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Abstract Assigning a confidence and a credibility mea-
sures is a challenging stochastic inference problem. Some
algorithms only yield the predicted value without evaluat-
ing the measure of confidence or credibility over the deci-
sion. Support vector machines (SVM) is one algorithm that
showed state-of-the-art decision accuracy but lacks a mea-
sure of confidence and credibility over the decisions. In
this paper we propose a new confidence measure based on
the Vapnik and Chervonenkis (VC) dimension of a learning
algorithm and the notion of complexity as defined by Kol-
mogorov. We also propose a new credibility measure based
on the VC dimension. The resulting confidence and credi-
bility measures are then tested on the well-known US postal
handwritten digit recognition, on theWisconsin breast cancer
dataset and are also tested for agitation detection. The results
show high and improved correlation between the decision
and the confidence/credibility measures compared to Vovk’s
and Platt’s methods.

Keywords Confidence · Credibility · Support vector
machines · Digit recognition · Agitation detection

1 Introduction

The main drawback of the most machine learning algorithms
resides in the lack of a confidence measure over the output
prediction. For example most of the algorithms, if trained to
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receive an image as an input and decide whether it represents
the number “3” or number “8”, just output the decision: “3”
or “8”. But they do not specify the decision is “3” with confi-
dence of 80%. And if the image happened to be very blurred,
they do not indicate “lack of knowledge”. In 1983,Dawid dis-
tinguished between two different types of inferences: nomi-
nal inference and stochastic inference. Nominal inference is
the decision itself while stochastic inference is a measure of
the accuracy of the prediction (Dawid 1983). In the 1960s
the idea of a universal randomness was developed by Kol-
mogorov (1968). His definition of randomness was used in
Martin Löf’s paper on defining random sequences, and he
proved that indeed the definition of Kolmogorov does solve
the problem of defining this type of random sequences. As it
became clear later the notion of random sequence is closely
connected to assigning confidence to predictions (Vovk et
al. 1999). Unfortunately, Kolmogorov’s algorithmic defini-
tion of randomness remained of purely mathematical interest
for the simple reason that algorithmic measure of random-
ness is non-computable (Vovk et al. 1999). However, in his
work, Kolmogorov suggested that randomness is a key appli-
cation of complexity and that random sequences are irre-
ducibly complex. In this paper, we exploit this relationship
between VC dimension, complexity and randomness to pro-
pose a new continuous confidence measure. This measure is
designed to be calculated for every decision. To the best of
our knowledge, this is the first time that the VC dimension is
used to define a confidence measure for SVM. We also pro-
pose a new VC-based continuous credibility measure that
gives the ability to the learning algorithm to indicate: “lack
of knowledge”. This is the case where the pattern that has
to be classified is strange from what the algorithm is trained
to do. In our definitions we do not try to find a computable
approximation toMartin Löf’s randomness tests. Instead, we
use a measure of complexity provided by the VC dimension.
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The proposed measures are computed for every sample sep-
arately, differentiating them from the probability of error of
a learning algorithm which is the average error over all sam-
ples. The rest of the paper is organized as follows: Sect. 2
presents a concise introduction of the theory of support vec-
tor machines; this section also highlights the limitations of
SVM regrading its confidence and credibility measures out-
put; Sect. 3 discusses previous techniques of defining confi-
dence and credibility for different learning algorithms; Sects.
4 and 5 present the definitions of confidence and credibility
and their theoretical framework. Finally, Sect. 6 shows the
application of these measures on well-known datasets.

2 Support vector machines

The problem tackled in this paper is the binary pat-
tern recognition problem. Having n labeled data vectors
(x1, y1), . . . , (xn, yn), where x ∈ Rk , y ∈ {−1,+1} and
n is the number of labeled data vectors. The requirement
is to classify an unknown new data vector xn+1. Only one
assumption is made about the data points x : all the examples
are generated by a fixed but unknown stochastic process. This
means that the generating mechanism has unknown but fixed
probability distribution; hence all the data pairs (xi , yi ) are
independent and identically distributed (iid).

2.1 Theoretical background

In the simplest form, SVM uses a linear hyperplane to cre-
ate a classifier with a maximal margin (Kecman 2001). In
cases where the data are not linearly separable, the data are
mapped into a higher dimensional feature space. This task is
achieved using various non-linear mapping functions: poly-
nomial, sigmoid and radial basis functions (RBF) such as
Gaussian RBF. In the higher dimension feature space the
SVM algorithm separates the data using a linear hyperplane.
Not like other techniques, probability model and probability
density functions do not need to be known apriori. This is
very important for generalization purposes, as in practical
situations there is not enough information about the under-
lying probability laws and distributions between the inputs
and the outputs.

In the case of linearly separable data, the approach is
to find among all the separating hyperplanes the one that
maximizes the margin. Clearly, any other hyperplane will
have a greater expected risk than this hyperplane. During the
learning stage, the classifier uses the training data to find the
parameters w = [w1w2...wn]T and b of a decision function
d(x,w, b) given by:

d(x,w, b) = wT x + b =
n∑

i=1

wi xi + b (1)

The separating hyperplane follows the equation d(x,w, b) =
0. In the testing phase, an unseen vector x , will produce an
output y according to the following indicator function:

y = sign (d(x,w, b)) (2)

In other words the decision rule is the following: if d(x,w, b)
≥ 0 then x belongs to class (1) and if d(x,w, b) < 0 then x
belongs to class (−1).

Theweight vector and the bias are obtained byminimizing
the following equation:

Ld(α) = 0.5αT Hα − f Tα (3)

subject to the following constraints:

yTα = 0,

where H denotes the Hessian matrix given by H =
yi y j (xi x j ) and f is the unity vector f = [1, 1...1]T . Hav-
ing the solutions α0i of the dual optimization problem will
be sufficient to determine theweight vector and the bias using
the following equations:

w =
l∑

i=1

α0i yi xi (4)

and the bias is given by

b = 1

l

l∑

i=1

(yi − xTi w), (5)

where l represents the number of support vectors. The linear
classifier presented above has limited capabilities since it is
only used with linearly separable data while in most practical
applications data are random and are not linearly separable.
The non-linear data have to bemapped to a new feature space
of higher dimension using a suitablemapping function,�(x),
which is of very high dimension potentially infinite. Fortu-
nately, in all the equations, this function appears only in the
form of a dot product.

From the theory of reproducing kernel Hilbert spaces
(Aronszajn 1950), which is beyond the scope of this paper, a
kernel function is defined to be

K (xi , x j ) = 〈�(xi ),�(x j )〉. (6)

By replacing the dot product xi · x j by K (xi , x j ) in all the
previous equations (3) becomes

Ld(α) = 1

2

l∑

i, j=1

yi y jαiα j K (xi , x j ) −
l∑

i=1

αi (7)
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subject to

l∑

i=1

αi yi = 0,

The decision hyper surface in Eq. (1) is given in the non-
linear space by the following equation:

d(x) =
l∑

i=1

yiαi K (xi , x) (8)

This remarkable characteristic of the kernel transforma-
tion gives the ability for support vector machines to operate
on multi-dimensional data without affecting the processing
time. Indeed in the linear case, the processing time is roughly
the time needed to invert the Hessian matrix which is of
O(n3), where n is the number of training points. Since the
transformation from the linear to the non-linear case is per-
formed by the simple kernel transformation, the dimension of
the Hessian matrix is not changed and hence the processing
time is the same, thus its applicability and high performance
in multi-dimensional data.

