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A B S T R A C T

Variable-Sized Bin Packing Problem with Time Windows (VSBPPTW) is a variant of the classical bin packing
problem in which several types of bins with different sizes and costs are available, and the total cost of bins
used to pack all items is minimized. Additionally, a time window is defined for each item, and the set of
items packed into each bin must be time-compatible, i.e., the items in a bin must have at least one common
time point within their time windows. We propose a new mixed-integer linear programming (MILP) model for
VSBPPTW that (i) ensures time-compatibility by filling each bin with items from one maximal time-compatible
set only and (ii) uses a compressed network flow formulation to represent the packing of items into bins under
each maximal time-compatible set. New fast heuristics for VSBPPTW are also proposed to warm-start the
MILP solver. Computational experiments are carried out on two sets of benchmark problem instances from the
literature. We show that the new fast heuristics obtain on average much better solutions than the previously
proposed fast heuristic, and the new MILP model greatly outperforms the previously proposed MILP model.
While the previously proposed MILP model solves to optimality only 13% of the problem instances in the first
set and none in the second, the new MILP model solves to optimality over 70% problem instances in both
sets.
1. Introduction

The Bin Packing Problem (BPP) is a widely-studied combinatorial
optimization problem with many applications in manufacturing and
logistics (Martello & Toth, 1990). In BPP, a set of items with varying
sizes must be packed in the minimum number of bins of identical
capacities. Multiple solution methods for BPP have been proposed in
the last three decades, including exact algorithms (Delorme et al., 2016)
and heuristics (see, for example, Fleszar & Charalambous, 2011; Fleszar
& Hindi, 2002).

In the basic BPP, all bins are identical. However, in some appli-
cations, bins with varying capacities and varying costs are available,
and the goal is to select a set of bins and to pack all items in the
selected bins such that the total cost of the selected bins is minimized.
Furthermore, in some logistics applications, in which items correspond
to orders requested by customers, each item has an associated time
window during which it must be delivered to the customer. In this case,
the packing is further restricted by the fact that all items packed in
one bin must have one common delivery time. The resulting problem
is denoted the Variable-Sized Bin Packing Problem with Time Windows
(VSBPPTW).

VSBPPTW is a new problem that was recently introduced by Liu
et al. (2021). They presented an application of VSBPPTW in shipment

E-mail address: kfleszar@gmail.com.
URL: https://sites.google.com/view/kfleszar.

planning of a granite manufacturer. The manufacturer must ship to
customers a number of items. Each item has a weight, an availability
date, and a due date. Multiple types of containers are available, each
with different weight-capacity and cost. The items must be packed into
containers without exceeding their weight-capacities such that the total
cost of used containers is minimized. Additionally, for each container,
a common delivery date must be determined, which must be between
the availability date and the due date of each item packed into the
container.

VSBPPTW is important in practice because it can have a high impact
on reducing the costs of logistics. Hence, developing exact and heuristic
algorithms is justified. While the state-of-the-art complex heuristics
proposed by Liu et al. (2021) can find high quality solutions, the mixed-
integer linear programming (MILP) model proposed in the same paper
can solve to optimality only some instances with at most 60 items, and
the fast heuristic proposed in the same paper finds solutions with costs
up to 70% higher than optimal for some types of instances.

The main contributions of this paper are as follows. First, we
propose a new MILP model for VSBPPTW that can solve to optimality
much larger problem instances than the state-of-the-art MILP model.
Secondly, we propose new fast heuristics for VSBPPTW that find on
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average much better solutions than the best fast heuristic available in
the literature. The heuristics can be used standalone or to warm-start
the MILP model. Thirdly, to verify the quality of the new methods, we
present the results of a comprehensive computational study, where we
test all methods on two sets of benchmark instances from the literature.
The MILP models are run with the same time limit and compared in
terms of the number of optimal solutions found and the optimality
gaps achieved. The heuristics are compared in terms of the average
deviations of their solutions from the best-known lower bounds.

The rest of the paper is organized as follows. Section 2 provides a
formal definition of VSBPPTW and a review of the literature related to
the problem. Section 3 presents the MILP model of Liu et al. (2021) and
the new MILP model. Section 4 presents the fast heuristic of Liu et al.
(2021) and the new fast heuristics. Section 5 presents results of our
comprehensive computational study. Finally, conclusions and further
research directions are discussed in Section 6.

2. Problem definition and related works

In the Variable-Sized Bin Packing Problem with Time Windows
(VSBPPTW), we are given a set of 𝑛 items, 𝑁 = {1, 2,… , 𝑛}, with sizes
𝑤𝑖 and time windows [𝑒𝑖, 𝑙𝑖], ∀𝑖 ∈ 𝑁 , where 𝑒𝑖 and 𝑙𝑖 are, respectively,
the earliest and latest times for item 𝑖. Additionally, we are given a
set of 𝑚 types of bins, 𝑀 = {1, 2,… , 𝑚}, with capacities 𝑊𝑘 and costs
𝐶𝑘, and unlimited availability, ∀𝑘 ∈ 𝑀 . Without loss of generality,
we assume that all parameters are integer, 𝑊1 < 𝑊2 < ⋯ < 𝑊𝑚,
𝐶1 < 𝐶2 < ⋯ < 𝐶𝑚, 𝑤𝑖 ≤ 𝑊𝑚, and 0 ≤ 𝑒𝑖 ≤ 𝑙𝑖, ∀𝑖 ∈ 𝑁 . The goal is
to pack all the items in a set of selected bins such that the total size of
items packed into each bin does not exceed its capacity, and the total
cost of used bins is minimized. Additionally, the set of items packed in
each bin must be time-compatible, i.e., all the items in each bin must
have at least one common time point within their time windows.

The only two papers considering VSBPPTW that we are aware of
are those of Ongarj and Ongkunaruk (2013) and Liu et al. (2021).
However, Ongarj and Ongkunaruk (2013) considered a restricted ver-
sion of the problem, in which at most two items can be packed into
each bin. Liu et al. (2021) considered VSBPPTW without any additional
restrictions. They proposed a mathematical model and three heuristics,
including the Best-Fit heuristic, the Iterative Local Search, and the
Primal Heuristic. They tested their algorithms on two new sets of
benchmark problem instances.

VSBPPTW is an extension of the Variable-Sized Bin Packing Problem
(VSBPP), which aims at packing a given set of items in a selected set
of bins of variable capacities such that the total cost of used bins is
minimized. VSBPP is a generalization of the Bin Packing Problem (BPP),
which aims at packing a given set of items in the minimum number of
bins of identical capacities.

The literature on BPP is substantial. Delorme et al. (2016) presented
a comprehensive review of exact algorithms for BPP. Of significant
interest to this paper is the work of Valério de Carvalho (1999) who
proposed to use the arc-flow formulation for BPP, a type of network
flow model in which nodes correspond to the amount of used bin
space and arcs correspond to items. They showed that the arc-flow
formulation has strong LP relaxation and is very effective at solving
BPP. More recently, Brandão and Pedroso (2016) proposed a method
of compressing the network that reduces the number of variables
and constraints in the arc-flow formulation, thereby improving the
performance of the model.

Compared to BPP, VSBPP attracts relatively less attention in the
literature. Friesen and Langston (1986) proposed three efficient approx-
imation algorithms for VSBPP and analyzed their asymptotic worst-case
performance. Kang and Park (2003) studied the asymptotic worst-case
performance of greedy heuristics for VSBPP. Alves and Valério de Car-
valho (2007) studied the column generation approach for VSBPP. Cor-
reia et al. (2008) presented discretized mathematical models for VSBPP
2

and derived valid inequalities. Haouari and Serairi (2011) investigated a
relaxations of VSBPP and proposed an exact solution method. Haouari
and Serairi (2009) proposed six heuristics for VSBPP. Crainic et al.
(2011) introduced lower bounds and heuristics for VSBPP. Hemmel-
mayr et al. (2012) proposed a variable neighborhood search for the VS-
BPP. Delorme and Iori (2017) studied pseudo-polynomial formulations
of VSBPP.

A similar problem to VSBPPTW is the Variable-Sized Bin Packing
Problem with Conflicts (VSBPPC), which is a generalization of the Bin
Packing Problem with Conflicts (BPPC). These problems are defined in
the same way as VSBPP and BPP, respectively, except that a set of con-
flicting pairs of items is additionally given, and packing of conflicting
items in the same bin is forbidden. VSBPPTW can be reduced to VSBPPC
by assuming that two items are in conflict if their time windows do not
overlap. However, the opposite reduction is not possible in general.

Jansen (1999) proposed an approximation scheme for BPPC and
Sadykov and Vanderbeck (2013) proposed a generic branch-and-price
algorithm for BPPC. The only paper on VSBPPC that we are aware of is
that of Epstein et al. (2011) who studied the online version of VSBPPC.

3. MILP models

In this section, we present two MILP models for VSBPPTW. Sec-
tion 3.1 presents the model introduced by Liu et al. (2021), denoted
MILP1. The subsequent two sections describe the components necessary
to create our new model. Section 3.2 presents the algorithm that
generates all maximal time-compatible sets, and Section 3.3 presents
the network flow formulation that is created for each maximal time-
compatible set in our model. Finally, our model, denoted MILP2, is
presented in Section 3.4.

3.1. Model MILP1

Let  = {1, 2,… , 𝑏} be the set of available bins with undecided
types. Since in the worst case, each item might require a separate
bin, we can assume 𝑏 = 𝑛. If a heuristic solution with total cost 𝑈
is available, we set 𝑏 = min{𝑛, ⌊𝑈∕𝐶1⌋}, where 𝐶1 is the cost of the
heapest bin type.

