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Abstract. Multistage robust optimization problems, where the decision maker can dy-
namically react to consecutively observed realizations of the uncertain problem parameters,
pose formidable theoretical and computational challenges. As a result, the existing solution
approaches for this problem class typically determine suboptimal solutions under restrictive
assumptions. In this paper, we propose a robust dual dynamic programming (RDDP) scheme
for multistage robust optimization problems. The RDDP scheme takes advantage of the
decomposable nature of these problems by bounding the costs arising in the future stages
through lower and upper cost-to-go functions. For problems with uncertain technology
matrices and/or constraint right-hand sides, our RDDP scheme determines an optimal
solution in finite time. Also, if the objective function and/or the recourse matrices are
uncertain, our method converges asymptotically (but deterministically) to an optimal so-
lution. Our RDDP scheme does not require a relatively complete recourse, and it offers
deterministic upper and lower bounds throughout the execution of the algorithm. We show
the promising performance of our algorithm in a stylized inventory management problem.
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1. Introduction
In this paper, we study multistage robust optimization
problems of the form

minimize max
ξ∈Ξ

∑T
t�1

qt(ξt)�xt(ξt)

subject to W1(ξ1) x1(ξ1) ≥ h1(ξ1) ∀ξ ∈ Ξ

T t(ξt) xt−1(ξt−1) +W t(ξt) xt(ξt) ≥ ht(ξt)
∀ξ ∈ Ξ,∀t � 2, . . . ,T

xt(ξt) ∈ Rnt , ξ ∈ Ξ and t � 1, . . . ,T,
(1)

where the parameters ξt are revealedat thebeginningof
stage t, t � 1, . . . ,T, and the decision xt is taken after-
ward under the full knowledge of ξt � (ξ1, . . . , ξt).
A solution to problem (1) is immunized against
all parameter realizations ξ � (ξ1, . . . , ξT) in the un-
certainty set Ξ, which we assume to be stagewise
rectangular. The cost vectors qt, the technology ma-
trices T t, the recoursematricesW t, and the right-hand
side vectors ht may depend affinely on ξt. We assume
that ξ1 is deterministic, and hence, x1 is a here-and-
now decision. Note that we do not assume that
problem (1) has a relatively complete recourse: that is,

there may be partial solutions x1, . . . , xt satisfying the
constraints up to time period t that cannot be extended
to complete solutions x1, . . . , xT satisfying all con-
straints up to time period T.

Remark 1. Problem (1) can accommodate constraints
that link decisions of more than two time periods by
augmenting xt appropriately. In fact, we can model
generic constraints of the form∑t−1

s�1
T′

t,s(ξt) xs(ξs) +W t(ξt) xt(ξt) ≥ ht(ξt)
∀ξ ∈ Ξ, ∀t � 2, . . . ,T

by replacing the decision vectors xt ∈ Rnt with their
augmented counterparts x′t ∈ Rnt , nt � n1 + . . . + nt,
the components of which satisfy x′t,i(ξt) � x′t−1,i(ξt−1),
i � 1, . . . ,nt−1, as well as setting T � (T′

t,1, . . . ,T′
t,t−1).

The resulting formulation can be readily brought into
the form of problem (1).

The multistage robust optimization problem (1) is
convex, but it involves infinitely many decision var-
iables and constraints. In fact, problem (1) is non-
deterministic polynomial-time hard (NP-hard) even
for T � 2 time stages (Guslitser 2002), and polynomial
time solvable subclasses of problem (1) are both rare
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and restrictive (Anderson and Moore 1990, Bertsimas
et al. 2010, Gounaris et al. 2013). Asaresult, anysolution
scheme for problem (1) has to trade off the competing
goals of optimality and computational tractability.

Tractable conservative approximations to problem
(1) can be obtained by restricting the decisions xt to
functions with preselected structure, which are called
decision rules. Popular classes of decision rules include
affine (Ben-Tal et al. 2004, Kuhn et al. 2011), segre-
gated affine (Chen et al. 2008, Chen and Zhang 2009,
Goh and Sim 2010), piecewise affine (Georghiou et al.
2015), and polynomial as well as trigonometric func-
tions (Bertsimas et al. 2011) of the parameters ξt.
Decision rule approximations typically scale poly-
nomially with the size of the problem. However, they
require the solution of monolithic and often dense
optimization problems, and they may thus still be
difficult to solve in practice. Moreover, obtaining
good estimates of the incurred suboptimality can be
challenging (Hadjiyiannis et al. 2011, Kuhn et al.
2011). Decision rules have recently also been used in
conjunction with the Fourier–Motzkin elimination
(see Zhen et al. 2016). For a survey of the decision rule
literature, we refer to Delage and Iancu (2015).

Despite the aforementioned pessimistic complexity
result, instances of problem (1) with T � 2 stages have
been solved successfully via Benders’ decomposition.
These methods split problem (1) into a convex master
problem involving the first-stage decisions and a
nonconvex subproblem that provides cuts for the
worst-case second-stage costs. The subproblems can
be solved to global optimality using mixed-integer
linear programming (Jiang et al. 2010, Thiele et al.
2010, Zhao et al. 2013), dynamic programming, or ver-
tex enumeration (Jiang et al. 2010, Thiele et al. 2010).
Alternatively, the subproblems can be solved to local
optimality via an outer approximation algorithm
(Bertsimas et al. 2013). In a similar spirit, Zeng and
Zhao (2013) and Ayoub and Poss (2016) use semi-
infinite programming techniques to solve the two-stage
variant of problem (1) to optimality. Here the convex
master problem is a relaxation of problem (1) that in-
volves a finite subset of the realizations ξ ∈ Ξ, and the
nonconvex subproblem identifies realizations that should
be added to themaster problem. Again, the subproblems
can be solved to global optimality or local optimality. All
the aforementioned Benders’ decomposition and semi-
infinite programming approaches provide upper and
lower bounds in each iteration. Moreover, if the sub-
problems are solved to global optimality, then the ap-
proaches converge to the optimal solution in finite time.

Although instances of problem (1) with T> 2 stages
could in principle be solved in finite time by an ad-
aptation of the nested Benders’ decomposition for
stochastic programs (Louveaux 1980, Birge 1985), the
curse of dimensionality incurred by the construction

and processing of exponentially large scenario trees
would limit such a scheme to problems with a small
number of time stages. Instead, multistage instances of
problem (1) have to date been solved by adaptations
of semi-infinite programming techniques. Bertsimas
and Georghiou (2015) solve a variant of problem (1)
that is restricted to piecewise affine decisions rules xt
with a prespecified number of pieces. In their approach,
the nonconvex master problem determines the best de-
cision within the selected function class over a finite
subset of the realizations ξ ∈ Ξ, and the nonconvex
subproblem identifies the realizations to be added to
the master problem. Bertsimas and Dunning (2016)
and Postek and den Hertog (2016) propose to solve
problem (1) by iteratively partitioning the uncertainty
set Ξ into smaller subsets. Here the convex master
problem determines constant or affine decision rules
xt for each set of the partition, and the subproblem
identifies a refined partition for the master problem.
Although the approaches of Bertsimas and Georghiou
(2015), Bertsimas andDunning (2016), andPostek and
den Hertog (2016) can incorporate integer decisions
in every stage, no finite time convergence has been
established for either of them.
In this paper, we propose a robust dual dynamic

programming (RDDP) scheme for problem (1). Similar
to the popular stochastic dual dynamic programming
(SDDP) method for stochastic programs (Pereira and
Pinto 1991, Shapiro 2011), our algorithm decouples
problem (1) into T two-stage subproblems that ap-
proximate the costs arising in future stages through
bounds on the cost-to-go functions. Contrary to the
SDDP scheme, however, our algorithm maintains both
lower and upper bounds on these cost-to-go functions.
Our algorithm iteratively solves the T subproblems
in sequences of forward and backward passes. Each
forward pass determines an approximate worst-case
realization of the parameters ξ and the associated
recourse decisions x1(ξ1), . . . , xT(ξT). Although both
the SDDP scheme and our RDDP scheme select the
recourse decisions using the lower cost-to-go bounds,
our RDDP scheme selects the approximate worst-case
parameter realizations using the upper cost-to-go
bounds as opposed to randomly sampling them as
in SDDP. This turns out to be crucial for the correctness
of our algorithm, and it enables us to equip our scheme
with deterministic convergence guarantees in contrast
to the probabilistic convergence guarantees offered by
SDDP. The subsequent backward pass refines the up-
per and lower cost-to-go approximations along the se-
lected decisions. For the casewhere only the technology
matrices and/or the constraint right-hand sides in (1)
are uncertain, the subproblems of our RDDP scheme
maximize a convex function over a convex set and can,
therefore, be solved as mixed-integer programs or via
vertex enumeration. For the case where the objective
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function and/or the recourse matrices in (1) are
uncertain, the subproblems constitute bilinear programs.

The contributions of this papermay be summarized
as follows:

1. We develop an RDDP scheme for problem (1). In
contrast to the existing solution approaches for problem
(1), our method accommodates uncertainty in all
problem components (objective function, technology,
and recourse matrices as well as right-hand sides), it
does not require a relatively complete recourse, it
offers deterministic upper and lower bounds on the
optimal value of (1) in each iteration, and it comes
with deterministic convergence guarantees.

2. For instances of problem (1) with uncertain tech-
nology matrices and/or constraint right-hand sides as
well as polyhedral stagewise rectangular uncertainty
sets Ξt, our scheme finds an optimal solution in fi-
nitely many iterations. To our best knowledge, none
of the previously proposed solution approaches for
problem (1)—apart from the nested Benders’ de-
composition, which is limited to small problems—
offers such a guarantee for T> 2 stages.

3. We show that our RDDP scheme extends to in-
stances of problem (1) with uncertain objective functions
and recourse matrices. We argue that, in this case, no
method relying on piecewise affine approximations of
the cost-to-go functions can converge in finite time.
Nevertheless, our RDDP scheme converges asymptoti-
cally to an optimal solution in a deterministic fashion.

4. We present numerical results that indicate that
the attractive theoretical properties of our RDDP
scheme are accommodated by a good practical perfor-
mance in a stylized inventory-management case study.

The remainder of the paper is structured as follows.
We formulate and discuss the optimization problem
of interest in Section 2. Section 3 develops and ana-
lyzes our RDDP scheme. Section 4 compares our al-
gorithm with robust versions of the nested Benders’
decomposition and SDDP. We present numerical
results in Section 5, and we offer concluding remarks
in Section 6. For ease of exposition, the main paper
focuses on instances of problem (1) with a relatively
complete recourse and deterministic objective func-
tions and recourse matrices. The extension of our
algorithm to problems without a relatively complete
recourse and uncertain objective functions and re-
course matrices as well as some auxiliary proofs are
relegated to the online supplemental material.