The solution of Eq. (3) yields the hard margin classifier.
In general it is useful to use a soft margin classifier to pre-
serve the smoothness of the hyperplane and prevent αi from
tending to infinity. This classifier is obtained using the same
minimization process by just adding one more constraint to
Eq. (3). The constraint is 0 ≤ αi ≤ C , where C is defined by
the user. If C tends to infinity, the soft margin classifier tends
towards the hard margin.

2.2 Limitation

Support vector machines provide state-of-the-art results in
many applications for nominal inference. But unfortunately
it has neither indication of the confidence nor the credibility
over a certain prediction. In the literature, there exists several
theorems that are used for measuring the performance of the
algorithm (which is usually the probability of error), but they
are in practice very challenging to implement. For example,
Vapnik has introduced Theorem 5.2 in (Vapnik 1995) which,
as stated in the introduction, is impossible to implement in
practice because it involves computing an expected value
based on the probability distribution of the training set, which
is assumed to be unknown. Although this expectation can
be estimated from only the training set, it will not give a
tight bound because the estimation is very crude. Bayesian
estimation has theoretically strong bounds on the probability
of errors, but as it is known the Bayesian approach needs to
have expressions of the underlying probability distribution of
the training data. If the estimated distributions do not reflect
the true distribution, then the bounds will not hold (Melluish

et al. 2001). In what follows, we discuss previous techniques
to define confidence and credibility measures.

3 Related work

Support vector machines have been gaining grounds on other
classification algorithms and have been used in many appli-
cations. Ercan used SVM to classify patents if they have
good value or not (Ercan et al. 2014), while Liu et al. (2013)
used SVM for scene classification of humanoid robot . How-
ever, it is very rare to find some work that defines a con-
fidence or a credibility measure on SVM’s decision. Vovk
et al. used support vectors (SV) to implement an approxima-
tion for the notion of randomness. They relied on the fact that
in support vector machines a training point that has a high
Lagrange multiplier is a difficult point to classify; hence if
(x1, y1) . . . (xl , yl) are training points and xl+1 is the test-
ing point, then the machine is trained two times: the first is
by giving the testing point the label −1 and the second is
by giving the testing point the label +1. If αi represents the
Lagrange multiplier for the training point xi then their def-
inition of confidence follows these steps: first define the p
value for that testing point given by

p value = #{i : αi ≥ αl+1}
l + 1

The pvalue represents the fraction of the number ofLagrange
multipliers that are greater than the multiplier of the test-
ing point. If this number is large, then the multiplier corre-
sponding to the testing point is small and hence the point
is not difficult to classify. The p value is computed under
both assumptions (−1 and +1) and the decision goes with
the assumption that has the higher p value. The confidence
is defined as 1− P2, where P2 is the p value of the class that
was not chosen, while the credibility is given by P1 which is
the p value of the chosen class. The limitation of this method
is that it discards the original decision of the support vector
and replaces it with a new decision mechanism that has no
reported error probability. Support vectors method was also
used by Vapnik et al. (1998) where they based their study on
the error bound defined in Vapnik (1995) (Theorem 5.2) that
states that the error probability of the new testing point is at
most:

E(Number of support vectors among x1 . . . xl+1)

l + 1
, (9)

where x1 . . . xl+1 are generated according to the fixed prob-
ability density P which is unknown. Obviously since P is
unknown, it is impossible to compute Eq. (9). An approxi-
mation of its value is by training the SV two times: the first
is by giving the testing point the label −1 and the second is
by giving the testing point the label +1. From Eq. (9) it is

123



136 G. E. Sakr, I. H. Elhajj

clear that the error probability is increasing with the number
of support vectors. So if the testing point is a support vector
in one class and not in the other, then it will get classified in
the class where it was not a support vector. And if it was a
support vector in both the classes, it will get classified in the
class that has the least number of support vectors. They also
proved that the testing point will at least be a support vector
in one of the two classes. The confidence over the decision
is defined as:

1 − #SV (other class)

l + 1

The main limitation of this method is that it relies on the
fact that the number of support vectors is very limited in
comparison with the number of training points and also the
definition of a new algorithm that does not take into consid-
eration the strength of the decision of SVM, while providing
no error bound on this new decision scheme. Confidence
over machine learning algorithm decision was introduced in
a slightly different framework by Platt (1999). In his work
Platt introduced the notion of probability over the decision
for SVM. After the training phase, the outputs of the train-
ing points were recorded. The log sigmoid function was used
to fit the probability distribution of these outputs. For every
new point corresponds an output that is mapped by the log
sigmoid function into a probability which he claims to be the
confidence over that decision. Platt stated that if a point has
an output that is close to the output of the training points,
then it must have a high confidence. The log sigmoid func-
tion used by Platt represents the posterior probability and is
given by:

P(y = 1/ f ) = 1

1 + exp(A f + B)
,

where f represents the SVM output for the corresponding
point and A and B are the parameters to be fitted using maxi-
mum likelihood estimation for the training set. The limitation
of this method is the problem of overfitting the sigmoid func-
tion. If no cross-validation techniques are used, the sigmoid
function will definitely face an overfitting issue. Even when
using cross-validation Dumais (1998) and Joachims (1998)
showed that the sigmoid can still face overfitting. Another
limitation is the claim that if a point looks like a training
point (the value of the decision is highly probable), it does
not necessarily mean that the decision over that point has
high confidence. Confidence measure has also been used in
the development of the active learning algorithms. Active
learning tries to resolve the problem of choosing the train-
ing points that has the most information. Li introduced a
confidence measure based on the output of the support vec-
tor machines but without using a sigmoid function to model
the output as the one used by Platt in (1999). A dynamic bin
width allocationmethodwas proposed to estimate the sample

conditional error for each data point; then the ones that have
the highest probability of errors are used as training points
because these points are the ones that have the highest infor-
mation (Li and Chen 2006). Another confidence measure is
introduced by Mitra et al. (2004) that is based on the k near-
est neighbor algorithm and is combined with the distance to
the hyperplane and integrated with support vector machines
to also decide which points to use for training. Another con-
fidence approach was done by our team (Sakr et al. 2010).
This approach introduced a binary confidence measure using
VC dimension for binary classification. The original training
set is used to train a classifier “O”. This classifier takes the
decision on whether a testing point “x” is of class (−1) or
class (+1). “x” is then added to the original training set first
as class (−1) which is used to train a new classifier “M”;
then as class (+1) which trains another classifier “P”, the VC
dimension of both classifier “M” and “P” was approximated.
If the decision of the “O” coincided with the classifier that
has the lowest VC between “M” and “P”, then the decision
is confident; otherwise, the decision is not confident. The
drawback of this method is that this confidence was only a
binary confidence measure and is not continuous between
zero and one. In this paper, we propose a new continuous
confidence measure and a new continuous credibility mea-
sure based on the VC dimension; we also present a study on
the reference value and limiting values of thesemeasures and
the geometric interpretation of these values. In the next sec-
tion, the proposed confidence and credibility measures are
introduced and applied with support vector machines on the
US postal dataset, the Wisconsin breast cancer dataset and
agitation detection dataset.

