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Hybrid State Estimation in Complex Variables
Izudin Džafić , Senior Member, IEEE, Rabih A. Jabr , Fellow, IEEE, and Tarik Hrnjić , Student Member, IEEE

Abstract—Power system state estimation is classically formu-
lated as a weighted least squares (WLS) optimization problem
over the real domain, with the state variables being the voltage
magnitudes and angles or the voltage real and imaginary parts.
Although the voltages in ac networks are complex variables, a so-
lution in the complex domain has not been previously reported;
this is because a real function of complex variables is nonanalytic
in its arguments, i.e., the Taylor series expansion in its arguments
alone does not exist. By making use of the Wirtinger calculus, this
paper presents a new implementation of the WLS state estimation
problem in complex variables. The partial derivatives employed
in the method give rise to a structure that is very simple to im-
plement. The method can straightforwardly handle both legacy
and phasor measurements; particularly, the processing of phasor
current measurements does not require any special provisions, un-
like previously reported hybrid state estimator implementations
over the real domain. Numerical results are reported on networks
with up to 9241 nodes, and they demonstrate that the accuracy of
the complex variable implementation is competitive with that of
the real variable constrained hybrid state estimator, while being
significantly faster.

Index Terms—Iterative algorithms, least squares approxima-
tion, optimization, power system analysis computing, state esti-
mation.

NOMENCLATURE

c(x, x̄) Vector of complex-valued measurement func-
tions.

d(x, x̄) Vector of real-valued measurement functions.
G Complex gain matrix.
h(x, x̄) Vector of measurement functions.
H Matrix of Jacobian and conjugate Jacobian ele-

ments.
iij Branch current flow from node i to node j.
m Number of measurements.
n Number of elements in the state vector.
Pi,Qi, Si Real, reactive, and complex power injections at

node i.
Pij ,Qij , Sij Real, reactive, and complex power flows from

node i to node j.
r Column vector of complex measurement residu-

als.
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u Column vector of phasor nodal voltages.
W Diagonal matrix of measurement weights.
x Complex state column vector.
x̄ Complex conjugate of x.
xT Transpose of x.
x̄T Conjugate transpose of x.
xk Element k of x.
xre

k , xim
k Real and imaginary parts of the complex variable

xk .
|xk | Magnitude of xk .
z Vector of complex measurement values.

I. INTRODUCTION

THE alternating current (AC) power flow equations are natu-
rally defined in complex variables, mainly the phasor nodal

voltages. Given that a complex number can be represented by
a pair of real numbers, the power system state estimator imple-
mentations transform complex variables into real variables and
employ real number optimization algorithms to iteratively com-
pute the state vector. Classical state estimators employ legacy
measurements, telemetered through the supervisory control and
data acquisition (SCADA) infrastructure; these measurements
include real and reactive power flows and injections, and the
magnitudes of voltages and currents. The measurement of syn-
chronized phasors has immediate benefits on the accuracy of
the state estimation of the power system; a phasor measurement
unit (PMU) can currently report phasor voltages and currents at
rates up to half the nominal system frequency [1]. In the prevail-
ing operational practice, state estimators are expected to handle
both SCADA and PMU measurements. Several approaches have
been reported for integrating phasor measurements in traditional
state estimation methods, with the variations mostly related to
the specificities of handling the phasor current measurements.
This paper shows that the development of a hybrid weighted
least squares (WLS) state estimator in complex numbers is sim-
ple to implement and can easily handle complex valued mea-
surements; in addition, it retains the estimation accuracy of the
real number algorithm while having very fast execution time.