Let binary variable 𝑥𝑖𝑗 indicate if item 𝑖 is packed into bin 𝑗, ∀𝑖 ∈
, 𝑗 ∈ , binary variable 𝑦𝑗𝑘 indicate if bin 𝑗 is of type 𝑘, ∀𝑗 ∈ , 𝑘 ∈
, and continuous variable 𝑧𝑗 indicate a common time point within

ime windows of the items packed into bin 𝑗, ∀𝑗 ∈ . The model for
SBPPTW of Liu et al. (2021) can be defined as follows:

ILP1: min
∑

𝑗∈

∑

𝑘∈𝑀
𝐶𝑘𝑦𝑗𝑘 (1)

∑

𝑗∈
𝑥𝑖𝑗 = 1 ∀𝑖 ∈ 𝑁 (2)

∑

𝑘∈𝑀
𝑦𝑗𝑘 ≤ 1 ∀𝑗 ∈  (3)

∑

𝑖∈𝑁
𝑤𝑖𝑥𝑖𝑗 ≤

∑

𝑘∈𝑀
𝑊𝑘𝑦𝑗𝑘 ∀𝑗 ∈  (4)

𝑒𝑖𝑥𝑖𝑗 ≤ 𝑧𝑗 ≤ 𝑙𝑖𝑥𝑖𝑗 + 𝐿(1 − 𝑥𝑖𝑗 ) ∀𝑖 ∈ 𝑁, 𝑗 ∈  (5)

𝑧𝑗−1 ≤ 𝑧𝑗 ∀𝑗 ∈  ⧵ {1} (6)
∑

𝑘∈𝑀
𝑦𝑗𝑘 ≤

∑

𝑘∈𝑀
𝑦𝑗−1,𝑘 ∀𝑗 ∈  ⧵ {1} (7)

𝑥𝑖𝑗 ∈ {0, 1} ∀𝑖 ∈ 𝑁, 𝑗 ∈  (8)

𝑦𝑗𝑘 ∈ {0, 1} ∀𝑗 ∈ , 𝑘 ∈ 𝑀 (9)

𝑧𝑗 ≥ 0 ∀𝑗 ∈  (10)

Objective function (1) minimizes the total cost of used bins. Con-
traints (2) ensure that each item is packed into exactly one bin.
onstraints (3) ensure that each bin is either of exactly one type or
ot used. Constraints (4) ensure that the total size of items packed into

bin does not exceed the capacity of the bin. Constraints (5) ensure
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Fig. 1. Algorithm for finding all maximal time-compatible sets.

that the set of items packed into a bin is time-compatible, i.e., all
the items packed in a bin have a common time point. Symbol 𝐿 in
his constraint is defined by Liu et al. (2021) as a sufficiently large
umber. We assume 𝐿 = max𝑖∈𝑁 𝑙𝑖. Constraints (6) reduce symmetry by
nforcing a non-decreasing order of common time points of consecutive
ins. Constraints (7) reduce symmetry by ensuring that a contiguous
ubset of initial bins is used for packing, and the remaining bins are not
sed. Finally, constraints (8)–(10) define domains of decision variables.

Assuming the number of available bins, 𝑏 = |𝐵|, can be at most 𝑛,
odel MILP1 has 𝑂(𝑛2) variables, due to variables 𝑥𝑖𝑗 defined for each
∈ 𝑁, 𝑗 ∈ , and also 𝑂(𝑛2) constraints, due to common time point

onstraints (5).

.2. Maximal time-compatible sets

Model MILP1 presented in the previous section allows for packing
ach item in each bin and ensures that the set of items in each bin is
ime-compatible through additional constraints. In our proposed model,
he time-compatibility constraint will be enforced in a different way.
irst, we will determine all maximal time-compatible sets of items,
here a maximal time-compatible set is a time-compatible set that is
ot properly contained in another time-compatible set. Note that a
aximal time-compatible set of items might have a total size much

arger than the capacity of the largest bin. Then, we will construct
model that will allow filling each bin with a subset of items from

ne maximal time-compatible set only. This way, we will ensure time-
ompatibility without having additional constraints. We will use only
he maximal time-compatible sets in order to minimize the size of our
odel.

Fig. 1 presents the algorithm that determines all maximal time-
ompatible sets for a given set of items, 𝑁 , with time windows [𝑒𝑖, 𝑙𝑖],
𝑖 ∈ 𝑁 , where 𝑒𝑖 and 𝑙𝑖 denote earliest and latest times, respectively.
aximal time-compatible sets determined by the algorithm are denoted
𝑗 , where 𝑗 is an index of the maximal time-compatible set. Each
aximal time-compatible set is obtained by finding all items that

nclude a certain time point, 𝑡, in their time windows (Line 6). Time
oint 𝑡 is set to increasing unique values of latest times, 𝑙𝑖, but not all
nique values for all 𝑖 ∈ 𝑁 are considered, as some would generate
on-maximal sets.

First, 𝑡 is set to the minimum 𝑙𝑖 among all items 𝑖 ∈ 𝑁 (Line 3).
he set generated for this 𝑡 in Line 6 is maximal: decreasing 𝑡 would
enerate the same set or its subsets, and increasing 𝑡 would generate
ets that exclude at least one item with the minimum 𝑙𝑖.

To generate another maximal set, 𝑡 is increased to the minimum ear-
iest time greater than 𝑡 (Line 8). Compared to the previously generated
et, the set generated with the new 𝑡 would certainly have at least one
tem less: at least one item with the latest time equal to the previous
alue of 𝑡 would be excluded. It would also have at least one item more:
t least one item with the minimum earliest time considered in Line 8
3

ould be added. Hence, the new set would be neither a proper subset e
or a proper superset of the previous set. For the new set to be maximal,
might have to be further increased to the minimum latest time that

s greater than or equal to 𝑡 (Line 9). Note that if the minimum latest
ime that is greater than or equal to 𝑡 is actually equal to 𝑡, no increase
ccurs in this step; otherwise, 𝑡 is increased. This increase might add
ome more items to the new set without excluding any items. The set
enerated for this 𝑡 in Line 6 is maximal because it is not properly
ontained in any set that could be generated with a smaller 𝑡 and any
ncrease of 𝑡 will lead to excluding at least one item with the latest time
qual to the current value of 𝑡.

This process is repeated until there are no items with earliest times
arger than 𝑡 (Line 7). At the end, the algorithm returns the set of indices
f maximal time-compatible sets, 𝑆, and the maximal time-compatible
ets, 𝐾𝑗 , ∀𝑗 ∈ 𝑆.

Consider an example instance of VSBPPTW presented in Fig. 2.
he instance has seven items with sizes and time windows defined

n Fig. 2(a) and two types of bins with capacities and costs defined
n Fig. 2(b). Time windows of all items are additionally presented
raphically in Fig. 2(c). An optimal solution that packs all items into
wo bins of type 2 and one bin of type 1, with a total cost of 9+9+7 = 25,

is shown in Fig. 2(d).
When the algorithm generating all maximal time-compatible sets

presented in Fig. 1 is applied to the example instance shown in Fig. 2,
the following operations are performed. Initially, 𝑡 is set to the mini-
mum latest time among all items, so 𝑡 = 𝑙1 = 3 (Line 3). For 𝑡 = 3, the
irst maximal time-compatible set, 𝐾1 = {1, 2, 3, 4}, is generated (Line
). The minimum earliest time greater than 𝑡 is 𝑒5 = 6, so 𝑡 is increased
o 6 (Line 8). The minimum latest time greater than or equal to 𝑡 is
ow 𝑙3 = 8, so 𝑡 is further increased to 8 (Line 9). For 𝑡 = 8, the second
aximal time-compatible set, 𝐾2 = {3, 5, 6}, is generated (Line 6). Note

hat if a set were generated with 𝑡 = 6, this set would be {3, 5}, which
ould not be maximal, as it is properly contained in 𝐾2. The minimum
arliest time greater than 𝑡 = 8 is now 𝑒7 = 9, so 𝑡 is increased to 9 (Line
). The minimum latest time greater than or equal to 𝑡 is now 𝑙5 = 9, so
remains 9 (Line 9). For 𝑡 = 9, the third maximal time-compatible set,
3 = {5, 6, 7}, is generated (Line 6). At this point, there are no items
ith earliest times greater than 𝑡, so the algorithm breaks the while

oop (Line 7), and returns the index set 𝑆 = {1, 2, 3} and the maximal
ime-compatible sets, 𝐾1 = {1, 2, 3, 4}, 𝐾2 = {3, 5, 6}, and 𝐾3 = {5, 6, 7}.

Observe that in the optimal solution shown in Fig. 2(d), each bin is
illed with a set of items that is a (not necessarily proper) subset of one
f the maximal time-compatible set. Sets of items in Bin 1, {1, 4}, and
n Bin 2, {2, 3}, are both subsets of 𝐾1, and the set of items in Bin 3,
5, 6, 7}, is the same as 𝐾3. In general, any time-compatible set of items
hat can be packed in a bin must be a subset of at least one of the
aximal time-compatible sets. Hence, VSBPPTW can be reduced to the
roblem of packing all items in a set of bins such that each bin is filled
ith items from one maximal time-compatible set only.

The algorithm generating all maximal time-compatible sets pre-
ented in Fig. 1 has 𝑂(𝑛2) computational complexity and the number of
aximal time-compatible sets generated by it is limited by the number

f unique values 𝑙𝑖, ∀𝑖 ∈ 𝑁 , which is never more than the number of
tems, 𝑛. Hence, the number of maximal time-compatible sets is 𝑂(𝑛).

