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ABSTRACT: In this second paper, we introduce a chemical kinetic model that
investigates the dynamics of the experimental Ni**/NH;—OH~ Liesegang
system characterized by a pattern of f-nickel hydroxide bands led by a growing
pulse of a-nickel hydroxide. The model is based on a system of reaction—
diffusion equations describing the precipitation reaction and dissolution of the
nickel hydroxide polymorphs by ammonia. The hydroxide ions are assumed to
be static whereas ammonia serves as a diffusing “vehicle” that supplies the
hydroxide ions along the precipitation zone, and these ions in turn react with the
static Ni** ions. The precipitation—diffusion equations are coupled to
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nucleation, polymorphic transition, and growth rate equations, each of which

is characterized by a critical constant specific to the solid phase dynamics. In the proposed model, priority is given to
polymorphic transition rather than nucleation. This implies that the critical constants must be subject to a constraint different
than that derived for the Lifshitz—Slyozov instability encountered in classical Liesegang patterns. Numerical simulations confirm
the validity of our model and the derived constraint. The pulse position and width are found to scale in time as t* with & ~ 0.5, in
agreement with the experimental results. Finally, the mass of the bands is shown to oscillate in time, suggesting competition
between growth and polymorphic transition on one side and dissolution on the other.

B INTRODUCTION

The Liesegang phenomenon' ™" is a special type of self-
organized periodic pattern that emerges due to the nonlinear
coupling between certain chemical precipitation reactions and
diffusion. The resulting patterns might not be static in space
and can exhibit rich spatiotemporal dynamics, especially when
other transformations, such as redissolution reactions and
polymorphic transitions, occur at the same time in the
system.' ™

In the first paper of this sequel, we presented an experimental
study of a Liesegang system where precipitation of nickel
hydroxide and its redissolution in excess ammonia led to
fascinating dynamics at the macroscopic as well at the
microscopic levels.” We found that this system, which was
prepared by diffusing a concentrated ammonia solution into a
gel matrix that contains nickel sulfate, exhibits a propagation of
a pulse consisting of solid a-Ni(OH),. This was due to the
concomitant precipitation reaction between Ni(II) (inner
electrolyte) and hydroxide ions (outer electrolyte) and
redissolution due to ammonia (also outer electrolyte). As
time progresses, the pulse region develops into static multiple
Liesegang bands appearing in the region above the Ni(OH),
pulse and consisting of the other $-Ni(OH), polymorph, as
depicted in Figure 1. The distance traveled by the precipitation
pulse and its width were shown to exhibit time power laws with
exponents close to 0.5. Moreover, we discovered the emergence
of a complex mass enrichment mechanism of the formed
Liesegang bands displayed by temporal oscillations in the mass
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of the f-Ni(OH), in the bands whereas the mass of the a-
Ni(OH), was found to scale in time as m ~ ¢, with ¢ being a
function of the initial concentrations of the reactants. In the
same paper,” we demonstrated that at the microscopic level, the
system undergoes a continuous polymorphic transition with
attendant morphological change whereby the solid in the pulse,
which consists of nanospheres of a-nickel hydroxide, trans-
forms to form the bands, which consists of larger platelets of a-
nickel hydroxide. This clearly indicates the existence of a
dynamic Ostwald ripening mechanism®”*® that underlies the
dynamics at both scales.

The first paper’ reports new complexities that have not been
reported before in Liesegang systems at the microscopic and
macroscopic scales. Although existing theories of Liesegang
bands do to a certain degree relate the underlying microscopic
physics to the emergent pattern at the macroscopic level, they
cannot in their present formulation reproduce the aforemen-
tioned newly discovered dynamics at both scales. How, for
example, does the observed special Ostwald ripening between
the leading front and the trailing bands lead to the scaling
behavior of various macroscopic functions and to the mass
oscillation in the bands? In this paper, we propose a theoretical
paradigm based on a reaction—diffusion mechanism of
reactants that is coupled to a nucleation and growth model
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Figure 1. Sketch of a snapshot of the experimental results obtained in
the first paper of this sequel.” The pulse moves vertically downward,
leaving behind static bands that grow in time and redissolve due to
ammonia leaving behind a dissolved nickel complex ion.

based on a simplified dual precipitate model introduced in refs
S, 6, and 14, which takes into account both prenucleation and
postnucleation mechanisms that incorporate Ostwald ripening.
The essential point lies in the modification of the nucleation
mechanism to account for the polymorphic transition and
dissolution due to ammonia. On the basis of the experimental
results, the polymorphic transition must be subject to a
constraint to be determined. The dissolution mechanism must
be formulated in such a way that it competes with the growth
and polymorphic transformation, which effectively leads to
temporal oscillations in the mass of the precipitate.