The state estimation formulations that work with real number
algorithms have their state vector of phasor voltages expressed
either in rectangular coordinates or polar coordinates [2]. In sys-
tems where estimation is based only on phasor measurements,
the rectangular model is preferable as it results in fully linear
measurement functions [3]–[6]. The use of PMU-only estima-
tion is currently not feasible for most practical systems, and the
hybrid estimation based on the polar coordinates model remains
as the more applicable solution; in this setting, the inclusion of
phasor current measurements poses special challenges in the
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implementation for which two types of solutions have been
proposed: non-invasive and direct. The non-invasive methods
assume that the system is observable with SCADA measure-
ments; they operate by combining the SCADA state vector with
the PMU measurements either using linear WLS [7]–[10] or
state fusion techniques [11], [12]. The direct methods combine
the SCADA and PMU measurements into one vector of mea-
surement functions, and therefore do not place any restrictions
on observability being solely achieved either by SCADA or by
PMU systems; the phasor current representation in direct meth-
ods can be viewed either in rectangular [13] or polar coordinates
[14]. Alternatively, the state vector can be expanded to include
the magnitude and angle of the measured phasor currents in a
constrained state estimation formulation; the constrained esti-
mator is competitive with formulations based on the traditional
state vector [15]. A concern common to all hybrid state esti-
mation formulations is the different refresh rates of PMU and
SCADA systems, leading to non-coincident measurements; in
practice, SCADA measurements are scanned every 5 seconds
whereas PMU measurements are reported at a rate of 30 sam-
ples per second. This implies that at every instance of the state
estimator computation, there is a large number of phasor mea-
surement values corresponding to the current set of SCADA
measurement values. A viable approach for handling the dispar-
ity in the reporting rates between SCADA and PMU measure-
ments is through the use of buffering, which leads to identifying
the set of phasor measurement values to be employed in the
hybrid estimator solution [16], [17]. Alternative approaches are
through using SCADA state re-construction in WLS [18], or by
adopting a weighted least absolute value method at time instants
where PMU and SCADA measurements are non-simultaneously
refreshed [19].

This paper presents a new implementation of the WLS state
estimator in complex variables, thus facilitating the direct inclu-
sion of PMU measurements in the hybrid estimator. A SCADA
measurement corresponds to a real function in terms of the com-
plex nodal voltage phasors, and is therefore non-analytic in its
argument; this means that the measurement function does not
have a Taylor series expansion in terms of the voltage phasors
alone [20]. Although not widely known, the real-valued mea-
surement function can be expanded via Wirtinger calculus in
terms of the nodal voltage phasors and their conjugates; the
Wirtinger derivatives can be also used to define the optimality
conditions of the least squares problem [21]–[24]. The result is
a generalization of the popular power system WLS estimation
algorithm from the domain of real variables to that of com-
plex variables. This extension is usable in existing approaches
for handling input data time skew [16]–[19], and in applica-
tions that involve bad data estimation [25], real-time external
equivalents [26], and distributed estimation [27]. The computer
programs of the proposed complex variable state estimator are
made available for download from [28].

The rest of this paper is organized as follows. Section II re-
views the fundamentals of the Wirtinger calculus. Section III
presents a theorem whose conditions allow a simple extension
of the Gauss-Newton algorithm from the real to the complex
domain, and Section IV demonstrates its applicability to hy-
brid state estimation in complex variables. Numerical results

are given in Section V, which includes comparisons with the
constrained state estimator in [15]. The paper is concluded in
Section VI. The Appendix of the paper includes the expressions
of the terms in the Jacobian and conjugate Jacobian matrices.

II. WIRTINGER CALCULUS

The equations governing the steady-state operation of the AC
network are expressed in the frequency domain, where voltages
and currents are given as phasors. Power system state estimation
via WLS requires the computation of the Taylor series expan-
sion of real-valued measurement functions; this is however not
possible in terms of the complex variables. In fact, the Cauchy-
Reimann conditions affirm that a non-constant real-valued func-
tion of a complex variable f(xk ) is not analytic in xk , i.e., it
cannot be expanded in a convergent Taylor series in xk alone
[20], [24]. To circumvent this issue, the optimization of a WLS
objective function is normally carried out over the real domain
by perceiving the measurement function f as a function of the
real and imaginary components of xk : f(xk ) = f(xre

k , xim
k ) -

for the single complex variable case. In power system optimiza-
tion applications, f(xre

k , xim
k ) is differentiable as a function of

the real variables xre
k and xim

k . By noting that:

xre
k =

1
2

(xk + xk )

xim
k =

i

2
(xk − xk ) (1)

it follows that f can be also expressed in function of the com-
plex variable and its conjugate: f(xre

k , xim
k ) = f(xk , xk ). A key

observation here is that if f is analytic in the space spanned by
xre

k and xim
k , it is also analytic in xk for fixed xk and analytic

in xk for fixed xk . This observation is the basis of the Wirtinger
calculus [20]–[24], which allows defining the partial derivatives
of a complex- or real-valued non-analytic function (in xk ) as
follows:

∂f

∂xk
=

∂f

∂xre
k

∂xre
k

∂xk
+

∂f

∂xim
k

∂xim
k

∂xk
=

1
2

(
∂f

∂xre
k

− i
∂f

∂xim
k

)

