%" + g1(y, 2),
with i > 0 and deg, ¢ > p — i. It suffices to take i = 1 and write g(y,z) =

yP1Z0H 4, yP29 + g (y, 2) with deg, g} > p, then

Gy _ aZ[qusfq] + CPYZ[LH»squl]
ag(y, 2)
and hence aa—g # 0, so g is in the required form.

We then notice by Lemma 4.2, that y”*! is a minimal generator for ann Go and
no other generator of degree less than a + p is in ann G¢. As we see from Eq. (1),
since p+¢q < p + s < a, any generator in ann F of degree at most p + ¢ must be in
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ann Go N ann G1. Hence a generator in ann F of total degree < p + g must have the
power of y in all its terms greater or equal than p+1. Soif g(y, z) # 0is not a minimal
generator for ann G, then it is obtained from one of the two minimal generators of
ann G 1, by multiplying one of these minimal generators by the appropriate power of
y. Write g = y'g’ where g’ is minimal in ann G .

We now show that f = y(c;1 yPz9+g1(y, z)) is aminimal generator for 7. Let g be
the minimal power of z such that wz? — c;l yPz9 — g1 (y, z) is a minimal generator for
I with g1 € ann Gg and g(y, z) = c;ly”zq + g1 = y'g’ € ann G but not in ann G.
Suppose f = yg = y'T!g’ is not minimal in ann F. Therefore, it has to be generated
by a minimal generator of ann G Nann G of the form f’ = y?*1797k + f{ (v, z) with
degy f{ > p+1.Weknow that ann G is minimally generated by exactly two elements
that form a regular sequence, namely g’ and f’. Hence f = zXf" and X f] = ygi.
Writing g’ = y?~'z9 + g|, we get yg1 = y'*!g! # z* f], which is a contradiction.
Therefore, f is minimal and / is not p-generic. O

Example 6.7 shows that statement of Theorem 4.4 does not holdif p < a < p +s.

Now, we will consider the general case in codimension four. Let F be as in Nota-
tion 4.1. We now obtain a generalization of Theorem 4.4. Along with Notation 4.1,
we further assume that G, has a pure power of Z (in other words, ¥ does not divide
G7). We prove a generalization of the necessary part of Theorem 4.4.

Theorem 4.5 Let F be as in Notation 4.1 with p < j — a; < ay, Y not dividing G,
and degy G; < degy Go foralli = 1,...,1 — 1. If I is pu-generic, then degy G; =
degy Go.

Proof The proof of this result is on the same lines as the proof of the necessary part
of Theorem 4.4. We give a sketch of the proof. By Theorem 4.3, it suffices to show
that if degy G; > degy Gy, then [ is not p-generic. We adopt the same notation as in
the proof of Theorem 4.4. Let

ptr
F =Go+X91G| + ...+ x1a (Z amY[’"lz[PH—ml) +wzl-1,

m=0

where Gog = cpY[”]Z[“H'S] + Y zlats=21 We see that, as in the case of
the proof of Theorem 4.4, wzP™s — c;ly” 7t ¢ I is a minimal generator. Taking
f= y(c;lyl’zq + g1(y, z)) replacing “ann G” by “N; ann G;” and a by a;, we can
prove that f is a minimal generator of / and hence [ is not u-generic. O

Examples 6.8 and 6.9 show that the converse of Theorem 4.5 is not true in gen-
eral. These examples suggest that we have to add more conditions on the expo-
nents to obtain a converse of Theorem 4.5. We prove the converse with some extra
assumptions.

Theorem 4.6 Supposedegy G; = p, deg; G; = p+s, deg G; < ajanddegy G; <
degy Go foralli =1, ...,1 — 1. If F satisfies one of the two conditions below, then
I is p-generic:
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(1) degy G; < degy (G| —a,YPZ%);
(2) deg; G; < deg; G foralli <.

where F is written as
p
F =Go+ X[tll]G1 4+t xlal (z amy[m]z[[?'i-s—m]) + WZ[j_l],
m=0

Proof We first show that wz?+5 — c;l yPz*! is a minimal generator for /. Suppose
not, let wzf — g € I, where B < p +.

Then
_ oF
- 811)213 — g
_0[GoY, Z2) + XG4+ ... 4 xlalg, + wzli-1
- 8wzf‘ — 8 .
Therefore

AGo(Y, Z) + XG4 ... 4+ xlalg) B
ag -

ZLi—=1-p]

Since a; > j —a; = p + s, g may be assumed to be a function of y and z. Hence
we get

[ai] .
0Go(Y, 2) _ Z[j_l_/g] and 0X'4lyG;(Y, Z2) _
9g(y, 2) ag(y, 2)

By Lemma 4.2, ann Go(Y, Z) does not contain generators of degree less than a; +
s = j — p. Therefore g = c;l yPz* + g1 for some polynomial g;. But in that case, we

have 0xl4G,(v.7)

T =« pc;IX [] and hence g; must contain a term g, with the power
cp Pz

of y less than p such that 1. Continuing in this manner, we see

X6 (v.2) _ _ yla
082

that wz? — g can not annihilate F, which is a contradiction. Therefore wz? — g & I
for B < p + s and hence wz? ™5 — c;,lyl’zs+1 is a minimal generator.