B THEORETICAL METHODS

Throughout the paper, we have used the notation [C] to
represent the concentration of species C. Because the system
under study is heterogeneous and taken for simplicity to be
one-dimensional, this function depends on both position x, and
time t. At time t = 0, the concentration of nickel ions is set to
[Ni**], for all x > 0, and it is zero for all x < 0. On the contrary,
the initial concentrations of hydroxide ions, ammonia, and
ammonium ions are set to [OH™], [NH;], and [NH,*],
respectively, for all x < 0, and they are zero for all x > 0. The
initial concentrations of all species are kept constant (Table 1)
in all simulations, whereas that of nickel is varied.

Table 1. Initial Concentrations Used in All Simulations for
the Ammonia—Amonium—Hydroxide Reaction

[OH ], [NH;], [NH,']o
3.0 5% 10° 3.0

At time t > 0, ammonia starts to diffuse and dissociate
whereas the hydroxide ions react with the nickel ions, thus
producing a precipitation front that propagates in time. We
assume that the final precipitate form and all charged species do
not diffuse whereas all neutral species undergo diffusion in the
absence of convection.’”** This is based on the experimental
fact that the precipitation front propagates from the region rich
in hydroxide to the region rich in nickel ions.” The front
dynamics must therefore be dictated by diffusion because the
equilibrium concentration of nickel is much higher than that of
hydroxide. We conclude that ammonia is diffusing much, much
faster than the hydroxide and nickel ions, and along the
precipitation zone, the ammonia dissociation reaction is far
from equilibrium. For simplicity, we have taken the diffusion
coeflicients of nickel, hydroxide, and ammonium ions to be
zero.”” This could be due to the electrostatic interaction
between these ions and the chemical groups of the gel matrix.
All these assumption are validated heuristically by comparing
the results of the numerical simulations to the experimental
behavior. It is noteworthy that when the same experiment is
performed in a different hydrogel matrix (gelatin instead of
agar), the exhibited behavior of the system changes radically,
which emphasizes the role of the gel and its nature on the
emerging pattern.47

Mechanism. Throughout the analysis, we have assumed
that the chemical reactions follow elementary mechanisms such
that the rates of the reactions follow the mean-field
approximation. Furthermore, we have used the notation — to
represent a chemical reaction that takes place without any
imposed constraints, and ~ to represent a physicochemical
change that takes place only when certain conditions are
satisfied. The principal chemical reaction taking place in the
pores of the gel matrix is

Ni**(aq) + 20H (aq) = Ni(OH), (aq) (1)

It was shown’ that nickel hydroxide crystallizes in the form of
a-Ni(OH),(s), which then undergoes a polymorphic transition
to S-Ni(OH),(s). This is mechanistically represented below,
for both processes, respectively:

Ni(OH), (aq) % a-Ni(OH), (s) @)
a-Ni(OH), (s) + f-Ni(OH),(s) 3)

The p-Ni(OH),(s) crystals grow from the surrounding
Ni(OH),(aq) molecules

Ni(OH), (ag)  f-Ni(OH), (5 @

On the contrary, it was experimentally observed” that ammonia
dissolves both the « and f polymorphs via the following
complexation reactions

a-Ni(OH), (s) + 6NH;,(1)

E) [Ni(NH3)6]2+(aq) + 20H (aq) (3)

ﬂ—Ni(OH)Z(s) + 6NH3(1)
+5 [Ni(NH,)s]** (aq) + 20H (aq) ©)

Finally, ammonia undergoes a reversible transformation to form
hydroxide and ammonium ions:
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NH,(I) = NH,*(aq) + OH(aq)
ky (7)
Far from the reaction zone, this reaction is effectively at
equilibrium. The rates of the outlined processes, and conditions
specific to nucleation, growth, polymorphic transition, and
dissolution, are discussed in the next subsections.

Rate Functions. Principal Chemical Reaction. Equation 1
describes the chemical reaction between Ni**(aq) and
OH™(aq), and the subsequent formation of the intermediate
Ni(OH),(aq). The rate of the chemical reaction is given by

v, = k[Ni**][OH ] (8)

where k, is the rate constant.

