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Affinely Adjustable Robust Volt/VAr Control Without
Centralized Computations

Firdous U. Nazir , Senior Member, IEEE, Bikash C. Pal , Fellow, IEEE, and Rabih A. Jabr , Fellow, IEEE

Abstract—This paper proposes a completely non-centralized
Volt/VAr control (VVC) algorithm for active distribution networks
which are faced with voltage magnitude violations due to the
high penetration of solar photovoltaics (PVs). The proposed VVC
algorithm employs a two-stage architecture where the settings of
the classical voltage control devices (VCDs) are decided in the first
stage through a distributed optimization engine powered by the
alternating direction method of multipliers (ADMM). In contrast,
the PV smart inverters are instructed in the second stage through
linear Q(P) decision rules - which are computed in a decentral-
ized manner by leveraging robust optimization theory. The key to
this non-centralized VVC routine is a proposed network partition
methodology (NPM) which uses an electrical distance metric based
on node Q − |V |2 sensitivities for computing an intermediate
reduced graph of the network, which is subsequently divided into
the final partitions using the spectral clustering technique. As a
result, the final network partitions are connected, stable, close in
cardinality, contain at least one PV inverter for zonal reactive power
support, and are sufficiently decoupled from each other. Numerical
results on the UKGDS-95 and IEEE-123 bus systems show that the
non-centralized solutions match closely with the centralized robust
VVC schemes, thereby significantly reducing the voltage violations
compared to the traditional deterministic VVC routines.

Index Terms—Network partitioning, reactive power decision
rules, robust optimization, second order conic relaxation, Volt/VAr
control (VVC).

NOMENCLATURE

I. Notation

N (B) Set of nodes (branches) of the network
P (C) Set of nodes hosting Solar PVs (Capacitors)
N∗ (P∗) Set of nodes (PV nodes) belonging to a particular

zone
T Set of branches hosting on-load tap changers or

voltage regulators
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X (X) Upper (lower) limits of a quantity X

II. Parameters

bcj Susceptance of the capacitor hosted at the node j
gj (bj) Shunt conductance (susceptance) at node j in the line

equivalent π model
P l
j (Ql

j) Active (reactive) power injection of the load at node
j

P s
j Active power injection of the solar PV unit at node j

rij (xij) Series resistance/ (reactance) of the line (ij)

III. Variables

αj Slope of the affine P(Q) control law for the PV
inverter connected at node j

ΔP s
j Active power fluctuations for the PV inverter con-

nected at node j

K
P |V |
ij Sensitivity of the node i voltage magnitude with

respect to change in active power injection at node
j

K
Q|V |
ij Sensitivity of the node i voltage magnitude with

respect to change in reactive power injection at node
j

lij Square of the branch current magnitude flowing on
the branch (ij)

P̂ s
j Deterministic (mean) value of the active power fore-

cast for the PV connected at node j
Pj (Qj) Net active (reactive) power injection at node j
Pij (Qij) Active (reactive) power flowing on the line (ij)

which starts from node i towards node j
Q̂s

j First stage deterministic reactive power set point for
the PV connected at node j

Qs
j (Qc

j) Reactive power injected by the solar PV inverter
(shunt capacitor) connected at node j

Ss
j Apparent power injection from the PV unit at node

j
tij Tap setting of the transformer on the branch (ij)
uj (u©j ) Square of the node voltage magnitude for the node

j (fictitious node ©j )

I. INTRODUCTION

THE Volt/VAr control, as part of the distribution manage-
ment systems, primarily aims at maintaining an acceptable

voltage profile throughout the electricity network. In most cases,
the node voltage magnitudes should stay between the upper and
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lower thresholds of 0.95 pu and 1.05 pu. The VVC decides
settings for voltage control devices (VCDs) installed on the
network through an optimization framework, which requires
information about load consumption, PV power generation,
network topology, and electrical parameters. The classical VCDs
include transformers, on-load tap changers (OLTCs), voltage
regulators (VRs), and capacitor banks (CBs), whereas smart PV
inverters are also recently being employed in some advanced
voltage control routines.

Nowadays, the main challenge the traditional deterministic
VVC algorithms face is the uncertainty of the PV real power gen-
eration. This is because the VVC solutions are dispatched with
a typical periodicity of 15-30 minutes, during which the PV real
power generation may exhibit enough variations to give rise to
significant voltage violations [1]. However, simply dispatching
the VVC solutions more often is not practically possible owing
to the fact that the classical VCDs are switched-type devices
which means these are inherently slow in operation, and frequent
switching will reduce their life expectancy. In such a situation,
reactive power support from PV inverters has been identified
as the potential solution by the researchers [2]–[4], given the
power electronic nature of the inverters, which enables them to
respond almost instantly with negligible wear and tear issues.
This fact is also acknowledged by the IEEE 1547-2018 standard,
which serves as a specific modification to the original IEEE
1547-2003 standard, to allow dynamic reactive power-based
voltage support from the smart inverters [5]. This leads to the
problem of the coordinated voltage control between the legacy
VCDs and the PV inverters, which has been a subject of recent
research. Many research works adopt a control law for adjusting
the smart inverter reactive power in response to fluctuations in
either the voltage magnitude [6]–[8] or active power [1], [9]–[12]
at their terminals, thereby effectively allowing the legacy VCDs
to run at a slower time scale.