1.1. Notation
The conjugate (or Legendre–Fenchel transformation) of
an extended real-valued function f : Rn �→ R ∪ {∞} is
defined by f �(y) � sup{y�x− f (x) : x ∈Rn}. In particu-
lar, the conjugate of the indicator function δ- :Rn �→R∪
{∞} defined through δ-(x) � 0 if x ∈- and δ-(x) �∞
otherwise is the support function σ- :Rn �→ R∪{∞}

defined through σ-(y) � sup{y�x : x∈-}. For an ex-
tended real-valued function f :Rn �→R∪ {∞}, the lower
convex envelope env f is the pointwise largest convex
function that is weakly below f . We denote the vector
of all ones by e, and its dimension will be clear from
the context.

2. Problem Formulation
We first list and discuss the assumptions that we make
throughout the main paper. Afterward, we present an
equivalent nested formulation of the multistage robust
optimization problem (1) that forms the basis of our
RDDP scheme.

2.1. Assumptions
The main paper studies problem (1) under the fol-
lowing additional assumptions:
(A1) Boundedness. The feasible region of problem (1) is

bounded; that is, any feasible solution satisfies ‖xt(ξt)‖ ≤ M
for all ξ ∈ Ξ and t � 1, . . . ,T, where M is a sufficiently
large number.
(A2) Relatively complete recourse. Problem (1) has a

relatively complete recourse; that is, any partial solution
x1,. . ., xt satisfying the constraints up to time period t can
be extended to a complete solution x1,. . ., xT that satisfies
all constraints for every realization ξ ∈ Ξ.
(A3) Uncertainty set. The uncertainty set is bounded,

polyhedral, and stagewise rectangular; that is,Ξ � × T
t�1 Ξt

for bounded sets Ξt � {ξt ∈ Rkt : Ftξt ≤ gt}, Ft ∈ Rlt×kt ,
and gt ∈ Rlt .
(A4) Uncertain parameters. The objective coefficients qt ∈

Rnt and the recourse matricesWt ∈ Rmt×nt are deterministic,
whereas T t : Ξt �→Rmt×nt−1 and ht : Ξt �→Rmt are affine in ξt.
Assumptions (A1) and (A2) merely serve to sim-

plify the exposition. It is straightforward to extend
our RDDP scheme to unbounded feasible regions, but
the extension introduces cumbersome case distinc-
tions to cater to rays in the feasible region. The ex-
tension to multistage robust optimization problems
without a relatively complete recourse is relegated to
the online supplemental material.
Assuming a bounded polyhedral uncertainty set in

assumption (A3) allows us to solve the nonconvex
subproblems of our RDDP scheme as mixed-integer
linear programs or via vertex enumeration, and it is
essential to guarantee the finite time convergence of
our RDDP scheme. The online supplemental material
shows, however, that our RDDP scheme still con-
verges asymptotically for generic nonconvex uncer-
tainty sets. Stagewise rectangularity resembles the
stagewise independence assumption in SDDP schemes,
and it essentially precludes the existence of an inter-
temporal budget for unfavorable outcomes. Stagewise
rectangularity is required because our RDDP scheme
operates on a nested formulation of problem (1),
where the future costs incurred in stages t + 1, . . . ,T
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must only depend on xt and not depend on the realized
values of ξ1, . . . , ξt. Nevertheless, the assumption of
stagewise rectangularity can be relaxed for the con-
straint right-hand sides ht.

Remark 2 (Autoregressive Right-Hand Sides). Assume
that the constraint right-hand sides in problem (1) fol-
low pth-order vector autoregressive processes of the
form ht(ξt) � h0t + ∑t

τ�t−p Htτξτ. By augmenting the de-
cisions xt to x′t � (xt,yt,t−p, . . . ,yt,t−1) with yt,τ(ξt) � ξτ, τ�
t−p, . . . , t−1, we can recover an instance of problem (1)
that satisfies assumption (A3) if we replace the constraint
right-hand sides ht with h0t +∑t−1

τ�t−pHtτyt,τ(ξt)+Httξt.

Assumption (A4) precludes uncertain objective
functions and recourse matrices. Although the online
supplemental material shows that our RDDP scheme
remains valid for generic multistage robust optimi-
zation problems with uncertain objective functions
and recourse matrices, finite convergence can no
longer be guaranteed, and the subproblems of our
RDDP scheme become bilinear programs that can no
longer be solved as mixed-integer linear programs or
via vertex enumeration. We remark, however, that a
restricted form of objective uncertainty can be mod-
eled despite assumption (A4).

Remark 3 (Lag 1Uncertain Objective Functions). Consider
a variant of the multistage robust optimization problem
(1) with a lag 1 objective of the form

minimize max
ξ∈Ξ

∑T−1
t�1

qt+1(ξt+1)�xt(ξt).

We can recover an instance of problem (1) that sat-
isfies assumption (A4) if we augment the decisions xt
to x′t � (xt, yt), t � 2, . . . ,T, replace the objective func-
tion with

∑T
t�2 yt(ξt), and add the additional con-

straints yt(ξt) ≥ qt(ξt)�xt−1(ξt−1) for all t � 2, . . . ,T.

2.2. Nested Problem Formulation
Under assumptions (A3) and (A4), problem (1) has the
equivalent nested formulation

minimize q�1 x1 + 42(x1)
subject to W1x1 ≥ h1

x1 ∈ Rn1 , (1′)
where we omit the dependence of W1 and h1 on the
deterministic parameters ξ1 and where the stage t
worst-case cost-to-go function 4t is defined as 4t(xt−1) �
max{Qt(xt−1; ξt) : ξt ∈ Ξt} with

Qt(xt−1; ξt) �
minimize q�t xt + 4t+1(xt)
subject to T t(ξt) xt−1 +W txt ≥ ht(ξt)

xt ∈ Rnt

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

t � 2, . . . ,T,

and 4T+1(xT) � 0 for all xT ∈ RnT . In the following, we
refer to Qt as the stage t nominal cost-to-go problem. In
general, this problem can evaluate to +∞ or −∞ if it is
infeasible or unbounded, respectively. Assumptions
(A1)–(A3) preclude both of these cases, however, and
we thus conclude that Qt always attains finite values
on the real line.
Standard arguments show that the stage t worst-

case cost-to-go function 4t is convex and piecewise
affine for t � 2, . . . ,T (Birge and Louveaux 1997,
theorem 40). However, the stage t nominal cost-to-go
problemQt(xt−1; ·) is convex in the realization ξt of the
uncertain parameters, which renders the maximiza-
tion over ξt in 4t difficult. We now formalize this
intuition.

Theorem 1. Determining the stage t worst-case costs
4t(xt−1) is strongly NP-hard if the technology matrix T t or
the right-hand side vector ht is uncertain, even if 4t+1(xt) �
0 for all xt ∈ Rnt .

Proof. Deferred to Section EC.1 of the online supple-
mental material.

Remark 4 (State and Control Variables). In many ap-
plications, the worst-case costs 4t+1 only depend on a
few components of the decision vector xt, which are
termed state variables (Bertsekas 2007). In problem (1),
the state variables in stage t correspond to the nonzero
columns of the technology matrix T t+1 in stage t + 1.
The remaining components of xt represent control
variables, which are required to determine the optimal
course of action within stage t but have no (direct)
bearing on the future costs quantified by 4t+1. In an
inventory-control problem, for example, the state var-
iables may record the inventory levels of each product,
whereas additional control variables could be needed
to determine the order quantities as well as how much
of each product is sold at what price. Similar to SDDP,
the runtime of our RDDP scheme can be reduced by
only carrying over the state variables to the next time
stage. We will revisit this point in the numerical ex-
amples in Section 5. In the interest of a concise nota-
tion, however, we notationally suppress the distinction
between state and control variables in the remainder of
this paper.

3. Robust Dual Dynamic Programming
If we knew the stage (t + 1) worst-case cost-to-go
function 4t+1, we could evaluate 4t at any specific
point xt−1 by solving a max–min problem. Note,
however, that 4t+1 is itself unknown for t<T. In the
following, we iteratively construct lower and upper
bounds 4t and 4t, respectively, on each worst-case
cost-to-go function4t, t � 2, . . . ,T, that satisfy4t(xt−1) ≤
4t(xt−1) ≤ 4t(xt−1) for all xt−1 ∈ Rnt−1 . Given an upper
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bound 4t+1 and a point xt−1, we can bound 4t(xt−1)
from above by solving

Qt(xt−1)

� maximize
minimize q�t xt + 4t+1(xt)
subject to T t(ξt) xt−1 +W txt ≥ ht(ξt)

xt ∈ Rnt

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

subject to ξt ∈ Ξt,

(2)

which amounts to a max–min problem. The optimal
value of this problem coincides with 4t(xt−1) if
4t+1(xt) � 4t+1(xt) for all xt ∈ Rnt . Because 4t+1(xt) ≥
4t+1(xt) by assumption, Qt(xt−1) bounds 4t(xt−1) from
above. We will show in Section 3.2 that problem (2)
can be solved as amixed-integer linear program or via
vertex enumeration if the upper bound 4t+1 is convex
and piecewise affine.

Similarly, we can bound 4t(xt−1) from below by
fixing any realization ξt ∈ Ξt and solving

Q
t
(xt−1; ξt) �

minimize q�t xt + 4t+1(xt)
subject to T t(ξt) xt−1 +W txt ≥ ht(ξt)

xt ∈ Rnt

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦.