.3. Network flow models

In the previous section, we showed how all maximal time-
ompatible sets of items are determined. We will now show how
ur model decides which bins are created for each maximal time-
ompatible set and which items from the set are packed into these bins.
hese decisions require constructing a network flow model for each
aximal time-compatible set. In this section, we will describe how the
etwork flow models are constructed. In the following section, we will
how how side constraints connecting the network flow models will

nsure that all items are packed.
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Fig. 2. Example instance of VSBPPTW.
The network flow models that we construct are similar to the arc-
flow formulation of Valério de Carvalho (1999). In the network flow
model created for maximal time-compatible set 𝐾𝑗 , 𝑗 ∈ 𝑆, nodes
correspond to amounts of space used in a bin. At most 𝑊𝑚+1 nodes are
created, denoted 0, 1,… ,𝑊𝑚, where 𝑊𝑚 is the capacity of the largest
bin type. All nodes are transshipment nodes, i.e., they have neither
supply nor demand.

Arcs in the network correspond to items, unused space, and bins
types. For each item 𝑖 ∈ 𝐾𝑗 , at most 𝑊𝑚−𝑤𝑖+1 forward arcs are created,
each connecting node 𝑢 with node 𝑣 = 𝑢 + 𝑤𝑖, for 𝑢 ∈ {0, 1,… ,𝑊𝑚 −
𝑤𝑖}. The flow variables for the forward arcs created for items are
denoted 𝑓 𝑖𝑗

𝑢𝑣. Non-negative values of this variables indicate the packing
of items. Additionally, dummy forward arcs are created to indicate
unused space. The flow variables corresponding to the dummy forward
arcs are denoted 𝑓 0𝑗

𝑢𝑣 , for some 𝑢 and 𝑣 satisfying 0 < 𝑢 < 𝑣 ≤ 𝑊𝑚.
Finally, for each bin type, a backward arc is created connecting node
𝑊𝑘 to node 0, ∀𝑘 ∈ 𝑀 . The flow variables for the backward arcs are
denoted 𝑦𝑗𝑘. Non-negative values of these variables indicate which bins
are open for packing.

Since in the mathematical model, a flow-conservation constraint
will be defined for each node and a decision variable for each arc,
it is beneficial to try and reduce the number of nodes and arcs. To
achieve this, we construct a network flow model as follows. First, the
set of reached nodes is initiated with node 0 only. Then, items 𝐾𝑗 are
considered in the order of non-decreasing sizes. For each item 𝑖 ∈ 𝐾𝑗
and each reached node 𝑢, if 𝑣 = 𝑢 + 𝑤𝑖 ≤ 𝑊𝑚, we add a forward arc
corresponding to item 𝑖, connecting node 𝑢 to node 𝑣, and add 𝑣 to the
set of reached nodes to be considered for the next item. After all items
are considered, we add a dummy arc from each reached node not in
{0,𝑊1,… ,𝑊𝑚} to the nearest following node 𝑊𝑘, for 𝑘 ∈ 𝑀 . Finally,
we add a backward arc from each node 𝑊𝑘, 𝑘 ∈ 𝑀 , to node 0.

To illustrate the network flow model construction, consider again
the example presented in Fig. 2. Recall that the maximal time-
compatible sets determined in the previous section are 𝐾1 = {1, 2, 3, 4},
𝐾2 = {3, 5, 6}, and 𝐾3 = {5, 6, 7}. Let us focus on set 𝐾1. Fig. 3 shows
the network flow model constructed for maximal time-compatible
set 𝐾1. Index 𝑗 (= 1) is omitted in all flow variables to improve
clarity. The forward arcs corresponding to items and the backward
arcs corresponding to bin types use solid lines. The dummy forward
arcs use dashed lines. Observe that only between 1–3 forward arcs are
added for each item, which means that there will be only between 1–3
decision variables for each item in the mathematical model. Moreover,
nodes 1 and 3 are never reached, which means that flow-conservation
constraints for these nodes will not be defined in the mathematical
model. Network flow models for sets 𝐾2 and 𝐾3 can be constructed
analogously.

If all decision variables in the network flow model shown in Fig. 3
are zero, no bins are created under maximal time-compatible set 𝐾1.
To create some bins and pack some items into them, some forward
and backward flows must take positive values. Recall that the optimal
solution shown in Fig. 2(d) has items {1, 4} in Bin 1 and {2, 3} in Bin
2. Both of these sets of items are subsets of maximal time-compatible
set 𝐾1. These two bins can be represented in the network flow model
4

in Fig. 3 by setting the following flow variables to non-zero values:
𝑓 1
02 = 𝑓 4

2,10 = 1 for the items in Bin 1, 𝑓 2
04 = 𝑓 3

49 = 𝑓 0
9,10 = 1 for the

items and a unit of unused space in Bin 2, and 𝑦2 = 2 to indicate that
two bins of type 2 are used. In Fig. 3, the bold arcs indicate the arcs
corresponding to the non-zero flow variables.

To further reduce the number of nodes and arcs, we apply the
graph compression algorithm of Brandão and Pedroso (2016) to the
network flow model constructed for each maximal time-compatible set
𝐾𝑗 , 𝑗 ∈ 𝑆. Since the graph compression algorithm is quite complex, we
provide here only a short overview of the main steps of the algorithm
and explain its benefits.

The compression algorithm takes the network flow model con-
structed as described above, denoted Step-1 graph, and constructs a
Step-2 graph which is similar to the Step-1 graph, but has multiple
levels of nodes, one level for each item. This step increases the number
of nodes and the number of arcs, but it helps reduce symmetry. Then,
the algorithm constructs a Step-3 graph by attempting to shift all nodes
towards node 𝑊𝑚. In this step, the graph is also collapsed into a single
level. Finally, the algorithm constructs a Step-4 graph by attempting
to shift all nodes towards node 0. When Step-3 and Step-4 graphs are
constructed, some nodes are merged, some arcs created for the same
item are combined, some dummy arcs are combined, and some dummy
arcs become single-node-loops and are eliminated. Hence, the resulting
network flow model often has fewer nodes and fewer arcs.

The graph compression algorithm of Brandão and Pedroso (2016) is
designed for VPP, which is a generalization of BPP. Since our problem is
one-dimensional, the graph compression algorithm is simplified. Since
the number of nodes in the graph is much more limited in the one-
dimensional case, we do not use the direct Step-3 graph construction
algorithm presented by Brandão and Pedroso (2016). However, the
original algorithm assumes a single bin type, while our problem has
multiple bin types. Nevertheless, the algorithm is easy to generalize.
In the original algorithm, the graph is assumed to have a single source
node (node 0) and a single terminal node (the rightmost node). In our
network, we also have a single source node (node 0 in the example
in Fig. 3), but instead of having one terminal node, we designate
multiple nodes as terminal, one for each bin type (nodes 7 and 10
in the example in Fig. 3). When a Step-3 graph is constructed, nodes
are shifted towards the nearest terminal node. Besides this, the graph
compression algorithm requires no other changes.

3.4. Model MILP2

Given all maximal time-compatible sets generated using the al-
gorithm presented in Section 3.2 and the compressed network flow
models constructed for all maximal time-compatible sets, as described
in Section 3.3, we can now formulate our new model MILP2 for
VSBPPTW.

We assume that we have all maximal time-compatible sets, 𝐾𝑗 , ∀𝑗 ∈
𝑆, and for each 𝐾𝑗 we have a compressed network flow model with
node set 𝑉𝑗 ⊆ {0, 1,… ,𝑊𝑚}, and arc set 𝐴𝑗 ⊆ {(𝑢, 𝑣, 𝑖) ∶ 𝑢, 𝑣 ∈ 𝑉𝑗 , 𝑢 <
𝑣, 𝑖 ∈ 𝐾𝑗 ∪ {0}}. The arc set includes the forward arcs corresponding
to items (when 𝑖 ∈ 𝐾𝑗) and the forward dummy arcs (when 𝑖 = 0),
but excludes the backward arcs corresponding to bin types, which will
be included in the model as supplies and demands. Additionally, node
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Fig. 3. Network flow model for maximal time-compatible set 𝐾1 = {1, 2, 3, 4} for the example instance shown in Fig. 2; bold arcs are those used in the optimal solution.
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𝑠𝑗 ∈ 𝑉𝑗 is the source node and node 𝑡𝑗𝑘 is the terminal node for bin
𝑘 ∈ 𝑀 , where 𝑗 is the index of the network corresponding to maximal
time compatible set 𝐾𝑗 . Note that while in the uncompressed network,
𝑠𝑗 = 0 and 𝑡𝑗𝑘 = 𝑊𝑘, ∀𝑘 ∈ 𝑀 , the graph compression algorithm can
change these values.