In practice, both the parameters of the control law and the
settings of the legacy VCDs are computed simultaneously at the
beginning of the optimization horizon. The Q(V ) control law,
adopted in [6]–[8], suffers from the main problem of restrictive
convergence conditions and can lead to undesirable oscillatory
behaviour, whereas the Q(P ) control law has shown stable
performance to maintain the voltages in an acceptable region [1],
[9]–[12]. Furthermore, the German Grid Code also proposes
such Q(P ) characteristics to support the network voltage pro-
file [13]. These Q(P ) characteristics are mostly decided based
on affine policies [1], [11], [12], [14] whereas quadratic decision
rules have been used in [9], [10]. Such affine policies efficiently
capture the relationship between different variables through first
degree polynomials. The affine arithmetic based dependence
between the input and output variables is also used to quantify
the impacts of data uncertainties on the steady state solutions
in advanced power flow techniques [15], [16]. Although the
quadratic decision rules allow finer control, their use is limited
by tractability of the underlying optimization problem. As an ex-
ample, the robust optimization framework of [1], [12], [14] only
admits a tractable deterministic counterpart when the control law
is determined by affine policies [17]. Such an affinely adjustable
robust optimization framework has superior performance over

other techniques like the chance-constrained optimization, used
by [10], [11], in that it guarantees that the voltage violations are
completely removed provided the reactive power demanded by
the optimized control law does not violate the inverter apparent
power limits and the network model is linear. However, one
of the main limitations for practical implementation of these
robust optimization-based frameworks is that their optimization
engine is powered by centralized solvers and thus relies heavily
on network observability, remote monitoring, and strong com-
munication infrastructure. Moreover, these robust optimization
frameworks fail to admit a distributed solution as their decom-
posability is limited by the presence of many cross-coupling
terms, and they require access to the network-wide Newton-
Raphson load flow based Jacobian matrix [1]. A recent attempt
to achieve distributed solutions for the robust optimization VVC
problem was by solving the worst-case realization through a
column-and-constraint generation algorithm [18]. The whole
network was initially divided into sub-networks using an affinity
propagation clustering algorithm to minimize the information
exchange during distributed computation. However, the solu-
tions are too conservative in this case because the second stage
decisions are based on fixed recourse, which is optimized after
every 15 minutes. This paper proposes a novel algorithm to
obtain an affinely adjustable robust optimization solution for
the VVC problem without any centralized computations.

The key to our method is identifying neighbourhoods or zones
around groups of PVs, such that the node voltage magnitudes
within a particular group are much more strongly influenced
by the reactive power injections from the PVs of the same
zone only. To this end, we propose a novel network partition
algorithm based on the spectral clustering technique discussed in
the next section. Network partition-based zonal voltage control
is a powerful tool and has been around for more than three
decades owing to its ease of implementation [19]. Recently,
distributed generation sources were grouped for voltage control
in a typical microgrid in [20], whereas in [21] and [22], a
community detection algorithm was used to partition the dis-
tribution network for zonal voltage control. Furthermore, the
k-means partitioning algorithm was used for steady-state voltage
control in a distribution network [23]. In contrast, a power flow
tracing and an agglomerative algorithm were proposed in [24]
for voltage control of large power systems. A decentralized zonal
voltage control realized through multi-agent fuzzy logic systems
is presented in [25]. However, all these partition-based methods
focus on deterministic voltage control strategies, thereby mean-
ing that optimization models relevant to data uncertainty, like
stochastic, chance constrained or robust optimization program-
ming, are not used. Our proposed NPM, for the first time to the
best of our knowledge, attempts to solve the affinely adjustable
robust optimization version of the voltage control problem.
Furthermore, the final partitions obtained through our proposed
NPM are insensitive to the network operating state. This means
the partitions are considered permanent until a network rein-
forcement is needed or a major network reconfiguration event
occurs. The NPM technique is powered by the spectral clustering
algorithm, which is highly efficient in revealing the underlying
connectivity of the power networks [26]. Further, the spectral
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clustering algorithm has been successfully applied to the VVC
problem [27]. It was found that this algorithm maintains the
reactive power balance in each identified network zone and
minimizes the need for reactive power flow across boundaries
of these identified zones.

To realize the complete voltage control without any type of
centralized computations, we employ a two-stage VVC opti-
mization framework, in which the first stage is solved through
a distributed solver via the consensus-based ADMM algo-
rithm [28], while the second stage is solved in a decentralized
fashion. The distributed solvers achieve solutions as good as
the centralized ones with a bit of information exchange at the
boundary of the partitions [29]. In this way, optimal deterministic
set points of the classical VCDs and the PV smart inverters
are decided in the first stage. Assuming that the first stage
deterministic reactive power setpoint for a solar PV inverter
at bus j is denoted by Q̂s

j , then the control law for the smart

inverter is of the form Qs
j = Q̂s

j + αjΔP s
j . The slope (αj) of

this affine Q(P) control law is then decided in the second stage
through decentralized optimization solvers employing a robust
optimization framework to minimize the voltage magnitude de-
viation due to the active power variations (ΔP s

j ). To facilitate the
decentralized second stage computations, the nodeP −Q− |V |
sensitivities are needed, which are also computed in a distributed
fashion by solving second-order cone programming based load
flow routines [30] and subsequently using the perturb and ob-
serve based sensitivity concept [31], [32]. Thus, the benefits
of the combined central and local control concept, viz global
optimality for the first stage decisions and the rapid response
of the second stage decisions [33], are efficiently preserved by
our proposed voltage control strategy. Finally, our approach is
immune to the typical problems of the model-free data driven
techniques [34], [35], like data overload and misinterpretation
due to bad-data, owing to its rigorous mathematical structure.

The main contributions of this research are summarised be-
low:
� The network partition-based zonal voltage control has

proven to be a convenient method for network level VVC
functionalities, and has been extensively used for deter-
ministic cases, where the nodal injection forecasts are con-
sidered perfect. With the increasing integration of highly
intermittent generation sources, like the PVs, uncertainty
in nodal power injections is crucial for deciding the sched-
ules of the VCDs. We propose a novel network partition
methodology which is able to effectively perform voltage
control under data uncertainty, besides identifying con-
nected, stable and similar size network partitions.

