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We construct A =2 four and five-dimensional supergravity theories coupled to vector multiplets in
various space-time signatures (t, s), where t and s refer, respectively, to the number of time and spatial
dimensions. The five-dimensional supergravity theories, t + s =5, are constructed by investigating the
integrability conditions arising from Killing spinor equations. The five-dimensional supergravity theories
can also be obtained by reducing Hull's eleven-dimensional supergravities on a Calabi-Yau threefold.

The dimensional reductions of the five-dimensional supergravities on space and time-like circles produce
N =2 four-dimensional supergravity theories with signatures (t — 1, s) and (t, s — 1) exhibiting projective
special (para)-Kahler geometry.
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1. Introduction

The study of the geometry of the scalar manifolds of Euclidean
N =2 vector and hypermultiplets with or without coupling to su-
pergravity has recently been considered in [1-4]. Our present work
will only focus on theories with vector multiplets coupled to su-
pergravity. In the standard supergravity theories with Lorentzian
signature, it is well known that the scalar manifold is described
by a projective special Kdhler manifold in four dimensions and
by a projective special real manifold in five dimensions. In [3],
four-dimensional Euclidean supergravity theories were obtained
by dimensionally reducing the five-dimensional Lorentzian the-
ories of [5] over a time-like circle. It was established that the
scalar geometries of the four-dimensional Euclidean vector mul-
tiplets can be obtained by replacing complex structures by para-
complex structures. Four-dimensional Euclidean supergravity the-
ories were also obtained as a dimensional reduction of the Eu-
clidean ten-dimensional supergravity on a Calabi-Yau three-fold
[6]. The Killing spinor equations of the Euclidean four-dimensional
supergravities were also obtained in [7] and their gravitational so-
lutions admitting Killing spinors were analysed in [8].

The theories of ' = 2, five-dimensional Euclidean vector multi-
plets coupled to supergravity has recently been constructed in [9].
The Lagrangian of the Euclidean theory is the same as in the
Lorentzian theory except that the gauge fields terms appear with
the opposite sign. Multi-centred solutions of the gauged versions

E-mail address: ws00@aub.edu.lb.

http://dx.doi.org/10.1016/j.physletb.2017.08.021

of these theories were recently studied in [10]. The dimensional
reduction of the five-dimensional Euclidean theory on a circle pro-
duces the N =2 four-dimensional Euclidean supergravity of [3]
but with the non-conventional signs of the gauge terms.

In this work, our aim is to obtain N =2 four and five-
dimensional supergravity theories coupled to vector multiplets in
various space-time signatures (t,s), where t and s refer, respec-
tively, to the number of time and spatial dimensions. Space-times
with various signatures are of mathematical and physical inter-
est. For instance, spaces with (2, 2) signature have applications to
string theory, M-theory, cosmology and twistor theory [11]. More-
over, the (2, 2) theory and its solutions without matter fields, have
been considered in [12]. More recently, a classification of solutions
with Killing spinors for the (2,2) Einstein-Maxwell theory with a
cosmological constant was given in [13].

We organise our work as follows. In Sec. 2, the five-dimensional
supergravity theories are constructed through the analysis of the
integrability conditions arising from generalised Killing spinor
equations. The theories with various signatures are then obtained
by reducing Hull’s eleven-dimensional supergravity [14] on Calabi-
Yau threefold. In Sec. 3, we obtain new N = 2 four-dimensional
supergravity theories via the dimensional reductions of the five-
dimensional supergravities on space and time-like circles. In par-
ticular, we obtain N = 2 supergravity with signature (2,2) with
scalar manifold described by a projective special para-Kahler man-
ifold. We also obtain the Killing spinor equations for the reduced
four-dimensional A = 2 supergravity theories. We end with a
summary of our results.
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2. (t, s) five-dimensional supergravity