In our model, binary variables 𝑦𝑗𝑘 indicate the number of bins of
type 𝑘 created under maximal time-compatible set 𝐾𝑗 , ∀𝑗 ∈ 𝑆, 𝑘 ∈ 𝑀 ,
and integer variables 𝑓 𝑖𝑗

𝑢𝑣 indicate the flow from node 𝑢 to node 𝑣 in
etwork 𝑗 corresponding to packing item 𝑖 if 𝑖 > 0 or to a dummy flow
f 𝑖 = 0, ∀𝑗 ∈ 𝑆, (𝑢, 𝑣, 𝑖) ∈ 𝐴𝑗 . The proposed model is defined as follows:

ILP2: min
∑

𝑗∈𝑆

∑

𝑘∈𝑀
𝐶𝑘𝑦𝑗𝑘 (11)

∑

(𝑢,𝑣,𝑖)∈𝐴𝑗
𝑣=𝑟

𝑓 𝑖𝑗
𝑢𝑣 −

∑

(𝑢,𝑣,𝑖)∈𝐴𝑗
𝑢=𝑟

𝑓 𝑖𝑗
𝑢𝑣 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

−
∑

𝑘∈𝑀
𝑦𝑗𝑘 if 𝑟 = 𝑠𝑗

𝑦𝑗𝑘 if ∃𝑘 ∈ 𝑀 ∶
𝑟 = 𝑡𝑗𝑘

0 otherwise

∀𝑗 ∈ 𝑆, 𝑟 ∈ 𝑉𝑗

(12)
∑

𝑗∈𝑆

∑

(𝑢,𝑣,𝑟)∈𝐴𝑗
𝑟=𝑖

𝑓 𝑖𝑗
𝑢𝑣 = 1 ∀𝑖 ∈ 𝑁 (13)

𝑗𝑘 ∈ {0, 1, 2,…} ∀𝑗 ∈ 𝑆, 𝑘 ∈ 𝑀 (14)

𝑖𝑗
𝑢𝑣 ∈

{

{0, 1} if 𝑖 ∈ 𝐾𝑗
{0, 1, 2,…} if 𝑖 = 0

∀𝑗 ∈ 𝑆, (𝑢, 𝑣, 𝑖) ∈ 𝐴𝑗 (15)

Objective (11) minimizes the total cost of all bins created under all
aximal time-compatible sets. Constraints (12) are flow-conservation

onstraints created for each node of each network flow model. The left-
and-side calculates the difference between the inflow and the outflow
or the node. The right-hand-side depends on the type of node. If the
ode is the starting node, the right-hand-side is the total supply of
ins created for the maximal time-compatible set. If the node is one
f the terminal nodes, the right-hand-side is the outflow related to
he corresponding type of bin. Otherwise, the right-hand-side is zero.
onstraints (13) are demand constraints that require that the sum of
ll flow variables in all networks corresponding to each item must
e equal to one. Finally, constraints (14) and (15) define domains of
he variables. Note that flow variables 𝑓 𝑖𝑗

𝑢𝑣 are binary for variables
hat correspond to items, and non-negative integers for variables that
orrespond to dummy flows.

Model MILP2 has a similar structure to the models used by Valério
e Carvalho (1999) and Brandão and Pedroso (2016). However, their
odels include a single network flow model, while our model has
ultiple network flow models that are linked only by the demand

onstraints.
5

The size of model MILP2 depends not only on the number of items,
, but also on the size of the largest bin type, 𝑊𝑚. The number of
aximal time-compatible sets is at most 𝑛. The number of nodes in

ach network is at most 𝑊𝑚 + 1 and the number of arcs in each
etwork is 𝑂(𝑛𝑊 2

𝑚 ). Hence, the number of flow variables is 𝑂(𝑛2𝑊 2
𝑚 ),

.e., it can become very large. However, the number of constraints is
nly 𝑂(𝑛𝑊𝑚). Model MILP2 might have more decision variables than
odel MILP1. However, if 𝑊𝑚 is relatively small compared to 𝑛, or few
odes are reached in the network construction algorithm, or the graph
ompression algorithm is able to reduce the number of nodes, then the
umber of constraints in model MILP2 should be smaller than in model
ILP1. Even if model MILP2 is not smaller than model MILP1, it has

he advantage of a stronger LP relaxation, as indicated by Valério de
arvalho (1999).

. Heuristics

In this section, we present several fast heuristics for VSBPPTW. Our
nterest in the heuristics is driven mainly by the need to warm-start the
olver that is used to solve the MILP models.

In Section 4.1, we present the Best-Fit (BF) heuristic introduced
y Liu et al. (2021). In Section 4.2, we propose an improved vari-
nt of BF, denoted BF1. In Section 4.3, we propose the Two-Way
est-Fit Heuristic, denoted BF2, which runs BF1 once in the forward
irection and again in the backward direction, and adopts the better
f the two obtained solutions. In Section 4.4, we propose the Least-
ompatible-First (LCF) Heuristic. Finally, in Section 4.5, we compare
he computational complexity of the heuristics and present solutions
or an example problem instance.

.1. Best-fit heuristic

Fig. 4 presents our implementation of the Best-Fit (BF) heuristic
roposed by Liu et al. (2021). For each created bin 𝑗, the heuristic
aintains set 𝐵𝑗 of items packed into the bin and set [𝐸𝑗 , 𝐿𝑗 ] of

ommon time points of all items packed into the bin. Additionally, the
ype of bin 𝑗 is saved in 𝑘𝑗 .

First, the heuristic orders all items by increasing 𝑙𝑖, breaking ties by
ncreasing 𝑒𝑖, and then by decreasing 𝑤𝑖. Additionally, the number of
ins, 𝑏, is set to zero. Then, all items are considered in the above order.

For each item 𝑖, the set of candidate bins, , is determined. This
et includes the indices of the bins created so far that have enough
emaining space to accommodate 𝑖, and where adding 𝑖 will not violate
he time window constraint (see Line 5). If  is not empty, bin 𝑗 with
he smallest remaining space is selected from , 𝑖 is added to the set of
tems packed into bin 𝑗, 𝐵 , and the set of common time points for bin 𝑗,
𝑗
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Fig. 4. Best-fit heuristic of Liu et al. (2021).
Fig. 5. Improved best-fit heuristic.
𝐸𝑗 , 𝐿𝑗 ], is updated. Otherwise, the number of bins is increased by one,
nd the new bin, 𝑏, is initiated. To minimize the immediate increase of
he total cost of bins, the smallest bin type that can accommodate item
is selected (Line 11). The index of the bin type is saved in 𝑘𝑏. The set

of items in the new bin, 𝐵𝑏, is initiated to contain only item 𝑖, and the
set of common time points for the new bin, [𝐸𝑏, 𝐿𝑏], is initiated to the
time window of item 𝑖.

Once all items are packed into bins, the algorithm returns the bin
index set, , and information about each bin 𝑗 ∈ , including the bin
type, 𝑘𝑗 , and the set of items packed into the bin, 𝐵𝑗 .

4.2. Improved best-fit heuristic

We propose the Improved Best-Fit heuristic, denoted BF1, which is
presented in Fig. 5. BF1 differs from BF in three steps. First, in the
initial ordering of the items in BF1, the two tie-breaking criteria are
reversed (Line 2). This change was found to be slightly beneficial in
preliminary computational experiments. Secondly, when a new bin is
created, where BF selects the smallest sufficiently large bin type, BF1
selects from all sufficiently large bin types the one with the smallest
cost per unit of space, breaking ties by the largest size (Line 11). Thirdly
and finally, before the complete solution is returned, BF1 attempts to
change bin types of all created bins to the smallest bin types that can
accommodate the items packed into bins (Line 16).

While the modifications introduced in BF1 are not guaranteed to be
beneficial in every case, they should lead to on average better solutions
6

than those of BF. This is because the types of bins that BF1 creates
are chosen to maximize the cost efficiency of the available space. For
some instances, this will lead BF1 to create bins of larger capacities
than those in BF, and larger bins are normally easier to fill well than
smaller bins. If in the end, the space in some larger bins is not fully
utilized, BF1 might be able to reduce the total cost by changing types
of those bins to those with smaller capacities.

4.3. Two-way best-fit heuristic

In addition to BF1, we propose the Two-Way Best-Fit heuristic,
denoted BF2, which runs BF1 once in the forward direction and again
in the backward direction, and selects the better of the two solutions
obtained. For the backward direction, BF1 is run with the modified
time windows, calculated as [𝑒′𝑖 , 𝑙

′
𝑖 ] = [𝑇 − 𝑙𝑖, 𝑇 − 𝑒𝑖], ∀𝑖 ∈ 𝑁 , where

𝑇 = max𝑖∈𝑁 𝑙𝑖.

4.4. Least-compatible-first heuristic

In this section, we propose the Least-Compatible-First (LCF) heuris-
tic shown in Fig. 6. This heuristic attempts to pack first those items that
are compatible with the smallest number of the other unpacked items,
where two items are compatible if they fit together in a bin of the largest
type and their time windows overlap.

First, the heuristic orders all items by decreasing sizes and saves

them in the list of the remaining items, . Additionally, the number
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Fig. 6. Least-compatible-first heuristic.
of bins, 𝑏, is set to zero. Then, the main while loop begins. In each
iteration of the loop, one bin is packed. The loop continues until all
items are packed.

In the first step of the while loop, the heuristic selects the first
item, 𝑖∗, to pack in a new bin. The item with the minimum number
of compatible items is selected, breaking ties by the largest size (Line
5). Item 𝑖∗ is removed from the list of the remaining items. Then, the
heuristic creates tentative bins of each type, packing in each of them
item 𝑖∗ and some other available items that do not violate the capacity
constraint and the time window constraint. Note that the items other
than 𝑖∗ are considered as ordered in list , i.e., by decreasing weights.
The items packed in each tentative bin 𝑘 are saved in set 𝑇𝑘. After all
tentative bins are packed, the tentative bin with the smallest cost per
unit of item is selected (Line 16). This bin is adopted as part of the
solution, and the items packed in it are removed from the list of the
remaining items. If unpacked items remain, the next iteration of the
while loop begins.