4 Proposed confidence and credibility measures

Our proposed measure of strangeness or non-typicality is
based on the VC bound introduced by Vapnik (1998). The
next subsection is a concise introduction to the VC theory
and to the bound that is used as a measure of strangeness.

4.1 VC theory and error bound

The proposed method is based on a dimension proposed by
Vapnik and Chervonenkis which was named after them: the
VC dimension. By definition, the VC dimension is the capac-
ity of the learning algorithm to shatter points in the input
space (Vapnik 1998). Formally it is the cardinality of the
largest set of points that an algorithm can shatter. The impor-
tance of the VC dimension is that it appears explicitly in the
bound of the total error of an algorithm. The total error of the
learning machine is the sum of the training error (empirical
error) and the testing error (generalization error):
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ε = εemp + εg, (10)

where εemp is the training error, and εg is the generalization
error (Vapnik 1998). εemp can be made arbitrarily small by
choosing amachine with a VC dimension at least equal to the
number of training points. To decrease the training error, one
has to increase the VC dimension. If a machine can split all
the training points without any errors, it will have εemp = 0.
Vapnik has established a bound on the testing error given by:

εg <

√
VC

[
ln
( 2l
VC

)+ 1 − ln
( η
4

) ]

l
, (11)

where l is the number of training data, VC is the VC dimen-
sion (referred to as h in some references), and 1 − η is the
probability for which this last equation holds. This inequal-
ity shows that the error is bounded by an increasing function
of the VC dimension, and thus a trade-off should be made
between the empirical error and the generalization error.
Although it is extremely difficult and sometimes impossi-
ble to compute the VC dimension of a certain algorithm, a
bound on the VC dimension has been established and will be
very useful in building the confidence and credibility mea-
sures. Vapnik states that a bound on the VC dimension is
given by

VC < VCmax = ‖w‖2D2, (12)

whereD is the minimum radius of the sphere that contains all
the training points and ||w|| is the norm of the weight vector
that SVM is minimizing. ||w||2 is given by Vapnik (1998):

||w||2 =
n∑

i=1

αi (13)

This bound is important in two ways: it is easy to compute
and Burges has shown that the true VC is closely related
to this bound. In particular he showed that, in most of the
cases, the true minimum of the VC dimension is obtained
when this bound is minimal (Burges 1998). Hence in the rest
of this paper the study is concentrated on VCmax, and for
clarity purposes, we will omit the subscript and denote it by
VC.

4.2 Confidence and credibility definitions

Consider the set of training points (x1, y1), . . . , (xn, yn) and
consider the testing point xn+1. The classification d(xn+1) of
xn+1 is given by the sign of Eq. (8). What is missing is a
confidence measure over d(xn+1). To define the confidence
measure, xn+1 is considered as a training point of class −1,
then as class +1. The training of the support vector is carried

out using the old training set, to which xn+1 is appended first
as −1. The optimization problem yields the Lagrange mul-
tipliers vector α−1 that corresponds to xn+1 being trained as
class−1. Then the optimization is done using xn+1 labeled as
+1. The optimization problem yields the vector of Lagrange
multipliers α+1. The aim is to find the VC bound given by
Eq. (12) for both cases (−1 and +1). Having both Lagrange
multiplier vectors it is possible to find ‖w‖ by Eq. (13). It
remains to find D. Since D is the radius of the smallest sphere
englobing all training points, it is independent of the classi-
fication (−1 or +1). This problem was partially solved by
Vapnik (1998) and in more detail by Scholkopf and Smola
in (2002). They established that when the training points
(x1, y1), . . . , (xn, yn) aremappedbySVMtoahigher dimen-
sion space by the mapping function φ, the center O of the
sphere that englobes all training points is given by:

O =
n∑

i=1

λiφ(xi ), (14)

where λi is given by the following quadratic minimization
equation:

L =
n∑

i=1

λi −
n∑

i=1

n∑

j=1

λiλ j K (xi , x j ) (15)

subject to the constraints:

n∑

i=1

λi = 1

λi > 0

“O” is the center of the sphere of smallest radius that contains
all training points; thus it is possible to deduce the radius of
the sphere by noting that the radius is the largest distance
between “O” and any training point xk :

D2 = max
xk

‖O − φ(xk)‖2

= max
xk

{(
n∑

i=1

λiφ(xi )−φ(xk)

)(
n∑

i=1

λiφ(xi )−φ(xk)

)}

= max
xk

⎧
⎨

⎩

n∑

i=1

n∑

j=1

λiλ j K (xi , xi )

−2
n∑

i=1

λi K (xi , xk) + K (xk, xk)

}
(16)

By iterating through the training points the radius D can be
determined and hence, the VC bound given in Eq. (12) is
computed for each case. In what follows, VC−1 will denote
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the value of the bound when xn+1 is considered of class −1,
VC+1 when it is considered as class +1 and VC0 is before
adding xn+1 to the training set. The standard for a measure
of confidence is to be a function C f : R → [0, 1] where 0
is achieved for the point with the lowest confidence, and 1 is
achieved for the point with the highest confidence. From Eq.
(11) it is possible to make the following observations:

1. If the decision is −1, then VC−1 should be less than
VC+1; moreover, the confidence should increase as
VC+1 is further away from VC−1.

2. If the decision is +1, then VC+1 should be less than
VC−1; moreover, the confidence should increase as
VC−1 is further away from VC+1.

The observations are important to define a good criterion that
captures both observations in one equation.

Definition 1 The criterion over which the confidence is
based is defined by

ζ = sign[d(z)](VC−1 − VC+1) (17)

This criterion groups the analysis made earlier in a single
equation. Indeed if condition 1 is true, then the confidence
will be an increasing function of ζ because sign [d(z)] = −1;
hence if VC−1 	 VC+1 then ζ 
 0, and if condition 2 is
true then the confidence is also an increasing function of ζ

because sign [d(z)] = 1 and if VC−1 
 VC+1 then ζ 
 0.
Thus what remains is to define the function C f :

C f : R → [0, 1]
ζ → C f (ζ )

which is defined as:

C f (ζ ) = 1

1 + exp(−ζ )
(18)

This function is always positive because the numerator and
denominator are positive and is always less than 1 because
the denominator is always greater than the numerator. This
function is an increasing function of ζ , indeed as ζ increases
the exponential decreases and hence the function increases.