We start our analysis with the original theory of ' =2, D=5
supergravity theory coupled to Abelian vector multiplets con-
structed in [5]. The theory contains the gravity multiplet and n
vector multiplets and its bosonic Lagrangian is given by
é_1f5 = %IAQ — %G,-jaﬂhla“hf — %GUF;:“A}F“LU

el S
+ —— CijePoTFL FL . AK, (2.1)
where Cjj, are real constants symmetric in i, j, k. Here i, j,.. =
1,...,n, while the hatted indices refer to the space-time indices.
The dynamics of (2.1) is encoded in the cubic potential

1 o
V= écijkh’hfhk, (2.2)

where the very special coordinates hi are functions of the n real
scalar fields belonging to the vector multiplets. The scalar manifold
is described by the very special geometry constraint

V=1. (2.3)

The gauge coupling metric takes the form

1 1
Gij = 5 (3hi3hj (an))V:] = 5 (thhj — Cijkhk) , (24)
where the dual fields h; are given by

1 .
hi = Ecijkhfhk. (2.5)

The Killing spinor equations arising from the vanishing of the
fermionic fields and their supersymmetry transformations can be
written in the form'

O A S
|:Dﬂ+§hz(rﬂpg—45ArJ)F1M £=0,
[i (Fi —h"thf) R 2aﬂh"rﬂ] £=0. (2.6)
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In what follows we obtain five-dimensional theories with var-
ious space-time signatures. One method to do so is through the
analysis of the integrability of the Killing spinor equations. We
start by allowing for a slight modification of the Killing spinor
equations and write

N o s s 5 AN 7.
I:Dll+§hi (FI:L'OG —455F”) F;a&:l{;‘ 0,

i pip. i 66 Chiri s
[a(F hih;F )ﬁ(}r 20,h'T ]s_o. (2.7)

After some calculation one can derive the following integrability
condition
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1 Qur conventions are as follows: The Clifford algebra is {I'%, '’} = 217”17, The
covariant derivative on spinors is f),; =0d; + }—‘wﬂvabl"“b where wp g is the
spin connection. Finally, antisymmetrization is with weight one, so "% —
%r[“‘ 9 ...[al,
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The vanishing of the second and third terms in the above equation
constitute the equations of motion for the scalar fields in a theory

where the gauge kinetic terms coefficient is “Tz. Assuming that this
is the case, then (2.8) reduces to

O N - P ST S o 7% PO
[D (GUFﬁi)r S CiFL; FEoT ]s_o. (2.9)

If we modify the action (2.1) to take the form

o 1~ 1 P
A—1
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(2.10)

then the equations of motion for the gauge fields derived from
(2.10) are given by
A . 1 Aaaa
hY (GUng) n Ecuke;l“““%iz Fi; =0, 211)
In theories with (1,4), (3,2) and (5,0) signatures (odd num-
bers of time dimensions), (2.9) is consistent with (2.11) for the
standard sign of the gauge terms, i.e., « =i. For the mirror the-
ories with signatures (4, 1), (2,3) and (0, 5), consistency implies
o = —1 and thus the opposite sign of the gauge terms.
Five-dimensional N = 2 supergravity theories with (1,4) sig-
nature can be obtained via the dimensional reduction of eleven-
dimensional supergravity with the bosonic action [15]

1 1 1
S11= —R¥1 — —F4 A%¥F4 — —C3 A F4 A%F
11 fz 4 4 4 12 3 4 4
Mii

and signature (1,10) on a Calabi-Yau three-fold, CY3 [16]. Here
F4 = dC3 and C3 is a 3-form. The eleven-dimensional space-
time manifold decomposes into M1; = CY3 x Ms, where M5 is a
Lorentzian five-dimensional manifold. Some useful details on the
mathematics of CY3 as well as the reduction on CY3 can be found
for example in [17-20].