(2)

∂f

∂xk
=

∂f

∂xre
k

∂xre
k

∂xk
+

∂f

∂xim
k

∂xim
k

∂xk
=

1
2

(
∂f

∂xre
k

+ i
∂f

∂xim
k

)

(3)

Note that ∂f
∂xk

treats x̄k as a constant in f(xk , xk ), and ∂f
∂xk

treats xk as a constant in f(xk , xk ). Equations (2) and (3) also
give the following properties:

∂xk

∂xk
=

∂xk

∂xk
= 1;

∂xk

∂xk
=

∂xk

∂xk
= 0 (4)

With the partial derivatives (2) and (3), it becomes possible to
define the first-order complex Taylor series expansion:

f (xk + Δxk , xk + Δxk) � f (xk , xk) +
∂f

∂xk
Δxk +

∂f

∂x
Δxk

= f (xk , xk ) +
[

∂f
∂xk

∂f
∂x

] [
Δxk

Δxk

]

(5)
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Because f(xk ) is non-analytic in xk , the Taylor series expan-
sion in Δxk alone does not exist.

A. Multivariable Function

Let x denote an n-dimensional column vector of complex
variables, and x its complex conjugate:

x = [x1 , . . . , xn ]T , x = [x1 , . . . , xn ]T (6)

For a multivariable function f , (2) and (3) generalize to using
the co-gradient and conjugate co-gradient operators [20], [24]:

∇xf(x, x) =

⎡
⎢⎣

∂f
∂x1

...
∂f

∂xn

⎤
⎥⎦ =

⎡
⎢⎢⎢⎣

1
2

(
∂f

∂xr e
1
− i ∂f

∂xi m
1

)
...

1
2

(
∂f

∂xr e
n
− i ∂f

∂xi m
n

)

⎤
⎥⎥⎥⎦ (7)

∇xf(x, x) =

⎡
⎢⎣

∂f
∂x1

...
∂f

∂xn

⎤
⎥⎦ =

⎡
⎢⎢⎢⎣

1
2

(
∂f

∂xr e
1

+ i ∂f
∂xi m

1

)
...

1
2

(
∂f

∂xr e
n

+ i ∂f
∂xi m

n

)

⎤
⎥⎥⎥⎦ (8)

The corresponding first-order complex Taylor series
expansion is:

f(x + Δx, x + Δx) � f(x, x) +
[∇xfT ∇xfT

][Δx
Δx

]
(9)

III. GAUSS–NEWTON METHOD IN COMPLEX VARIABLES

Consider the following nonlinear inverse problem, which re-
quires finding an approximate solution to x:

h(x, x) ≈ z (10)

where the multivariable complex state vector is given by (6),
h(x, x) is a vector containing m known complex valued func-
tions where each is analytic in the space spanned by x and x,
and z is a vector containing m known complex numbers:

h(x, x) =

⎡
⎢⎣

h1(x, x)
...

hm (x, x)

⎤
⎥⎦ , z =

⎡
⎢⎣

z1
...

zm

⎤
⎥⎦ (11)

The Gauss-Newton method for solving the inverse problem (10)
requires iterative linearization of (10) at the current estimate of
the state vector [x� ;x� ], followed by minimizing the linearized
least squares problem [24]. By using (9), the linearized inverse
problem can be written as:

h(x�, x�) + H

[
Δx
Δx

]
≈ z (12)

where H is formed of the Jacobian and conjugate Jacobian
matrices evaluated at [x� ;x� ]:

H =

⎡
⎢⎣
∇xhT

1 ∇xhT
1

...
...

∇xhT
m ∇xhT

m

⎤
⎥⎦

=

⎡
⎢⎣

∂h1
∂x1
· · · ∂h1

∂xn

∂h1
∂x1
· · · ∂h1

∂xn

...
. . .

...
...

. . .
...