The standard for ameasure of credibility is to be a function
Cr : R → [0, 1] where 0 is achieved for the point with the
lowest credibility, and 1 is achieved for the point with the
highest credibility. From Eq. (11) it is possible to make the
following observations:

1. If the decision d(xn+1) = −1 then, to be credible, VC−1

should be close to VC0 and possibly less. Indeed if VC−1

is much larger than VC0 then it is possible to deduce that
the testing point is very far from the training points and

has induced a considerable change in the shape of the
decision hyperplane. Thus the point is not credible. Oth-
erwise, VC−1 can be close to VC0 and hence it is close
to the training points and did not change the hyperplane
considerably, thus the point is credible. Moreover VC−1

can be even less than VC0. This shows that this point has
made the hyperplane even better and must also be highly
credible.

2. If the decision d(xn+1) = +1, the same analysis as above
is also valid by replacing VC−1 by VC+1.

Definition 2 The criterion overwhich the credibility is based
is defined by:

ξ = (VC(d) − VC0) (19)

Where VC(d) is defined by:

VC(d) =
{
VC−1 if d(xn+1) =-1

VC+1 if d(xn+1) = +1

This criterion groups the analysis made earlier in a single
equation. Indeed if d(xn+1) = −1, then the credibility will
be a decreasing function of ξ : if VC−1 
 VC0 then ξ 
 0,
and if d(xn+1) = 1 then the confidence is also a decreasing
function of ξ because if VC+1 
 VC0 then ξ 
 0. Thus
what remains is to define the function Cr :

Cr :R → [0, 1]
ξ → Cr (ξ)

which is defined as:

Cr (ξ) = 1

1 + poslin(ξ)
(20)

where poslin(x) is defined by

poslin(x) =
{
0 if x ≤ 0

x if x > 0

The credibility function is always a positive because the
numerator and denominator are positive and is always less
than 1 because the denominator is always greater than or
equal to the numerator. This function is a decreasing func-
tion of ξ ; indeed as ξ increases the denominator increases and
hence the function decreases. This function yields a credibil-
ity of 1 if VC(d) ≤ VC0.

Once the confidence and credibility over the testing point
have been computed, one question remains to be answered:
what are the values that are considered as reference for con-
fidence and credibility? In other words it is obvious that by
considering two testing points: t1 and t2, if C f (t1) > C f (t2)
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VC-based confidence and credibility 139

then the decision over t1 is more confident than the one over
t2. But is this analysis valid for the credibility? And is a con-
fidence or credibility of 0.5, good or bad? In the next section
wewill define good reference points for confidence and cred-
ibility and we will study their properties as well as present
practical methods to define them.

5 Limits of confidence and credibility

The analysis presented in this section is the same for both
confidence and credibility. The analysis is made on confi-
dence. Consider an SVM, trained with a defined set of train-
ing points and targets (x1, y1) . . . (xn, yn), where xi ∈ Rn

and yi ∈ {−1, 1}. Consider also a set of testing points T.
Intuitively, a testing point ti that was wrongly classified must
have low confidence and a point that was correctly classi-
fied must have high confidence. But what is the lowest value
that confidence or credibility can take for a specific training
set. This lowest value is referred to as confidence reference
(credibility reference) in what follows.

5.1 Geometric analysis of confidence

In this subsectionwe propose amethod to find the confidence
reference value knowing only the training set. Consider any
two support vectors v+ and v− belonging to classes (+1) and
(−1) and having Lagrange multipliers α+ and α−,‘ respec-
tively. Consider a point vt which is defined by:

vt = v− + t (v+ − v−),

where t ∈ [0, 1]. This point is a variable point on the seg-
ment enclosed by the two support vectors. When computing
the confidence over vt the following analysis holds: As t
increases vt moves from v− to v+. To compute the confi-
dence, vt is added to the training set first as of class (−1).
This will remove v− from the support vector set because vt
is now a support vector of class (−1). Indeed, since v+ and
v− are two support vectors from different classes, it is nec-
essary that the hyperplane passes between them. When vt
is added to the training points as in class (−1), then v−, vt
and v+ are collinear in that order. Hence the hyperplane is
now passing between vt and v+ because they are of different
classes, while vt and v− are of the same class. Thus v− is not
a support vector anymore. Hence the Lagrange multiplier α−
is now equal to zero and αt has a value greater than the old
value of α−, because vt is now closer to v+ than v−. α+ also
increases for this same reason. As vt gets closer to v+, αt and
α+ increase until reaching their limit C defined in Eq. (3). C
is always reached because at the limit, when vt approaches
v+, theHessianmatrixwill have two identical lineswith each
line representing a point of different class. This will make the
Hessian matrix, at the limit, singular. Thus theoretically αt
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Fig. 1 Variation of α+, α− and αt as a function of t

and α+ should be infinite. But since C is their upper limit
then αt = α+ = C .
Next vt is trained as class (+1). This will remove v+ from the
support vector set for the same reason stated above except
that now vt is in class (+1). Hence the Lagrange multiplier
α+ is now equal to zero, and αt and α− have their greatest
value C, because vt is now very close to v−. As vt moves
away from v−, αt and α− decrease until αt reaches 0 when t
= 1 and α− has its original value. Figure 1 shows the analy-
sis presented above. As we can see α−+ , which is the value of
α+ when vt is trained as class (−1), increases from its initial
value α+0 to C; while α++ , which is the value of α+ when vt
is trained as class (+1), goes to zero. α+− , which is the value
of α− when vt is trained as class (+1), decreases from C to its
initial value α−0; while α−− , which is the value of α− when
vt is trained as class (−1), goes to zero. As for α+

t , which is
the value of αt when vt is trained as (+1), decreases from C
to α+0, while α−

t , which is the value of αt when vt is trained
as (−1), increases from α−0 to C.

The objective is to find the lowest confidence while mov-
ing from v− to v+. As the variable point moves from v−,
its decision is −1; hence the confidence criterion is ζ =
d(z)(VC−1 − VC1) = VC1 − VC−1. Minimizing ζ mini-
mizes the confidence. Hence to minimize the confidence, the
point that maximizes VC−1 and minimizes VC1, while d(z)
= −1, must be chosen. Note that by varying t, only α+, α−
and αt change values and all the other αi exhibit a negligible
deviation from their original values because vt is closest to v+
and v−; thus their corresponding Lagrange multipliers will
have the higher variation. This is also shown experimentally
in Fig. 2. The figure represents the mean of αi for all support
vectors while vt is moving from v− to v+, with the error bars
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around each point corresponding to plus and minus standard
deviation. As we can see only α+− , α−+ , α+

t and α−
t have a

considerable standard deviation. Thus to maximize VC−1,
the values α−− , α−+ and α−

t must be maximal. Since α−− = 0
for any t > 0, and α−+ and α−

t are an increasing function of t ,
the point that maximizes VC−1 is the point that corresponds
to the highest value of t before changing decision from −1
to +1. Denote by th the point on the hyperplane; then

tmax = lim
t→t−h

t

To minimize VC1 the same procedure is used: the values
α++ , α+− and α+

t must be minimal. Since α++ = 0 and α+− and
α+
t are a decreasing function of t , the point that minimizes

