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transforms I to I; such that each independent set is obtained from the previous one using
a so-called reconfiguration step. Viewing each independent set as a collection of k tokens
placed on the vertices of a graph G, the two most studied reconfiguration steps are token
jumping and token sliding. Over a series of papers, it was shown that the TOKEN JUMPING

Ic(?m;ﬁorial reconfiguration problem is fixed-parameter tractable (for parameter k) when restricted to sparse graph
Token sliding classes, such as planar, bounded treewidth, and nowhere dense graphs. As for the TOKEN
Graph classes SLIDING problem, almost nothing is known. We remedy this situation by showing that
Parameterized complexity ToKEN SLIDING is fixed-parameter tractable on graphs of bounded degree, planar graphs,

and chordal graphs of bounded clique number.
© 2023 Elsevier Inc. All rights reserved.

1. Introduction

Many algorithmic questions can be posed as follows: given the description of a system state and the description of a state
we would “prefer” the system to be in, is it possible to transform the system from its current state into the more desired
one without “breaking” the system in the process? And if yes, how many steps are needed? Such problems naturally arise
in the fields of mathematical puzzles, operational research, computational geometry [1], bioinformatics, quantum comput-
ing [2], and many more [3,4]. These questions received a substantial amount of attention under the so-called combinatorial
reconfiguration framework in the last few years. We refer the reader to the surveys by van den Heuvel [5] and Nishimura [6]
for more background on combinatorial reconfiguration.

Independent set reconfiguration In this work, we focus on the reconfiguration of independent sets. Given a simple undirected
graph G, a set of vertices I C V(G) is an independent set if the vertices of I are pairwise non-adjacent. Finding an indepen-
dent set of maximum cardinality, i.e., the INDEPENDENT SET problem, is a fundamental problem in algorithmic graph theory
and is known to be not only NP-hard, but also W[1]-hard (parameterized by solution size k) and not approximable within
O(n'=¢), for any € > 0, unless P = NP [7]. Moreover, INDEPENDENT SET is known to remain W[1]-hard on graphs excluding
C4 (the cycle on four vertices) as an induced subgraph [8].
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We view an independent set as a collection of k tokens placed on the vertices of a graph such that no two tokens are
adjacent. This gives rise to two natural adjacency relations between independent sets (or token configurations), also called
reconfiguration steps. These two reconfiguration steps, in turn, give rise to two combinatorial reconfiguration problems.

In the TOKEN JuMPING (T]) problem, introduced by Kaminski et al. [9], a single reconfiguration step consists of first
removing a token on some vertex u and then immediately adding it back on any other vertex v, as long as no two tokens
become adjacent. The token is said to jump from vertex u to vertex v. In the ToKEN SLIDING (TS) problem, introduced by
Hearn and Demaine [10], two independent sets are adjacent if one can be obtained from the other by a token jump from
vertex u to vertex v with the additional requirement of uv being an edge of the graph. The token is then said to slide from
vertex u to vertex v along the edge uv. Note that, in both the T]J and TS problems, the size of independent sets is fixed.
Generally speaking, in the TOKEN JUMPING and TOKEN SLIDING problems, we are given a graph G and two independent sets I
and I; of G of size k. The goal is to determine whether there exists a sequence of reconfiguration steps - a reconfiguration
sequence - that transforms I into I; (where the reconfiguration step depends on the problem).

Both problems have been extensively studied, albeit under many different names [11-16,9,17]. It is known that both
problems are PSPACE-complete, even on restricted graph classes such as graphs of bounded bandwidth (and hence path-
width) [18] and planar graphs [10].

On the positive side, it is easy to prove that TOKEN JUMPING can be decided in polynomial time on trees (and even on
chordal graphs) since we simply have to iteratively move tokens on leaves (resp. vertices that only appear in the bag of a
leaf in the clique tree) to transform an independent set into another. Unfortunately, for TOKEN SLIDING, the problem becomes
more complicated because of what we call the bottleneck effect. Indeed, there might be a lot of empty leaves in the tree but
there might be a bottleneck in the graph that prevents us from reaching these desirable vertices. For instance, if we imagine
a star plus a long subdivided path attached to the center of the star. One cannot move any token from leaves of the star to
the path if there are at least two leaves occupied by tokens. Even if we can overcome this issue for instance on trees [13]
and on interval graphs [11], the TOKEN SLIDING problem remains much “harder” than the TOKEN JUMPING problem. In split
graphs for instance (which are chordal), TOKEN SLIDING is PSPACE-complete [19]. Lokshtanov and Mouawad [20] showed
that, in bipartite graphs, TOKEN JUMPING is NP-complete while TOKEN SLIDING remains PSPACE-complete.

In this paper we focus on the parameterized complexity of the TOKEN SLIDING problem. While the complexity of TOKEN
JuMPING parameterized by the size of the independent set is quite well understood, the comprehension of the complexity
of TOKEN SLIDING remains evasive.

A problem IT is FPT (fixed-parameter tractable) parameterized by a parameter « if one can solve any instance of IT of
size n in time f(x) - poly(n) (sometimes called FPT time), for some computable function f. In other words, the combina-
torial explosion can be restricted to the parameter k; k is either efficiently computable from an instance or is given as part
of the input. In the rest of the paper, our parameter x will be the size of independent sets (i.e. the number of tokens in
each independent set denoted by k and given as part of the input). Both TOKEN JuMPING and TOKEN SLIDING are known to be
W[1]-hard' parameterized by k on general graphs [15,21].

On the positive side, Lokshtanov et al. [17] showed that TOKEN JUMPING is FPT on bounded degree graphs. This result has
been extended in a series of papers to planar graphs, nowhere-dense graphs, and finally strongly K, (-free graphs [22,23], a
graph being strongly K ¢-free if it does not contain any K¢ as a subgraph.

For TOKEN SLIDING, it was proved in [21] that the problem is W[1]-hard on bipartite graphs and W[1]-hard on C4-free
graphs but FPT on bipartite C4-free graphs (similar results hold for ToKEN JuMPING but based on weaker assumptions for
the bipartite case [24]).

However, almost no positive result is known for TOKEN SLIDING even for incredibly simple cases like the case of graphs
of bounded degree. Our main contribution is to develop two general tools for the design of parameterized algorithms for
TOKEN SLIDING, namely galactic reconfiguration and types. Galactic reconfiguration is a general tool that greatly simplifies
the design of reduction rules for “special” instances of TOKEN SLIDING. As a first application of this tool, we prove that TOKEN
SLIDING is FPT on graphs of bounded degree. Our second tool, which we call (reconfiguration) types, will in particular allow
us to show that when the deletion of a small subset of vertices leaves many components in a graph, then one of those
components can be safely deleted. Combining both tools with some additional reduction rules, we then prove that TOKEN
SLIDING is FPT on planar graphs and on chordal graphs of bounded clique number. We complement these results by proving
that TOKEN SLIDING remains W[1]-hard on split graphs.

Galactic reconfiguration Our first result is the following:
Theorem 1.1. TOKEN SLIDING parameterized by k is FPT on graphs of bounded degree.

Much more than the result itself, we believe that our main contribution here is the general framework we developed for
its proof, namely galactic reconfiguration. Before explaining exactly what it is, let us explain the intuition behind it. As we

already noted, even if there are independent vertices that are far apart from the tokens of an independent set, we are not
sure that we can reach such vertices because of the bottleneck effect. Nevertheless, it should be possible to reduce some

1 Informally, it means that they are very unlikely to admit an FPT algorithm, i.e., an algorithm running in FPT time.
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parts of the graph that do not contain any tokens. For instance, we can find irrelevant vertices when we have a large grid
minor since, when a token enters such a structure, we can basically move the token freely inside the structure (and then
avoid placing tokens too close to each other while inside the structure). However, proving that a structure can be reduced in
reconfiguration is usually very technical. To overcome this problem, we introduce a new type of vertices called black holes,
which can swallow as many tokens of the independent set as we like. A galactic graph is a graph that might contain black
holes. A galactic independent set is a set of vertices on which tokens lie, such that the set of non black-hole vertices holding
tokens is an independent set and such that each black-hole might contain any number of tokens.

Our main result is to prove that if there exists a long shortest path in the graph that is at distance at least two from the
initial and target independent sets, then we can replace it by a black hole (whose neighborhood is the union of the neigh-
borhoods of the path vertices); such a long shortest path is guaranteed to exist as long as the graph has large (quadratic in
k) diameter which implies that we can bound the diameter of the graph by O(k?). This path reduction rule, together with
other simple rules on galactic graphs, allows us to reduce the size of bounded-degree graphs until they reach a size of at
most f(k), for some computable function f, in polynomial time. Since a kernel ensures the existence of an FPT algorithm,
Theorem 1.1 follows.

Types and the multi-component reduction In the rest of the paper, we combine galactic graphs with other techniques to prove
that TOKEN SLIDING is FPT on several other graph classes. We first prove the following:

Theorem 1.2. TOKEN SLIDING parameterized by k is FPT on planar graphs.

To prove Theorem 1.2, we cannot simply use our previous path reduction rule since, in a planar graph, there might be a
universal vertex, which prevents the existence of a long shortest path. Note that the classical complexity of TOKEN SLIDING
is open on outerplanar graphs and it was not known to be FPT prior to our work.

Our strategy consists in reducing to planar graphs of bounded degree and then applying Theorem 1.1. To do so, we
provide some general tools to reduce instances of TOKEN SLIDING. In particular, we show that if we have a set X of vertices
such that G — X contains many connected components (in terms of k and |X|) then at least one of those components can
be safely deleted.

The idea of the proof consists in defining the (reconfiguration) type of a connected component of G — X. From a very high
level perspective, the type of a path in a component of G — X is defined as the sequence of X-neighborhoods (neighborhoods
in X) of the vertices of the path.” The type of a component C is defined as the union of the types of the paths starting on a
vertex of C. We then show that if many components of G — X have the same type then one of them can be safely deleted.

However, this component reduction is not enough since, in the case of a vertex universal to an outerplanar graph, we
may not have a lot of components when we delete the universal vertex. We prove that, we can also reduce a planar graph
if (i) there are many vertex-disjoint (x, y)-paths for some pair x, y of vertices or (ii) if a vertex has many neighbors on an
induced path. Since one can prove that in an arbitrarily large planar graph with no long shortest path (i) or (ii) must hold,
Theorem 1.2 then follows. Note that our proof techniques can be easily adapted to prove that TOKEN SLIDING is FPT for any
graph of bounded genus. We think that the notion of types may be crucial to derive FPT algorithms on larger classes of
graphs such as graphs of bounded treewidth.

We finally provide another application of our method by proving that the following holds:

Theorem 1.3. TOKEN SLIDING parameterized by k is FPT on chordal graphs of bounded clique number.

The proof of Theorem 1.3 consists in proving that, since there is a long path in the clique tree, we can either find a long
shortest path (and we can reduce the graph using galactic reduction rules) or find a vertex x in a large fraction of the bags
of this path. In the second case, we show that we can again reduce the graph. We complement this result by proving that
it cannot be extended to split graphs, contrarily to TOKEN JUMPING.

Theorem 1.4. TOKEN SLIDING parameterized by k is W[1]-hard on split graphs.

We show hardness via a reduction from the MULTICOLORED INDEPENDENT SET problem, known to be W[1]-hard [25]. The
crux of the reduction relies on the fact that we have a clique of unbounded size and hence we can use different subsets
of the clique to encode vertex selection gadgets and non-edge selection gadgets. A summary of the current parameterized

complexity status of TOKEN JUMPING and TOKEN SLIDING is depicted in Fig. 1.

Further work The first natural generalization of our result on chordal graphs of bounded clique size would be the following:

Question 1.1. Is TOKEN SLIDING FPT on graphs of bounded treewidth (parameterized by k)? Or simpler, how about on graphs
of bounded pathwidth?

2 The exact definition is actually more complicated.
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Fig. 1. An overview of the parameterized complexity status of TOKEN JuMPING and TOKEN SLIDING on different classes of graphs.

Recall that the problem is PSPACE-complete on graphs of constant bandwidth for a large enough constant that is not
explicit in the proof [18]. Note that our galactic reconfiguration rules directly ensure that TOKEN SLIDING is FPT for graphs of
bounded bandwidth. Our multi-component reduction ensures that the problem is FPT for graphs of bounded treedepth. But
for graphs of bounded pathwidth the situation is unclear. There are good indications to believe that solving the bounded
pathwidth case is actually the hardest step towards an FPT algorithm for graphs of bounded treewidth. On the positive
side, we simply know that the problem is polynomial-time solvable on graphs of treewidth one (namely forests) [13] and
the problem is open for graphs of treedwidth 2. It is even open for outerplanar graphs:

Question 1.2. Is TOKEN SLIDING polynomial-time solvable on outerplanar graphs? How about triangulated outerplanar
graphs?

We did not succeed in answering Question 1.1 but we believe that the method used for Theorem 1.3 is a good starting
point. However, the analysis is much more involved. In the case of TOKEN JUMPING, the problem is actually FPT on strongly
Ky ¢-free graphs which contains planar graphs, graphs of bounded treewidth, and many other classes. If the answer to
Question 1.1 is positive, the next step to achieve a similar statement for TOKEN SLIDING would consist in looking at minor-
free graphs and, more generally, nowhere dense graphs.

Organization of the paper In Section 3, we formally introduce galactic graphs and provide our main reduction rules con-
cerning such graphs including the long short path reduction lemma. In Section 4, we introduce the notion of types and
journeys and prove that if there are many connected components in G — X then at least one of them can be safely deleted.
In Section 5, we prove that TOKEN SLIDING is FPT on planar graphs. We prove the same for chordal graphs of bounded clique
number in Section 6 and finally give our hardness reduction for split graphs in Section 7.

2. Preliminaries

We denote the set of natural numbers by N (excluding zero). For n € N we let [n]={1,2,...,n}.

We assume that each graph G is finite, simple, and undirected. We let V (G) and E(G) denote the vertex set and edge set
of G, respectively. The open neighborhood of a vertex v is denoted by N¢(v) ={u | uv € E(G)} and the closed neighborhood by
N¢[v]= Ng(v) U {v}. For a set of vertices Q C V(G), we define Nc(Q)={v¢ Q |uve E(G),ue Q}and Ng[Q]=N¢(Q)U
Q. The subgraph of G induced by Q is denoted by G[Q ], where G[Q] has vertex set Q and edge set {uv € E(G) |u,veQ}.
We let G — Q = G[V(G) \ Q]. Contracting an edge uv of G results in a new graph G’ in which the vertices u and v
are deleted and replaced by a new vertex w that is adjacent to (Ng(u) U Ng(v)) \ {u, v}. Identifying the vertices of a set
Q C V(G) results in a new graph G’ in which the vertices of Q are deleted and replaced by a new vertex w that is adjacent

to Nec(Q)\ Q.
A walk of length ¢ from vg to v, in G is a vertex sequence Vo, ..., V¢, such that for all i € {0, ..., ¢ — 1}, viviy1 € E(G).
It is a path if all vertices are distinct. It is a cycle if £ > 3, vo = vy, and vy, ..., v¢—1 is a path. A path from vertex u to

vertex v is also called a uv-path. For a pair of vertices u and v in V(G), by distg(u, v) we denote the distance or length of
a shortest uv-path in G (measured in number of edges and set to oo if u and v belong to different connected components).
The eccentricity of a vertex v € V(G), ecc(v), is equal to maxyev (c)(distg(u, v)). The diameter of G, diam(G), is equal to
MmaXyev(G) (ecc(v)).

3. Galactic graphs and galactic token sliding

We say that a graph G = (V, E) is a galactic graph when V (G) is partitioned into two sets A(G) and B(G) where the
set A(G) C V(G) is the set of vertices that we call planets and the set B(G) C V(G) is the set of vertices that we call black
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holes. In the standard TOKEN SLIDING problem, tokens are restricted to sliding along edges of a graph as long as the resulting
sets remain independent. This implies that no vertex can hold more than one token and no two tokens can ever become
adjacent. In a galactic graph, the rules of the game are slightly modified. When a token reaches a black hole, the token is
absorbed by the black hole. This implies that a black hole can hold more than one token, in fact it can hold all k tokens.
Moreover, we allow tokens to be adjacent as long as one of the two vertices is a black hole (since black holes are assumed
to make tokens “disappear”). On the other hand, a black hole can also “project” any of the tokens it previously absorbed
onto any vertex in its neighborhood (be it a planet or a black hole). Of course, all such moves require that we remain
an independent set in the galactic sense. We say that a set I is a galactic independent set of a galactic graph G whenever
G[I N A] is independent. To fully specify a galactic independent set I of size k containing more than one token on black
holes, we use a weight function w; : V(G) — {0, ..., k}. Hence, w;(v) <1 whenever v € A(G), w;(v) € {0, ..., k} whenever
veB(G), and Y,y @1 (V) =k

We are now ready to define the GALAcTIC TOKEN SLIDING problem. We are given a galactic graph G, an integer k, and
two galactic independent sets I and I; such that |Is| = |I;] =k > 2 (when k =1 the problem is trivial). The goal is to
determine whether there exists a sequence of token slides that will transform I into I; such that each intermediate set
remains a galactic independent set. As for the classical TOKEN SLIDING problem, given a galactic graph G we can define a
reconfiguration graph which we call the galactic reconfiguration graph of G. It is the graph whose vertex set is the set of all
galactic independent sets of G, two vertices being adjacent if their corresponding galactic independent sets differ by exactly
one token slide. We always assume the input graph G to be a connected graph, since we can deal with each component
independently otherwise. Furthermore, components without tokens can be safely deleted.