� The main novelty of this research is to come up with
affinely adjustable robust optimization solutions for the
VVC problem of distribution networks without the need
of a centralized controller. Thereby, challenges pertaining
to sparsity of communication infrastructure, privacy con-
cerns on data exchange and non-determinstic solutions are
effectively handled in a single optimization framework.

� Like many advanced voltage control strategies [1], node
voltage magnitude sensitivities to the active and reactive

power injections are important for the proposed solu-
tion framework. Traditionally, the computation of these
sensitivity values requires a centralized computational
agent. This research proposes a novel way of computing
these sensitivity coefficients in a distributed fashion by
using conic load flow based solvers which are powered
by the ADMM algorithm.

The rest of this paper is organised as follows. Section II
presents the proposed network partition methodology, a novel
electric distance metric is introduced, suitable for zonal voltage
control based paradigms for distribution networks. Section III
discusses the proposed two-stage voltage control framework
for achieving non-centralized robust voltage control settings.
Numerical results on the UKGDS-95 and IEEE-123 bus systems
are given in Section IV, which shows that the non-centralized
solutions are very similar to the centralized ones. Finally, the
paper is concluded in Section V.

II. NETWORK PARTITION METHODOLOGY

The huge impact of PV reactive power on the nearby nodes
than the furthest ones, and the increase in complexity of a
centralized control scheme owing to a high penetration level
of PVs makes it reasonable to group strongly coupled nodes
together for voltage control. Apart from the key fact that the
nodes associated together in a cluster are closely related than the
remaining nodes of the network, a meaningful NPM for VVC
must produce clusters which are a) connected, in the sense that
any pair of nodes within a cluster are traceable through a series
of edges; b) stable, so that the clusters remain unchanged for
different loading and generation patterns of the network; and
c) approximately similar size, which implies that the number of
nodes in other clusters is not widely different. Furthermore, each
cluster must have at least one PV for supplying the leading or
lagging VARs required for its voltage control.

A. Electrical Distances for Voltage Control

The concept of electrical distances is used to quantify the
proximity between any two nodes of the network. For a voltage
control scheme, the electrical distance between two nodes needs
to consider a suitable parameter, representing the reactive power
to node voltage sensitivity between them. Thus, we use the
linearised DisFlow model [36] and extend it to include the trans-
formers present in the network. Consider a radial distribution
network, as shown in Fig. 1, the extended linear DistFlow model
is given as:

Pj =
∑
k

Pjk − Pij (1a)

Qj =
∑
k

Qjk −Qij (1b)

u©i − uj = 2(rijPij + xijQij) (1c)

u©i = t2ijui (1d)

t2ijui − uj = 2(rijPij + xijQij) (2)
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Fig. 1. Typical Radial Distribution Network Section.

(2) is generalized for all the branches of the network, by
allowing tij = 1 for the branch (ij) which does not host a
transformer. Let G(N ,B) represent the directed graph of the
network with incidence matrix denoted by În×(n−1), such that
if branch b is sandwiched between nodes i and j, then

Î(i, b) = −1

Î(j, b) = 1

Î(k, b) = 0 ∀k �= i, j

The first row of the incidence matrix denotes the transmission
system feed-in point of the network. If we partition the incidence
matrix along this row and denote the sub-matrix corresponding
to the remaining network as I(n−1)×(n−1), then (1a) and (1b) can
be written as:

p = I−→p (3a)

q = I−→q (3b)

Here, p/q denote the vector of real/reactive power injections at
all the nodes except the transmission system feed-in node, and
−→p /−→q represents the vector of active/reactive power flows on the
branches of the network. Also, let us define a matrix T̂(n−1)×n

from the set of branches B to the set of nodes N such that:

T̂(b, i) = t2ij

T̂(b, j) = −1

T̂(b, k) = 0 ∀k �= i, j

Thus we can write (2) as follows:

T̂û = 2diag(r)−→p + 2diag(x)−→q (4)

The first column of T̂ corresponds to the transmission system
feed-in point. Denote this column vector by t1 and the rest of
the matrix as T. Then (4) is written as:[

t1 T
] [u1

u

]
= 2diag(r)−→p + 2diag(x)−→q (5)

Thus the squared node voltage magnitudes for all but the substa-
tion node can be obtained by the closed-form solution as follows:

u = 2T−1diag(r)I−1p+ 2T−1diag(x)I−1q−T−1t1u1 (6)

If voltage control is done through reactive power modulation,
assume that the vector δq gives the change in nodal reactive
power injections, then the corresponding change in squared node
voltage magnitudes is given by:

δu = 2T−1diag(x)I−1︸ ︷︷ ︸
Λ

δq (7)

The matrix Λ represents a matrix of Q− |V |2 sensitivities. For
easy analysis, Λ is normalized so that the diagonal entries are
unity, thereby revealing the strength of cross-sensitivities or off-
diagonal entries. Let the normalized matrix be denoted by Ξ,
such that

Λ = ΓΞ (8)

Where, Γ = diag(Λ), is positive definite and invertible for a
network with stable voltages, meaning that voltage collapse
condition does not exist. Since Γ is invertible, we can combine
(7) and (8) in the following manner:

Γ−1δu︸ ︷︷ ︸
δu∗

= Ξδq (9)

The vector δu∗ represents a scaled squared voltage magni-
tude deviation vector. Each entry represents the corresponding
squared node voltage deviation being scaled down by the self
Q− |V |2 sensitivity of that node. Since these scaled deviations
are linked to the reactive power modulations through Ξ, we
define the electrical distances through the operation given below:

D = − ln(Ξ ◦ΞT ) (10)

