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In this paper we study the initial value problem of fully nonlinear third-order
equations on the torus, that is dyu = F (Bgu, 9%u, Ogu, u,at) with F' a smooth
function depending on the space variable x, the time variable ¢, the first three
derivatives of u with respect to z, and u. In particular we find conditions on u(0)
and F' for which one can construct a local and unique solution u. In particular if
F and u(0) satisfy some conditions then the equation behaves like a diffusive one
and it has a parabolic smoothing property: the solution is infinitely smooth in one
direction of time and the problem is ill-posed in the other direction of time. If F'
and u(0) satisfy some other conditions then the equation behaves like a dispersive
one. We also prove continuous dependence with respect to the data. The proof
relies upon energy estimates combined with a gauge transformation [6-8] and the
Bona-Smith argument (Bona and Smith, 1975).

©2022 Elsevier Ltd. All rights reserved.

1. Introduction

We consider the third-order nonlinear Cauchy problem on the torus T := R/27Z

Here F:=R*x T xR — R := (dJ,t) — F(d,t) is a C*°-function with arguments & := (w3, wa, w1, wp, w—_1) €
R*x T and t € R the time variable; @ := (agu, 02u, Oy, u, m) with = € T the space variable and u a function

(lying in an appropriate space) depending on z and t.

Equations of the form (1.1) have been extensively studied in the literature, in particular on the real line

(i.e. z € R) and for equations

Opu + 03u = R(0%u, Oyu, u) - (1.2)

Here R is a polynomial that satisfies some conditions. We mention some results on the real line. In this case, it
is well-known that the linear part of these equations creates a strong dispersive effect, which should overcome
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the effect of the nonlinearity at least locally and be a plus for the construction of local solutions. In [11],
local well-posedness (L.W.P) on a small interval [—T,T] (with T" > 0) was proved for small data in [11]
and for large data in [10] in weighted Sobolev spaces with regularity exponent high enough for Eqs. (1.2)
by using, among other things, the dispersive effect of these equations. We also refer to [12] who studied
L.W.P for generalizations of (1.2) to systems. In [13], L.W.P was proved in weighted Besov spaces for small
data. In [5], L.W.P was studied in some translation-invariant subspaces of Sobolev spaces. In [4], under
some additional assumptions on R, L.W.P was proved in (standard) Sobolev spaces H*. Recently, in [1], the
authors considered the full nonlinear problem (1.1) and found that under some assumptions on F' and the
data, the problem is locally well-posed and that the dispersive effect of the equation dominates.

In this paper we aim at constructing local strong solutions of the fully nonlinear problem (1.3) on the
torus T. By strong solutions of (1.1) we mean solutions u € C (I JH k) of the following integral equation on
an interval I containing 0:

tel: ut)=u0) +/0tF (u(Ti,t’) dt', (1.3)

with u(0) a given function that lies in H*. Here H* denotes the usual Sobolev space with index k, i.e. the
closure of smooth functions f with respect to the norm ||f||zx = [[{(n)*f(n)}nez|/;2 that are defined on

the torus. Here (n) := (1+ nz)% and f(n) denotes the nth-Fourier coefficient of a function f defined on the

torus, that is f(n) = 217T 02" f(x)e—inr de.

To this end we define some quantities that we use throughout this paper and that appear in the statement
of your theorem. Let f be function deﬁned on the torus and let ¢t € R. Let [f]4ve denote the average value
of a function f over T, that is [f]ave == 5= fT ) dx’. We define

~ =

5(ﬁt) = inf \%F(fi £)(x)|, and 6(f) = 6(F,0)-

Here f'= (921,021, 0.1. f,x)-

It is well-known that & (ﬁ) measures the strength of the dispersion of (1.3). Intuitively, dispersion
should facilitate the rule-out of blow-up and the construction of local solutions: see e.g [1] for discussions
related to this number. Therefore in the sequel we only consider solutions of (1.1) with initial data «(0) that
satisfy the well-known non-degeneracy dispersion property, that is 0 (u(O ) > 0. Let’

P(f.t) = 0., F(f,t)+6 Z 02, F(f,)or f,
p=—1

Q1) = B F(F1) {””)} ,

dwg F(fit)

§(F.1) = inf QU (2], and §'(f) = &(£,0):

We define now the notion of parabolic resonance for (1.3), by analogy with that in [14] in the framework

of fifth-order (semilinear) dispersive equations. We say that (1.3) is of non-parabolic resonance type if
[%} =0forallt € Rand forall f € E = {h € C®(T): d(h,t) > 0forallt e R}.2 If not,
“3 ’ ave
we say that (1.3) is of parabolic resonance type.
Examples of non-parabolic resonance type equations are: the KdV equation dyu = —03u — 6ud,u and

—

more generally the transition KdV equation d;u = —d3u— 6h(t)ud,u with h € C(R) : 6(f) = 1, P(f,t) =0

! Notation convention in the formula of P(f,t): 62f = 1.
2 Let k > % We will be able to use the non-parabolic resonance property of (1.3) with data ¢ € Pk, with P, defined below:

see Theorem 1.3. Indeed observe that if (1.3) is of non-parabolic resonance type, then {ap;f(’})t)} =0 for all ¢t € R and for
“3 ’ ave

all f € 5& this follows from the density of C°°(T) in H* and arguments in Appendix.

2



T. Roy Nonlinear Analysis 221 (2022) 112845

and E = C*(T); the Rosenau—Hyman equation (also called the K(2,2) equation) d;u = 0, (u?) + Opze (u?):
5(f) = 2inf,er | f(z)|, P(f,t) = 180, f, and E := {h € C>(T) : h > 0 or h < 0}; the Harry-Dym equation
At = uBgay ¢ 0(f) = infyer |f(2)], P(f,t) = 1828, f, and E := {h € C®(T) : h>0or h < 0}.
Examples of parabolic resonance type equations are: the Korteweg—de Vries—Burgers equation Oyu =
—02u + 0%u + 2ud,u = O: g(f) =1, P(f, t) = 1, and &'(f) = 1; the Korteweg—de Viries type equation
O = a(x,1)Oppptt+b(2, ) Opgu+ c(x, t)Opu+d(z, t)u+e(t, ) with C*°(T x R)-variable coefficients a, b, ¢, d,
and e such that |a(z,0)] > 0 for all x € T and [LO) #0: 0(f) = infuer |a(0,2)|, P(f,t) == 60,a(t)+b(t),

a(0) ave
and &'(f) = 6(f) ] [m} ]

@(0)] g,

We shall see that L.W.P holds on a small forward-in-time interval [0, T] (resp. a small backward-in-time
interval [T, 0]) if we assume that (1.1) is of parabolic resonance type, that the data has enough regularity,
and that infzer Q(u(0),0)(x) > 0 (resp. sup,cr @(u(0),0)(z) < 0); moreover the behaviour of the solution
depends on the sign of Q(u(0),0). Therefore we define

73—5—,1@ = {f e H": 5(f) > 0and ig%Q(f,O)(m) > 0}, and
57

P_r={feH": 5(f)>0and sgg@(f,O)(x) < 0}-

More generally we define for ¢t € R

Pyx(t) = {f € H*: §(f,t) > 0and inf Q(f,1)(x) > 0}, and
P_i(t) == {f € H*: 6(f,t) > 0 and sup Q(f,t)(z) < 0}-

zeT
We shall also see that L.W.P holds on a small interval [T, T] if we assume that (1.1) is of non-parabolic

resonance type and that the data has enough regularity. Therefore we define

Py = {feH": S(f) > 0}, and, more generally, for t € R,

Pu(t) = {f € H*: 6(f,t) > 0}-

We now state the first theorem of this paper:

oy . 19 :
Theorem 1.1. Assume that (1.3) is of parabolic resonance type. Let k > ko > . Then the following

properties hold:
(1) (Local existence and Parabolic smoothing) Let ¢ € 75+7;c ( resp. ¢ € 5_716 ) Then one can find T =

T (||¢||Hk0,g(5), 5’(¢)> >0 for which there exists a solutionu € C ([0, T], H*) (' resp. u € C ([-T,0], H*) )
of (1.3) with u(0) := ¢ such that u(t) € Py i(t) fort € [0,T] (resp. u(t) € P_x(t) fort € [-T,0]).

Moreover a parabolic smoothing effect holds, that is w € C*™ ((0,T] x T) (resp. uw € C* ([-T,0) x T) ) if
¢ € Py (resp. ¢ € P_y).

(2) (Uniqueness) Assume that for some T > 0 there exist uy, us € C ([0, T], Hk) ( resp. ui,us € C ([—T7 0],
H*)) solutions of (1.3) with u1(0) = u(0) such that uq(t) € Py i(t) ( resp. ug(t) € P— (t)) holds for
g €{1,2} and fort € [0,T] ( resp. t € [—T,O]), Then uy(t) = uz(t) on {O,T} ( resp. [—T, 0} )

(3) (Continuous dependence on initial data) Let ¢op € ﬁ+,k (resp. boo € ﬁ,7k ) Let ¢, € HF* be
such that ¢, — ¢oo in H* as n —>_>oo. Then there exists N € N such that for co > n > N
one can find T = T [Goo |l k0 s 0(Po0)s ' (Bos)) > O for which there is a unique solution u, €
C ([O,T],Hk) (resp. u, €C ([—T7 0],Hk> ) of (1.3) with data u,(0) = ¢, that satisfies un,(t) €
Py x(t) fort €[0,7) ( resp. Uy (t) € P_ k(t) fort € {—T,OD. Moreover sup, (g 79 [[un (t) = too (8)]| g1 —
0 (T@Sp. SUP, ¢ (7 g [[tn(t) = oo ()| gx — 0) asn — oco.

3



T. Roy Nonlinear Analysis 221 (2022) 112845

Remark 1.1. The proof of the local existence part of the theorem shows that 7" can be chosen as a
continuous function that decreases as 6(¢) decreases, that decreases as §'(¢) decreases, and that decreases
as [|@| gk, increases.

Remark 1.2. Roughly speaking, the first part of the theorem says that if inf,er @ (1(0),0) () > 0 (resp.
sup,cr @ (u(0), 0) (x) < 0) then the diffusive part of the equation dominates in the forward (resp. backward)
direction, which creates a parabolic smoothing effect for the solution (it is infinitely smooth) in the forward
(resp. backward) direction. Assume that ¢ € P j or that ¢ € P_ ;. Observe that 9., F ((E, O) € C° the
space of continuous functions on T: this follows from Lemma 3.3 and the well-known Sobolev embedding
H™ — C°, with m > % Hence the function 8w3F(q§, 0) has a constant sign. Hence Q(¢,0) = ‘8w3F($, O)‘ S(qb)
with
_ | Pt
0, F (7.0

Shc
—
~

ave

Y

If ¢ € P,y (resp. ¢ € P_ ) then infyer Q(6,0)(x) (resp. sup,er Q(¢,0)(x)) is equal to §(¢)d(4). Hence if
¢ € ﬁ+7k (resp. ¢ € ﬁ_k) then 6(¢) > 0 (resp. d(¢) < 0) and &(¢) (resp. —6(¢)) measures the strength of the
diffusion in the forward (resp. backward) direction, holding (¢) constant: see e.g [2] for discussions related
to this number, for particular functions F of (1.1), such as F(@,t) := a(z,t)03u + b(z, t)0%u + c(z,t)0u +
d(z,t)u + e(x,t).

Remark 1.3. Consider ¢,, and ¢, that are defined in the continuous dependence on initial data part of
the theorem. We see from Appendix with (f, g) := (én, ¢oo) that S(qb—;) — 5(@) and 8 (¢n) — 0 (foo) as
n — oo, and that ¢, € 75+7k (resp. ¢, € 75_,k) if ¢oo € 75+7k (resp. oo € 75_7k) for n large. Hence we see
from the local existence part of the theorem, the uniqueness part of the theorem, Remarks 1.1 and 1.2, that
the first statement of the continuous dependence on initial data part of the theorem holds. It remains to
prove the second statement: see Section 8.

Remark 1.4. The proof of the local existence part of the theorem also shows that if ¢ € 73+,k (resp.
¢ € P_ ) holds, then u(t) € Py x(t) (resp. u(t) € P_ x(t)) holds for ¢t € [0,T] (resp. t € [-T,0]), but also
that & (wu(t ,t) > 5(¢) and that & (u(t),t) = 0'(¢) for t € [0,T] (resp. t € [—T,0]).

We now state a corollary of Theorem 1.1 that is a non-existence result for Eqgs. (1.3) that are of parabolic
resonance type:
Corollary 1.2. Assume that (1.3) is of parabolic resonance type. Let k > %. Assume that ¢ € Py
resp. ¢ € P_,k) and that ¢ ¢ C=(T). Then for any T > 0, there does not exist any solution u €

C ([—T, 0],Hk) ( resp. u € C ([O,T],Hk) ) of (1.3) with u(0) :== ¢.

Remark 1.5. Corollary 1.2 can be viewed as an ill-posedness result for Eqgs. (1.3) that are of parabolic
resonance type. It shows that these equations are by nature parabolic: in other words, the parabolic part of
the equation dominates the dispersive part.

We now state the second theorem of this paper:

Theorem 1.3. Assume that (1.3) is of non-parabolic resonance type. Let k > ko > %. Then the following
properties hold:
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-

(1) (Local existence) Let ¢ € Py. Then one can find T = T <||¢||Hk0,5(¢)) > 0 for which there exists a
solution u € C ([T, T), H*) of (1.3) with u(0) :== ¢ such that u(t) € Py(t) fort € [-T,T).

(2) (Uniqueness) Assume that for some T > 0 there exist ui,uy € C ([—’f’,’f’], Hk) solutions of (1.3) with
u1(0) = ug(0) such that uy(t) € Pr(t) holds for g € {1,2} and fort € [=T,T]. Then ui(t) = ua(t) on
e

(3) (Continuous dependence on initial data) Let ¢pop € ﬁk. Let ¢, € H* be such that On — Poo N HE* as
n — oo. Then there exists N € N such that for co > n > N one can find T =T <||¢oo\\HkO,5(¢oo)) >0

for which there is a unique solution u, € C ([—T, ), Hk) of (1.3) with data u,(0) := ¢, that satisfies
Un(t) € Pr(t) fort € [=T,T]. Moreover sup, e 7 [Un () = oo (t) ([ g — 0 as n — oo,

Remark 1.6. The proof of the local existence part of the theorem shows that T can be chosen as a
continuous function that decreases as §(¢) decreases, and that decreases as ||¢|| k. increases.

Remark 1.7. Roughly speaking, the first part of the theorem says that the dispersive part of the equation
dominates. Moreover the strength of the dispersion increases as the amplitude of & (¢) increases.

Remark 1.8. Consider ¢,, and ¢, that are defined in the continuous dependence on initial data part of
the theorem. We see from Appendix with (f, g) == (¢n, o) that & (gbji) =4 (ZI: as n — o0o. Hence we
see from the local existence part of the theorem, the uniqueness part of the theorem, and Remark 1.6 that
the first statement of the continuous dependence on initial data part of the theorem holds. It remains to
prove the second statement of the theorem.