Let G be a galactic graph. A planetary component is a maximal connected component of G[A]. A planetary path P, or
A-path, composed only of vertices of A, is called A-geodesic if, for all x, y in P, distg[a;(x, y) =distp(x, y). We use the term
A-distance to denote the length of a shortest path between vertices u, v € A such that all vertices of the path are also in
A. Let us state a few reduction rules that allow us to safely reduce an instance (G, k, Is, I;) of GALACTIC TOKEN SLIDING to an
instance (G’, k', I}, I{).

e Reduction rule R1 (adjacent black holes rule): If two black holes u and v are adjacent, we contract the edge uv into a
single black hole w. If there are tokens on u or v, the merged black hole receives the union of all those tokens. In other
words, oy (w) = oy, (u) + wi(v) and a),tr(w) =wy, (u) + wy, (v). Loops and multi-edges are ignored.

e Reduction rule R2 (dominated black hole rule): If there exists two black holes u and v such that N(u) € N(v), oy, (u) =
0, and wy, (u) =0, we delete u.

e Reduction rule R3 (absorption rule): If there exist u, v such that u is a black hole, v € N(u) N A (v is a neighboring
planet that could be in I;UI;) and |((Is UI;) N A) N N[v]| <1, then we contract the edge uv into a new black hole
which we again call u. We say that v is absorbed by u. If v € I U I; then we update the weight of u accordingly. Loops
and multi-edges are ignored.

e Reduction rule R4 (twin planets rule): Let u, v € A(G) be two planet vertices that are twins (true or false twins). That
is, either uv € E(G) and N[u] = N[v] or uv ¢ E(G) and N(u) = N(v). If u ¢ I; U I; then delete u. If both u and v are in
Is (resp. I¢) and at least one of them is not in I; (resp. I5) then return a trivial no-instance. If both u and v are in I as
well as I; then delete N[u] U N[v], decrease k by two, and set I; = I\ {u,v} and I; =I; \ {u, v}.

e Reduction rule R5 (path reduction rule): Let G be a galactic graph and P be a A-geodesic path of length at least 5k
such that (ANN[P])N(IsUI;) =@. Then, P can be contracted into a black hole (we ignore loops and multi-edges). That
is, we contract all edges in P until one (black hole) vertex remains.

Note that all of the above rules allow us to reduce the size of the input graph and none of the edge contractions increase
the degree of a planet vertex v € A(G). In the remainder of this section, we prove a series of lemmas establishing the safety
of the aforementioned rules. We apply the rules (or a subset of them) in order. That is, every time a rule applies, we start
again from the first rule. In other words, we assume that a rule is applied exhaustively before moving on to the next one.

Lemma3.1. Let (G = (AUB, E), k, I, I;) be an instance of GALACTIC TOKEN SLIDING and let Q be any subset of V (G). Let (G, k, I}, I})
be the instance obtained by identifying all the vertices of Q into a single black hole vertex q which is adjacent to every vertex in
N¢(Q)\ Q (loops and multi-edges are ignored). We set wy; (q) = |Q N Is| and op (@ =1Q NI If (G, k, I, I;) is a yes-instance then
(G, k, I}, I}) is a yes-instance.

Proof. Assume that there exists a transformation from I to I; in G. Let (Io = I, I1, ..., I = I;) be such a transformation. To
obtain a transformation in G’ we simply ignore all token slides that are restricted to edges in G[Q ]. Formally, we delete any
I; that is obtained from I;_; by sliding a token along an edge in G[Q]. For every I; obtained from I;_; by sliding a token
from Ng(Q)\ Q onto Q, we instead slide the token to g and increase the weight of q by one, i.e., wy, Q) = oy (q@) + 1.
We replace every I; obtained from I;_; by sliding a token from Q to N¢g(Q)\ Q by I/_; and I{_, where one token gets
projected from q onto its corresponding neighbor (and we decrease the weight of the black hole by one). All other slides in
the sequence are kept as is and we obtain the desired sequence (Iy =1, 17, ..., I, =1If) from I{ to I} in G'. O

Lemma 3.2. Reduction rule R1, the adjacent black holes rule, is safe.
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Proof. Let G be the initial galactic graph and G’ be the graph obtained after contracting the two adjacent black holes u and
v into a single black hole b. Let I, I; be the two galactic independent sets of G and let I, I; be their counterparts in G'. If
there is a transformation from I to I; in G, then, by Lemma 3.1, there is a transformation from I} to I{ in G'.

Assume now that there is a transformation from I; to I} in G’. We adapt it into a sequence in G maintaining the fact
that, at each step, the weight of every vertex z # u, v is the weight of z at the same step of the transformation in G’ and
o(u) + w(v) = w(b). Note that I (resp. I;) satisfies these conditions with I} (resp. I;). We perform the same sequence in
G if possible, that is, if both vertices exist in G, we perform the slide (which is possible by the above condition). Now,
let us explain how we simulate the moves between b and its neighbors. If a token on z € N(b) slides to b, then in G we
simulate this move by sliding the corresponding token to u or v, depending on which vertex z is incident to (note that if
z € N(u) N N(v), then the token on z can be slid to u or v). If the move corresponds to a token leaving b in G’ to a vertex
z, then if a vertex in {u, v} incident to z has positive weight, we slide a token from one of these vertices to z. So we can
assume, up to symmetry, that u is incident to z and w(u) = 0. Since w(u) + w(v) = w(b) (at every step) and a token leaves
b in G/, we have w(v) > 0. Hence, we can move a token from v to u, and eventually move this token from u to z. O

Lemma 3.3. Reduction rule R2, the dominated black hole rule, is safe.

Proof. Let us denote by G the original galactic graph and by G’ the graph where u has been deleted.

We claim that every reconfiguration sequence in G from I to I; can be adapted into a reconfiguration sequence where
the dominated black hole vertex u never contains a token. Consider a reconfiguration sequence from I to I; that minimizes
the number of times a token enters u, and suppose for a contradiction that at least one token enters u. Let s be the
last step where a token enters u and s’ be the next time a token is leaving from u (note that both steps s and s’ exist,
since wy, (1) = wy, (u) = 0). Instead of moving a token to u at step s we move it to v and at step s’, we move the token
from v (which is possible since N(u) € N(v)). It still provides a sequence from I; to I; and the number of times a token
enters u is reduced, a contradiction with our choice of sequence. Hence, there exists a sequence from Is to I; in G such
that u never contains a token, and thus the same sequence exists in G'.

For the reverse direction, since G’ is an induced subgraph of G, every reconfiguration sequence in G’ is also a reconfigu-
ration sequence in G. O

In what follows we assume that |IsN"N(b)NA| <1 and |I[;NN(b)NA| <1 for each black hole b. In other words, there is at
most one token of the initial and target independent sets in the neighborhood of a black hole. This is a safe assumption for
the following reason. Suppose that N(b) N A contains at least two vertices of I or at least two vertices of I, for some black
hole b. Let I} (resp. I}) be the galactic independent set obtained by sliding the tokens on Is N N(b) N A (resp. It N N(b) N A)
to b. By the definition of black holes, this is a valid reconfiguration sequence, and thus there is a sequence transforming I
to I; if and only if there is one transforming I; into I, and N(b) N A contains no vertex of the initial or target independent
set.

Lemma 3.4. Assume that there exists a sequence (o = Is, I, ..., I = It) between two galactic independent sets I and I; of a galactic
graph G such that |Is " N(b) N Al <1 and |I; N N(b) N A| <1, for every black hole b. Then this sequence can be modified such that
for each black hole b we have at most one token on N(b) N A at all times, i.e., |I; "N(b) NA| <1 forall0<i <.

Proof. Consider a reconfiguration sequence (Ip = I, I1,...,I = I;) from Is to I; and suppose that there exists a black
hole b such that, at some point in the sequence, N(b) N A contains two tokens. Let I; be the first galactic independent
set in the transformation with two tokens on N(b) N A. By the choice of i, I; is not the first nor the last independent
set of the sequence. In the previous galactic independent set [;_q in the sequence, there is a unique token t on N(b) N A.
Let v € N(b) N A be the vertex containing t in I;_q. Let s be the step when t enters v; and does not leave until at least
after I; (with s possibly equal to 0). We add a move in the sequence just after s consisting in sliding t from v, to the black
hole b. Similarly, we add a move just after i consisting in sliding t’ (the token entering N(b) at step i) from vy to b. Note
that, regardless of which tokens slides next, we can perform these slides by first projecting the corresponding token out of
the black hole.

Hence, we obtain a new reconfiguration sequence where the number of steps with at least two tokens on the neighbor-
hood of b has strictly decreased. We can repeat this argument as many times as needed on every black hole of G, up until
we obtain a sequence from Is to I; where no black hole ever has two tokens in its neighborhood. O

Lemma 3.5. Reduction rule R3, the absorption rule, is safe.

Proof. Let u be a black hole with a planet neighbor v such that we have |(I; UI;) N AN N[v]| < 1. We denote by G’ the
galactic graph where uv is contracted into black hole b and we let I and I} be the galactic independent sets corresponding
to Is and I;. If there is a transformation from I to I; in G, then, by Lemma 3.1, there is a transformation from I} to I} in G'.
Consider a transformation from I} to I in G'. We claim that the transformation in G’ can be modified into a transformation
in G.
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By Lemma 3.4, we can assume the existence of a sequence in G’ where the number of tokens in N(b) N A is at most one
throughout the sequence. If there is a move in G’ between two vertices x and y where x, y ¢ N(b), then the same move can
be performed in G. If a token t in the sequence in G’ has to move to N(b) from a position distinct from b, then we instead
first move the token t’ on v (if such a token exists) to u in G (since Ng(v) \ {u} € N¢/(b), leaving a token on v in G may
result in two tokens being adjacent) before moving t. So we are left with the case where a token has to enter or leave b.
If the token enters b from a neighbor w of u (in G), then we simply move the token to u (in G). So we can assume that
the token enters b from a neighbor w of v (in G). In that case, we can perform the slides w to v and then v to u to put
the token on the black hole. Such a transformation is possible since there is no other token on N(v) (in G, there is at most
one token in N(b) at all times). Similarly, if a token has to go to some vertex w of N(v) from b, then there is currently no
token on N(v), and thus the sequence of moves u to v and v to w is possible, which completes the proof. O

As immediate consequences, the following properties hold in an instance where reduction rules R1, R2, and R3 cannot
be applied.

Corollary 3.1. Each (planet) neighbor of a black hole must have at least two vertices of Is U I; in its planet neighborhood.

Proof. If a planet neighbor of a black hole has at most one vertex of I U I; in its planet neighborhood, then reduction rule
R3 can be applied and we get a contradiction. O

Corollary 3.2. Every planetary component must contain at least one token and therefore G can have at most k planetary components,
when k > 2.

Proof. Assume that some planetary component C contains zero tokens. Since we always assume the input graph to be
connected (and none of the reduction rules disconnect the graph), all vertices of the component will be absorbed by
neighboring black holes (by reduction rule R3). O

Lemma 3.6. Reduction rule R4, the twin planets rule, is safe.

Proof. Let u, v € A(G) be two planet vertices such that either uv ¢ E(G) and N(u) = N(v) or uv € E(G) and N[u] = N[v].
Assume u ¢ I; U I;. Note that in any transformation from I to I; we can have at most one token in {u, v}; once a token
is on u or v, the neighborhood of the other vertex cannot contain a token. Hence deleting u is safe, as we can use v instead.
If both u and v are in Is (resp. I¢) and at least one of them is not in I; (resp. Is) then, since none of these tokens can
ever slide out of u or v, we can safely return a trivial no-instance.
Finally, if both u and v are in I as well as I; then, since those tokens can never slide, we can safely delete N[u]U N[v],
decrease k by two, and set I; =1\ {u,v} and I; =I;\ {u,v}. O

Lemma 3.7. Reduction rule R5, the path reduction rule, is safe.

Proof. Let P be an A-geodesic path of length 5k in G such that no vertex of ANN[P] are in the initial or target independent
sets, Is and I;. Let G’ be the graph obtained after contracting P into a single black hole b (recall that multi-edges and loops
are ignored). Let I; and I; be the galactic independent sets corresponding to Is and I;. If there is a transformation from I
to I in G, then, by Lemma 3.1, there is a transformation from [} to I{ in G’. We now consider a transformation from I to
I in G’ and show how to adapt it in G.

By Lemma 3.4, we can assume the existence of a sequence in G’ where the number of tokens in N(b) N A is at most one
throughout the sequence, for any black hole b. If there is a slide from a vertex u to a vertex v in G’ such that u, v ¢ N[b],
then the same slide can be applied in G. Whenever a token slides (in G’) to a vertex u in N(b), then we know that either
u later slides to b or slides out of N(b) (since we have at most one token in the neighborhood of black holes at all times).
If the token does not enter b, then the same slide can be applied in G. If the token enters b, then we slide the token to a
corresponding vertex in P (in G). Following that slide, two things can happen. Either this token leaves b, in which case we
can easily adapt the sequence in G by sliding along the path P. In the other case, more tokens can slide into b, which is
the problematic case. Note, however, that P is of length 5k and is A-geodesic. Hence, every vertex a € A has at most three
neighbors in P and any independent set of size at most k in A has at most 3k neighbors in P. This leaves 2k vertices on P
which we can use to hold as many as k tokens that need to slide into b (in G’). In other words, whenever more than one
token slides into b in G’, we simulate this by sliding the tokens in P onto the 2k vertices of P that are free. Since initially
(ANN[P])N(IsUI;) =, every time a token enters into a vertex v € N(b) in G/, in G we can rearrange the tokens on P to
guarantee that N[v] contains no tokens. Finally, when a token leaves b to some vertex v € N(b) (in G’), then we rearrange
the tokens on P so that a single token in P becomes closest to v. This token can safely slide from P to v. O

Corollary 3.3. Let (G, k, I, I;) be an instance of GALACTIC TOKEN SLIDING where reduction rules R1, R3, and R5 (adjacent black holes
rule, absorption rule, and the path reduction rule) have been exhaustively applied. Then, the graph G has diameter at most O (k?).
Moreover, any planetary component has diameter at most O (k?).
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Proof. Suppose for a contradiction that there exists a geodesic path P (not necessarily a planetary path) such that |P| >
25k%. Since the path reduction rule and the adjacent black holes rules have been applied exhaustively, every maximal
planetary subpath of P has length at most 5k and no two consecutive vertices of P are black holes. It follows that P
contains at least 4k + 1 disjoint maximal planetary subpaths, each of which is adjacent to at least one black hole of P. Since
P is A-geodesic, every vertex of I; U I; is adjacent to at most two planetary subpaths of P. Since furthermore |I; U I| < 2k,
there exists a maximal planetary subpath P’ of P such that N[P']N (I5 U I;) = @. Therefore, there exists an edge (b, u) of
E(G’) such that b € P is a black hole and u € P’ is a planet on which the absorption rule applies, a contradiction.

Assume by contradiction that the diameter of any planetary component is at least 5k(k 4+ 1). Let P be a shortest A-path
between two vertices at A-distance 5k(k + 1). Note that P is A-geodesic. Since the size of each independent set is at most
k and each planet can see at most three vertices on an A-geodesic path, there is a subpath of P of length at least 5k that
does not have any vertex of the independent set in its neighborhood. Hence, the path reduction rule can be applied, a
contradiction. O

We now show how the galactic reconfiguration framework combined with the previous reduction rules immediately
implies that TOKEN SLIDING is fixed-parameter tractable for parameter k + A(G), where A(G) denotes the maximum degree
of G.

Theorem 3.1. GALACTIC TOKEN SLIDING is fixed-parameter tractable when parameterized by k + A(G). Moreover, the problem admits
a kernel with kA (G)O®) + (2k + 2kA(G)) A(G) vertices.

Proof. Let (G,k, I, I;) be an instance of GALACTIC TOKEN SLIDING. We apply all of the reduction rules R1 to R5 exhaustively.
By a slight abuse of notation, we let (G, k, Is, I;) denote the irreducible instance of GALACTIC TOKEN SLIDING.

The total number of planetary components in G is at most k by Corollary 3.2 and the diameter of each such component
is at most O(k?) by Corollary 3.3. Hence the total number of planet vertices is at most kA(G)o(kz); this follows from the
fact that none of the contraction operations in reduction rules R1 to R5 increase the degree of planet vertices.

To bound the total number of black holes, it suffices to note that no black hole can have a neighbor in BU (A\ N[I;UI]).
In other words, no black hole can be adjacent to another black hole (since the adjacent black holes reduction rule would
apply) and no black hole can be adjacent to a planet without neighboring tokens (otherwise the absorption reduction rule
would apply). Hence, combined with the fact that each black hole must have degree at least one, the number of black holes
is at most (2k + 2kA(G))A(G). O

Corollary 3.4. TOKEN SLIDING is fixed-parameter tractable when parameterized by k + A(G). Moreover, the problem admits a bi-
kernel® with kA (G)O®) 4+ (2k + 2kA(G)) A(G) vertices.

Proof. Let (G,k, I, I;) be an instance of TOKEN SLIDING. We transform it to an instance (G',k’, I}, ;) of GALAcTIC TOKEN
SLIDING where G' =G, k' =k, I, =1, I =1, B(G') =¥, and A(G’) = V(G'), i.e,, all vertices are initially planetary vertices.
The result then follows from Theorem 3.1. O

Theorem 3.1 and Corollary 3.4 immediately imply positive results for graphs of bounded bandwidth/bucketwidth. The
bandwidth of a graph is the minimum over all possible assignments f : V(G) — Z of the quantity maxyveg)|f M) — f(v)|.
A graph of bandwidth b can easily be seen to have pathwidth and treewidth at most b and maximum degree at most 2b. On
the other hand, the family of stars K; , gives an example of graphs having bounded pathwidth but unbounded bandwidth.
A bucket arrangement of a graph is a partition of the vertex set into a sequence of buckets, such that the endpoints of any
edge are either in one bucket or in two consecutive buckets. If a graph has a bucket arrangement where each bucket has at
most b vertices, then it has bandwidth at most 2b (arrange one bucket after another, with any ordering within one bucket).

4. The multi-component reduction rule (R6)
4.1. General idea

The goal of this section is to show how we can reduce a graph when we have a small vertex separator with many
components attached to it. We let X be a subset of vertices and H be an induced subgraph of G — X (we assume that G
is a non-galactic graph in this section). Let I; and I; be two independent sets that are disjoint from H and consider a
reconfiguration sequence from I to Iy in G. Let v be a vertex of H and assume that there is a token t that is projected on v
at some point during the reconfiguration sequence, meaning that the token t slides from a vertex of X to v. This token may
stay a few steps on v, move to some other vertex w of H, and so on until it eventually slides back to a vertex of X. Let

3 A kernel where the resulting instance is not an instance of the same problem.
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this sequence of vertices (allowing duplicate consecutive vertices) be denoted by vi = v, va,..., v,. We call this sequence
the journey of v in H (formal definitions given in the next section).