VC1 corresponds to the highest value of t before chang-
ing decision from −1 to 1, which is the same tmax defined
above. Thus the point lying on the hyperplane between two
support vectors of different classes have the lowest confi-
dence. Between all support vectors from different classes,
the two support vectors that yield a point on the hyperplane
that has the lowest confidence between all other points on the
hyperplane, are the two vectors that correspond to the highest
increasing rate of α−+ and α−

t and the highest decreasing rate
of α+− and α+

t .
This can be seen from Fig. 1: the intersection of α−+ with

the hyperplanemust be high, as forα+− its intersectionmust be
low. The same holds for αt where the intersection point of α

−
t

with the hyperplane must be high and the intersection of α+
t

with the hyperplane must be low. To achieve this the gradient
of the curves must be high. To find the reference values of
both regions, one can use the exhaustive search method and
try all possible combinations of support vectors starting from
the negative region toward the positive region and then repeat
this procedure starting from positive to negative and find the
lowest confidences of both regions. If the number of support
vectors of negative type is Nn and of positive type is Np, this

will require 2NnNp search paths. By noting the following
two propositions this number can be reduced to NnNp:

Proposition 1 Let T−
max be the point in space corresponding

to tmax on the negative side of the hyperplane and T+
max be

the point corresponding to tmax on the positive side of the
hyperplane; then the confidence between these two points is
related by

C f (T
−
max) + C f (T

+
max) = 1

Proof The criterion for tmax on the negative side is given by
ζ− = d(z)(VC−1 − VC1) = VC1 − VC−1 because d =
−1. For T+

max the criterion is the same but with d(z)=1 thus
ζ+ = VC−1 − VC1 = −ζ−. Thus

C f (T
−
max) + C f (T

+
max) = 1

1 + e−ζ− + 1

1 + eζ−

= 1

1 + e−ζ− + e−ζ−

1 + e−ζ−

= 1

��
Proposition 2 LetC−

f,min be theminimal confidenceachieved
on the hyperplane from the negative side between any 2 sup-
port vectors of different classes and C−

f,max the maximum
confidence on the hyperplane from the negative side between
any 2 support vectors; then the reference confidence values
for the negative and positive regions are given by

C−
ref = C−

f,min

C+
ref = 1 − C−

f,max

Proof Because of the discontinuity of the confidence on the
hyperplane if a hyperplane has a high confidence on one side
it will have a low confidence on the other (from proposition
1). For the negative side reference confidence sinceC−

f,min is
by definition the minimal confidence achieved on the hyper-
plane from the negative side between any 2 support vectors
of different classes, it is the reference point for the negative
side. Since C−

f,max is the highest confidence achieved on the
hyperplane on the negative side, from proposition 1 it will
have the lowest confidence from the other side; hence it is
the reference confidence for the positive region. ��

Thus the search need only be exhaustive from one side to
deduce the reference points for both regions, which reduces
the number of paths to NnNp.

5.2 Geometric analysis of credibility

The same analysis for confidence can be applied to credi-
bility. Remember that the criterion for credibility is given
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by ξ = (VC(d) − VC0) and that credibility decreases as ξ

increases. Hence the minimum credibility is achieved when
VC(d) is maximum. If d = −1 then the minimum credibility
is achieved when VC(−1) is maximum which is achieved on
the hyperplane from the analysis done for confidence. If d
= 1 then the minimum credibility is achieved when VC(1)
is maximum which is also achieved on the hyperplane from
the analysis made for confidence. Thus the reference point
for credibility is also found on the hyperplane. Note that it is
not necessary that the confidence reference point be the same
as the credibility reference point because for confidence the
maximizationwas over VC−1−VC1 while for credibility the
maximization is over VC−1 and VC1 separately. The same
procedure to find the reference point can be applied for both
regions. Also note that starting from close points will yield
the highest rate as well as considering the points having the
highest α0 which is the initial starting point will lead to a
faster convergence to the reference point.

5.3 Confidence and credibility limit theorem

The interest in this subsection is on points 
 that are away
from any support vectors. Formally this can be written as

‖xk − 
‖ → ∞ ∀k ∈ {1, 2, . . . , n}

The following theorem will show that with a good choice
of the kernel function, all such points have the same confi-
dence and credibility levels in their regions. Before stating
and proving the theorem, the following definition, notation
and lemmas are necessary.

Definition 3 A kernel function is said to have the Radial
Basis Function (RBF) properties if it satisfies the following
properties:

1. 0 < K (x, y) ≤ 1.
2. K (x, x) = 1.
3. lim‖x−y‖→∞ K (x, y) → 0.

In the remainder of this paper, only the kernel that has RBF
properties is considered.

Notation The following notations are used in the next lem-
mas and theorem:

– H1(z) denotes the Hessian matrix when the testing point
z is appended to the training points as of class +1.

– H−1(z) denotes theHessianmatrixwhen the testing point
z is appended to the training points as of class −1.

Lemma 1 1. If ||
 − xk ||2 → ∞, ∀k then H−1(
) =
H1(
) and hence for points lying at infinite distance, the
subscript is omitted.

2. If 
1 and 
2 are two unseen vectors such that ||
1 −
xk ||2 → ∞ and ||
2 − xk ||2 → ∞, ∀k then H(
1) =
H(
2).

Proof 1. If H is the Hessian matrix before adding 
 to the
training set, then H is (n×n). While H−1(
) is obtained
by adding one row and column to H. So H−1(
) is an
(n + 1) × (n + 1) matrix identical to H except for the
added row and column. (This follows from the definition
of hi j : if i, j < n+1, hi j will not be affected by adding


to the training set). Since H is symmetric it is sufficient to
compute the last row only: h(n+1)i = y
yi K (
, xi ) =
0 ∀i < (n + 1) because ||
 − xi ||2 → ∞, ∀i and
thus K (
, xi ) → 0 ∀i . The last term is given by
h(n+1)(n+1) = y
y
K (
,
) = 1. Thus H−1(
) is the
extension of H by adding a row of zeros and a column
of zeros except for the diagonal term which ends up to
be equal to 1. The same reasoning holds for H1(
), the
only difference now is that y
 = 1 which makes no dif-
ference on the diagonal element because y
 appears as a
square thus h(n+1)(n+1) = y
y
K (z, z) = 1. And hence
H−1(
) = H1(
) = H(
). the above explanation can
be seen on the following two matrices.

H(
)︷ ︸︸ ︷⎛

⎜⎝
1 α12 . . . α1n
...

αn1 αn2 . . . 1

⎞

⎟⎠ ,

H−1(
)=H1(
)︷ ︸︸ ︷⎛

⎜⎜⎜⎝

1 . . . α1n 0
...

αn1 . . . 1 0
0 . . . 0 1

⎞

⎟⎟⎟⎠ (21)

2. The proof follows from part 1, as it has been shown for
any vector 
 that satisfies ||
 − xi ||2 → ∞ ∀i , the
Hessian matrix that corresponds to adding this vector
to the training set is obtained by adding a row and a
column of zeros to the original Hessian matrix and only
the diagonal element is equal to 1. And thus H(
1) =
H(
2).

