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An Abstract of the Thesis of

Julia Wajdi El Zini for Master of Science

Major: Computer Science

Title: Scalable Distributed Lifelong Multi-task Reinforcement Learning

Multi-task reinforcement learning (MTRL) suffers from scalability issues when the
number of tasks or trajectories per task grows-large. One of the main reasons behind
this limitation is the reliance on centralized solutions. Recent methods exploited the con-
nection between MTRL and general consensus to propose scalable solutions with linear
convergence guarantees. In this work, we improve over state-of-the-art by presenting a
distributed solver for MTRL with quadratic convergence guarantees. Our algorithm ex-
ploits a novel connection between MTRL and Laplacian-based general consensus that
leads to an efficient solver. We further extend our work to the lifelong settings where
we propose the first distributed lifelong MTRL solver who exhibits vanishing regret. We
analyze both the theoretical and empirical properties of our method. In set of extensive ex-
periments, we also show that the novel algorithm outperforms state-of-the-art on a variety

of dynamical systems, including a simulated humanoid robot.
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Chapter 1

Introduction

Reinforcement learning (RL) methods allow agents to solve sequential decision-making
problems (SDM) with limited feedback. Applications with these characteristics are ubiq-
uitous ranging from stock-trading [25] to robotics control [26, 27]. Though successful,
RL methods typically require exhaustive computations and substantial amounts of data
for successful behavior. One major contributor to this issue is the tabula-rasa assumption
of typical RL methods, which attemp to learn from scratch on unseen tasks. In these
settings, learning performance is significantly restrained by the quality of the acquired
samples. The amount of experience necessary for high-quality performance increases
exponentially with the tasks’ degrees of freedom, preventing the application of RL to

high-dimensional control problems.

Transfer learning is a popular topic of research in machine leaning (ML) and artifi-
cial intelligence (Al). This paradigm involves a form of knowledge sharing or transfer
across tasks to make ML and Al more robust. Fortunately, in [3, 4, 10] authors show that
transfer learning can significantly improve model performance in RL on new tasks by
reusing previous knowledge during training to bias initial behavior. In these approaches,
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knowledge transfer happens between MDPs that have different transition functions, state
or action spaces and reward functions. Multitask learning (MTL) explores another notion
of knowledge transfer, in which the agent is faced with a series of SDM tasks and mod-
els are trained simultaneously. In MTL, knowledge is shared during the joint learning
process through a shared knowledge base that[28]. As a motivating example, consider a
prospecting agent who is interested in finding gold. The indicators of gold might differ
with environment variations. But the agent does not know apriori the type of environ-
ment it is operating in nor what the indicators of gold are. In MTL, the agent learns the
distribution of different types of environments and the indicators of gold in each of them
after exploring few environments. Consequently, in a new environment, the agent needs
a small amount of experience, make inferences about the environment type quickly hence

would explore more efficiently. [67]

However, MTL suffers from scalability issues when the number of tasks grows large
or when policies become high dimensional. Two directions hold the promise to circum-
vent these scalability problems: distributed computation and online learning. The first di-
rection is based on decentralized optimization where computations are distributed across
multiple units to remedy scalability and accuracy constraints. Though successful in su-
pervised learning [29], this direction is not well explored in the context of MTL. Only
recently, the authors in [30] proposed a distributed solver for Multi-task Reinforcement
Learning (MTRL) which maps MTRL to a general consensus problem and relies on Al-
ternating Direction Method of Multiplier (ADMM) to solve it. However, it imposes addi-
tional constraints on the loss function and only achieves a linear converges which might
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be problematic when speed and efficiency are considered.

In the other direction, computations are centralized but tasks are streamed online and
models are fit iteratively. Such an alternative has been well explored under the name of
Lifelong RL [5]. In such settings, agents acquire knowledge incrementally by learning
multiple tasks over their lifetime. Recently in [6], the authors proposed a lifelong learner
for policy gradient RL where efficient learning is achieved by considering approximations
to the original loss. Although, these approximations simplify the MTL objective into a
quadratic form for online learning, this technique can lead to parameters far from globally
optimal and can introduce accuracy problems. Consequently, the success of these meth-
ods for RL highly depends on the policy initializations, which must lead to near-optimal
trajectories for meaningful updates. Moreover, although online streaming of tasks leads
to efficient learning, these methods suffer from scalability issues when high dimensional
policies are considered. Most importantly, these methods that operate in regret' mini-
mization settings, exhibit non-vanishing regrets of the form O(R), where R is the total
number of rounds in a non-adversarial setting hence cannot guarantee convergence to the
policies of optimal agents.

Formulating MTRL problems in a distributed framework will lead to efficient algo-
rithms that are both rich-enough to capture the complexity of SDM data, and scalable-
enough to handle large number of trajectories efficiently. In distributed reinforcement
learning, trajectories are split across multiple processing units, each having access to a
local objective. The goal is then to minimize a sum of local costs while ensuring consen-
sus across all processors and thus can be cast into a distributed constrained optimization

problem.

Regret is defined later as the difference in actions between the agent and an optimal agent.



Generally, there are two classes of algorithms for distributed optimization. The first is
sub-gradient based, while the second relies on a decomposition-coordination procedure.
Sub-gradient algorithms proceed by taking a gradient related step that is followed by av-
eraging with neighbors at each iteration. Though successful, the best known convergence
rate of sub-gradient methods is relatively slow given by (9(\/%) with ¢ being the total
number of iterations [15].The second class of algorithms solves constrained problems by
relying on dual methods. One of the well-known (state-of the- art) methods from this class
is the Alternating Direction Method of Multiplies (ADMM) [16]. ADMM decomposes
the original problem into two subproblems which are then solved sequentially leading to
updates of dual variables. In [16], the authors show that ADMM can be fully distributed
over a network leading to improved convergence rates in the order of O(%) However,
as was shown in [17] ADMM based methods suffer from accuracy problems and only
achieve a linear convergence. Finally, the third class of algorithms consider Newton-type
iteration schemes by adopting second order information. In a recent attempt [19, 31],
the authors propose a distributed second-order method for general consensus by using the

approach in [18] to compute the Newton direction. As detailed later, this method fails to

outperform ADMM, especially when data is high dimensional.

In this work, we address the aforementioned issues by proposing an efficient and
scalable multi-task learner for policy gradient RL. We then extend our work to the online
settings by developing the first distributed MTRL agent operating in an adversarial frame-
work. Our approach rapidly learns high performance control policies based on the agent’s
previously learned knowledge and safety constraints on each task, accumulating knowl-
edge over multiple consecutive tasks to optimize overall performance. We theoretically
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analyze the convergence and the regret exhibited by our algorithm. We show quadratic
convergence and sublinear regret of the form O (\/ﬁ) for R rounds which both outper-
form current methods. Fast distributed computation is guaranteed by a new distributed

Newton method for general consensus with the following characteristics:
* capable of approximating the exact Newton direction up-to any arbitrary € > 0,

* exhibiting quadratic convergence within a neighborhood of the optimal solution

similar to exact Newton methods,
* outperforming ADMM and others in terms of accuracy by significant margins.

We achieve this by exploiting the sparsity pattern of the dual Hessian and transforming
the problem of computing the Newton direction to a one of efficiently solving a sequence
of symmetric diagonally dominant system of equations. These systems are then solved
using a novel distributed solver. We theoretically analyze the properties of our solver.
Finally, we evaluate our approach empirically on a set of dynamical systems including a

humanoid robot.



Chapter 2

Literature Review

The objective of this literature survey is to provide an overview for essential concepts
needed by this work. Previous research on this topic includes six threads. We start by
giving an overview on Reinforcement Learning, we then describe approaches in Multi-
task Reinforcement Learning in centralized and distributed frameworks. We also provide
a description of current state-of-the-art methods in distributed optimization with its two
classes sub-gradient and dual methods. Moreover, we give an overview on Symmetric
Diagonally Dominant (SDD) solvers that currently provide state-of-the-art solutions that
distributed optimization relies on. We finally move to lifelong learning and regret mini-
mization games and describe Rl methods that rely on online (lifelong) learning to derive

efficient solutions.

2.1 Reinforement Leaning

Reinforcement learning (RL) algorithms [32] have shown success in solving sequen-
tial decision making (SDM) tasks. Recently in [68], the authors, presented the first deep
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learning model to successfully learn control policies directly from high-dimensional sen-
sory input using reinforcement learning. They tested their method on seven Atari 2600
games from the Arcade Learning Environment. With no adjustment of the architecture or

learning algorithm, they outperformed all previous approaches.

In RL, the agent’s goal has to sequentially select actions that maximize its total ex-
pected return. Markov Decision Process (MDP) provides a mathematical framework to
study decision making tasks thus it is suitable to formalize RL problems.

An MDP is formalized as a tuple (X, A, P, R,~) where

o X C R%is the set of states,

A C R™ is the set of possible actions,

P X x Ax X — |0,1] represents the state transition probability describing the

task’s dynamics,

R: X x Ax X +— Ris the reward function measuring the agent’s performance

and v € [0, 1) is the discount factor that gives importance to present rewards over

future rewards.

The dynamics of an RL problem commence as follows: at each time step h, the agent be-
ing at state ¢, € X has to choose an action a;, € A transitioning it to @1 ~ p(xp.1|Ty, ap)
as given by P. This transition yields a reward 7,1 = R(xp, an, €541) as determined by
R. Actions are generated according to a policy 7. A deterministic policy 7 : X — Aisa
deterministic mapping from the set of states to the set of actions. When the environment
is stochastic, a deterministic policy will fail as it will always pick the exact same action at
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the exact same state. Moreover, in partially observable states, when part of the state space
is hidden from the agent, deterministic policies don’t account for the uncertainty of the
hidden states. A stochastic policy 7 : X x A — [0, 1] which defined as a distribution over
state-action pairs, seems to be more robust. Precisely, 7(a|x) is the probability of choos-
ing the action a given that the agent is in state . The goal of the agent can be phrased as

choosing an optimal control policy 7* that maximizes its expected return given by:

Er

H
Zv"m] : @.1)

h=1

with H being the horizon length and r, = R(xy, an, xpy1) is the reward at time step
h. In an infinite horizon case, we define an infinite horizon objective in which the agent

maximizes its expected reward it will receive when H — oo.

Considering that the states and the actions of an agent form a trajectory T = [z, ag, €1, a;...},

we can express the expected average return of 2.1 as:
T = E[R(r)[x] = / pa(T)R(T)dT 2.2)
with p(7) is the probability of acquiring a certain trajectory computed as:

H
p P() 930 H Cl‘,'h_|_1|1,'h, ah)w(ah|a:h), (23)
h=1

and the total reward R(7) for a trace 7 is defined as:

R(r)=— ZT"H’ 2.4)



with Py : X — [0, 1] being the initial state distribution.