◦ denotes the Hadamard (element-by-element) product, and this
operation ensures that for any two nodes, i and j, the distance
values, D(i.j) and D(j, i), are the same. Moreover, the matrix
defined by this product, Ξ ◦ΞT , has all the leading diagonal
entries equal to 1 and off-diagonal entries smaller than 1, as
is clear from (8). Therefore, taking a negative logarithm in
(10) naturally assigns a zero value for the self distances and a
smaller positive value for the distance of nodes whose Q− |V |2
sensitivities are greater. Thus, the matrix D is always hollow,
symmetric, and nonnegative. Furthermore, for a network that
is not over-compensated, in the sense that the inductive terms
are not eliminated but only attenuated by the capacitive devices,
the triangular inequality for any three nodes with respect to D
will also hold [19]. Thus the matrix D represents a true distance
matrix. It is important to note that these electrical distances do
not change with generation and loading patterns. Furthermore,
our simulation studies reveal that the effect of transformer/OLTC
taps as captured by the matrix T is negligible for practical
load curves. Thus, using distance matrix D for carrying out the
network partitioning results in stable clusters.

B. Reduced Graph

The distance matrix D can assign each node of the network to
its nearest PV node. This assignment exercise, therefore, identi-
fies the nearest neighbours around each PV node. Denoting each
such neighbourhood by a fictional node and later connecting
them through branches that correspond to actual branches on the
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network results in a much smaller graph known as the reduced
graph. More specifically, two fictional nodes in the reduced
graph would be connected if there is a branch between any
pair of nodes in the original graph, which has been assigned
to these fictional nodes. In this way, the number of nodes in
the reduced graph is equal to the number of PV buses. For the
assignment exercise, we initially define an orthonormal standard
basis matrix, Ψ ∈ IRm×n−1, with each row representing a basis
vector of the vector space in IRn−1. Here m represents the
number of PVs and n represents the number of nodes in the
network. Thus each row of Ψ corresponds to a particular PV
in the network and will have exactly one non-zero entry whose
value is 1 with indices decided by the location of the specific PV
in the network. Let us say that the ith PV is connected at bus j
in the network, then:

Ψ(i, k) = 1 : i ≤ m, k = j − 1, j ≤ n (11)

The basis matrix Ψ is used to extract a reduced distance matrix,
denoted by Dr, whose columns correspond to the PV nodes, as
follows:

Dr = ΨD (12)

We use the proposed reduced distance matrixDr to complete the
assignment exercise by computing the linear index of the least
value entry in each row. The vector of such indices, denoted by
θ, therefore represents a direct mapping of the original network
nodes to the reduced graph and is mathematically computed as:

θi = arg minjDr(i, j), i = 1, . . ., n− 1 (13)

It is evident from (13) that the value of a particular entry directly
gives the fictitious node of the reduced graph to which the
corresponding node of the original network belongs. In this way,
m connected clusters are identified, which represent nodes of the
reduced graph.

C. Spectral Clustering on the Reduced Graph

The final clustering of the original network is achieved by
performing spectral clustering on the reduced graph. Spectral
clustering gives a control on the required number of partitions.
The essence of spectral clustering is to map the network nodes
into a low dimensional space, characterized by the lower eigen-
values of the graph Laplacian matrix L, that can be easily
segregated into clusters. We build the Laplacian by initially
computing the graph similarity matrix,W, for which we propose
the following procedure:
� Associate each node of the reduced graph with a weight

equal to the cardinality of the subnetwork represented by
that fictional node. Let Wi be the weight of the node i.

� Construct the similarity matrix W, as given:

Wij =

{ 1
Wi

+ 1
Wj

if nodes i and j are connected
0 Otherwise

(14)
The proposed similarity matrix is a modified adjacency matrix

of the reduced graph. Furthermore, it gives lower weights to the
edges connecting the nodes that represent bigger subnetworks of
the original graph. These edge weights measure the connection

strength between two nodes, as weakly connected nodes are
more likely to separate when clustering. The procedure ensures
that the final clusters have a relatively equal number of nodes.
Thus, there is an established power engineering interpretation
of the proposed similarity matrix. Finally the Laplacian matrix
is computed with the help of the proposed similarity matrix as:

L = D−W (15)

Here,D is the degree matrix, a diagonal matrix with entries equal
to the sum of the corresponding row of the similarity matrix [37].
Thus, degree matrix D : Dii =

∑
j Wij . Given the Laplacian

matrix L and the number of clusters needed, we partition the
network by employing the spectral clustering methodology [26]
on the reduced graph. The final partitions reveal the different
clusters of the original network, and the cut edges along which
the partitions are made.

III. NON-CENTRALIZED VOLT/VAR CONTROL

Once the distribution network has been partitioned into opti-
mal zones by the NPM as described above, the voltage control
of the network is achieved without the need for a centralized
controller. Instead, each revealed zone is controlled by its local
controller. The proposed non-centralized robust voltage control
settings are achieved by solving two separate VVC frameworks
in sequence together with an intermediate sensitivity analysis
routine, as shown in Fig. 2. It is clear from this figure that the
second stage decisions are only computed once the first stage
decisions are available. The three important blocks in Fig. 2 are
discussed in detail below.