We shall briefly present the basics of the reduction relevant to
our discussion. One considers the deformations of the CY3 met-
ric that preserve the SU(3) holonomy. These are the zero modes
of the internal wave operator which correspond to deformations
of the Kahler class and the complex structure. Ignoring the com-
plex structure moduli, fluctuations of the CY3 metric are then
expanded as

(2.12)

88a5=—1V', ;8¢ (213)

where g are the Kahler moduli taken to depend on the coordinates
of M5 and

Vi=videA AdER, =1, ha. (214)

are the basis of h(;,1y harmonic forms, SA represent the three com-
plex coordinates of CY3. Note that the Kdhler form and the volume
of CY3 are given by

J =igapdet AdEB =q'V',

1 1 i jqk
3 J/\]AIZECUWQQ-
CY;

%

(2.15)
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The Kdhler moduli space metric is given by
3 3(Cqq); (Cqq);
Gij@) =~z ((Cq)u ~ oo ’)
Cqqq 2(Cqqq)

where we have used the notation

(2.16)

Caqq = Cid'a’q".  (Cqq); = Cind’d", (Ca)yj = Cined®.
Next one has to evaluate the eleven-dimensional Ricci curvature

in terms of the Kihler moduli taking into consideration that for a
CYs3, we have

g/_\B:gAB:RAB:RAB:RAE:Q (217)

In addition, we use the Kaluza-Klein ansatz for the three-form
C3=A AV, (218)

then the reduction of the action (2.12) after a rescaling of the five-
dimensional metric and redefining scalars

gio— Vg, h =V, (2.19)
gives?
O A T B s ey
Ss= | —R%1 — =G;j(h)ydh' A %dh GijFy A %F)
2 2 4
Ms
1 X .
- ﬁcijkAl A FJ A K, (2.20)

where G;; (h) is given by (2.4) and Fé =dA'. Note that Gij (h) is
obtained from (2.16) by simply replacing the q' with h'.

The action of the eleven-dimensional supergravities constructed
by Hull [14] can be written in the form

1 _.a? 3 1 -
5“25 R*1+7F4/\*F4—EC3/\F4/\*F4, (2.21)

M1

where o2 = —1 for the theories with signatures (1, 10), (5, 6) and
(9,2), and «? =1 for the mirror theories with signatures (10, 1),
(6,5) and (2,9). In the reduction of the theories with signatures
(1,10), (5,6) and (2,9), the CY3 is of signature (0, 6) and thus Ms
is of signature (1, 4), (5,0) and (2, 3). For the reduction of theories
with signatures (10, 1), (6,5) and (9, 2), the CYs3 is of signature
(6,0) and thus Ms is of signature (4, 1), (0,5) and (3, 2). All the
five-dimensional supergravity theories obtained have the action

1 1 g2 o
S5 = / SRE1 = Gindh' A 4dh + %Gij(h)Fé ARE]
Ms

1 . .
- EcijkA‘ AFJ A FS. (2.22)

3. Four-dimensional supergravity

Starting with the action (2.22) of the A/ = 2 supergravity theory
in five dimensions with (t, s) signature, we reduce the theory on a
space-like and time-like circle. The Kaluza-Klein reduction ansatz
is given by
81 — ¢ 9/2e0, &0 =e?(dt — V249,

Al=e?xe + V24!, hi =e %yl (3.1)

2 We have ignored a kinetic term for the scalar field related to the volume of the
Calabi-Yau that belongs to the hypermultiplet sector.

All the fields are taken to be independent of the compact di-
mension labelled by index 0, and the vector 4% has a vanishing
component along the compact dimension. The non-vanishing com-
ponents of the spin connection are given by

N— 2¢ 0
0,ab = ﬂe Fab»
€ 940
CU&’O[) = ——ﬁe ]:ab’

(3.2)
where € =1 corresponds to a reduction on a time-like circle, and
€ = —1 on a space-like circle. Note that all the indices on the right
hand side of (3.2) are four dimensional, wg . are the spin connec-
tions of the four-dimensional theory with basis e? and F° = d.A°.
The reduction of the action in (2.22) results in the following
Lagrangian
1 S : )
el = ER — gij (aax’a“xf + (xzeaay’aayf)
€ . . .
+sCyyy (e P Fl =280, 70 F
1
+ (gxx) FO - FO + Zfo - FO)