In Equation (2.1) an infinite search space is considered. The space of possible policies

needs to be reduced in order to scale RL into high-dimensional action spaces.

Policy Search RL methods consider parametrized policies 7y to structure their search
space. Consequently they directly operate in the parameter space ®. As such, the RL

problem is transformed to a problem of searching over ® for @ that maximizes:

J(0) = Ep,,, [R(7T)] = /pg(T)%(T)dT, (2.5)

T

Policy gradient methods are gradient-based policy search techniques. These meth-
ods typically maximize a lower-bound to Equation 2.5, which can be done by generat-
ing trajectories using the current policy mg and comparing the result with a new policy
parametrized by 6. This lower bound can be attained using Jensen’s inequality and the
concavity of the logarithm as described by [33] as follows:

log j(é) = log/pé(T)R(T)dT

zlog/pe(T)pé(T)R(T)dT

> log / pg(T)R(7) log 2o(7) dt + constant
T pe(T)

o —Drr(pe(T)R(7)|Ipg(7)) = Tr.6(6)

with Dy (p||q) being the KL-divergence! between two probability densities defined as:

Dxi(pllg) = / +Oop(:lf) log% (2.7

'KullbackLeibler divergence



2.2 Centralized Multitask Reinforcement Learning

Reinforcement learning algorithms require substantial amounts of trajectories and
learning times for successful behavior. To worsen the problem, acquiring these train-
ing trajectories come hand-in-hand with increased damage and wear on the system due
to the usage of random sampling policies. When data is scarce, learning task policies
jointly through multi-task reinforcement learning (MTRL) rather than independently sig-

nificantly improves performance [34, 35].

In MTRL, the agent is faced with a series of 7" SDM tasks Z(), ..., Z(T), Each task
is an MDP denoted by Z®) = (x® A® PO RO ~®) and the goal for the agent is
to learn a set of optimal policies IT* = {7}, ..., 7, } With corresponding parameters
© = {6W* .., 0T)*}. Using the lower-bound of Equation 2.6, one can thus write the
multitask learning objective as:

T
1 ) ) )
min — 3" —75, (et) + Reg (01, . ,oT) , 2.8)
t=1

6::60 1" =

where 7, E(%t (ét> is the lower-bound on the total expected return for a task Z ®), and

Reg <0~1, ceey 0T> is a regularizer that imposes common structure needed for knowledge

transfer.

In [28], in order to encode shared knowledge, the authors assume that a knowledge
basis exists to encode shared knowledge. Each task’s control parameter will then be a
linear combination of latent components from the common knowledge-base, L € R%**,
As such, we represent the policy parameters as: %) = Ls®, where s) € R* is a
task-specific vector of coefficients. These coefficients are encouraged to be sparse to

10



ensure that each learned basis component captures maximal reusable chunk of knowl-
edge. Latent components ,on the other hand, need to be bounded hence our regularizer
Reg (él, e ,0~T> is chosen to be the L; norm of the task specific vector of parameters

and the Frobenius norm of the shared knowledge basis. Hence, MTRL is represented as:

T
0 L 0 2
S ; [_jc,et (Ls:) + MlHStHl] + o | L[, (2.9)
where, || - || is used to denote the L; norm, and || - || is the Frobenius norm of the matrix

L.

Problems in Centralized MTRL: As noted by [30], centralized methods for MTRL
start from sampled trajectories for each task then construct a concatenated data-set which
is used to solve Equation 2.9 in a batch fashion. Clearly, this approach fails to scale when
the number of tasks or the number of trajectories per task grows large. Equation 2.9 shows
that MTRL is always mapped to an optimization problem. Thus formulating the problem
in distributed framework will be cast to an instance of distributed optimization. Before
jumping to existing approaches for distributed MTRL, we will give a brief overview on

distributed optimization techniques.

2.3 Distributed Optimization

MTRL in a distributed framework can be characterized by a network of agents asso-
ciated with cost functions where the goal is to minimize the sum of all local costs. Dis-
tributed MTRL is one of the problems that motivated researchers to develop distributed
methods for solving optimization problems [36, 37, 38, 39, 40, 41, 42].

11



Generally, there are two popular classes of algorithms for distributed optimization.
The first is based on sub-gradient techniques while the second relies on dual methods to
solve constrained problems. In sub-gradient techniques, at each iteration a sub-gradient
related step is computed, followed by averaging with neighbors. Computing sub-gradient
related steps can be very non expensive but leads to a convergence rate of O(\/LE) at best.
[36, 43, 44, 45, 46].

The second class of algorithms address constrained problems where a dual problem
is formulated and a Lagrangian related function is computed. Dual variables are then ob-
tained by minimizing the Lagrangian and primal variables are updated accordingly. One
of the state-of-the art methods of this class is the Alternating Direction Method of Multi-
pliers (ADMM) which decomposes the problem into two subproblems which are solved
sequentially to update the dual variables. ADMM is shown to be fully distributed over a

network with improved convergence rates of O(+) [47].Other methods include but are not

1
k
limited to ADD [48], Network Newton [49], which rely on distributed approximations of

Newton steps to accelerate the convergence of the dual gradient descent.

2.4 SDD Solvers

Symmetric Diagonally Dominant Matrices (SDD) play a vital role in the efficient com-
putation of the Newton direction in a distributed fashion. First, an SDD system is a system
of linear equations of the form

Mz =5 (2.10)

where M is a Symmetric Diagonally Dominant Matrix. Namely,

12



* M is symmetric positive semi-definite

o Myl >3 | M| foralli=1...n,

Our goal, is to find an e-approximate solution, &, to the exact solution =* of Equation
2.10. We give the definition of e-approximates as:

Definition 1: A vector « is called an e—approximate solution to x* if:

2" — &) < €l pg> With Jul,, = u" Mu (2.11)

Standard splittings of symmetric matrices lead to efficient computation of inverse ma-
trices M ~!. For instance, M can be decomposed as M = D, — A, where D is a diag-
onal matrix collecting the diagonal elements in M and A, is a non-negative symmetric
matrix collecting all off-diagonal components. The authors in [55], wrote the inverse of

M as:

(D-A)"'=_|D*'+{[I+D'A)(D-AD A +(I+AD™Y)| (2.12)

NO| —

Noting that (D — AD~! A) is also SDD, Spielman and Peng recurse the above for length

of O(logn) to determine the solution of Equation 2.10.

2.5 Distributed Multitask Reinforcement Learning

Now that state-of-the-art, ADMM in particular, methods in distributed optimization
are described, we will move to describe the first distributed solver for MTRL that was
developed by [30] to address scalability issues in Multi-task Policy Gradient methods.

13



2.5.1 Problem Formulation

The framework in [30], maps MTRL to an instance of general consensus and develops
an efficient solver based on ADMM [47] that achieves convergence speed of (’)(%) with &
being the iteration number. In [30], the authors address the problem in Equation 2.9, and

further consider multidimensional action space where a matrix ®, () is assumed to

encode multidimensional features of the state space for a task ¢ € {1,..., 7T} and at time
step h € {1,..., H}. A m-dimensional control vector u;; can be written as:
Wy = Ppi(Xh)0; + €ny (2.13)

where €}, ; is a m-dimensional Guassian noise used for exploration. The stochastic (Guas-

sian) multidimensional policy in this case will be:
o, (’U/hﬂg’wh’t) = N(q)tet, Eh;) (214)

with E,ﬁ is the covariant matrix. Hence, the objective can be described as:

T Hi—1
min 3 B[ Retm) Y lune = Lol |+l |+ LD 215)
L,sy:sT = P h,t

where ||.|| is the Frobenius norm.
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2.5.2 Framework and Assumptions

In Distributed MTRL, n processing units connected via m edges are considered. The
graph of processor is G = (V,E), where V and & are the set of nodes and edges respec-
tively. The framework does not impose any additional constraints on the the topology of
the graph. Furthermore, a natural ordering on the nodes from 1, ..., || is assumed where
e;; € £ denotes the edges between nodes ¢ and j with ¢ < j. The authors defined A(I) to

be the general edge-node incident matrix with identity matrix I.

The problem in Equation 2.15 is of non-convex nature thus can be solved using al-
ternating optimization technique. When optimizing over s;, 1" Lasso problems can be
solved. However, computing shared repositories required mapping the MTRL problem to

an equivalent distributed general consensus problem as:

T Hy—1
. 2
min 2 | Ere, o [Rm 2 llwni = st @ <I>h¢vec<L>thJ + sl | a2 Ivee(E)Ilg
t=1 h=1 ’

(2.16)
where vec(L) is the “column-wise” vectorization of L and ® denotes the kronecker prod-

uct defined as follows:

CL11B tee alnB

A®B= : : , (2.17)

amB - a,,B

The problem can then be split across n processing units, and the equivalent distributed

15



form will be:

n

min Y Ji (vec(L;sy)) + pal|vec(L;)[|3 (2.18)

vec(L1):vec(Ly) Y

subject to vec(L;) = vec(Ly) = --- = vec(L,), (2.19)

where the per-node loss function is defined as:

T Hy—1
Ji (vec(L;s;)) = ZEl’ez () HRt(Tt) Z Huh,t - s; ® @y, svec(L;) 22;1] + ,u1||3t||1]
t=1 h=1 '

(2.20)

and 7; is the number of tasks assigned to node 7 € V.

2.5.3 Solution and Results

The authors followed ADMM in solving their constrianed distributed optimization
problem. Under the assumption that the augmented Lagrangian has a saddle point, Dis-

tributed MTRL (using ADMM techniques) converges linearly with a rate given by O(3).

2.6 Lifelong Reinforcement Learning

The second approach that addressed scalability issues in MTRL was to develop a
lifelong learner that fits models iteratively. Lifelong RL has been proposed to achieve the
same performance as batch MTRL but with computational speedups. It was first proposed
by Thrum and Mitchell [50], who showed that with knowledge memorization, the agent
can rely less on real experimentation while rapidly learning new models. In 2013, Ruvolo
et al. [11] proposed an Efficient Lifelong Learning Algorithm (ELLA). Extending on

16



ELLA, Bou Ammar et al. [12] proposed a Policy Gradient Efficient Lifelong Learning
Algorithm (PG-ELLA) that enables agents to accumulate knowledge over their lifetime
and efficiently share this knowledge between SDM tasks to accelerate learning.