Once all items are packed into bins, the algorithm returns the bin
index set, , and information about each bin 𝑗 ∈ , including the bin
type, 𝑘𝑗 , and the set of items in the bin, 𝐵𝑗 .

4.5. Computational complexity and example solutions of the heuristics

The original BF heuristic of Liu et al. (2021) as well as its new vari-
ants proposed in this paper have all 𝑂(𝑛2) computational complexity.
This is due to the fact that all these heuristics consider packing each
of the 𝑛 items in each currently created bin, and the number of bins is
𝑂(𝑛).

The LCF heuristic has a slightly higher computational complexity
of 𝑂(𝑛2 𝑚). This is due to the fact that for each item 𝑖∗ selected from
𝑛 possible items, 𝑚 bins must be tentatively filled, and each bin is
filled in 𝑂(𝑛) time. Nevertheless, this is still a very good computational
complexity. Hence, all presented heuristics should be very fast in
practice.

Consider again the example problem instance shown in Fig. 2 in
Section 3.2. The solutions obtained for this instance using the fast
heuristics presented in this paper are shown in Fig. 7.

The solution of BF for the example problem instance is shown in
Fig. 7(a). The order of items in BF is  = (1, 2, 4, 3, 5, 6, 7). Recall that
BF creates bins of the smallest type that can accommodate the item
that does not fit in any of the existing bins. Hence, all bins except Bin
7

2 are of the smaller type (capacity 𝑊1 = 7 and cost 𝐶1 = 7). Bin 2
is larger (capacity 𝑊2 = 10 and cost 𝐶2 = 9) because it is necessary to
accommodate item 4 (size 𝑤4 = 8). At the end of the heuristic, all items
are packed into three smaller and one larger bins, and the total cost of
the solution is 30.

The solution of BF1 for the example problem instance is shown
in Fig. 7(b). Items in BF1 are considered in the same order as in BF.
However, since the larger bin type is more efficient than the smaller one
in terms of the cost per unit of space (𝐶2∕𝑊2 = 9∕10 < 𝐶1∕𝑊1 = 7∕7),
BF1 creates bins of the larger type only. However, since at the end
of the heuristic, Bins 1 and 4 are poorly utilized, their bin types are
changed to the smaller one. Hence, the final solution uses two larger
and two smaller bins, and the total cost is 32. In this example, the
solution of BF1 is worse than that of BF.

The solution of BF2 for the example problem instance is shown in
Fig. 7(c). Recall that BF2 applies BF1 twice, once in a forward direction
(discussed above) and again in the backward direction, and adopts the
better of the two solutions. Since for this example instance, the solution
of the backward BF1 is better, this solution is shown in Fig. 7(c).

When BF1 is run in the backward direction, the order of items is
 = (7, 6, 5, 4, 3, 2, 1). As in the forward BF1, the larger bin type is used
for all created bins, since it is more efficient than the smaller one in
terms of the cost of unit of space. Thanks to the changed order of items,
BF1 in the backward direction packs all items in only three bins of the
larger type. At the end, the type of Bin 1 is changed to the smaller one.
The final solution has a total cost of 25, and it is optimal.

The solution of LCF for the example problem instance is shown
in Fig. 7(d). Recall that LCF attempts to pack first those items that
are compatible with the smallest number of the other unpacked items,
where two items are compatible if they fit together in the largest bin
and their time windows overlap.

In the first iteration of the main loop of LCF, item 𝑖∗ = 4 is selected
for packing in the first bin, as it is compatible with only item 1, while
all the other items have at least two compatible items each. Since the
smaller bin is too small to accommodate item 𝑖∗ = 4, only the larger
bin type is considered. A tentative bin of the larger type is filled with
items 𝑖∗ = 4 and 1. This bin is saved as the first bin of the solution.

In the second iteration, item 𝑖∗ = 2 is selected, as among the
currently unpacked items, it is compatible with only item 3, while all
the other items have at least two compatible items each. Both bin types
are now considered. The tentative bin of size 𝑊1 = 7 accommodates
only item 𝑖∗ = 2, while the tentative bin of size 𝑊2 = 10 accommodates
item 𝑖∗ = 2 together with item 3. Since the second tentative bin has
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5

e
(

c

a
l
c
l
s
s
w
p
g

lower cost per unit of item than the first tentative bin (𝐶2∕(𝑤2 +𝑤3) =
∕9 < 𝐶1∕𝑤2 = 7∕4), the second tentative bin is saved as the second
in of the solution.

In the third and final iteration, when only items 5, 6, and 7 remain,
ach item is compatible with the other two, so following the tie-
reaking rule, the item with the largest size, 𝑖∗ = 5, is selected.
gain, both bin types are considered. Each of the two tentative bins
ccommodates all the remaining items. Since the smaller bin has lower
ost per unit of item than the larger one (𝐶1∕(𝑤5 + 𝑤6 + 𝑤7) = 7∕7 <

2∕(𝑤5 + 𝑤6 + 𝑤7) = 10∕7), the smaller bin is saved as the last bin of
the solution.

The complete solution of LCF, shown in Fig. 7(d), packs all items in
two larger and one smaller bins. Its total cost is 25, and it is optimal.

5. Computational experiments

5.1. Methodology

In this section, we compare the computational performance of the
algorithms for VSBPPTW proposed in this paper with the state-of-the-
art algorithms. The computational experiments are performed based on
two data sets of benchmark problem instances described in Section 5.2.
Since all tested algorithms are deterministic, each algorithm is run
once on each problem instance. In Section 5.3, heuristics BF, BF1,
BF2, LCF, and BF2+LCF are compared. The latter is a heuristic that
runs BF2 and LCF sequentially, and then returns the better of the two
solutions obtained. In Sections 5.4 and 5.5, MILP1 and MILP2 models
are compared. Both MILP models are run with a time limit of 600 s per
instances. Finally, in Section 5.6, the impact of time window on the
difficulty of problem instances is analyzed.

The quality of solutions is evaluated in terms of the average op-
timality gap, where a gap for a solution of an instance is calculated
as 100 × (Upper Bound − Lower Bound)∕Lower Bound. For heuristic
solutions, the gaps are calculated with respect to the best-known lower
bounds. For the MILP models, gaps are calculated with respect to the
lower bounds obtained by each model. We also report the number
of instances for which each algorithm finds optimal solutions, where
optimality of heuristic solutions is verified using the best-known lower
bounds and the optimality of MILP model solutions is verified by the
lower bound obtained by the tested MILP model.

All algorithms tested in this paper are coded in C++ and compiled
using Microsoft Visual Studio 2019. Computational experiments are run
on a PC with Intel Core i7-8700K, a 6-core and 12-thread processor
running at 4.7 GHz (all-core overclock), and 32 GB of RAM. All MILP
models are solved using CPLEX version 20.1.0.0 with relative and
absolute optimality gap parameters set to zero. All data sets, detailed
results, and the source code are published online at https://sites.google.
com/view/kfleszar/research.
8

.2. Data sets

We use two sets of benchmark problem instances introduced by Liu
t al. (2021). Both sets have 𝑚 = 7 types of bin types with capacities
𝑊1,… ,𝑊7) = (70, 100, 130, 160, 190, 220, 250) and costs calculated using

one of the following bin cost functions, ∀𝑘 ∈ 𝑀 : linear, 𝐶𝑘 = 𝑊𝑘,
oncave, 𝐶𝑘 = ⌊10𝑊 0.5

𝑘 ⌋, and convex, 𝐶𝑘 = ⌊0.1𝑊 1.5
𝑘 ⌋.

Set 1 was generated by Liu et al. (2021) such that optimal solutions
re known for all instances. To achieve this, the bin type with the
owest cost per unit of space was selected, breaking ties by the largest
apacity. Hence, for the linear and concave bin cost functions, the
argest bin type was selected, and for the convex bin cost function, the
mallest bin type was selected. Then, 20, 40, 60, 80, or 100 bins of the
elected type were created, and three items that fill each bin completely
ere randomly generated, resulting in 60, 120, 180, 240, or 300 items
er instance, respectively. Time windows were obtained by randomly
enerating two time points from integer range [1, 128]. If the items

generated for the same bin were not time-compatible, time windows
were generated again until the items became time-compatible. Ten
instances were generated for each bin cost function and each number of
items 𝑛 ∈ {60, 120, 180, 240, 300}. Hence, the total number of instances
in Set 1 is 10 × 3 × 5 = 150.

Set 2 was generated by Liu et al. (2021) by adding time windows
to the VSBPP instances of Haouari and Serairi (2009). This set has
the same bin types as Set 1. Item sizes were generated randomly from
integer range [1, 250]. Time windows were obtained by randomly gen-
erating earliest times from integer range [1, 128] and setting each latest
time to min{earliest time+TWL−1, 128}, where TWL denotes the time
window length. Haouari and Serairi (2009) generated ten instances for
each bin cost function (linear, concave, and convex) and each number
of items 𝑛 ∈ {100, 200, 500, 1000, 2000}, for a total of 10 × 3 × 5 = 150
instances. For each of them, Liu et al. (2021) added random earliest
times and generated eight different instances of VSBPPTW by setting
TWL ∈ {1, 2, 4, 8, 16, 32, 64, 128}, respectively. Hence, the total number
of instances in Set 2 is 150 × 8 = 1200.

5.3. Tests of the heuristics

In this section, we test the quality of solutions obtained by the
fast heuristics described in Section 4, including Best-Fit (BF) of Liu
et al. (2021), Improved Best-Fit (BF1), Two-Way Best-Fit (BF2), and
Least-Compatible-First (LCF).