Note that since y?*! € I, y - y?z*! is not a minimal generator. Also we have in

case (1) thatif degy (G —apY[p]Z[S]) =p—k thenx(a,,y”_kZHk —apyP*) el

and in case (2), x(a,,z”p —aoy?z%) € I, which implies that xyPz5*1 is not a minimal

generator of /. Hence [ is p-generic. O

5 Hilbert functions of I and J
LetR = k[w, x, y,z], R = k[x, y, z]and I = ann(F), where F is as in Notation 4.1.

In this section we compare the Hilbert functions of 7 and J = I N R’. It can be noted
that these results are independent of whether the ideal is p-generic or not.
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Proposition 5.1 Let F = G+ WZU~U, [ = ann(F) and J = I N R'. Then Hg;; —
Hgyy =10,1,...,1,0,...], where the last 1 occurs at the degree B, where B is as
given in Remark 3.1.

Proof Let I = (I, J, wzP — g), where g € R'\J. Clearly Hg/1(0) — Hgryy(0) =0
and Hg/(1) — Hgryy(1) = 1. Note that I = (wx, wy, wz) and J has generators of
degree at least 3. Therefore Hg/;(2) = 10—3 = 7and Hg//;(2) = 6.For3 <n < 8,
I,,, as a k-vector space, is generated by I> R,—» and J,,. If amonomial m| € [R/I], is
a k-basis element, then either m = wz"~! or w does not divide m and m is a k-basis
element of [R’/J],. Therefore, dimi[R/I], = dimg[R'/J], + 1forall 3 <n < B.
Forn = B8 + 1, one can see that wz? — g € I and g ¢ I and hence g ¢ J. Moreover,
forn > B+1,wz" = z" P lg(mod I')and 7P~ g € I'ifand only if 7" P~ 1g € J.
Therefore, Hg/j(n) — Hgyy(n) = 0 for n > B + 1. Hence the assertion is
proved. O

It is known that height three Gorenstein ideal in k[x, y, z] is unimodal, see Stanley
(1978). As acorollary of the previous result, we obtain a class of Artinian level algebras
of embedding dimension three, namely type two and at least one of the socle elements
is a pure power of a degree one form, having unimodal Hilbert function.

Corollary 5.2 If J C R’ = k[x, y, z] is an ideal such that J = ann(G, Z!9e2G—1)
for some polynomial G in the divided power algebra k[X,Y, Z], then the Hilbert
function of J is unimodal.

Proof Let J be an ideal of the given form. Let I = G + WZU~U, Then it can
be seen that J = I N R’. From Proposition 5.1, it follows that Hg;; = Hg/; —
[0, 1,...,1,0..], where the last 1 occurs at the degree §. Since / is a Gorenstein ideal
withinitial degree 2, Hg,; is unimodal, (Migliore et al. 2008, Theorem 3.1). Therefore
Hp//y is unimodal. O

6 Examples

In this section we provide some examples to illustrate our results. We follow the nota-
tion that was set earlier, i.e., given a homogeneous form F in the divided power algebra
kW, X1,..., X1, I =ann(F) C k[w, x1,...,x,]and J =1 Nk[x1, ..., x,].

The following example shows that the converse of Theorem 3.2 is not true in general.

Example 6.1 Let I = ann(YPIZB81 4y 701  xBlylolzi2l 4 yl7llz 4 yl8 4
ZBY + wz2ly and I’ = ann(XYBIZB! 4 xyBzP1 4 xlolylolz2l 4 ylllz 4
Y8l 4 zB8y 4 wzIB3h) Then u(I) = 11, u(J) =8, u(I’) = 13 and u(J') = 9.
Therefore I’ is ju-generic, but [ is not.

The following is an example where ann(G + WZU~!) is not u-generic and
ann(X'G + W zU+/—11y i also not u-generic for some z.

Example 6.2 Let F = G + WZz121 = yBIZUO0l Ly 7001 4 yBIZB] 4 yl21ZI1
xOl(yHzBl 4 yRl7ZI51 4 77 4 xT(yBlzBl 4y 7151 4 716y 4 wz[12] 1t can
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be seen that / = ann(F) is not u-generic. Moreover, ann(X'G + W Z[12+1 is not
u-generic for t = 1,2, 3 and that I = ann(X*G + W Z[10]) is yi-generic. In a similar
manner, one can see that ann(Y'G + WZ“Z‘”]) is also not p-generic fort = 1, 2, 3, 4
and that ann(Y°G + WZ[17) is J-generic.