The problem setting in PG-ELLA is similar to that of ELLA: the tasks arrive sequen-
tially in a lifelong manner as a series of SDM tasks Z(), ..., Z(T) Each task ¢ is an MDP
<X ®), AW PO RO 7(”>. The agent’s goal is to learn the tasks consecutively with the
possibility of revisiting earlier tasks for further exploration without any assumptions on
the number of tasks, their distribution or their order. Formally, the goal of the agent is to
learn a set of optimal parameters @ = {@)* .. @)%} that define the optimal policies
I = {750y, s Ty }-

Similar to the model described in [28, 11], Bou Ammar et al. represented each tasks
control parameters ) as a linear combination of a latent basis L as 8 = Ls®) with
s being a task specific vector of coefficients to enable knowledge transfer between tasks.
The objective is to minimize a summation of tasks cost functions while maximizing the

amount of transfer between task models. As such, this objective can be formulated as:

pe(T)

er(L) = % 2 min { {/TETPQ(T)R(T) log (M) d‘r] + Hs(t)”l}—l—)\ |L|?
) (2.21)
where T is the number of learnt stationary policies, ||.||¢ is the Frobenius norm and the
||.|[; is L1 norm of the vector of coefficient, used to approximate the vector sparsity and
Problems in current Lifelong MTRL solvers: Current methods rely on approxi-
mations to solve Equation 2.21 which introduces some accuracy problems. Moreover,
relying on centralized solvers fail to scale well when the policies are high dimensional
and the number of tasks grows even larger.
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2.7 Regret Minimzation

In this work, we employ a special form of regret minimization games, which we briefly
review here. A regret minimization game is a triple (KC, F, R), where K is a non-empty
decision set, F is the set of moves of the adversary that contains bounded convex func-
tions from R” to R, and R is the total number of rounds. The game proceeds in rounds,
where at each round j = 1,..., R, the agent chooses a prediction 8; € K and the ad-
versary chooses a loss function [; € F. At the end of the round, the loss function /; is
revealed to the agent and the decision is revealed to the environment. We handle the full-
information case, where the agent may observe the entire loss function /; as its feedback
and can exploit this in making decisions. The goal is to minimize the cumulative regret
S 1i(8)) — infuck (Zle lj(“))-

The literature of online machine learning presents a wide-variety of algorithms to
minimize the aforementioned regret form. One successful variant to this minimization
is referred to as “Follow the Regularized Leader”, which minimizes regret in two steps.
First, the unconstraint solution is determined by solved an unconstrained problem over
the accumulated losses so-far. Given the unconstrained solution, the constraint solution is

then determined by learning a projection to the constraint set via Bregman projections [9].
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Chapter 3

Methodology

This chapter provides a detailed problem formulation of distributed Mutli-task Rein-
forcement Learning, as well as a description of the steps followed in the implementation
of our scalable Lifelong MTRL solver. We start by formulating the problem in distributed
MTRL settings where tasks are available in a batch way but should be distributed across
multiple units for efficient computations. We introduce a novel connection to general
consensus problem based on graph Laplacians which are known to be symmetric and
diagonally dominant (SDD). Exploiting such SDD property will lead us to a quadratic
solver (see Chapter 4). We then extend our approach to the online framework where tasks
are streamed online and agents are supposed to play a generalized-regret minimization

game against an adversary.

3.1 Scalable MTRL

In this section, we develop a distributed solver for MTRL that exhibits quadratic con-
vergence. This is achieved in two steps. We first derive a novel formulation of MTRL
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as an instance of Laplacian-based general consensus, then formulate its dual and use it
for an efficient solver. Though the connection to general consensus has been already ex-
ploited in El Bsat et al. [30], we note that our framework is significantly different. There
the authors relied on the adjacency matrix of the processing graph, which does not neces-
sarily exhibit “interesting” structure that can aid in the solver. In this work, on the other
hand, we make use of interesting properties that graph Laplacian introduces to develop a

more efficient solver.

3.1.1 Problem Formulation

MTRL formulation is reflected in Equation 2.9, which is non-convex in L and s;. To
adress this issue, we consider the alternating optimization method for computing min-
imizers of a real valued scalar function. The first step is to optimize over s; while L
is fixed, which can be split into 7" separate LASSO! problems. The second step, mini-
mizing over L, is the expensive part. It is clear from Equation 2.9 that determining the
shared repository L requires a sum running overall tasks, which can become prohibitively
expensive when 7' grows large. For a scalable solution, we now focus on developing a

distributed method for:
1 T
. t
min EH: ~T5%, (Lsy) + ol | L[} (3.1)

For distributing computation, we assume the availability of multiple processors that
are connected via an undirected graph G = (V, &), with V denoting the set of nodes

(processors) and £ the set of edges. Similar to [30], we assume n nodes connected via m

'least absolute shrinkage and selection operator
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edges. Contrary to their work however, we assume no specific ordering on the nodes, and
impose no additional constraints on the topology of G.

Before writing the problem above in an equivalent distributed fashion, we introduce
the “vec(A)” notation to denote the column-wise vectorization of a matrix A. This nota-
tion allows us to rewrite the bi-product Ls; € R? in terms of a vectorized version of L as

follows:

Ls, = vec(Ls,) = (s] ® I;.q)vec(L) € R¥! (3.2)

where I, denotes the d-dimensional identity matrix, and ® the Kronecker product?.

Given the above, and as in [30], we can write distributed MTRL as:

n T;
VGC(LEmVEC Z Z -J, %f (vec(L;sy)) + fial|vec(Ly)| |3 (3.3)
L
s.t. vec(Ly) = vec(Ly) = -+ = vec(L,),

where,

* T; is the total number of tasks assigned to node i such that y | T; = T,

* and fi, = Ty used to guarantee an equivalent formulation to original MTRL.

Intuitively, Equation 3.3 is distributing MTRL among n nodes, where each node
computes its local copy of L. Given that there exists only one valid shared repository,
these copies have then to be conceded, which is reflected by our consensus constraint
vec(L;) = -+ - = vec(L,). The problem is now cast to a distributed constrained optimiza-
tion problem. We next present a Laplacian-based formulation of MTRL that considers the

effect of the graph topology.

2a generalization of the outer product from vectors to matrices
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3.1.2 Laplacian-Based Distributed MTRL

In order to formulate MTRL as a Laplacian-Based problem, we introduce the graph

Laplacian £ € R,,,,,: as

d(i) ifi=j
L, j) =9 -1 if(i,j) €€
0 otherwise
\

where d(i)is the degree of node ¢ i.e. the number of edges incident to this node.
We also introduce a set of dk vectors, y1,...,yq Where 1y, €e R" V 1 <r < dk.

The goal of these vectors is to hold the i component of vec(L;), ..., vec(L,), i.e.

y, = [vec(L1) (), vec(La) (), - - -, vee(Ly )] Vor=1,...,dk

As such, we reconsider our consensus constraint: with the introduction of these vec-
tors y1, . . . , Yar, consensus over the shared repository copies in each node can be reflected
in each vector y, . . ., Y4, as a consensus between its components i.e. having y1, . . ., Yax
as multiples of the vector 1. The introduction of the graph Laplacian allows us to further
define the consensus constraint as £y; = 0, ..., Ly = 0. Noting that the vector of ones
is the only vector equating the Laplacian equations above to zero, we recognize that y,
has to be parallel to the vector of one s(i.e., 1 € R™), which in turn guarantees that for
any r € {1,...,dk}, we have (vec(L1))) = (vec(L2))y) = -+ = (vec(Ly,)) (e,
consensus on the 7" component). Moreover, the i’ copy of the repository, i.e., vec(L;)
can be recovered from v, . .., yq. by accessing the i** components of each vector y,.
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Thus, Laplacian-based distributed MTRL can be written as:
min Y fi (g1(i), .. yax(i) (34)
Y1:Ydk i—1

subjectto Ly; =0,..., Ly = 0,

where:
c Fn@) . ya() = S0 | = T8, (8T © Lixa) 9i) + fiel9l13 ]

e ;= [y1(4),...,ya(i)]" denoting vec(L;).

Finally, we rewrite the above problem concisely by introducing M = Iy @ £ €
Rrdkxndk o be a block diagonal matrix having Laplacian diagonal elements, and y € R

to be a vector concatenating y; : Yax:

min > fi (), yar(0)) (3.5)
=1

subjectto My = 0.

At this stage, we are ready to tackle the problem in Equation 3.4 using any standard
optimization technique such as, distributed gradients [51], or distributed ADMM [47, 30].
However, state-of-the-art techniques achieve at best linear convergence after imposing ad-
ditional restrictive assumptions. Next, we detail how this refined definition aids in deriv-
ing a solver with quadratic convergence guarantees without imposing further assumptions
on the loss function or the topology of the graph.
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3.1.3 The Dual Problem & SDD Properties

The problem in Equation 3.4 is a constrained optimization one that is typically solved
by descending (in a distributed fashion) in the dual function. Adopting a second-order
technique, such as Newton method, can lead to improved convergence speeds. Although
some techniques for determining the Newton direction in a distributed fashion exist, these
techniques don’t guarantee high accuracy (see Chapter 4) when computing the Newton
direction. Taking the effect of symmetric and diagonal dominance on the curvature of the
dual function, we next derive a Newton method that approximates the Newton direction
up-to-any arbitrary precision € > 0.

To acquire the dual formulation of distributed MTRL, we first introduce a vector of
variables A = [A], ..., AL ]T € R"* where \; € R is a vector of Lagrange multipliers,
one for each dimension (totalling to dk) of the unknown repository. For distributed com-
putations, we assume that each node only needs to store its corresponding components

A1(2), ..., Agx(?) . The lagrangian acquires the following form:

n

Wy A=) (fi 10, yar(?) + Y (D[] + - + ydk(i)[/ﬁ)\dk]i) (3.6)

i=1

Hence, we can write the dual function as:

q()\) = Z inf (fl (yl (Z), e Ydk (z’))+y1 (Z)[S)\l]ri- : -+ydk (Z)[g)\dk]z> s (37)

p Y1(2):Yar (1)

which is interestingly separable between the nodes of G.

At this stage, we can develop a distributed second-order algorithm for solving for the
dual variables. Having determined these, we still require a procedure that allows us to
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infer about the primal (i.e., y). We recognize that primal variables can be found as the

solution to the following system of partial differential equations:

afi(-)
Oy (i)

afi(-)
" 0Yar(1)

+[8A]; =0, + [€Ag]s = 0. (3.8)

Clearly, Eq( 3.8) is locally defined for each node ¢ € V, since foreachr = 1,...,dk, we

have:

—[eX )i = D M) — d(D)A(), (3.9)

JEN()
where N/ (7) is the neighborhood of node i. As such, each node, 7, can construct its own
system of equations by collecting {A;(7),..., Aax(7)} from its neighbours without the
need for full communication. Thus, Eq(3.8) can then be locally solved for determining
the primal variables. For the case of log-concave policies, we can determine the relation

between primal and dual variables in closed form (See Chapter 4).

3.1.4 SDD Property: Preliminaries

Second order techniques usually amout to compute the inverse of a certain Hessian
matrix. For efficient second-order distributed methods, we are in need to be able to in-
vert matrices efficienlty. Consequently, we need to understand essential properties of the
curvature, encoded through the Hessian, of the dual function. Given the SDD property of
the matrix M, we next show that the Hessian of the dual exhibits similar characteristics
which can be exploited for a solver with quadratic convergence.