Assume now that the number of connected components of G — X is arbitrarily large. Our goal is to show that one of
those components can be safely deleted, that is, without compromising the existence of a reconfiguration sequence if one
already exists. Suppose that we decide to delete the component H. The transformation from I to I; does not exist anymore
since, in the reconfiguration sequence, the token t was projected on v € V(H). But we can ask the following question: Is it
possible to simulate the journey of v in another connected component of G — X? In fact, if we are able to find a vertex w in
a connected component H' # H of G — X and a sequence wq = w, ..., w;, of vertices such that either w; = w;11 or w;wiq
is an edge, for every i, and such that N(w;) N X = N(v;) N X, then we could project the token t on w instead of v and
perform this journey instead of the original journey of t.* One possible issue is that the number of distinct vertices in the
journey can be arbitrarily large, and thus the existence of w and H’ is not guaranteed a priori. This raises more questions:
What is really important in the sequence v = v1,Vvy,...,v;? Why do we go from v; to v,? Why and when would the
journey contain an arbitrarily large number of distinct vertices? The answers, however, are not necessarily unique. We
distinguish two cases.

First, suppose that in the reconfiguration sequence, the token t was projected from X to v, performed the journey
without having to “wait” at any step (so no duplicate consecutive vertices in the journey), and then was moved to a
vertex X' € X. Then, the journey only needs to “avoid” the neighbors of the vertices in X that contain a token. Let us denote
by s; the step where the token t is projected on v and by s, the last step of the journey (that is, the step where t is one
move/slide away from X). Let Y be the vertices of X that contain a token between the steps s; and s,. The journey of t
can then be summarized as follows: a vertex whose neighborhood in X is equal to N(v) N X, a walk whose vertices all
belong to H and are only adjacent to subsets of X\ Y, and then a vertex whose neighborhood in X is equal to N(v;) N X. In
particular, if we can find, in another connected component of G — X, a vertex w for which such a journey (with respect to
the neighborhood in X) also exists, then we can project t on w instead of v. Clearly, the obtained reconfiguration sequence
would also be feasible (assuming no other tokens in the component of w).

However, we might not be able to go “directly” from v{ = v to v,. Indeed, at some point in the sequence, there might be
a vertex v;, that is adjacent to a token in X. This token will eventually move (since the initial journey with ¢ in H is valid),
which will then allow the token t to go further on the journey. But then again, either we can reach the final vertex v, or
the token t will have to wait on another vertex v;, for some token on X to move, and so on (until the end of the journey).
We say that there are conflicts during the journey.’

So we can now “compress” the path as a path from vq to v;;, then from v;, to v;, (together with the neighborhood in X
of these paths), as we explained above. However, we cannot yet claim that we have reduced the instance sufficiently since
the number of conflicts is not known to be bounded (by a function of k and/or the size of X). The main result of this section
consists in proving that, if we consider a transformation from I to I; that minimizes the number of moves “related” to X,
then (almost) all the journeys have a “controllable” amount of (so-called important) conflicts. Actually, we prove that, in
most of the connected components H of G — X, we can assume that we have a “controllable” number of important conflicts
for every journey in component H in a transformation that minimizes the number of token modifications involving X. The
idea consists in proving that, if there are too many important conflicts during a journey of a token t, we could mimic the
journey of t on another component to reduce the number of token slides involving X.

Finally, we will only have to prove that if all the vertices have a controllable number of conflicts (and there are arbitrarily
many components), then we can safely delete a connected component of G — X.

4.2. Journeys and conflicts

We denote a reconfiguration sequence from I to I; by R = (Ig, I1,...,I¢). Let X C V(G) and H be a component in
G — X such that NV (H) =1; NV (H) =@. All along this section, we are assuming that tokens have labels just so that we
can keep track of them. For every token t, let v;(t), 0 <i < ¢, denote the vertex on which token t is at position i in the
reconfiguration sequence R.

Whenever a token enters H and leaves it, we say that the token makes a journey in H. Let I; denote the first independent
set in R where we have v;(t) € V(H) and let I}, i < j, denote the first independent set after I; where we have v 1(t) ¢
V(H). Then the journey J of tin H is the sequence (v;(t), ..., v;(t)). The journey is a sequence of vertices (with multiplicity)
from H such that consecutive vertices are either the same or connected by an edge. We associate each journey ] with a
walk W in H. The walk W of t in H is the journey of t where duplicate consecutive vertices have been removed.

We say that a token is waiting at step i if vi(t) = vij_1(t); otherwise the token is active. Given a journey J and its
associated walk W, we say that w € W is a waiting vertex if there is a step where the vertex w is a waiting vertex in
the journey. Otherwise w is an active vertex (with respect to the reconfiguration sequence). So we can now decompose the
walk W into waiting vertices and transition walks (in addition to the endpoints of the walk). That is, assuming the walk
starts at y and ends at z, we can write W = yPowoPi{w1Pow;... P,_1w;_1P;z, where each w; is a waiting vertex and

4 We assume for simplicity in this outline that the component of w does not contain tokens.
5 Actually, there might exist another type of conflict we do not explain in this outline for simplicity.
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each P; is a transition walk consisting of the walk of active vertices connecting either two consecutive waiting vertices or
connecting y and the first waiting vertex after y or connecting the last waiting vertex and z or connecting y and z. Note
that the transition walks could be empty and that both y and z could be either waiting vertices or active vertices.

We are interested in why a token t might be waiting at some vertex w. In fact, we will only care about waiting vertices
that we will call important waiting vertices. Let wy, ..., w,_1 be the waiting vertices of the journey and, for every 0 <i <
r—1, let us denote by [s;, s;] the time interval of the reconfiguration sequence where token ¢ is waiting on vertex w;. Note
that 0 <s; < s; < £. Also note that when t is active the other tokens are not moving; thus the position of any token different
from t is the same all along the interval [s} +1,si41], forevery 0 <i<r—1.

Let i < j and let w; be a waiting vertex. We say that w; is the important waiting vertex after w; if j > i and j is the
largest integer such that no vertex along the walk of token t between w; (included) and w; (included) is adjacent to a
token t' £ t or contains a token t’ # t between steps s; and s; (note that the important waiting vertex after w; might be the
last vertex of the sequence). Since token t is active from s; 41 to s;;1 and is moving from vertex w; to vertex wi; during
that interval, the important waiting vertex after w; is well-defined and is at least w;;. Let Q; ; denote the walk in H that
the token t follows to go from w; to w; (both w; and w; are included in Q; ;). In other words, Q; j = WiPiy1Wit1...Pjw;.
Now, note that since w; is the important waiting vertex after w;, i.e,, we cannot replace w; by wj,q, then we claim that
the following holds:

Claim 4.1. If w; is not the last vertex of the walk W, either

1. there is a token on or adjacent to a vertex of V(Pj41) U{wj,1} at some step in [s], s}] or,
2. there is a token on or adjacent to a vertex of V(Q; j) \ {w;} in the interval [s;,sj1].

Before explaining why the claim indeed holds, let us define the notion of conflicts. Since we cannot replace w; by w1,
it means that, by definition, there is at least one step sq in [s}, sj41] where a token t; #t is adjacent to (or on a vertex) vgq
of Q; jy1. We call such a step a conflict. We say that (sq, vq, tq) is the conflict triplet associated to the conflict (for simplicity,
we will mostly refer to a triplet as a conflict).

We can now prove Claim 4.1.

Proof. If the token is (on or) adjacent to Q; j, it cannot be in the interval [s}, s;] by definition of wj. So, if we are in case
(2), the conflict with ¢’ is after step s;. And since ¢ is waiting on wj, the conflict is indeed with a vertex in V(Q; j) \{wj}. If
we are in case (1), the conflict can hold at any step between s; and s/j. Note however that, after step s}. the token t becomes
active and goes from w; to wj; in the sequence. So there is no token anymore in the neighborhood of V (Pj;1) U {wt1}
at step s/j. In other words, if we have conflicts of type (1), there is a last such conflict in the interval [s], s/j]. O

The conflicts of type (1) are called right conflicts and the conflicts of type (2) are called left conflicts. It might be possible
that w; is the important waiting vertex because we have (several) left and right conflicts. We say that w; is a left important
vertex if there is at least one left conflict and a right important vertex otherwise.

If w;j is a left important vertex, we let the important conflict (s, v, t.) denote the first conflict associated with Q; ;
between steps s; and s;j.1, i.e., there exists no s such that s; <s <s, <sjyq such that there is a conflict at step s with a
token t’' # t which is either in V(Q; ;) or incident to a vertex in V(Q; j). Note that v, cannot be a vertex of V(Q; j) since
that would imply at least one more conflict before s,, hence v, € N(V(Q; ;).

If w; is a right important vertex, we let (s,, v.,t,) denote the important conflict associated with V(Pj1) U {w;ji1}
between steps s; and s;. as the last conflict associated to V(Pj;1) U{wji1}, i.e., there exists no s such that s} <s, <s < s/j
and there is a conflict (s, vs, ts) such that vs is in V(Pj11) U{wjq} or incident to a vertex in V(Pjy1) U {wj;q}. Note
that v, cannot be a vertex of V(Pjy1) U{wjq} since that would imply at least one more conflict after s,, hence v,
N(V(Pjy1) U{wji1}). We use C(Q;,j1+1)[s], s;.] to denote all conflict triplets (left and right conflicts) associated with Q; j41
between steps s; and s;.

To conclude this section, let us remark that the conflicts might be due to vertices of H or vertices of X. In other words,
for a conflict triple (s, v,t) € C(QLH_])[S;, s}], v is an H-conflict or an X-conflicts depending on whether v is in X or in H.
In what follows we will only be interested in X-conflicts. The X-important waiting vertex after w; is w; where j > i is the
smallest integer such that C(Q;,j;1)[s}. s;.] contains at least one triplet (s,v,t’) where t'#t, ve X, and s; <s < s/j. Now
given a journey we can define the sequence of X-important waiting vertices as the sequence wy,..., w,_, starting with
vertex wo = wy, and such that w/jJr1 is the X-important waiting vertex after w’.. What will be important in the rest of the
section is the number of X-important waiting vertices in the sequence, i.e., r. If this number is bounded (by some function
of k), then we can check if we can simulate a similar journey in other components efficiently. If r is arbitrarily large, we
will see that it implies that we can find a “better” transformation.

Since we will mostly be interested in how a journey interacts with X, we introduce the notion of the X-walk associated
with journey J. The X-walk is written as WX = yPqwoP1wj ... P;_1wr_1Prz, where each w; is an X-important waiting
vertex and each P; is the walk that the token takes (note that this walk could have non-important waiting vertices) before
reaching the next X-important waiting vertex (or z). We call each P; in an X-walk an X-transition walk.
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4.3. Types and signatures

Let X be a subset of vertices and H be a component of G — X. An r-type is defined as a sequence IYoWoY{W1...Y;_1 %
W, _1Y;F such that for every i, W;j is a single (possibly empty) subset of X and Y; is a single (possibly empty) subset of X
or a special value L (the meaning of L will become clear later on). We call I the initial value and F the final value and they
are both non-empty subsets of vertices of X. The 0-type is defined as IYoF and we allow I to be equal to F. We will often
represent an r-type by (I(Y;W;)o<i<rY:F). Note that if |X| and r are bounded, then the number of r-types is bounded. More
precisely, we have:

Remark 4.1. The number of r-types is at most (2!X! + 1)20+2),

A journey | is compatible with an r-type
IYoWoY1W1...Y W, 1Y, F
if it is possible to partition the X-walk W of ]| into
wX = yPowoPiwq...Pr_iwr_1P;z

such that:

for each vertex w; we have N(w;) N X = W;,

for every non-empty walk P; we have Uer(Pi) N(x)N X =N(P;)N X =Y; (note that we can have Y; = @),
for every empty walk P; we have Y; =1, and

Ny)nX=I1and Nz N X =F.

The r-signature of a vertex v € V(H) (with respect to X) is the set of all r'-types with ' <r that can be simulated by
v in H. In other words, for every r-type, there exists a walk W = vPowoP{w1 ... Pr_1w,_1P;z such that W is compatible
with the r-type if and only if the r-type is in the signature. We say that two vertices are r-equivalent if their r-signatures
are the same.

Lemma 4.1. One can compute in time O*((2'X! + 1)20+2)) the r-signature of a vertex v in H.

Proof. In order to prove the lemma, we need the following simple claim. Let T, T2, T3 be three types. Let us simply prove
that, given a subset A of vertices of H all of type Tq, the set of vertices B of type T3 which can be reached via a walk
whose union of types is exactly T, can be found in polynomial time. Indeed, we delete all the vertices whose type is not
included in T;. For each connected component C, if the union of the types of the vertices of the connected component are
not equal to T, then a walk (whose union type is T;) from a vertex of A to a vertex of B passing through C. So we can
remove C. Now for every vertex v of type T3, if there is a component C that is connected (or contains) a vertex of A and
is connected (or contains) v, then v € B.

Now consider an r-type [YoWoY{W1...Y,—1W,_1Y.F. We will apply the previous claim iteratively starting with A = {v}
and setting (at every step i, Ty = Wj, T, = Y;y1 and T3 = W1 (handling the corner cases of I and F appropriately). Since
there are at most (2!X! +1)20+2 r_types by Remark 4.1, the conclusion follows. O

4.4. X-reduced sequences and equivalent journeys

Let J be a journey and WX be the X-walk associated with it. One can wonder what is really important when we
consider a journey and its associated X-walk. Clearly, there is something special about X-important waiting vertices and
the conflict triples that happen before sliding to the next X-important waiting vertex. But what is really important in
those X-transition walks? The only purpose of these walks (with respect to X) is basically to link the i-th X-important
waiting vertex to the (i + 1)-th X-important waiting vertex. But we cannot say that the walk is completely irrelevant
since we cannot select any walk to connect these two vertices. Indeed, there might be some vertices of a walk whose
neighborhood in X actually contains a vertex on which there is a token (or there might be H-conflicts). By definition of
an X-transition walk, the neighborhood of the walk between two X-important waiting vertices in X must be empty of
tokens for the transition to happen. So (assuming no H-conflicts) any walk having the same neighborhood in X would be
“equivalent” to the considered walk. In other words, if we have another walk from w; to w;;; that avoids the same subset
of vertices in X we can replace the current X-transition walk by it (again assuming no H-conflicts).

Let ] be a journey with exactly r X-important waiting vertices (in its X-walk). Let w; and P; be respectively the i-th
X-important waiting vertex and the i-th X-transition walk. Let P, be the final X-transition walk. Let us denote by W; the
neighborhood of w; in X, and by Y; the neighborhood of P; in X. Let I and F be the neighborhoods in X of the initial and
final vertices of the walk associated with J, respectively. The type T of the journey J is defined as I(Y;W;)i<;—1YF.
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Definition 4.1. Two journeys are X-equivalent whenever all the following conditions are true:

They have the same number of X-important waiting vertices.

The initial and final vertex of the X-walk have the same neighbors in X.

For every i, the neighborhood in X of the i-th X-important waiting vertex is the same in both journeys.
For every i, the neighborhood in X of the i-th X-transition walk is the same in both journeys.

We conclude this section by introducing the notion of X-reduced transformations. Let I, J be two independent sets and
X be a subset of vertices of G. A slide of a token is related to X if the token is moving from or to a vertex in X (possibly
from some other vertex in X). We call such a move an X-move.

Definition 4.2. A transformation R from [ to J is X-reduced if the number of X-moves is minimized and, among the
transformations that minimize the number of X-moves, R minimizes the total number of moves.

4.5. The multi-component reduction

Let H be a connected component of G — X. The r-signature of H is the union of the r-signatures of the vertices in H.
Let H be a subset of connected components of G — X. We say that H € H is r-dangerous for H if there is an r-type in the
r-signature of H that appears in at most r connected components of . Otherwise we say that H is r-safe. If there are no
r-dangerous components, we say that H is r-safe.

Lemma 4.2. Let r = 5| X |k. If there are more than r(21X! 4+ 1)20+2) 4 2k + 1 components in G — X, then there exists a collection of at
least 2k + 1 components that are r-safe which can be found in f(k, |X]) - n©™-time, for some computable function f.

Proof. Let H; be a subset of connected components of G — X. We say that H € H; is r-dangerous for H; if there is an r-type
in the r-signature of H that appears in at most r = 5|X|k connected components of #;. Let H;+1 be the components of H;
that are not r-dangerous for H;. If H; = H;+1, then all the components in H; are r-safe.

So we need to prove that if the set of components Hg of G — X is large enough, then there exists i such that |#;| > 2k+1
and all the components in #; are r-safe. We compute the set #; (from 7;_1) as follows. By Remark 4.1, there are at most
(1% +1)20+2) r-types. If a component H is deleted at some step j (that is, H belongs to H;_1 but not to #;), then this is
because there exists some r-type T that appears at most 5|X|k times in H;_; and belongs to the r-signature of H. Note that
all the components containing T in their r-signatures are removed together at step j, and there are at most 5|X|k of them.
Hence, after at most (21X +1)2+2) steps we obtain a step i such that #; = #;41. Therefore, less than 5| X [k(2!X 4 1)2+2)
components have been deleted between Ho and #;, and thus H; contains at least 2k + 1 components. Furthermore, for any
j =0, Hji1 can be computed from #; in the claimed running time by Lemma 4.1, which concludes the proof. O

Lemma 4.3. Let [ and I; be two independent sets of size k and X be a subset of V(G). Let R be an X-reduced transformation from
I; to I;. Assume that there exists a subset ‘H of at least 2k + 1 connected components of G — X that is (5| X |k)-safe. Then, for every
C € H, any journey on the component C has at most 5|X|k — 1 X-important waiting vertices in its associated X-walk.

Proof. Assume for a contradiction that there exists a safe component C € H and a journey ] of some token t in C that
has at least 5/X|k X-important waiting vertices. Amongst all such journeys, select the one that reaches first its (5|X|k)-th
X-important waiting vertex. Let us denote by I(Y;W;)i-s5¢Ysr the type of the journey J that we truncate after Ys,. And,
let us denote by v(P;jw;);skPs, the partition of the walk into X-important waiting vertices and X-transition walks (we
assume the walk starts at vertex v € V(C)).

For each X-important waiting vertex wj, let (g, x;, t;) be the important conflict associated to it. Since there are at most
k labels of tokens and |X| vertices in X, there exists a vertex x € X and a token with label t’ such that there exists at least 5
waiting vertices such that the important conflict is of the form (g, x, t") for some q. In other words, there exists P;,, ..., Pj,
such that for each P; we have a triplet (g, x,t’) (recall that q denotes the step in the reconfiguration sequence). Let us
denote by sq, ..., ss the steps of those conflicts whose token label is t’ and whose vertex in X is x and they appear as the
important conflict triple in five different X-transition walks.