��
The Hessian matrix remains the same if 
 was trained as

(−1) or (1) and is the same for any 2 points that are far away
from the training set. This result is used in the proof of the
confidence limit theorem. Another key result is related to the
radius of the smallest sphere containing all training set which
is computed in the following lemma:

Lemma 2 Let 
1 and 
2 be two vectors such that ||
1 −
xi ||2 → ∞ and ||
2 − xi ||2 → ∞, ∀i then:

D2

1

= D2

2

= Dmax =
n∑

i=1

n∑

j=1

λiλ j K (xi , x j ) + 1, (22)

where the λi is the solution of Eq. (15).

123



142 G. E. Sakr, I. H. Elhajj

Proof To find the sphere with the smallest radius D, we con-
tinue the analysis of Eq. (16) by considering the RBF prop-
erties of the kernel function; hence

D2 = max
xk

⎧
⎨

⎩

n∑

i=1

n∑

j=1

λiλ j K (xi , x j )

−2
n∑

i=1

λi K (xi , xk) + K (xk, xk)︸ ︷︷ ︸
=1

⎫
⎬

⎭

Only one term depends on xk . Thus to maximize D, the
term that depends on xk has to be minimized, and since
K (x, y) > 0 and λi > 0 then the maximum is achieved
when K (xi , xk) = 0. To compute D
1 it is obvious that
the radius will be obtained by replacing xk by 
1 because
||xi − 
1||2 → ∞ and thus K (xi ,
1) → 0 and hence
D2 = Dmax. The same reasoning applies when 
2 is added
to the training points instead of 
1 and the equation of the
radius will not change and hence

D2

1

= D2

2

=
n∑

i=1

n∑

j=1

λiλ j K (xi , x j ) + 1.

We now state and prove the confidence limit theorem.

Theorem 1 (Confidence Limit Theorem) Let 
1 and 
2 be
two unseen vectors such that ‖
1 − xk‖2 → ∞ and ‖
2 −
xk‖2 → ∞, ∀k ∈ {1, 2, . . . , n} and a kernel function hav-
ing RBF properties; then

|ζ
1 | = |ζ
2 | = |ζL |,
where ζL is a finite limit.

Proof Consider 
1 and 
2 such that ||
1 − xi ||2 →
∞ and ||
2 − xi ||2 → ∞, ∀i , if 
i is appended to the
training set then:

|ζ
i | = |VC−1 − VC1|
= D2


i

(
‖w(
i )‖2−1 − ‖w(
i )‖21

)
,

where ‖w(
i )‖2−1 is the normof theweight of the hyperplane
when 
i is considered to be of class (−1), and ||w(
i )||21 is
the norm of the weight of the hyperplane when 
i is consid-
ered to be of class (1). Lemma 2 shows that D2


1
= D2


2
=

Dmax so in what follows we will concentrate only on ||w||2.
To find ||w(
i )||2−1 and ||w(
i )||21 we need to solve the

minimization problem in both cases [When 
i is appended
to the training set and considered as (−1) and when it is
considered as (+1)].

If
1 is considered to be of class (−1), then the minimiza-
tion problem is given by

Ld(α) = 0.5αT H
1α − f Tα (23)

subject to the following constraints:

yT−1α = 0,

0 ≤ α ≤ C.

Solving the above minimization will yield ||w(
1)||2−1. If

1 is considered to be of class (+1), then the minimization
problem is given by

Ld(α) = 0.5αT H
1α − f Tα (24)

subject to the following constraints:

yT1 α = 0,

0 ≤ α ≤ C.

Solving the above minimization will yield ||w(
1)||21.
If
2 is considered to be of class (−1), then the minimization
problem is given by

Ld(α) = 0.5αT H
2α − f Tα (25)

subject to the following constraints:

yT−1α = 0,

0 ≤ α ≤ C.

Solving the above minimization will yield ||w(
2)||2−1. If

2 is considered to be of class (+1), then the minimization
problem is given by

Ld(α) = 0.5αT H
2α − f Tα (26)

subject to the following constraints:

yT1 α = 0,

0 ≤ α ≤ C.

Solving the above minimization will yield ||w(
2)||21.
Lemma 1 shows that H
1 = H
2 ; thus Eqs. (23) and (25)
are identical and thus ||w(
1)||2−1 = ||w(
2)||2−1. The same
reasoning shows that Eqs. (24) and (26) are also identical and
hence ||w(
1)||21 = ||w(
2)||21. This result combined with
the fact that D2


1
= D2


2
= Dmax implies the result of the

theorem. ζL is finite simply because D2

1

= D2

2

= Dmax is
finite and also because the number of training points is finite
and αi ≤ C which implies by (13) that ‖w‖2 is finite and
hence ζL is finite.
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Fig. 3 Confidence and credibility variation. a Linearly separable dataset confidence map, b non-linearly separable dataset confidence map, c
linearly separable dataset credibility map, d non-linearly separable dataset credibility map

This proof shows that for far away points their VC is con-
stant andhence all far awaypoints have the samecredibility in
their region, so class−1has its own limit confidence and limit
credibility; while class +1 has another limit of confidence and
credibility.Note that since it is necessary to have a hyperplane
separating the far away points of different regions, it is possi-
ble to state that the sumof the confidence limit of both sides is
equal to 1 from Proposition 1. Figure 3 shows the variation of
the confidence and credibility levels over a two-dimensional
dataset. It shows clearly the limit of the credibility and con-
fidence over the far points as well as the reference points
found on the hyperplane. It is also clear in the non-linear
data that the confidence and credibility on the hyperplane
that separate the closer points are less than their values on
the hyperplane that separates the points that are further apart.
In this example a Gaussian kernel function is used for the
linearly separable dataset and for the non-linearly separable.
Although for the linearly separable data, the linear kernel
function seems more suitable, we used the Gaussian because
it is visually more intuitive. One limitation of this method

is the relatively high computational complexity. To compute
the confidence for one sample, SVM has to be trained twice.
The computational complexity of the training phase of SVM
is O(n3); hence to calculate the confidence and credibility
levels we need 2O(n3). Figure 3 suggests a certain correla-
tion between confidence and credibility; hence the following
theoretical study on the correlation between confidence and
credibility was performed.