Remark 1.9. The proof of the local existence part of the theorem also shows that if ¢ € ﬁk, then
u(t) € Pg(t) holds for t € [-T,T], but also that § (ﬁ,t) > §(¢) for t € [-T,T).

Assumption: Observe that if v(t) == u(—t) then it satisfies (1.3), replacing F with F defined by F(i,t) :=
—F(w, —t). Hence we may WLOG assume that ¢ € ﬁ+,k in the “Local existence and parabolic smoothing”
part of Theorem 1.1, that for some T > 0 there exist ui,us € C ([O,f],Hk) solutions of (1.3) with
u1(0) = u(0) such that u,(t) € Py x(t) holds for ¢ € {1,2} and for ¢t € [0,7] in the “Uniqueness” part
of Theorem 1.1, and that ¢, € ﬁJﬁk in the “Continuous dependence on initial data ” part of Theorem 1.1.
We may also WLOG restrict our analysis to positive times in the proof of Theorem 1.3. Actually the reader
can check the proof of Theorem 1.3 is a straightforward modification of that of Theorem 1.1: therefore it is
omitted.

We now discuss the main interest of this paper. Our goal is to find conditions as unrestricted as possible on
smooth functions F' and on the data u(0) for which local existence, uniqueness, and continuous dependence
on initial data hold for (1.3). Our second objective is to find properties of the solutions of (1.3). In particular
we would like to find conditions for which the equation shares similar properties as a diffusive one (local
existence and parabolic smoothing in one direction, ill-posedness in the other direction) or a dispersive
one (local existence in both directions). Observe that F' is not necessarily linear, which makes the linear
analysis (in particular the Fourier analysis) much less efficient. Observe also that F' depends on the first
three derivatives of u, which makes our analysis delicate since the R.H.S of (1.3) seems (a priori) to have
less regularity than the L.H.S of (1.3).

In order to overcome the difficulties it is natural to try at first sight to prove energy estimates for a
candidate of a solution of (1.1) and energy estimates for differences of candidates of solutions of (1.1): the
goal of these estimates is, roughly speaking, to prove that for some T" > 0 small enough at least, some relevant
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norms (such as the H*¥-norm) of these candidates lying in an appropriate space (such as C([0,T], H*)) are a
priori bounded on [0, T]; then we aim at proving that these bounds hold a posteriori and that at least one
of these candidates is indeed a solution of (1.1) by a closing argument (such as the fixed point theorem).
Unfortunately it seems to be impossible to implement this strategy to our problem without any important
modification since the R.H.S of (1.3) contains terms that are less regular than u. So we consider a problem
(4.1) that approximates well (1.1) (the rate of approximation is measured by a parameter ¢ > 0) and
that is regularizing: this is the parabolic regularization step. The regularizing property of (4.1) allows to
construct a solution u on an interval [0,T;): see Section 4. Then we aim at proving energy estimates for
u. These estimates should allow, among other things, to control relevant norms of u on a small interval
[0,T"], with T" > 0 that does not depend on €, which is prerequisite to prove that there is a solution of
(1.3) by a limit process. In order to derive the energy estimates it is natural to linearize w.r.t the excess
of derivatives on the R.H.S of (4.1) by applying the Leibnitz rule® and then integration by parts to force
signed quantities or easy quantities to control to appear.* It occurs that this strategy works provided that
the pointwise-in-space-and-time condition below holds, namely
15

2) 0za3(t) + az(t) > 0, with

tel0,17]: <k:—
(a3(t), as(t)) == (ngF(u(t ,t),P(u(t),t)) :

(1.4)

see Section 6. In particular the condition above should be satisfied at ¢ = 0 by the data «(0). Ideally we
would like this condition not to exist, since we would eventually like to construct a solution of (1.3) with a
set of data u(0) as large as possible.

To this end we use a gauge transformation (see Section 2): more precisely, for a gauge function @ to be
chosen, we work with the function @ (u(t),t)95u(t) instead of the function 9%u(t). We introduce the gauged
energy functionals in Section 5 and we prove gauged energy estimates in Section 6. The gauged energy
estimates are supposed to play the same role of the standard energy estimates. For then to be effective, the
condition below should be satisfied

15
2) 0za3(t) + as(t) > 0, with

telf0,77]: (k:—
(a3(t), as(t)) == (6w3F (mt) 30y, (u(t), 1), B (u(t), t) + P(u(t),t)) :

(1.5)

see again Section 6. So for the condition (1.5) not to exist one would ideally like to choose @ such that
t€ 0,7 : (k— 1) 0yas(t) +ax(t) = 0. This equation can be solved explicitly on the real line; nevertheless
the solutions that we get on the real line are not periodic. Pick one of these solutions. In order to make it
periodic we subtract an average: see (2.1). Then choose the gauge function to be this new function. With
this choice for the gauge function, we have ¢t € [0,T"] : (k — 22) 0,a3(t) + aa(t) = Q(f,t): see (2.2). So the
condition becomes (x) : t € [0,7"] : inf,er Q(u(t),t)(z) > 0. In particular this condition should be satisfied
at t = 0, i.e. infrer Q(f,0) > 0. Now if we assume that inf e @(w(0),0)(z) = 0 then it might be very
difficult to ensure that (x) holds by using a continuity-in-time argument; so we come to the conclusion that
the right assumption on the data is infyer Q(u(0),0)(z) > 0. So we see from Remark 1.2 that the gauge
transformation has turned the pointwise and k-dependent condition (1.4) at ¢ = 0 into an average and
k-independent one (namely §(u(0)) > 0), which is consistent with the fact that we want to find conditions
as unrestricted as possible for which our theorem holds.

3 See Section 10, replacing the function (f,t) — $u (f,t) with the function (f,t) — 1 .

4 See Section 6, with the substitution indicated in Footnote 3.

5 In the expression above the values of a3(t) and as(t) are given by the analysis in Section 6, with the substitution indicated
in Footnote 3.
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In Section 7, we prove gauged energy estimates for the difference of two solutions of the regularized
problem with smoothed out data that is also regularized by operators of the form .J, s (this is the Bona—Smith
approximation [3]). In Section 8, we prove Theorem 1.1 by using a limit process. Throughout this paper,
one has to perform a delicate analysis to make sure that the solution of the regularized problem and the
solution of (1.3) belong to similar sets as the data.

2. Notation

In this section we introduce some notation that we use throughout this paper.

In this paper, unless otherwise specified, we do not mention for sake of notation simplicity the spaces to
which some functions (or more generally distributions) belong in some propositions or lemmas: this exercise
is left to the reader.

Let f be a function on T. If n € N then 07 f denotes the nth derivative of f. Let m € R, n € Z, and f(n)
be the nth-Fourier coefficient of f. Let D™ be the operator such that ﬁm\f(n) = (in)™ f(n). It is well-known
that if m € N then D™ = 97*. We define || f|| g = |[{(in)™ (1) }nezls2-

In this paper we use a gauge transformation at a time ¢, in the spirit of [7,8]. Let ¥’ € R. If 5(f, t) >0
and 6w3F(f7 t) € C° then ang(f, t) has a constant sign and we define the gauge function at ¢

2K 15 fé( P(f.t) [ P(f.1) } )dm, 1)
— e 0 3 - .
8‘*’3F(f7 t)(x)’ ’ € BwSF(fYt) 5%.13F'(f,t) ave .

@k’ (.fv t) (‘T) =

Observe that the term {W] in (2.1) makes the function @,/(f,t) periodic and, consequently, it is
Dy F(Fit)
defined on T. Observe also that -

(1= 5) 0.0, F(720) + (300,00, 81100 F(FL0) + PLO) =@ (@22

This is a crucial observation that we will often use throughout this paper. We will often work with the
function @ (u(t),t) d%u(t) and prove estimates that involve this function.

We write C := C(ay,...,q,) if C is a constant depending on the variables ay, ..., a,. If C = C(a1, a2)
is a constant depending on two variables a7 and «g, then we may take the liberty to write only C' if we do
not want to emphasize the dependance on «; and as, or to write only C := C(ay) if we do not want to
emphasize the dependance on as, in order to simplify the notation. This convention naturally extends to a
constant depending on several variables. We write a < b if there exists a constant C' > 0 such that a < Cb.
We write a Say,....a, b if there exists C == C(a,. .., ay) such that a < Cb. If a $ay 0, b then we may take
the liberty to write only a < b if we do not want to emphasize the dependance on a; and as or to write

only a So, b if we do not want to emphasize the dependance on cy. This convention naturally extends to

a Say,....an b. We write a < b if there exists a small constant ¢ > 0 such that a < cb. Similarly we write
a <ay,....an b if there exists ¢ := c¢(aq,...,a,) such that a < cb. We use the same conventions for ¢ as for
C.

Let 2+ =x+eand x— = z—e with 0 < e < 1. Let p € Nand ¢ € R. We define < Z ) = W

for p # 0 and ( g)::l.

We recall some lemmas. The first lemma shows that we can control the H* -norm of a product of two
functions f and g:

Lemma 2.1. Let k' > 0. Let f and g be two functions. Then

1F gl grrr S AN gl g+ IAN 34 9l g
7
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For a proof see e.g [9] and references therein.® Given € € (0,1] and s > 0, let J, s be the operator defined

by Jeuf(n) = e
properties:

]
f(n) for n € Z. The second lemma shows that this operator has some smoothing

Lemma 2.2. Let0<j <s andl > 0. The following holds:

et = Fllire—s S €51 flas, and | Jesfllgsst S € 51 Fllme-

For a proof see e.g [9]. It will be often used in the propositions where we implement the Bona—Smith
approximation argument [3].”

3. Preliminary lemmas

In this section we prove some lemmas.

In the first lemma, we estimate an expression that involves two functions f and g. The expression is
written as a sum of two terms: the main term and the remainder. Observe that in the remainder the excess
of m derivatives of g is transferred on f.

Lemma 3.1. Let f and g be two functions. Then
, m—1 kl ,
K >0,meN*: HD"“ (forg) — > ( )lepk “lgmyg
1=0
S e lgl e+ 151 gy Nl

L (3.1)

Proof. We can write L.H.S of (3.1) = HZnIEZX(n,nl)f(n —n1)g (nl)Hl2 with

m—1
/ kl /

Xnm) = G G = 3 (1) )= ) i)

1=0
REmoy dn— g™ IE
|n —n1| < |nq| then we factor out n* and we apply the Taylor formula for ny # 0 to get | X (n,n1)| <
In1|™n — na|™|na|® 7™ < In = nq|™na|¥ . If ny = 0 then the bound found for X (n,n;) clearly holds. The
Young inequality and the Cauchy—Schwarz inequality yield

LHS of (31) Sl |90l + 97 F2) gl
S lsmllgll s + 1A (gl - O

We estimate X (n,n1). If |n —mn1| 2 |n1| then clearly |X(n,n1)] < |n—nq|

(3.2)

In the next two lemmas we prove some estimates involving derivatives of powers of functions, quotient
of functions, exponential of functions, differences of exponentials of functions. We also prove nonlinear
estimates. These estimates will be used to prove some estimates that involve the gauge function.

Lemma 3.2. Let f € R. Let 6 > 0 and (k', K) € (RT)2. Then the following holds:

o Let f be a function. Assume that Hf||H%Jr < K and that inf,er |f(z)| > 5. Then there exists C =
C(6,K) > 0 such that
1F 2N e < C (L1 f ) (3-3)

8 The proof of Lemma 2.1 is a slight modification of that of Theorem 3.200. in [9].
7 See also [9] for an exposition of the ideas of this argument.

8
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e Let f and g be two functions. Assume that ||fHH . < K, and infyer |[g(z)| > 6. Then

there exists C .= C(6,K) > 0 such that

<K, gl

1 3
2t 2

HfH < C L+l e + Ngll e .
9\l gw

There exists C := C(6,K) > 0 such that

f
’ < - < !
9l (e 34y < K = Hg S CUAN e (1,34 (3.5)

o Let f be a function. Then

Keloa]: |[fy f@)de'|| g S IIfllzz, and

(3.6)
K =1 1fo f(&") da’|| s S AN grar—s -
e Let f be a function. Assume that ||f||H%+ < K. Then there exists C := C(K) > 0 such that
K €10,1]: elo 161 da! <C, and
HF
(3.7)
K >1: eJo 16 do SC L+ fllgur—r) -
HF

o Let f and g be two functions. Assume that ||fHH%Jr < K and that |g|| 14 < K. Assume also that
I fll gur—1 < K and that ||g|| yrr—1 < K if K" > 1. Then there exists C := C(K) such that

Kelo1]: | fEa _ Joo@ el o onr Z gl and
. . HY (3.8)

K >1: elo SEN " J o) do L SCIf = gllge-a-
H

Remark 3.1. The proof shows that the constants C' depending only on K can be chosen as continuous
functions of K that increase as K increases. It also shows that the constants C' depending on § and K can
be chosen as continuous functions of (§, K) that increase as K increases and increase as ¢ decreases.

Proof. We prove (3.3) by an induction process.
Let 0 < k' < 1. The Holder inequality, the Sobolev embedding H3+ < [ applied to the cases § < 1
and the estimate || f#~1||po < 1if f> 1 yield

12z SAFL 3)P M f N2 and

10, £21l 2 S (AN 102 f 2 S 1190 £l 2
H2

Hence (3.3) holds for this range of k’. Assume now that (3.3) holds for all 0 < k&’ < r with r € N*. We see
from Lemma 2.1 that
105 F2 ]| - S NP3 M0 fll g1+ 2 - 102 1y
<CL+1fllgw)-

Hence (3.3) holds for r < k' <r+1.
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Next we prove (3.4) and (3.5). We see from (3.3) that

/ ) ]
<z < 1 1
(7 I P TR P e T

S (1 Ul g ) 1Al + (L4 gl i) IF1L g

Hence (3.4) and (3.5) hold.

Next we prove (3.6). Let I == [ f(2’) da’. Let 0 < k' < 1. The Minkowski inequality shows that
Il S [1fll2; we also have [|0z1;2 = [|f]|52; hence (3.6) follows from [[I]|, v < HI||1L§’“ HI||’I‘”;;1 Now
assume that &' > 1. Then we see from ||0,1|| ;i1 = || fl| yr—1 that (3.6) holds.