€ o ~
g€ ((Cx),»j FiFl — (Cx0; FO, F

1
where Fi. Fi =]:Cilb]:jab and
1,
gij = za“ee “YGyj,
2
1
Using (2.4) and (3.1) we get
3 Cy)ii  3(Cyy); (Cyy);
gi]:__mz<( Vij 3 Cyyi( yzy)]) 55
2 Cyyy)  2(Cyyy)

In what follows we shall demonstrate that the action (3.3) de-
scribes a four-dimensional N = 2 supergravity theory with various
signatures coupled to vector multiplets with the Lagrangian

1 o
elc= ER — g,’jaﬂllaMZ]

2
o .
—T(m/\/}Jf’-}"]—G—Re/\/}Jf’-J—"]), (3.6)
with the prepotential
1 XIxixk
F= gCik—0 (3.7)

The n complex scalar fields z2 of A/ =2 vector multiplets are
coordinates of a projective special (para)-Kdhler manifold. In the
symplectic formulation of the theory [21], one introduces the sym-
plectic vectors

XI
(%)

satisfying the symplectic constraint

(3.8)
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ie ()_(IFI —XII_:I) =i (F]] —I_:”)XI)_(] :—N”XI)_(J =1.

(3.9)
Here X' = ReX' +icImX/, i satisfies 7e = —ic and i2 = T, where
T =1 for the case when the scalar fields geometry is given by
a projective special para-Kdhler manifold and 7 = —1 when it is
given by a projective special Kdhler manifold, F; = % and Fjj =
ax"fﬁ The constraint (3.9) can be solved by setting
X! =eK@D/271(7) (3.10)
where K(z,z) is the Kdhler potential. Then we have
e X@D = N, 7N 202 (2) . (3.11)
The metric of the special (para)-Kdhler manifold is given by
3°K(z,2)
= —, 3.12
&ij 07 92) ( )
and locally its U(1) connection A is given
i ) »
A= —g(aikdzl — &Kdz"). (313)

A convenient choice of inhomogeneous coordinates z' are the spe-
cial coordinates defined by

°=1, Zio=7. (3.14)
Defining
zi=xi_i€yi, (3.15)

then for theories with cubic prepotentials given in (3.7), we obtain
for the scalars kinetic term

S 3 (Cyy); (Cyy)
g0z 9hs) = . (( i — 3 (Cyyi yy),)
2Cyyy 2 Cyyy
x (auxfa“x" — rauyfa“yf) . (3.16)
The gauge field coupling matrix is given by
- . _(NX)(NX);
17 =Frj(X) +ie INK (317)
which for theories with cubic prepotential gives
N —lexx+riC 2 xx—l—1
0= 3 LYYy 3g 6/
1 2 .
Noi = —5 (X0 = 3T Cyyy (8%);.
2 .
Nij = (Cx);j + 3 le8ij Cyyy. (3.18)
Using the above information we obtain
(miy - ) Reny - )
=TCyyy|—3 (gx); FO- Fl + 38 F - F
2 1 0 0
-&XX+ - | F - F
+(Gawrg) 70 7]
1 - -, S
+3 (Coxr® - 70— 3(Cxo0; 70 F 4 3y - 7).
(3.19)
After making the identification 7 = —a2¢, and defining Fi@ =

Te®ed 7l (3.6) is equivalent to (3.3).

Starting in five dimensions with the signatures (1, 4), (3,2) and
(5,0) and o? = —1, the reduction on a time-like circle results
in four-dimensional N = 2 supergravity theories with signatures
(0,4), (2,2) and (4, 0). The Euclidean supergravity theory (signa-
ture (0,4)) is the one first obtained in [3]. The theory of N =2
supergravity with (2, 2) signature is new and shares some of the
features of the Euclidean theory in the fact that the scalars are
described by a projective special para-Kdhler geometry. The reduc-
tion of the theories with signatures (1,4) and (3,2) on a space-
like circle produces A = 2 supergravity theories with signature
(1,3) and (3,1). These are the well known original theories of
N =2 supergravity [21] with projective special Kihler geometry.
Similarly one obtains A/ = 2 supergravity theories with signatures
(0,4), (2,2) and (4, 0) via the reduction of the theories with (4, 1),
(2,3) and (0,5) signatures on a space-like circle. We also ob-
tain new N = 2 supergravity theories with signatures (3,1) and
(1,3) as reductions of the five-dimensional theories with signa-
tures (4,1) and (2,3) on a time-like circle. These theories have
the non-canonical sign of the gauge fields kinetic terms and have
a projective special Kdhler scalar manifold.