Our results are based on the following standard assumptions essential for any second-

order method [52]. We note that these assumptions are not restrictive and rather easily
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met in our setting for log-concave policy distributions.
Assumption 1. The cost functions { f;};_, are convex and:
1. twice continuously differentiable with: v < V2fi(-) X T, and

2. Lipschitz-Hessian invertible.

<4
2

[ (et

vec(L;) — vec(L;)

N
2

[ ()

for some & and for all vec(L;),vec(L;) € R,

Given the above, we state the first leamma (proved in the appendix):
Lemma 1. The dual Hessian H (\) and gradient Vq(X) are given by:

I. HA) = —M (V2 f(y(N) " M,

2. Vq(A) = My(N).

Next, we show that when determining the Newton direction, these results allow us
to split the problem to SDD-based linear system of equations, which we then efficiently

solve using the results in [53, 54] ultimately leading us to a quadratic solver for MTRL.

3.1.5 SDD Property: Solver

Our aim is to solve MTRL using a Newton-like technique. Our method follows an

approximate Newton direction for descending in the dual as:

A+ — Al gl (3.10)

26



where
¢ [ is the iteration number,
* ol the step-size,
« and d" is the approximation to the exact Newton direction at iteration /.

For efficiency and “fast” convergence, the main goal is to accurately approximate the
Newton direction in a fully distributed fashion. In other words, our goal is to determine
an accurate approximation, ci[”, to the exact Newton direction, d that is achieved by
solving:

HUgl = —gll (3.11)

Using the results of Lemma 1, we can write Equation 3.11 as:
M (V2f (y) " Md" = My (3.12)
Interestingly, Equation 3.12 can be split to two SDD linear systems of the form:
Mz = My and Md" = v?*f (y1) 21, (3.13)

if we define 2z to be (V2f (y[”))_1 MdlY.

The first equation is by itself SDD, while the second can also be mapped to dk-SDD

T T
systems by introducing dl! = <(d[1[]) e (dgL) ) with each d!! € R" written as:

£dll = pll, (3.14)
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where b[el] € R™ is defined as:

dk
82fr(')
bllr)y =>" (m)y}ﬂ(r}, forr=1,...,nande=1,...,dk.  (3.15)

o=1
The above computations can be performed completely locally by noting that each

node € V can compute the 7" component of each vector b[ll], Ces b[ﬁL. This is true since

such a node stores a local objective f,, as well as the variables yy] (r),..., yg,l;(r).

3.1.6 SDD Solvers Overview

Now present the distributed Newton algorithm for MTPS problems:

Algorithm 1 Distributed Newton Method for MTPS (M, yI, V2 f(y%)), ¢1, €2)
1: 1+ 0
2: while Myl > ¢, do
3: 2l < DistributedSDDSolver(M, My, ¢;)

4: for each node r do

5: for ¢ «+ 1to dk do

6: node r computes bz[-l] (r)

7: end for

8: end for

9: for i + 1to dk do
10: d" « DistributedSDDSolver(L, u” €,)
11: end for
12: ol step size

13: p\ G2 IPE (UM U (U
14: ylt = Q()\[lJrl})

15: [+ 1+1

16: end while

Our next step is to an develop incremental version of this algorithm that operates in
Lifelong settings that will further improve scalability.
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3.2 Scalable Lifelong MTRL

The success of MTRL methods highly depends on the policy initializations, which
must lead to near optimal trajectories for meaningful updates. Also, as in Equation 3.3,
since their objective functions average loss over all tasks, these methods exhibit non-
vanishing regrets of the form O(R), where R is the total number of rounds in a non-

adversarial setting [56].

Moreover, these methods lack any safety constraints: the optimization over the shared
knowledge L is constraint-free during the transfer process. Thus, such methods may lead
to unbounded control policies with unsafe behavior. In robotics control, such unsafe poli-
cies are a critical issue as they might lead to agents’ damage. In this section, we address
these issues by proposing the first distributed lifelong learner for policy gradient RL oper-
ating in an adversarial framework. Our approach rapidly learns high performance control
policies based on the agents previously learned knowledge and safety constraints on each
task, accumulating knowledge over multiple consecutive tasks to optimize overall per-
formance. Our algorithm exhibits a regret of the form O(\/}_%), a quadratic convergence

similar to the exact Newton and a high accuracy that outperforms state-of-the-art methods.

3.2.1 Problem Formulation

We adopt the framework of [57] for lifelong reinforcement learning. Here, the agent
plays a generalized-regret minimization game against an adversary, where at each round
J, it observes a task, ¢;, through a set of My, trajectories {Ttgl) e ,Téﬁt]’)}, where each
trajectory has a length M, .. To abide by physical constraints, we further assume that each
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task is equipped with safety constraints on the bounds of the actions, expressed as
E {]aﬁfj) ]] < Gmax for any time-step, and for any task ¢;. (3.16)

To support knowledge transfer between tasks, we follow the framework proposed in [11,
12, 28], where we assume that each task’s policy parameters 0, € R? at round j can
be written as a linear combination of a shared latent basis L € R%** with task-specific
vectors 8;, € R, ie., 0;, = Ls;,. Consequently, the optimization problem we are

interested in after r rounds can be written as:

. 2 2
min (ol (Lsi)]+ gulISIE + pal| I

J=1

s.t. ||Sth2 S (51 th € Im (317)

E[||ul||s] < &2, Vt; € T,.,Vm,

where 7, € R is a weighting factor for a task ¢;°, || A[|r denotes the Frobenius norm
of matrix A, d; and J, are bounding constraints on the task-specific vectors and applied
actions respectively. Furthermore, Z,, = {ty,...,t,} denotes the set of all tasks observed

so-far through round r, and S’ is the collection of all task-coefficients defined Vh as:

s, ifty €T,

S(:,h) =

0 otherwise.

3We will specialize the choice of n¢; when performing the regret analysis to # to acquire vanishing
regrets.
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As described in [56], the loss function /;; () corresponds to a policy gradient learner

for task t;, which can be bounded as:

Mt -1

log[l;, (6;,)] > E Z log [m)t (ull) |2 iﬁj))} + cnst. (3.18)

Therefore, our goal is to minimize the following objective:

nt; ]V[tjfl
. t
mip 23 Y do 7o, (ufi @) | + ulISIR + | LI
' 7 k=1 m=0
S.t. HSt HQ < (51 Vt EIT,E[H’U; H ] < (52, th EIT,Vm, (319)

3.2.2 Online Formulation

The authors in [56] have shown that the above optimization problem can be mapped
to the standard online learning framework in two-steps. The first step introduces a vec-
tor o = [vec' (L), VecT(S)}T € Réou that unrolls (column-wise) each of the shared-

repository L and the task-specific-coefficient matrix S. In the second step, we define

dlolal
MQZa tm Y af (3.20)
i=dk+1
and
\Il](a) = \I’j_l(a) +77tjltj (a) (321)
to show that lifelong policy search can be written as:
a1 =argmin ¥, (a), (3.22)

ack
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where C C R%ou is the set of allowable policy parameters given the constraints.

Given the online formulation of lifelong policy gradients, the authors in [56] proposed
a two-step solver for minimizing the regret. In the first, they determined the unconstrained
solution, c,., when K = R%u while in the second they derived the constraint solution ¢,
by learning a projection Projg, - (&) to the constraint set X C Ré%ea which amounts to

minimizing the Bregman divergence over ¥, ().

Though achieving vanishing regret, the solution methods currently used for lifelong
policy search suffer from computational problems, especially when considering the un-
constrained solution .. The reason behind this limitation can be traced-back to adopting
central processing unit. To clarify, consider determining cx,, which amounts to solving

the following optimization problem:

: 2 2
wip D0l (L)) + |1 + e[ (3.23)

Jj=1

Since I;;(Ls;;) is not jointly convex in both L and s, alternating optimization is typ-
ically followed. The problem can be approximated separately in each s;;, however, the
repository L is shared between the tasks and computing it requires a sum tracing-back to
the initial round r = 1. Clearly, as the number of rounds grows-large, relying on central-
ized processing units becomes prohibitive due to memory and computational constraints.
As such, our goal now is to develop an efficient distributed method for lifelong policy

gradients to solve the above problems.

Before commencing, we first need to re-cast lifelong policy search within a relevant
distributed optimization framework as we detail next.
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3.2.3 Distributed Lifelong MTRL

In this section, we map distributed lifelong MTRL to general consensus optimization.
To commence, we assume the availability of multiple processors that are connected via
an undirected graph G = (V, &), with V denoting the n-set of nodes (processors) and £
the m-set of edges. Furthermore, we assume that task trajectories are distributed among
the nodes of G obeying the following condition: each task is assigned to the same node

1 € V even if it was observed multiple times through the r rounds.

As such, we can split Z, into n-disjoint subsets IndY), cee Indg) such that U?lendl(r) =

Z.. Hence, we can rewrite the optimization problem needed for the shared repository L

in an equivalent distributed form as:

n \Indﬁr)l
Vec(er)l.in @ Ml (87 ® Tgwa)vee(L;))po||vec(L;)||3 (3.24)
Pyeeitm i=1 k=1
subject to vec(Ly) = --- = vec(L,),

where we have used vec(Ls;, ) = (s;, ® Iixq)vec(L) as a vectorized version of Ls;,
with ® being the Kronecker product and 1,4 the d-dimensional identity matrix. Here,
the constraint vec(L;) = --- = vec(L,,) ensures consensus by guaranteeing one shared
repository.

To commence with our distributed formulation, we next introduce a set of dk vec-
tors, Y1, - . ., Yar, each in R™. The goal of these vectors is to hold the i** component of
vec(Ly),...,vec(Ly), where y; = [vec(L1)(), ..., vec(Ly,)y] foralll = 1,..., dk. Us-
ing these vectors and the graph Laplacian £, we can rewrite the consensus constraints
as Ly, = 0,...,Lyg = 0. Thus, the optimization problem in Equation 3.24 can be
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rewritten as:

min Y fi(yi(0), .., yar(i), (3.25)
1

Y1:Ydk

subjectto Ly, =0, ..., Lyy = 0,

where

("}

fi(yl(i)7 cee ,ydk(i)> - Z ntkltk ((Stk X IdXd)gi) + M2HQZH§7 (326)
k=1

with §; = [y1(7), ..., yar(i)]" denoting vec(L;).

Finally, we rewrite the above more concisely by introducing M = I ;4 ® L to be a
block diagonal matrix having Laplacian diagonal elements, and y € R"¥ to be a vector

concatenating Y : Yax:

min Y iy (i), yan(), (3.27)
i=1
st. My=0.