Next we also prove (3.7). Let 0 < k¥’ < 1. There exists C’ > 0 such that

ef()z f(a') d=’ ef()z f(a') d=’

< eC I fll 2 <1 (3.9)
Lo

S

L2

We also have

fz f(z/) dz’ < fz f(xl) dz’
Jowch PR N 510
<1
Hence (3.7) holds.
Assume that (3.7) holds for all 0 < k' < r with r e N*. If r <k’ <7+ 1 then
8;5 foz f(:v/) dz’ < foz f(z/) da’ . foz f(z" dz’
‘ ‘ K -1 ~ || H%+ Hf”Hk P HK -1 ”f”H%Jr (3~11)
§ 1+ Hf”Hk’—l :
Hence (3.7) holds for r < k' <r+1.
Next we prove (3.8). Let h(z') := f(2) — g(2'), X == elo P de’ _ 1,and Y = eJo 96 .
First we estimate || X || gm. We claim that
m € [0,1]: || X[|gm < |[A]| L2
m=1: [|X]am < Al (312)

Indeed, define m as follows: let m = 0 if m € [0,1] and let m := m — 1 if m > 1. If |h||gm 2 1 then
it follows from (3.7) and ||1]|gm < 1. If ||h]|g=» < 1 then we use again an induction process. First let
us assume that m € [0,1]. Observe that | [ h(z) da’| < |[h|lg2 < 1; since €¥ — 1 ~ y for |y| < 1 we
get | X||r2 S ||kl p2; proceeding as in (3.10) we get ||0:X |72 < ||k]/z2 and consequently (3.12) holds for
m € [0,1]. Now assuming that (3.12) holds for 0 < m < r, we proceed in a similar way as (3.11) in order to
estimate || X || gm for r <m <r 41 and we find that (3.12) holds.

Hence using also (3.7) we get

efol f(z') da’ . efoz g(z') da’

SIX e VI s+ 0XI 3 1Y W
<R.H.S of (38). O

HE

Lemma 3.3. Let G : (R* x T) x R — R be a C*°-function. Let I C R be an interval such that |I| < 1. Let
(K',K) € (RY)2. The following holds:

o Let f be a function. Assume that ||f||H < K. Then there exists C := C(K) > 0 such that for allt € I

9
9+

len| . <O+l (3.13)

10
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Let § € R. Assume that ||fHH%Jr < K, and that there exists § > 0 such that for all t € I,
inf e ‘G(f, t)(m)‘ > 8. Then there exists C == C(8,K) > 0 such that fort € I

o

o S OO+ llgs) (3.14)

e Let f and g be two functions. Assume that || f]| 9+ < K, ||g||H%Jr < K, (fllgres < K, and
9|l ;yrr+3 < K. Then there exists C := C(K) > 0 such that for all t,,ty € I

|G(F i) - 6. 1)|

o SO =9l ursaga) +l2—ta]) (3.15)

< K, |¢gl En <K, fllgrwss < K, gl ywss < K, and that there

2t -
exists 6 > 0 such that for all t € I and for all @ € [0,1] we have inf et ‘G (hg, )(x)‘ > 0, with

hg = 0f + (1 —0)g. Then there exists C := C(5,K) > 0 such that for all t,,ty € I

Let 8 € R. Assume that Hf||H9

|e#Fi) =@t <O(1F =0l ursn gy + 1t —11]) - (3.16)
Remark 3.2. Regarding the constants in Lemma 3.3, we refer to Remark 3.1.

Proof. We prove Lemma 3.3 by an induction process.

First we prove (3.13).

Let 0 < k' < 1. The Holder inequality, the Sobolev embedding H AR L°°, and the composition rule
imply that

HG (fi1) ‘ < sup |G(E, )] S 1, and
[(@,8)[S(K) (3.17)
o (GUW)| , 5 sw 1GGE OIS S1 '
y€ENG:|y|<1
(@01 S(K)

Hence (3.13) holds.
Let ' € N*. Assume that (3.13) holds for all 0 < k¥’ < r and for all smooth functions G. The induction
assumption and Lemma 2.1 yield

0p (GUED)|| i S s 10G@E Oy I lgeres

~veNB:|y|<1
[(@,8)|<S(K)

+  sup [O7G(E Ol g (I g4 (3.18)
Y€eNG:|y|<1
[(&,8)[<(K)

< C (L4 £l garss)

Hence (3.13) holds for r < k' <r+1.

The proof of (3.14) is very similar to that (3.13). Since inf et ‘G fit) (= )‘ > § this implies that G, G,
and GP~! are C>-functions. Hence (3.14) holds for 0 < k&’ < 1 (resp. r < k’ < r + 1) by slightly modifying
(3.17) (resp. (3.18)).

Next we prove (3.15). Let tg := 0t1 + (1 — 0)to. Write

g i=0
0,G (i?é to) (t2 — 1)

11

3
—
- aw. , 81» —895.
G(fth) - G(q,tl) = /01 Z ZG (he t@) ( lf zg)+ a0
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We get from (3.13) and Lemma 2.1

— - —
| - c@n)| s sw |06 (b to)| |, It2 ]
H 0€[0,1] H
%

+ su ’8 .G(h t)H —
iE{O,P,S} i 076 HK 17 gHH%+
6€(0,1]

+ swp o G(z?t)H If = gl
. —_— !
ie{o,?,s} w; 0,L0 H%+ 9l gk'+3

0€[0,1]
S U+ lgwess + lgllgwra) (1F =gl 54 + 12— t1l)
F A g+ ol 5 OIS = gl urss

< C (I =9l s s.3+) + 112 = 11])
Finally we prove (3.16). We have
| (i12) - 67

HK
(= —
oo ). o )
< sup 2 H?2 K H [ta — t1]
O\ et (haste)| L [0 (Raste) |
H 2
1 (7
+ swp @ (haste) |1 |00 G (Rasta)|| 3o 17 = gll s
ie{—1,..., 3
6{96[0,1] ’ _ _
61 _
o @ (ot | 06 (Rasto) |y 15 =l 5
0€(0,1]
— —
, 61 -
+ie{il1l,r.)..,3} ¢ (he’te) H%*‘&%G (he,te)HHk, 17 g”H%*
0€l0,1]

2
S-/ (1 + Hf||Hmax(k’+3,%+) + ||g||Hmax(k/+3,%+)) (Hf - g||Hmax(k/+3,%+) + |t2 - t1|)
5 ||f - gHHmax<k/+3,%+) + |t2 - tll -0

The next lemma below allows to prove estimates involving the derivatives of @/(f,t). More precisely:

Lemma 3.4. Let I C R be an interval such that |I| < 1. Let (k', K) € R* x R*. The following holds:

(1) Let f be a function. Assume that ||f||H%+ < K and that for allt € I inf ey \3W3F(7,t)(z)| > 5. Then
there exists C' == C(6, K) > 0 such that for allt € I

12 (f O e < C (LI fllgprss) s and | 25" (£, ) e < C (L 1 fll o) - (3.19)

(2) Define k' to be the following number:
K >3: K=k +3
1<k <3: K :=max(2+ k +3)
0<k <1: k= S+

o

Let f and g be two functions. Assume that ||fHH,7 < K and ||g||Hk7 < K. Assume also that there
exists & > 0 such that for allt € I and for all § € [0,1] we have inf et ‘&,SF (i;;,t) (a:)‘ > & with
hg == 0f + (1 —0)g. Then there exists C :== C(8, K) such that for all t,,ty € I the following holds:

190 (f.t2) = B, )l e < C(If = gll 7 + [t~ 1) , and
(3.20)

191 (F12) = B g t0) [ <€ (IF = gl + 162 = 1a]) -

12
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Remark 3.3. Regarding the constants in Lemma 3.4, we refer to Remark 3.1.

Proof. We only prove the first estimate of (3.19): the proof of the second estimate is similar and therefore
omitted. Let m > 0. We have

(/1) < { P.0) ] < _run | <||_run
V00 ] P PP | CEECCH N e EREC) Fiad ERRITO) P
Hence in view of the Sobolev embedding H 3+ <5 L™ we have
P(f,t -
U < s [OF@O)flm 51
ang(fvt) avell 2 YENG:|y|<2
[(&,)|S(K)
1 n M — *
Hence, using also 97 |:8M3F(f,t):| . =0 for n € N*, we get
P <1 (3.21)
ang(fﬂt) avell HM
Lemmas 2.1 and 3.3 yield
IPGDIm S s [P sl g
YENS:|y|<2 Hm™ H2F
+ s [ FFY| a1l (3.22)

YENS:|y|<2
ST+ fllgmea -

We get from Lemma 3.2

P(f:t)

_P(ft) - ) .
Oy F(F11) S1+|Pf )] am + |00 F(f )] o

ST+ fll gmea -

w%( P(f.t) _{ P(f.) } ) g’
Let X := 0 "\ %P 100D 1400/ We have

(3.23)

Hm™

2k'-15 =
00O S @) 201X g+ 1K 005 E)|
H H?2
S (U lursa) 11y 1
ST+ Wl

Hence (3.19) holds.
Next we prove the first estimate of (3.20): indeed the proof of the second estimate is similar and therefore
left to the reader. We have

1 Bir(f,t2) = P (g, t0) g S NAY (1, 82) | g 1 Z(F, t2)ll 1y + IIAY(tl,ta)llH%+\\Z(ﬁtz)llHk/
+ ||Y(§’t1)||Hk’||AZ(t17t2)||H%+ FIY @ N, 34 1AZWO gas

2k 15

(f11), AY (b, 1) = (g.t1),
B B zl( P(f.) [ P(ft) ] ) » B

Z(ft) defined by Z(f,t)(z) = e " \%sF D s ave/ " and AZ(ty, ts) = Z(f,t2) — Z(g, ).
Let m € {3,k'}. Lemma 3.3 shows that [[AY (ty,t2)]w < \tz—t1| + [If = 4l mox(W/+3.3+4) and

with Y (f,1) = (8, F)

/
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IAY ()l 3y S Itz — tal+ 7 =gl 5. We also have V(7 t0) e S 1+ lgll oo and [Y(G,00)] 4, S

L4 gl g, We have |Z(fita)|| 1, S 1and |Z(Fta)| |, S 1 Gesp. |27t S 1+ 1l ss)
if ¥ <1 (resp. k' > 1). It remains to estimate [|AZ(t1,t2)||gm for m € {3,k'}. To this end we prove the
following claim:

Claim: Let p > 0. Assume that || f]|

< K and ||g|| ) < K. Then

Hmax(%+,z7+4) HmaX(%+,p+3

IP(ft2) = Plgt)llir S UF =9l (peage) + 2 — 1 (3.24)

Proof. We have ||P(f,t2) — P(g,t1)|lzr < A+ B with

A= swp 0VF(fit) = PG 0| supoc;all 201
YENS:|y|<2 ORISR R

+ sup H@"’F(f, t2) — 87F(§7t1))’ supo<j<al|0Lf | mv,
yENS:|y[<2 Hr

B:= sup [[04(f—9)lmr sup [OF(Ftr)| 1,
0<j<4 ~ENS:|y|<2 H2

+ sup [|04(f =)l 1, sup  [[OVF(G,t1)]l o -
0<j<4 HZT L eN6:|y|<2

Lemma 3.3 implies that
ASI =9I ax(pr3.30) 1 man(40) T [t2 =t
R
T 12
We also have
B SIS = gllmers (1+1gll g1 )+ 1F = gll_gs (1 + lglmos)
SN =9l max(pra.g+)
Hence (3.24) holds. O

Let m > 1. Lemma 3.2 shows that

[AZ(t, t2)|[am <

~

P(fitz) _ _Plgt1) + P(fitz) _ _Plg.t1)
dus F(fita)  Odwg(git1) J— Bug F(fita)  OwzF(gt1) o

SNAZy(ty, ta) || pm—1 + [[AZa (1, t2) | g1,

Hm—1

assuming that [|AZy(t1,t2)| .. m-1.d+ < K and ||AZy(tt2) ]| ol . < K: this will be proved

shortly. Observe from (3.21) and (3.23) that |AZy(t1,t2)]| g S < K and that HAZQ(tl,tQ)||H%+ < K. We
. P P P(g,t1)(Owsg F(Fst1)—0uw F(f
first estimate ||AZ2(t1,t2)||gm—1. Let A == % and B = 1%(3 ?f tg)alng(;tl) 2 ) e have
(see proof of (3.21))
P(fita) _ _Plg;t1) <A B .
P TORRT P [ R R ] < lAll2 + 1Bl (3.25)
The above claim implies
1Allz> S IP(fit2) = Plg,t)lle2 S I =gl g4 + 12—l (3.26)

We see from (3.22) and Lemma 3.3

1Bll2 S I1P(g, t)llLoc 1005 F (G, 11) — Oug (S £2) [ 12
SIPG. )l 3 (Ilf =9l g4+ lt2 = t1|) (3.27)
SIf=gll gy +1ta—ta]-

14
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Hence ||AZs(t1,t2)| gm-1 S ||f—g||Hk7. We now estimate ||AZ;(t1,t2)|| gm—1. We have | AZy (t1,t2)|| gm—1 <
|A|l ggm—1 + || Bl gym—1. Assume that m > 3. We use Lemma 2.1, Lemma 3.2, Lemma 3.3, (3.22), and (3.24).
We have [[All gm—1 S [1P(f,t2) = P9, t)llgm—1 S I = 9ll 77 + [t2 — t2]. We have

1Bl S |[Plo.t1) (0 F (3 t0) = 0, F(Rt) )|
SIPG ) s [0 FG1) = D F(F12)|| 3
+IP(g,t)ll g \awSF(gm)—%F(f 1
<If - gl o
Hence ||[AZ1(t1,t2)| gm-1 S |f — g|| —. Assume now that 1 <m < 3. We have
|Allgm-s < 1P ) P(g,tnuHW(m,h%H <IF gl + It — 2] (3.28)
We also have
1Blln-t S ||Plo.t) (0 F (G t1) mBF(f,tQ))HHW(ml% "
< P9, HawF 7.11) — 0, F(f H
SP(g 1)”H““”‘(m 1,14) || Qs F (G5 t1) = Oy jm (3.20)

PGy, 0P g,m — 0y F(f. 1)
SN = gll i+ 1tz =t

Hence ||AZ1(f1,t2)||Hm 5 ||f — g||Hg + |t2 — t1|.
Assume now that 0 < m < 1. Lemma 3.2 shows that

Hmax(rnfl,%#»)

AZ(ty,ta)|lam S AZi(tste)|l 2 + [AZ2(, t2)]l 12,

assuming that HAZl(tl,tg)HH%Jr S K and ||AZs(ty,ta)|| 1+ S < K: this will be proved shortly. From (3.25),
(3.26), and (3.27), we see that ||AZ2(151,152)||H%Jr SUf =gl u A similar scheme used in (3.28) and (3.29)
shows that |AZ;(ty, t2)||H 1t <I|f- gHHk—,. Hence the assumptlons above are clearly satisfied and moreover

1AZ(t t)lam SN =gl 7 + 12 —ta] - O
4. Regularized problem: local well-posedness

We counsider the following regularized problem (with e € (0,1])

Owu+ €dtu = F(id,t) - (4.1)

Let A € R. Let e=4% f be the operator such that e=A% f(n) = e‘A”4f(n) for n € Z. The following
proposition holds:

Proposition 4.1. Let k' >k > 3. Let ¢ € H¥ . Then there exist T. := T.(¢) € (0, 00| and a unique solution
u€C ([0, T.), Hk/) such that u satisfies the integral equation for (4.1) with initial data u(0) = ¢ on [0,T),
i.e

te(0,T0): ult) = T(ult)) = e 9 + [ e~ct=)0 (u(t’sﬂf’) dt’, (4.2)
and such that either (i): liminf; 7 ||u(t )||H% = o0 or (ii): T. = oo holds. Moreover let ¢, € H¥ and

boo € H* be such that ||¢n — ¢OOHsz — 0 asn — oo. Let u, € C([O, Tﬁ(én)),H’“/) (resp. Uoo
eC ([0, TE((;;OO)) ,Hk/)> be the solution of (4.2), replacing ¢ with ¢ (resp. doo). Let T € [O, Te(qgoo)).
Then sup,¢o 7y llun(t) — uoo(t)HLtoon/([O,T]) — 0 asn — oo.