A. Stage 1: Deterministic VVC

The deterministic VVC seeks to minimize the total active
power loss of the network by optimizing settings for the classical
VCDs and the deterministic reactive powers for PV inverters
based on the forecast values of the PV active power generations.
The voltage magnitudes are held within the VVC thresholds
using strict box constraints, while the load flow model of the
system is convexified through second-order cone relaxations.
These second-order cone relaxations are guaranteed to be exact
under milder and practical assumptions for radial distribution
networks [38]. Thus, in the first stage, the following second-
order cone program is solved.

min
∑

(ij)∈B/T
rij lij +

∑
(ij)∈T

rij l©i j (16a)

s.t. P l
j + P s

j =
∑

k:j→k

Pjk −
∑
i:i→j

(Pij − rij lij) + gjuj ,

∀j ∈ N (16b)

Ql
j +Qc

j + Q̂s
j + bjuj =

∑
k:j→k

Qjk

−
∑
i:i→j

(Qij − xij lij), ∀j ∈ N (16c)

uj = ui − 2(rijPij + xijQij) + (r2ij + x2
ij)lij ,
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Fig. 2. Two Stage VVC Implementation.

∀(ij) ∈ B/T (16d)

uj = u©i − 2(rijPij + xijQij) + (r2ij + x2
ij)l©i j ,

∀(ij) ∈ T (16e)∣∣∣∣∣∣
∣∣∣∣∣∣

2Pij

2Qij

lij − ui

∣∣∣∣∣∣
∣∣∣∣∣∣
2

≤ lij + ui, ∀(ij) ∈ B (16f)

∣∣∣∣∣∣
∣∣∣∣∣∣

2Pij

2Qij

l©i j − u©i

∣∣∣∣∣∣
∣∣∣∣∣∣
2

≤ l©i j + u©i, ∀(ij) ∈ T (16g)

t2ijui ≤ u©i ≤ t2ijui, ∀i ∈ T (16h)

bcjuj ≤ Qc
j ≤ bcjuj , ∀j ∈ C (16i)

−
√
(Ss

j )
2 − (P s

j ) ≤ Q̂s
j ≤

√
(Ss

j )
2 − (P s

j ),

∀j ∈ P (16j)

lij ≤ lij , ∀(ij) ∈ B (16k)

uj ≤ uj ≤ uj , ∀j ∈ N/1 (16l)

u0 = 1, Substation bus (16m)

The objective of the above optimization problem, as defined
in (16a), minimizes the branch active power losses over the
entire network. The feasible convex region for this optimiza-
tion problem is demarcated by the constraints defined through
(16b) - (16m). This feasible region is defined by the vector of
optimization variables, O = [uj , u©j, lij , l©i j , Pij , Qij , Q

c
j , Q̂

s
j ].

The real power and reactive power balance of a particular node
are respectively denoted by (16b) and (16c); it is obvious that
these power balances are determined by the type of devices
connected at that node. Also, if the incoming branch hosts a
transformer, the appropriate value of lij , which is l©i j , is used
in these equations. The Ohms law governing the voltage drop in
the branches without and with a transformer is represented by
(16d) and (16e). The actual load flow model needs the branch
flow quantities to follow the non-convex quadratic relation given
by P 2

ij +Q2
ij = lijui, which is relaxed to an exact second-order

conic (SOC) constraints through (16f). Furthermore, it is clear

that (16g) enforces additional SOC constraints on branches that
host transformers. However, this extra cone features the same
active (Pij) and reactive power flows (Qij), implying that the
transformers are considered lossless. Finally, (16h) - (16m) hold
various optimization variables within their permissible bounds.
Note that continuous relaxations are used through (16h) and
(16i) to retain the model’s convexity. (16j) limits the reactive
power supplied by a PV inverter inside its PQ capability curve
as dictated by the maximum apparent power capacity and the
forecasted real power.

The deterministic optimization framework set up in (16) is
separable with respect to any splitting in the objective function
as all the constraints feature only immediately local variables
and parameters. This is to say that a constraint defined for the
network nodes, e.g. (16b), only depends on quantities related
to either the devices or branches connected to the particular
node. Similarly, a constraint defined for a particular branch,
e.g. (16d), only depends on quantities related to that branch
and the corresponding end nodes. Thus we can write separate
deterministic VVC subproblems for all the partitions obtained
by the NPM in the previous section. In order to achieve a
global optimum solution for the framework of (16), we use a
consensus-based ADMM algorithm to solve these subproblems
in a distributed fashion [9]. However, the ADMM algorithm
requires the adjacent zones to overlap to allow more than one
local controller to compute the decision variables belonging to
these overlapping regions. Subsequently, the ADMM algorithm
pushes the different local controllers to agree on the values for
such decision variables. Once this consensus is achieved, the
algorithm stops and the solutions are mathematically guaranteed
to be the same as those of a centralized solver, given that the
optimization framework is convex [29]. We effectively use the
cut edges or branches, along which the NPM partitions the
network into various zones, for providing the ADMM with
required overlap regions. In this work, all the adjacent zones
share any such cut branches along and end nodes to achieve
the required consensus. Once the deterministic VVC converges,
the optimum schedule of the classical VCDs is available in an
implicit way. For a transformer hosted in the branch (ij) the

tap ratio is obtained from
√

u©i
ui

after rounding off to the nearest

discrete value. Similarly, the capacitor susceptance value at node
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j is given by
Qc

j

uj
. Moreover, the deterministic value of the PV

reactive power is directly available from the optimizer.