∂hm

∂x1
· · · ∂hm

∂xn

∂hm

∂x1
· · · ∂hm

∂xn

⎤
⎥⎦ (13)

The least squares solution minimizes the WLS objective func-
tion:

�(x, x) =
1
2

∥∥∥∥z − h(x�, x�)−H

[
Δx
Δx

]∥∥∥∥
2

W

=
1
2

(
r −H

[
Δx
Δx

])T

W

(
r −H

[
Δx
Δx

])
(14)

where r = z − h(x�, x�) is the vector of complex measurement
residuals at [x� ;x� ] and W is a diagonal weighting matrix with
strictly positive elements. Because W = (W

1
2 )T (W

1
2 ), it re-

sults in simple scaling of r and H . In the ensuing derivation, the
objective (14) can be therefore rewritten as:

�(x, x) =
1
2

(
r −H

[
Δx
Δx

])T (
r −H

[
Δx
Δx

])
(15)

with the understanding that the effect of W is absorbed by r and
H through the following assignments:

r ←W
1
2 r, H ←W

1
2 H (16)

Equation (15) can now be expanded into:

� =
1
2

(
rT r − β

T
[

Δx
Δx

]
− [

ΔxT ΔxT
]
β

)

+
1
2

([
ΔxT ΔxT

]
G

[
Δx
Δx

])
(17)

where

β = H
T
r =

[
βx

βx

]
(18)

G = H
T
H =

[
Gxx Gxx

Gxx Gxx

]
(19)

Theorem 1: Assume that G is of full-rank, and that the el-
ements of G and β satisfy the following properties: βx = βx ,

Gxx = Gxx = GT
xx , and Gxx = GT

xx = Gxx = G
T
xx . Then the

solution that minimizes (17) is given by:[
Δx
Δx

]
= G−1β (20)

Proof: With the above properties, (17) can be simplified to:

� =
1
2
(rT r − 2βT

x Δx− 2βT
x Δx + ΔxT GxxΔx

+ ΔxT GxxΔx) +
1
2

(
ΔxT GxxΔx + ΔxT GxxΔx

)
(21)
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Therefore:

∇Δx� = −βx + GxxΔx +
1
2

(
GT

xxΔx + GxxΔx
)

= −βx + GxxΔx + GxxΔx (22)

∇Δx� = −βx + GxxΔx +
1
2

(
GxxΔx + GT

xxΔx
)

= −βx + GxxΔx + GxxΔx (23)

Setting (22) and (23) to zero, which is equivalent to (20), is
necessary and sufficient to determine a stationary point of �
[22]; the stationary point corresponds to a minimum due to the
convexity of �. It remains to show that G and β are admissible,
i.e., (20) would give an admissible solution with a pair of vectors
that are indeed complex conjugates [24]. Towards this end, write
(20) as: [

Gxx Gxx

Gxx Gxx

] [
Δx
Δy

]
=

[
βx

βx

]
(24)

Taking the conjugate of (24) gives:[
Gxx Gxx

Gxx Gxx

] [
Δx
Δy

]
=

[
βx

βx

]
(25)

Now swapping the top n rows (as a single group) with the bottom
n rows, and the first n columns with the last n columns gives:[

Gxx Gxx

Gxx Gxx

] [
Δy
Δx

]
=

[
βx

βx

]
(26)

Subtracting (26) from (24) and solving gives Δx = Δy and
Δy = Δx, i.e., the solution vector in (20) is admissible. �

Therefore under the assumptions postulated in Theorem 1,
the complex Gauss-Newton method is very similar to the real
Gauss-Newton method. Fig. 1 shows a flowchart of the com-
plex Gauss-Newton algorithm, with the weighting matrix W
explicitly represented in the update equations. The next section
demonstrates that the power system state estimation problem,
with both SCADA and PMU measurements, has a complex for-
mulation that conforms to the assumptions in Theorem 1.

IV. HYBRID STATE ESTIMATION

In the context of power system state estimation, the state
vector x comprises all phasor nodal voltages u: [x;x] = [u;u].
The measurement functions in (10) consist of:

1) complex-valued measurements: complex power flows
(Sij ) representing real and reactive power flow measure-
ment pairs, complex power injections (Si) representing
real and reactive power injection measurement pairs, pha-
sor voltages (ui), and phasor currents (iij ). Given that each
complex-valued function has a real and an imaginary part,
it can be equivalently represented by the complex quantity
and its conjugate (note that functions involving complex
conjugation also fail to satisfy the Cauchy-Reimann con-
ditions [24]). For instance, the real and reactive power
injection measurements Pi and Qi are equivalently repre-
sented as complex measurements Si and Si ; this translates
to using equal weights for the measurements Pi and Qi , as
demonstrated in the Appendix. Non-equal weights can be

Fig. 1. Complex Gauss–Newton algorithm.

modeled using real-valued measurements, at the expense
of having more fill-in in the G−matrix.