15
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Remark 4.1. The conclusion above implies that T (qgn) > T for n large.

Proof. The proof uses standard arguments. In the sequel let C(z) be a nonnegative number depending on
x of which the value is allowed to change from one line to the other one and such that all the statements
below are true.

Let T! .= T! (||q~$|| i) be a positive time that is small enough such that all the statements below are true.
Let X be the following Banach space

X = {v eC ([0,T£)7Hk’> . ||”||L;>0Hk’([o,Tg)) <2(1+ ||¢§\|Hk,)}.

Clearly X, endowed with the norm ||v||x = |v

Ay(t) = F (1)(751&)

We first claim that 7(X) C X. The Minkowski inequality shows that

\|L?on/([07T€,)), is a Banach space. Let t € [0,7). Let

T e < 18w + [ H<n>36_6(t—t’)n4<n>k’—3m(n)Hl2 dt!

From (3.13) we see that

[ =2 a@m)|, <o (18l ) @+ 1E)lw) (4.3)
Elementary considerations show that
sup(n)3e=<(=" < et 1)1 (4.4)

nez

Hence we get after integration

IT@lx < 16l + CUUB ) @D L+ 1] 00)
<16l er + CUISN e (THF (L4 11 00) (45)
< 201+ 116l ) -
One gets from (3.15)
¥ = (A @) ) = Ay @) |, < C Ul ar) o1 (#) = vt g (4.6)

Hence integrating in time we see that

~ 3 1
1T () = T)llx S C(I0llgw) e (T [lor — V2l Lo g (0,2
< 3llor — vaf|x

Hence 7T is a contraction.

We then claim that 7v € C ([O,TE’ ), H k/). Indeed the dominated convergence theorem allows to prove
that ¢ — e’“ag({) in continuous in H* . Let ¢ € [0,77) and let h > 0 be a small number. Let G(¢) =
JEemet=tY22 A (¢') dt’. Writing G(t + h) — G(t) = Hy + Hy with Hy, = [/T"e=ctth=92 4 (1) ay’,
and Hy = fot (eff(t*h*t/)a‘rL - eif(t’t/)ai) Ay(t') dt’. (4.4), (4.5), and the dominated convergence the-
orem allow to prove that H; — 0 as h — 0. In order to prove that Hy, — 0 we proceed as

follows. The mean value theorem and elementary estimates show that ‘e‘s(t“‘h_t,)’# —e(t=t)nt <

e=<(t=)n*pdpe We also have

— €

e—e(t+h—t/)n4 _ e—é(t—t/)n4 5 e—é(t—t/)n4. Hence ||]{2 5 X 4 Y with

”Hk’
16
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— t 3 7e(t7t/)n4 K =374 (1
X o= fy e SR,
(M)lli2(nap<1)y dt’. There exists ¢ > 0 such that

dt! and Y = [*|(n)3nthee—ct—tIn" k/’3A/v?
0

X §f0t(t—t’)_% sup ( 1 _"> H _3A (n)Hl2 at’

,Ze(t;t/)

3 ce(t—t’)
- h

S U4 (1Dl o) [3(E —t) e

Hence, by making the change of variable u = (t+/)“, A — 0 as h — 0. We have

dt’
12(n*h<1)

Y oS hO ol sup (nPteemmt) () A, (@) (n)

n4h<1
SR L — ) (1) d (14 1)) )
<O+ ||¢HHM>

Hence B — 0 as h — 0.

Observe that the argument shows that one can choose T! as a continuous and decreasing function of
& gn-

We consider now the union of all intervals [0,7”) such that there exists a (unique) solution u €
C ([O7 T, Hk/> satisfying the integral equation for (4.1) on [0,7"). Clearly there exists T, := T.(¢) € (0, 0]
such that this union is equal to [0,T¢). Assume now that T, < oo and that liminf; 7 |lu(¢)| gk < 0o
Hence we can find an M < oo and 0 < £ < T close enough to T, such that the following propertles hold:
[l )||Hk6 < M, and (by proceeding similarly as in (4.5)) we get for all t € [£,T¢)

3 ~ 1
< Ta(t—1t)4 ’ .
0l et ey < 3+ CONE =D (Il 1) @)
Hence a continuity argument shows that ||uHLOOH () < M + 1. Since we also have u € C ([O,ﬂ,H’“B)

this implies that there exists a constant (that we still denote by M > 0) such that |lu(t )||Hk6 < M for all
t € [0,T.). We then claim that there exists M’ > 0 such that

€[0,70) « [Jut)|| yu < M- (4.8)
Indeed let J = [a,t) C [0,T¢); then we get

_3 1
lell o prvt (fa,yy < (@)l ur + CMe(E — a) (1 + Hu”Lfon/([a,t))) ;

hence a continuity argument shows that there exists ¢ := ¢(M, €) > 0 such that if [J| < ¢ then [[ul| oo i () <
t

2(||lu(a) &’ ); hence, dividing [0, T¢) into subintervals J such that |J| = ¢ except maybe the last one we see

that (4.8) holds. Let T be close enough to 7, from the left. Then ||u(T)||,» < M’; moreover by using

the arguments above to construct a unique solution u € C ( [0,T/], H ) satisfying (4.2) we can construct a
unique solution u € C ([TE,?), Hk/) for some T > T. that satisfies (4.2), replacing “¢”, “fot” with “u(T)”,

[43

f;: ” respectively. Hence there exists a unique solution v € C ([0,?), H "'/) of (4.2), which contradicts the
definition of T.
Let {¢n} be a sequence such that ¢, — éooHHk/ — 0asn — oo Let t € {0, T%O), with T/ =

T/ (”éOOHH’C/) The above observation shows that T! (||<Z>n||H,c/) > % for n large. We have

o220 = 600 s S 19m = Bocl -

HFE
17
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We see from (4.6) (with v1 := u,, and vy := us) and the estimate ||q~5n||Hk/ < ||q~SOOHHk/ we see that

< C (191l grr) llun (') = oo ()| ar

Lo (F)0) = A ()0

"= (A @) (0) = A () 0)

12

. . . bt 7 1 .
Integrating in time we get ||u, — u||L‘t>°Hk/(|:O,T2‘;°)) < pn — Ol gwr + 3llun — uHLtOOHk,([&%)), which

implies that ||u, — teo|| , o — 0 asn — oo.
e (o5
Let 0 < T < T.(¢so). Observe that the continuity of 1., on [0, 7] implies that there exists M > 0 such

that
t€[0,T]: |Juso(t)|| o < M - (4.9)

Let T, = sup {t € 10,77 supyeqo,q un(s) = too(8)|| yu — 0asn — oo}. Since ||ty —Uoo || - —

L HF (|0,~52

0 as n — oo, we have T, > 0. Assume that T, < T. Then choose 0 < t < T, that is close enough to T, such
that the statements below hold. We have supc(o ) [|un(t) — too(t)|| yr — 0 as n — oo, and we also have
|ln — UOO”LtOOHk/([f,f/D = supg<p<i_i |[tn(t 4+ h) — tso(f + h)|| yrw — 0 for some T' > & > T, as n — oo, by
applying the above argument to u, (f) (resp. uo(£)) for t € [0,# —7]) instead of ¢,, (resp. doo) for t € [0,T7]),
taking into account (4.9). But then this would contradict the definition of T,. Hence T, = T. We now claim
that sup,e(o.7,] [[tn(t) = too ()|l yir — 0 as n — oc. Indeed we can choose 0 < # < T, that is close enough
to Ti such that supep g [[un(t) — oo ()| grr — 0 as n — oo and [lu, — UDOHLgOHk’([t’,E']) — 0 for some

T.(¢oo) > > T, as n — co. Hence supseo, 1) [un(t) — too ()|l o — 0 as n — 0o, O

[P

Remark 4.2. We say that u is a smooth solution of (4.2) obtained by Proposition 4.1 with data o if
¢ is smooth, ie. ¢ € ﬂmz% H™ = C*>.* Observe that v € C>([0,T], H™) for all m > k{ and that
u(t) € C*: this follows from a standard bootstrap argument applied to dyu = —ed*u + F(i,t), taking
into account Lemma 3.3. Let ¢ € H ' Let {én} be a sequence of smooth functions such that ¢,, — ¢. Then
Proposition 4.1 allows to approximate the solution u arbitrarily on any compact interval [0,T] C [0, T¢) with
the sequence of smooth solutions {u,}. In the sequel we will implicitly use a/: smooth solutions to justify
some computations that allow to prove some estimates that involve these solutions b/: the approximation of
u with smooth solutions to show that these estimates also hold for u.

5. Gauged energy

Let k' > 6. Let f and g be two functions. We define the gauged energy Ey/(f,t) of f (and more generally
E(f,g,t)) at a time ¢ in the following fashion:

Ek’(fagat) = ||¢k’(fa t)agf - Qk’(gat)ﬁggH?qk’—G + Hf _g||2Hmax(k’—3,%+)’ and
Ek’(fa t) = Ek’(faoat)

The following proposition shows that the gauged energy Ey/(f,t) of f (resp. Ew (f,g,t)) can be compared
to the H* -norm of f (vesp. ||f — ll g ):

Proposition 5.1. Let I C R be an interval such that |I| < 1. Let 6 > 0. Let K € RY. Let k' > 3. The
following holds:

8 This equality follows for the well-known Sobolev embedding H™ < CP if m > p + %

18
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(1) Assume that infyer ‘8w3F (f, t) (x)‘ >6 foralltel,

e Assume also that ||f||Hl3+ < K. Then there exists C := C(K,d) > 0 such that for allt € I

2

Ewu(f,) <C (141112 ) - (5.1)

e Assume also that E§+(f, t) < K. Then there ezists C :== C(K,d) > 0 such that for allt € I

If I < CQ+Ep(f1) (5.2)

(2) Assume that || f|| gor < K and ||g|| gw < K. Assume also that for allt € I and for all 8 € [0, 1] we have
inf et ‘ngF l?g,t) (z)| > 6 with hg :== 0f + (1 —6)g. Then there exists C := C(K,§) > 0 such that for
alltel

CHf =93 < Ew(figt) <CIf —al?

Remark 5.1. The proof shows that one can choose the constants depending on K to be continuous functions
that increase as K increases.

Proof. Lemmas 2.1 and 3.4 imply that

ST+l g
Hence (5.1) holds. We have

ID¥ 1132 S (19 (10 B (1,008 [ jurs 2 2
S} H@’;,l(f’ t)HH%Jr Hdsk:’(.ﬂ t)angHk’—G + Hds];/l(fv t)HHk’—G Hdsk:’(.ﬂ t)angH%-O—

2
2
Sl w002 s (14171 5., )+ (14 1510) By (10
5 Ek’(f7 t)
Hence (5.2) holds. We have

H ék’(f7 t)agf - ék’ (g? t)aggHHk’—(S
S @ (f:8) = Bur (9 Ol - 1021 34 + 12w (£8) = P (g O 3 1105 f 1l oo
1200 o |05 = D]y F 12ty 050 = ) o
S =gllgw

It remains to show that |[D¥ (f — 932 S Ew(f,g,t). We have (taking into account that &' — 6 > 1)

10X (F = 9)lFe <1125 (F0 B0 ~9)|[pos
5 H ¢];/1<f7 t)HHk’—G H @k,/(f7 t)a%(f - g)HHk/f(i
S| B (F, )08 f — B (g, )09 a0 -6 + | Brr (9, 8) — B (fo 1) |50 1929113 476
2
5 H Spk’(fa t)agf - gpk’(fa t)aggHHk’—G =+ ||f - gHZmax(klf&%Jr)
/S Ek’(fagvt) D

6. Gauged energy estimates

In this section we prove some gauged energy estimates. To this end we first prove estimates for a function
v that satisfies Eq. (6.1): see Proposition 6.1. Then we apply these estimates to v(t) = Dy (u(t),t)0u(t)
(with u solution of (4.1)) to get the gauged energy estimates.
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6.1. General estimates
We prove the following proposition:

Proposition 6.1. Let0 < e < 1. Let k' > 6. Assume that v is a function on an interval [0, T'] that satisfies

Ov + 68;11) = a302v + a20%v + a10,v + ag (6.1)
+ Gbgagv + Ebgag’l] + Gblaz’l) + Eb() + e@icv . ’

There exists C > 0 such that for allt € [0,T"]

(”U( >HH’“’ 6> +2¢| DY ~Ho(t) |2, +2/ /(( )a as(t )+a2(t)> (awD’“’—%(t))2 da
lao ()13 46 + 0@ 1206 <1+ Z lam @Il (s 1>+>

3
2 2
+> lam 1 ga —6m 0O 14 (6.2)

m=1
<c | +e(lbs®l g, + a0y, ) 10D ~Cu(®)]2,

3
+€[[bo (t)[13 6 + € (Z 1B ()1 3~ + ||C(t)||§,k/2> IIU(t)IIi{%+
m=1

3
+e (Zl 1om I (- 3)+ + IIC(t)IIHg+> [EIG] e

Proof. Elementary considerations show that
(O (t) + edto(t), D2F =y (t)) =

s d(nv(t>|@k,_6
dt

2
k' —6 E —4
4 (—1)F ~Se HD v(t)’ L

On the other hand

(O (t) + edtv(t), DK =0y (1)) = 64
(_l)kliej (As(t) +---+ Ao(t) + Bs(t) + - - + Bo(t) + C(t)) , with ’

Ao(t) = / D¥ =6 (ao(t)) D¥ ~Su(t) dx, Bo(t) =€ / D¥ =6 (by(t)) D¥ ~Su(t) du,
A (t) = [ DF' =6 (a,, ()00 (t)) D¥ ~Su(t) dz, andB,,(t) = € [ D¥ =6 (b, (£)30(t)) DF ~Su(t) da-

Here m € {1,2,3}. We first estimate A,,(t).
We see from Lemma 3.1 that

Aglt) = AZ() + AB() + A5(1)
+0 (o)l s (llas®ll s @y, + las@l g 0@l w) )

with ,

A5(t) = [ ag(t) D' 503 () DF ~Ou(t) da,

AB(t) = ( k’—6 ) [ Das(t)D* ~793u(t) DX ~Su(t ()da:, and

Ag(t) = E=OEED 1124, (1) DV =8930(t) DF ~Su(t) da-
Integrations by parts show that