Let us denote by C the connected components of G — X that contain a token at step s; and ss. Since # contains at least
2k 4+ 1 components and there are k vertices in the independent set, there is a component C’ in 4 which is not in C. Now
we show how we can use C’ to reduce the number of X-moves, which leads to a contradiction since we assumed that the
transformation is X-reduced. Before we provide the technical details, we start with a high level (intuitive) description. For
now, we assume that C’ contains no tokens throughout the reconfiguration sequence. On the other hand, we know that C’
must contain some vertex w which is equivalent to v (equivalence formally discussed below). Hence, it follows that instead
of allowing token t’ to cause a large number of conflicts (or execute a large number of X-moves) we can instead project
t' into C’ where t’ can mimic the journey of v, reducing the number of X-moves by at least one, before returning to its
original position.
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We now proceed with the formal proof. Since there is a vertex w € V(C’) which is 5|X|k-equivalent to v (by the
definition of safe components), there is, in particular a walk W’ starting from w € V (C’) which has the type

Nx(v)(Nx(Pi)Nx(Wi))i<skNx (Psg).
We denote this walk W' by w(Pjw})js P,

Using this walk, we can mimic the behavior of W in particular between s; and s5. Now the idea of the proof consists
in projecting on W’ the token t’ between s; and s5 which, in turn, will permit to decrease the number of X-moves since t’
will stay on C’ all along. Consider the step s;. If the X-important waiting vertex w;, is a left (resp. right) important waiting
vertex, then the token t’ is moving into (resp. out of) a vertex x € X in the initial sequence, i.e., we are considering the
X-conflict triplet (s, x,t').

If the important waiting vertex is a left waiting vertex, the token t’ has to enter X at step s; since this is the first
X-conflict. Note that such a conflict happens in the interval [s;,, sgl]. So we can immediately project the token t’ from x
to a vertex of Plf] in component C’ (which is free of tokens at this point), and then slide it along P{l up to the waiting
vertex w;,. By minimality of s, no vertex of P;l is incident to a token in X and since the current waiting vertex is wj,
and N(w;;)) N X = N(wl’.l) N X we can safely put t’ on ng.

If the important waiting vertex is a right waiting vertex, the token t’ has to leave X at step s; + 1 since this is the last X-
conflict being cleared before the X-transition walk P; 41 can happen. We instead project the token t' from x to a vertex
of P,f]H in component C’ (which is free of tokens at this point). Note that such a neighbor in PlflJr1 exists by definition of
right conflicts. Then we immediately slide token t’ to vertex ng.

Now token t’ will move to the next X-important waiting vertex whenever t does so, i.e., it will mimic the behavior of
token t. In other words, for every i, the token t" will stay on the waiting vertex w} until the token t reaches w; 1. When
it does, we move the token t’ along the path Pi ; from w; to wj ;. Note that it is possible since, by definition of next
important waiting vertex, there is no vertex of X that is adjacent to a vertex of N(w;P;;1wijt1) in the interval [s; +1,Siy1]-
And by definition of types N(w;) N X = N(wj) N X, N(wi11) N X =N(wj_;) N X and N(Pi;1) N X = N(P{ ;) N X. We repeat
this mimicking until token t (and t’) reaches wj,_q (w§5_1). At this point, we consider the conflict (ss, x, t’). Now instead
of remaining in component C’, token t’ will slide back to vertex x (after all other X-conflicts have been cleared). Note that,
in the resulting sequence, we have at least one less move of the token t’ on X (while the number of other moves in X
is not modified). Let us call this journey J'. So, to conclude, we have to prove that the resulting sequence remains a valid
transformation from I to Iy, i.e., the set of tokens is an independent set at any step.

By definition of equivalent journeys, we know that if there is a (new) conflict for journey J’, it is not with a token in X.
We also know that it is not with the token t since this token is in the component C all along the journey J’. By our choice
of C’, it is not with a journey that starts before ]’ nor ends after ]’ neither. So if there is a conflict, it is because there
is a journey J” that starts and ends between s; and ss. By our choice of C and J, the journey J” has at most 5|X|k — 1
X-important waiting vertices and the type of the journey is not dangerous since the component C’ is r-safe. Hence, we can
“recursively” apply the same reasoning and project J” in a different r-safe component. Since the number of X-important
waiting vertices in J” is strictly less than in J’, this procedure is guaranteed to terminate, which completes the proof. O

Lemma 4.4. Let I, I; be two independent sets of size k and X be a subset of V(G). If G — X contains at least 4k + 2 (5|X|k)-safe
components, then we can delete one of those components, say C, such that there is a transformation from I to I; in G if and only if
there is a transformation in G — V (C).

Proof. Let Cq, Cy, ..., Ca42 denote a set of safe components, let C = Cy;1 denote the component that we delete, and let
Cy to Cy denote the components that do not contain any vertex of I U I;. Note that the existence of at least k components
not containing any vertex of Is U I; follows from the fact that |I; U I¢| <2k and we have 4k + 1 safe components in addition
to C.

If there is a transformation from Is to I; in G — V(C), then, since G — V (C) is an induced subgraph of G, there is also a
transformation in G.

Assume that there is a transformation in G and consider an X-reduced sequence. We will show how to modify this
transformation so that no token enters C and at any point in this transformation every component Cq, Cy, ..., C; contains
at most one token. From Lemma 4.3, we know that any journey on the components Ci, ..., Cx, C has at most 5|X|k — 1
X-important waiting vertices. Moreover, we know that any journey (in one of those components) with at most 5|X|k — 1
X-important waiting vertices can be performed in any one of the components Cq, ..., C (since the components are safe).
Now consider a transformation from Is to I; in G and consider the first journey which either projects a second token into
some component Cq, ..., C; or projects a token into C. Then by the fact that at least one of the components Cq, ..., C
has no tokens, we modify the transformation so that J occurs in an empty component. We repeat this procedure for every
journey that violates the required property to get a new transformation in G which avoids C and never projects more than
one token in any of the components Cy, ..., C. This completes the proof. O

Corollary 4.1 (Reduction Rule R6). Let (G, k, I, I;) be an instance of TOKEN SLIDING and let X C V (G) denote a cutset in G. Then,
we can assume that G — X has at most 5| X[k(2X| + 1)26IXIk+2) 4 gk 4 2 — 200Xk connected components. Moreover, when the
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Fig. 2. A set P of 6 internally disjoint and consecutive (u, v)-paths defining 5 sections. Black lines represent paths (that can be of any length). A section
is a subgraph contained in the area of the plane between two consecutive paths (paths included). The red line represents a crossing path of P. (For
interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

number of components is larger we can find a component to delete (and preserve an equivalent instance) in time f(k, |X|) - n®®, for
some computable function f.

Proof. For every connected component C of G — X, we can compute the signature of C in the required time by Lemma 4.1.
By Lemma 4.2, we can find a collection of components that are safe in the required time. By Lemma 4.4, we can safely
remove one of these components, which completes the proof. O

5. Planar graphs

This section is dedicated to showing that TOKEN SLIDING on planar graphs is fixed parameter tractable when parame-
terized by k. The proof also relies on the reduction rules designed for the GALAcCTIC TOKEN SLIDING problem. We say that
a galactic graph G = (V, E) is planar if the underlying simple graph is planar (i.e., if the graph G where all vertices are
considered as regular vertices is planar). Let (G,k, I, I) be an instance of GALAcTIC TOKEN SLIDING where G is planar. In
addition to rules R1 to R6, we design in this section a number of rules whose exhaustive application (along with rules R1 to
R6) results in an equivalent instance, which we denote again by (G, k, I, I¢), such that G is planar and has maximum degree
bounded by a function of k (the result then follows by applying Theorem 3.1). We first design reduction rules to bound the
number of vertex-disjoint paths between any two vertices of G in Section 5.1, and then make use of this property to bound
the degree of the graph in Sections 5.2 and 5.3.

5.1. Many paths between pairs of vertices

In what follows, we always consider an arbitrary (but fixed) planar embedding of G. A set of vertices is empty of tokens
if it contains no vertex of I; U I;. A vertex of a path is internal if it is not one of the two endpoints of the path and it is
external otherwise. A set of paths of G is internally vertex disjoint if there exists no two paths P and P’ in the set such that
a vertex of P is an internal vertex of P’. Let u, v € V(G) and P, P’ be two internally vertex-disjoint (u, v)-paths. Since G is
planar, PU P’ is a separating cycle. We denote by Gp p/ the graph induced by P U P’ and the vertices that lie inside of P U P’
(the bounded region enclosed by P U P’ with respect to the embedding). The interior of Gp p: is the graph induced by the
vertices of Gp p — (P U P’) and is denoted by G%,P" Let Pp pr be a set of internally vertex-disjoint (u, v)-paths of Gp p.
Two paths P; and Pj.1 in Pp pr are consecutive if Gp; p,,, — {u, v} is connected and if any path from an internal vertex of P;
to an internal vertex of Pjyq in Gp, p,,, — {u, v} contains no internal vertex of any other path P; € Pp p/ that is distinct
from P; and P;;q. Note that since G is planar, a path P € Pp p/ can be consecutive with at most two other paths of Pp p.
By a slight abuse of notation, we say that 7 € Pp p is a subset of consecutive paths if there exists an ordering P1, ..., P|p
such that for every i < |P| —1, P; and P;;q are consecutive. We denote such an ordering as a consecutive ordering. Finally,
for every i <|P|— 1, we refer to the graph Gp,, as the i — th section of P and a section is internal if it is not the first
section nor the last section of P.

Let u, v € V(G). Note that by the multi-component reduction rule (see Section 4), the number connected components of
G — {u, v} is bounded by a function of k. Hence we can safely assume in the remaining of this section that G — {u, v} is
connected (if not, just apply the same reasoning to show that the number of vertex-disjoint (u, v)-path is bounded in every
connected component of G — {u, v}).

Notion of crossing paths Let u,v € V(G). Let P be a set of internally vertex-disjoint and consecutive (u, v)-paths in G
of size g > 3, and let Py,..., P; denote a consecutive ordering of the paths in P. Since the paths are consecutive, there
exists a path from a vertex of P; — {u, v} to a vertex of P;;q — {u, v} for every i <q — 1. Furthermore, since q > 3, the
internal vertices of such a path all belong to G?’.',Pm' It follows that there exists a path P¢ from a vertex of Py — {u, v} to
a vertex of Pq — {u, v} such that every internal vertex of P¢ belongs to G‘,’J],Pq. We call such a path P¢ a crossing path of
P, or just a crossing path when P is obvious from context. Such a set of consecutive paths along with a crossing path are
illustrated in Fig. 2. Let us note that since G is planar, a vertex v of P¢ can have neighbors in at most two sections of P.
More particularly, if v belongs to G’f,i.,,m for some i, then it cannot have neighbors in G?’j,Pj+1 for any j #i. Our goal is
now the following: We will show that as long as there is a “large enough” set of internally vertex-disjoint and consecutive
(u, v)-paths P, then we can contract an edge of a crossing path of P. Formally, we show that the following reduction rules
are safe:

Pit1
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e Reduction rule P1: Let u, v € V(G) and let P, P’ be two internally vertex-disjoint (u, v)-paths such that Gp pr — {u, v}
is empty of tokens. Let P be a set of internally vertex-disjoint and consecutive (u, v)-paths of Gp p- of size at least
10k + 21. Let P1, ..., P;p| be a consecutive ordering of P such that there exists at least 5k + 10 sections containing a
non-neighbor of u (which is not v) and at least 5k + 10 sections containing a non-neighbor of v (which is not u). There
exists an edge of a crossing path of P contained in an internal section of P that can be safely contracted.

e Reduction rule P2: Let u,v € V(G) and let P, P’ be two internally vertex-disjoint (u, v)-paths such that Gp pr — {u, v}
is empty of tokens. Let P be a set of internally vertex-disjoint and consecutive (u, v)-paths of Gp p- of size at least
(10k +21)2 such that u is complete to Gp,pr — v, i.e, u is adjacent to every vertex in Gp p — v. There exists an edge of
a crossing path of P contained in an internal section of P that can be safely contracted.

Since reduction rules R1 to R6, P1, and P2 either delete vertices or contract edges, the graph G obtained after exhaustive
application of these rules is also a galactic planar graph. The remainder of this section is dedicated to proving that the rules
above are safe, and then to showing that after exhaustive application of these rules the number of vertex-disjoint paths
connecting any two vertices of G can be bounded by a function of k. Note that the reduction operation is exactly the same
in rule P1 and P2 and that we only divide the reduction into two separate rules for the sake of clarity.

Let us begin by proving a couple of lemmas that will be useful to show the safety of rules P1 and P2. The following
lemma shows that as long as the tokens remain “well distributed” on the interior of a set of consecutive paths, then we can
always reconfigure on this interior:

Lemma 5.1. Let P be a set of consecutive and internally vertex-disjoint (u, v)-paths along with a consecutive ordering P1, ..., Pp
of these paths, and let I and ] be independent sets of G% p,, such that |I| = | J|. If every two consecutive sections of P contain at most

i i in GO
one vertex of I and at most one vertex of ] then there exists a reconfiguration sequence from I to J in GP,P,,

Proof. Let q:=|P|. If |IA]J| =0 then we are done. Otherwise let xe (I \ J) NV (Gp, p,,,), for some i <q,and ye (J\ DN
Gp;,p;,,, for some j <g. We can suppose, without loss of generality, that i < j and we choose x and y so that j —i is
minimum. In other words, we choose x and y so as to minimize the number of sections that separate x from y. Note that x
and y are the only elements of IA] in Gp,p,,,. Indeed, there can be at most one element of I in Gp, p,,, and at most
one element of J in Gp, ,,p;,,, and by the choice of i and j there can be no other elements of IA] in G‘I’,qupjil. Since

the paths in P are consecutive there exists a path P° from x to y in Gpi,pj+1 — {u, v}. Then there are two cases. If there
are no elements of I N J in G%HZ»Pj—l' then the only vertices of I U J in N[P°] are x and y and we can simply slide the
token from x to y along P°. Otherwise there exists ze I N J such that ze Gp, p,,, for some t € [i 42, j — 1]. We choose z
that maximizes t. It follows that z and y are the only vertices of U J in G;_q j+1 and we can slide the token on z to y
following a path of G?—l,j+1' After sliding z to y, we update the independent set I such that I = (I \ {z}) U{y}. Hence, we
can always either strictly reduce the size of IA ] (and we never increase it) or strictly reduce the number of sections that
separate a vertex of I\ J from a vertex of J\ I, which concludes the proof. O

Lemma 5.2. Let P be a set of consecutive and internally vertex-disjoint (u, v)-paths of size q along with a consecutive ordering
P1,..., Pq of these paths, and let I be an independent set such that {u, v} C L. If N(u) N Gp, p, = N(v) N Gp, p, then no other token
can move from G — Gp, p, to G‘,’,qu as long as none of the tokens on {u, v} move to G — Gp, p,.

Proof. Let t, denote the token on u and t, denote the token on v. As long as t, stays on v, the token t, cannot move to
Gp pr and vice-versa. It is then sufficient to show that as long as t, and t, do not move, no other token can move from
G — Gp,,p, to Gp, p,. Suppose otherwise. Since P U Pq separates G?’l,Pq from the rest of the graph, a token can only enter
Gp,,p, by first sliding to either P1 or Pq. We suppose, without loss of generality, that a token t slides from w € G — Gp, p,
to Pq. Let {xq,...,x¢} denote the vertices of P; where x; =u and x; = v. If £ =3, then we are done since no token can
move to x3. So £ >4 and the token t must slide to some x; € {x3,...,Xx¢_2}. Since N(u) N Gpl’pq =N{v)N Gpl,pq we have
that x, € N(v) and that x,_; € N(u) and since G is planar, at most one of the edges {v, x»}, {u,x,—1} can be contained in
the interior of Gp, p,. But then the edge {w, x;} crosses the other one, a contradiction. O

Lemma 5.3. Reduction rule P1 is safe.

Proof. Let g be the number of paths in P and let P¢ be a crossing path of 7°. We pick an edge e of P¢ that is contained in
the interior of P3U Py and contract it. Furthermore, we choose!e so that both endpoints of e do not belong to N(u)\ N(v)
nor N(v)\ N(u) if such an edge exists. Let G’ denote the contracted graph. Note that since Gp,,p, —{u, v} is empty of tokens,
both I and I; remain independent sets of G’. Furthermore, if e is adjacent to some path P; of P then we delete this path
from P. Note that the newly obtained set P remains a set of internally vertex-disjoint and consecutive (u, v)-paths for both
G and G’ which defines at least 5k + 8 sections containing a non-neighbor of u, and the same goes for v.

Let us begin with a preprocessing step before we show that the reduction rule is safe. We show that, up to slightly
reducing the size of P, we can always assume that |{u, v} N Is| < 1. Suppose that there are two tokens on {u, v}. Note that
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initially Gphpq —{u, v} is empty of tokens and hence the tokens on {u, v} are the only tokens on Gplﬁpq. Then there are
two cases:

e N(u)n V(szﬁpq_l) =N(v)Nn sz,pq_1. As long as none of the tokens on u or v moves during the sequence in G,
Lemma 5.2 ensures that no other token can enter sz_qul, and thus that no token can use the edge e before one of the
tokens on u or v moves to G — Gp, p, ;. If no such move happens in the sequence then contracting e is obviously safe.
Otherwise, the independent set I; obtained after such a move satisfies I; N {u, v} =1 and we set P :={P»,..., Pq_1}.
Note that P defines at least 5k + 6 sections containing a non neighbor of u (resp. v).

e Otherwise there exists, without loss of generality, a vertex y € N(u) N V(Gp, p, ,) that is not in N(v) N V(Gp, p, ,)-
By our choice of e, we can choose y so that it is not an endpoint of e since if e has an endpoint in N(u) \ N(v) then
at most one vertex of P¢ is not in N(u) \ N(v) and we are free to choose y so that it is not an endpoint of e. Then
we can slide the token on u to y (in both G and G’) in some section i € [2,q — 1]. Since a vertex of Gp, p, — {u, v}
can have neighbors in at most two consecutive sections of P and since ¢ > 6, y cannot have internal vertices of both
P, and Py in its neighborhood. Suppose, without loss of generality, that y has no internal vertices of Pq_1 in its
neighborhood. Then, we can slide the token on v to an internal vertex of Py_q (recall that there are no other tokens
but the one initially on u, v in Gp, p,). If i <q —4 we can slide the token on y to an internal vertex of P; by following
a path of G‘},Z_PM (whose neighborhood is disjoint from Pg_1). We then set P :={P3,..., Pq_>}. Otherwise, when

i>q—4, weset P:={P,..., Pq_s}. In both case we end-up with an independent set I} satisfying I; N {u, v} =/ and
a set P whose sections are empty of tokens and that defines at least 5k + 1 sections that contain a non-neighbor of u
(resp. v).