5.4 Correlation between confidence and credibility

We nowpresent a theoretical study of the correlation between
confidence and credibility in which it is shown how the cor-
relation varies with the training points. The study is done
on the criterion of the confidence and credibility. Since the
criterion of confidence is: sign(d)(VC−1 −VC1) this could
be written as VC − VC , where VC represents the VC of the
decision and VC represents the VC of not the decision. The
criterion of the credibility is VC(d)−VC0. It could be writ-
ten as VC −VC0. Let X = VC −VC and Y = VC −VC0.
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Then E[X ] = μ − μ and E[Y ] = μ − VC0 because VC0 is
a constant. The correlation coefficient is given by

r2XY = cov(X,Y )2

Var(X)Var(Y )

cov(X,Y ) = E[(VC − VC − μ − μ)(VC − μ)]
=−μμ+μ2+μμ−μ2+E[VCVC]−E[VC2]

−μμ + μ2

= E[VC − VC] − μμ − (E(VC2) − μ2)

= cov(VC, VC) − Var(VC)

and

Var(X) = E[X2] − E[X ]2
= E[VC

2 + VC2 − 2VCVC] − μ2 − μ2 + 2μμ

= Var(VC) + Var(VC) − 2cov(VC, VC)

and Var(Y ) = Var(VC) Thus

r2xy =
cov(VC, VC)+Var(VC2)−2Var(VC)cov(VC, VC)

Var(VC)Var(VC)+Var(VC2)−2Var(VC)cov(VC, VC)

Then we can deduce that to have r2xy = 1 we must have

Cov(VC, VC)2 = Var(VC)Var(VC)

which means

|rVC,VC | = 1,

which implies that VC and VC are linearly related. This
occurs when the data used are linearly separable or are very
simple to classifywhich implies that whenever VC increases,
VC decreases thus they are negatively correlated. But if the
data used have high randomness, then probably VC and VC
are not linearly correlated hence the importance of the 2
developed measures in difficult datasets. Note that the con-
fidence and credibility measures are of lesser importance in
easy datasets; hence the correlation poses limited drawback
to our measures.

Having defined the expression of the confidence and cred-
ibility measures, they are applied on the well-known dataset
of the US postal digit recognition database (Cun et al. 1990).
The confidence and credibility measures are also applied
for agitation detection and for the Wisconsin breast cancer
dataset. The next section describes the setup and results.

6 Experiments and results

This section presents the results of the proposed confidence
measure and credibility on different datasets. The results are

compared to those provided byVovk’s method and by amod-
ified version of Vovk’s method they are also compared to
Platt’s method which is a well-known benchmark for confi-
dence measure in SVM. The classification in Vovk’s method
is independent of SVM’s classification which is a drawback
because SVM has always a higher accuracy as stated in his
paper and as the following results show.We modified Vovk’s
method by taking the classification of SVM as the final
decision for his method and then computed the confidence
and credibility according to his definition. This modification
actually improved Vovk’s confidence and credibility results.
However, aswill be shown our proposedmethod outperforms
both Vovk’s original method and Vovk’s improved method.
Good confidence and credibility measures must have high
values for correctly classified points and low value for the
points that were incorrectly classified. One possible method
to measure their performance is the Brier score (1950) which
is defined as:

BS = 1

N

N∑

i=1

( fi − oi )
2,

where fi is the outputted measure and ot is a binary variable
that takes the value 1 if the event is true and 0 if it is false.
When comparing twomeasures, the one having the lower BS
value has higher correlation with the event. However, this
method works only on measures representing a probability
distribution which is neither the case of our measures nor
of Vovk’s measures. So to measure the performance of a
measure, we will find its average over correctly classified
samples and over wrongly classified ones. A good measure
should have a larger difference between these two averages
as well as a small standard deviation.

6.1 US postal data

The proposed measures are tested using the US postal digit
recognition problem. This is a well-known dataset that was
used by Cun et al. (1990). The addressed problem is the
binary pattern recognition problem. Many papers dealt with
the recognition problemof the twodigits “2” and “7” together
and “3” and “8” together and hence the choice of these 2 sets
of two digits to apply our proposed measures. The numbers
are represented using 16× 16 pixels that represent the nor-
malized gray scale of each pixel. Each number has multi-
ple samples coming from different people’s handwriting. In
total 1,720 samples for both numbers “2” and “7” are stud-
ied. Similarly 1,720 samples for the numbers “3” and “8” are
studied with another classifier. The K fold cross-validation
technique is used to evaluate the performance of the proposed
confidence measure. The 1,720 samples are divided into 10
groups of 172 samples each. The tenfold cross-validation
is carried out by taking onefold as the training set and the
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remaining ninefold as testing set. One kernel function that
satisfies the RBF property is the Gaussian kernel function
defined as

K (xi , x j ) = exp

(
− 1

2σ 2 (xi − x j )
T (xi − x j )

)

To choose the best parameter 1/σ 2 for the SVM, a subset
of 2 groups is considered. A onefold cross-validation was
conducted where 1/σ 2 was varied over a large range. The
value of 1/σ 2 that gave the best average performance over
the 2 groups was chosen in the larger tenfold cross-validation
procedure. The value found is σ = √

5 for the 2–7 classi-
fier and σ = √

2.5 for the 3–8 classifier. It is worth noting
that no training point was used at the same time for training
and testing; this is a standard procedure to avoid biasing the
accuracy of the testing phase. As stated above a good way
to evaluate the performance of the confidence and credibil-
ity measures is by their BS; we also evaluate their average
over the points that were classified correctly and compare
it with their average over the points that were misclassified
by SVM. The average has to be taken over all ten permuta-
tions. This method is compared to Vovk’s method described
in (1999) and to its modified version described earlier. It is
also compared with Platt’s log sigmoid confidence. The log
sigmoid parameters A and B were found by using the tech-
nique described in his paper and using the algorithm that he
provided (Platt 1999).

The last column in Table 1 shows that the difference
between the average confidence over correctly classified
points and the incorrectly classified ones by our proposed
confidence measure (0.52) is higher than the one introduced
by Vovk (0.01) and by its modified version (0.17) as well as
the confidence introduced by Platt (0.17). The same holds
for our proposed credibility measure where the difference
obtained by our method is 0.35 in comparison with the one
given by Vovk (0.28) and by its modified version (0.25).

The same reasoning in Table 2 shows that the differ-
ence between the average confidence over correctly classified
points and the incorrectly classified ones (last column) by our

Table 1 Confidence and credibility for US Postal 2–7

Method Mean T Std T Mean F Std F Mean(T)
−Mean(F)

VC credibility 0.763 0.159 0.419 0.148 0.35

VC confidence 0.825 0.195 0.306 0.242 0.52

Vovk credibility 0.524 0.269 0.242 0.062 0.28

Vovk confidence 0.991 0.023 0.983 0.022 0.01

Vovk SVM credibility 0.511 0.287 0.266 0.118 0.25

Vovk SVM confidence 0.978 0.057 0.807 0.022 0.17

Platt’s confidence 0.39 0.14 0.22 0.09 0.17

Bold values are the best ones achieved

Table 2 Confidence and credibility for US Postal 3–8

Method Mean T Std T Mean F Std F Mean(T)
−Mean(F)

VC credibility 0.72 0.11 0.409 0.09 0.32

VC confidence 0.75 0.14 0.5 0.1 0.25

Vovk credibility 0.5 0.154 0.262 0.07 0.24

Vovk confidence 0.54 0.015 0.54 0.017 0

Vovk SVM credibility 0.48 0.24 0.24 0.13 0.24

Vovk SVM confidence 0.56 0.078 0.402 0.082 0.16

Platt’s confidence 0.32 0.17 0.1 0.05 0.22

Bold values are the best ones achieved

proposed confidence measure (0.25) is higher than the one
introduced by Vovk (0) and by its modified version (0.16) as
well as the confidence introduced by Platt (0.22). The same
holds for our proposed credibility measure where the differ-
ence obtained by our method is 0.32 in comparison with the
one given by Vovk (0.24) and by its modified version (0.24).