AS(t) =~ [ 0pa3(t)02D¥ ~Sv(t)DF ~Su(t) dz — [ az(t)92D* ~Su(t)d, D¥ ~Su(t) dx
, 2
= [ 02a3(t)0, D¥ ~Sv(t)D¥ ~Su(t) dx + 2 [ D,as(t (a D’“*%(t)) dz

—1 [ Bas(t) (Dk ~6 (t)) do + 3 [ 9,a3(t (a DF' 6y (t)>2 da-

20



T. Roy Nonlinear Analysis 221 (2022) 112845

We have
Ag(t) = 6) [ Dpaz(t)d2DF ~Su(t) DK Sy (t) du
—(K = 6) [ 92a3(t)d, DK —6 ()D’“'*Gv(t) dx — (k' — 6) [ Oyas(t (8 D=0y ())2 dx
= K26 [ g3aq(t) (Dk ~6 (t)) dz — (k' — 6) [ pas(t (a DV =6y (t)) dx
We have

AS(D) wfy as ()9, D* ~5u(t) DF ~Su(t) dz
_(EH=6)('-7) (k’ f33 (Dk -6 (t))Q dor-
We can also write
As(t) = Ag(t) + A3(t)
+0 (||a2<t>||Hku4||v<t>||Hk/,6||v<t>||H%+) +0 (llaz®ll g 0(O)]20 ) ; with

AS(t) = [ ag(t)D¥ 652y ()Dk’ 6y(t) dx, and
)

Ab(t) = (K —6) [ Dag(t)D¥ ~7020(t) DX ~Su(t) da-
We have )
AL = — [ Bpas(t)d, DY ~Su(t) DV ~Su(t) dz — [ as(t) (aka’—%(t)) dz
= _fa2(t (asz _6U(t))2 dx + O (HagGQ(t)HL‘X’Hv(t)”iﬂc’_s) , and
A1) = —¥58 [ 3Ra(t) (DX 5u() da = O ([192as(®)| < (D)%, ) -
We have
At) = [ ar(®)D¥ 00,006 DY ~0u(t) do + O (Jlar ()| s lo ()3 [0(0)] oo )
+0 (lar O3 10Ol
=~ [ .an(t) (DV'° (t)) de+0(...) + O(...
O (19aar (@)= 0241 ) + () + OL-.)-
We have

A0 5 [ D5 @) , 1D~ u®)lz2 S lao @l r—ello(®)ar-o
We then estimate By, (t) by a similar process to estimate A,,(t). We get
/ ’ , 2 , 2
e1Bs(t) = WEDE=K) [z ) (Dk 431}(15)) dr + (12 — &) [ ubs(t) (axpk *%(t)) dz
+0 (I 105 (Is®ll s @I gy + s 3, )16 )

Bo(t) = [ balt) (0.0 5u(t)) a0 (o)l oo 0D s 001,
+0 (1201l g 001240 ) + O (102620l lo(®)]12,0 ) » and
Bi(t) = O (0l [ ®I200g ) +O (161 Ol ger-s 0@ g N0 i)
+0 (1510 g @) 20— ) » and
eBo(®)] 5 bt g1t s

We get from Lemma 2.1

O] S (el palo®l yy + 1@l g 1Ol ) 10 -
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/ d( v 2
Next we divide (6.3) and (6.4) by (—1)* ~6. We see that we can bound from above W +

2| D' o ()||2,+2 [ (K — 12) Bpas(t) + as(t)) (a DF' 6y (t)) dz by the RHS of (6.2) by using the above

estimates, the Sobolev embedding H 3t o L, and the Young inequality ab < —2 + ﬁ 0

We also prove the proposition below:

Proposition 6.2. Let 0 < € < 1. The following hold:

(1) Let k' >3, K >0, and j € {§+,k" — 3}. Let u be a solution of (4.2) obtained by Proposition 4.1 on an
interval [0,T"]. Assume that sup,¢ o 7 ||u(t)||H%Jr < K. Then there exists C := C(K) > 0 such that

d (Jlu(®)|)%,
W <O (1 [u®)lfF4s) (6:5)

(2) Assume that v is a function on an interval [0,T] that satisfies

Oy + e(“)iv = azd2v + a20%v + a10,v + agp

+€b3d3v + €020 + €b10,v + €bg + €ditcv - (6.6)

There exists C' > 0 such that for all t € [0,T"]

d (Jo(@)|I?
(||vilt)||L2) + 2€|020(t)]2

3
lao(®)[1Z2 + (1 +> ||am(t)|H(m+;)+> l(®)]IZ2

m=1

+ Z lam Ol lloOI 4,

m=1

+ (llas @l g0+ las(®l 3.4 ) IO (6.7)
e (1B g + MO 3 ) 1.0

+e2[lbo(t)lI72 + € <Z 16 ()| + ||C(t)||§;4> lo(®I? 4,
te (Z (O] ||C(t)||Hg+> lo(6)I122
m=1

Remark 6.1. Regarding the constant C' := C'(K) in (6.5) of Proposition 6.2, we refer to Remark 3.1.

Proof. Let m € {0, %4—, k' — 3}. Elementary considerations show that

" g d(ID™ )2
<8tu(t)+68§u(t),D2 u(t)) = ( ;) ( 7 Lz) +(—1)me||Dm+2u(t)||iz

On the other hand (F(m), D*(t)) = (—=1)™(D™ (F(zT(g)) , D™u(t)). Hence we see from Lemma 3.3,
the Cauchy—Schwarz inequality, and elementary estimates that

a (3.

Hence (6.6) holds.

d(||v 2
Mimicking the proof of Proposition 6.1 (with k' replaced with 6) we see that (%) : W +
2e)|20(t)[125 + 2 [ (—3202a3(t) + ax(t)) (8,v(t))* dz is bounded by the sum of the RHS of (6.7) (with
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again k' replaced with 6). Observe that the second term of (x) is bounded by a constant multiplied by
([190zas(t)|[Loe + [laz ()] zoo) [[v(t)]|3;: - Hence, using also the Sobolev embedding H3+ < L we sce that
(6.7) holds. O

6.2. Gauged energy estimates: statement
In this subsection we prove the following gauged energy estimates:

Proposition 6.3. Let k' > kj > 1. Let ¢ € 734_7,6/ be a smooth function. Then there exist 1 > T’ =
|<Z>||H,€6,S(g),5’(g£)> >0 and C = (QNSHH%,S(3)> such that if u is the solution of (4.2) obtained by
Proposition 4.1 on [0,T,) then
T.>T'; sup (Ek/ / /Q 9, D" 6 (t’))de dt’> <2(1+ Ew(4,0)),
t€(0,77]
tef0,77): LD 4t o), 1) (a DV'~6 (t)) dz < C (1 + By (u(t),t)), (6.8)

Mﬂ€7hy@%6(ﬂgi)25<g),ww5%wﬂi)2&@x
with v(t) == Dy (u(t),t) Sul(t).

Remark 6.2. The proof of Proposition 6.3 shows that T” (resp. C') can be chosen as a continuous function

(= ~
that decreases (resp. increases) as ¢ (b) decreases, decreases (resp. increases) as ”¢HH"’6 increases. It also

shows that 7" can be chosen as a continuous function that decreases as 0'(¢) decreases.
Proof. The proof relies upon the lemma below:

Lemma 6.4. Let K > 0. Let u be a solution of (4.2) on an interval [0,T"] with 0 < T" < 1. Let § > 0.
Assume that & (@,t) > 6 for allt € [0,T"]. Assume also that SUPyeo,7] E1774r (u(t),t) < K. Then there
exists C := C(K,0) > 0 such that

e o.77): DD /Q ) (805 0(0) de <O+ Bu®).0) - (69)

Remark 6.3. The proof of Lemma 6.4 shows that C' can be chosen as a continuous function that increases
as K increases, and that increases as § decreases.

We postpone the proof of Lemma 6.4 to Section 10.
Let

T =inf {t2 05 By (u(t), ) > 2 (1+ By (3,0)) }-

We see from Propositions 4.1 and 5.1 that 0 < T < T,. Moreover Ek/ (u(t),

£ <2 (1+Ek, (4, )) for
all t € [0,T7]. We have Supte[O’T:]E%( u(t),t) <S5 y 1 and supepo 72 [lu(?)]

|2 S 1+09)7 . Let
H"0

<=\ ~ -~ -
T =T <(5 ((b) 0/ (), d)”H’“é) > 0 be small enough such that all the statements and estimates below

hold.
Assume that 0 < T* < T". Let t € [0,T7].

Claim: § (u(t), 1) 2§ (3)

23



T. Roy Nonlinear Analysis 221 (2022) 112845

~ - (=
Indeed we see from Appendix that ||X ), 6,t,0) HLOO ’SWHH% ||u(t)—¢HH%Jr +t. We have t < ¢ ((]5)
So it suffices to estimate |lu(t) — quH%+. In fact we will estimate ||u(t) — ¢|| o since we will also use this

estimate at the end of the proof. Let u;(t) := e Etaﬂwé and (¢ f eme(t—t )axF ( (' t') dt’. Elementary
estimates show that |e™® — 1| < min(z, 1) if > 0. Hence, d1V1d1ng the region of summation into |n| < N
and |n| > N with N =~

T we get
(et)4

~ 2 _ . \4 2 =~
hu(®) =8l 5, S - (mE) et — 1 gm)
ne”r _
SO,

H
~ (=
(3
The Minkowski inequality and Lemma 3.3 show that
t Ce(t—t 4
lia @l g S Jo e~ O F (u@h,#) || o, dv

S L, 1+ sup flu@)] 1s
”¢“sz) e H2 T

<
ST %t

(=
<L6| o )-
Hence we see from the above estimates and the triangle inequality that the claim holds.

Claim: u(t) € Py (t) and &' (u(t),t) = §'(¢)
From the claim above and similar arguments as those in Remark 1.2 we see that O, F (zm ,t) has a

P(u(t),t)
8w3F(1T(t_5’t)‘ [W] aye

We see from Appendix and the above estimates that ||Y( t), $,t,0) HLoo s )7”¢” ) H ¢||

t 5~(1>) 1l (t+"T0T) <« &(4). Hence an application of the triangle inequality yields the claim.
¢’ k!

constant sign. Hence Q(u(t),t) =

24
2

Hence we can apply Lemma 6.4 and Gronwall inequality to get (k) : E% (u(t),t) < eC't (Eké (¢~57 0) + C’t)

- - ~ (=
< % (1 +Ek6(¢,0)) for some C’ = "’ <¢>||Hk/0,(5 ((b
Hence by letting t = T in the above inequality, we see that it contradicts cannot the definition of T7.
Hence T > T'.
ﬁ
We then mimick the proof from “Claim: 5(17(3 ,2 5(¢)” to “yields the claim”. to conclude that for
€ [0,T'] we have u(t) € Py (t), d(u(t),t) 2 0( o
Lemma 6.4 and Gronwall inequality to get (6.8). O

), and & (u(t),t) = §'(¢). Hence we can apply again

7. Gauged energy estimates for the difference of two solutions

In this section we prove gauged energy estimates for the difference of two solutions of an equation of the
form (4.2). To this end we first prove estimates for a function v := vy — vy with vy, vy that satisfy (7.1): see
Proposition 7.1. Then we apply these estimates to v(t) == @ (uy(t),t)0%u1(t) — Bpr(ua(t), t)OSus(t) (with
u1, ug solutions of (4.1)) in order to get the gauged energy estimates for the difference of two solutions.
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7.1. General estimates
We prove the following proposition:

Proposition 7.1. Letj € {1,2} and 0 < €1 < €3 < 1. Let k' > 6. Assume that v; is a function that satisfies
on an interval [0,T"]

4
8,511]- + Ejaz’l)j = ag,jagvj + a27j8§vj + alyj(‘?zvj + ao,;

7.1
+¢b3, 0205 + €5b2,;070; + €;01,;00v; + €bo.j + €050, - 71
Let v := vy — va. Then there exists C > 0 such that for allt € [0,T"]
a (B , 15 o \?
THM + 261 || DF 1o (t) |25 + 2/ ((k’ - 2) Ozaz 1 (t) + a2,1(t)) (@CD’f —%(t)) dx
T
3 3
1+ lami @1 (meg)e | 1PON 06 + > ||am,1(lf)||qu/_6+n«b||17(t)||2%+
m=1 m=1
ter (s @Iz, +Ib2a @)y, ) 10D 55(0) |22
+€t b0, (011510 -6 + €31100.2(D) 1706
3
+ef <Z 1B, 1 ()77~ + ||Cl(t)||qu’2> PO 4
m=1
4 (lea) = ex Ol 2 3.+ llea(t) (1P g a0 .
; :
SOl +a <Z om 1 (O (e )+ + ||01(t)||Hg+> 1516
m=1
2 3
X (s O o2 g3, + W1 g a0 o
€| j=1m=1
Hlea Ol w2 llo2@1” 1+ llea(OI? g N2 10— + o2l
+lao(t) = ao2()II54 g
m,1(t) = am 2 ()12 40 t)|1?
(V)o@ O .
+Zm:1
Hlam1 () = am2 @1 1 02O mew—o
Proof. We have
00 + 618;11_} = (62 — 61)6;11}2 + (61 — 62)8;1021}2 — 618§(62 — 01)1}2 + 616%611_)
3 3
+ Z am,lﬁ;”ﬁ + Z (CLmJ — am72)8;”m + ap,1 — ap,2
m=1 m=1
3 3 3
ter Y bmadl U4 er Y bm10fve — €2 > b 20wz + e1bos — e2bo 2
m=1 m=1 m=1
Elementary considerations show that
_ 4 2(k'—6) - -6 [ 1 d(‘lﬁ(t)uilk'*6> K —d= ()12
(0,() + e10%0(t), DX =O05()) = (—1) - [ 1) L pagg)e, | (7.3)
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The proof of Proposition 6.1, Lemma 3.1, and the Sobolev embedding H3% <5 L® show that

i (am,1 (D0 5(t), DXE =O5(2))
= (M=o <(25 k') Ozaz(t) — az,i(t), (3 D¥=65 ())2>

3
S lama O gy 150 s

+O [0l | ™
+ Z ||afm 1 HHk' 6+m||v( )H %

S llao,1 (8) = a0 2 (D)l g —6 [0 ]| gy —o

(0.0 (5) = a0.2(0), D2 ~D5(1)

3
Z 1), D2 =)5(4)) = (—1)F =6 (X(t) + Y(t) + Z(t)),

with
’ ’ 2 , 2
IX(1) = WEDEE) oy (1 (Dk —63 ) dr + (2 — k) [ b3 ( )(aka—%(t)) dx
+0 (Bl o (101 O L5171 g4 + 105,203 150 r6) )

2

V() = — [baa(t) ((%D’“/‘%(t))z da
+0 (5@ g5 (Io2x @Ol il BON 1 + M1 O] 5 1505 ) ) and