Nucleation, Growth, and Polymorphic Transition. Equa-
tion 2 describes the nucleation process, which should be subject
to a constraint expressed in terms of a critical nucleation
constant c,, a characteristic parameter of the system. Following
the simplified approach introduced in ref 39, the nucleation rate
can be written in the form

v = ky([Ni(OH),] — ¢,)H([Ni(OH),] - ¢,) )

where k, is a nucleation rate constant and H is the Heaviside
unit-step function

1V [Ni(OH),] > ¢

n

0V [Ni(OH),] < ¢,

H([Ni(OH),] - ¢,) =

V [Ni(OH),] =

n

0| =

(10)

The nucleation rate is taken to be a linear function of
[Ni(OH),], and it is positive when [Ni(OH),] > c, whereas
for [Ni(OH),] < ¢, this rate vanishes. One could model the
nucleation process as a nonlinear phenomenon in terms of
[Ni(OH),] but this leads to no significant change in the final
pattern.**~*® Equation 3 describes nucleation and polymorphic
transition characterized by a critical constant c,. The rate of this
transition is written in the form

y, = k,([Ni(OH), ] — ¢ )H([Ni(OH),] — ¢,)[Ni(OH), ],

(11)
where k, is a nucleation and polymorphic rate constant.
Equation 4 describes the growth of the # polymorph particles at

the expense of the intermediate. The rate of which takes the
form

4, = k(IN(OH), ] = ¢)H(INi(OH),] - ¢ [Ni(OH), ],
(12)
kg is a growth rate constant, and cg is the critical value above

which growth commences. The choice of the nucleation and
growth e%lations above has been also validated by simulation
methods,”” which focus on the role of the gel and its
concentration in the nucleation process.

Ammonia Dissolution. Equations 5 and 6 account for the
dissolution of the a and f polymorphs, respectively, through
complexation chemical reactions with ammonia. Equation 7
describes the reversible conversion of ammonia to ammonium
and hydroxide ions. The backward rate of ammonia formation
is given by

v, = k,[OH][NH;] (13)

and the forward rate of ammonia dissociation is given by
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V¢ = ky[NH;] (14)

The rates of dissolution due to ammonia for the a and S
polymorphs are, respectively, given by

1o = ko[NH;°[Ni(OH), ], (15)

1y = kH(INI(OH), ] — ) INH,°[Ni(OH), ], (16)

The Heaviside function H ([Ni(OH),] — ¢;) is introduced to
prevent ammonia from completely dissolving the f particles.
Therefore, for some critical dissolution constant ¢4 the
dissolution rate vy, must vanish.

Dynamical Equations. Let d, — d/0,, then the system of
seven coupled partial differential equations describing the
complete model is the following:

0t[Ni2+] = -y (17)
O[OH] = 2(vy 0 + vf-v) + vp — .y, (18)
0[Ni(OH),] = ~Viiom, T% = % ~ % (19)
0[NH,] = —V-JNH3 = 6(up g + vy p) F Uy — Vs (20)
O[NH,"] = v — v, (a1)
9,la-Ni(OH),] = —V-Jm_l\n(OH)z U =Y = Y, (22)
0,[f-Ni(OH),] = v+ — Uy (23)

We assume that Fickian diffusion is adequate to describe
mass transfer because the dynamics of the Liesegan%
phenomenon is largely dominated by the asymptotic regime”
(when precipitation begins to dominate over diffusion).
Therefore, for species C undergoing diffusion, the flux takes
the expression Jo = —I'cV[C ], where I'¢ is the diffusion
coefficient of C.

Polymorphic Transformation and Dissolution Con-
straints. To obtain the Liesegang pattern, the set of critical
constants {c,, Cor cg} must be subject to a certain constraint to
be determined. Because nucleation in Liesegang systems is a
periodic phenomenon, it is necessary that max, c(x,t) oscillates
around some value, denoted c,,. In the model derived in ref 39,
the Lifshitz—Slyozov instability was taken into account by
introducing the process of recrystallization or redistribution of
matter between particles of the precipitant. That is, the
nucleation of Ni(OH), produced smaller particles (called
nuclei) that could either grow to form larger particles (the
precipitate) or dissolve back to replenish Ni(OH),. Therefore,
in this case it is necessary that ¢, be equal to ¢, and the
Lifshitz—Slyozov instability leads to the constraint ¢, > ¢, > ¢,.
However, in the system we study here, the a-Ni(OH), particles
are stable and form a pulse that grows in time, suggesting the
continuous formation of the & polymorph and its subsequent
conditional transformation to the f hydroxide particles. That is,
priority is given here to polymorphic transition (or matter
redistribution) rather than nucleation, which means ¢, must be
equal to c,. The constraint for the critical constants becomes