Tables 1 and 2 present average gaps obtained by the heuristics for
Sets 1 and 2, respectively, calculated with respect to the best-known
lower bounds. Additionally, numbers of optimal solutions obtained by
each heuristic for Set 2 are presented in parentheses when not zero
(verified using the best-known lower bounds). No optimal solutions are
obtained by any heuristic for Set 1. Both tables present the results for
each bin cost function and for each number of items, 𝑛.

Comparing results in Tables 1 and 2 reveals that all heuristics per-
form better for Set 1 than for Set 2 when instances with similar numbers
of items are considered. It appears that the way the instances were

generated has an impact on the average gaps as well as on the number

https://sites.google.com/view/kfleszar/research
https://sites.google.com/view/kfleszar/research
https://sites.google.com/view/kfleszar/research
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Table 1
Average percentage gaps between heuristic solutions and best-known lower bounds for
Set 1.

bin cost 𝑛 BF BF1 BF2 LCF BF2
function +LCF

Linear 60 15.02 4.94 3.88 1.76 1.76
120 14.26 3.88 3.78 1.43 1.43
180 13.74 3.83 3.56 1.24 1.24
240 13.34 3.67 3.56 0.95 0.95
300 13.85 3.56 3.47 0.88 0.88

All 14.04 3.98 3.65 1.25 1.25

Concave 60 72.40 7.66 7.23 7.65 6.66
120 69.94 6.38 6.17 5.94 5.64
180 69.75 5.12 4.88 4.46 4.39
240 67.95 4.72 4.66 4.34 4.15
300 68.49 4.11 4.02 3.29 3.26

All 69.71 5.60 5.39 5.14 4.82

Convex 60 15.50 16.00 12.50 13.39 10.69
120 9.25 8.75 8.00 8.89 7.60
180 7.00 6.50 6.17 6.44 5.68
240 6.50 5.13 4.75 5.58 4.71
300 5.50 4.30 4.20 3.73 3.49

All 8.75 8.14 7.12 7.61 6.43

Overall 30.83 5.90 5.39 4.67 4.17

Table 2
Average percentage gaps between heuristic solutions and best-known lower bounds for
Set 2 (number of optimal solutions in parentheses).

bin cost 𝑛 BF BF1 BF2 LCF BF2
function +LCF

Linear 100 6.32 1.37 (9) 1.28 (10) 0.61 (2) 0.46 (12)
200 6.14 1.25 1.21 0.46 (2) 0.37 (2)
500 6.86 1.44 1.39 0.40 0.38
1000 7.21 1.28 1.26 0.29 0.29
2000 7.39 1.10 1.09 0.20 (1) 0.20 (1)

All 6.78 1.29 (9) 1.25 (10) 0.39 (5) 0.34 (15)

Concave 100 22.15 1.29 (5) 1.12 (5) 0.69 (3) 0.52 (5)
200 26.17 1.43 (3) 1.33 (3) 0.73 (1) 0.59 (3)
500 28.60 1.63 (1) 1.46 (1) 0.60 (1) 0.56 (1)
1000 30.08 1.44 1.35 0.51 0.51
2000 30.92 1.19 1.16 0.42 0.41

All 27.59 1.40 (9) 1.28 (9) 0.59 (5) 0.52 (9)

Convex 100 0.47 (1) 0.47 (1) 0.45 (1) 0.70 (1) 0.41 (1)
200 0.56 0.54 0.48 0.76 0.45
500 0.53 0.52 0.50 0.99 0.49
1000 0.51 0.50 0.49 1.09 0.49
2000 0.48 0.48 0.47 1.21 0.47

All 0.51 (1) 0.50 (1) 0.48 (1) 0.95 (1) 0.46 (1)

Overall 11.63 (1) 1.06 (19) 1.00 (20) 0.64 (11) 0.44 (25)

of optimal solutions. Recall that instances in Set 1 are generated such
that all bins are filled completely in the optimal solutions. Due to this
fact, most instances in Set 1 likely have unique optimal solutions, which
are very unlikely to be discovered by any heuristic. However, instances
in Set 2 have items generated randomly. As a result, some instances in
Set 2 might have many optimal solutions, each of which uses the same
set of bins but allocates items to bins in a slightly different manner. For
such instances, heuristics are more likely to discover one of the optimal
solutions.

BF1 obtains on average much better solutions than the original BF
of Liu et al. (2021) for the instances with the linear and concave bin
cost functions (in both Sets 1 and 2). For these instances, BF obtains
poor results due to its preference for creating bins with the smallest
capacity, which are not more cost-efficient to use than the larger bins,
and are harder to pack well. In contrast, the preference for the bins
with the smallest cost per unit of space (breaking ties by the largest
capacity) leads BF1 to always create bins with the largest capacity for
all instances with the linear and concave bin cost functions. If, after
9
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all items are packed, some of the bins are poorly utilized, BF1 changes
their types to the smaller and cheaper ones, whenever possible.

For the instances with the convex bin cost function, both BF and
BF1 prefer to create bins of the smallest capacity, which in this subset
is the most cost-efficient to use. For these instances, BF1 obtains on
average slightly better solutions than the original BF. The difference
in the results is due to the difference in the ordering of items. Recall
that both heuristics consider items in the order of increasing latest
times. However, BF breaks ties first by increasing earliest times and
then by decreasing sizes, while BF1 uses the same tie-breaking criteria
in reversed order.

BF2 obtains on average better solutions than BF1, with the largest
improvements occurring for the smallest instances. This is expected as
BF2 returns for each instance the better of two solutions, one obtained
using BF1 and the other obtained using BF1 applied in the backward
direction.

LCF obtains on average better solutions than BF2 overall, but its so-
lutions are not better across all subsets of instances. LCF is much better
than BF2 for the instances with the linear bin cost function, comparable
or better for the instances with the concave bin cost function, and worse
for the instances with the convex bin cost function.

Given the complementary performance of BF2 and LCF, we decided
to evaluate an additional heuristic, BF2+LCF, which returns the best of
three solutions, one produced by BF1 in the forward direction, another
produced by BF1 in the backward direction, and the last produced by
LCF. The results of BF2+LCF are shown in the last columns of Tables 1
and 2. As expected, the results of this heuristic are on average better
than those of any other presented heuristic. Note that using BF in
addition to BF2+LCF does not improve any solutions for both data sets.

Computation times of all heuristics are not presented, as all heuris-
tics are very fast. Recall from Section 5.3 that BF, BF1, and BF2 have
𝑂(𝑛2) complexity and LCF has 𝑂(𝑛2 𝑚) complexity. Unsurprisingly, BF,
BF1, and BF2 have similar computation times, and LCF is on average
5–7 times slower. However, even for the largest problem instances with
𝑛 = 2000 in Set 2, the most time-consuming heuristic, BF2+LCF, takes
at most 0.032 s per problem instance.

5.4. Tests of MILP models on Set 1

In this section, we compare performance of the two MILP models
presented in Section 3, including model MILP1 proposed by Liu et al.
(2021) and model MILP2 proposed in this paper, on all instances of
Set 1. Both models are warm-started with the solutions of BF2+LCF (see
Table 1) and solved with a time limit of 600 s per problem instance.

Tables 3 and 4 present the results obtained for all instances of Set 1
by models MILP1 and MILP2, respectively. The results are presented for
each bin cost function (column ‘bin cost function’) and each number
of items (column ‘𝑛’). The subsequent columns show: the average and
maximum percentage gaps; the average and maximum computation
times in seconds; the number of instances for which optimal solution
is verified (column ‘opt.’); the number of instances for which optimal
solution is verified at the root node (column ‘opt. @root’); the number
of instances for which the branch-and-bound search generated more
nodes than just the root node (column ‘BNB nodes’ with subheading
‘>0’); the average and maximum numbers of nodes generated by the
ranch-and-bound search (excluding the root node); and the average
umbers of rows and columns in the constraint matrix of the model.

The average percentage gap for an instance solved using one of
he MILP models is calculated as 100 × (Upper Bound− Lower Bound)∕
ower Bound, where both the upper and lower bounds are obtained by
he tested model.