&' Z(t) =0 (Hbm(t)l\ 3 @306 + ||bl,1(t)||HkusIIﬂ(t)I\H%+IITJ(t)IIHkua)-

We also have
|er(@her(t)a(t), DX =05(1))| = |(—1)F ~Oer(DV' =6 (9ker(t)3(t)) , DX ~Cu (1))

S ello@®l gur—s (M@ g 18O gn—o + llex@llgr -2 10O 11 ) -

We also have
(e1bo,1(t) — 6250,2(t),D2(k,_6)5(t)>’ < €1 {(bo,1(t), DQ(’“/_G)T)@))‘ T e ‘<b0a1(t)»D2(k,_6)5(t)>‘
< (ellboa ()l - + €2llbo.2(E) ]| gir—6) 10(E)]] grr—s-

Lemma 2.1 shows that
(@1 (®) = amo(6) s 8), DX =O05(0))|

= [ DY O (a1 (1) = ama (1) D0s(0)) , DV ~05(1))|

llam.1(t) = am2 () grr—s w2 (ny1y
< ( 2 H 2 H( +2> )”v(t)”Hk/ﬁ'

Fllam 1 (t) = am2 @ 11 102 mswr s

If j € {1,2} then

o Jom s Oll s [021 iy Y
€. (£)0 vy 2(k'=6) 5 €. 2 v e
3 [ OO 0a(0), DX 95(1)) | J<+”bmmH%+Hv2( o) )n Ol
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We have (2 — e1) [(@ea(t)eat), DX =5 (1))|
= (e2 = 1) (=15 (DX 6 (9kea(tyea(t)) , DF ()
S e (lea®llgar2loa@®]yo + el g o)l gars ) 190 gar—,
(2 = e0) [ {0z, DX -95(1)| - = (e2 — 1) [(=1)¥'~S(D¥ ~Cakus (1), D¥ ~03(1))
[0 (1) a0ty DR 0] A7 PO
= €1 [(=1)F DN (9 (ex (1) — ea(B)) va(t)) , DX 05(1))| (7.5)
S (Jlealt) - c1<t>||Hk/,2Hv2<t>HHl+ llea®) = er O g el ) 158 e -

The Young inequality ab < %- —|— %2 and the above estimates show that the LHS of (7.2) is bounded by the
RHS of (7.2). O

We then prove the proposition below:

Proposition 7.2. The following hold:
(1) Let k' > 3 and j € {1,2}. Let u; be a solution of (4.2) with € := €; on an interval [0,T']. Let K > 0.
Letm € {3+,k' — 3}. Assume that supyefo, ) |wj(8) | gm+s < K. Let == uy — uz. Then there exists
C = C(K) > 0 such that
d ([[a(t)|[3m)
dt
(2) Let j € {1,2}. Let 0 < €1 < €2 < 1. Assume that vj is a function that satisfies on an interval [0,T"]

< C(la®)3mes + Slluz ()l Zmea) - (7.6)

8t’l)j + Gjai'l}j = a3’j8§1}j + agyjag’l)j + al,jé)zvj + ap,; (7 7)
+€b3,j03v; + €ba ;0705 + €51 ;0,05 + €jbo j + €;05¢5v; - '

Let © .= v1 — va. Then there exists C > 0 such that for allt € [0,T"]
d (o)l _
(dth) +2e1[|070(1) 172

3
(1 3 am,1<t>|H(m_g)+> o)l
m:23
+<1+ > lama O, (m+%>+> 0O+ 3 s Ol o)1,

m=1

ver (IBaa Ol 3.+ BaO,4.) 10501
e lboa DIz + Slbo(t) 32 + & (Z b1 (8)3m + ||cl<t>||z4> I5@I2 .,
m=1
—o| 8 (les® = ex@Ballva®I? 4, + llea®) = ex®I? g, et ) (78)

3
1 (Z o a3+ ||Cl(t)|Hg+> o012
33 (sl .+ sy, sl

+é j=1m=1
2 2 2 2
Hllez ()7 ot W a4 + e g o272 + [lv2(6)] s

+llao,1 (t) — ao2(t)]|72
3 < l|am,1(t) — am,2(t)||i2Hvz(t)||il(m+%)+ >

"N Flama () = ama (12 4 o2 ()17

+2
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Remark 7.1. The proof shows that the constant C' depending on K in Proposition 7.2 can be chosen as a
function of K that increases as K increases.

Proof. Let @ :=u; — uy. Let m € {0, 3+,k' — 3}. We have

oyu + 618;111 = (62 — 61)8§U2 + F(Ul(t ,t) — F(Ug(t ,t)

Elementary considerations show that

@a(t) + e10ta(t), D*a(t)) = S L (IDmag)|2,) + S e & (D 2a)|2,) -

On the other hand the Young inequality ab < a— + y1€1db

(€2 — 1) [(Dpua(t), D*™u(t))] e2 = e1) |(=1)™ (DM us(t), D™ (1)) |

~(
S (2 — 1) |Jug(t) || gme+alla(t) | zm
<e

Sllua ()13 mra + @) ||Fm, and

(F(uy(t),t) — F(ua(t),t), D*™u(t)) = (71)m<Dm(F(u1(t;,t) — F(usg(t),t)), D™u(t) ). Hence we see from
Lemma 3.3 that M S Na(t)3mes + € HU2(t)||§{m+4 if m € {3+,k' —3} an (”L)”LQ) <
||12(t)||2%+ + €3||u(t )||H4. Hence (7.6) holds.

The Sobolev embedding H2* < L shows that
3 _ _
]2 / (_26,,.@3,1@) - a2,1<t>) (0:5(1))? da| S (|9pas(B)lLo0 + a2, (8)]12) 1952
< (lasa®ll g+ laza @ 1. ) 19:5(0)]3

We now mimick the proof of Proposition 7.1, replacing k¥’ with 6. We get (7.8). O

7.2. Gauged energy estimates for difference of solutions: statement
We prove the following proposition:

Proposition 7.3. Let k' > L2 k' >k > i, and b € ’P+ w- Let ¢ € {1,2}. There exists 0 < ¢ :=
c (5( ), 8" (9), ||¢|Hk'> < 1 such that if 0 < € § €2 < ¢, then the following holds: if ug is the solution of
(4.2) obtained by Proposition 4.1 with € = €4, replacing ¢ with qz;q,k/ = qu,k/(i on [0,T,], then there exist
1>7 =T (||<;3||Hk6,5(§),5’(¢3)> >0andC:=C <||¢;||Hk/,5(§)) > 0 such that

T.,, T., > T'; (6.8) holds, replacz'ng u with ug; and
2
sup (Ek/ (ua (2) / / QU (#).1) (0,07 5(t))” da dt’) o)

te[0,T7] ’

< C (Jlus(0) = wr (O)]120s + %) .
with 17((‘,) = @k/(ul(t),t)agul( ) @k/(UQ( ) )86162( )
Remark 7.2. The proof of Proposition 7.3 shows that one can choose T’ (resp. C') to be a continuous
function that decreases (resp. increases) as 0( ¢ ) decreases, and that decreases (resp. increases) as ||| )

increases. It also shows that one can choose T as a continuous function that decreases as ' (@) decreases
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Proof. The proof relies upon the following lemma:

Lemma 7.4. Let0 < ¢; < €3 < 1. Let K > 0 and 8 > 0. Consider the solutions uq on an interval [0,T"]
with 0 < T" < 1. We define hy(t) :== Oui(t) + (1 — O)us(t) for 8 € [0,1] and fort € [0,T"]. Assume that

t€[0,7"] : max <SuptE[O,T”] Eyr(ui(t), t), supyeqo, 7 Enr (uz(t),t)> < K. Assume also that § (ha(t ,t) >
§ for all (t,0) € [0,T"] x [0,1]. Then there exists C == C (0, K) > 0 such that for all t € [0,T"]

dEk/(u1 /Q (ur(t o, DF —6 (t))2 de <C

By (11 (8), (0, 1) + (1) = wn (D)2 7, B (ualt),0) + s (8) = wa(0)] g, B (wn(8), 1)
i (6) = w2 13, iy (ua(8),2) + [ (1) = s (0) s g, (un(),)

63 (1+ Eprpg (ua(t), 1)) + € (1 + Ega (ur(t),t) + Eprya (ua(t),1))

et ur(t) = ua () 13, (14 Epryz (wa (1), 1))
(7.10)

Remark 7.3. The proof of Lemma 7.4 shows that one can choose C' to be a continuous function that

increases as ¢ decreases, and increases as K increases.

We postpone the proof of Lemma 7.4 to Section 10.
I -
Let 0 <c:=c0(¢),0"(0),l|¢ll gr | < 1 such that if 0 < €; < ez < ¢, then the estimates below hold.

We see from Appendix and Lemma 2.2 thz(x‘g )
K —(L+

- - - -2/ -
’X(qbq,k/,qS,0,0)! < g — 9l LT < ¥ ||| yw - From Remark 1.2 we see that dq,, F (qS,O) has

a constant sign. Hence Q(¢,0) =

g P =
O0us F( ¢, O)’ (#’g) . We see from Appendix and the above
awSFw,o)‘

estimates that ‘Y(¢q7k/,¢70,0)| SJS(&),HM o gk — ¢HH%+ 55(43)”4;“ v €2+H¢||Hk/. Hence the triangle
H H

inequality shows that

o~ .
5 (B = 2 5 () = 2L

, and (gq,k’ € 7’5+7k/ . (7.11)

e~ s ~
Let m > k{ > 12, Propositions 5.1 and 6.3 show that there exists 1 > 7" = T" (5( ®),0 (), ||¢||Hk6) >0

such that T, > 7" and C = C’( (o), 9l k/> > 0 such that (6.8) holds, replacing T¢, u with Tt , u

respectively and such that

sup ug(t)[[Fm S 1+ subseio v Em(ug(t), 1)

te[0,77]
S1+ En (uq(0),0) (7.12)
ST+ 9lEm -
29



T. Roy Nonlinear Analysis 221 (2022) 112845

- ~
If it is necessary then we may WLOG reduce the size of T (with T" still a function of §( ¢ ), 6'(¢), and

ol o ) so that the estimates below hold. We see from Appendix that for ¢ € [0, 7]

1 (ho (@), ur (), 8, D)l oo Sy, ho() =] 7
~||¢|\Hk6 lua(®) =wa (D], 7+

ﬁ

<¥(9),

where at the last line we use ug(t) — up(t) = wua(t) — ¢27k/ + QEQ’}C/ - le,k/ + 451,1& — ui(t), the estimates
below that can be derived from the arguments in the proof of Proposition 6.3 (see the text below ‘Claim:

.=
d(u(t),t) = d(¢)), taking into account (7.12):

g (#) = Pq .l g+ Sudéqug et + (7.13)
and the following estimate that follows from Lemma 2.2:
K-(5+)
1620 = brawll g0 Slldowr =l g+ b —dll g, Sea ¥ dll -

Hence the assumptions of Lemma 7.4 hold.

We then prove that uy(t) € Py (t), t € [0,7"]. Indeed by following the arguments to prove the claim
‘S(u(t),t) 2 6(p), t € [0,T'] and those below ‘Claim: u(t) € Py (t) and &' (u(t),t) = &' (¢),t € [0,T'] in
the proof of Proposition 6.3, and by (7.13), we see that the claim holds.

Let m € N. We get from Lemma 2.2 and Proposition 5.1
_2m

B (0(0),0) S 14 ltg O S € 0 (14 16120,) - (7.14)
If 0 <m < k' then
By (u1(0),u2(0),0) < ||U1( ) = u2(0)[12 e S Nur(0) = GII2, 0, + [lua(0) = 124,

i (7.15)
S € ¢ 9112

HF
Let ¢t € [0, T']. In the sequel we use Lemma 7.4 combined with Proposition 5.1, Proposition 6.3, (7.14), and
(7.15). We have
dE(k/_g,)_ (Ul (t), UQ(t>, t)
dt
S 1;5(1@/73)7 (u1(t), ua(t),t) (1 + Eps (u2(0), )) + €5 (14 Eprq1 (u2(0),0)) (7.16)
+et (14 Epr (u1(0),0) + Epr 41 (u2(0),0)) + € (1 + Epr (u1(0),0)) Eger—g)— (ua(t), ua(t), t)

2(k'—1)
S Egy—sy— (u1(t),uz(t),t) + e, *
The Gronwall inequality yields

2(k'—1) 6
gy (un(£),u2(t),t) S Egr—a)— (wa(0),u2(0),0) + 5 ¥ el - (7.17)
Hence
4B (“1 ) o [ Quur(t).1) (0.0F ~Su(t ) da
T
S B (ur(t), ua(t), t) + 62'% (1 + Epr 3(u2(0),0)) (7.18)
+65 (1+ Epria (u2(0),0)) + €1 (14 Epryo (u1(0),0) + Ej g (u2(0),0))
+€; (14 Ep42 (u1(0),0)) Ej (Ul(t) us(t),t)

Hence (7.9) holds.
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8. Proof of theorem

In this section « denotes a function of which the values are allowed to change from one line to the other
one and such that lim, o a(xz) = 0. Let m € N*.

First we prove the local existence and the parabolic smoothing effect.