This problem bounds 4t(xt−1) from below because it
only considers a single realization ξt ∈ Ξt and uses the
lower bound 4t+1 on the stage (t + 1) worst-case cost-
to-go function 4t+1. Note that contrary to the upper
bound problem Qt(xt−1), which maximizes over all
possible stage t realizations ξt ∈ Ξt, the lower bound
problem Q

t
(xt−1; ξt) is solved for a particular reali-

zation ξt and hence depends on both xt−1 and ξt. For
a convex and piecewise-affine lower bound 4t+1,
Q

t
(xt−1; ξt) can be readily cast as a linear program. In

the next subsection, we will bound the stage t worst-
stage cost-to-go function 4t from below through
supporting hyperplanes of Q

t
(·; ξt). To this end, we

note that the problem dual to Q
t
(xt−1; ξt) is

maximize [ht(ξt) − T t(ξt) xt−1]�πt − 4�
t+1(W�

t πt − qt)
subject to πt ∈ Rmt+ ,

which is a linear program.Here4�
t+1 is the conjugate of

4t+1, and it is piecewise affine and convex whenever
4t+1 is. Because of assumption (A2), strong linear
programming duality holds between Q

t
(xt−1; ξt) and

is dual whenever Q
t
(xt−1; ξt)> −∞. For a fixed pa-

rameter realization ξt ∈ Ξt, the optimal solution πt of
the dual problem provides the supporting hyperplane

xt−1 �→ [ht(ξt) − T t(ξt) xt−1]�πt − 4�
t+1(W�

t πt − qt)
that touches Q

t
(·; ξt) at xt−1. Note that this hyperplane

does not support the stage t worst-case cost-to-go
function 4t in general because the lower bound 4t+1

can strictly underestimate 4t+1, and ξt may not be the
worst parameter realization for 4t.
In the remainder of this section, we describe our

RDDP scheme (Section 3.1), we show how the sub-
problems (2) can be solved as mixed-integer linear
programs or via vertex enumeration (Section 3.2), and
we study the convergence of ourmethod (Section 3.3).

3.1. Robust Dual Dynamic Programming Scheme
Our RDDP scheme iteratively refines lower and upper
bounds on theworst-case cost-to-go functions4t. To this
end, the algorithm proceeds in forward passes, which
generate sequences of approximate worst-case param-
eter realizations ξfwt and their associated recourse de-
cisions xt, t � 2, . . . ,T, as well as backward passes, which
refine the lower and upper bounds 4t and 4t along
these decisions xt. Both bounds are essential for our
method, which distinguishes our algorithm from the
nested Benders’ decomposition and SDDP schemes
(see Section 4). Intuitively speaking,we can regard the
nested problem formulation (1′) as a T-stage zero-sum
game between a decision maker aiming to minimize the
overall costs and an adversary attempting to maximize
these costs.We determine the optimal value of this game
by iteratively refining progressive approximations of the
payoffs for both the adversary (via the upper bounds4t)
and the decision maker (via the lower bounds 4t). After
we have determined a strategy pair (ξ, x) for the ad-
versary and the decisionmaker such that the upper and
lower bounds in each stage t coincide at xt, both strat-
egies are optimal, and we have found a worst-case pa-
rameter realization ξ and aworst-case optimal decision x.
Our RDDP scheme can be summarized as follows:
Step 1. Initialization: Set 4t(xt−1) � −∞ ∀xt−1 ∈

Rnt−1 , t � 2, . . . ,T (lower bound),
4t(xt−1) �+∞ ∀xt−1 ∈Rnt−1 , t� 2, . . . ,T (upper bound),
4T+1(xT) �4T+1(xT) � 0 ∀xT ∈RnT (zero terminal costs).

Step 2. Stage 1 problem: Let x1 be an optimal so-
lution to the lower bound stage 1 problem

minimize q�1 x1 + 42(x1)
subject to W1x1 ≥ h1

x1 ∈ Rn1 .

If 42(x1) � 42(x1), terminate: x1 is optimal with costs
q�1 x1 + 42(x1). Otherwise, go to Step 3.
Step 3. Forward pass: For t � 2, . . . ,T − 1, let ξfwt be

an optimal solution to the upper bound problem
Qt(xt−1) and xt be an optimal solution to the lower
bound problem Q

t
(xt−1; ξfwt ).

Step 4. Backward pass: For t � T, . . . , 2, let ξbwt be an
optimal solution to the upper bound problemQt(xt−1). If
Qt(xt−1)<4t(xt−1), then update the upper bound

4t(xt−1) ← env min 4t(xt−1), Qt(xt−1) + δ{xt−1}(xt−1)
{ }( )

∀xt−1 ∈ Rnt−1 ,
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where “env” denotes the lower convex envelope,
and δ{xt−1} is the indicator function for the singleton
set {xt−1}; that is, δ{xt−1}(xt−1) � 0 if xt−1 � xt−1 and
δ{xt−1}(xt−1) � +∞ otherwise.

Let πt be the shadow price of an optimal solution to
the lower bound problem Q

t
(xt−1; ξbwt ). If Q

t
(xt−1; ξbwt )>

4t(xt−1), then update the lower bound

4t(xt−1) ← max
{
4t(xt−1), [ht(ξbwt ) − T t(ξbwt ) xt−1]�πt

− 4�
t+1(W�

t πt − qt)
}
∀xt−1 ∈ Rnt−1 .

(3)

After Step 4 has been completed for all stages t �
T, . . . , 2, go back to Step 2.

After initializing the lower and upper bounds 4t
and 4t, respectively, on the worst-case cost-to-go
functions 4t in Step 1, Step 2 solves a relaxation of
problem (1′), where the stage 2 worst-case cost-to-go
function 42 is replaced with its lower bound 42. Be-
cause of assumption (A2), the relaxed stage 1 problem
is feasible as long as there is a decision x1 satisfying
W1x1 ≥ h1, which we assume to be the case to avoid
trivially infeasible instances of (1). Moreover, because
the feasible region of the relaxed stage 1 problem is
compact by assumption (A1), the stage 1 problem
always attains its optimal value. The optimal value of
the stage 1 problem can be −∞ if the worst-case cost
approximation 42 has not yet been updated. In this
case, any solution attaining this objective value—
which is guaranteed to exist because of assumption
(A1)—is considered to be optimal. The algorithm ter-
minates if the first-stage decision x1 satisfies 42(x1) �
42(x1). Indeed, in this case, x1 optimizes a relaxation
of problem (1′) and simultaneously attains the same
objective value in (1′) itself, which implies that x1 must
be optimal in (1′).

The algorithm conducts a forward pass in Step 3,
which generates a sequence of approximate worst-case
parameter realizations ξfwt and associated recourse
decisions xt, t � 2, . . . ,T − 1. Note that the parameter
realizations ξfwt are selected from Qt(xt−1), which uses
the upper bound cost-to-go functions 4t+1, whereas the
decisions xt are chosen based on Q

t
(xt−1; ξfwt ), which

uses the lower bound cost-to-go functions 4t+1. This
ensures that the refinements of the upper and lower
bounds do not terminate prematurely in local optima.
The intuition behind the use of different bounds for
the maximization over ξt and theminimization of xt is
explained in Figure 1.

The algorithm proceeds with a backward pass in
Step 4, which refines the upper and lower bounds 4t

and 4t, respectively, along the decision trajectory xt
computed in Step 3. The upper bounds 4t are updated

using the upper bound problemsQt(xt−1), whereas the
lower bounds 4t are updated using the lower bound
problems Q

t
(xt−1; ξbwt ). In both cases, the convexity of

the worst-case cost-to-go functions 4t allows us to
also update the bounds in the neighborhood of the
candidate solution xt−1. This is achieved through the
use of convex envelopes (for 4t) and supporting hy-
perplanes (for 4t; see Figure 2). Note that 4T(xT−1) �
4T(xT−1) � 4T(xT−1) after Step 4 because 4T+1(xT) �
4T+1(xT) � 4T+1(xT) � 0 for all xT ∈ RnT , and therefore,
QT(xT−1) � Q

T
(xT−1; ξbwT ) � 4T(xT−1). The improved up-

per and lower bounds are then propagated to the
earlier time stages. The refined upper bounds 4t+1
imply that the approximate worst-case parameter
realizations ξbwt might have changed, which is why
we do not reuse the realizations ξfwt from the forward
pass in Step 4.
For the special case where T � 2, our algorithm

reduces to a variant of Benders’ decomposition that
maintains both lower and upper bounds on theworst-
case cost function 42. In that case, the computation of
the upper bounds would be redundant, however,
because 43(x2) � 0 for all x2 ∈ Rn2 ; hence, the refined
lower bound 42(x1) coincides with the exact worst-
case costs 42(x1) after every iteration of the algorithm.
Maintaining both lower and upper bounds on the cost
functions 4t becomes crucial for T> 2 stages, how-
ever, because the lower bound values 4t(xt−1) tend to
strictly underestimate the exact worst-case costs
4t(xt−1) for t<T.
We will show in Proposition 2 that the upper and

lower bounds4t and4t, respectively, satisfy4t(xt−1) ≤
4t(xt−1) ≤ 4t(xt−1) for all t � 2, . . . ,T and xt−1 ∈ Rnt−1 .
Our algorithm thus provides deterministic upper and
lower bounds q�1 x1 + 42(x1) and q�1 x1 + 42(x1) on the
optimal value of the multistage robust optimization
problem (1) in every iteration. In fact, the previous
bounding argument allows us to tighten the up-
per bound on (1) to min{q�1 x1 + 42(x1) : W1x1 ≥ h1,
x1 ∈ Rn1}. We now show that, at any time during the

execution of the algorithm, the upper bounds 4t,
t � 2, . . . ,T, also allow us to construct a feasible de-
cision policy xt(ξt).
Proposition 1 (Feasible Solutions). Any first-stage de-
cision x1 satisfying 42(x1)< +∞ can be completed to a
feasible decision policy xt(ξt), t � 1, . . . ,T, defined through
x1(ξ1) � x1 and

xt(ξt) ∈ argmin
xt∈Rnt

q�t xt + 4t+1(xt) : T t(ξt) xt−1(ξt−1)
{

+W txt ≥ ht(ξt)}, ξ ∈ Ξ and t � 2, . . . ,T,

and this decision policy satisfies
∑T

t�1 q�t xt(ξt) ≤ q1x1 +
42(x1) for all ξ ∈ Ξ.
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Proof. Fix any t � 2, . . . ,T and ξ̂ ∈ Ξ. We then have that

q�t xt(ξ̂t) + 4t+1(xt(ξ̂t))

�
minimize q�t xt + 4t+1(xt)
subject to T t(ξ̂t) xt−1(ξ̂t−1) +W txt ≥ ht(ξ̂t)

xt ∈ Rnt

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≤ Qt(xt−1(ξ̂t−1)) ≤ 4t(xt−1(ξ̂t−1)), (4)

where the identity is owing to the definition of the
policy xt; the first inequality holds because the min-
imization problem is a variant of the upper bound
problemQt(xt−1(ξ̂t−1)) in which Ξt is replaced with the
singleton subset {ξ̂t}. In view of the second inequality,
we show in the following thatQt(xt−1) ≤ 4t(xt−1) for all
xt−1 ∈ Rnt−1 . The statement of the proposition then
follows from an iterative application of Equation (4)
and the fact that 4T+1(xT) � 0 for all xT ∈ RnT .