B. Distributed Sensitivity Analysis Approach

Once the dispatches are available from the deterministic VVC
routine, the sensitivity coefficients (P −Q− |V |) for network
nodes corresponding to this operating state need to be computed
for use in the second stage robust VVC. Mainly these sensitivi-
ties are obtained through the inversion of the Jacobian matrix
available from the Newton-Raphson load flow routine [39].
However, this method can not be used without a centralized
computing agent. Thus we adopt the perturb and observe (P&O)
based sensitivity analysis method [31] and show that it can
obtain the node sensitivities in a distributed manner. In the
P&O method, the sensitivity coefficients are approximated by
injecting a small amount of additional active/reactive power
at a node and measuring the impact on the network voltage
magnitude with respect to the actual operating state. Assuming
that the change in voltage magnitude for node i is Δ|Vi| when
the active (reactive) power injection at node j changes by ΔPj

(ΔQj), then the P − |V | (Q− |V |) sensitivity of node i with
respect to node j is given as:

K
P |V |
ij =

Δ|Vi|
ΔPj

(17)

K
Q|V |
ij =

Δ|Vi|
ΔQj

(18)

In this work, an injection equalling 1% of the connected P/Q
load value has been used. In addition, an injection equal to 1%
of the smallest non-zero P/Q load value was used for the buses
with zero connected load. This process is repeated for all nodes
of the network. Thus, this method requires solving 2n+ 1 load
flows, when n is the number of nodes in the network. To solve
the load flow in a distributed manner, [30] has proved that a
SOCP, which is very similar to the framework in (16) albeit
much simpler, needs to be solved. The load flow optimizer uses
fixed values for the VCDs given by the dispatches from the
deterministic VVC in stage 1. Specifically, the lower and upper
bounds in (16h) - (16j) become equal as determined by these
dispatches. Further, constraints on the node voltage and branch
current magnitudes as defined in (16k) - (16l) are not needed.

C. Stage 2: Decentralized Robust VVC

The main advantage of using the sensitivity analysis is that
it allows linearly quantifying the change in voltage magnitude
at a node when the PV real power fluctuates. Assume that the
PV real power at bus j fluctuates by ΔP s

j in response of which
the second stage robust VVC routine adjusts the corresponding
reactive power by ΔQs

j = αjΔP s
j , then the deviation in voltage

magnitude at bus i is given by:

Δ|Vi| =
∑
j∈P

(K
P |V |
ij +K

Q|V |
ij αj)ΔP s

j (19)

The second stage of control strives to minimize these voltage
deviations due to the changing PV active power injection by

optimally adjusting the reactive power feed locally. This is
mathematically denoted as:

min
∑
i∈N∗

∑
j∈P ∗

(K
P |V |
ij +K

Q|V |
ij αj)ΔP s

j (20a)

s.t.Qs
j = Q̂s

j + αjΔP s
j ∀j ∈ P∗ (20b)

P s
j = P̂ s

j +ΔP s
j ∀j ∈ P∗ (20c)

ΔP s
j ∈ [ΔP s

j , ΔP s
j ] ∀j ∈ P∗ (20d)

It is important to note that the above optimization framework is
set up separately for each zone which is identified by the NPM.
This implies that the effect of the reactive power modulation for a
PV from one zone is negligible to the node voltage magnitudes of
all other zones. This assumption is in line with the basic premise
of the NPM. (20d) shows that the PV real power deviation varies
in an uncertainty interval with known upper and lower bounds.
This allows us to write the affinely adjustable robust counterpart
of the above optimization framework by employing the concept
of epigraph programming and using positive/negative slack vari-
ables [1], [40] as follows:

min
∑
i∈N∗

ti (21a)

s.t.
∑
j∈P∗

[z+jiΔP g
j + z−jiΔP g

j ] ≤ ti, ∀i ∈ N∗ (21b)

∑
j∈P∗

[z+ji(−ΔP g
j ) + z−ji(−ΔP g

j )] ≤ ti, ∀i ∈ N∗ (21c)

z+ji ≥ 0, ∀i ∈ N∗, j ∈ P∗

(21d)

z+ji ≥ K
P |V |
ij +K

Q|V |
ij αj , ∀i ∈ N∗, j ∈ P∗ (21e)

z−ji ≤ 0, ∀i ∈ N∗, j ∈ P∗ (21f)

z−ji ≤ K
P |V |
ij +K

Q|V |
ij αj , ∀i ∈ N∗, j ∈ P∗ (21g)

Here, ti denotes the ith scalar epigraph variable and z+ji/z
−
ji rep-

resent the positive/negative slack variables. The above problem
is a linear programming problem that can be efficiently solved to
compute the optimal value of the slope (αj) for the PV inverter’s
affine control law. It is important to note that the choice of an
affine control law in (19) is motivated by the fact that it results in
a tractable linear robust counterpart of (21), whereas a non-affine
control law is bound to be NP-hard [41].

IV. NUMERICAL RESULTS

The numerical computations have been performed on a
3.5 GHz Intel Xeon E5 processor with 64 GB of RAM, where the
proposed NPM was implemented in MATLAB, and the proposed
non-centralized VVC framework was programmed in Julia with
Gurobi 9.1 [42] employed as the optimizer. The algorithm was
tested on the UKGDS-95 bus system shown in Fig. 3, fed by
a 33/11 kV substation OLTC transformer. The base voltage of
11 kV and a base power of 10 MVA are used. The network has
two VRs - VR1 between buses 15-62 and VR2 between buses
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Fig. 3. UKGDS-95 bus system.

Fig. 4. Generation capacity forecast for the PVs in the UKGDS-95 bus system.

37-38. The OLTC and the VRs have an operating range of 0.9
to 1.1, spanned by 33 equal steps. There are also two capacitor
banks - C1 hosted at bus 58 and C2 at bus 73. Both C1 and C2
can supply a maximum of 300 kvar, each having a step size of
50 kvar. The network has 12 solar PV units installed at various
nodes, whose generation forecast for the scenario under study is
shown in Fig. 4. This forecast represents a PV penetration level
of 44.16% of the forecasted network active power load. For each
PV unit, the lower bound of its active power uncertain interval,
as given by (20d), is taken as −0.4 times the corresponding
forecasted value, whereas the upper bound of this interval is
set at 0.4 times the forecast. This effectively means that the

Fig. 5. Optimal transformer tap positions for an entire year for the UKGDS-95
bus system.