Cp > Ch > Cg (24)
The growth critical constant ¢, impacts the frequency of
oscillations of max, c(x,t) and therefore the magnitude of the
distance separating two consecutive bands.
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Table 2. Rate Constants for All the Chemical Reactions and Nucleation, Growth, and Dissolution Mechanisms

k| %, , k.,
1073 1072 1078 55 %107

The second constraint is derived from the ammonia
dissolution of the precipitate. The reason the dissolution
phenomenon should be subject to a constraint is the fact that
the reaction—diffusion front moves from the region where the
concentration of ammonia is high toward the region where the
concentration of nickel ions is high. Thus, the precipitate bands
can grow for a finite period of time until ¢, < c,. At the same
time, ammonia invades the region where the precipitate bands
are localized, which will eventually lead to their complete
dissolution unless the dissolution process is discontinuous in
time.

At the time of creation of one band, it is nucleation that
dominates followed later by growth of the precipitate. However,
if the mass of the precipitate, myg, is to oscillate in time,
dissolution must overcome the nucleation and growth terms in
eq 23. This is because ammonia invades the region where the
precipitate is localized after growth has commenced. However,
as we discussed previously, the dissolution mechanism should
cease at a certain point so that the bands do not completely
dissolve. Therefore, the mass of the f particles increases when
dissolution is negligible (at the onset of the creation of a band)
and then decreases when its growth is dominated by dissolution
due to ammonia. This in theory leads to oscillations of my in
time. As the nucleation wave (represented by the a particles)
moves away from the precipitation region, [Ni(OH),]
eventually drops below c;, and dissolution ceases. This prevents
the bands from completely dissolving, as observed in the
experiments.7

B RESULTS AND DISCUSSION

The Liesegang experiment in the first paper’ was carried out in
a long cylindrical thin tube (of length L and diameter ~7 mm)

Table 3. Values of Diffusion Coeflicients and Critical
Constants Used in All Simulations

I'(OH), I:NH3 [onicon), Ty Cq n
0.1 0.5 0.2 0.65 0.7 0.8 1.0

al
al

with a vertical x-direction. Because of the large aspect ratio and
the symmetry of reactor, the system can be assumed to be
quasi-1D along the x-direction. Let d, — 0/d,, then the
dimensionless form of eqs 17—23 becomes

ONI**] = -7 (25)
O[OH™] = 2o + Ty — T) + % — Ty (26)
O[Ni(OH),] = =dJ\yom, + & — % — § (27)
0,[NH;] = ~Oam, ~ 6(Tq + Tp) + Ly — s (28)
o[NH,"] =7 — 7, (29)
0[a-Ni(OH),] = _ax]a-Ni(OH)z Th=% = e (30)
O[p-Ni(OH),] =7, + 7 — %4 31)

ks k, k, k,
2% 107%# 107 1072 5x 107
250
200+
150+
:&.
100
50+
O IJ n i
3 3.05 3.1 3.15 3.2
x x 10*

Figure 2. Spatial distribution of n, (at t = 10°) follows the Liesegang
pattern in which the precpitate takes the form of a dicrete set of bands
characterized by an increasing distance of separation. The initial
concentration of nickel ions was taken to be 100.0.

35
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30
Cd Cﬂ
5
(@) (b)

Figure 3. Colormap plot at t = 10° for the a-nickel hydroxide front (a)
forming a pulse that moves downward, leaving behind static bands (b)
that grow in time. The initial concentration of nickel ions was taken to
be 100.0.
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(o]

N
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where t represents dimensionless time, which is real time scaled
by [NH,],>L™" [ksI\,, the spatial derivative is with respect to
the dimensionless variable x, which is real space scaled by L™,

all concentration functions are dimensionless (scaled by cp_l),
and

7 = k[Ni*"][OHT (32)
Yo = k[NH;°[Ni(OH), ], (33)
¢ = k;[NH;] (34)
7, = k,[OH ][NH,"] (35)
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Figure 4. Logarithmic plots of the width of the a-nickel hydroxide front as a function of time, t, for various inner concentrations of nickel: (a) 50.0;
(b) 100.0; (c) 150.0. By linear regression, the slopes are found to be equal to (a) 0.5831, (b) 0.5678, and (c) 0.5629.