6.2 Agitation detection

The problem of agitation detection is a well-studied area
specially for people with dementia. Subject independent
agitation detection is based on training the support vector
machines algorithm over a very limited set of subjects and
then test it on the remaining subjects to detect agitation inde-
pendently of the tested subject. This approach has been stud-
ied by our team in Sakr et al. (2008, 2009), where normal
SVM and distance based multi-level SVMwere used respec-
tively and in Sakr et al. (2010), where the binary confidence
measure was used. In this experiment we intend to show that
correctly classified points by SVM have on average higher
confidence than the wrongly classified points. The features
used are the skin temperature, the galvanic skin response
and the heart rate variability (HRV). From the heart rate, the
inter-beat interval (IBI)was extracted. Tomeasure and record
the physical features, the following sensors were used: Polar
exercise heart rate monitor from Vernier, a 1,000-ohms plat-
inum (RTD) from Omega and electrodes that wrap around
the fingers for monitoring galvanic skin response. The RTD
sensor changes its resistance with the skin temperature of the
subject. The change in resistance is converted into tempera-
ture change using the Callendar-Van Dusen equation:

Rt = R0 + R0α

[
t − δ

(
t

100
− 1

)(
t

100

)

−β

(
t

100
− 1

)(
t

100

)3
]

(27)

Since the measured temperature is always above 0, only
the Callendar coefficient δ is used, while the VanDusen coef-
ficient β = 0 for positive temperatures.
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The experimental procedure is as follows: the subject
places the sensors around his body. He then undergoes the
trait scale state-trait anxiety inventory (T-STAI) (Spielberger
et al. 1970). The trait anxiety scale is one of the two subscales
of the full-form STAI developed by Spielberger to measure
anxiety in adults. It is one of the most frequently used mea-
sures of anxiety in applied psychology research and has been
shown to be a reliable and sensitive measure of anxiety. Sub-
jects were asked to fill the T-STAI before and after the Stroop
test. When undergoing the Stroop test, all the signals are
being recorded on the same machine where the Stroop test is
running (Stroop 1935).A sample is generated per second dur-
ing the 4-min test, which yields a total number of 240 samples
per subject. For details about the data capture protocol and
the Stroop test, consult our previous work (Sakr et al. 2010).

In total 58 subjects were tested. The proposed confi-
dence and credibility measures are tested using the K fold
cross-validation technique. The 58 subjects are subdivided in
groups of 2 to form 29-fold. In general the cross-validation
is carried out by taking 28-fold as the training set and the
remaining fold as the validation set. The final result is the
average of all K permutations. To illustrate the robustness of
our measures, only onefold is taken as the training set and the
remaining 28-fold are taken as the testing set. The same ker-
nel function used for the US postal data is used for agitation
detection.

To choose the best parameter 1/σ 2 for the SVM, a subset
of 12 subjects is considered. A sixfold cross-validation was
conducted where 1/σ 2 was varied over a large range. The
value of 1/σ 2 that gave the best average performance over the
12 subjects was chosen in the larger 29-fold cross-validation
procedure. The value for agitation detection is σ = 0.25. It is
worth noting also that no training point was used at the same
time for training and testing. As stated above a good way
to evaluate the performance of the confidence and credibility
measures is to evaluate their average over the points that were
classified correctly and compare it with their average over the
points that weremisclassified by SVM. The average has to be
taken over all 29 permutations. This method is compared to
Vovk’smethod described inVovk et al. (1999), to itsmodified
version described earlier and to Platt’s confidence.

The last column in Table 3 shows that the difference
between the average confidence and credibility measures
over the correctly classified points and the incorrectly classi-
fied points by the proposed measures is higher than the one
introduced by Vovk as well as by its modified version; how-
ever, the modified version outperforms slightly its unmodi-
fied version.

6.3 Wisconsin breast cancer dataset

This data set has 569 samples and uses 10 features to predict
if a tumor is malignant or benign. The features are computed

Table 3 Confidence and credibility for agitation detection

Method Mean T Std T Mean F Std F Mean(T)
−Mean(F)

VC credibility 0.908 0.199 0.781 0.303 0.13

VC confidence 0.934 0.181 0.777 0.337 0.16

Vovk credibility 0.417 0.313 0.386 0.321 0.03

Vovk confidence 0.923 0.0315 0.913 0.0513 0.01

Vovk SVM credibility 0.414 0.314 0.375 0.322 0.04

Vovk SVM confidence 0.920 0.0436 0.901 0.0513 0.02

Platt’s confidence 0.39 0.24 0.32 0. 28 0.07

Bold values are the best ones achieved

Table 4 Confidence and credibility for breast cancer dataset

Method Mean T Std T Mean F Std F Mean(T)
−Mean(F)

VC credibility 0.9 0.14 0.58 0.16 0.32

VC confidence 0.94 0.21 0.777 0.297 0.17

Vovk credibility 0.48 0.22 0.3 0.181 0.18

Vovk confidence 0.95 0.0115 0.94 0.0113 0.01

Vovk SVM credibility 0.47 0.24 0.21 0.19 0.26

Vovk SVM confidence 0.940 0.0836 0.881 0.0713 0.06

Platt’s confidence 0.49 0.26 0.41 0. 27 0.08

Bold values are the best ones achieved

from a digitized image of a fine needle aspirate (FNA) of a
breast mass. They describe characteristics of the cell nuclei
present in the image. More information on this dataset and a
full description of the features can be found in Street et al.
(1992). The same cross-validation procedure was also fol-
lowed on this dataset and the average confidence and credi-
bility for all the methods are presented. We also performed
the same cross-validation procedure to determine the best
hyperparameter which in this case was found to be σ = 45.

The last column in Table 4 shows that the difference
between the average confidence and credibility measures
over the correctly classified points and the incorrectly classi-
fied points by the proposed measures is higher than the one
introduced by Vovk as well as by its modified version and by
Platt’s confidence; however, the modified version for Vovk
outperforms slightly its unmodified version.

7 Conclusion

This paper presented new confidence and credibility mea-
sures for support vector machines based on the approxima-
tion of the VC bound. This method showed a very good cor-
relation between correctly classified points and high confi-
dence/credibility; it also showed a greater spread of the confi-
dence/credibilitymeasure between correctly classified points
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and misclassified points which gives an increased ability to
discriminate between classification. The proposed measure
outperformedVovk’smethod as well as amodified version of
his method. Our proposed confidence measure has also out-
performed Platt’s benchmark log sigmoid confidence mea-
sure. However, our method has some limitations that should
be addressed in the future. Ourmethod’s computational com-
plexity is in the order of 2O(n3)which is relatively high espe-
cially when the number of training points gets very large. A
second limitation is that our definedmeasureswork onlywith
RBF kernel functions. Although RBF kernels are very popu-
lar and are widely used in many applications, future studies
should focus on extending the theory to cover other kernel
functions such as polynomial kernels.
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