2) real-valued measurements: voltage magnitudes (|ui |), cur-
rent magnitudes (|iij |), individual real or reactive power
measurements (Pij or Qij ), and the voltage slack refer-
ence as a pseudo-measurement.

Let the vector of measurement functions and measurement
values be partitioned as follows:

h(x, x) =

⎡
⎢⎣

c(x, x)
c(x, x)
d(x, x)

⎤
⎥⎦ , z =

⎡
⎣ zc

zc

zd

⎤
⎦ (27)

where c(x, x) is the vector of complex-valued measurement
functions, d(x, x) is the vector of real-valued measurement func-
tions, zc is the vector of complex-valued measurement values,
and zd is the vector of real-valued measurement values; note that
complex-valued measurement functions/values are also repre-
sented in (10) by their complex conjugates: c(x, x)/zc . The
residual error vector is (rd denotes a vector of real numbers):

r = z − h(x�, x�) =

⎡
⎣ rc

rc

rd

⎤
⎦ (28)
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From the definition of the Wirtinger derivatives (2) and (3),
it is straightforward to show the following identities:

1) For a complex-valued function cj (x, x):

∂cj

∂xk
=

(
∂cj

∂xk

)

∂cj

∂xk
=

(
∂cj

∂xk

)
(29)

2) For a real-valued function dj (x, x):

∂dj

∂xk
=

(
∂dj

∂xk

)
(30)

Using (29) and (30), the H−matrix can be written in compact
form as:

H =

⎡
⎢⎣

Cx Cx

Cx Cx

Dx Dx

⎤
⎥⎦ (31)

where Cx , Cx , and Dx are the Jacobian matrices of c(x, x),
c(x, x), and d(x, x); Cx , Cx , and Dx are the conjugate Jaco-
bian matrices of c(x, x), c(x, x), and d(x, x). Therefore, the
components of the β−vector (18) and G−matrix (19) are:

βx = C
T
x rc + CT

x rc + D
T
x rd

βx = C
T
x rc + CT

x rc + DT
x rd (32)

Gxx = C
T
x Cx + CT

x Cx + D
T
x Dx

Gxx = C
T
x Cx + CT

x Cx + D
T
x Dx

Gxx = C
T
x Cx + CT

x Cx + DT
x Dx

Gxx = C
T
x Cx + CT

x Cx + DT
x Dx (33)

It is now straightforward to verify that G and β satisfy
the following properties: βx = βx , Gxx = Gxx = GT

xx , and

Gxx = GT
xx = Gxx = G

T
xx . In addition, network observability

asserts that the G−matrix is of full rank. Therefore, the result of
Theorem 1 for the computation of the complex Gauss-Newton
step (20) and the corresponding algorithm in Fig. 1 are appli-
cable for hybrid state estimation. The components of h and H
for the different measurement types are given in the Appendix.
It is important to observe the simplicity of the gradient and co-
gradient components of H as compared to using rectangular or
polar coordinates, particularly for phasor current measurements.

V. NUMERICAL RESULTS

The proposed state estimator was programmed in C++ us-
ing complex variables (C), where the calculations were carried
out using solvers developed in house via the SIMD instruction
set [29]. The numerical tests were executed on a PC with an
i5-6600k CPU and 8 GB of RAM. The termination tolerance ε
in Fig. 1 was set to 10−6 per-unit. The testing was carried out
on the IEEE 118 test network (ieee118), a 1888 node network
representing the French very high-voltage grid (1888rte), and

TABLE I
MEASUREMENT STANDARD DEVIATIONS

SCADA Measurements PMU Measurements

voltage injected power power flows voltage current phase angle

0.2% 2% 2% 0.02% 0.03% 0.01◦

TABLE II
TEST INSTANCES AND COMPARISON OF THE REAL [15] AND

COMPLEX SE ALGORITHMS

Net. Net. Information #Measurements #Iter. Time [ms] SUF

#nodes #branches PMU SCADA R C R C

ieee118 118 186 7 372 4 4 2.0 1.1 1.8
118 186 38 372 4 3 2.1 1.0 2.1
118 186 189 372 4 3 5.7 1.2 4.8
118 186 304 0 2 1 2.2 0.4 6.3

1888rte 1888 2531 2 5060 4 5 25.4 24.0 1.1
1888 2531 158 5060 6 4 47.2 20.7 2.3
1888 2531 1348 5060 5 4 157.3 22.3 7.1
1888 2531 4419 0 2 1 167.9 5.3 31.7