At this stage, we are ready to tackle the above problem using any standard optimization
technique such as, dis- tributed gradients [15], distributed ADMM [16, 17], or even dis-
tributed Newton methods [18, 49, 21]. Unfortunately, such distributed first-order-methods
achieve at best linear convergence, while second-order ones are either inaccurate or com-
putationally expensive. To remedy these problems, we will rely on the distributed Newton
method that is both accurate and efficient. This solver which was described in Section 3.1
will be briefly presented next.
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3.2.4 Unconstrained Solution

. . . T
After introducing a vector of variables X = [A[, ..., Al,] € R"* where X; € R"
is a vector of Lagrange multipliers, one for each dimension of the unknown repository,

we derive the Lagrangian and we write the dual function as:

Y1 (4):yar (2)

q(A) = Z inf (fi(yl(i)a oo Yar (7)) (3.28)

+y1(9) [LA]; + -+ 4 yar (@) [LAar]; ) :

which is separable between the nodes of G. As detailed in [58], we recognize that pri-
mal variables can be found as the solution to the following system of partial differential

equations:

afi(+)
Ay, (i)

afi(-)
" OYar (1)

= LA, .

— [LAali. (3.29)

We solve the problem above using a Newton-like technique, where our method follows

an approximate Newton direction the dual, i.e.,

AT = Al o, dl (3.30)

where [ is the iteration count, «; is the step-size, and dU is an “accurate” approximation
to the exact Newton direction at iteration [. For efficient operation, the main goal is to
accurately approximate the Newton direction in a fully distributed fashion. This can be
achieved with the help of the SDD properties of the dual Hessian as follows. To see this,

recall that the exact Newton computes:

HUGN — gl — M [V2f (y1)] ' Mdl = My (3.31)
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We notice that Equation 3.31 can be simplified to the following SDD linear system:
Md" = V2 f (y) yll, (3.32)

The above is by itself can be split into dk-distributed-SDD systems and solved in a dis-
tributed fashion. To explicitly show the mapping to dk-SDD systems, we commence by
: ol m\" A 1

introducing d!l = (dl ) e <ddk> witheach d.' € R" forany z = {1, ...,dk}.

Hence, it is easy to see that the above equation can split to the following collection of lin-

ear systems forallo =1,... n:
cdl =ol" . cdll =l (3.33)
where b[ll], e b{jL € R" is defined as:
dk
0 f
g )= ° yz[” o (3.34)
i 2 Oyl olw, ¥

dk

m, _ 0 fo 0
[bdk]o - ; a[ydk]oa[yi]o [yz ]0'

At this stage, we can feed our SDD systems to the SDD solver described in Section 3.1 to

obtain our unconstrained solution efficiently and accurately.

3.2.5 Constrained Solution

Having determined the unconstrained solution ¢, 1, we next derive the solution of the
constrained problem formulated in 3.22 by learning a projection Projq,m,c(d,qﬂ) to the
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constraint set K. The constrained solution ¢, is achieved by minimizing the Bregman

divergence By, x (a, dv«+1) over W, as follows:
Q41 = arg min By, k¢ (a, dr+1) (3.35)

aelkl

where the Bregman divergence is defined as:

By, k(o @ry1) = ¥ (a) — ¥, (G41) — trace(Va\Ilr(a)

(@ - an)

(3.36)

G

Solving Equation 3.35 becomes prohibitively expensive as the number of rounds grows
large since the term W, () requires a sum back to the original round. To solve this
problem, we perform a first-order Taylor approximation around the constrained solution

of the previous round ¢, as:

-
(@) = fi, | @ (3.37)
where
R valtr (a) u
ftr = & 5 u =
@ ltT(a) —Valt7,(a) d 1

Given the above linear form, our problem in Equation 3.35 is cast to solving the following
problem:

O, = arg min By, k¢ (a, dr“) (3.38)
aell
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which leads to solving the following optimization problem:

minl%rgize pi1 ||S|3 + pa || LI + 24 trace (ST

S) (3.39)

2)
dr'+l

+ 2pustrace (LT

subjectto ||sy,|[; < 61 Vt; € 1,

E[|[wl)|5] < 6, Vt; € T,.,Vm, (3.40)

The problem in Equation 3.39 includes a bound constraint on the expected value of the
norm of the applied actions which leads to a stochastic program. Typically, stochastic
programs can be much more difficult to solve than the the deterministic version of them.
In this work, we are going to use a sample average approximation of the expected value

constraintand the problem amounts to solve the following:

minén;ize pi1 ||S|3 + pa || LI + 24 trace (ST

S) (3.41)

)
C~V'r'+1

+ 2pstrace <LT

subjectto |[s,||o < 01 Vt; € T,

M. —1
1 J
xS > ulily < 6,85 € T,,Ym, (3.42)
t m=0

With this formulation, we expressed Projy,, (&) as a solution to a quadratically
constrained quadratic program (QCQP) which can be solved using interior point methods

as done in semidefinite programming [52, 59, 60, 61].

Having formulated the problem in both settings: batch and online, we next prove
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theoretical properties that our algorithms have. We also describe the experimental settings

in which we validated our methods and the results we achieved.
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Chapter 4

Results

In this section we present the results of our distributed MTRL solver described in
Section 3.1 as well as the results of our distributed Lifelong MTRL described in Section
3.2. We first give theoretical guarantees to our approaches and then we proceed by giving

empirical validation on dynamical systems.

4.1 Distributed MTRL: Quadratic Convergence

4.1.1 Theoretical Guarantees

Theorem 1. Let ', v, be the constants defined in Assumption 1, [1,(£), p2(L) be the

p2(8) [y p2()

pn(L) VT pn(L) |

largest and the second smallest eigenvalues of £, respectively, and e € (O,

- W 4
Consider the following iteration scheme: X'+ = Xl4a*dl! where o = (%)2 (;Z—((LE))) (11+;:2

Then the distributed Newton algorithm exhibits the following convergence phases:

* Strict Decrease Phase: while ||g""|| /> n1: ¢ (AIT)—¢ (A1) < -1 (}—;E)Q Z%(é)) Ui

—

* Quadratic Decrease Phase: while o < ||g"||,, <m: ||g"™!||,, < n% Hgme\/[’
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where 1y € R.

4.1.2 Empirical Validation
Experimental Setup

We conducted two sets of experiments to compare against distributed and lifelong
learning methods. On the distributed side, we evaluated our algorithm against five other

approaches being:

1. Accelerated Dual Descent (ADD) [48]

2. Accelerated Direction Method of Multipliers (ADMM) [30]

3. Distributed Averaging (D-Avg) [62]

4. Network Newton [31, 49]

5. and Distributed Sub-gradients (D-subgrad) [63].

We are chiefly interested in the convergence speeds of both the objective value and con-
sensus error, as well as the communication overhead and running times of these ap-
proaches. The comparison against [30] (which we title as distributed ADMM in the
figures) allows us to understand whether we surpass state-of-the-art, while that against
ADD and network-newton sheds-the-light on the accuracy of our Newton’s direction ap-
proximation. When it comes to online methods, we compare our performance in terms
of jump-start and asymptotic performance to standard PG [33], PG-ELLA [57] and GO-

MTL [28].
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Closed-Form Relation Primal-Dual:

Before diving into the details of the dynamical systems used, here we standardize each

task’s as a quadratic form and write the closed-form relation between the primal and dual

variables:

T;
fi(vec(L;)) = vec(L;)" Z AT A, + polgear | vec(Ly)

t=1

n*, T
—2 Z Ot locaIFtAtveC Z et local

with At = S;I— X Idxd-

Denoting vec(L;) = [y1(i), . .., yar(i)]", we can rewrite f; as:

dk,dk

fily (@), - yan (@) = Z [P:]piyp (4) _2201 pYp(d

p=1,1=1
where
e P, = ZtTil AT Ay + polgkxar
Zt ' 1 Ot 1oca1FtAt

* T *
* and U; = Zt 1 tlocalF 0

t,local*

4.1)

t local>»

+u17

Given the above, primal variables can be recovered from the dual in a closed form using:

Y1 (7)

y2(Z)

Yar (1)
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where [£A];. is i*" row of £A with A being a matrix concatenating all dual vectors.

Dynamical Systems:

Now we move to describe the five dynamical systems we validated our approach

against:

* Simple Mass (SM) The spring mass-damper system is characterized by three pa-

rameters: spring and damping constants and the mass. The state is given by the

position and velocity of the mass, which varies according to linear force. The goal

is to control the mass to be in a specific state.

* Double Mass (DM) The double spring-mass-damper has six parameters: two spring

constants, damping constants, and two masses. The state is given by the position

and velocity of both masses. The goal is to control the first mass to a specific state,

while only applying a linear force to the second.

* Cart Pole (CP) The dynamics of the inverted pendulum are characterized by the

cart’s and pole’s masses, the pole’s length, and a damping parameter. The state is

characterized by the cart’s position and velocity, and the pole’s angle and angular

velocity. The goal is to balance the pole upright.

* Helicopter (HC) This linearized model of a CH-47 tandem-rotor helicopter as-

sumes horizontal motion at 40 knots. The main goal is to stabilize the helicopter by

controlling the collective and differential robot thrust.

* Humanoid Robot (HR) The eMOSAIC model describes the dynamics of a hu-
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manoid robot CB-i [64]. Each module is composed of a state estimator, responsi-
bility predictor, value function estimator, and a controller. The dynamical model
parameters were obtained from [64], which considered a 36 dimensional state and

control vectors.

Results

Number of iterations to converge: We were first interested in comparing the num-
ber of iterations that our algorithm took to converge compared to state-of-the-art algo-
rithms. For this, we generated 5000 SM, 500 DM, and 1000 CP tasks by varying the
dynamical parameters of each of the above systems. Local controllers were acquired
using an LQR-like technique, where we assumed linear policy parameterizations for all
tasks!. These tasks were then distributed over graphs with edges generated uniformly
at random. Namely, a graph of 10 nodes and 25 edges was used for both SM and DM
experiments, while a one with 50 nodes and 150 edges for the CP. To distribute our com-
putations, we made use of MATLAB’s parallel pool running on 10 nodes. For all methods,
tasks were assigned evenly across 10 agents®>. An ¢ = 1/100 was provided to the SDD
solver in [54] for determining the approximate Newton direction in all cases. Step-sizes
were determined separately for each algorithm using a grid-search-like technique over
{0.01,0.1,0.2,0.3,0.5,0.6,0.9, 1} to ensure best operating conditions. We used the local
objective and the consensus error (i.e., the error measuring the deviation from agreement
among the nodes) as performance metrics. The Table 4.1.2 reports the number of itera-

tions needed for convergence to minimal consensus error and objective values per each

"We followed the experimental procedure of PG-ELLA [57], where we approximated the objective using
a second-order expansion.
2When graphs grew larger, nodes were grouped together and provided to one processor.
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algorithm for the SM, DM, and CP systems. Clearly, our method (SDD-Newton) outper-

forms others for converging to a low (i.e., 10~®) consensus error.