It follows that we can always suppose that |[{u, v} N Is] <1 and that the set P defines at least 5k sections containing a
non-neighbor of u and at least 5k sections containing a non-neighbor of v (in both G and G’). Since there is at most one
token on Gp,.p, initially, we are free to move this token on any vertex of G‘,’,I‘Pq different from u or v. Moreover, we claim
that we can assume that there are no black holes inside the face defined by P, U Py_q. To see why, recall that initially
Gp,.p, — {u, v} is empty of tokens. Hence, if any black hole inside P, U Pq—_y is adjacent to a vertex in V(Gp, p,_ ) \ {u, v}
then the absorption rule would apply (reduction rule R3). So any black hole inside P> U Pg_1 can be adjacent either to u or
to v; we cannot have a black hole adjacent to both u and v because of the path Pc. By the dominated black hole rule we
can have at most one black hole of each type, which we can safely move to the outside of the face without modifying the
rest of the embedding.

We are now ready to prove that rule Py is safe. If there exists a sequence between Is an I; in G’ then there also exists
one in G. Let us show that the other direction is also true. We consider a sequence from I to I; in G and show that there
also exists one in the contracted graph G’. In order to do so, we consider the following independent sets of G':

1. An independent set A :={a;,,...q; } such that A C V(G;’z,qu) \ N(u), for every j <k we have that g;; belongs to the
ij-th section of G/Pz,qu and for every j <k —1,i; <iji1 and ij41 —ij > 3. In other words, we pick non-neighbors of
u (excluding v from the non-neighbors of u) in different sections of G,Pz,PH that are “far enough” from each other and
from the first and last sections. Such an independent set exists since G/PZ, Py defines at least 5k sections containing a
non-neighbor of u.

2. An independent set B C V(G/PZ,Pq_l) \ N(v) defined similarly to A. Such an independent set exists since G’Pz,,,q_1 defines
at least 5k sections containing a non-neighbor of v (excluding u from the non-neighbors of v).

Note that by construction, the independent sets A and B satisfy the condition of Lemma 5.1. It follows that as long as
there are no tokens on P, U Pg_1, we are free to move the tokens in between these independent sets. We now follow the
sequence from I to I; in G and we construct a sequence in G’ such that there is at most one token on F := NV (Gpyp, D\
V(Gp,.p,_;) such that if a token slides on F, then it slides out of F at the next step. We refer to the set F as the frontier of
G;JZ’PH. Note that there is initially at most one token on G/Phpq, and hence we are free to move this token to a vertex of

either A or B, chosen arbitrarily (which are both included in the interior of G/PL Por? satisfying our condition). Let G denote

the graph G — N[V (Gp,,p,_,)]. We construct the sequence for G’ as follows: If a token slides between two vertices of G,

then the same move can be performed in G, and if a token slides between two vertices of G3,, p,, We cancel the move in
G’ (and this process satisfies the condition on the frontier). We now have to explain how we deal with moves that include

vertices of the frontier:

e If a token slides from a vertex of G to u (resp. v) in G, we first move the tokens on G/PZA’PH to A (resp. B) using

Lemma 5.1. We can then perform the move to u (resp. v) in G’ and then further move this token to another vertex of
A (resp. B). Such a vertex a;; exists since |A| = |B| =k and can be reached following the internal path P;; of G;’z,P

This satisfies our condition on F since the only vertex of the frontier in these two moves is u (or v).

q-1"
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o If a token slides from a vertex of G to a vertex x of F\ {u, v} in G, then we first move the tokens in G,Pz,qu to A\ {aj,}
if xe N(P3) or to A\ {a;,} if xe N(Pq_1) \ N(P3). Note that by our condition on!F, the token on!x is the only one on!F
at that point. It follows that in the first case, we can further slide the token on!P, and then slide to the vertex!a;,
following a path in G/szpil. These are valid moves, since the tokens on Gp, p, , lie on the vertices ai; with j > 1. The

same goes in the second case, by first moving the token from x to Pq_1 and then to a;, by following a path in G/P,- Py_1®
o Pa-

Note that the condition on F remains satisfied since all these moves are consecutive.
o Finally, if a token slides from a vertex of Gp, p, , to F in G, then we look ahead in the sequence: if the token stays on
F or slides to another vertex of F, or slides back to Gp,.p,_, then we do nothing in G’. Otherwise it slides from x € F

to a vertex of y € G at the next step. Then in G’ we first slide a token from G/P2 Pyt to x (applying Lemma 5.1 just as

in the previous case if necessary), and then further slide this token to y. This is a valid move since the slides in G are
kept as is in G’. Since all these slides are consecutive and since x is the only vertex of F involved, the condition on the
frontier remains satisfied.

Note that in the constructed sequence, the tokens in V(@) lie on the same vertices in G and G’ at any step. It is in
particular the case at the last step. Since furthermore I; C V(G) the tokens all lie on I; at the last step of the constructed
sequence, which concludes the proof. O

Lemma 5.4. Reduction rule P2 is safe.

Proof. The proof follows the exact same steps as the proof of Lemma 5.3 with a few distinctions that we highlight next.
Since there are no tokens initially in Gp, p, — {u, v} we know that we can assume that there are no black holes inside
P U Pq_1. We let q be the number of paths in P and we distinguish between two cases depending on the number of
sections containing a non-neighbor of v:

Case 1: There exists at most 5k + 10 sections containing a non-neighbor of v. Since q > (10k + 21)2, there must exist a
subset of consecutive paths of P of size at least 10k + 20 that defines sections containing vertices that are all adjacent
to v. We restrict P to the aforementioned subset and, for the sake of clarity, we again call this set P and denote its size
by q > 10k + 20. Let Pc be a crossing path of 7P. We choose the edge e to contract to be any edge of Pc contained in
the interior of P3 U Pq_> and contract it and call G’ the contracted graph. We proceed to remove from P the paths that
are adjacent to e, which leaves at least 10k + 18 paths in 7. Note that now we have N(u) N sz_,p‘H =N®v)N szyqu1
and therefore, similarly to the proof of Lemma 5.3, we can assume that |Is N {u, v}| < 1. The rest of the proof proceeds by
modifying the sequence in G so that it can be simulated in G’ by restricting the number of tokens in the frontier to be

at most one (just like in the proof of Lemma 5.3). Note that here, we can enforce the tokens on the interior of GJ, Py

to always lie on an independent set S of size k such that any two vertices of S are separated by at least two paths of P
(which exists since P contains at least 10k paths). This way, we can apply Lemma 5.1 to freely move the tokens in-between
vertices of S if needed.

Case 2: There exists at least 5k + 10 sections containing a non-neighbor of v. Here we can proceed exactly like in the proof
of Lemma 5.3 (including the choice of e) since we can easily guarantee that |I; N {u, v}| < 1. Indeed, we can always find
a vertex on Pc \ N(v) on which to slide the token on u, which then allows us to slide the token on v to some internal
vertex of P, or Pg_q. Then, just has in the proof of Lemma 5.3 we can also slide the token initially on u onto some internal
vertex of Py or Pq_1 and restrict ourselves to considering either P :={P3, ..., Pq_3} or P :={P3,..., Pg_s}. We can then
construct the sequence for the contracted graph just as in the proof of Lemma 5.3, by making use of the fact that the
reduction of the size of P and the contraction the edge e leaves more than 5k sections containing a non-neighbor of v (and
this does not change anything for u which remains complete to these sections). O

Lemma 5.5. Let u, v be two vertices of a galactic planar graph G and C be a connected component of G — {u, v} on which rules P1
and P2 can no longer be applied. Then the number of internally vertex-disjoint (u, v)-paths in C is at most 2k(10k + 21)3.

Proof. Let P be an inclusion-wise maximum set of internally vertex-disjoint (u, v)-paths in C of size q. Suppose for a
contradiction that q > 2k(10k + 21)3. Since |I; U I;| < 2k there exists a subset of consecutive paths P’ of P of size r =
(10k + 21)3 such that no internal vertex of these paths belongs to I U I;. Let Pq,..., P; be a consecutive ordering of the
paths in P’. Since rule P1 does not apply we can suppose, without loss of generality, that there exists at most s < 5k + 10
integers j such that Gp; p;,, contains a non-neighbor of u. But then there must exist a subset P” of consecutive paths of
P’ of size at least § > (10k + 21)2 such that u is complete to all the sections, i.e., u is adjacent to all the vertices of the
sections, defined by the paths in P”. But then rule P2 would apply, a contradiction. O

5.2. Reducing fans and combs

In the previous subsection we have proved that there cannot exist too many internally vertex-disjoint paths between
two vertices (by Lemma 5.5 combined with the multi-component reduction rule when needed). It is however not enough
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Fig. 3. (a) An r-fan. (b) An r-comb (c) A complete r-comb.

xT

to bound the degree of a single vertex of a planar graph. Before proving that the degree can indeed be bounded in the next
subsection, let us prove that we can reduce some particular substructures called fans and combs.

An r-fan centered in x is a graph on r + 1 vertices x, X1, ..., X, where xq,...,x, is an induced path and x is complete to
X1,...,Xr, i.e., x is adjacent to every vertex in xi, ..., X.. We denote by P the path from x; to x, (see Fig. 3 (a)) and we let
r be the size of the fan. We call the interior of an r-fan I the set of vertices that are contained inside the area enclosed by
the curve xPx. The exterior of a fan (contained in a planar graph G) is the set V (G) of vertices minus the interior of the fan
and the vertices of the fan itself. We say that a fan is I-empty if there is no token of the initial and target independent sets
in the interior of the fan nor on the vertices of the fan itself. We say that a fan is B-empty if there is no black hole in the
interior of the fan nor on the vertices of the fan itself. We say that an r-fan is safe if no vertex but the vertices x, x; and
X, have a neighbor in the exterior of the fan. We say that x is I-complete to the fan if x is adjacent to all the vertices of I
(and to the vertices of the fan itself). Assume that none of the previous reduction rules apply, i.e., the galactic rules and the
planar rules. Then, we claim that the following reduction rule is safe:

e Reduction rule P3: Let G be a (galactic) graph containing a safe r-fan that is I-empty with r > 3k + 2 and such that x
is I-complete to the fan. Then, we can replace 1 U{xy,...,x,_1}, where {x2, ..., X-_1} denotes the induced path from x;
to x,—1, by a path of length 3k whose first vertex is connected to xq, the last vertex is connected to x;, and the whole
path is connected to x.

Informally speaking, reduction rule P3 ensures that if a vertex x is connected to many consecutive vertices and these
vertices only have neighbors on one side of the plane (and that moreover x is adjacent to all vertices in that part of the
plane), then we can replace this part by a single path. The reason this rule is safe is that we can hide as many tokens on
the path as we can initially hide tokens in the interior plus P. Note that the new graph contains less vertices and so the
rule can be applied at most n times.

Lemma 5.6. Assume that none of the previous rules applies. Then, reduction rule P3 is safe.

Proof. First, we show that if an r-fan, r > 3k+2, is safe, I-empty and such that x is I-complete then the fan can be assumed
to be B-empty. If any vertex of the fan itself is a black hole then, given that the fan is I-empty and safe, reduction rule R3
would apply (the absorption rule). Similarly, if any vertex in I is a black hole that is adjacent to P then the vertices of P
would be absorbed. It follows that we can only have black holes in I that are adjacent to a non-empty subset of {x, x1, x;}.
By the dominated black hole rule (reduction rule R2) and the fact that the fan is I-empty, we know that we can have at
most one black hole of each “type” and each such black hole has either degree one or degree two in {x, x1, x;}; we cannot
have a black hole in I that is adjacent to all three vertices in {x, x1, x;}. Hence, we can modify the planar embedding of G
such that these black holes are no longer in I. So in what follows we assume that the r-fan is also B-empty.

Let us denote by Q the induced path {xp,...,x3r+1}. Let us first recall that, since the fan is I-empty, {x} U V(P)UI
does not contain any tokens. To prove the lemma, we simply explain how we can transform an initial sequence into a new
sequence where (i) the number of tokens in V(P)U I is the same at any step and, (ii) all the tokens in V (P)UI are actually
on P. The condition holds for the initial and final step since there is no token on V (P) U I. Let us now prove it iteratively.
If the move in the initial sequence does not concern a vertex in x U V(P) U we just make exactly the same move. If we
move a token of V(P) U I to another vertex of that set, we ignore the move.

Assume now that a token is entering in V(P)UTI via x1 or x3,,2, then we move it to x, and then x3 (if it enters through
X1) or move it to x3;1 and then x3; (if it enters through X34, ). If there are already tokens on V (P) \ {x2, X3x+1}, we move
these tokens along the induced path P to ensure that there is no vertex on X, X3, X3x_2, X3¢. It is indeed possible due to the
length of the path and since there are at most k tokens on it. Similarly, if a token has to go from a vertex of V(P) to x; (or
X3k+2) in the initial transformation, we move a token along the path to put a token on that vertex. Note that all these moves
are possible and do not result in adjacent tokens. Indeed, when a token slides to some vertex of P in the initial sequence
there is no token on x since x is complete to V (P) U I. Moreover, since {x, X1, X3;42} separates V (P)UI from the rest of the
graph, we can freely move the tokens on P at any point in the sequence (as long as there is no token on x). Finally, if a
token enters or leaves x then there is no other token on V(P) U I in the initial sequence (since V(P) U is complete to x
and there are no black holes in V(P) U I) and thus in our reduced sequence by assumption. The conclusion simply follows
by remarking that we can perform the same transformation if we reduce the size of P by 1 and remove the vertices of I
(since no token ever reaches a vertex of I in the modified sequence), which completes the proof. O
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Fig. 4. A one-sided complete comb in a complete comb together with the regions A and B of the plane.

A case that is not handled by Lemma 5.6 is the case where the vertices of the path can now have neighbors on both
sides of the plane separated by the fan. We prove that if we have a large enough such structure satisfying certain properties
then we can also reduce it. We need a few additional definitions. An r-comb is an induced path P =xq, ..., x, of length r
plus possible pendant (degree-one) vertices on each vertex of the path where x and x,_1 have degree at least 3 (see Fig. 3
(b)). A complete r-comb denotes the graph consisting of an r-comb plus an additional vertex x that is adjacent to all the
vertices of the r-comb (see Fig. 3 (c)). A complete r-comb is one-sided if all the edges from x to N(P) (which are not in the
interior of the fan {x} U V(P)) pass through the same side of the path (the x; side or the x; side). One can easily note that
every complete r-comb contains a one-sided complete r-comb of size roughly half of the initial size (see Fig. 4).

Let C be a one-sided complete r-comb. Let us denote by y and z the neighbors of respectively x; and x,_ that are in the
same faces of respectively x3 and x,_;. Let us denote by H the graph consisting of the edges {x, y}, {x, z}, {x2, ¥}, {xr—1, 2},
and the path P. The subgraph H contains two faces containing V (P) \ {x1, X;}. Let us denote by A and B the regions of the
plane corresponding to the interior of these faces. The interior of an r-comb (contained in a graph G) is the set of vertices
of V(G) that are contained in the regions A and B. We say that the complete r-comb is [-empty if there is no token of
the initial or target independent set in the interior of the r-comb nor on the vertices of the comb itself nor in N(x3) nor
in N(x,—1). We say that the complete r-comb is B-empty if there is no black hole in the interior of the comb nor on the
vertices of the comb itself.

e Reduction rule P4: Assume that G contains an I-empty one-sided complete r-comb with r > (3k 4 2)2. Let us denote
by pi,,..., pi, the vertices of P having at least one neighbor on the B side. Then, we can replace 1U {pj, 41, ..., Pij—1}
where {pj,;11,..., piy;—1} denotes the induced path from p;, 11 to p;,—1, by a path of length at most 3k 4 1 whose first
vertex is connected to p;,, the last vertex is connected to p;, and the whole path is connected to x.

Lemma 5.7. Assume that none of the previous rules applies. Then, reduction rule P4 is safe.

Proof. Similarly to the proof of Lemma 5.6, we can show that all black holes in the interior of the comb (if they exist) can
be moved to the exterior. So in what follows we assume that the r-comb is also B-empty.

Let Q = {x3,...,X_2}. If there exists 3k + 1 consecutive vertices Q’ of Q which only have neighbors on the A part of
the plane (that is on the finite part of the plane defined by the face xQ’x), then we can apply Lemma 5.6 to reduce the
graph, a contradiction. So we can assume that for every consecutive 3k + 1 vertices Q' of the path Q there is at least one
neighbor of Q' on the B part of the plane. So if a subpath Q' of Q has length at least (3k + 2)2, then there exists at least

3k + 2 distinct vertices of Q' that have neighbors in the B part of the plane. Let us denote by gj,, ..., qi, the vertices of Q'
with a neighbor on the B side. We have d > 3k + 2.
Now we claim that we can replace {q;,+1,...,qi,—1} as well as the interior of the complete r-comb with a path Q;, j,

of length at most 3k + 1. The proof exactly follows the scheme of Lemma 5.7. We end up with a graph where the structure
between i1 and iy is a d-fan which can be reduced to a size at most 3k + 1 by Lemma 5.7, which completes the proof. O

We now have all the ingredients to reduce subdivided combs. A subdivided complete r-comb is a complete r-comb where
every edge of the comb might be subdivided except the edges incident to the vertex x. When edges {x;, x;+1} of the path
P are subdivided we denote the subpath by P; and still require that the union of the paths Pq,..., P,_1 = P has to be an
induced path. We call the path P; from x; to x;;1 the i-th ray.

Remark 5.1. Assume that there does not exist more than ¢ internally vertex-disjoint paths between any pair of vertices of a
planar graph G. Then:

e Every vertex in G — x is adjacent to at most £ rays of a subdivided comb.

e Every vertex in G — x contains a vertex of at most ¢ rays of a subdivided comb in its r-th neighborhood (neighborhood
at distance at most r).

Proof. The proof follows from the fact that otherwise we can construct more than ¢ vertex-disjoint paths from that vertex
to x which is a contradiction to our assumption. O
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Lemma 5.8. Let G be a planar (galactic) graph and let £ be the maximum number of internally vertex-disjoint paths between any pairs
of vertices of G. If G contains a subdivided complete r-comb C, where r > 18(3k + 2)%k - £3, then G can be reduced.