It is noteworthy that both MILP models obtain lower bounds val-
es that match the known optimal values for all instances in Set 1.
oreover, all these lower bounds are obtained by both MILP models

t the root node. This is probably due the way the instances in Set 1

ere generated. Recall that for all instances in Set 1, optimal solutions
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Table 3
Results of model MILP1 for Set 1.

bin cost 𝑛 %gap Time opt. opt. BNB nodes avg. avg.

function avg. max. avg. max. @root >0 avg. max. rows columns

Linear 60 1.02 1.60 610.3 621.3 0 0 10 95,466 163,865 7498 4080
120 1.19 1.70 602.9 607.8 0 0 10 30,895 60,333 29,398 15,360
180 1.20 1.67 600.3 600.5 0 0 10 622 2564 65,698 33,840
240 0.95 1.20 600.2 600.4 0 0 6 2 12 116,398 59,520
300 0.88 1.16 600.3 601.0 0 0 0 0 0 181,498 92,400

All 1.05 1.70 602.8 621.3 0 0 36 25,397 163,865 80,098 41,040

Concave 60 0.00 0.00 36.1 110.1 10 0 10 48,971 148,385 4993 2706
120 3.93 4.94 608.0 616.4 0 0 10 84,487 122,479 19,516 10,176
180 4.09 4.73 600.3 601.2 0 0 10 9029 37,343 43,130 22,184
240 4.05 4.78 600.4 600.7 0 0 10 302 1556 76,274 38,961
300 3.24 3.98 600.2 600.3 0 0 6 2 5 118,078 60,060

All 3.06 4.94 489.0 616.4 10 0 46 28,558 148,385 52,398 26,817

Convex 60 0.00 0.00 4.2 12.3 10 1 9 11,565 38,856 2786 1496
120 4.83 6.74 608.2 624.6 0 0 10 210,103 328,323 10,586 5491
180 4.51 6.67 606.3 614.8 0 0 10 72,792 104,276 23,183 11,882
240 4.71 5.00 600.4 601.2 0 0 10 4350 11,366 40,749 20,758
300 3.42 4.00 600.4 600.9 0 0 10 288 2073 62,631 31,786

All 3.50 6.74 483.9 624.6 10 1 49 59,820 328,323 27,987 14,282

Overall 2.54 6.74 525.2 624.6 20 1 131 37,925 328,323 53,494 27,380
Table 4
Results of model MILP2 for Set 1.

bin cost 𝑛 %gap Time opt. opt. BNB nodes avg. avg.

function avg. max. avg. max. @root >0 avg. max. rows columns

Linear 60 0.00 0.00 0.1 0.1 10 10 0 0 0 466 1538
120 0.00 0.00 0.5 1.6 10 10 0 0 0 1665 9144
180 0.00 0.00 6.6 21.6 10 7 3 347 2693 3592 24,658
240 0.00 0.00 292.2 584.8 10 0 10 5932 8468 5830 49,689
300 0.15 0.28 593.5 600.7 1 0 10 2483 4310 8684 91,822

All 0.03 0.28 178.6 600.7 41 27 23 1753 8468 4047 35,370

Concave 60 0.00 0.00 0.1 0.1 10 10 0 0 0 456 1577
120 0.00 0.00 0.3 0.6 10 10 0 0 0 1642 9184
180 0.00 0.00 1.0 1.8 10 10 0 0 0 3385 23,751
240 0.00 0.00 82.8 373.2 10 5 5 849 4147 5836 53,459
300 0.85 2.63 513.8 600.7 2 0 10 685 3487 8889 95,683

All 0.17 2.63 119.6 600.7 42 35 15 307 4147 4042 36,731

Convex 60 0.00 0.00 0.2 0.4 10 10 0 0 0 844 3288
120 0.00 0.00 1.3 1.4 10 10 0 0 0 4331 22,970
180 0.17 1.67 250.4 600.4 9 5 5 1703 4579 9681 73,952
240 4.18 5.00 600.3 600.4 0 0 10 572 1150 14,702 150,222
300 3.49 4.08 600.5 600.6 0 0 10 113 210 18,836 253,595

All 1.57 5.00 290.5 600.6 29 25 25 478 4579 9679 100,805

Overall 0.59 5.00 196.2 600.7 112 87 63 846 8468 5923 57,635
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fill completely a number of bins of the most cost-efficient type. This
property makes the instances of Set 1 easier to solve to optimality than
the instances of Set 2, which will be considered in the next section.

Since lower bounds obtained by both MILP models match the known
optimal values for all instances in Set 1, the average percentage gaps of
both MILP models reported in Tables 3 and 4 are directly comparable
to the average percentage gaps of the heuristics reported earlier for the
same set of instances in Table 1.

Model MILP2 obtains on average much better solutions for Set 1
than model MILP1. The overall average gap of the initial solutions
provided to both models by heuristic BF2+LCF is 4.17% (see Table 1).
Model MILP1 reduces this gap to 2.54%, while model MILP2 achieves
an overall average gap of only 0.59%.

The number of instances solved to optimality within the 600-second
time limit is also much better for model MILP2 than for model MILP1.
Model MILP1 solves to optimality only 20 smallest instances with 𝑛 =
0 items and the concave and convex bin cost functions. In contrast,
odel MILP2 solves to optimality 112 (74.67%) of the 150 instances

n Set 1. Among the instances with the linear and concave bin cost
unctions, model MILP2 solves to optimality all those with up to 𝑛 = 240
10

b

tems. Among the instances with the convex bin cost function, model
ILP2 solves to optimality all those with 𝑛 ∈ {60, 120} and 9 out of 10

nstances with 𝑛 = 180. All instances with any bin cost function with
∈ {60, 120} as well as those with the concave bin cost function and
= 180 are solved to optimality by model MILP2 in less than 2 s each.

Note that 87 out of 112 instances in Set 1 that model MILP2 solves
o optimality are solved to optimality at the root node (see column
opt. @root’ in Table 4). This is possible due to the fact that lower
ounds at the root node are optimal and the heuristics used by the
olver at the root node manage to find optimal solutions.

The average numbers of rows and columns shown in the last two
olumns in Tables 3 and 4 indicate that model MILP2 has much smaller
onstraint matrices than model MILP1 for the instances of Set 1. While
he numbers of columns (variables) of both models are comparable,
odel MILP2 has on average much fewer rows (constraints) than model
ILP1.

The results in Table 4 suggest that the convex bin cost function
akes the problem harder to solve for model MILP2 than when the

ther bin cost functions are used. This, however, is misleading. We
elieve that the hardness of these instances is caused by the relatively
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Table 5
Results of model MILP1 for Set 2.

bin cost 𝑛 %gap Time opt. opt. BNB nodes avg. avg.

function avg. max. avg. max. @root >0 avg. max. rows columns

Linear 100 4.16 10.51 613.3 625.2 0 0 80 98,859 1,036,425 20,498 10,800
200 3.95 10.13 601.7 609.9 0 0 77 22,002 218,524 80,998 41,600
500 2.61 7.73 600.4 602.1 0 0 10 167 2787 502,498 254,000
1000 – – 1023.4 1081.2 0 0 0 0 0 2,004,998 1,008,000
2000 – – – – 0 0 0 0 0 8,009,998 4,016,000

All 3.57 10.51 709.7 1081.2 0 0 167 28,731 1,036,425 2,146,007 1,076,938

Concave 100 8.13 32.76 606.2 631.1 0 0 80 81,042 793,994 20,243 10,665
200 9.25 28.75 601.6 609.6 0 0 73 17,772 275,530 79,362 40,758
500 6.01 19.71 600.4 601.6 0 0 10 151 2327 492,220 248,799
1000 – – 1072.9 1211.5 0 0 0 0 0 1,949,947 980,310
2000 – – – – 0 0 0 0 0 7,778,567 3,899,938

All 7.79 32.76 720.3 1211.5 0 0 163 23,493 793,994 2,085,402 1,046,522

Convex 100 8.94 11.92 608.9 627.5 0 0 80 46,484 221,995 20,498 10,800
200 20.55 33.08 600.4 603.1 0 0 11 8915 110,438 80,998 41,600
500 27.66 31.75 600.5 602.2 0 0 10 197 7407 502,498 254,000
1000 – – 1105.1 1285.3 0 0 0 0 0 2,004,998 1,008,000
2000 – – – – 0 0 0 0 0 8,009,998 4,016,000

All 19.05 33.08 728.7 1285.3 0 0 101 13,198 221,995 2,146,007 1,076,938

Overall 10.14 33.08 719.6 1285.3 0 0 431 21,807 1,036,425 2,125,805 1,066,799
Table 6
Results of model MILP2 for Set 2.

bin cost 𝑛 %gap Time opt. opt. BNB nodes avg. avg.

function avg. max. avg. max. @root >0 avg. max. rows columns

Linear 100 0.00 0.00 7.3 397.4 80 75 5 1866 69,291 1186 13,336
200 0.00 0.00 16.5 254.7 80 73 7 1232 67,190 2933 59,305
500 0.02 0.23 211.6 620.7 58 41 27 3415 44,115 8583 381,955
1000 0.03 0.23 500.7 1021.5 44 23 38 4014 45,239 12,351 967,188
2000 0.02 0.13 1374.9 2029.3 31 21 34 16,784 296,504 16,838 2,259,826

All 0.02 0.23 422.2 2029.3 293 233 111 5462 296,504 8378 736,322

Concave 100 0.02 0.48 46.2 604.4 75 63 17 33,569 2,011,187 1140 12,586
200 0.05 0.39 149.0 610.7 62 49 31 28,876 452,563 3070 63,276
500 0.05 0.39 295.1 628.7 48 22 46 29,851 553,791 8557 385,861
1000 0.08 0.33 761.0 1028.5 24 15 41 77,173 1,186,025 12,359 976,677
2000 0.09 0.50 1610.5 2035.5 17 5 45 23,677 189,173 16,940 2,268,775

All 0.06 0.50 572.4 2035.5 226 154 180 38,629 2,011,187 8413 741,435

Convex 100 0.00 0.00 1.4 17.2 80 77 3 114 4151 1147 12,489
200 0.00 0.00 9.4 81.6 80 71 9 578 11,959 3103 63,433
500 0.01 0.37 94.5 601.2 75 66 12 555 6154 8477 379,563
1000 0.04 0.57 349.5 1013.2 62 44 25 4714 48,764 12,448 975,930
2000 0.02 0.47 974.4 2022.4 51 35 30 25,930 903,142 16,865 2,255,530

All 0.01 0.57 285.8 2022.4 348 293 79 6378 903,142 8408 737,389

Overall 0.03 0.57 426.8 2035.5 867 680 370 16,823 2,011,187 8400 738,382
smaller sizes of items rather than by the type of bin cost function. Recall
that instances in Set 1 are generated by fitting three items in each bin,
and bins of the smallest capacity are used when the bin cost function
is convex, while bins of the largest capacity are used when the bin cost
function is linear or concave (see Section 5.2).