To show thatQt(xt−1) ≤ 4t(xt−1) for all xt−1 ∈ Rnt−1 , fix
any xt−1∈Rnt−1 with 4t(xt−1)<+∞. The epigraph of 4t
can be expressed as the Minkowski sum of the set {0}
×R+ and the convex hull of the points (xit−1,Q�i

t (xit−1)),
i�1,2,. . ., where Q�i

t (xit−1) denotes the upper bound
problem solved for the candidate solution xit−1 in it-
eration �i. By construction of the upper bound up-
dates in Step 4, 4t(xt−1)<+∞ implies that xt−1 can be
expressed as a convex combination of previously

visited candidate solutions xit−1; that is, we have
(xt−1,4t(xt−1))�∑

iλi · (xit−1,4t(xit−1)) for some λ≥0 with
e�λ�1. We then have that

Qt(xt−1) � Qt

∑
i
λi · xit−1

( )
≤ ∑

i
λi ·Qt(xit−1)

≤ ∑
i
λi ·Q�i

t (xit−1) � 4t(xt−1),

where the first inequality follows from the fact that
the mapping xt−1 �→Qt(xt−1) is convex (see Rockafellar
and Wets 2009, propositions 2.9 and 2.22); the second
inequality holds because, for every time stage t, the
cost-to-go approximations 4t form a pointwise mono-
tonically nonincreasing function sequence throughout
the execution of the algorithm. □

Proposition 1 enables us to complete a first-stage
decision x1 to a feasible decision for each stage t �
1, . . . ,T in response to the observed parameter re-
alizations ξ2, . . . , ξT by solving one linear program
per time stage. Lower costs may be obtained by a
shrinking-horizon variant of our RDDP scheme that
updates the worst-case cost-to-go approximations
(4t,4t) ← (4t+1,4t+1) and the time horizon T ← T − 1
and restarts the algorithm at Step 2 after each ob-
served realization ξt. This is the case because the
solutions to multistage robust optimization problems

Figure 1 (Color online) The Minimizer of the Bold Function f (x) Can Be Found by Iteratively Refining Lower Bounds at Their
Minimum and Terminating Once the Lower Bound Touches f (x) at Its Minimum

Notes. If the search iteratively refined upper bounds at their minimum (a) instead (b), then the algorithm could prematurely terminate in a
suboptimal point (circles). The reverse situation arises if we search for the maximizer of f (x) (c and d).

Figure 2. (Color online) Updating the Upper Bound 4t (Dashed Lines) on the Worst-Case Costs 4t (Bold Lines) with the
Solution Qt(xt−1) (Circles) in Panel (a) Yields the Refined Upper Bound in Panel (b)

Note. Updating the lower bound 4t (dashed lines) on the worst-case costs 4t (bold lines) with the supporting hyperplane corresponding to the
optimal solution of Q

t
(xt−1;ξbwt ) (circles) in panel (c) yields the refined lower bound in panel (d).
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are typically not Pareto optimal (see Iancu and
Trichakis 2014, de Ruiter et al. 2016).

The algorithm outline described above can be modi-
fied in multiple ways. We conclude this section with a
variant of our RDDP scheme that we will used in our
numerical results.

Remark 5 (Selection of Next Stage). Our RDDP scheme
iterates between full forward passes in Step 3 and full
backward passes in Step 4. Aswewill see in Section 3.3,
however, the correctness and convergence of our algo-
rithm extend to variants that heuristically switch between
forward and backward steps as long as we move to
consecutive time stages. For example, we can select the
next stage based on a comparison of the forward gap
gapfwd � 4t(xt−1) − 4t(xt−1), which quantifies the cu-
mulative gap of the approximations (4t,4t), . . . , (4T,4T),
with the backward gap gapbwd � (42(x1) − 42(x1)) −gapfwd,
which measures the cumulative gap of the approxima-
tions (42,42), . . . , (4t−1,4t−1). Heuristic stage selection
strategies have been successfully applied to the nested
Benders’ decomposition for stochastic programs (see
Louveaux 1980, Birge 1985).

3.2. Solution of the Subproblems Qt(xt−1)
Theorem 1 implies that the max–min problemQt(xt−1)
in Equation (2) is strongly NP-hard if the technology
matrix T t or the right-hand side vector ht is uncertain.
We now show how this problem can be solved as a
mixed-integer linear programor via vertex enumeration.

Although it seems natural to transform the max–
min problem (2) into a single-stage problem by du-
alizing the embedded minimization problem in (2),
this reformulation would result in a bilinear program
with an objective function that maximizes the inner
product of ht(ξt) − T t(ξt) xt−1 with the newly intro-
duced dual variables. Instead,we follow the approach
of Dempe (2002) and Zeng and Zhao (2013) and re-
place the embeddedminimization problem in (2) with
its Karush–Kuhn–Tucker optimality conditions. To
this end, we first reformulate problem (2) as

maximize θ

subject to

(xt, θ) ∈ argmin θ :

θ ≥ q�t xt + 4t+1(xt)
T t(ξt) xt−1 +W txt ≥ ht(ξt)
xt ∈ 4F

t , θ ∈ R

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭

ξt ∈ Ξt, (2′)
where the polyhedron 4F

t � {xt ∈ Rnt : 4t+1(xt) < +∞}
describes the stage t decisions with finite upper cost-
to-go bounds. The upper bound 4t in the embedded
objective function and the set 4F

t can be represented
through a convex combination model (also known
as the lambda method), such as in generalized linear

programming (seeDantzig 1963, section 24;Magnanti
et al. 1976).
Problems (2) and (2’) both have finite optimal

values if and only if

∀ξt ∈ Ξt ∃xt ∈ 4F
t : T t(ξt) xt−1 +W txt ≥ ht(ξt). (5)

One readily verifies that if the condition (5) is satis-
fied, then (2) and (2′) share the same optimal value as
well as the same set of maximizers ξt. However, the
optimal values of (2) and (2′) differ whenever the
condition (5) is violated. Indeed, in that case, there is a
ξt ∈ Ξt such that no feasible solution xt ∈ Rnt to the
inner problem in (2) satisfies 4t+1(xt)< +∞, and the
optimal value of (2) is +∞. Because the inner mini-
mization problem in (2′) is infeasible for this ξt,
however, the associated set ofminimizers (xt, θ) in (2′)
is empty, and ξt is infeasible in problem (2′).
Note that the relatively complete recourse assumption

(A2) guarantees that condition (5) holds after the upper
cost-to-go approximation 4t+1 is sufficiently refined.
In that case, we can replace the embedded minimi-
zation problem in (2′) with its Karush–Kuhn–Tucker
optimality conditions. The resulting reformulation
contains bilinear constraints that correspond to the
complementary slackness conditions. These constraints
can be reformulated as linear constraints if we introduce
auxiliary binary variables and adopt a Big-M reformu-
lation (see Zeng and Zhao 2013, section 3.2). Alter-
natively,we can replace the complementary slackness
conditions with type 1 special ordered sets (SOS-1)
constraints, which enforce, for each primal constraint,
that either the constraint’s slack or the associated dual
variable (or both) is zero. SOS-1 constraints avoid the
necessity to choose a Big-M constant and are naively
supported by many state-of-the-art mixed-integer
linear programming solvers.
In the early stages of our RDDP scheme, condition (5)

may be violated when the upper cost-to-go approx-
imation 4t+1 has not yet been sufficiently refined. To
detect this case, we first solve a variant of problem (2′)
in which the inner problem minimizes the distance of
zt to the set 4F

t . If the optimal value of this auxiliary
problem is zero, thenwe proceed to solve problem (2′)
as described earlier. Otherwise, the optimal solution
ξt to the auxiliary problem is used as the optimal
solution to the upper bound problem Qt(xt−1). Note
that Qt(xt−1) � +∞ in this case.
Standard arguments show that as long as the ob-

jective coefficients qt and the recoursematricesW t are
deterministic, then the optimal value of the embed-
ded minimization problem in (2) is convex in the un-
certain problem parameters ξt, and thus, problem (2)
is maximized at an extreme point ξt ∈ extΞt of the
uncertainty set Ξt. We can then solve the problem
by solving |extΞt| linear programs, each of which
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corresponds to an instance of the embedded mini-
mization problem in (2) for a fixed-parameter re-
alization ξt ∈ extΞt. Note that the infeasible instances
of these linear programs correspond to extreme points
ξt ∈ extΞt for which the upper bound problem Qt(xt−1)
evaluates to +∞. This “brute force” vertex enumer-
ation approach can be computationally attractive if
the number of uncertain problem parameters per
stage is small or if sufficient resources are available to
solve the linear programs in parallel. Moreover, the
approach can benefit from speedup techniques, such
as warm starting and bunching (Birge and Louveaux
1997, section 5.4).

3.3. Finite Convergence Guarantee
To study the convergence of our RDDP scheme, we
make the following two assumptions.

(C1) The solution method for the upper bound problems
Qt(xt−1) returns an optimal extreme point of the un-
certainty set Ξt.

(C2) The solution method for the lower bound problems
returns an optimal basic feasible solution of the linear
program corresponding to the epigraph reformulation of
Q

t
(xt−1; ξt).
The first assumption is satisfied by construction if

we use a vertex enumeration scheme to solveQt(xt−1).
If we solveQt(xt−1) as amixed-integer linear program,
the assumption could be violated if Qt(xt−1) has
multiple optimal solutions. In this case, an optimal
extreme point of Ξt can be recovered by adding a
regularization term ρ�

t ξt to the objective function of
Qt(xt−1) such that ρ�

t �∝ F�
ti , i � 1, . . . , lt; that is, ρt is not

parallel to any of the half spaces defining Ξt, and ‖ρt‖
is small. Assumption (C2) is mild because Q

t
(xt−1; ξt)

constitutes a linear program, and every major linear
programming software package offers the option to
return an optimal basic feasible solution. In the early
iterations of our RDDP scheme, the lower bound
problem Q

t
(xt−1; ξt) may evaluate to −∞. In this case,

we assume that the solution method returns any
extreme point xt of the set {xt ∈ Rnt : T t(ξt) xt−1 +
W txt ≥ ht(ξt)} for which q�t xt + 4t+1(xt) � −∞.

The presented RDDP scheme starts with the triv-
ial bounds 4t(xt−1) � −∞ and 4t(xt−1) � +∞. These
bounds are refined in the backward passes in Step 4.
We first show that these updates preserve the bounding
properties of 4t and 4t.

Proposition 2 (Bounding Property). Throughout the al-
gorithm, the bounds 4t and 4t satisfy

4t(xt−1) ≤ 4t(xt−1) ≤ 4t(xt−1) ∀xt−1 ∈ Rnt−1 ,
∀t � 2, . . . ,T;

that is, 4t and 4t bound the worst-case cost-to-go function
4t from below and above, respectively.