The following example, in codimension five, shows that [ = z_mn(G +wzl _1]) C
k[w,t, x, y, z] need not be p-generic but I = ann(7G + WZ“]) is u-generic.

Example 6.3 Let I = ann(YB1Z0 4 y4 zB81 L 7BI 701 4 xBl(yzI4 4 7001
+wZzMy and I’ = ann(XYBIZPT 4 xyHzB8 4 x7BlIZO1 L xBl(yHzH T 4
ZPl 4 wzU2l)) Then u(I) = 14, u(J) = 10, u(I’) = 16 and u(J') = 11. Here,
I is not ju-generic as t* is a minimal generator of J. But I’ is p-generic for ¢ is no
longer the obstruction, for wz> — x#3 is the minimal generator of 1’

The following is an examples of an ideal which is not p-generic when a > p and
pP > Fik.

Example 6.4 If F = Y101zl y Ol 7161 yl6] 701 x 11y 21 Z[21 4 7141y 4y Z[14])
then (1) = 9 and u(J) = 6. Here wz’ — y8 + y7z — 22 + y723 — yz7 is a minimal
generator for /. It can also be seen that ann G is minimally generated in k[y, z] by
©,8)) = (y8 + y7z _ y5Z3 _ 2y4z4 _ y3ZS + y2Z6 + 3yZ7 + 3Z8, y7z2 _ y4Z5 _
y328 + yz8 4+ 22%). Note that we may replace 8; by 381 + (2z 4+ )0 = yg(y, z) which
makes yg(y, z) a minimal generator (see the proof of Theorem 4.3).

We have noticed that if p < r;j; for some i and k, then the classification is more
complicated. It does not only depend on the powers alone, but also on the coefficients
as we see in the example below:

Example 6.5 If [ = ann(YB1Z8 4 yRIZI7l 4 x5y z21 4 y Bl 731 4 7161y 4
W ZUOly then u(I) = 9 and u(J) = 5 whereas if I = ann(YB!1ZB8 4 yzI71 4
xBl.yWzRl 4 yBlzBI 4 7161y 4+ wzUO) then u(I) = 11 and u(J) = 8.

Example 6.6 Let F = Y4 zUI01 L yBlzI 4 xBl(yBlz 4 yllzR21 4 yBl7zI31 4
YRz 4 7161y 1w z13] In this case degyG1 > p and we have u(I) = 11 and
u(J) =38.

Example below shows that Theorem 4.4 doesn’t work if p < a:

Example 6.7 Let F = Yzl 4 yBlzI81 . xB3(y4 z31 . 771y 1w z[10] Here,
a <degy F =4 < degG; = 7. One can see that u(/) = 9 and u(J) = 6. Whereas
if F=yW®z0 4 x@#y#zB 4 70y 1wz then (1) = 9 and u(J) = 5. In
the above examples, we have degy F < deg G1. While the first one is p-generic, the
second one is not. This shows that our characterization is not valid without the given
hypotheses.

The example below shows that the converse of Theorem 4.5 is not true.
Example 6.8 Itcanbe seen that ann(YP1ZN21 4 y M 711314 x 8]yl z51 4 y 3817161 4
YRz py zB8hy 4 x Oyl zI141 4 y Bl 715y 4 x 101y 517121 4 yl41 73] 4 y Bl 7141
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ZU7y + wzU6ly is ;i-generic whereas ann(Y!31 ZU2]  y# ZIB31 4 x 7l (yl41 ZI6] 4
yBIZIT 4 y21 7181 4y 7190y 4 x191(y 41 7141 4 y[31 7151) 4 x[111(yISlZ 4yl 7121 |
yBlzBl 4 Z[6]) + WZ[16]) is not. Note that in both cases j — a; < aj, degy G; <
degy Go and degy G3 = degy Go = 5.

The example below shows that we cannot remove the conditions degy = G; <
degy = Go,1 <i <n —1in Theorem 4.5. In F, all conditions except degy G| =
6 > degy Go = 5 are satisfied and ann F is p-generic and the conclusion fails where
as in G all conditions except degy = G # degy = G, . Hence by the Theorem 4.5,
ann G cannot be p-generic.

Example 6.9 Let F = yBlzI2l 4 yB7zIB1 4 xPlyl4lz4hy 4 x[0l(ylelz 4
yR21ZzBl 4 yBlzIE 4z 4 x 121y I8 4 751y 4 w ZU6 Tn this case, 6 = 1y > p =
5, u(I) = 15and u(J) = 11, which implies that I is p-generic. On the other hand, if
G = yBlzN2 ¢ yldlz131 X[9](y[4lz[4]) 4 X[lo](y[6]Z 4+ yRIZI5I L yBlzi4
ZUhy + wzU6l then (1) = 15 and u(J) = 12 as predicted by Theorem 4.5.
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