Let T :=1T (5((2—5’), 5 (), ||¢HH;€0> > 0 be small enough such that all the statements below are true. Let u,,

be the solution of (4.2) with € := %, replacing ¢ with ¢,, :== J1 ;¢ on [0, TL}. The dominated convergence
shows that lim,—,co ||¢m — @]l g = 0. Hence we see from Proposition 7.3, Proposition 5.1, and the triangle
inequality that for m large and for p € N, T1 T e > T and

t€[0,T]: umip(t) € Pyl m+p 3 ' (Ump(t),t) 2 Sl(¢)7 and (8.1)
[tmtp = tmll Lo o) S ( ) ) .
Hence {u,,} is a Cauchy sequence so there exists u € C ([0,T], H¥) such that u,, — u. as m — co. Letting
p — oo and choosing m large enough in (8.1) we see from Appendix and Remark 1.2 with f := u,(¢) and
g = u that 5(@,75) > 8(), 0 (u(t),t) = ' (¢), and u(t) € Py i(t) for t € [0,T].
We then claim that u(t) = ug + fOtF (u(t’ ,t/) dt’.> To this end we write up, = Upm + Unim With

U (t) = e~ mt% g, and Unlm () = — fot e~ mt=t)0: p (um(t’ ,t') dt’ for t € [0,T]. Indeed
wt,m(t) = dllgr S X1+ Xo,

with X, = H(e*%wi - 1)¢Hm’ and Xz == [|[¢m — gk Clearly Xo — 0 as m — oco. The dominated
convergence theorem shows that X; — 0 as m — oco. Hence ||uy m (t) — || &2 — 0 as m — oo. The Minkowski

inequality shows that

t N
unl,m(t) - / F(U(tl)7t/) dt/ 5 Y1 + YQ,
0

with ¥; == [ ]|( H —m (=)0} _ )R (ﬂ t’)
= I} e ~F (ut).t)

show that Y1 — 0 as m — oo. We also have Ya < supyejo 7y [u(t') — wm(t')[| x- Hence Y2 — 0 as m — oo.
We then prove the parabolic smoothing effect. Let T > v > 0. We see from Proposition 7.3 that

Hk—3

’kgdt’and
Hk—

‘ - dt’. Lemma 3.3 and the dominated convergence theorem
H

/ /Q i (£),) (0D (Bt (), ) OBt (8) — By (s (8),8) Bt (1)))? ol
m) '
We see from Appendix and Remark 1.2 with f := u,,(¢) and g := u(t) and from (8.1) that there exists a
positive constant ¢ = ¢ (5((5),5’(@) such that Q(u,(t),t) > c. Hence, using also Proposition 5.1 we see
that {u,,} is a Cauchy sequence in L?H**+1([0,v]) so there exists w € LZH*+1([0,v]) ¢ L?H*([0,v]) such
that u,, — w as m — oo. Since it also converges in L H*([0,v]) c LZH*([0,v]), w :u_.>Hence we can
find ¢; € [0,v] such that ||u(t1)]|gr+1 < oo. Recall that there exists ¢ > 0 such that & (u(t}),t}) > ¢6(¢)
and 0 (u(t1),t1) > 0’ (¢). Hence by adapting slightly the arguments in the proof of the local existence part
with the new data u(t), we see that u € C ([t1,T], H*™'). We then apply the procedurﬁam to find t»
such that ¢; < ?o < v and such that u € C ([t2,T], H*"?), taking into account that o (U(tg) ty) > cd(e)
and 0’ (u(t),12) > cd'(¢). Iterating m-times there exists 0 < Z,, < v such that u € C ([tm,T], H**™). So

T —
9 Observe from Lemma 3.3 that fo |F(v(t"), t")||gr-s dt’ < oo, so the integral makes sense as a Bochner integral.
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u € C([v,T], HP) for all p € N. A bootstrap argument (that also uses Lemma 3.3) applied to d;u = F(i,t
shows that u € C* ([v, T], HP) for all p € N. Hence u € C* ([v,T] x T). In other words v € C* ((0,T] x T).
We then prove the uniqueness.
In the proof we may assume WLOG that u,(t) € Py x(t) for t € [0,T]. Let T* := max {t € [0,7]: ui(t) =
us(t)}. Assume that T* < T. We have uy (T*) = ug(T*). Let K € R be such that |Juy (¢)|| g =+ [uz(8) || g1 < K
for all t € [0, 7). Recall that

)

¢
w0 = ua(@)+ [ F (uf)t) ar
T*
Then we claim that we can find 7 —T* > T" := T’ (5 (uq(T* ;,T*) L0 (ug (T%), T%) , Ju(TH)|| o ) > 0 small

enough such that ¢ (ho(t;,t) >4 (uq(T* ,T*) for t € [T*,T* + T'] with hg(t) :== Oui(t) + (1 — O)ua(t).
Indeed we see from Appendix, the integral equation above, and Lemma 3.3 that if ¢ € [T*,T* + T"] then

X (ho(8), ur (), 8, )| oo S Mo (t) — wa (D)
S [luz(t) —wi ()]l
S Ilua(t) — ug(T7)]]
Sk (t—=T%)

;a(W,T*).

Hence we can apply Lemma 7.4 with € = e = 0, replacing ‘k”” with ‘k — 3."° Hence letting €; = e = 0 in
(7.10) and replacing ‘k”” with ‘k—3’ we see that dEk_S(uld(tt)’uQ(t)’t) S Ep—s (ur(t),ua(t),t) for t € [T, T*+T"].
The Gronwall inequality yields Ej_3 (u1(t), u2(t),t) = 0 and consequently u (t) = ua(t) for t € [T, T*+T"].
We then prove the continuous dependence.
Let T := sup {t €0,7]: supy o, 1tn(t) — oo (')l gx — 0 asn — oo}.

Z
H2
Z
H2

H%J" + Hul(t) - uq(T*)”H%+

Claim: T* = T. Indeed assume that T* < T. Then, by slightly adapting the arguments in Appendix we
infer that 0 : [0,7] — R : t = 6(uso(t),t) and that & : [0,7] — R : t — §(uso(t),t) are continuous:
hence there exists a 0 > 0 such that min (6 (ueo(t),t),8 (us(t),t)) > 6 for all t € [0,T]. We also

infer that for all ¢ € [0,T%), (6 (u (t), ) 0" (un(t), t)) — ((5 (*(ts t) 8 (oo (t), t)) as n — 0o, since
lun(t) — Uoo(t)|| gr — 0 as n — oo. Let ¢ € {n,00}. Let 0 < t < T* be close enough to 7™ such that
all the statements below are true. Unless otherwise stated, let n, m be large enough such that all the
statements below are true for all p € N. Let wyp, (resp. to,m) be the solution of (4.2) with e = L,
replacing “e~%z¢” and “ o7 with “eme(t- D021y 1 () 7 (vesp. “e~<t=Dy_ . (£)") and “[17 respectively.
Here uy, 1 (t) = J1 kun(t) (resp Uoo,m (t) = J1 kuoo( £)). Let ¢ € {n,00}. Let K = SUP, 0,7 |1 ttoo ()| ko -

We see from Ploposmom .1 and 7.3 that there exists 7" =T’ (5, K) > 0 such that 7' > { + 17" > T* and

telt,t+17: ||uq,m+pHL§°Hk([E,£+T’]) S 1
te [l i+T": ugm(t) € Pys(t) holds, § (uqym(tg,t) >35, 0 (ugm(t),t) = 8, and (8.2)
0+

[, mtp = tgmll Lo g i) S () +al(sm)
Since {ug,m} is a Cauchy sequence there exists vy € C ([t,T + T"], H*) such that ug,,, — vs. We now claim
that v = u4. Indeed by using similar arguments as those that appear in the proof of the local existence part
of the theorem, we see that v, (t) = u,(t) + ft (yq t’; ) dt' for t € [t,+T']. Moreover letting p — oo in
(8.2) we get

0+
sup [Jvg(t) = ugm@)llge < (%) ta (%) (8.3)

telt,t+T")

1 The proof of Lemma 7.4 with k' := k—3 relies upon Propositions 7.1 and 7.2 with vy (t) == ®ps (ug(t),t) 82uq(t). The proof of
each proposition has to be changed slightly in the case where €; = €2 = 0. Indeed observe that one cannot use an approximation of
uq with smooth solutions to justify some computations unlike the case €; # 0, €2 7# 0 (see Remark 4.2). In order to overcome this
issue, one should replace in the proof every expression of the form “(f, D?*P%(t))” with “(—1)P(DP f, DP%(t))” if p € {k' =3,k —6 }.
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Hence, we infer from Appendix that v, (t) € Py x(t) for t € [t,+T"]. Hence v, = u, by using the uniqueness
part of the theorem.

We also see from Proposition 4.1 that lim,, e || tn,m — “oo,muLoon’([g ) = 0 as m — oo. Let ¢ > 0.
b )
We have
sup un(t) — oo (Ol ge < Sup [[tn (t) = thn,m () || g
te(t,t+T7] telt,t+T7]

+ sup  [unm(t) = too,m ()|
te[t,t+T')

+ sup ”uoomz(t) - UOO(t)HHk
telt,t+T")

<€

Hence 1im,, o0 ||t (t) — too () ||y = 0 for <t < #+T". This is a contradiction. Hence T* = T
un(T) — uoo(T)HHk —0.

Moreover by adapting slightly the argument above we see that lim,,

9. Proof of Corollary 1.2

We only prove the corollary for ¢ € 754_7;6, since a straightforward modification of the arguments below
would show that the conclusion of the corollary also holds if ¢ € P_ .

Let —T < t < 0 small enough such that all the statementsie)low are correct. Since u € C ([—T7 0], Hk),

then we see from Appendix with (f,g) = (u(f),¢) that & (u(f),f) > §(¢) and inf,er Q (u(f),?) () > 0.

Now consider the problem w(t) = u(f) + fot F (w(t’ U+ t~> dt’. We see from Theorem 1.1 and Remark 1.1
that w(t) = u(t + 1) for t € [0,7] and that there exists T’ > |¢| such that w € C> ((0,7”] x T). In particular
¢ € C>°(T), which is a contradiction.

10. Proof of lemmas
In his section we prove Lemma 6.4 and Lemma 7.4.

10.1. Proof of Lemma 6.4

An application of the Leibnitz rule shows that
08 (F(u(t), 1)) = B (w(t), £) 02u(t) + P (u(t), ) B3ult) + Q (u(t), 1) Olu(t) + R (u(t), 1), (10.1)

with Q(u(t),t) polynomial in &2u(t), ..., u(t), and derivatives of F evaluated at (@,t) (resp. R(u(t),t)

polynomial in dSu(t), ..., u(t), and derivatives of F evaluated at (u(t ,t)).
Recall that v(t) == @ (u(t),t) dSu(t). Combining the above equality with (4.1) we see that

o + 68;1’0 = a302v + a20%v + 410,V + as + € (bgagv + ba0%v + b10,v + 3;101)) ,
with c(u(t),t) == — &y (u(t), t) and as(u(t), t) == ao(u(t),t) + 0y s B," (u(t), t)v(t). Here

v

)00, (W) t) + 020" (u(®).0) P (u(t). ) ) ) o(t),
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(aa(u(®), 0, au(®).0) = (00 F (u),t)  ~4210 ()0 2287, (u(0),1))

304 (u(t), £) 9, 0, (u(t),t) Oy F (@t) + P (u(t), 1),
_6(1)16’( ( ) )8%43k,1( ( )7t)

By (ult), ) (365 1 (u(t), £) g F (J@t) +20, 61 (u(t), ) P(u(t),t)) ) .
+Q (u(t),t), —4dy (u(t),t) 85 &,," (u(t),t)

, and

(az(u(t),t), b2(u(t), 1)) = <

(ar(u(t), ), b (u(t),1)) =

Let P (u(t)) == 2000 { Plu(®).t) } . We now rewrite 0, &y (u(t), t) &' (u(t),t)v(t) in such a way
By F (u(t),t) B0y Fu(t9.0) ] e
that we can apply Proposition 6.1.

Claim: Let S (u(t),t) be a polynomial in u(t), dyu(t), 85 (t), Su(t), dwu(t), 0;0,u(t), 8;0%u(t),
derivatives of F' evaluated at (@,t), and (8 F (u(t , )) . Let m > 0. Then

1S Q) O)llerm S (l[w)] gmes) - (10.2)

Let S (u(t ,t) (resp. S(u(t),t)) be a polynomial in u(t), ..., 3u(t) (resp. u(t), ..., d2u(t)), derivatives of

x T

F evaluated at (u(?i,t), and (6W3F(u(t ,t))il. Let m > 0. Then

I8 (wle),€) < (st msa) (103)

(vesp. [|S(u(t), )l m < (lu(®)] gme+s)-)

Proof. We only prove (10.2). The proof of (10.3) follows from that of (10.2): therefore, it is left to the
reader.

One can find I, .. I4, Is, Is, Jo, J1, Jo finite subsets of {1,2,...} x --- x {1,2,...} such that for all
i = (ig,...,ig) € Iy X --- x Ig and for all j := (jo, j1,j2) € Jo X J1 X JQ, one can find a; 7 € R such that a; 5

-1
is a constant multiplied by a power of (&JsF (17(3 , t)) that is multiplied by derivatives of F' evaluated

at (@,t) such that

S(ult)t) = Y apz@3u(t)®...(u(t))(0:05ult)’ (00sult)™ (Beu(t))

)
ielgx--xIg
FE€Jgx J1 X Jg

If p € {0,1,2} then §;0Pu(t) = —ed Pu(t) + P (F (m,ﬂ) An application of the Leibnitz rule shows

that O (F (f t)) is a polynomial in 98 f, ..., f, and derivatives of F' evaluated at ( 1, t). Applying (several
times) Lemmas 2.1 and 3.3, and using Proposition 5.1, we see that there exists o € N such that

15 (@), ) [ S Q@ gmre)(lu@®] 13,0 < Nw@)l[gmse) - O

Throughout the sequel of the proof, let S (u(t),t) (resp. S(lﬁs,t)) denote a function that is a

polynomial in u(t), dyu(t), ..., O%u(t), 8,02u(t), 9, 0,u(t) (resp.u(t),dpu(t),...,d3u(t)), derivatives of
~1

F evaluated at (1@715), and (&,BF (m&)) . Here u is a function depending on the variables x

and t. For sake of simplicity we allow the value of S (u(t),t resp S g‘ u(t t to change from one
line to the other one. If several functions share the same propertles as those stated ﬁust above appear

within the same equation then Sy (u(t),t), Sa (u(t),t), ... (resp. Sy (ﬁ, ) , 52 (@,t , denote the
first function, the second function, ..., respectively. We also allow the value of Sy (u(t),t), Sa (u(t),t),

. (resp. S1 (u(t ,t) , S (m, t) . ) to vary from one line to the other one.

34
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An application of the Leibnitz rule shows that

Oy P (u(t),t) = Xp(u(t), t)0:0u(t) + Yp(u(t), t)0:03u(t) + S (u(t),t), and
MOy F(u(t),t) = Yr(u(t),t)0,03u(t) + S (u(t),t),
fs

with Xp(f,t) = 602, F(f,t), Yp(
We have 0;0%u(t) = —edSu(t) + 02 (F(u(t ,t)). Observe that

) - 6Zm_fl w3zw3wm (f t)am+1f+af)3w2 (fa t)?“ and l_/F(.f: t) =

Opu(t) = 05 (@ (u(t), t)o(t)) = 07 D" (u(t), t)u(t) + 20, D" (u(t), 1)0zv(t) + " (ult), 1) (t):

An application of the Leibnitz rule shows that
a (F(u(t ,t)) = 0., F (mt) 0w+ S (u(t),t) -
We also have 9;03u(t) = —edlu(t) + S (u(t),t) with
OTut) = 0, (S5 (u(t), Dolt)) = B, Bt (u(t), u(t) + Bt (u(t), 1)Ouv(t)

Hence 0,04u(t) = Aa(t)020(t)+Ba(t)yv(t)+Ca(t) with Ag(t) = —ed,! (u(t), t), Ba(t) = Oy F (Eﬁ : t) !
(u(t),t) — 2€0, st_/l (u(t),t), and

Cult) = (a%F(vﬁ,t) 0, B, (ult), )—eag - (u ()t)) (t) + S (u(t),t). We also have 9,8%u(t) =
Bs(£),0(t) + Cs(t) with Bs(t) := —e @5 (u(t),t) and Cs(t) == —ed, &, (u(t), u(t) + S (u(t), t).

Hence
9P (ul(t),t) = Xp (u(t),t) Ozv(t) + Yp (u(t),t) De0(t) + Zp (u(t),t) and
0 0ug F(u(t), t) =Y (u(t),t) 0,0(t) + Zp (u(?), ),

Vzith Xp (u(t),t) = Xp(’u(t t)A4() Yp u t = Xp u(t t
gmmw@w+@m<TM+suwx u>w:
Ve (u(t), £)Cs(t) + S (u(t), t).