SDD-Newton ADD Net-Newton ADMM D-Avg D-subgrad

SM 101! 102 ~ 10? ~ 10* ~ 10* ~ 10°%
DM 102 103 ~ 10° ~ 10* ~ 10° ~ 10°%
CP 103 104 ~ 10° ~ 10° ~ 10° ~ 10°%

Table 4.1: Number of iterations until convergence to low consensus error in low-
dimensional policies

Having shown that our method is capable of outperforming others when the number
of tasks increase, now we are interested in the case when both the number of tasks is
large, and the policies are high dimensional. To evaluate this setting, we generated 500
helicopter systems and 100 humanoid robots by varying dynamical parameters according
to the scheme detailed in [65] and [64], respectively. For HC, we considered 12 dimen-
sional stabilizing policies, while in the HR case we had 36 dimensional ones responsible
for ensuring stable walking motions. Objective value and consensus error results are re-
ported in Figures 4.1, 4.2, 4.3 and 4.4 for both systems. These again validate our previous
conclusion where SDD Newton converges in about 10* iterations to low consensus errors

compared to over 10° for ADD-Newton being the second best performing algorithm.
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Communication Overhead: It can be argued that our improved results arrive at a
high communication cost between processors. This can be true as our method relies on
an SDD-solver while others allow for only few messages per iteration. We conducted an
experiment measuring local communication exchange with respect to accuracy require-
ments. Results on the HC system, reported in Figure 4.5, demonstrate that this increase
is negligible compared to other methods. Clearly, as accuracy demands increase so does
the communication overhead of all algorithms. Distributed SDD-Newton has a growth
rate proportional to the condition number of the graph being much slower compared to

the exponential growth observed by other techniques.

—— Distributed SDDM Newton
——Distributed ADD Newton
—— Distribted ADMM
Distribted Averaging
-—-Newtork Newton
Distribted Gradients

-

-

—

o

o

Local Communication Exchange

o

Accuracy

Figure 4.5: Communication overhead in the HC case

Running Times: Having shown small increase in communication cost, now we turn
our attention to assess running times to convergence on all dynamical systems. Figures 4.6
and 4.7 report running times to convergence computed according to a 10~ error threshold.
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All these experiments were run on a small random graph of 20 nodes and 50 edges.
Clearly, our method is faster when compared with others in both cases of low and high-

dimensional policies.

Il sDD-Newton Il ADD-Newton 7 ADMM [ Dist. Averaging
I Network Newton [l Distributed Gradients

67

50.25

33.5

16.75

Time to Convergence [sec]

SM DM CP

Figure 4.6: Time to converge in low-dimensional systems

Il SDD-Newton Il ADD-Newton [ ADMM [ Dist. Averaging
I Network Newton Il Distributed Gradients

4600

3450

2300

1150

Time to Convergence [sec]

HC HR

Figure 4.7: Time to converge in high-dimensional systems
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Effect of graph topology: A final question to be answered is the effect of different
graph topologies on the performance of SDD-Newton. Taking the HC benchmark, we
generated four graph topologies representing small (S. Random), medium (M. Random),
and large (L. Random) random networks, and a bar-bell graph with nodes varying from
10 to 150 and edges from 25 to 250. The bar-bell contained 2 cliques formed by 10
nodes each and a 10 node line graph connecting them. We then measured the number
of iterations required by all algorithms to achieve a consensus error of 10~°. Figure 4.8

reports these results showing that our method is again faster than others.

Il SsDD-Newton Il ADD-Newton 7 AbMM M Dist. Averaging
[ Network Newton [l Distributed Gradients

1200

900

600

300

# Iterations to Convergence

i

S. Random M. Random L. Random Bar-Bell

Figure 4.8: Effect of graph topologies

Comparison to Lifelong RL: We finally assessed our method in comparison to cur-
rent MTRL literature, including PG-ELLA [57] and GO-MTL [28]. For the experimental
procedure, we followed the technique described in [30], where the reward function was
given by —\/xj, — Xp, With @, being the reference state. As base-learners we used
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eNAC [66], which acquired 1000 trajectories with a length of 150 each. We report jump-
start and asymptotic performance in Figures 4.9 and 4.10 respectively. These results show
that our method can match others in terms of jump-start and asymptotic performance
(sometimes outperforming them (see HC and DM)), while requiring less iterations. Note
that these results for Dist-ADMM required at least 2 orders of magnitude more iterations
compared to ours®. Moreover, it is clear that our method outperforms streaming models,

e.g., PG-ELLA.

Bl PG-ELLA H GO-MTL M Dist-ADMM B SDD-Newton

o
~

e* o I o“

% Jump-Start Improvement

Figure 4.9: Jump Start Performance

3In the DM setting, for instance, our method converged in about 100 iterations compared to over 10%.
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o
<

% Asymptotic Improvement

Figure 4.10: Asymptotic Performance

Having reported the theoretical and experimental results of our Distributed MTRL
method, we next move to validate our Distributed Lifelong MTRL method both empiri-

cally and theoretically.

4.2 Distributed Lifelong MTRL: Sublinear Regret

In this section, we theoretically prove a sublinear regret of the form O(\/ﬁ) that
guarantees a vanishing regret over R rounds of the form O(%ﬁ) R—> 0. We then move
— 00
to some dynamical systems we used in Section 4.1 to empirically validate our approach.
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4.2.1 Theoretical Guarantees

Before stating our algorithm, we need to state some claims and lemmas that lead to

the proof our the sublinear regret property.

e Claim 0: The Frobenius norm of the shared basis L can be bound as follows:

p<|Ll, <[lLllr <q (4.2)

with p = 2 and ¢ = Vd6,.

6¢)1TIEI.X

* Claim 1:The norm of the gradient of the loss function satisfies:

<
~—

J é,

T

Hvatj Zt.(at‘

M,
< 9 Umax + atj
o;.

J

cI)max) <I>max1 (4.3)
2

kit)|  (k,
when wgzj (ugn 2 |a7(n t))

— /\/’(az; }é @(m%’”),a%),with:

. zcgf’t) € Xt]

. and uln”) € Ut;

Assuming that the actions u" lie within a unit ball for all tasks ¢ and trajectories

k thus

_ (kst)
. Umax = MaXg p Um

. and @, = maxy {H‘b(mgit)) H }
2
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* Claim 2: Using p < ||L||, < g, we can bound Hvat_ltj(atj) || as follows
J 6|y
M,
Hvat . lt]— (atj) S _23 |:(umax + qalcbmax) <I>max:| (44)
J s a-tj

The previous claims lead us to state the following lemmas.

Lemma 2. bounding the norm of the gradient of the loss function in terms of the safety

constraints

Hvatj lt]. (at]. )

M,
S 2‘7 Umax + q(Sl (I)max q)max (45)
2 o-tj

Lemma 3. bounding the norm of the gradient of the loss function evaluated at 6,

2

(4.6)

o, 0 9

< (6 +gxd) Hv% I, (0)

r

2

Lemma 4. bounding the Lo, norm of the solution of the constrained problem at round

r — 1 in terms of the constraints as:

~ 112
6], <axa+aiz @.7)
2

Lemma 5. bounding the Lo norm of the linearization of the loss function l,,(6) around

0,

Vol (0)

2)+ ‘ 11, (0)

A

(1+] S <) (1+7() +8, @8)
2

T T

Where ‘ 1;;0) | <6, €R, and(r) and v;(r) defined as follows:
0 J

r

1(r) =46 ++Vgxd
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Yo (r) < Vd x g+ 91/ | L]

Theorem 2 (Sublinear Regret). After R rounds and and with the following initialization

Ny =1 = \/LEVf, L ‘é = diag,(C), with diag,,(C) being a diagonal matrix among the
1

k columns of L, ¢ satisfies p < ¢* < qand S 5= Okx|7|, the distributed lifelong

reinforcement learner exhibits sublinear regret of the form:

> 1,(0,) — 1, (u) = O(VR) Yuck (4.9)

4.2.2 Empirical Validation

This section provides empirical validation for the proposed Distributed Lifelong MTRL.
We compared our technique against five other approaches being: ADD, ADMM, Dis-
tributed Averaging, Network Newton and Distributed Sub-gradients (as in Section 4.1).
Dynamical Systems

Our experiments ran on the following dynamical systems*:

* Simple Mass (SM).

* Double Mass (DM).

¢ Carte Pole (CP).

Experimental Setup:

We generated 5000 SM, 500 DM, and 1000 CP tasks by varying the dynamical param-

eters of each of the above systems. Local controllers were acquired using an LQR-like

4The dynamical systems were described in Section 4.1
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technique, where we assumed linear policy paramterization for all tasks. These tasks were

then distributed over graphs with edges generated uniformly at random. Here, a graph of

10 nodes and 25 edges was used for both the SM and DM systems, while a one with

50 nodes and 150 edges for the CP. Step-sizes were determined using a grid-search like

technique for all algorithms to guarantee best operating conditions. We used the local

objective and consensus error as performance metrics.

Results

Figures 4.11, 4.12, 4.13, report the objective value decrease versus the number of iter-

ations. Figures 4.14, 4.15, 4.16, report the consensus error versus the number of iterations

in our algorithm as well as state-of-the-art methods. Clearly, our method (SDD Newton)

outperforms others significantly in both the number of iterations to reach a low consensus

error as well as the number of iteration needed to converge.
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- - Distributed ADD Newton
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56

10°
Figure 4.11: Objective value versus the number of iterations of SM system



8 .
107¢ -~ Distributed SDDM Newton
. - - Distributed ADD Newton
,"“\ - Distribted ADMM
107 ¢ '.' % Distribted Averaging
[ i ¥ —Newtork Newton
i Y Distribted Gradients
106 3 : \\\ \ 4
@ | W
= i Vol
C>U 10°F i \\“ ‘\\ 3
) i [N
= { LR RRIE
g 4 'i “‘. \\\
o107 i \ E
o :Ii' "\ \\
10%¢ \ \ E
10° \ T
1 . . “HH\‘\' : ; ‘\“Hm : : P ————— L
10
10° 10 10° 10° 10

Figure 4.12: Objective value versus the number of iterations of DM system

i
i

---Distributed SDDM Newton

- - Distributed ADD Newton

---Distribted ADMM
Distribted Averaging

— Newtork Newton
Distribted Gradients

Objective Value

1
i
I'
1
i
1
i
Il
1
i
1
i
Il
1
i
I.
1
T
1
i
I'
1
i
ll
1
i
1
i
l‘
1
i
l_

10%

1
i
.
i
l.
1
:
i

10° 10" 102 10°

Figure 4.13: Objective value versus the number of iterations of CP system

57



10°

10-10 L

Distribted Averaging

--- Distributed SDDM Newton
- - Distributed ADD Newton
- Distribted ADMM

—Newtork Newton

]

)

b]

)

5 1001
)
)
)

10—10 L

10° 10"

Distribted Gradients

\
Y [}
1

A\
Baioata v

102

Figure 4.14:

Consensus error versus the number of iterations of SM system

103

104

----Distributed SDD Newton
- - Distributed ADD Newton
- Distribted ADMM
Distribted Averaging
—Newtork Newton

109

\
\
1

L L M B
10! 102

104
Figure 4.15: Consensus error versus the number of iterations of DM system

58

103



- Distributed SDD Newton |
- - Distributed ADD Newton
-~ Distribted ADMM

Distribted Averaging
1072

—Newtork Newton P I' D ‘\ e
10° 10’ 107 10° 107
Figure 4.16: Consensus error versus the number of iterations of CP system

59



Chapter 5

Conclusion

In this work, we proposed a distributed solver for MTRL methods that outperforms
state-of-the-art methods and exhibits quadratic convergence. We introduced a novel re-
formulation of MTRL as an instance of Laplacian based general consensus. We then
exploited the SDD property of the curvature of our dual problem to arrive at our efficient

solver while guaranteeing accurate solutions.