TABLE I
COMPARISON BETWEEN PROPOSED NPM AND TRADITIONAL SCA BASED

PARTITIONING

maximum and minimum generation levels for the PV are 61.82%
and 26.49% of the load forecast. Moreover, the apparent power
capacity of the PV inverters is assumed to be 10% above the
connected active power capacity [4].

A. Performance of the Partitioning Algorithm

The proposed partitioning algorithm reveals four zones for the
UKGDS-95 bus network. After calculating the reduced distance
matrix of the network via (12) and subsequently applying the
mapping suggested by (13), twelve clusters are obtained. These
intermediate clusters are shown by solid boxes in Fig. (3) and
contain precisely one PV node. These clusters define the reduced
graph of the network, where each cluster represents the fictional
node of the reduced graph. Given the number of nodes in each
cluster, the 12× 12 similarity matrix is computed using (14). Fi-
nally, the whole network is divided into four zones, demarcated
by the dashed line boxes in Fig. 3. It is clear that the obtained
zones are connected. Furthermore, to check the stability of the
partitions with respect to changing the operating state of the
network, the NPM is applied for an entire year with half-hourly
data resolution. To this end, optimum values of the OLTC and
VRs for the selected year are obtained through a deterministic
VVC routine. The half-hourly data for the UKGDS-95 bus
network is available from [43]. Fig. 5 shows these optimum tap
positions, indicating that the OLTC and VR taps have a small
variance around their median values. Based on these tap values,
the proposed network partition methodology revealed the exact
same zones for all the operating states. Moreover, Table II shows
that the number of nodes in zones 1, 3, and 4 is comparable.
However, zone 2 is much bigger. This is because the location
of the PVs allows the intermediate clusters around PV6 and
PV7 to coalesce with either the best possible zone (zone 2) or
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TABLE II
NUMBER OF NODES IN EACH ZONE FOR THE UKGDS-95 BUS SYSTEM

zone 4 only. In either case one of the final zones is going to
be bigger than the other three. Thus the proposed partitioning
methodology can identify zones that, in most cases, are equal in
size.

In order to further show the superiority of our proposed NPM
algorithm, we compare its performance with the traditional
spectral clustering algorithm (SCA) [27] for the UKGDS-95 bus
system, which is shown in Fig. (3). The only difference is that the
PV at node 78 is removed. Table I shows the number of PVs in
each of the final four partitions using the two schemes. It is clear
that our proposed NPM results in more uniform partitions with
respect to PV inverters in each zone. However, the traditional
SCA results in non-uniform partitions, with zone 3 devoid of
any reactive power source for the second stage control. Such a
network partitioning scheme is bound to perform badly in the
second stage control as the deviations of the voltage magnitudes
in the uncompensated zone are not accounted for by any PV
inverter. Hence, it is evident that our proposed NPM is better
suited to two-stage VVC problems.

B. Performance of the Non-Centralized Volt/VAr Control

To test the comparative performance of the non-centralized
voltage control methodology, the UKGDS-95 bus network is
operated under the following three voltage control schemes:
� Base Case represents the traditional single-stage VVC,

where the PV inverters do not engage in voltage ancillary
services.

� Cent AARO represents the centralized affinely adjustable
robust optimization-based VVC [1].

� Ncent AARO denotes the proposed non-centralized coun-
terpart.

In the first set of voltage control performance-related tests,
the PV inverter slopes (α) for the control law were computed
through the ‘Cent AARO’ [1] and our proposed ‘Ncent AARO’
as discussed in (21). For quantification purposes, we introduce
a metric known as slope deviation factor, denoted by SDF , and
is defined as:

SDFj = |
αc
j − αd

j

αc
j

| (22)

Here, αc
j and αd

j respectively give the value of the control law
slope computed through the ‘Cent AARO’ and ‘Ncent AARO’
VVC routines for the jth inverter, and SDFj is the value of
the slope deviation factor for this inverter. The lesser the value
of SDF , the better agreement between the centralized and
decentralized dispatches - and a value of zero implies complete
agreement. The slope deviation factors for all the PVs are
shown in Fig. 6, and it is clear from this figure that the robust
decentralized dispatches are very close to the centralized ones
with the same values for four inverters.

Fig. 6. Slope deviation factor for the UKGDS-95 bus system.

TABLE III
PERCENTAGE NODE VOLTAGE VIOLATIONS FOR THE UKGDS-95 BUS SYSTEM

Table III shows the percentage of the nodes whose voltage
magnitudes violate either the upper (1.05 pu) or the lower (0.95
pu) thresholds when the network is operated under the three
different voltage control schemes. One set of tests is performed
when all the PVs are allowed to generate the maximum active
power determined by the upper bound of the uncertain interval
(ΔP s

j ), while another set of tests is carried on 500 randomly
generated Monte-Carlo trials from the uncertainty interval of the
PV active powers ([ΔP s

j , ΔP s
j ]). Node voltage magnitudes in

all the scenarios are obtained through the current injection-based
load flow technique [44]. It is clear from Table III that the
base case VVC has appreciable voltage violations while the
robust optimization-based VVC manages to reduce these voltage
magnitude violations significantly. Also, the non-centralized
robust VVC can perform almost as effectively as the centralized
one. Note that the small voltage violation values in the robust
VVC cases result from PV inverters not being able to supply
the requested reactive power because the maximum inverter
apparent power limits (Ss) become active. In such cases, the
inverter limits the reactive power at the boundary of its PQ
capability curve [1].