5.5. Tests of MILP models on Set 2

In this section, we compare performance of models MILP1 and
MILP2 on all instances of Set 2. Both models are warm-started with
the solutions of BF2+LCF (see Table 2) and solved with a time limit of
max{600, 𝑛} seconds per problem instance. The time limit is adjusted to
allow more time for the larger problem instances with 𝑛 ∈ {1000, 2000}.

Tables 5 and 6 present the results obtained for all instances of Set 2
by models MILP1 and MILP2, respectively. The tables follow the same
format as Tables 3 and 4 presented in the previous section.

For the instances with 𝑛 = 1000 items, percentage gaps for model
MILP1 are not reported because the lower bounds obtained by model
MILP1 for these instances within the 1000-second time limit were
11
almost all equal to zero. When we tried to increase the time limit to
one hour, the out-of-memory error occurred.

For the instances with 𝑛 = 2000 items, percentage gaps and compu-
tation times for model MILP1 are not reported, because running model
MILP1 for these instances with the 2000-second time limit resulted in
the out-of-memory error.

Unlike for Set 1, the two MILP models do not generally find optimal
values of lower bounds at the root nodes for the instances in Set 2. Since
these instances are more realistic, performance of the MILP models for
them should be more representative of the true practical performance.

Model MILP2 obtains on average much better solutions for Set 2
than model MILP1. The overall average gap of model MILP1 (for the
instances for which gaps were obtained) is 10.14% and the maximum
is 33.08%, while the overall average gap of model MILP2 is only 0.03%
and the maximum is 0.57%. Since the initial solutions provided for
both models by heuristic BF2+LCF are only about 0.44% above the best
lower bounds (see Table 2), the large gaps of model MILP1 are mainly
due to the weak lower bounds obtained by this model.

Model MILP1 does not solve to optimality any of the instances in
Set 2. In contrast, model MILP2 solves to optimality 867 (72.25%) of
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Table 7
Average percentage gaps obtained by model MILP1 for Set 2.

bin cost 𝑛 Time window length

function 1 2 4 8 16 32 64 128

Linear 100 8.64 7.77 5.36 3.89 2.77 2.01 1.52 1.31
200 9.27 6.54 4.60 3.51 2.59 1.94 1.69 1.43
500 7.25 4.47 3.01 2.08 1.47 1.00 0.79 0.77
1000 – – – – – – – 0.62
2000 – – – – – – – –

All 8.39 6.26 4.32 3.16 2.27 1.65 1.33 1.03

Concave 100 13.49 17.44 11.77 7.97 5.81 3.99 2.31 2.24
200 26.38 15.90 10.70 7.32 5.23 3.58 2.75 2.12
500 18.02 10.39 6.68 4.32 3.08 2.23 1.74 1.62
1000 – – – – – – – 1.22
2000 – – – – – – – –

All 19.30 14.58 9.71 6.54 4.71 3.26 2.27 1.80

Convex 100 7.68 10.15 9.56 9.18 9.02 8.84 8.63 8.43
200 24.83 25.77 25.11 24.60 21.92 20.44 13.19 8.52
500 29.18 28.15 27.80 27.58 27.41 27.35 27.31 26.50
1000 – – – – – – – 27.59
2000 – – – – – – – –

All 20.56 21.36 20.82 20.45 19.45 18.88 16.38 17.76

Overall 16.08 14.07 11.62 10.05 8.81 7.93 6.66 6.86

the 1200 instances in Set 2. All instances with up to 𝑛 = 200 items and
linear and convex bin cost functions are solved to optimality. As for
Set 1, among the 867 instances of Set 2 that are solved to optimality
by model MILP2, a large majority, 680, are solved to optimality at the
root node.

The average numbers of rows and columns shown in the last two
columns in Tables 5 and 6 indicate that model MILP2 has much smaller
constraint matrices than model MILP1 for the instances of Set 2. While
the numbers of columns (variables) of both models are comparable,
model MILP2 has much fewer rows (constraints) than model MILP1.
For instances with 𝑛 ∈ {1000, 2000}, the constraint matrices of model
MILP1 are too large for our computer to solve.

5.6. Impact of time window length on performance of MILP models

Parameter time window length (TWL) used during the random
generation of the instances of Set 2 has a significant impact on the
difficulty of problem instances. Recall that time windows for Set 2
were obtained by randomly generating earliest times from integer range
[1, 128] and setting each latest time to min{earliest time+TWL−1, 128}.

Table 7 presents average percentage gaps obtained by model MILP1
for Set 2, and Table 8 presents numbers of instances of Set 2 solved to
optimality by model MILP2. The numbers in both tables are presented
for each bin cost function (column ‘bin cost function’) and each number
of items (column ‘𝑛’). Eight subsequent columns in each table present
results for each TWL ∈ {1, 2, 4, 8, 16, 32, 64, 128}, respectively.

For 𝑛 = 1000, average gaps of model MILP1 are presented in Table 7
only when TWL = 128. For all the other instances with 𝑛 = 1000, zero
lower bounds are returned by model MILP1. For 𝑛 = 2000, average gaps
of model MILP1 are not presented, as solving model MILP1 for these
instances resulted in the out-of-memory error.

Average percentage gaps shown in Table 7 indicate that instances
become on average easier to solve for model MILP1 as TWL increases.
Note that as TWL increases, the time window constraints become less
restrictive, which makes it easier to find solutions that utilize bins well.

In contrast, numbers of instances solved to optimality by model
MILP2 shown in Table 8 indicate that instances become on average
harder to solve for model MILP2 as TWL increases from 1 to 64,
and become easy again when TWL = 128. To better understand why
the performance of model MILP2 changes in this way, we examine
12

instances with different TWL values in detail.
Table 8
Number of instances of Set 2 solved to optimality by model MILP2.

bin cost 𝑛 Time window length

function 1 2 4 8 16 32 64 128

Linear 100 10 10 10 10 10 10 10 10
200 10 10 10 10 10 10 10 10
500 10 10 10 8 5 3 2 10
1000 10 10 7 4 1 2 0 10
2000 10 4 1 1 3 2 0 10

All 50 44 38 33 29 27 22 50

Concave 100 10 10 10 10 9 8 8 10
200 10 10 10 10 5 5 4 8
500 10 10 8 2 4 3 1 10
1000 10 3 1 1 0 1 1 7
2000 10 0 0 0 0 0 0 7

All 50 33 29 23 18 17 14 42

Convex 100 10 10 10 10 10 10 10 10
200 10 10 10 10 10 10 10 10
500 10 10 10 10 10 9 6 10
1000 10 10 10 10 7 1 4 10
2000 10 10 9 5 3 1 3 10

All 50 50 49 45 40 31 33 50

Overall 150 127 116 101 87 75 69 142

When TWL = 1, each item belongs to only one maximal time-
ompatible set. Because of this, maximal time-compatible sets have
n average small cardinalities compared to instances with larger TWL
alues. Therefore, model MILP2 for the instances with TWL = 1 has

very few rows and columns in the constraint matrix, which makes it
easier to solve. Note that Table 8 indicates that all instances in Set 2
with TWL = 1 are solved to optimality by model MILP2.

As TWL increases from 1 to 64, the average number of maximal
time-compatible sets to which each item belongs increases. There-
fore, the numbers of both rows and columns of the constraint matrix
in model MILP2 increase. Hence, the instances become increasingly
harder for model MILP2 to solve to optimality.

When TWL increases to 128, the instances in Set 2 become again
easy for model MILP2 to solve to optimality. This is because these
instances have effectively no time window restrictions. All items in
these instances are time-compatible, as all their time windows include
time point 128. Hence, for each of these instances, there is only one
maximal time-compatible set. Even though this compatible set includes
all items of the problem instance, the resulting constraint matrix of
model MILP2 is still relatively small. Hence, the instances with TWL =
128 are relatively easy for model MILP2 to solve to optimality.

6. Conclusions

A new MILP model and fast heuristics for VSBPPTW were presented.
The new model is based on generating all maximal time-compatible
sets. It ensures the common time point constraint by allowing fill-
ing each bin with items from one maximal time-compatible set only.
Additionally, the new model uses a compressed network flow formu-
lation to represent the packing of items into bins under each maximal
time-compatible set.

Computational experiments were carried out on two sets of bench-
mark problem instances with up to 2000 items per instance. We showed
that the new fast heuristics obtain on average much better solutions
than the previously proposed fast heuristic. We also showed that the
new MILP model outperforms the previously proposed MILP model.
While the previously proposed MILP model solved to optimality only
about 13% of the problem instances in the first set and none in the
second, the new MILP model solved to optimality over 70% problem
instances in both sets.

The good performance of our MILP model is due to the network
flow formulation that represents packing of items into bins, which has a
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strong LP relaxation. This helps the solver find good lower bounds early
in the solution process. Additionally, our MILP model often has much
fewer constraints than the previously proposed MILP model, which
speeds up the solution process.

The main drawback of our MILP model is the amount of processing
that must be performed in order to generate the model. Our model
requires generating all maximal time-compatible sets of items and
creating a compressed network flow model for each of these sets.

Several directions for future study of VSBPPTW can be pointed out.
One is to design improved exact methods for the problem that could
solve even larger problem instances. Another is to study the what makes
the problem instances difficult. Finally, future work could explore if
large instances of the problem could be efficiently and effectively
solved using new metaheuristic approaches, for example, the flying fox
optimization (Zervoudakis & Tsafarakis, 2022).

Data availability

Data will be made available on request.
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