We then extended our work and developed the first distributed MTRL solver operating
in adversarial framework. Our approach rapidly learns high performance control policies
based on the agent’s previously learned knowledge and safety constraints on each task, ac-
cumulating knowledge over multiple consecutive tasks to optimize overall performance.

Our online solver exhibits a sublinear regret thus outperforming current methods.

We analyzed the performance of our method both theoretically and empirically. On
the theory side, we presented a formal proof of quadratic convergence. On the empirical
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side, we showed that our new technique outperforms state-of-the-art methods from both
distributed optimization and lifelong reinforcement learning on a variety of graph topolo-
gies. We further showed that these improvements arrive at relatively small increases in

the communication overhead between the nodes.

Future work

In future, we plan to extend to cross-domain lifelong learning: Our previous methods
have been limited to a single task domain. If tasks are diverse, i.e. belong to different do-
mains, direct knowledge reuse is not applicable. Several approaches to this cross-domain
transfer problem have been developed but have not been studied yet in distributed life-
long settings. In the future, we are planning to develop a new distributed method for

cross-domain transfer in lifelong settings.
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Appendix

Hessian of f;
T;

fi= Y T((897 © Lixa)vee(Li)) + pull sy + pal|vee(Ly) |3 (D
t=1

Computing V.(r,) fi*

First we consider Vvec(Li)j((s(t)T ® Idxd)vec(Li)):

Since

dr® =

o (r YR (70)
e / o (FOVRO (0 o PO (T
3109) x| oo (0RO tog 222 LR

/ pao (7RO (70) log (pew ()R (r1)) dr) — / Pow (T)R(T) log (pgen (7)) dr”
T T

2)

Thus Ve(r,) [i becomes:

Viee(r) T (0Y) = — / oy (TR (r)V e, 10g (pgeo (7)) 3)

T
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But

Thus

log ps(7)

Consequently,

And V() (p2||vec(L

Computing Vvec

VCC

Similarly,

v2

And Vvec( I

vec(L;),vec(

i),vec(L;

P (T (t))

H

= Po(xo) | [ p(@nsal@n, an)mge (anlzn)

h=0

H H
=log Po(@o) + > _logp(@h4a|@n, an) + Y _ log (m5(an|z))

Lo (01)) =

L,-)jt(a(t)) ==

H
- Eﬂ(t) |:( Z vec(L;),vec(L;) ]lOg (7T6(t) (ah|wh))) R(t) (T):|
h=

(Mz [vec(L

),vec(L; )fl‘

h=1 h=1

H
/ Z Vvec L;) log Tt (a’h|mh))
h=1

[(ZVVec ylog (0 (ahymh))>7z(t)(7(t))}

)13) = 2u x vec(L;)

/Epé(t) (T(t))R(T(t))vgec(Li),vec(Li)log (ﬂ-é(t) (a’h|wh))

D13) = 21 X Tggxcan
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Estimation: Episodic REINFORCE

In episodic REINFORCE: a ®) = g a:h + €;,, with €, is used to introduce noise
and €, follows a normal distribution (0, o) thus 7(a”|@\") ~NV(6OTz" 52). There-

fore:
-1

OOy 1
™ (ay, ]zch)—\/mexp{zo_2

(a(t) . o(t)ngt))2} 9)

Thus

And

—1 T T
Vieernlog(mgm (anlxn)) = 5 X2 X (a(t) — ((s(t)T ® Iyxa)vec(L;)) a:,@) X (s(t)T ® Iyxa) @

20
(1)
2 ! oN ay 07 T
vVec Z),VBC(Li)lOg (Wé(t)(a’hlwh» = ; T (S ® Idxd) Ty (S & Idxd)
(12)

Finally

o
h=1

H T
1 T
V%ec yvee(LJi = —Eg [(Z — ( ®Id><d) ) (J»’h (S(t)T®Id><d) )R(t) (7)] +2ux Ty g
(13)
Previous formulation is suitable for one dimensional action space. We generalize previous

notions to multidimensional action case. To do so we consider a matrix ‘IJ( ) € Rmxd
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that encodes features of the state space at time step ~ having the agent at state :cﬁf). Con-

sequently, the action ag) can be written as:

agf) = <I>(:n§f))0(t) +e€ (14)

where € € R™ is a Gaussian noise, €~(0, Eg)) and Eﬁf) is task specific covariance matrix

at a specific time step h.

Thus the stochastic multidimensional policy () ~(®®O®), ES)) and

1

t t
7Te<t>(a§1)’w§l)) = m

-1
exp{-(a; — 8,760)T2 () — 976V} (15)

1
log T (ay|2") = —log ((27)™/?|%|?) — §(a§f> — oM Tx1(gl) — oe®)
(16)
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1 1 _
Vvec(Li)(log To(t) (aﬁf)\wﬁf))) = Viee(Li) [ — log ((27T)m/2]2\5) — §(a§f) — @ELt)O(t))TE 1(a§f) — CIDS)O“))}

1 - —
= VVec(Li) { - 5 <a§f)T — H(t)TQS)T> (2}11(00,5? _ Eh 1(t)q)§1t)g(t))‘|

(t)TEIZI(t)

1 . .
= Vet [ah 0l — TS 10g g0 _ giT T 51060

h h h
O(t)Tég)ngl(ﬂ (I)Elt)e(t):|

1 _
= g Vel [aﬁf”zh e (s @ Iywa)vec(L)
—1(

— V€C(Li)T<S(t)T & IdXd)T(I)th)TZh t)ag)

+vee(L;) (9T @ Iy o)T@ s, "W (sOT @ 1, )vec(L;)

_ (S(t)T ® Idxd)T‘I’g)TE;m) (aff) + (I)gt)(s(t)T ® Id><d>VeC<Li))
a7

szzec(Li),vec(L,-)(log 7T9<t>(a;(f)|$;(f))) _ (S(t)T ® Idxd)Tq)g)TE]:l(t)q)S)(S(t)T ® Liva)

(18)

Thus

H
vvec(Li)fi(VeC(Li)) = —Ep(t) |:Z <<S(t)T ® IdXd)T(ﬁgf)TZ}zl(t) (alglt)‘f“
3" (sVT g Idxd)vec(Li)))R(T)} + 2p5 x vec(L;) (19)
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And

H
VgeC(L“vec(Li)fz-(vec(Ll-)) = —Epm {Z <(s(t)T(X)IdXd)T(I)g)TE}:l(t)CI)E:)(S(t)T(X)Idxd))R(T)}

+ 2p0 g, (20)

Assuming that 0 < r, < 1forall0 < h < Hthen(0 < R(7) < 1. Clearly, erc(Li’veC(Li)fi(Vec(Li))

can be bounded above by the matrix I' = 25 X Iy g
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Abbreviations

ADD

ADMM

Al

LASSO

ML

MDP

MTL

MTRL

RL

SDM

Accelerated Dual Descent

Alternating Diretion Method of Multipliers
Artificial Intelligence

least absolute shrinkage and selection operator
Machine Learning

Markov Decision Process

Multi-task Learning

Multi-task Reinforcement Learning
Reinforcement Learning

Sequential Decision Making

68



Bibliography

[1]

[3]

[6]

L. Busoniu, R. Babuska, B. De Schutter, & D. Ernst. Reinforcement Learning and
Dynamic Programming Using Function Approximators. CRC Press, Boca Raton,

FL, 2010.

R. S. Sutton & A. G. Barto. Introduction to Reinforcement Learning. MIT Press,

Cambridge, MA, 1998

M. E. Taylor & P. Stone. Transfer learning for reinforcement learning domains: a

survey. Journal of Machine Learning Research, 10:1633?71685, 2009.

M. G. Azar, A. Lazaric, & E. Brunskill. Sequential transfer in multi-armed bandit
with finite set of models. Advances in Neural Information Processing Systems 26,

2013.

S. Thrun & J. O?Sullivan. Learning more from less data: experiments in lifelong

learning. Seminar Digest, 1996b.

H. Bou Ammar, E. Eaton, P. Ruvolo, & M. Taylor. Online multi-task learning for
policy gradient methods. In Proceedings of the 31st International Conference on
Machine Learning (ICML), 2014.

69



[7]

[10]

[11]

[12]

[13]

G. O. Young, Synthetic structure of industrial plastics (Book style with paper title
and editor), in Plastics, 2nd ed. vol. 3, J. Peters, Ed. New York: McGraw-Hill, 1964,

pp.- 1564.

J. Kober & J. Peters. Policy search for motor primitives in robotics. Machine Learn-

ing, 84(1-2):171-203, 2011

Y. Abbasi-Yadkori, P. Bartlett, V. Kanade, Y. Seldin, & C. Szepesvari. Online learn-
ing in Markov decision processes with adversarially chosen transition probability

distributions. Advances in Neural Information Processing Systems 26, 2013

H. Bou Ammar, K.1 Tuyls, M. E. Taylor, K. Driessen, & G. Weiss. Reinforcement
learning transfer via sparse coding. In Proceedings of the International Conference

on Autonomous Agents and Multiagent Systems (AAMAS), 2012.

P. Ruvolo & E. Eaton. ELLA: An Efficient Lifelong Learning Algorithm. In Pro-

ceedings of the 30th International Conference on Machine Learning (ICML), 2013.

H. Bou Ammar, E. Eaton, P. Ruvolo, & Matthew Taylor. Online multi-task learning
for policy gradient methods. In Proceedings of the 31st International Conference on

Machine Learning (ICML), 2014.

A. Wilson, A. Fern, S. Ray, & P. Tadepalli. Multi-task reinforcement learning: a
hierarchical Bayesian approach. In Proceedings of the 24th International Conference
on Machine Learning (ICML), 2007

70



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

H. Bou Ammar, R. Tutunov & E. Eaton. Safe Policy Search for Lifelong Rein-
forcement Learning with Sublinear Regret. In Proceedings of the 32th International

Conference on Machine Learning ICML), 2007

A. Nedic and A.E. Ozdaglar. Distributed Subgradient Methods for Multi-Agent Op-

timization. IEEE Transactions on Automatic Control, (1):48-61, 2009.