Proof. The statement trivially holds after Step 1 of the
algorithm. We now show that the bounding prop-
erties of 4t and 4t are preserved in Step 4 of the
algorithm.
The first part of Step 4 calculates an upper bound

on the worst-case costs 4t(xt−1) because Qt(xt−1) ≥
4t(xt−1). Indeed, Qt(xt−1) involves 4t+1, which by as-
sumption bounds the worst-case cost-to-go function
4t+1 from above. The convexity of 4t then implies that
the refined bound

env min 4t(xt−1), Qt(xt−1) + δ{xt−1}(xt−1)
{ }( )

continues to bound theworst-case cost-to-go function
4t from above.
The second part of Step 4 calculates a lower bound

on the worst-case costs 4t(xt−1) because

Q
t
(xt−1; ξbwt ) ≤ max

ξt∈Ξt

Q
t
(xt−1; ξt) ≤ 4t(xt−1),

where the second inequality holds; this is because
Q

t
(xt−1; ξt) relies on 4t+1. Moreover, we have

[ht(ξbwt )−T t(ξbwt ) xt−1]�πt −4�
t+1(W�

t πt − qt)
≤max

π∈Rmt+

{
[ht(ξbwt ) − T t(ξbwt ) xt−1]�π
− 4�

t+1(W�
t π − qt)

}
∀xt−1 ∈ Rnt−1 ,

and weak linear programming duality implies that
the right-hand side of this inequality bounds Q

t
(xt−1;

ξbwt )—and, a fortiori, the worst-case costs 4t(xt−1)—
from below. □

Proposition 2 implies that the stage 1 problem is a
relaxation of problem (1′) and that any solution x1
satisfying 42(x1) � 42(x1) must also satisfy 42(x1) �
42(x1). Thus, any such solution x1 optimizes a re-
laxation of problem (1′) and simultaneously attains
the same objective value in (1’’); that is, it must be
optimal in (1′). We have thus arrived at the following
result.

Corollary 1 (Correctness). If the RDDP scheme termi-
nates, then it returns an optimal solution to the multistage
robust optimization problem (1).

We now prove that our RDDP scheme converges
in finite time. To this end, we first show that there are
finitely many different lower and upper bounds 4t and
4t, respectively, that the algorithm can generate during
its execution. We then show that each backward pass
refines at least one of these bounds.

Lemma 1 (Lower Bounds). For a fixed instance of problem
(1), there are finitely many different lower bound cost func-
tions 4t, t � 2, . . . ,T, that the algorithm can generate.
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Proof. Weprove the statement via backward induction
on the time stage t. The stage T lower bound problem
Q

T
(xT−1; ξ bw

T ) contains the worst-case cost-to-go func-
tion 4T+1(xT) � 0, xT ∈ RnT , which implies that the con-
jugate cost-to-go function satisfies 4�

T+1 � δ{0}. Hence, the
dual problem associated with Q

T
(xT−1; ξbwT ) simplifies to

maximize [hT(ξbwT ) − TT(ξbwT ) xT−1]�πT

subject to πT ∈ RmT+ , W�
TπT � qT.

This is a linear program with finitely many basic
feasible solutions, none of which depends on the
candidate solution xT−1 or the parameter realization
ξbwT . Because assumption (C2) ensures that the sup-
porting hyperplane from Step 4 of the algorithm
corresponds to a basic feasible solution of this dual
problem, we thus conclude that for every ξbwT , there
are finitely many different supporting hyperplanes
that can be added to the lower bound 4T throughout
the execution of the algorithm. The statement then
follows for stage T because there are finitely many
extreme points ξbwT ∈ Ξt that can emerge as optimal
solutions to the upper bound problem according to
assumption (C1).

The dual problem associated with the stage t lower
bound problem Q

t
(xt−1; ξbwt ) is

maximize [ht(ξbwt ) − T t(ξbwt ) xt−1]�πt − ϕ

subject to ϕ ≥ 4�
t+1(µ), µ � W�

t πt − qt
πt ∈ Rmt+ , µ ∈ Rnt , ϕ ∈ R.

(6)

It involves the conjugate 4�
t+1 of the worst-case cost-

to-go approximation 4t+1. By construction, 4t+1 is a
piecewise-affine convex function. Moreover, the in-
duction hypothesis implies that4t+1 has finitelymany
different pieces, and it takes onfinitelymany different
shapes throughout the algorithm. Hence, its conju-
gate 4�

t+1 is also a piecewise-affine convex function
with finitely many different pieces that takes on fi-
nitely many different shapes. Problem (6) can then be
cast as a linear program with finitely many basic
feasible solutions, none of which depends on xt−1 or
ξbwt . A similar argument as in the previous paragraph
then shows that there are finitely many different
supporting hyperplanes that can be added to the
lower bound 4t throughout the algorithm. □

Lemma 2 (Upper Bounds). For a fixed instance of problem
(1), there are finitely many different upper bound cost
functions 4t, t � 2, . . . ,T, that the algorithm can generate.

Proof. We first show that the RDDP scheme only visits
finitely many different candidate solutions xt, t � 1, . . . ,
T, throughout its execution. We then prove that at each

xt, t � 1, . . . ,T − 1, the upper bound cost-to-go function
4t+1 can only be refined finitely many times.
We show the first statement by forward induction on t.

The algorithm only visits finitely many different can-
didate solutions x1 because it generates a finite num-
ber of lower bound cost functions 42 (see Lemma 1),
and the solution method that is used returns an op-
timal basic feasible solution by assumption (C2).
Consider now the stage t> 1. The induction hypoth-
esis implies that there are finitely many candidate
solutions xt−1 that the algorithm visits, and assump-
tion (C1) ensures that every maximizer ξfwt of the
upperboundproblemQt(xt−1) is an extreme point ofΞt.
Hence, there are finitely many realizations ξfwt ∈ Ξt

that can emerge as optimizers of the forward pass in
stage t. Because the algorithm also generates finitely
many different progressive approximations 4t+1, only
finitely many candidate solutions xt can emerge as
optimizers of Q

t
(xt−1; ξfwt ).

We show the second statement by backward induction
on t. The upper bound cost-to-go function 4T(xT−1)
can only be refined once for every xT−1, after which
4T(xT−1) �4T(xT−1) because 4T+1(xT) �4T+1(xT) � 0 for
all xT ∈RnT . Consider now the stage t<T. The first part
of the proof and the induction hypothesis imply that
a finite number of upper bound cost-to-go functions
4t+1 are generated throughout the algorithm. Thus,
we solve finitely many different upper bound problems
Qt(xt−1) for each xt−1, and4t can only be refinedfinitely
many times at xt−1. □

We are now in the position to prove the finite
convergence of our RDDP scheme.

Theorem 2 (Finite Termination). The RDDP scheme ter-
minates in finite time.

Proof. We show that in each iteration of the algorithm,
at least one of the bounds 4t or 4t, t � 2, . . . ,T, must be
refined in Step 4. The result then follows from Lemmas 1
and 2.
Assume to the contrary that none of the bounds 4t,

4t were refined in Step 4 of the algorithm. We show
below via backward induction on t that, in this case,
4t(xt−1) � 4t(xt−1) � 4t(xt−1) for all t � 2, . . . ,T. This
would imply, however, that x1 satisfies the termina-
tion criterion 42(x1) � 42(x1) at the beginning of that
iteration. Thus, Step 4 is never reached, which yields a
contradiction.
We begin the backward induction with stage T.

We have

4T(xT−1) � QT(xT−1)�4T(xT−1) �Q
T
(xT−1; ξbwT )

� 4T(xT−1),
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where the first and last identities hold because nei-
ther of bounds are refined, and the intermediate two
equalities follow from the fact that 4T+1(xT) � 4T+1·
(xT) � 4T+1(xT) � 0 for all xT ∈ RnT .

In the same way, we obtain for stage t<T that

4t(xt−1) (a)� Q
t
(xt−1; ξbwt )

� min
xt∈Rnt

q�t xt + 4t+1(xt) : T t(ξbwt ) xt−1
{
+W txt ≥ ht(ξbwt )}

(b)≤ min
xt∈Rnt

q�t xt + 4t+1(xt) : T t(ξbwt ) xt−1
{
+W txt ≥ ht(ξbwt )}

(c)� min
xt∈Rnt

q�t xt + 4t+1(xt) : T t(ξfwt ) xt−1
{
+W txt ≥ ht(ξfwt )} � Qt(xt−1)

(d)� 4t(xt−1),
where (a) and (d) hold because4t(xt−1) and4t(xt−1) are
not updated, respectively; (b) is due to Proposition 2,
and (c) follows from ξfwt � ξbwt , which holds because
the bound 4t+1 has not been updated. Because xt is
optimal in the minimization problem in the second
row and, by induction hypothesis, achieves the
same objective value in the third row, we can
strengthen (b) to an equality. Proposition 2 then
implies that 4t(xt−1) � 4t(xt−1) � 4t(xt−1). □

4. Comparison with Nested Benders’
Decomposition and SDDP

Wenow compare our RDDP schemewith adaptations
of the classical nested Benders’ decomposition and
SDDP to the multistage robust optimization prob-
lem (1). Contrary to the nested Benders’ decomposition
and SDDP, our RDDP scheme maintains both lower
and upper bounds on the worst-case cost-to-go func-
tions 4t. As we discussed in Section 3.1, the upper
bounds are crucial to determine approximate worst-
case scenarios ξfwt and ξbwt that ensure convergence of
the algorithm.

The nested Benders’ decomposition avoids upper
cost-to-go bounds by solving the lower bound prob-
lems Q

t
(xt−1; ξt) for all extreme-point parameter tra-

jectories (ξ1, . . . , ξT) ∈ extΞ1 × . . . × extΞT in every
iteration. Thus, the nested Benders’ decomposition
necessarily considers the worst-case trajectory in
the forward pass of each iteration. SDDP, however,
randomly selects a single extreme-point parameter
trajectory (ξ1, . . . , ξT) in the forward pass of each it-
eration. As long as every parameter trajectory can
be selected with a positive probability, SDDP thus
considers the worst-case trajectory with a proba-
bility that approaches one over sufficiently many
iterations.