9241 16049 106 32098 5 5 390.1 312.7 1.2
9241- 9241 16049 2045 32098 5 5 1463.6 308.6 4.7
pegase 9241 16049 8091 32098 5 5 4785.3 311.4 15.4

9241 16049 25290 0 2 1 6660.5 50.3 132.5

a 9241 node network representing part of the of the European
high voltage transmission network and stemming from the Pan
European Grid Advanced Simulation and State Estimation (PE-
GASE) project (9241pegase) [30]. For each of these three net-
works, four measurement sets were considered with increasing
number of PMU synchronized measurements; the last measure-
ment set for each network has measurements only from PMUs.
A comparison was carried out with the real variable (R) imple-
mentation of the hybrid constrained state estimator [15], which
is a recently proposed estimator that handles both SCADA and
PMU measurements. The state vector in this estimator includes
all node voltage magnitudes and angles in addition to an aux-
iliary state vector composed of the polar form of the measured
branch currents. The measurement noise was considered to be
Gaussian distributed with zero mean and a standard deviation
as given in Table I, which also conforms to measurement uncer-
tainties as simulated in [15].

The main characteristics of the networks, the measurement
sets, and comparative results are given in Table II. Columns 2
and 3 show the basic network information: the number of nodes
and the number of branches. The number of PMU and SCADA
measurements are given in columns 4 and 5; the weights of the
synchronized measurements are set to five times the weights of
the SCADA measurements. Columns 6 to 9 show the number of
iterations and the execution time of two methods (R and C): the
hybrid constrained state estimator implemented in real variables
(R) [15] and the proposed complex variable state estimator (C).
The last column in Table II shows the speed-up factor (SUF),
which is the ratio of the execution time of the real variable state
estimator to the execution time of the complex variable state
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TABLE III
PERFORMANCE ACCURACY INDICES

Net. Measurements σ2
u ξz

#PMU #SCADA R C R C

ieee118 189 372 0.0002197 0.0018155 0.829201 0.631715
1888rte 1348 5060 0.0051002 0.0045583 0.779393 0.717508
9241pegase 8091 32098 0.0351899 0.0101625 0.700421 0.582348

estimator. It is evident from these results that the execution time
of the complex variable estimator is not much affected by the
increasing number of synchronized measurements relative to
the number of SCADA measurements; this is unlike the case of
the hybrid constrained state estimator. For the case with only
synchronized measurements (# SCADA measurements = 0),
the complex variable implementation converges in one iteration
and requires 50 ms for the 9241 node network; the correspond-
ing real variable implementation requires two iterations due to
the handling of equality constraints, and this gives rise to the
highest SUF in favor of the complex variable implementation.
To assess the accuracy of the state estimator solutions, two per-
formance indices (34)–(35) are averaged over 100 Monte-Carlo
simulations involving different values of measurement errors
sampled from the distributions [15]:

σ2
u =

n∑
i=1

∣∣uestimated
i − utrue

i

∣∣2 (34)

ξz =
∑m

i=1

∣∣zestimated
i − ztrue

i

∣∣2∑m
i=1

∣∣zmeasured
i − ztrue

i

∣∣2 (35)

Table III summarizes the average performance indices for the
third instance of each test case, which has the largest num-
ber of synchronized measurements simulated together with the
SCADA measurements; the results show that the estimation ac-
curacy from the proposed complex variable estimator is as good
as if not better than the real variable implementation in [15].
The implementations in the complex and real domains together
with the measurement sets are available from [28].

VI. CONCLUSION

This paper employs the complex Taylor series expansion,
which is based on Wirtinger calculus, to generalize the real
number WLS state estimation to complex variables. The WLS
state estimator in complex variables is very simple to imple-
ment as compared to the real Gauss-Newton estimator, partic-
ularly with hybrid measurement sets involving phasor current
measurements. The complex Gauss-Newton solution method is
compared with the constrained hybrid state estimator in real
variables [15]. The numerical results demonstrate that the com-
plex variable WLS estimator is faster than the real variable
constrained state estimator; the speed up level increases with
the number of PMU measurements relative to the SCADA
measurement, and it is most pronounced for PMU-only WLS
state estimation. In terms of estimation accuracy, the complex

Fig. 2. Branch ij .

variable state estimator is competitive with the real variable
implementation.