Proof. We prove that we can find a subgraph C’ that forms a subdivided comb such that:

1. there is no vertex in N2(C’) in the initial and target independent sets; and

2. if there exists a reconfiguration sequence, there exists a sequence such that at each step there is at most one vertex in
N2(C) and if a token is in N2(C) at step i then there are no tokens in N2(C) at step i — 1; and

3. at each step, all the tokens in C U N(C) are on the subdivided path of the comb C’. We will denote by Y the set
CUN(O).

Let us first prove that (1) holds for a specific comb. Note that if x belongs to the initial or target independent sets then
we can move the token from x to one of its neighbors on the subdivided comb safely. Indeed, any other vertex of the initial
and target independent set shares at most £ — 1 neighbors with x and since x has at more than 2k(¢ — 1) neighbors on the
comb, there exists one vertex whose only neighbor in the starting and target independent set is x.

By Remark 5.1, every vertex of Is U I; at distance at most 2 from the subdivided comb has neighbors at distance 2 in at
most ¢2 rays of the comb. So, since the number of rays is at least 18(3k + 2)%k - £3, there exists a sub-comb with at least
18(3k 4 2)2k¢ rays such that no vertex of the initial or target independent set is at distance at most 2 from it in G — x. So
(2) and (3) hold at the initial and final steps. Let us denote by C’ the resulting subdivided comb.

We cut the path of the subdivided comb C’ into slices S;, each slice consisting of 2(3k + 2)? consecutive rays. By
Lemma 5.7 (and since every complete comb contains a one-sided complete comb of half the size), for each slice S; at
least one of the following holds:

e the vertex x is non-adjacent to a vertex of S; (i.e., one of the edges of the subdivided comb is really subdivided), or
e the vertex x is non-adjacent to a vertex of the interior of the fan xS;jx, or
e the vertex x is non-adjacent to a vertex of N(S;).

The above is true because otherwise we would have a complete one-sided (3k + 2)2-comb on which we could apply reduc-
tion rule P4.

Since C’ has size at least 18(3k + 2)2k¢ there are at least 3k¢ slices satisfying at least one of the aforementioned prop-
erties. We now have all the ingredients to prove that there exists a transformation that satisfy (1), (2) and (3). All along the
transformation, we will keep the tokens on Y in the path P of the subdivided comb C’.

Assume that in the initial transformation some token has to slide to a vertex z of Y. Assume first that z # x and let
{z,21,2z2} be a path from vertex z to vertex z; to vertex z; € C — x. By assumption, z has at most ¢ neighbors and so is
non-adjacent to at least 3k different slices. So we can move tokens already in the comb in order to put them on slices not
adjacent to z;. Then we can simply move z to z; and then z; to z,. Similarly if a token on z; is leaving N(Y) in the initial
transformation, we can simply move tokens on the path in order to move a token on P to z and then to the rest of the
graph.

Assume now that a token is sliding to x. In each slice, there is a vertex of the slice which has a neighbor which is not a
neighbor of x. Moreover, every vertex can be incident to at most ¢ slices. So, since there are at most k tokens on the path,
we can move them to vertices which have distinct neighbors in N(C) \ N(x). We then move them to N(C) \ N(x) in order
to make sure that there are no more tokens in N(x). Then, the token slides to x and then is projected on the path (which
is possible because of the number of neighbors of x in C). Finally, we put back the tokens on N(C) \ N(x) on C. A similar
operation can be performed if a vertex is leaving from x in the original sequence.

The conclusion simply follows by remarking that we can perform the same transformation if we reduce the size of P by
1, which completes the proof. O

5.3. Reducing high degree vertices

It remains to prove that the previous reduction rules (galactic and planar) ensure that the (reduced) planar (galactic)
graph has bounded degree. Let us first prove the following:

Lemma 5.9. Let T be a tree with r prescribed vertices X and maximum degree at most £. Then there exists a subgraph of T that is a
subdivided comb containing at least |log, 1 (|X|)] vertices of X.

Proof. Let f be a leaf of T. We first construct a path P starting from f, i.e., initially (at step 0) P = {f}, and using the
following procedure: If the last vertex y added to the path is a leaf distinct from f, the path construction is completed
and we return P. Otherwise, at each step i we have one or more vertices z; that we can add to P; the different choices of
vertices correspond to the neighbors of the last vertex added to P excluding any vertex already in P. We pick the z; such
that the component of T — z; containing f has the least number of vertices from X. We use C 'f to denote the component

of f at each step i.
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Note that, since f is a leaf, initially T — f only contains one component, i.e., C%, with at least r — 1 vertices of X (since

|X|=r and f might belong to X). Between steps i and i + 1, either the number of vertices of X in sz+1 is not modified or
it decreases. Assume that it decreases. We denote by z; and z;,; the vertices added at steps i and i+ 1, respectively. We
denote by r; and rjy; the number of vertices of X in C} and le” respectively. Finally, we let P;;1 denote the current path
(at step i + 1). We claim that:

o Either z; is in X or there exists a path from z; to a vertex of X in T — P;; and
o ripy1=2ri/(0—1)—1.

The first point follows from the fact that the number of vertices of X is decreasing so there must be a vertex of X that is
not in Ci+1. The second point is due to the fact that the maximum degree of the tree is ¢ and in the worst case the vertices
of X are balanced (divided equally) among the components.

Now, since we started with r vertices in X, we are guaranteed that when the procedure terminates we have a subdivided
comb of logarithmic size, which completes the proof. O

Lemma 5.10. Let G be a galactic planar graph. If there exists a planet vertex v € V (G) whose planetary degree is greater than r =
(€ 4 1)18Gk+2%K then G can be reduced.

Proof. First we note that, for every vertex v, we can assume that there is a bounded number of connected components
attached to v by Corollary 4.1.

Assume now that there exists a vertex v that has more than r neighbors X in a component C of G — v and let T be a
Steiner tree computed in C with all the vertices of X specified as terminals. Note that the maximum degree of T is bounded
by ¢ := f(k); as otherwise, we have a vertex u of T such that there exists too many paths between u and v in C. In this
case we can apply Lemma 5.5.

So T contains a subdivided comb of logarithmic size by Lemma 5.9, i.e., a subdivided comb with at least 18(3k +2)%k - £3
rays. And then, by Lemma 5.8, the graph can be reduced. O

6. Chordal graphs of bounded clique size

One of the main reasons why the proof of the multi-component reduction rule is so “complicated” is due to the fact that
several tokens might belong to the cut set X, which makes the analysis hard (in particular, we might have several tokens
on X at the same time). As we shall see, once we restrict ourselves to chordal graphs of bounded clique size the proof of
tractability becomes “simpler”. We also note that the main reason why our result does not generalize to graphs of bounded
treewidth is because we cannot prove the equivalent of Lemmas 6.1 and 6.3 for such graphs.

We start with a few definitions. A graph G is chordal if no cycle of length greater than 3 is induced. There are several
related characterizations of chordal graphs and we refer the reader to [26] for more details.

A tree decomposition of a graph G is a pair 7 = (T, x), where T is a tree and x is a mapping that assigns to each node
i€ V(T) a vertex subset B; (called a bag) such that:

b UieV(T) Bi=V(G),
o for every edge uv € E(G), there exists a node i € V(T) such that the bag x (i) = B; contains both u and v, and
o for every v € V(G), the set {i € V(T) | v € B;} forms a connected subgraph (subtree) of T.

The width of any tree decomposition 7 is equal to maX;ey (r) |Bi| — 1. The treewidth of a graph G, t = tw(G), is the minimum
width of a tree decomposition of G. For any graph of treewidth t, we can compute a tree decomposition of width t in
(&) -n9D time [27]. A tree decomposition is compact if for every two adjacent bags B and B’ we have B ¢ B’ and B' ¢ B.
It is known that for every tree decomposition 7 of G, there exists a compact tree decomposition 7’ of G such that each
bag of 7" is equal to some bag of 7. 7’ can be computed from 7 in polynomial time. A graph G is chordal if and only if it
has a compact tree decomposition 7 such that every bag induces a clique. We call such a decomposition a clique tree of G.
Moreover, if every clique of G has size bounded by w = w(G) then the size of the bags is also bounded by w.

Given a tree decomposition 7, we let & = Bp, ..., B4 denote a path (of bags) in the tree decomposition. We note here
that we are slightly abusing notation and assuming that the bags along the path are labeled consecutively with integers in
the range [p, q]. We use 74 to denote the tree decomposition rooted at &2, where T4 is obtained from 7 by deleting every
node (bag) in 7 that is reachable from either B, or B; but without passing through neither By,1 nor Bg_1. Given 7, &,
and a tree decomposition rooted at &7 denoted by 74, we define an («, 8)-block partition of T, denoted by By (7).
as follows. We let By g(T#) = {S1,S2, ..., Sq} where each S; is a subtree (which we also call a section) of Tz containing
at least B distinct bags of &2. In other words, S; is obtained from 74 by taking the first "@' bags of & along with all
the bags reachable from them without passing through B . &y is obtained from T4 by takmg the bags B pHIZle o

B ; along with all the bags reachable from them w1thout going through neither B pr1Zl_ nor B pi2lZl- We proceed

12| _
P25

240



V. Bartier, N. Bousquet and A.E. Mouawad Journal of Computer and System Sciences 136 (2023) 220-248

S Sa S3

I - - - - - - - -7 I - - - - - - - -7 - - - - - = |

(BB B BB (BB
| |

|

|

Fig. 5. A tree decomposition 7 rooted at path Bi,...,Bg along with a (3,2) block partition 7. Subtrees rooted at neighbors of nodes Bj,..., B; are
included in the rooted decomposition, whereas those rooted at neighbors of B; and Bg are not.

as described until the last section which might contain less than ‘Zﬂ bags but must contain at least 8 bags of &?. We note
that such a block partition is possible whenever & contains « - 8 bags or more. A rooted tree decomposition along with a
block partition are illustrated in Fig. 5.

We start by showing that, in a chordal graph, one can easily modify an independent set (via token sliding) in order to
be sure that every vertex of the independent set belongs to a bounded number of bags of the tree decomposition.

Lemma 6.1. Let G be a chordal graph, let T be a compact tree decomposition (or clique tree) of G of width at most w, and let I be an
independent set of G of size k. Then, there exists an independent set I such that each vertex of I’ belongs to at most (3w + 3)k? bags
of T and a reconfiguration sequence from I to I’ can be computed in polynomial time.

Proof. Let v be a vertex of the independent set I, 7 be the clique tree of G, and T, be the subtree of T in which v appears.
Let L denote the set of bags corresponding to leaves in T, and L, denote the set of bags corresponding to leaves in T,.

If T, contains a leaf of T, i.e,, if L N L, # @, then there exists a leaf bag B € L N L, containing some vertex u (appearing
only in B) such that we can slide v to u (since every bag of the decomposition induces a clique and the decomposition is
compact it follows that u only appears in bag B and is adjacent to v). We now assume that T, contains no leaves of T,
i.e, LN L, =, and consider the case where T, contains at least k leaves, i.e., |L,| > k. When T, contains at least k leaves,
then we can slide v in such a way that it only appears in one of the bags corresponding to leaves in T. Let L, be the set
of bags corresponding to leaves in T that are reachable from some leaf of Ty, i.e., for each bag in L, we can associate (at
least) one bag from L. Indeed, since |I| =k and I is an independent set that contains v, there exists at least one bag in L,
that contains no vertex of I. We can then project v on that branch of the tree in such a way that we end up on a vertex u
that appears in a single leaf bag of the decomposition, as needed.

We now assume that T, contains no leaves of T and has less than k leaves, i.e., LNL, =¢ and |L,| < k. This implies
that if we have |Ty| > (3w + 3)k? then T, contains a (clique) path of length at least 3w + 3 such that each internal node on
this path has degree two in T. Let Bp, ..., By, denote the bags of this path. So there exists a bag Bg, p <q <r, containing a
vertex u that is neither on the left border of the path nor on the right border of the path (neither in B, nor Bg). So we can
simply project v on u; given that u appears in fewer bags than v. We repeat this process as long as there exists a vertex of
the independent set that belongs to more than (3w + 3)k? bags of the decomposition. O

Given an instance (G, k, I, I;) of TOKEN SLIDING, where G is chordal and of bounded clique size w, we can assume, by
Lemma 6.1, that each vertex of both I; and I; belongs to at most (3w + 3)k? bags of a tree decomposition 7~ of G. By
Corollary 4.1 (the multi-component reduction rule), we can assume that each bag in the tree decomposition has at most
20@k) neighbors. Moreover, if the diameter of the graph is large enough, then by reduction rule R5 (the path reduction
rule), we know that there is a subset of vertices that can be merged into a black hole. Note that the resulting graph is still
a chordal graph since contracting edges in a chordal graph leaves a chordal graph. So we can also assume that the diameter
of G is bounded by O(k?).

To complete this section, it suffices to bound the number of bags by a function of w and k since we obtain an equivalent
graph of size f(k, w) (given that the clique number is bounded). So in the rest of this section we assume all of the above
and we assume that the number of bags in the tree decomposition is arbitrarily large. Given that the diameter is bounded
and the degree of the tree decomposition is bounded, it follows that when the tree decomposition is arbitrarily large we
must have a long path in the decomposition in which some vertices appear in most bags (as otherwise the diameter would
not be bounded). This long path can of course have subtrees attached to it but we will show that we can always find a
“big enough” substructure that does not contain any vertices of I nor I (this will follow from Lemma 6.1). To conclude, we
shall show that such a substructure can be reduced using the following reduction rule (or the multi-component reduction
rule R6). Note that an r-independent set of a graph G is a subset I C V(G) such that the distance between any two vertices
of I is at least r + 1 in G.

e Rule C1 (almost black hole rule): Let Z=W U X UY be the union of three cliques of G (not necessarily disjoint and
one or two possibly empty) such that ZN (I; U I;) = @. Let C be a connected component of G — Z such that no token of
Is nor I; belongs to C. Assume moreover that X (when non-empty) can be partitioned into X; and X, such that:
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- Every vertex of X; is adjacent to every vertex of CUW UY; and
- C is connected and there exists a 2-independent set R in C — (Nc(W) U N¢(Y)) of size at least k such that:

* for every z in W UY there exists r in R such that there is a path from r to z; and

* every x in X, misses (is not adjacent to) at least k vertices of R.
Then, C can be replaced by a path P = {pq,..., psk} of length 5k such that every vertex of X; is adjacent to every
vertex of P and p; is adjacent to every vertex of X, UW U Y. We note that the resulting graph is still chordal and the
clique number does not increase.

Lemma 6.2. Rule C1, the almost black hole rule, is safe.

Proof. If there exists a transformation from I to I; in G then we can find a transformation that behaves as follows:

e Whenever there is a token in X; then we can have no tokens in CUW UY.

e Whenever a token slides into X, UW UY from V(G) \ V(C) it then immediately slides into a vertex of R after possibly
rearranging some tokens in R.

e Whenever a token slides into X1 from V (G) \ V(C) then we know that there can be no tokens in CUW U Y. Hence we
can again project the token on any vertex of R.

e Whenever a token slides into Xo UW UY from V(C) then the tokens in R are rearranged appropriately and then the
token can slide to the corresponding vertex.

e Whenever a token slides into X; from V(C) then we know that this must be the only token in C.

We call such a transformation a well-behaved transformation. The fact that we can always rearrange the tokens in a 2-
independent set of size at least k follows from Lemma 3.7 in [21].

The remainder of the proof now easily follows by considering well-behaved transformations. Assume that there exists a
well-behaved transformation from I to I; in G. Let G’ be the graph obtained after a single application of reduction rule C1
and let I and I; be the corresponding independent sets in G’. We construct a transformation from I; to I; as follows:

e Whenever a token slides into X; UW UY from V(G) \ V(P) it then immediately slides to p; and then slides to the last
available vertex of P.

e Whenever a token slides into X; from V(G) \ V(P) then we know that there can be no tokens in P UW UY. Hence we
can project the token on the last vertex of P.

e Whenever a token slides into X, UW UY from V(P) then the first available one can slide to p; and then to the
corresponding vertex in X; UW UY.

e Whenever a token slides into X; from V (P) then we know that this must be the only token in P.

The other direction follows immediately since a transformation from I} to I} in G’ corresponds to a well-behaved trans-
formation in G. O

Let us now explain how we can use Lemma 6.2 to bound the total number of bags in the tree decomposition.

Lemma 6.3. Let (G, k, I, I;) be an instance of GALACTIC TOKEN SLIDING where G is chordal and of bounded clique size w and each
vertex of both I and I, belongs to at most (3w + 3)k? bags of a compact tree decomposition T of G (of width at most w). Moreover,
assume that each bag in T has degree at most y = 20@*K) and G has diameter at most O(k?). Let & = By, ..., By denote the longest
path in the tree decomposition. If € > (30k3w3y)%*®Y . 6k3(w + 1) = ¢ then we can either apply reduction rule C1, i.e., the almost
black hole rule, or reduction rule R6, i.e., the multi-component reduction rule (we note that the bound on ¢ is not optimized and chosen
only for convenience).

Proof. Since each vertex of I U I; belongs to at most 3k?(w + 1) bags of T, we can find a subpath of 22 which is disjoint
from I; U I, and of length at least £ > (30k3w3y)%k®_ For readability we again denote this path by & =By, ..., B,.

Let T denote the tree decomposition rooted at 2. Let a = 6kwy, B = 5k*w? (so a-f =30k3w?y), and let By 5(T2) =
{51,852, ..., Sy} denote an (a, B)-block partition of Tg. Note that, initially, each section in By g(Tg) is of size at least
(5k2w?)%k@Y | je. contains (5k*w?)%*®Y bags of & (and possibly others). We now proceed in two stages of refinement to
construct the sets X = X1 U X3, W, Y, Z, and the component C required for the application of reduction rule C1 (assuming
rule R6, the multi-component reduction rule, does not apply).