4.1. Nested Benders’ Decomposition
Standard arguments show that the optimal value of
the stage t nominal cost-to-go problem Qt(xt−1; ξt) in
the nested formulation (1′) of the multistage robust
optimization problem (1) is convex in ξt. Because the
stage tworst-case cost-to-go function4t(xt−1)maximizes
Qt(xt−1; ξt) over ξt ∈ Ξt, we can restrict our attention in
problems (1) and (1′) to parameter realizations ξ ∈
extΞ that are extreme points of the uncertainty set Ξ.
This allows us to solve the multistage robust opti-
mization problem via nested Benders’ decomposition
(Louveaux 1980, Birge 1985).
To describe the nested Benders’ approach for

solving problem (1), let Ξ̂1 � {ξ1} for the deterministic
first-stage parameters ξ1 as well as Ξ̂t � extΞt and
Ξ̂t � Ξ̂1 × . . . × Ξ̂t, t � 2, . . . ,T. By construction, we
have Ξ̂T � extΞ. The algorithm can then be formu-
lated as follows:
Step 1. Initialization: Set 4t(xt−1;ξt−1) � −∞ ∀xt−1 ∈

Rnt−1 , ξt−1 ∈ Ξ̂t−1, t� 2, . . . ,T,
4T+1(xT;ξT)�0 ∀xT ∈RnT , ξT ∈ Ξ̂T (zero terminal costs).

Step 2. Stage 1 problem: Let x1(ξ1) be an optimal
solution to the lower bound stage 1 problem

minimize q�1 x1 + 42(x1; ξ1)
subject to W1x1 ≥ h1

x1 ∈ Rn1 .

Step 3. Forward pass: For t � 2, . . . ,T − 1 and each
ξt ∈ Ξ̂t, let xt(ξt) be an optimal solution to the lower
bound problem Q

t
(xt−1(ξt−1); ξt).

Step 4. Backward pass: For t � T, . . . , 2 and each
ξt ∈ Ξ̂t, let πt be the shadow price of an optimal so-
lution to the lower bound problem Q

t
(xt−1(ξt−1); ξt). If

Q
t
(xt−1(ξt−1); ξt)>4t(xt−1(ξt−1); ξt−1), then update the

lower bound

4t(xt−1; ξt−1) ← max
{
4t(xt−1; ξt−1), ht(ξt)[ −T t(ξt) xt−1]�

πt − 4�
t+1 W�

t πt
( − qt; ξ

t)} ∀xt−1 ∈ Rnt−1 .

If Step 4 has been completed for all stages t � T, . . . , 2
and 42(x1(ξ1); ξ1) has not been updated, terminate:
x1(ξ1) is optimal with costs q�1 x1(ξ1) + 42(x1(ξ1); ξ1).
Otherwise, go back to Step 2.
Under the conditions [assumptions (C1) and (C2)]

from Section 3.3, the correctness and finite convergence
of the algorithm follow along the lines of Louveaux
(1980) and Birge (1985). The nested Benders’ decom-
position has to solve lower bound problems Q

t
(xt−1

(ξt−1); ξt) andmaintain separate lower cost-to-go bounds
4t(xt−1(ξt−1); ξt−1) for all parameter trajectories ξt ∈
Ξ̂t � Ξ̂1 × . . . × Ξ̂t, t � 1, . . . ,T, in the forward and back-
ward passes of every iteration. By maintaining upper
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bounds, however, our RDDP scheme improves on the
nested Benders’ scheme in two ways. First, our RDDP
scheme only considers the extreme points in each
individual stagewise uncertainty set Ξ̂1,. . ., Ξ̂T in
every iteration. This enables us to perform forward
and backward iterations even in large problems,
where the nested Benders’ decomposition would
not complete a single iteration. Second, our RDDP
scheme is likely to disregard benign trajectories that do
not correspond to theworst case.This ensures that, under
normal circumstances, our RDDP scheme only considers
a small fraction of the trajectories over the course of the
algorithm, even if the problem is solved to optimality.
Figure 3 further illustrates these differences.

Remark 6 (Cut Sharing). For multistage robust opti-
mization problems with constraints that only couple
decisions of consecutive time periods and uncertainty
sets that are stagewise rectangular, each cost-to-go
function 4t only depends on the previous state xt−1,
and a cut produced at node ξt ∈ Ξ̂t is valid for all other
nodes in period t. In this case, the nested Benders’
decomposition can be improved by maintaining a
single lower cost-to-go bound 4t : R

nt−1 �→ R for each
time period. This requires less memory and allows for
a faster algorithm execution because of the sharing
of cuts between the various subproblems in each stage
(Infanger and Morton 1996, Morton 1996). We stress
that this improved variant of the nested Benders’
decomposition still needs to solve lower bound prob-
lems for all parameter trajectories. Indeed, the conver-
gence of the decomposition scheme crucially relies on
the cost-to-go function approximations eventually be-
coming tight at all candidate solutions xt(ξt) that are
optimal responses to some worst-case parameter tra-
jectory ξ ∈ Ξ̂1 × . . . × Ξ̂T. In the absence of any informa-
tion about these worst-case trajectories, the nested

Benders’ decomposition needs to consider all tra-
jectories ξ ∈ Ξ̂1 × . . . × Ξ̂T in every iteration.

4.2. Stochastic Dual Dynamic Programming
Becausewe can restrict our attention to extreme-point
parameter trajectories ξ ∈ extΞ in problem (1), we
can also solve the problem via an adaptation of the
SDDP approach (Pereira and Pinto 1991, Shapiro 2011,
Shapiro et al. 2013). As in the previous subsection, we
define Ξ̂1 � {ξ1}, Ξ̂t � extΞt, and Ξ̂t � Ξ̂1 × . . . × Ξ̂t

for t � 2, . . . ,T.
With this notation, the SDDP algorithm for prob-

lem (1) can be formulated as follows:
Step 1. Initialization: Set 4t(xt−1) � −∞ ∀xt−1 ∈

Rnt−1 , t � 2, . . . ,T (lower bound),
4T+1(xT) � 0 ∀xT ∈ RnT (zero terminal costs).

Step 2. Stage 1 problem: Let x1 be an optimal so-
lution to the lower bound stage 1 problem

minimize q�1 x1 + 42(x1)
subject to W1x1 ≥ h1

x1 ∈ Rn1 .

Stop if some termination criterion is met (see below).
Otherwise, go to Step 3.
Step 3. Forward pass: For t � 2, . . . ,T − 1, select

ξfwt ∈ Ξ̂t randomly, and let xt be an optimal solution to
the lower bound problem Q

t
(xt−1; ξfwt ).

Step 4. Backward pass: For t � T, . . . , 2, let ξbwt be a
maximizer of max{Q

t
(xt−1; ξt) : ξt ∈ Ξt}, and let πt be

the shadow price of an optimal solution to the lower
bound problem Q

t
(xt−1; ξbwt ). If Q

t
(xt−1; ξbwt )>4t(xt−1),

then update the lower bound

4t(xt−1) ← max 4t(xt−1), [ht(ξbwt ) − T t(ξbwt ) xt−1]�πt
{
− 4�

t+1(W�
t πt − qt)

} ∀xt−1 ∈ Rnt−1 .

Figure 3. (Color online) For the Stagewise Uncertainty Sets Ξ2, Ξ3, and Ξ4 (Rectangles), Our RDDP Scheme with the Vertex
Enumeration Approach from Section 3.2 Considers the 3 · 4 � 12 Extreme Points in Ξ̂2, Ξ̂3, and Ξ̂4 (Circles)

Notes. In each time stage t, our algorithmproceedswith themost adverse extreme point ξfwt (red circles). For the same uncertainty sets, the nested
Benders’ decomposition considers the 43 � 64 extreme point trajectories in Ξ̂2 × Ξ̂3 × Ξ̂4. (For clarity of exposition, only a subset of the arcs is
shown.)
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After Step 4 has been completed for all stages t �
T, . . . , 2, go back to Step 2.

Despite maintaining only a single lower cost-to-go
bound 4t : R

nt−1 �→ R for each time stage, SDDP avoids
the solution of lower bound problems for all parameter
trajectories ξ ∈ extΞ in each iteration by randomly
selecting a single parameter trajectory (ξfw1 , . . . , ξfwT ) ∈
extΞ in every forward pass. Under the conditions
[assumptions (C1) and (C2)] from Section 3.3, the
SDDP scheme asymptotically converges to an optimal
solution of problem (1) with probability 1 as long as
every trajectory ξ ∈ extΞ is selected with positive
probability in the forward pass (Shapiro 2011, propo-
sition 3.1).

The absence of deterministic upper bounds on the
optimal value of the multistage robust optimization
problem (1) requires a different termination criterion.
Shapiro (2011) proposes to terminate when the op-
timal values q�1 x1 + 42(x1) of the stage 1 problems
stabilize over successive iterations of the algorithm,
which amounts to a statistical guarantee that the
SDDP scheme will not make significant progress in
the next iteration(s). In fact, it seems difficult to design
a tractable termination criterion based on the con-
vergence to the optimal value of problem (1).

In conclusion, the nested Benders’ decomposition
and SDDP primarily differ in their selection of the
approximate worst-case parameter trajectories in the
forward pass. The nested Benders’ decomposition
guarantees a finite and deterministic convergence by
examining all (exponentially many) parameter tra-
jectories, whereas SDDP achieves an asymptotic and
stochastic convergence by randomly selecting a single
parameter trajectory in each iteration. Our RDDP
scheme, however, selects approximate worst-case
parameter trajectories based on the upper bounds
4t on the worst-case cost-to-go functions 4t. This
allows us to avoid considering all parameter trajec-
tories in each iteration while still maintaining a finite
and deterministic convergence. The purpose of the
upper bounds in our RDDP scheme is reminiscent of
the role of the progressive bounds in branch-and-
bound schemes for discrete optimization problems.
Although we may in principle need to investigate all
parameter trajectories ξ ∈ extΞ during execution of
our RDDP scheme, the upper bounds guide the se-
lection of parameter trajectories toward those that
are likely to result in the worst-case costs, and they
allow us to exclude benign parameter trajectories
from further consideration. Likewise, although a
branch-and-bound scheme may in principle need
to investigate all feasible solutions, the progres-
sive bounds guide the search toward promising
areas of the feasible region, and they allow us to
swiftly fathom branches with provably suboptimal
solutions.

Remark 7. The absence of upper bounds implies that
each iteration of the SDDP scheme can be performed
very efficiently. We can exploit this in our RDDP
scheme by mixing “lightweight” SDDP iterations
(where the forward passes randomly sample extreme
point trajectories) with the more “heavyweight” RDDP
iterations (where the forward passes judiciously choose
extreme point trajectories based on the NP-hard upper
bound problems). This is particularly advantageous in
the early iterations of our RDDP scheme, where the
upper bounds have not yet been sufficiently refined
and thus carry little information. The finite and de-
terministic convergence of our RDDP scheme is un-
affected by this modification as long as we regularly
perform RDDP iterations.