APPENDIX

COMPLEX-VALUED MEASUREMENTS

Complex Power Flow Measurements: Consider the branch
model shown in Fig. 2. The phasor current at node i and its
conjugate are:

iij = ybr
ii ui + ybr

ij uj

iij = ybr
ii ui + ybr

ij uj (36)

where

ybr
ii = yij + ysh

ij ; ybr
ij = −yij (37)

The corresponding complex power flow from node i to node
j is:

Sij = uiiij (38)

In terms of the phasor voltages, the complex powers and their
conjugates can be written (using (36)) as:

Sij = ui

(
uiy

br
ii + ujy

br
ij

)
Sij = ui

(
uiy

br
ii + ujy

br
ij

)
(39)

Equation (39) gives part of the entries of h(x, x) in (10). The
corresponding elements in the H-matrix (13) are given by:

∂Sij

∂ui
= uiy

br
ii + ujy

br
ij = iij

∂Sij

∂uj
= 0

(40)
∂Sij

∂ui
= uiy

br
ii

∂Sij

∂uj
= uiy

br
ij

∂Sij

∂ui
= uiy

br
ii =

(
∂Sij

∂ui

)

∂Sij

∂uj
= uiy

br
ij =

(
∂Sij

∂uj

)
(41)

∂Sij

∂ui
= iij =

(
∂Sij

∂ui

)

∂Sij

∂uj
= 0
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Fig. 3. Node i.

Complex Power Injection Measurements: With reference to
the node representation in Fig. 3, consider the complex injection
power and its conjugate:

Si = Pi + iQi = uiY iiui + ui

n∑
k=1
k �= i

Y ikuk

(42)

Si = Pi − iQi = uiYiiui + ui

n∑
k=1
k �= i

Yikuk

where

Yii = ysh
i +

n∑
k=1
k �= i

yik , Yik = −yik , k �= i (43)

The corresponding elements of the Jacobian and conjugate
Jacobian elements in H are:

∂Si

∂ui
= Y iiui +

n∑
k=1
k �= i

Y ikuk

∂Si

∂uk
= 0, k �= i

(44)
∂Si

∂ui
= Y iiui

∂Si

∂uk
= Y ikui, k �= i

∂Si

∂ui
= Yiiui =

(
∂Si

∂ui

)

∂Si

∂uk
= Yikui =

(
∂Si

∂uk

)
, k �= i

(45)
∂Si

∂ui
= Yiiui +

n∑
k=1
k �= i

Yikuk =
(

∂Si

∂ui

)

∂Si

∂uk
= 0, k �= i

Phasor Voltage Measurements: For a phasor voltage mea-
surement ui and it conjugate ui , the Jacobian and conjugate

Jacobian elements in H are:

∂ui

∂ui
= 1,

∂ui

∂ui
= 0 (46)

∂ui

∂ui
= 0,

∂ui

∂ui
= 1 (47)

Phasor Current Measurements: For a phasor current measure-
ment iij and it conjugate iij (36), the Jacobian and conjugate
Jacobian elements in H are:

∂iij
∂ui

= ybr
ii

∂iij
∂uj

= ybr
ij

∂iij
∂ui

= 0

∂iij
∂uj

= 0 (48)

∂iij
∂ui

= 0

∂iij
∂uj

= 0

∂iij
∂ui

= ybr
ii =

(
∂iij
∂ui

)

∂iij
∂uj

= ybr
ij =

(
∂iij
∂uj

)
(49)

REAL-VALUED MEASUREMENTS

Voltage Magnitude Measurements: The nodal voltage magni-
tude measurement can be modeled using the phasor voltage and
its complex conjugate:

|ui | =
√

uiui (50)

The corresponding Jacobian and conjugate Jacobian elements
in H are:

∂ |ui |
∂ui

=
1
2

√
ui

ui
=

1
2
∠− δi (51)

∂ |ui |
∂ui

=
1
2

√
ui

ui
=

1
2
∠δi =

(
∂ |ui |
∂ui

)
(52)

where δi is the angle of the phasor voltage.
Current Magnitude Measurements: The current magnitude

measurement can be modeled using the phasor current and its
complex conjugate:

|iij | =
√

iij iij (53)
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Using (48)–(49) and the chain rule [24] gives the corresponding
Jacobian and conjugate Jacobian elements in H:

∂ |iij |
∂ui

=
1
2

√
iij
iij

∂iij
∂ui

=
ybr

ii

2

√
iij
iij

=
ybr

ii

2
1∠− θij

∂ |iij |
∂uj

=
1
2

√
iij
iij

∂iij
∂uj

=
ybr

ij

2

√
iij
iij

=
ybr

ij

2
1∠− θij (54)

∂ |iij |
∂ui

=
1
2

√
iij

iij

∂iij
∂ui

=
ybr

ii

2

√
iij

iij
=

ybr
ii

2
1∠θij =

(
∂ |iij |
∂ui

)

∂ |iij |
∂uj

=
1
2

√
iij

iij

∂iij
∂uj

=
ybr

ij

2

√
iij

iij
=

ybr
ij

2
1∠θij =

(
∂ |iij |
∂uj

)

(55)

where θij is the angle of the phasor current.
Real Power Flow Measurements: A real power flow measure-

ment can be expressed as:

Pij =
1
2

(
Sij + Sij

)
(56)

The corresponding Jacobian and conjugate Jacobian elements in

H are of the form 1
2 ( ∂Si j

∂• + ∂S i j

∂• ), where the partial derivatives
are given by (40) and (41).

Reactive Power Flow Measurements: A reactive power flow
measurement can be expressed as:

Qij =
i

2
(
Sij − Sij

)
(57)

The corresponding Jacobian and conjugate Jacobian elements in

H are of the form i
2 ( ∂S i j

∂• − ∂Si j

∂• ), where the partial derivatives
are given by (40) and (41).

Slack Angle: The slack angle reference corresponds to setting
the imaginary part of the reference bus voltage to zero, i.e.:

uim
s =

i

2
(us − us) = 0 (58)

The corresponding Jacobian and conjugate Jacobian elements
in H are:

∂uim
s

∂us
= −i

2
(59)

∂uim
s

∂us
=

i

2
=

(
∂uim

s

∂us

)
(60)

OBJECTIVE FUNCTION TERM: COMPLEX MEASUREMENT AND

ITS CONJUGATE

Consider a complex power injection (Pi + iQi) measure-
ment and its conjugate (Pi − iQi), each having the weight Wii .
Let �Si

and �Si
denote the linearized complex measurement

function around an initial estimate and its conjugate (�S i = Si

(x�, x�)+[∇xST
i ,∇xST

i ][Δx;Δx], �S i =Si(x�, x�)+[∇xST
i ,

∇xST
i ][Δx;Δx]); the corresponding term in the WLS

objective is:

�i = Wii(Pi + iQi − �Si
) (Pi + iQi − �Si

)

+ Wii

(
Pi − iQi − �Si

) (
Pi − iQi − �Si

)
(61)

= 2Wii (Pi + iQi − �Si
)
(
Pi − iQi − �Si

)

By writing �Si
= (�S i

+�S i
)

2 − (�S i
−�S i

)
2 and �Si

= (�S i
+�S i

)
2

+ (�S i
−�S i

)
2 , (61) can be simplified to:

�i = 2Wii

(
�Si

+ �Si

2
− Pi

)2

+ 2Wii

(
i
�Si
− �Si

2
−Qi

)2

(62)
Therefore the use of complex conjugate measurements (61) in
WLS translates to using equal weights for the real and imaginary
components of the measurement.
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Izudin Džafić (M’05–SM’13) received the Ph.D. degree from the University
of Zagreb, Zagreb, Croatia, in 2002. He is currently a Professor with the
Department of Electrical Engineering, International University of Sarajevo,
Sarajevo, Bosnia and Herzegovina. From 2002 to 2014, he was with Siemens
AG, Nuremberg, Germany, where he held the position of the Head of the De-
partment and the Chief Product Owner for Distribution Network Analysis R&D.
His research interests include power system modeling, development, and appli-
cation of fast computing to power systems simulations.

Dr. Džafić is a member of the IEEE Power and Energy Society and the IEEE
Computer Society.

Rabih A. Jabr (M’02–SM’09–F’16) was born in Lebanon. He received the
B.E. degree in electrical engineering (with high distinction) from the American
University of Beirut, Beirut, Lebanon, in 1997, and the Ph.D. degree in electri-
cal engineering from Imperial College London, London, U.K., in 2000. He is
currently a Professor with the Department of Electrical and Computer Engineer-
ing, American University of Beirut. His research interests are in mathematical
optimization techniques and power system analysis and computing.
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