If there exists a vertex x that appears in all bags of & NS, for some S € By (7 ), then we add x to X and we restrict
& to the subpath & NS and recompute 74 and By g(7T5) with a =6kwy and g = (5k*w?). Now each section is of size
at least (5k2w?)%k@Y—1 We repeat this process as long as we can find a vertex x that appears in all bags of some Z N S.
Note that this process can only be repeated at most w times. Hence, when no longer applicable, we know that we have

5kwy sections each containing at least (5k%w?)*®Y bags of &7 and we have a set X of vertices that appear in all bags of
2.
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We note that if &2 = T4 then we are done. To see why, we set X = X; (X, is empty), we set W = By, Y = By,
and Z=W U X UY. Consider the connected components of G — Z that are contained in G[Z?]. If we have more than y
components then we can apply the multi-component reduction rule and we are done. Otherwise, since o = 6kwy, we must
have at least one component that contains at least 6kw sections of By g(7). Let C denote this component and let Z¢
denote the bags of &7 whose vertices belong to C. We update W to the first bag of &¢ and Y to the last bag of Z¢. To
conclude, we still need to find a 2-independent set R in C — (Nc(W) U Nc(Y)) of size at least k. Since we have at least
6kw sections, we can find, by grouping sections into quintuplets and ignoring the first four and last four sections, such a
2-independent set. In particular, we let By g(T22) = {S1,S2, ..., S¢} and we pick one vertex from each section Ss, S, .. .,
Sr. Since each section contains at least 8 bags and no vertex appears in all bags of a section (except the vertices of X), we
know that each vertex appears in at most two consecutive sections. Moreover, the number of vertices that we pick is at
least k since o > 5k + 8 (assuming k, w > 2).

Now we assume that & # T 4. In other words, there are subtrees attached to the bags in 4. We proceed via another
stage of refinement of the vertices that were already added to X. If there exists a vertex x € X that appears in all bags
of S, for some S € By g(T#), then we add x to X; and we restrict &7 to the subpath of & NS and recompute 7
and By g(To) with a =6kwy and g = (5k*w?). We proceed with this refinement just as before. Hence, when no longer
applicable, we know that we have 6kwy sections each containing at least (5k2w?)3k@Y bags of &2 and we have a set X of
vertices that appear in all bags of &2. Moreover, we can partition X into X; and X, such that vertices in X; appear in all
bags of Tz and each vertex in X is not adjacent to at least one vertex in each section of By g(7T4) (since otherwise that
vertex would be added to X; and we would refine on the section to which it is complete). We can again either apply the
multi-component reduction rule or find a component C of G — Z contained in G[7] that contains at least 6kw sections of
Ba,g(T2). Let Pc denote the bags of & whose vertices belong to C. We update W to the first bag of ¢ and Y to the
last bag of Z¢. To conclude, we still need to find a 2-independent set R in C — (Nc(W) U N¢(Y)) of size at least k such
that each vertex in X, misses at least k vertices of R. We proceed as before, we consider vertices in sections Ss, Sy, ...,
Sy but this time choosing vertices which are not adjacent to the vertices in X,. Since |X2| < w and o = 6kw, we can always
construct such a 2-independent set. O

Theorem 6.1. TOKEN SLIDING on chordal graphs is fixed-parameter tractable when parameterized by k + w(G).

Proof. Given an instance (G,k, I, I;) of TOKEN SLIDING, where G is a chordal graph, we first compute a compact tree de-
composition of width at most w = w(G) in polynomial time [28]. By Lemma 6.1, we can assume that each vertex of both
Is and I; belongs to at most (3w + 3)k? bags of the tree decomposition 7. We next convert (G, k, I, I;) into an instance of
GALACTIC TOKEN SLIDING where every vertex is a planet vertex.

We then exhaustively apply reduction rules R1, R3, R5, R6, and C1 (the adjacent black holes rule, the absorption rule, the
path reduction rule, the multi-component reduction rule, and the almost black hole rule). We recompute the decomposition
after each application. Once the reduction rules no longer apply we know, by Corollary 4.1 and Corollary 3.3, that each bag
in the tree decomposition has at most 20@%0 neighbors and G has diameter at most O(k%). We note that each reduction
rule can be applied in g(k, w) - n®M-time (some in polynomial time) and that reduction rules R1, R3, R5, and R6 consist of
either deleting bags of the decomposition or merging adjacent vertices (contracting edges) so the resulting graph remains
chordal and the clique number does not increase.

Finally, since each bag in the tree decomposition has at most 20@0 neighbors and G has diameter at most O(k?), we
know, by Lemma 6.3, that the longest path in the decomposition is of length at most ¢. Putting it all together, we know
that after exhaustively applying all reduction rules we obtain a graph with a bounded number of vertices on which we can
solve the problem via a brute-force algorithm for a total running time of f(k, ®)-n®®, as needed. O

7. Hardness on split graphs

We complement our positive result for TOKEN SLIDING on chordal graphs of bounded clique size by showing that the
problem becomes W[1]-hard (for parameter k) on split graphs. We give a reduction from the MULTICOLORED INDEPENDENT SET
problem, known to be W[1]-hard [25].

Let (G, k) be an instance of MULTICOLORED INDEPENDENT SET. We assume that V(G) =V UV, U...V, and each V; =
{vﬁ, e, v,"1} induces a clique. Moreover, without loss of generality, we assume that |V;| =n and therefore the total number
of vertices is kn. We let m; ; and m; j denote the number of edges and non-edges between V; and Vj, respectively. We let
m= Zi‘je[k]#j m; j and m = Zi_je[k]yi#j m;_j. We now describe how to construct an instance (G', K, I, It) of TOKEN SLIDING,
where G’ is a split graph and k' = k* + (’2‘) +1.

The graph G’ will consist of a clique C on nk? +m + 1 vertices and an independent set ] = U U D such that |U| =
K + (g) +1and |[D|=k(ntk—1)+1) + (’2‘) +1 (U and D stand for up and down and should be pictured as vertices placed
above and below the clique, respectively). We assume that the vertices of C are ordered from c1 to c|c|, the vertices of U
are ordered from uq to uy|, and the vertices of D are ordered from d; to d|p|. The ordering of the vertices of the different
sets will be the one corresponding to their additions in the following construction.
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Fig. 6. Edges within a selection gadget in the case n = 3. Connections between sets U; j, C; j, D; j and Uj¢, Ci¢, Di¢ with j <t <k at the left, and between
sets U j, Ci j, Dij and Uj, Ci, Di with j <k at the right. Red lines connecting two sets indicate that these sets are complete to each other. Vertices 1
(resp. 2, 3) in D; j and D; are representative of the same vertex of G.

The vertices of C, U, and D will be created step by step each time we create a new vertex selection gadget or a new
non-edge selection gadget. A final vertex in each set, i.e., {c|c|, ujy|,d|p|}, will be added at the end of the construction and
will constitute the switch gadget.

Let us now explain how G’ is built. We start by creating the vertex selection gadgets which will be followed by non-edge
selection gadgets, and then the last vertices will form the switch gadget (in that order).

For every i <k, the i-th vertex selection gadget G; consists of a new set of k vertices from U, a new set of nk vertices

from C, and a new set of n(k — 1) + 1 vertices from D. We denote those vertices by U; = {uh, .. ul), Gi={ch,....c,)
and D; = {dl,l.., nk— 1)+1} respectively. For 1 < j <k — 1, we further sublelde the vertices in {cl,...,c;k} and
(di ... d n(k— 1)+1} into k — 1 subgroups where each subgroup is denoted by C; j = {c ,,J} and D; ;= {dll’j,...,d;:,’j},

respectively. Note that this leaves out a single vertex of D; which we denote by DLL = {dL(,(_1)+]} and n vertices of C;

which we denote by C;; = {c'l'L, ey c,'{L}. For presentation purposes, we also denote the last vertex of U; by U; = {uL}.
Those n + 2 vertices, i.e., D;; UC; UU;, will form the lock gadget L; of the vertex selection gadget G;.

In addition to the edges in C (which indeed exist since C is a clique), we add new edges for the gadgets. Let us first
describe edges between vertices that belong to a same vertex selection gadget G;, for every i <k:

e Forevery 1<j<k-—1, uj. is connected to all vertices in C;  with j/ > j and to all vertices in Cy j» with i’ >i and
1< j” <k—1. In other words, uj is connected to all vertices in C except the vertices of C that appear before C; j (we
have edges to vertices of C that appear in later vertex selectlon or non-edge selection gadgets or the switch gadget).

e Forevery 1<g<nand 1<j<k-1, d J is connected to cq .

e Forevery1<g<nand1<j<k-1, dqj is connected to all vertices of C; j with j' < j.

e Forevery 1<j<k—1and 1<q<n,j > jand q #q, we create an edge between dé’j and c;’,j/.

e We add an edge from U; | to every vertex in Cj .

e We add an edge from D; to every vertex in C;.

o Finally, for every j <k —1 and every q,q <n with g #q/, we add the edge {df]’j, c(’]"

The connections within a vertex selection gadget are illustrated in Fig. 6. Let us now explain how these gadgets are
connected between them and with the rest of the clique vertices. For every i <k:

e Every vertex in U; is adjacent to every vertex in Cj, for every j > i, as well as to every vertex in C that appears in later
non-edge selection gadgets or in the switch gadget.
e Every vertex in D; is adjacent to every vertex in D;, for j <i.

These connections are illustrated in Fig. 7. We then add in G’ the non-edge selection gadgets (after all vertex selection
gadgets described above) as follows. Non-edge selection gadgets are added in sorted order (we sort them in lexicographic
order by increasing i and then by increasing j with j > i). So we have (g) non—edge selection gadgets in total. A non-edge
selection gadget G; ; for V; and V; will consist of a new vertex of U denoted by u] i,j» 4 new vertex of D, denoted by dj it
and a set of m; j new vertices in C, denoted by M; j. Each vertex in M; j is denoted by x,, which stands for a non-edge
between vertices u and v. We add an edge from u/ to every vertex in M; ; and every vertex in C that comes after M; ;.
We also add an edge from d/ to every vertex in Ml .j and every vertex in C that comes before M; ;.

We now explain how the non -edge selection gadget G; ; is connected to the vertex selection gadgets G; and G;. Each
vertex selection gadget has k — 1 subgroups, and each one of those subgroups is responsible for one non-edge. Let D; 4 =
{dil’q, e df,’q} denote the subgroup of G; associated with the non-edge between i and j. Similarly, let D , = {d{"p, ey d,j;’p}
denote the subgroup of G; associated with the non-edge between i and j. Recall that here q and p are between 1 and n,
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Fig. 7. Representation of the vertex selection gadgets and the non-edge selection gadgets. Black line between sets (including singletons) indicates that the
sets are complete to each other. Some edges have been omitted for the sake of clarity: only the connections between vertex selection gadgets and the first
non-edge selection gadget are represented. Furthermore, the connections between the sets M and D representing the non-edges have been omitted.

i.e., we assume that each vertex in D; 4 or Dj p is a copy of a vertex from u € V; or v € V, respectively. For each x, € M; ;
we add an edge from x,, to every vertex in D; 4 and D; 4 except the vertices associated with u and v, respectively.

We conclude the construction by adding an edge from uy; to c|c| and an edge from d|p| to c|c|, which constitutes the
switch gadget. We let Iy =U and Iy = (U \ {ujy|}) U {djp}.

Lemma 7.1. If (G, k) is a yes-instance of MULTICOLORED INDEPENDENT SET then (G', k', I, I¢) is a yes-instance of TOKEN SLIDING.
Proof. Let {v}h , V;Z, A v’cjk} be a multicolored independent set of G, where v}“ eVi,..., vgk € V. We first show how to
slide every token in U (except the last) to a vertex in D. Following that we can slide the token on ujy, to dp| and then
finally bring back the other tokens back up to U (where we reverse the order in which they were slid from U to D).

Recall that a vertex selection gadget G; for V; will consist of the ith set of k vertices from U, the ith set of nk vertices
from C, and the ith set of n(k — 1) + 1 vertices from D. We denote those vertices by U; = {uj, ... u}, G = {c},...cy,}, and
Di={di,.. .df?(k_])ﬂ}, respectively. For 1< j<k—1, we further.s'ubdivid'e‘ the vertices in {c'] .. .c;k‘} and {d}, .. 'd;(k—1)+1}
to k — 1 subgroups where each subgroup is denoted by C; j = {c}”, ..., cﬁ;l'} and Dj j = {dy’,....dy’}, respectively. Starting
from Gi up to Gy, we proceed as follows. In G;, we slide from u) to c;‘il, where c;’il corresponds to vertex v}h_ of the
multicolored independent set. We then slide from cé’f to dfl’i], such an edge exists by construction. We repeat for each j,
that is, we then slide from u}, to c,'jiz to dg’iz, all the way to sliding from u}_, to cf,’ik’] to d;’l.kq. To see why those slides are
valid, note that every time we slide a token to the clique from U then all previous vertices of U have already slid down to D
(vertices that appear earlier in U are already in D). Moreover, within each vertex selection gadget, we always slide the k —1
tokens to the same representative vertex of the multicolored independent set vertex, which implies that those vertices of C
and D are pairwise non-adjacent. Formally, the graph induced by cg’il, e cg’ik_l and dfl’i], .. .,clé,‘ik_1 is a matching between

the pairs c;’ and dj/. We complete the transformation in G; by sliding from u} to cj" and then from cj;" to dé(k_l) -

Again, by construction, there are no edges between cl,’iL and any of the vertices d'q’il, ey dfl’ik_l.

We now show how to slide the tokens in U from non-edge selection gadgets down to D. As before, we proceed in
order (following the order in which the gadgets were created). Recall that a non-edge selection gadget G;; for V; and
V; will consist of a vertex of U which we denote by u§,j, a vertex of D which we denote by d;yj, and a group of m; ;
vertices from C which we denote by M; . Each non-edge selection gadget G; ; interacts (has edges to) one subgroup in G;
and one subgroup in Gj. Let Dj 4 = {d}",...,d;?} denote the subgroup of G; associated with the non-edge between i and
j. Similarly, let D; , = {d{’p,...,dé’p} denote the subgroup of G; associated with the non-edge between i and j. Let 1
denote the vertex of Dj4 containing a token and let dJ'? denote the vertex of D;, containing a token. Since both these
vertices correspond to vertices of the multicolored independent set we know that there is a non-edge between them in the
original graph. Hence, by construction, there exists a vertex in M; j which is not adjacent to neither dy? nor d’*. We can
therefore slide the token from u,’.. jto that vertex in C then down to d;. i We repeat the same procedure for every non-edge
selection gadget. ' '

Finally, after having moved all tokens in vertex selection gadgets and edge selection gadgets down to D, we slide the
token on u|y| to c|c| and then down to d|p,. After that all other tokens in D can be slid back to U in reverse order, which
completes the proof. O

Lemma7.2.Let U = {uy, ..., ujy }. If (G', k', I, It) is a yes-instance then, in a reconfiguration sequence from I to I, before the token
on u; can move all tokens on uj, j < i, must have moved to D.

Proof. Consider u|y; whose only neighbor in C is cc| whose only neighbor in D is d|p|. Every other vertex in U is connected
to ¢|c; and we can only have one token in the clique at any point in time. Hence, before uy| can slide down to C all other
tokens must already be in D.
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Similarly, consider a vertex u; € U. If u; belongs to either a vertex selection gadget or a non-edge selection gadget then
every vertex of U appearing before u; is connected to all neighbors of u; in C. Hence, before u; can slide down to the clique
all other tokens on uj, j <i, must have moved to D. O

Given a yes-instance (G, k', I, I;) and a reconfiguration sequence R = (lg, I1,...,1s_1,1¢) from Is =Ig to I; = Iy, we
say that R is non-redundant whenever R does not contain two identical sets at different indices, i.e., Iy =Iq and q # p.
The sequence is redundant otherwise. Note that given any reconfiguration sequence we can easily transform it into a non-
redundant one (by simply truncating appropriately).

Corollary 7.1. Let (G', k', I, I;) be a yes-instance. Then in a reconfiguration sequence R = (Ig, I1, ..., Iy_1,I¢) fromIg=Igto I, = I,
there exists a first set Io, a > 0, and a first set I, B > «, such that the following holds:

o {ur,...,up} NIy =0, {u2 q,...,uu} Clg, and Iy \ {U2 1, ..., ujy} € D;
o {Uug,...,upy—1}Nlg =9, {u|U|}CI,3,andIﬂ\u|U| cD.

Proof. Let I, denote the independent set obtained after all tokens initially in vertex selection gadgets are now in D and
before any token from non-edge selection gadgets moves. Note that by Lemma 7.2 there indeed exists such a set in the
sequence, right before the first move of the token on the first non-edge selection gadget 2. Let then Iz denote the
independent set occurring before the token on uy, slides to c|c| for the first time. Both sets satisfy the required properties
by Lemma 7.2. O

Given an instance (G',K, Is, I;), we say that a vertex selection gadget G; is well-behaved whenever the existence of
a non-redundant reconfiguration sequence from I to I; implies that the slides ordered below are the only slides of the
tokens in G; that occur between Is; and I, (inclusive) and that these tokens remain in places until Iz (inclusive). Let q be
some integer between 1 and n.

e The token on ui1 slides to some vertex in C; 1 (potentially moving around in C; ;) then slides to Cé‘l and then finally to
d;‘] (or the token goes directly fromlui1 to Cz‘l to q;‘] ); N
e For all 2 < j <k —1, the token on ulj slides to c;’] and then to df,'];

e The token on u}, slides to cit and then to dil(k—])+1'

Note that the token moving from uil is the only one that can do several moves in C; as there are initially no tokens in
Dj. Once this token moves to a vertex d;’] in Dj, the other tokens on ulj for j > 2, have no choice but to move to C;’J by
construction of the vertex-selection gadgets.

Lemma 7.3.If (G', k', I, I;) is a yes-instance then in a non-redundant reconfiguration sequence from I to I; every vertex-selection
gadget is well-behaved.

Proof. If (G',K', I, I;) is a yes-instance then we know that we can find a non-redundant sequence from Is to I; and, by
Corollary 7.1, we know that there exists Iy, @ > 0, and Ig, B > «, such that {ug,..., w2} NIy =0, {42, q,...,uu} C o,
Ig \ {ug2q, ..., uu)} €D, {ur, ..., w1} NIg =0, {ujy)} CIg, and Ig \ uy| € D. In other words, Iy is the set where all
tokens initially on the vertex-selection gadgets are now in D and where all other tokens are still in their initial positions.
As for Ig, it is the set where all tokens have moved to D, except for the one token initially on the switch gadget which is
still on its initial position.