5. Numerical Experiments
We now analyze the computational performance of
our RDDP scheme in the context of an inventory-
management problem. In particular, we will investigate
how the runtime of the RDDP scheme is affected by the
number of time stages aswell as the number of decision
variables and uncertain problem parameters in each
time stage. We will also compare our RDDP scheme
with the solutions obtained from restricting the mul-
tistage robust optimization problem (1) to affine de-
cision rules (Ben-Tal et al. 2004, Kuhn et al. 2011) as
well as the adaptations of the nested Benders’ de-
composition and SDDP schemes outlined in Section 4.
All optimization problems in this section were

solved in single-threaded mode with the Gurobi Opti-
mizer 6.0.3 software package (see www.gurobi.com)
on a 2.9-GHz computer with 8 GB of random-access
memory (RAM). OurC++ implementation of theRDDP
scheme uses the vertex enumeration procedure of
Section 3.2 to solve the subproblems (2) as well as the
gap-based heuristic outlined in Remark 5 to select the
next time period in the forward/backward passes.
We consider a single-echelon multiitem inventory-

management problem with uncertain customer de-
mands and deterministic inventory-holding and back-
logging costs. The problem setup follows the description
in Bertsimas and Georghiou (2015, section 5.1). At the
beginning of each time period t � 1, . . . ,T, the un-
certain customer demandsDtp(ξt) for the products p �
1, . . . ,P are observed. Demands are served as far as
possible from the inventories Itp(ξt). Any excess de-
mand is backlogged at a unit cost of cB per period, and
any excess inventory incurs a unit holding cost of cH
per period. After observing the demands in period t,
the inventory of product p can be restocked through a
standard order xtp(ξt) arriving at the end of period t
(with unit costs cx) or through an express order ytp(ξt)
arriving immediately (with unit costs cy > cx). In the
latter case, the deliveries ytp(ξt) can be used to serve
the demands in period t. We impose productwise
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upper bounds Bx and By on the standard and express
ordering quantities xtp(ξt) and ytp(ξt), respectively, as
well as cumulative bounds BC on the stagewise ex-
press orders

∑
p ytp(ξt). We assume that all inventories

are empty at the beginning of the planning horizon.
The objective is to determine an ordering policy that
minimizes the worst-case sum of the ordering,
backlogging, and inventory-holding costs over all
anticipated demand realizations.

The problem can be formulated as the following
instance of problem (1):

minimize max
ξ∈Ξ

∑T
t�1

∑P
p�1

cxxtp(ξt) + cyytp(ξt)
+ cH Itp(ξt)[ ]

+ + cB −Itp(ξt)[ ]
+

subject to
Itp(ξt) � It−1,p(ξt−1)

+ xt−1,p(ξt−1)
+ ytp(ξt) −Dtp(ξt)

xtp(ξt) ∈ [0,Bx],
ytp(ξt) ∈ [0,By]

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
∀p � 1, . . . ,P

∑P
p�1

ytp(ξt) ≤ BC

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

∀t � 1, . . . ,T,

∀ξ ∈ Ξ

Itp(ξt), xtp(ξt), ytp(ξt) ∈ R, ξ ∈ Ξ, t � 1, . . . ,T and
p � 1, . . . ,P,

where we define I0p(ξ0) ≡ 0 and x0p(ξ0) ≡ 0 for p �
1, . . . ,P. Note that, in this formulation, negative prod-
uct inventories Itp(ξt) correspond to backlogged cus-
tomer demands. As usual, the maximum operators ·[ ]+
in the objective function can be removed through an
epigraph formulation. The problem has a relatively
complete recourse because any partial feasible policy
(Itp, xtp, ytp), t � 1, . . . , τ and p � 1, . . . ,P, can be com-
pleted to a nonanticipative feasible policy by setting
xtp(ξt) � ytp(ξt) � 0 for all t� τ+1, . . . ,T and p� 1, . . . ,P.
Moreover, the variable substitution Itp ← Itp+xtp, t�
1, . . . ,T and p� 1, . . . ,P, reduces the state variables to P
per stage (see Remark 4).

We assume that the product demands in each pe-
riod are governed by a factor model of the form

Dtp(ξt)

�

2 + sin
π(t − 1)

6

( )
+ 1
k

∑k
i�1

Φpiξti for p � 1, . . . ,
P
2

⌈ ⌉
,

2 + cos
π(t − 1)

6

( )
+ 1
k

∑k
i�1

Φpiξti

for p � P
2

⌈ ⌉
+ 1, . . . ,P,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

where ξt ∈ Ξt � [−1, 1]k and the factor loading co-
efficients Φpi are chosen uniformly at random from
[−1, 1]. By construction, the product demands thus
satisfy Dtp(ξt) ∈ [0, 4] for all t � 1, . . . ,T, p � 1, . . . ,P
and ξ ∈ Ξ.We set cx � 0 and select cy ∈ [0, 2]uniformly
at random. The absence of standard ordering costs
reflects the idea that neither the inventory nor the
backlogged demands should grow indefinitely over
time, which implies that the cumulative standard or-
dering quantities should be proportional to the observed
demands and thus represent sunk costs. Instead, the
decision maker aims to minimize the overall number of
express deliveries, which are charged at a premium
of cy per unit. We choose cH, cB ∈ [0, 2] uniformly at
random,we set the productwise upper bounds to Bx �
By � 10, and we fix BC � 0.3P. In each of the numerical
experiments below, we generate 25 random problem
instances according to this procedure.
In our first experiment, we try to reconstruct the

exact cost-to-go functions 4t+1 using a naive back-
ward recursion. This can be achieved by iterating over
the time stages in reverse order from t � T − 1 to t � 1.
For each stage t, we enumerate the extreme points
and extreme rays of the linear program dual to 4t+1,
or alternatively, we solve the problem Qt+1 para-
metrically in the state variables xt for each scenario
ξt+1 ∈ Ξt+1 using multiprogramming programming
techniques. It turns out that, under either scheme, the
description of the cost-to-go functions 4t+1 increases
rapidly with the number of products, random vari-
ables, and time stages, and thus, both variants of the
naive cost-to-go reconstruction algorithm fail for all
but the smallest problem instances.
We now fix the number of products to P � 5 and

the number of primitive uncertainties to k � 4 per
stage, and we investigate the scalability of the nested
Benders’ decomposition, our RDDP scheme, the af-
fine decision rule approximation, and SDDP as the
planning horizon T varies. The results are presented
in Figure 4, Table 1, and the first part of Table EC.1 in
the online supplemental material. Each instance
class is identified by the label P− k−T, where P, k, and
T refer to the numbers of products, primitive un-
certainties per stage, and time stages, respectively.
Figure 4 reports the suboptimality of the upper and
lower bounds of our RDDP scheme, the upper bound
provided by the affine decision rule approximation
and the lower bound offered by SDDP as a function
of the optimization time. Table EC.1 in the online sup-
plementalmaterial reports the corresponding optimality
gaps, which we define as the sums of the individual
suboptimalities of the respective upper and lower
bounds.
Table 1 reveals that the nested Benders’ decom-

position is only viable for small problem instances. In
fact, in each iteration, the algorithm has to solve lower
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bound problems and store value function approxi-
mations for all the (2k)T−1 parameter trajectories. This
implies that both the runtimes and the memory re-
quirements grow quickly as the problem size in-
creases. Perhaps more surprisingly, Figure 4 and
Table EC.1 in the online supplemental material show
that our RDDP scheme scales more gracefully with
the number of time stages than the affine decision rule
approximation. Indeed, we were not able to solve the
affine decision rule problems for T ≥ 75 stages, be-
cause the solver ran out of memory. This is because of
the fact that the size of the optimization problems
associated with the affine decision rule approxima-
tion is of the order 2(PkT2) and thus, grows qua-
dratically in the time horizon T. In contrast, the vertex
enumeration procedure of our RDDP scheme has to
solve 2(2kT) linear programs of size 2(P) in each it-
eration. Although the number of iterations in our
RDDP scheme can in principle scale exponentially in
the number of time stages T, this theoretical worst
case behavior has not been observed in the experi-
ments.We also observe that affine decision rules incur
a significant optimality gap. Indeed, although affine
decision rules are optimal if we chose P � 1 and By �
BC � 0 (see Bertsimas et al. 2010), they are no longer
guaranteed to be optimal for P> 1 and/or By,BC �� 0

(Bertsimas et al. 2010, section 4.5). Finally, we observe
that SDDP converges faster than our RDDP scheme
for the smaller instances, whereas it requires ap-
proximately the same time for the larger instances.
We stress, however, that SDDP only offers lower
bounds on the optimal objective value, whereas our
RDDP scheme simultaneously computes both lower
and upper bounds within a comparable amount of
time. We will revisit this aspect further below.
In our second experiment, we fix the planning hori-

zon to T � 25 periods and the number of primitive un-
certainties to k � 4 per stage, and we investigate the
scalability of our RDDP scheme, the affine decision
rule approximation, and the SDDP as the number of
products P varies. The results are shown in Figure 5
and the second part of Table EC.1 in the online sup-
plemental material. The runtimes of the affine de-
cision rule approximation are more competitive than
in the previous experiment, which is expected from
the previous complexity estimates. Nevertheless, the
gap between the upper bound provided by the affine
decision rule approximation and the lower bound
offered by SDDP remains disappointing.
In our third experiment, we fix the planning hori-

zon toT � 25periods, andwe simultaneously vary the
number k of primitive uncertainties per stage as well
as the number of products P. The results are shown in
Figure 6 and the third part of Table EC.1 in the online
supplemental material. As expected, the resulting
problems are considerably more difficult to solve.
Nevertheless, our RDDP scheme is able to close the
gap to about 1% in all the considered instances within
1 hour.
Although unable to prove optimality, the lower

bounds provided by the SDDP scheme have been
tight for all the problems studied so far. To see that
this is not the case in general, our last experiment
considers a variant of our inventory-management prob-
lem in which (cx,Bx) � (1,+∞), (cy,By,BC) � (0, 0, 0),

Figure 4. (Color online) Comparison of Our RDDP Scheme with the Affine Decision Rules and SDDP for Instances with Five
Products, Four Primitive Uncertainties, and 10 (Left Panel), 50 (Center Panel), and 100 (Right Panel) Time Stages

Note. The dashed (bold) lines represent the median, the dark red (gray) regions represent the range spanned by the first and third quartiles, and
the light red (light gray) regions represent the range spanned by the 10% and 90% quantiles of the suboptimalities of the upper and lower bounds
of the RDDP scheme (affine decision rules and SDDP).