% = kH(INi(OH), ] - G)[NHLI'[Ni(OH), )y (36)
7, = k,([Ni(OH),] — 7,)H([Ni(OH),] - 7,) (37)
7, = k,([Ni(OH),] — 7, )H([Ni(OH),] - 7,)
[NI(OH)Z]a (38)
7, = k([Ni(OH),] — 7)H([Ni(OH),] — 7,)[Ni(OH), ],
(39)
where
_ lecp2
= —————
[NH3]03 N ksl—‘NH3 (40)
_ kZLcP6
ky= ———————
[NH3]03 N ksFNH3 (41)
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Figure S. Logarithmic plots of the absolute value of the front position (lx{d) for the a-nickel hydroxide as a function of time, ¢, for various initial inner
concentrations of nickel: (a) 50.0; (b) 100.0; (c) 150.0. By linear regression, the slopes are found to be equal to (a) 0.5187, (b) 0.5174, and (c)

0.5181.

and T, = ¢/c, T 1, T, = ¢/c, and I'c = I/

L[NH;]o’/ksTyy, for species C.

The central finite difference method™ is used to numerically
solve eqs 25—31 with the constraint imposed on the critical
constants eq 24. Numerical simulations are done in one
dimension over a set of 60 000 points, with a resolution of 0.5.
The values for the various kinetic parameters used in the
simulations are shown in Tables 2 and 3.

At initial time, a band of a-nickel hydroxide (n,) starts
forming near the interface and as it starts propagating
downward, its width starts increasing. As soon as the band
moves away from the interface, a static band of the other
polymorph f-nickel hydroxide (1) appears. After a relatively
long time, a Liesegang pattern consisting of multiple bands of
P-nickel hydroxide has formed in the wake of thick band of a-
nickel hydroxide as shown in Figures 2 and 3, which agrees with
the experimental results.”

The spatiotemporal dynamics of the leading propagating
band of the a-nickel hydroxide particles are then explored. The
position, &y, of the o band is numerically computed for various
initial concentrations of the inner electrolyte (nickel) as shown

9206

in Figure S. It exhibits the scaling law x; ~ t*, where a ~ 0.5 and
independent of the concentration of nickel ions, which agrees
with the experimental results and confirms the diffusion-limited
nature of the dynamics. The width of the pulse of a is also
computed for various concentrations of nickel ions as shown in
Figure 4. Its temporal dynamics also exhibits a scaling law of the
form w ~ f, where b 0.5 and independent of the
concentration of nickel ions, which also agrees with the
experimental findings.” In the presence of strong dissolution,
however, this scaling is lost. Furthermore, significant temporal
oscillations in the pulse width and position are observed when
dissolution dominates over growth. Such oscillations were
negligible in the experimental study. Therefore, we conclude
that the reaction of ammonia with the o pulse was not
significant. Time variation in mass of the particles in the pulse
and bands region, m, and myg, was also computed and compared
to experiment. The results for the pulse are shown in Figure 6,
where a power law of the form m, ~ t, is obtained. On the
contrary, the total mass of the bands, mj, is shown to oscillate
in time (Figure 7), thus reproducing the complex experimental
behavior: static bands do not indicate a static mass but on the

~
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Figure 6. Logarithmic plots of the mass of the a-nickel hydroxide front for various concentrations of nickel ions: 50.0 (blue); 100.0 (teal); 150.0
(black). By linear regression, the slopes are found to be 1.50, 1.55, and 1.57, respectively.
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Figure 7. Temporal oscillations in the mass of the precipitate in the
bands region for various initial concentrations of nickel ions: 50.0
(blue); 100.0 (teal); 150.0 (black). The oscillations in the mass imply
competition between nucleation and growth on one hand and
dissolution due to ammonia on the other.
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contrary there is a continuous redissolution—reprecipitation

mass enriching mechanism that dominate the bands region.

B CONCLUSIONS

We introduced a chemical kinetic model based on a reaction—
diffusion mechanism coupled to nucleation and growth. The
model reproduced the scaling laws and captured the mass
dynamics of the experimental Liesegang system reported
previously.” This system was characterized by a pattern of f-
nickel hydroxide bands led by a growing pulse of a-nickel
hydroxide. In the evolution equations, polymorphic transition
took precedence over nucleation, which led to a constraint on
the critical constants different than the one imposed by the
Lifshitz—Slyozov instability encountered in classical Liesegang
patterns. In the third sequel, which will be submitted shortly,
we will show the importance of the pulse region in dictating the
type of bands that emerge from it. In that regard, the anions in
the gel will be shown to play a decisive role due to its
interaction with the a polymorph in the pulse.
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