Assume that there exists a vertex selection gadget which is not well-behaved and let G; be the first such gadget, i.e., all
gadgets Gj, j <1, are well-behaved. Consider the independent set I’ where the token on u;( (the token on the lock gadget
of G;) slides to some vertex in C for the first time (which must happen by Lemma 7.2). Since every gadget before G; is
well-behaved we know that none of the tokens of G; could have slid out of G; to an earlier gadget (the lock gadget prevents
that with a token in D; ; which is adjacent to every vertex in Cy, for i’ < i). Moreover, since uL is sliding into D for the first
time, we know that all the later tokens of U are still in place and will prevent tokens of G; to slide to later gadgets. Putting
it all together, we know that in I’ all tokens of G; are still contained in G;. Now consider the independent set I” where the
token on u;'( (which is now in C) slides to some vertex in D for the first time. We claim that when this slide happens we

must have exactly one vertex in each group D; j = {d;'j, ey d,i{j}, 1 < j <k —1. This follows by construction since having
tokens on dﬁ,” and d;‘,]. q # q', implies that those tokens are adjacent to all vertices of C;; = {c'l’L, R C;{L} (blocking the
token on u;(). Also by construction, we know that the k — 1 tokens must be on vertices of the form d;’l, dg’k—l, for some

q, as otherwise two of those vertices will be adjacent to all vertices of C; ;. Hence, after I”, the only possible slide for the
token originally on uj, is to slide to D; (we have a non-redundant sequence). Let I"" be the independent set where the
first token of Gj;q slides to C. We have shown that up until I"”” the vertex-selection gadget G; must be well-behaved. Now
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assume that some token in G; moves after I’ (and before Ig). For that to happen, it must be the case that the token on the
lock gadget slides back to C (and then to some other vertex). But for this to happen it must be the case that all tokens that
slid to some token of D later (after I’”) must slide back to U (since every vertex in D is connected to all earlier vertices in
C). Furthermore, the tokens on D; j, for j <k —1, and the tokens on D}, for i’ < i, cannot move before the token on Dj
moves again to C;. It follows that we obtain the independent set I’ again and that the sequence is redundant. O

Lemma 7.4. If (G, K/, Is, I;) is a yes-instance of TOKEN SLIDING then (G, k) is a yes-instance of MULTICOLORED INDEPENDENT SET.

Proof. If (G',k', I, I;) is a yes-instance then we know that we can find a non-redundant reconfiguration sequence R
from Is to Iy and, by Corollary 7.1, we know that there exists Iy, & > 0, and Ig, B > «, such that {uq,...,up}Nly =49,
{usz, Uy Cly, Ig\ {uk2+17 Uy €D, {uy, .Uyt N g = @, {uju)} C g, and Ig\ ujy; € D. By Lemma 7.3, we
know that every vertex selection gadget is well-behaved in this sequence R.

To complete the proof, it is enough to observe that in I, the tokens in each vertex selection gadget are actually placed on
the same vertex of D; j = {d;’,...,ds’}. In other words, there exists g such that each token in D; j (for each 0 < j <k —1)

is on df]’j. To see why this is enough, note that each dé’j corresponds to the same vertex vq in V. So let vqg € V; and v, € Vy
denote two such vertices. Since all tokens on non-edge selection gadgets must slide after vertex-selection gadgets, then each
such non-edge selection gadgets guarantees that there is no edge in G between v4 and vp, as needed. O

Combining Lemma 7.1 and Lemma 7.4, we get the following theorem.
Theorem 7.1. TOKEN SLIDING parameterized by k is W[1]-hard on split graphs.

We note that Theorem 7.1 can be modified to show that TOKEN SLIDING parameterized by k + ¢ is W[1]-hard on split
graphs, where ¢ is the length of a reconfiguration sequence.

8. Conclusion and future work

Although most of our tools and techniques seem to be tailored for the TOKEN SLIDING problem, we believe that both
galactic reconfiguration as well as reconfiguration types might contribute to a better understanding of the parameterized
complexity of many reconfiguration problems of a similar flavor.

There are however many open questions that remain to be answered, even for TOKEN SLIDING. In this work the complexity
of the problem (parameterized by k) was settled for a few of the commonly studied sparse classes of graphs, i.e., graphs
of bounded degree, planar graphs, and chordal graphs of bounded clique number. But our understanding of the limits of
tractability for TOKEN SLIDING remains quite narrow, especially when compared with TokeN JumpING (Fig. 1).

The most natural direction for future work is to determine whether the limits of tractability (in the parameterized
context) are the same under the jumping model and the sliding model. To do so, we first need to understand the complexity
of TOKEN SLIDING on graphs of bounded pathwidth and treewidth (given our result on chordal graphs of bounded clique
number), then on graphs excluding a (topological) minor (potentially generalizing and combining all known algorithms), on
graphs of bounded degeneracy, on nowhere-dense graphs, and then on graphs excluding a biclique. This of course would
not be the end of the story; there has been a considerable amount of recent work aimed at expanding the universe of
tractability beyond classes of sparse graphs and into the regime of dense graphs (sometimes defining the dense analogue of
some graph sparsity measures). We refer the reader to [29] for more details on what is known about reconfiguration in the
context of dense graphs.

Even from the viewpoint of classical complexity the case of graphs of bounded treewidth remains elusive and has
been open for quite some time now. In particular, we know that TOKEN SLIDING is polynomial-time solvable on graphs
of treewidth one [13] (namely trees and forests) but PSPACE-complete on graphs of treewidth t, for some constant value
of t [18]. The complexity of the problem is still open for graphs of treewidth two, and (surprisingly) even for triangulated
outerplanar graphs. In fact, it is not known whether TOKEN SLIDING restricted to triangulated outerplanar graphs is in NP;
settling this question could be an important step towards answering the more general questions.

We conclude with a few remarks concerning the W[1]-hardness result for parameter k on split graphs. It is natural to ask
whether TOKEN SLIDING is W[1]-complete in this setting; and the question remains open. In fact, establishing membership of
reconfiguration problems in (parameterized) complexity classes has proved to be a non-trivial task (especially on restricted
classes of graphs) and, to the best of our knowledge, until recently no (non-trivial membership) results were known for
parameterized reconfiguration problems that are not fixed-parameter tractable. This issue was addressed in the work of
Bodlaender et al. [30]. They show that TOKEN SLIDING on general graphs is indeed W[1]-complete but only when param-
eterized by the number of tokens and the length of a reconfiguration sequence. When the length of the reconfiguration
sequence is not a parameter but part of the input and encoded in unary (binary) then the problem becomes XNLP-complete
(XNL-complete). If the length of the sequence is no longer part of the input (which corresponds to our setting) and only
k is the parameter then the problem becomes XL-complete. The study of membership questions for (hard) parameterized
reconfiguration problems on restricted classes of graphs is essentially an unexplored area and another potentially fruitful
line of research.

247



V. Bartier, N. Bousquet and A.E. Mouawad Journal of Computer and System Sciences 136 (2023) 220-248

CRediT authorship contribution statement
This is to certify that all authors have contributed equally to this work.
Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Data availability
No data was used for the research described in the article.

References

[1] A. Lubiw, V. Pathak, Flip distance between two triangulations of a point set is NP-complete, Comput. Geom. 49 (2015) 17-23, https://doi.org/10.1016/
j.comgeo.2014.11.001.

[2] S. Gharibian, ]. Sikora, Ground state connectivity of local hamiltonians, in: Automata, Languages, and Programming - 42nd International Colloquium,
ICALP 2015, Kyoto, Japan, July 6-10, 2015, Proceedings, Part I, 2015, pp. 617-628.

[3] R.C. Brewster, S. McGuinness, B. Moore, J.A. Noel, A dichotomy theorem for circular colouring reconfiguration, Theor. Comput. Sci. 639 (2016) 1-13.

[4] M. Wrochna, Homomorphism reconfiguration via homotopy, in: 32nd International Symposium on Theoretical Aspects of Computer Science, STACS
2015, Garching, Germany, March 4-7, 2015, 2015, pp. 730-742.

[5] J. van den Heuvel, The complexity of change, in: Surveys in Combinatorics 2013, vol. 409, 2013, pp. 127-160.

[6] N. Nishimura, Introduction to reconfiguration, Algorithms 11 (4) (2018) 52, https://doi.org/10.3390/a11040052.

[7] D. Zuckerman, Linear degree extractors and the inapproximability of max clique and chromatic number, Theory Comput. 3 (1) (2007) 103-128, https://
doi.org/10.4086/toc.2007.v003a006.

[8] E. Bonnet, N. Bousquet, P. Charbit, S. Thomassé, R. Watrigant, Parameterized complexity of independent set in H-free graphs, in: C. Paul, M. Pilipczuk
(Eds.), 13th International Symposium on Parameterized and Exact Computation, IPEC 2018, Helsinki, Finland, August 20-24, 2018, in: LIPIcs, vol. 115,
Schloss Dagstuhl - Leibniz-Zentrum fiir Informatik, 2018, 17.

[9] M. Kaminski, P. Medvedev, M. Milani¢, Complexity of independent set reconfigurability problems, Theor. Comput. Sci. 439 (2012) 9-15.

[10] R.A. Hearn, E.D. Demaine, PSPACE-completeness of sliding-block puzzles and other problems through the nondeterministic constraint logic model of
computation, Theor. Comput. Sci. 343 (1-2) (2005) 72-96, https://doi.org/10.1016/j.tcs.2005.05.008.

[11] M. Bonamy, N. Bousquet, Token sliding on chordal graphs, in: H.L. Bodlaender, G.]. Woeginger (Eds.), Graph-Theoretic Concepts in Computer Science -
43rd International, Workshop, WG 2017, Eindhoven, the Netherlands, June 21-23, 2017, revised selected papers, in: Lecture Notes in Computer Science,
vol. 10520, Springer, 2017, pp. 127-139.

[12] PS. Bonsma, M. Kaminski, M. Wrochna, Reconfiguring independent sets in claw-free graphs, in: Algorithm Theory - SWAT 2014 - 14th Scandinavian
Symposium and Workshops, Copenhagen, Denmark, July 2-4, 2014, Proceedings, 2014, pp. 86-97.

[13] E.D. Demaine, M.L. Demaine, E. Fox-Epstein, D.A. Hoang, T. Ito, H. Ono, Y. Otachi, R. Uehara, T. Yamada, Linear-time algorithm for sliding tokens on
trees, Theor. Comput. Sci. 600 (2015) 132-142, https://doi.org/10.1016/j.tcs.2015.07.037.

[14] E. Fox-Epstein, D.A. Hoang, Y. Otachi, R. Uehara, Sliding token on bipartite permutation graphs, in: Algorithms and Computation - 26th International
Symposium, ISAAC 2015, Nagoya, Japan, December 9-11, 2015, Proceedings, 2015, pp. 237-247.

[15] T. Ito, M. Kaminski, H. Ono, A. Suzuki, R. Uehara, K. Yamanaka, On the parameterized complexity for token jumping on graphs, in: Theory and
Applications of Models of Computation - 11th Annual Conference, TAMC 2014, Chennai, India, April 11-13, 2014, Proceedings, 2014, pp. 341-351.

[16] T. Ito, H. Nooka, X. Zhou, Reconfiguration of vertex covers in a graph, IEICE Trans. 99-D (3) (2016) 598-606.

[17] D. Lokshtanov, A.E. Mouawad, F. Panolan, M. Ramanujan, S. Saurabh, Reconfiguration on sparse graphs, J. Comput. Syst. Sci. 95 (2018) 122-131, https://
doi.org/10.1016/j.jcss.2018.02.004.

[18] M. Wrochna, Reconfiguration in bounded bandwidth and treedepth, arXiv:1405.0847, 2014.

[19] R. Belmonte, E.J. Kim, M. Lampis, V. Mitsou, Y. Otachi, F. Sikora, Token sliding on split graphs, in: 36th International Symposium on Theoretical Aspects
of Computer Science, STACS 2019, March 13-16, 2019, Berlin, Germany, 2019, 13.

[20] D. Lokshtanov, A.E. Mouawad, The complexity of independent set reconfiguration on bipartite graphs, ACM Trans. Algorithms 15 (1) (2019) 7, https://
doi.org/10.1145/3280825.

[21] V. Bartier, N. Bousquet, C. Dallard, K. Lomer, A.E. Mouawad, On girth and the parameterized complexity of token sliding and token jumping, Algorith-
mica 83 (9) (2021) 2914-2951, https://doi.org/10.1007/s00453-021-00848-1.

[22] T. Ito, M. Kamifski, H. Ono, Fixed-parameter tractability of token jumping on planar graphs, in: Algorithms and Computation, in: Lecture Notes in
Computer Science, Springer International Publishing, 2014, pp. 208-219.

[23] N. Bousquet, A. Mary, A. Parreau, Token jumping in minor-closed classes, in: R. Klasing, M. Zeitoun (Eds.), Fundamentals of Computation Theory, in:
Lecture Notes in Computer Science, vol. 10472, Springer, Berlin Heidelberg, 2017, pp. 136-149.

[24] A. Agrawal, RK. Allumalla, V.T. Dhanekula, Refuting FPT algorithms for some parameterized problems under Gap-ETH, in: P.A. Golovach, M. Zehavi
(Eds.), 16th International Symposium on Parameterized and Exact Computation, IPEC 2021, September 8-10, 2021, Lisbon, Portugal, in: LIPIcs, vol. 214,
Schloss Dagstuhl - Leibniz-Zentrum fiir Informatik, 2021, 2.

[25] M. Cygan, EV. Fomin, L. Kowalik, D. Lokshtanov, D. Marx, M. Pilipczuk, M. Pilipczuk, S. Saurabh, Parameterized Algorithms, Springer, 2015.

[26] J.R.S. Blair, B. Peyton, An introduction to chordal graphs and clique trees, in: A. George, J.R. Gilbert, ] W.H. Liu (Eds.), Graph Theory and Sparse Matrix
Computation, Springer, New York, 1993, pp. 1-29.

[27] T. Kloks, Treewidth, Computations and Approximations, Lecture Notes in Computer Science, vol. 842, Springer, 1994.

[28] H.L. Bodlaender, A tourist guide through treewidth, Acta Cybern. 11 (1-2) (1993) 1-21.

[29] N. Bousquet, A.E. Mouawad, N. Nishimura, S. Siebertz, A survey on the parameterized complexity of the independent set and (connected) dominating
set reconfiguration problems, CoRR, arXiv:2204.10526 [abs], 2022, https://doi.org/10.48550/arXiv.2204.10526.

[30] H.L. Bodlaender, C. Groenland, C.M.F. Swennenhuis, Parameterized complexities of dominating and independent set reconfiguration, in: P.A. Golovach,
M. Zehavi (Eds.), 16th International Symposium on Parameterized and Exact Computation, IPEC 2021, September 8-10, 2021, Lisbon, Portugal, in: LIPIcs,
vol. 214, Schloss Dagstuhl - Leibniz-Zentrum fiir Informatik, 2021, 9.

248


https://doi.org/10.1016/j.comgeo.2014.11.001
https://doi.org/10.1016/j.comgeo.2014.11.001
http://refhub.elsevier.com/S0022-0000(23)00037-5/bibA76A533C90027DDDE787C847C01589F2s1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bibA76A533C90027DDDE787C847C01589F2s1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bibDDFF4F023606BB6E4F7963089C0087DCs1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib464CF43AAE9398A037CF8F923268F780s1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib464CF43AAE9398A037CF8F923268F780s1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib170D269EB7FEF55A55589C4FBC50E182s1
https://doi.org/10.3390/a11040052
https://doi.org/10.4086/toc.2007.v003a006
https://doi.org/10.4086/toc.2007.v003a006
http://refhub.elsevier.com/S0022-0000(23)00037-5/bibD3B48389F954F8D8C66A795603FB152As1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bibD3B48389F954F8D8C66A795603FB152As1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bibD3B48389F954F8D8C66A795603FB152As1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib2B6B3164591B131E93F25AE83B0A26CBs1
https://doi.org/10.1016/j.tcs.2005.05.008
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib5B28EF6EE9F3BEC337852311D41F9526s1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib5B28EF6EE9F3BEC337852311D41F9526s1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib5B28EF6EE9F3BEC337852311D41F9526s1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib53690E5DBB41D635F5E3C61CDD648F2Cs1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib53690E5DBB41D635F5E3C61CDD648F2Cs1
https://doi.org/10.1016/j.tcs.2015.07.037
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib7F73274F8C57699F8EDAD7E6B810281Cs1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib7F73274F8C57699F8EDAD7E6B810281Cs1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib4F268F20B82430B0F9BF75006B11CCBBs1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib4F268F20B82430B0F9BF75006B11CCBBs1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib43341178244C5D24FB652CF35C0F9621s1
https://doi.org/10.1016/j.jcss.2018.02.004
https://doi.org/10.1016/j.jcss.2018.02.004
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib2DFCED816AE846813CA3B76609A4882Cs1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib413799819C1222B41A0E1E5B78E82BAFs1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib413799819C1222B41A0E1E5B78E82BAFs1
https://doi.org/10.1145/3280825
https://doi.org/10.1145/3280825
https://doi.org/10.1007/s00453-021-00848-1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bibA23F2BE83D564C96E430198FB79787FCs1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bibA23F2BE83D564C96E430198FB79787FCs1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bibF21CB828DE3AA0198B57EDF26C3F3C6Es1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bibF21CB828DE3AA0198B57EDF26C3F3C6Es1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib42D21F8392082E41AF47EC1D5C8F5402s1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib42D21F8392082E41AF47EC1D5C8F5402s1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib42D21F8392082E41AF47EC1D5C8F5402s1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bibC605DFE39FD6ECF3DC56811D70DB8F61s1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bibE8077592414EBCCB8DACA0B4B0E14E87s1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bibE8077592414EBCCB8DACA0B4B0E14E87s1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bib8AD64953678F4B1C97FACDDA7885C6E3s1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bibAB4DD1F4283358CF2D644C50C43249E6s1
https://doi.org/10.48550/arXiv.2204.10526
http://refhub.elsevier.com/S0022-0000(23)00037-5/bibBBBEA4E6B7E1A93DE9E567204AD551E3s1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bibBBBEA4E6B7E1A93DE9E567204AD551E3s1
http://refhub.elsevier.com/S0022-0000(23)00037-5/bibBBBEA4E6B7E1A93DE9E567204AD551E3s1

	Galactic token sliding
	1 Introduction
	2 Preliminaries
	3 Galactic graphs and galactic token sliding
	4 The multi-component reduction rule (R6)
	4.1 General idea
	4.2 Journeys and conflicts
	4.3 Types and signatures
	4.4 X-reduced sequences and equivalent journeys
	4.5 The multi-component reduction

	5 Planar graphs
	5.1 Many paths between pairs of vertices
	5.2 Reducing fans and combs
	5.3 Reducing high degree vertices

	6 Chordal graphs of bounded clique size
	7 Hardness on split graphs
	8 Conclusion and future work
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	References