Fig. 7 shows the voltage profile of the network under the
considered voltage control schemes for the scenario of maxi-
mum PV real power generation. The traditional VVC scheme
represented as ‘Base Case’ has many nodes with severe voltage
violations. The most severely violated node reaches a voltage
magnitude close to 1.06 pu, with even the median of the voltage
profile around 1.055 pu. It is clear from this figure that both the
robust optimization routines (Cent AARO and Ncent AARO)
effectively push the voltage profile to stay within the permissible
limits, with the most severe violations slightly above 1.05 pu.

The secondary aim of the network VVC is active power
loss minimization. However, the tradeoff for achieving a robust
solution is a slight increase in such losses. Fig. 8 shows the
conservative index metric, defined as the per unit increase in
the active power loss for the robust optimization framework
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Fig. 7. Comparison of voltage violations for the maximum PV generation
scenario under different VVC routines for the UKGDS-95 bus system.

Fig. 8. Conservative index of the robust VVC schemes for the UKGDS-95
bus system.

TABLE IV
COMPUTING TIME OF THE CODES IN CASE OF THE UKGDS-95 BUS SYSTEM

compared with the traditional ‘Base Case’ VVC. The percentage
conservative index is around 4.75% when the PV operates at
maximum active power generation capacity, while an average
percentage increase for MC trials is around 2.2%. The reason
for the higher conservative index for the scenario when the PV
operates at the maximum as opposed to any other scenario is
clear from the fact that it defines the most stressed condition of
the network in terms of voltage violations, as is apparent from
Table III. In other words, the scenario with the PV operating at
maximum capacity corresponds to the extreme case of the net-
work’s voltage profile against the ‘Base Case’ scenario. Further,
the non-centralized robust VVC framework performs slightly
better than the centralized robust optimization scheme when it
comes to increase in the active power loss. This is expected as
the centralized optimization scheme is somewhat more robust
than the non-centralized one.

Finally, the computational overhead required for the parti-
tioning algorithm of Section II and the voltage control scheme
of Section III is given in Table IV. The Stage 1 VVC and the

TABLE V
PERCENTAGE NODE VOLTAGE VIOLATIONS FOR THE IEEE-123 BUS SYSTEM

sensitivity analysis routines use the ADMM algorithm, which
is an iterative process and thus inherently slow. However, the
reported times are on a serial implementation of the algorithm. In
practice the ADMM is implemented through parallel processors,
which means that the actual time needed will be decided by the
slowest of these processors; a rough estimate can be put at a
quarter of the reported times for these ADMM based frameworks
owing to four partitions of the network. Also, note that 191 load
flow solutions need to be calculated for the sensitivity analysis
routine compared to only one solution of the Stage 1 VVC,
which implies that each run of the sensitivity analysis algorithm
is approximately ten times as fast as the Stage 1 VVC algorithm.

C. Voltage Control Results for the Modified IEEE-123 Bus
System

The effectiveness of the proposed voltage control algorithm
has been further verified by carrying out numerical studies on
the balanced positive sequence equivalent of the IEEE-123 bus
system. The data for this system is obtained from [22]. Moreover,
12 PV units are placed at different nodes and their location and
forecasts are also available from [22]. The NPM is applied to
obtain the optimal zones for non-centralized voltage control.
This methodology initially identifies a 12 node reduced graph of
the network, where the original network nodes coalesce around
the 12 PV nodes. This reduced graph is finally used to divide the
network into three distinct zones for voltage control.

The IEEE-123 bus system is operated under all the three
voltage control schemes of Section IV-B, viz. ‘Base Case,’ ‘Cent
AARO’ and ‘Ncent AARO’. The highest value of the slope
deviation factor, obtained through the relation (22), is 0.15,
and 7 out of the 12 PV inverters show a complete agreement
between the computed slope factors for the ‘Cent AARO’ and
‘Ncent AARO’ schemes. Thus, it is clear that the proposed
non-centralized algorithm closely conforms with the centralized
solvers. This is because of the fact that the reactive power does
not travel very far in a distribution system.

The performance of the three voltage control schemes for the
modified IEEE-123 bus network is given in Table V. It is evi-
dent that the network exhibits voltage violations for significant
number of nodes in the ‘Base Case’ when the PV fluctuations
are not accounted for. These voltage excursions outside the
permissible limits are hugely reduced by the robust optimiza-
tion schemes, both in the case of maximum PV generation
and Monte-Carlo trials with 500 randomly generated samples
from the uncertainty interval. Further, our proposed algorithm
implemented in the ‘Ncent AARO’ scheme performs almost as
good as the centralized one implemented in the ‘Cent AARO’.
Finally, the voltage profile of the network for the maximum PV
generation scenarios is shown in Fig. 9. It is clear, that the robust
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Fig. 9. Comparison for voltage violations for the maximum PV generation
scenario for different VVC schemes for the IEEE-123 bus system.

optimization based voltage control (‘Cent AARO’ and ‘Ncent
AARO’) is necessary to maintain the network voltages within the
permissible limits, and the ‘Base Case’ schedules suffer severe
voltage limit violations.

V. CONCLUSION

This paper presented a completely non-centralized approach
for achieving affinely adjustable robust voltage control deci-
sions on distribution networks with significant PV penetration.
The proposed voltage control algorithm is implemented in two
stages: the first stage solves a deterministic VVC framework in a
distributed manner, while the second stage uses a decentralized
approach to solve a robust VVC optimization program. For
effective voltage control, the network is divided into various
zones through a proposed network partition methodology based
on node Q− |V | sensitivities. Owing to this zonal voltage
control strategy, the communication overhead is reduced. At
the same time, the data privacy of the different utilities, which
are in charge of various parts of the network, is guaranteed. The
results on the UKGDS-95 and the positive sequence IEEE-123
bus networks show that the voltage violations due to fluctuating
PV active powers are significantly reduced when the proposed
voltage control is used. Furthermore, these non-centralized de-
cisions match closely to those of the centralized solvers.
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