Table 1. Number of Parameter Trajectories as Well as the
Runtime andMemory Requirements of the Nested Benders’
Decomposition for Instances with Five Products, Four
Primitive Uncertainties, and Three to Six Time Stages

Instance Trajectories Runtime, s Memory

5-4-3 256 1.3 18 MB
5-4-4 4,096 44.6 260 MB
5-4-5 65,536 924.23 20.2 GB
5-4-6 1,048,576 — —

Note. The last instance class could not be solved because the
computer ran out of memory.
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cH � 0, and cB � +∞. In other words, we wish to de-
termine the minimal amount of standard deliveries that
satisfy all the demand instantaneously. For such in-
stances to be feasible, we allow for strictly positive
initial inventories I0p(ξ0), p � 1, . . . ,P. We furthermore
assume that the product demands are governed by
a factor model as before, but we augment the un-
certainty set by a “high demand” scenario ξt in which
Dtp(ξt) � 20 for all products p � 1, . . . ,P. Finally, we
assume that orders are only allowed every Δ ∈ N pe-
riods. Table 2 shows that the SDDP scheme typically
fails to find the optimal solutions in this problem vari-
ant within the 1-hour runtime despite “converging”

within 1 minute in all the instances. This is because
of (1) the fact that the worst-case costs are determined
by a single demand trajectory (which is typically missed
if sampling randomly) and (2) the presence of initial
inventories and order restrictions. Taken together, both
properties imply thatmany iterations (using the “right”
parameter trajectories) are needed to relay informa-
tion about the optimal decisions across the time stages
in the backward passes. Note that the suboptimality
cannot be detected by the SDDP scheme because the
method does not provide upper bounds. Our RDDP
scheme correctly identifies the optimal solution in all
these instances.

Figure 5. (Color online) Comparison of Our RDDP Scheme with the Affine Decision Rules and SDDP for Instances with 25
Time Stages, 4 Primitive Uncertainties, and 10 (Left Panel), 15 (Center Panel), and 20 (Right Panel) Products

Note. The graphs have the same interpretation as in Figure 4.

Figure 6. (Color online) Comparison of Our RDDP Scheme with the Affine Decision Rules and SDDP for Instances with a
Planning Horizon of 25 Stages; (P, k) � (6, 5), (8, 7), (10, 9) Products (from Left to Right, Respectively); and Primitive Uncertainties

Note. The graphs have the same interpretation as in Figure 4.

Table 2. Performance of the SDDP Scheme in the Modified Inventory-Management Problem

Order frequency Δ

Initial inventories I0p(ξ0)
20% 25% 30% 35% 40%

Solved, % Gap, % Solved, % Gap,% Solved, % Gap,% Solved, % Gap,% Solved, % Gap,%

5 70 18 60 20 40 20 20 72 0 100
7 20 13 50 17 80 5 10 26 0 100
10 0 14 0 14 20 18 10 23 10 73

Notes. The sizes of the initial inventories are relative to the worst-case cumulative product demands. For each instance class specified by I0p(ξ0)
and Δ, the table provides the percentage of instances solved to optimality (“solved”) as well as the average optimality gap for the remaining
instances (“gap”). All results are averages over 10 randomly generated instances.
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6. Conclusions
Wepresented a “vanilla version” of the RDDP scheme
that can serve as a blueprint for various improvements
and extensions. Indeed, we believe that an attractive
feature of our scheme is its versatility, which opens up
several promising avenues for future research.

From a computational perspective, the solution of
the max–min subproblems (2) deserves additional
attention. The vertex enumeration scheme presented
in Section 3.2, for example, can benefit from various
speedup techniques, such aswarmstarting andbunching
(Birge and Louveaux 1997, section 5.4). More gener-
ally, the convergence of our RDDP scheme is not af-
fected if the subproblems are solved suboptimally in early
stages of the algorithm’s execution. This observation en-
ables us to solve the subproblems as a two-stage robust
optimization problem in (piecewise) linear decision rules.

From a methodological perspective, it would be
interesting to explore the extensions of the RDDP
scheme to multistage robust optimization problems
with discrete recourse decisions (Zou et al. 2016) as
well as multistage distributionally robust optimiza-
tion problems (Delage and Ye 2010, Wiesemann et al.
2014). In the latter case, the connections between the de-
composability of problem (1) into the nested formu-
lation (1′) and the theory of rectangular ambiguity
sets (Shapiro 2016) and time-consistent dynamic risk
measures (Shapiro et al. 2014) are of particular interest.

Acknowledgments
The authors acknowledge constructive comments from the
associate editor and the two referees that led to significant
improvements of the manuscript.

References
Anderson BDO, Moore JB (1990) Optimal Control: Linear Quadratic

Methods (Prentice-Hall, Upper Saddle River, NJ).
Ayoub J, Poss M (2016) Decomposition for adjustable robust linear

optimization subject to uncertainty polytope. Comput. Manage-
ment Sci. 13(2):219–239.

Ben-Tal A, Goryashko A, Guslitzer E, Nemirovski A (2004) Adjust-
able robust solutions of uncertain linear programs. Math. Pro-
gramming A 99(2):351–376.

Bertsekas DP (2007) Dynamic Programming and Optimal Control
(Athena Scientific).

Bertsimas D, Dunning I (2016) Multistage robust mixed integer op-
timization with adaptive partitions. Oper. Res. 64(4):980–998.

Bertsimas D, Georghiou A (2015) Design of near optimal decision
rules in multistage adaptive mixed-integer optimization. Oper.
Res. 63(3):610–627.

Bertsimas D, Iancu DA, Parrilo PA (2010) Optimality of affine policies
in multi-stage robust optimization. Math. Oper. Res. 35(2):363–394.

Bertsimas D, Iancu DA, Parrilo PA (2011) A hierarchy of near-optimal
policies for multistage adaptive optimization. IEEE Trans. Au-
tomatic Control 56(12):2809–2824.

Bertsimas D, Litvinov E, Sun XA, Zhao J, Zheng T (2013) Adaptive
robust optimization for the security constrained unit commit-
ment problem. IEEE Trans. Power Systems 28(1):52–63.

Birge JR (1985) Decomposition and partitioning methods for multi-
stage stochastic linear programs. Oper. Res. 33(5):989–1007.

Birge JR, Louveaux F (1997) Introduction to Stochastic Programming
(Springer, New York).

Chen X, Zhang Y (2009) Uncertain linear programs: Extended affinely
adjustable robust counterparts. Oper. Res. 57(6):1469–1482.

Chen X, Sim M, Sun P, Zhang J (2008) A linear decision-based ap-
proximation approach to stochastic programming. Oper. Res.
56(2):344–357.

Dantzig GB (1963) Linear Programming and Extensions (Princeton
University Press, Princeton, NJ).

de Ruiter FJCT, Brekelmans RCM, den Hertog D (2016) The impact of
the existence of multiple adjustable robust solutions. Math.
Programming 160(1–2):531–545.

Delage E, Iancu DA (2015) Robust multi-stage decision making.
Aleman DM, Thiele AC, eds. INFORMS TutORials in Operations
Research (Catonsville, MD), 20–46.

Delage E, Ye Y (2010) Distributionally robust optimization under
moment uncertainty with application to data-driven problems.
Oper. Res. 58(3):596–612.

Dempe S (2002) Foundations of Bilevel Programming (Kluwer Academic
Publishers).

Georghiou A, Wiesemann W, Kuhn D (2015) Generalized decision
rule approximations for stochastic programming via liftings.
Math. Programming 152(1):301–338.

Goh J, Sim M (2010) Distributionally robust optimization and its
tractable approximations. Oper. Res. 58(4):902–917.

Gounaris CE, Wiesemann W, Floudas CA (2013) The robust capaci-
tated vehicle routing problem under demand uncertainty. Oper.
Res. 61(3):677–603.

Guslitser E (2002) Uncertainty-immunized solutions in linear pro-
gramming. Master’s thesis, Technion, Israel Institute of Tech-
nology, Haifa, Israel.

Hadjiyiannis MJ, Goulart PJ, Kuhn D (2011) A scenario approach for
estimating the suboptimalityof linear decision rules in two-stage
robust optimization. Proc. 50th IEEE Conf. Decision Control Eur.
Control Conf., Orlando, FL.

IancuDA, Trichakis N (2014) Pareto efficiency in robust optimization.
Management Sci. 60(1):130–147.

Infanger G, Morton DP (1996) Cut sharing for multistage stochastic
linear programswith interstage dependency.Math. Programming
75(2):241–256.

Jiang R, Zhang M, Li G, Guan Y (2010) Two-stage robust power grid
optimization problem.Optimization Online. Accessed February 7,
2019, http://www.optimization-online.org/DB_HTML/2010/
10/2769.html.

Kuhn D, Wiesemann W, Georghiou A (2011) Primal and dual linear
decision rules in stochastic and robust optimization. Math.
Programming 130(1):177–209.

Louveaux FV (1980) A solution method for multistage stochastic
programs with recourse with application to an energy in-
vestment problem. Oper. Res. 28(4):889–902.

Magnanti TL, Shapiro JF, Wagner MH (1976) Generalized linear
programming solves the dual.Management Sci. 22(11):1195–1203.

Morton DP (1996) An enhanced decomposition algorithm for mul-
tistage stochastic hydroelectric scheduling. Ann. Oper. Res.
64(1):211–235.

Pereira MVF, Pinto LMVG (1991) Multi-stage stochastic optimiza-
tion applied to energy planning. Math. Programming 52(1):
359–375.

Postek KS, den Hertog D (2016) Multi-stage adjustable robust mixed-
integer optimization via iterative splitting of the uncertainty set.
INFORMS J. Comput. 28(3):553–574.

Rockafellar RT, Wets RJ-B (2009) Variational Analysis, 3rd ed. (Springer).
Shapiro A (2011) Analysis of stochastic dual dynamic programming

method. Eur. J. Oper. Res. 209(1):63–72.
Shapiro A (2016) Rectangular sets of probability measures. Oper. Res.

64(2):528–541.

Georghiou, Tsoukalas, and Wiesemann: Robust Dual Dynamic Programming
Operations Research, 2019, vol. 67, no. 3, pp. 813–830, © 2019 INFORMS 829

http://www.optimization-online.org/DB_HTML/2010/10/2769.html
http://www.optimization-online.org/DB_HTML/2010/10/2769.html
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