The Killing spinors equations of the five-dimensional super-
gravity theories with signatures (3,2), (1,4) and (5,0) are given
by (2.6). The reduction of these equations, using the results of [7],
gives

i
|:Da - EEFOAQ

i
+ e (Imz +ieroRez/) (lm/\/)”l“a] £=0, (320)
and
i L G
SeK2am Ay rF! [Im(g’]DjZ') n ieroRe(g”Djz’)] ¢
+T%, (Rezi —ilmziro) £
—o, (321)
where

1
Dg =109, + Zwa,bcrbc,

ie i i
Ag= —5(81-1(302 — 0;K0342'),

D;Z' =0;7" + ;K7 (3.22)
We also have & =e #/%¢, ([g)2 = —€ and T° = —eTy. For € =1,
we obtain the Killing spinors for the four-dimensional A" =2 su-
pergravity theories with (2, 2), (0,4) and (4, 0) while for € = —1
we obtain the Killing spinors for the A' = 2 supergravity theories
with signatures (3,1) and (1, 3).

The Killing spinors equations of the five-dimensional supergrav-
ity theories with signature (2, 3), (4, 1) and (0, 5) are given by

A 1 An PN .
A p 5
[D[L — 5hi (ra?” —48r7) F;a&]

i _pinE) 1A% 429 HirRE —
(F hh]F)ﬁ&F & +20,hiT7 8 =0.

0,

(3.23)

Those can be shown to reduce to

1
|:Da+§6FOAa

_ %e’”zr.f’ (Imzf - eroRezf) (lmj\/')”l“a] =0, (3.24)

and
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1 o Lo
—5 e am N T [Im(g"D;2") ~ eToRe(¢"D; 2" | ¢
+I99, (Re Z— ImziI‘o) €

=0. (3.25)

For € = —1, we obtain the Killing spinors for four-dimensional
N =2 superactivities with signatures (2, 2), (4,0) and (0, 4). The
Killing spinors for theories with signatures (1, 3), (3, 1) correspond
toe=1.

4. Summary

In this work we have constructed N = 2 four and five-
dimensional supergravity theories in various space-time signa-
tures. The five-dimensional theories were constructed by employ-
ing the integrability conditions of the Killing spinor equations as
well as by the reduction of the eleven-dimensional supergravities
constructed by Hull [14] on a CY3. Among the five-dimensional
theories constructed, we obtained the Euclidean five-dimensional
supergravity recently constructed in [9] and its mirror theory.
The four-dimensional supergravity theories were then obtained
as reductions of the five-dimensional theories on a time-like and
space-like circles. One of the new four-dimensional supergravity
theories obtained are the Lorentzian theories with signature (1, 3)
with projective special Kdhler geometry and with the wrong sign
of the gauge coupling terms. Solutions of these (1, 3) theories with
space-like Killing vectors were considered in [22]. There, these the-
ories were labelled as fake theories. In the present work, however,
they were shown to be genuine theories with higher dimensional
origins. Also, in four dimensions a new theory with signature (2, 2)
is obtained where the scalar manifold is described by a projective
special para-Kdhler manifold. A future direction is finding solu-
tions to all these theories. The Killing spinor equations constructed
should provide a starting point for a systematic analysis of their
supersymmetric solutions. Also of interest is the reduction of the
four-dimensional theories down to three dimensions and the in-
vestigations of the resulting c-maps along the lines of [4]. We hope
to address these questions in forthcoming publications.
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