W. Erwin and A.E. Ozdaglar. Distributed Alternating Direction Method of Multipli-
ers. In Proceedings of the Control and Decision Conference (CDC), pp: 5445-5450,

IEEE, 2012.

S. Boyd, N. Parikh, E. Chu, B. Peleato, and J. Eckstein. Distributed Optimization
and Statistical Learning via the Alternating Direction Method of Multiplies. Foun-

dations and Trends in Machine Learning, 3(1), 2011

M. Zargham, A. Riebeiro, A. E. Ozdaglar, and A. Jadbabaie. Accelerated Dual De-
scent for Network Flow Optimization. IEEE Transactions on Automatic Control,

2014.

A. Mokhtari, Q. Ling, and A. Ribeiro. Network Newton Part I: Algorithm and Con-

vergence.ArXiv e-prints, 2015a.

A. Mokhtari, Q. Ling, and A. Ribeiro. Network Newton Part II: Convergence Rate

and Implementation. ArXiv e-prints, 2015b.

R. Tutunov, H. Bou Ammar & A. Jadbabaie. An Exact Distributed Newton Method
for Reinforcement Learning. In Proceedings of the Control and Decision Conference
(CDC), pp: 1003-1008, IEEE, 2016.

71



[22] R. Peng and D. A. Spielman. An Efficient Parallel Solver for SDD Linear Systems.

In the Symposium on Theory of Computing, STOC, 2014.

[23] S. Boyd and L. Vandenberghe. Convex Optimization. Cambridge University Press,

2004

[24] A. Olschevsky. Linear Time Average Consensus on Fixed Graphs and Implications

for Decentralized Optimization and Multi-Agent Control. ArXiv e-prints, 2014.

[25] T. Chavarnakul and D. Enke, “A hybrid stock trading system for intelligent technical

analysis-based equivolume charting,” Neurocomput., vol. 72, no. 16-18, 2009.

[26] M. P. Deisenroth, P. Englert, J. Peters, and D. Fox, “Multi-task policy search for
robotics,” in Robotics and Automation (ICRA), 2014 IEEE International Conference

on, pp. 3876-3881, IEEE, 2014.

[27] J. Kober and J. R. Peters, “Policy search for motor primitives in robotics,” in Ad-

vances in neural information processing systems, pp. 849-856, 2009.

[28] A. Kumar and H. Daumé III, “Learning Task Grouping and Overlap in Multi-Task

Learning,” in International Conference on Machine Learning (ICML), 2012.

[29] P. A. Forero, A. Cano, and G. B. Giannakis, “Consensus-based distributed support

vector machines,” J. Mach. Learn. Res., vol. 11, pp. 1663-1707, Aug. 2010.

[30] El Bsat, Bou-Ammar Haitham, and Mathew Taylor, “Scalable Multitask Policy Gra-

dient Reinforcement Learning,” in AAA/, February 2017.

[31] A. Mokhtari, Q. Ling, and A. Ribeiro, “Network Newton-Part II: Convergence Rate
and Implementation,” ArXiv e-prints, 2015.

72



[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

R. S. Sutton and A. G. Barto, Introduction to Reinforcement Learning. Cambridge,

MA, USA: MIT Press, 1st ed., 1998.

J. Kober and J. Peters, “Policy Search for Motor Primitives in Robotics,” Machine

Learning, vol. 84, July 2011.

M. E. Taylor and P. Stone, “Transfer Learning for Reinforcement Learning Domains:

A Survey,” Journal of Machine Learning Research, vol. 10, pp. 1633-1685, 2009.

H. Li, X. Liao, and L. Carin, “Multi-task reinforcement learning in partially observ-
able stochastic environments,” The Journal of Machine Learning Research, vol. 10,

pp. 1131-1186, 2009.

J. C. Duchi, A. Agarwal, and M. J. Wainwright, “Dual averaging for distributed
optimization: Convergence analysis and network scaling,” IEEE Transactions on

Automatic control, vol. 57, no. 3, pp. 592-606, 2012.

D. Jakovetic, J. Xavier, and J. M. Moura, “Cooperative convex optimization in net-
worked systems: Augmented lagrangian algorithms with directed gossip commu-
nication,” IEEE Transactions on Signal Processing, vol. 59, no. 8, pp. 3889-3902,

2011.

D. P. Palomar and Y. C. Eldar, Convex optimization in signal processing and com-

munications. Cambridge university press, 2010.

A. Nedic and A. Ozdaglar, “Distributed subgradient methods for multi-agent opti-
mization,” IEEE Transactions on Automatic Control, vol. 54, no. 1, pp. 48-61, 2009.

73



[40]

[41]

[42]

[43]

[44]

[45]

[46]

S. S. Ram, A. Nedi¢, and V. V. Veeravalli, “Incremental stochastic subgradient al-
gorithms for convex optimization,” SIAM Journal on Optimization, vol. 20, no. 2,

pp. 691-717, 2009.

K. I. Tsianos and M. G. Rabbat, “Distributed consensus and optimization under com-

munication delays,” in Communication, Control, and Computing (Allerton), 2011

49th Annual Allerton Conference on, pp. 974-982, 1IEEE, 2011.

J. N. Tsitsiklis, “Problems in decentralized decision making and computation.,” tech.
rep., MASSACHUSETTS INST OF TECH CAMBRIDGE LAB FOR INFORMA -

TION AND DECISION SYSTEMS, 1984.

B. Johansson, T. Keviczky, M. Johansson, and K. H. Johansson, “Subgradient meth-
ods and consensus algorithms for solving convex optimization problems,” in De-
cision and Control, 2008. CDC 2008. 47th IEEE Conference on, pp. 4185-4190,

IEEE, 2008.

I. Lobel and A. Ozdaglar, “Convergence analysis of distributed subgradient methods
over random networks,” in Communication, Control, and Computing, 2008 46th

Annual Allerton Conference on, pp. 353-360, IEEE, 2008.

A. Nedic and A. Ozdaglar, “Distributed subgradient methods for multi-agent opti-

mization,” IEEE Transactions on Automatic Control, vol. 54, no. 1, pp. 48-61, 2009.

A. Nedic and A. Ozdaglar, “Distributed subgradient methods for multi-agent opti-
mization,” IEEE Transactions on Automatic Control, vol. 54, no. 1, pp. 48-61, 2009.

74



[47] E. Wei and A. Ozdaglar, “Distributed alternating direction method of multipliers,”
in Decision and Control (CDC), 2012 IEEE 51st Annual Conference on, pp. 5445—

5450, IEEE, 2012.

[48] M. Zargham, A. Ribeiro, A. E. Ozdaglar, and A. Jadbabaie, “Accelerated Dual De-
scent for Network Flow Optimization,” IEEE Transactions on Automatic Control,

2014.

[49] A. Mokhtari, Q. Ling, and A. Ribeiro, “Network Newton-Part I: Algorithm and

Convergence,’” ArXiv e-prints, 2015.

[50] S. Thrun and T. M. Mitchell, “Lifelong robot learning,” Robotics and autonomous

systems, vol. 15, no. 1-2, pp. 2546, 1995.

[51] A. Nedic and A. Ozdaglar, “Distributed Subgradient Methods for Multi-Agent Op-

timization.,” IEEE Trans. Automat. Contr., no. 1, pp. 48-61, 2009.

[52] S. Boyd and L. Vandenberghe, Convex Optimization. New York, NY, USA: Cam-

bridge University Press, 2004.

[53] R.Pengand D. A. Spielman, “An Efficient Parallel Solver for SDD Linear Systems,”

in Symposium on Theory of Computing, STOC, 2014.

[54] R. Tutunov, H. Bou-Ammar, and A. Jadbabaie, “Distributed SDDM Solvers: Theory

& Applications,” ArXiv e-prints, 2015.

[55] R. Peng and D. A. Spielman, “An efficient parallel solver for sdd linear systems,”
in Proceedings of the forty-sixth annual ACM symposium on Theory of computing,
pp- 333-342, ACM, 2014.

75



[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

H. B. Ammar, R. Tutunov, and E. Eaton, “Safe policy search for lifelong reinforce-

ment learning with sublinear regret,” in Proceedings of the 32nd International Con-

ference on Machine Learning (ICML-15), pp. 2361-2369, 2015.

H. Bou-Ammar, E. Eaton, P. Ruvolo, and M. Taylor, “Online Multi-task Learning

for Policy Gradient Methods,” JMLR Workshop and Conference Proceedings, 2014.

R. Tutunov, H. B. Ammar, and A. Jadbabaie, “A distributed newton method for large

scale consensus optimization,” arXiv preprint arXiv:1606.06593, 2016.

F. A. Potra and S. J. Wright, “Interior-point methods,” Journal of Computational

and Applied Mathematics, vol. 124, no. 1, pp. 281-302, 2000.

S. J. Wright, Primal-dual interior-point methods. SIAM, 1997.

F. Alizadeh, “Interior point methods in semidefinite programming with applications
to combinatorial optimization,” SIAM journal on Optimization, vol. 5, no. 1, pp. 13—

51, 1995.

A. Olshevsky, “Linear Time Average Consensus on Fixed Graphs and Implications

for Decentralized Optimization and Multi-Agent Control,” ArXiv e-prints, 2014.

A. Nedic and A. Ozdaglar, “Distributed subgradient methods for multi-agent opti-

mization,” IEEE Transactions on Automatic Control, vol. 54, no. 1, pp. 48-61, 2009.

S. N. Morimoto, S. Hyon, and M. Kawato, “The eMOSAIC Model for Humanoid

Robot Control,” 2012.

H. Bou-Ammar, E. Eaton, J. M. Luna, and P. Ruvolo, “Autonomous Cross-Domain
Knowledge Transfer in Lifelong Policy Gradient Reinforcement Learning,” in Pro-

76



ceedings of the International Joint Conference on Artificial Intelligence, IJCAI,

2015.

[66] J. Peters and S. Schaal, “Natural Actor-Critic,” Neurocomputing, vol. 71, 2008.

[67] Aaron Wilson, Alan Fern, Soumya Ray, and Prasad Tadepalli. Multi-task reinforce-
ment learning: a hierarchical bayesian approach. In Proceedings of the 24th inter-

national conference on Machine learning, pages 1015-1022. ACM, 2007.

[68] Volodymyr Mnih, Koray Kavukcuoglu, David Silver, Alex Graves, loannis
Antonoglou, Daan Wierstra, and Martin Riedmiller. Playing atari with deep rein-

forcement learning. arXiv preprint arXiv:1312.5602, 2013.

71