Hence

A(6) +.Yp(u()Bs(t), Zp (ult),?) :
Yr(u(t), t)Bs(t), and Zr (u(t),t)

a(u(t),t) == S1(u(t), yo(t) + v(t)x
Sy (u(t). 1) @5 (u(t), 1) 0,0(0) + S (uld. 1) w(t) + 55 (ut) 1)
+e (D" (ult),t) Sy (17(315)) O2v(t)
e (S (ult), ) &, (ult), t) + Ss (zﬁﬁ t) 0y & (u(t), t)) B,u(t)
+e (S (u(t ,t) 20" + Ss(u(t), )0, @,;,1) v(t) + Sz (u(t), 1)0: B, v(t) + Sa(u(t), t)

dx'-

(10.4)
Hence

v+ €dqv = az03v + a20%v + a10,v + ag + € (b392v + b20%v + b19,v + bou(t) + Dkev) |

with

ao(u(t), t) == ao(u(t),t) + a(u(t),t), and by (u(t),t) == by (u(t),t) + by (u(t),t)-

1 Notation convention in the formula of Yp(f,t): Bgf = 1.
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We get from (2.2)

In the sequel we use the above claim, Lemma 2.1, Lemma 3.4, Proposition 5.1, and (3.22). We have

1
Z llam (u() )l grr—sem 0@ 11 S 14 B (u(t), 1), and
(10.6)

5 lam (OO i3y S 1+ B (), 0)

Using also (3.6) (and the interpolation inequality [[v(t)[| zr—s S [Jv(t )||2 wa oI 2 v followed by the
Young inequality ab < “ +% ® to estimate the O2v(t)-term of (10.4)) we get

llao(u(t), )15 S 1+ By (ult),t) + [ D¥ ~Hu(t)]2, - (10.7)

We have

o au(t), )l s < 1+ E( andZHb M (g + le@® o g, ST+ (108)

u3t
We have ||ba(u(t), t)|| gur—a + [|b3(u(t), t)|| r—s S 14 [[u(t)|| gar41- We also have

lo@)llzz S 1P (), )l oo 1022 S N Prr(u(®), D)y 4 lu(®)]lgs < 1-
By the inequalities mentioned just above (10.7) we get

161 (w(@®), )l g -5 S 0@l g —a + 1+ [l a2

We have
el ggirer S Nu®)llzz + 1)l i
S lu@)lz2 + H%/ (u(t),t) v()]| grr—s B
S u®llzz + 112" @) ) | gw—slo®1 yy + 195" @@,y 0@ s
1
S 14 B (u(t),t) + v grar—s-
Hence
[l 3 4 max ([[bs (w(t), )l s, D2 () )l i —as 101 (), B)]| o —s) 109)
<1 +E H(u(t), ) + (o) grr—a -
We have
@I, 14 leCu®), Ol g2 S 1+ u)ll grria S 1 +E (u(t), t) - (10.10)
By the inequalities mentioned just above (10.7) we get
e (sl g + 0201 30 ) 10: D5 S0 S DN~ 40(t)|2, + Eps(u(t), 1) (10.11)

Hence taking into account all the estimates above and taking into account that all the terms €2|| D* ~4v(t) 12,

that appear can be absorbed by the term €| D¥ ~4u(t )12, of (6.3), we get (6.9) from Propositions 6.1 and
6.2.
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10.2. Proof of Lemma 7.4

Let q € {1,2}. If y(ugy(t),t) is a function depending on w;(t) and t then Ay(t) == y(uy(t),t) — y(ua(t),t).
More generally a similar definition applies to a function y(u,(t),t). Let « be a constant that is allowed to
change from one line to the other one and such that all the statements and estimates below are true.

The proof relies upon the result below.

10.2.1. One result

Result 10.1. Let 0 <r <k —6 and g € {1,2}. Let S(uq(t),t) be a polynomial in uy(t), 3%%11(’5)-"7 By (t),

0102uy(t), 0:0,uy(t), Opuy(t), derivatives of F evaluated at (uq(t ,t), and (6w3F(uq(t ,t)) . Then
IAS@ g S 1Aw) | rrso - (10.12)

Let S(uy(t),t) be a polynomial in u,(t), ..., O2uy(t), derivatives of F evaluated at (uq(t ,t), and

(s F (g 1),1))

1
. Then
IASEar S lla)| grs - (10.13)

We postpone the proof of this result to the last subsection.

10.2.2. The proof
Let g € {1,2}. Recall (see the proof of Lemma 6.4) that

Opvg + €00vy = a3,402v + 2,020y + a1,40x04 + a0 4
+€q (b3,403vq + b2,407vq + b1,40zvq + Fzcqug) -
Here the parameters as g, ..., ¢ are defined in the proof of Lemma 6.4, replacing “u” with “u,”. We would

like to apply Propositions 7.1 and 7.2. To this end we estimate some norms.
Lemma 3.4, and Proposition 5.1 yield

[Ae@) g2 S AU 415 and [De@)] 14 S [Au)llg,y - (10.14)

Lemma 3.3 yields
18az @l grr—e S 18w grr—s and]|Baz(@)], 3y S N1Au@I 14 - (10.15)
Let r € {k' — 6, 3+}. Applying several times Lemma 2.1 yields || Aaz(t)||gr S X + || AP(t)||gr with
X = 20Ol 10: 25 (0.0] g, 10 F B0y + o+

1A @ (w(®), O]y 102 Py (wa (0 1]y 4 190 F (ua (), )] 1rr

1@ (uz (1), )| 1|0 By (w2 (8), O3 A0 Fult), )] gy 40+

12w (ua(8), O3 102 B (ua(0) )] g 4 180 F () v
Hence, taking also into account (3.24) and (10.2) we get

[Bas@)l -6 S [ Du)]|grr > and [|Aas(t) S Au@ll gy - (10.16)

HH%+
Applying several times Lemma 2.1 we get || Aay (u(t), )| zr < X +Y 4+ [|AQ(t) | gr with
X S AG@)llar 07 25 (), D)y N0y Fua () )]y 4+

1AG O 3 10205 wi () Ol 3 N0y F (ua (8), ) 22r

| @i (ua0), )1 102 85 ua (0, D)1 MO F D)y, + -+
@ (uat), )] 3102 8 wat), )] 4 [ ADy F(0)] 1, and
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Yo S 1140 85 )l [ P(u2 (), Oy + 120 B (w(t), )]y 1 P(ua(t), )] e+
102 D" (uz(t), )| e | AP (u(?), )IIH§+ + 1102 2, (w2 (), )]y | AP®) -

Hence taking also into account (10.12) we get"
1801l -6 S 1 Au@)| g s and [Aar (@ 1, S NAu@®)] 15, - (10.17)

We then estimate || Aag(u(t),t)|| yu—s. We first estimate || Aag(t)]| ;—¢. Applying several times Lemma 2.1
we get

[Aao(E)l grr—6 S X1,a + Xoa +Yia+Yop + Zo + 2y + Ze

Here X1 4, Y1,4, X2, and Y5, are defined as follows: X; , = ||A<ﬁk/(t)||Hk/,6||R(u1(t),t)||H%+, Xoq =
1@ @y IR (1), )l gar-o, Yisa = | B (w2(),Dll o s | ARGy
Y2,a = Hék’(UQ(t)vt)”H%J,-HAR(t)HHk’—67
Zo = 1800l g-olO3 B (.01 g [0F (m1@,t) | 3 1@+
18 @@ 3 10200 (20,0l g [0 F (w2t )|y o)
+ ...... +
|21 (2(6), )i o103 B (a0, 01y 0P (1)) o N0y, 4o+
Héw@NH%+Wﬁ¢m@m())H1+H&%F(U25t)H R PTO! v
Zyi= DBl sl 2 5 a0,y IP @@ g on@®] g+

1
3+
||Aq§k’(u(t)7t)”H%+Ha§ @Ql(ul(t)7t)\|H%+ ||P(u1(t),t)||H%+ Hvl t)HHk’—G

+
H

(| @por (ua (t), £)] g - e||5§@,§1(U2(t),t)llH%+ 12 (u2@), Ol 1y D@ 1y +--+
19w (a2 (1), ]y N02 D5 (wa(8) Iy o 1P (wa(®), Oy [A0®)] -6, and

Ze= 8GO ol 25 (0,01 1 Q@i @D]] 1 (@] ys +-+
1AG )] 1 10: 8" (us(0), lewaw2gmmm%
+ ...... +
@i ), ) = 102 2 a0, ] 1 ([Q Can(0), D] oy NSOy, + o+
| B0,y 10 2 ). )]y 16 (s, H o) o

Hence
180l 1o S I8 - (10.15)
We now estimate ||Ad0(t)||Hk/_6. Lemma 2.1, Result 10.1, and (%) :== A1 B1 —A3By = (A1 —A3)B1+ A2(B1 —
By) yield [|AS10(t)]] ;1 -6 HAu( )”Hk’ Next we use (3.6). Let I(u(t), ) : Sl(m,t) & (u(t), )0, v(t) +
-+ S4(u(t),t). Hence d(u ) 5 1( ) da’. We have || A [ 1(t) d'|| 0 -6 S NIAI(E)| o7 and
| A foz 1(t) dm’H 1+ S HAI( )||L2 We apply beveral times Lemma 2.1; we use (x), A1 B1C; — A3BsCsy =
(Al — A2)8101 +A2(Bl BQ)Cl +A2B2(Cl — CQ), €1A13101 — 621423202 = 61(1413101 — AQBQCQ) + (61 —
€2)A3BsCy, and the estimate ||Au(t)||gr S ||ut(6)||ar + |Jue(t)]| gr for 7 > 0 to get

2

180 ()| g6 S Y €5 (14 [y (D) [gr41) + [ Aw(®)]| e -
j=1

12 Actually one can prove that HAQ(t)HH%Jr < HAu(t)HH%Jr by slightly modifying the proof of Result 10.1. Hence
1801 (0], 30 S NDu@I 5.
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Hence

[

18a0(u(t), )l -6 < D e (14 g (Dllra) + [ Au®)] gar -
j=1

We see from the above estimates that

Z [Aam ()06 102t )||2(m+%)+ S 1wt Eag . (uz(t), 1), and

Z 18an®I 4 020
m=1

S 1w 74 By (ua(t), 1) + [[Auft )||2g+ Bz (ua(t), 1)
HlAu@)I] 14 Brrga (u2(t),1)-

In the sequel we use implicitly Lemma 2.1, Proposition 5.1, Lemma 3.4, and the claim in the proof of

Lemma 6.4 in order to prove the estimates below. We have

esllea(ua (), Ol w2 lo2@)” 1 5 € (14 By (ua(0), 1)),

& (lea(wa®), D1l g 220 + [02OIZ02) S BBuyalua(t), D)

Mm

2
€2

3
2 2 2
mEzjlllbma w0, Ol s V2O (s gy, S g (ua(®),1),

I
-

J

3
leb mg (g (OO 4 02O —gim S SEwya(uz(t), ),
=1

('h
.
HMM
i

3
€1 (Z lom 1 @I (s )5 +llerCun(®, DI gy | 180006 S € By (ur (1), ua(t), 1),

i ||Ac(t)||?{k’—2HUQ(t)”2%+ + IIAC(t)IIj{%+Hvz(t)lli,k/_2>
S € (B (ur(8),) + Bprga (u2(t),1))

1 2 1 2
0.1 (w0, ) o + Bllboa(ua®), O e 6 (14 B ((.0) +6 (14 BL (wa0).0)) 5,

3
D ama (@0l (g, [80:0@) 72 < Br (ui(t), ua(t), 1)

Then we use similar estimates that appear between below (10.5) and ‘by the term eHDk/*‘lv(t)Hi2 of

(6.2)” below (6.3). We have
15 *ﬁ
(k’ — ) 8za3’1(t) + ag’l(t) = 8w3F (ul(t ,t) P(ul(t)’t)‘| 5

2 Do P (wy (89,

3
(1 +3 |am,1<t>H(m+;>+> 1A s S Bar (w1 (8), ua(8), 1)

Zl\aml Wi —oim [D0DI2 1 S B (ua(8), u2(t),1),

’_ ’_
@ (llb3,1<t>\l +llbz,1(t>llH%+)HA81Dk SoD)l2 S EIADY “1u(t)]12, + By (ur(t),ua(t), 1), and

s+
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3
i (Z 15,1 (O3~ + IICl(t)Ililk/_2> IIAv(t)IIiI%+
m=1

<& (14 Bl (), + [ 020, ) 180?12,
S e (14 Epya(ui(t),t)) -
Combining all the estimates above, we see from Propositions 7.1 and 7.2 that Lemma 7.4 h201ds, taking into
account that the term €3 HAD’“,_‘lv(t)HL2 can be absorbed by the term 2¢; HAD’“/_‘lv(t)HL2 of (7.2).

10.2.3. Proof of Result 10.1
We only prove (10.12). The proof of (10.13) is similar and is left as an exercise to the reader.
One can find Iy, ..., I, Jo, J1, and Jo finite subsets of {1,2,...} x --- x {1,2,...} such that for all

i = (ig,...,i6) € Ip X - -+ x I and for all}:: (Jo, j1,J2) € Jo x J1 X J2, one can find a; 7 uq(t 7t) € R such
that a;; (uq(t;, t) is a constant multiplied by a finite product of derivatives of ' and the inverse of J,,, F

evaluated at (uq(t ,t) and

Slug®,) = 3 ars (ugl8),t) (Oug(0) (g (1)) (00 (1)) (Duduug (1) (g (0))7

i€lgx--xIg
jedgxJy xJy

We prove two claims.
Claim: Let p € {0,...,6}. Let 8 € {1,2,...}. Then

12 @20 Ol S UNAUB et (3)4) (10.19)

Proof. If 8 € {1,2,...} elementary algebraic identities show that there exists a polynomial P in dPuq(t),
ooy ur(t), OPus(t), ..., uz(t) such that

A (0Pu)’ () = P (8Pu(t), ... ur(t), OFuy(t), ... us(t)) AdPu(t)-

Taking into account Proposition 5.1, applying several times Lemma 2.1 and proceeding similarly as the end
of the proof of (10.2) we see that there exists oz > 0 such that

[P (OFur(t), ... ui(t), OQua(t), ..., uz(t)) [ar S (lur (W) grw + [luz(t) | r+e)
a3 )] grspy00°
S () grae + luz(®) || grv
Hence
1A @2u)” @)l S P (@Bua(t), . ur (t), Bua(t), .., uz(t)) [ | A 1y
+ ||P(8£u1(t)7 s 7u1(t)7 8§u2(t), s 7u2(t))||H%+ ||Aa£u(t)”H’"
S (@l grev + u2 (@)l grew) | 205w 1y

+ (kO gy + @ ) ) 120200 e

1
2

SJ ||Au(t)|‘Hmax(r+p,(p+%)+) ' D
Claim: Let m € {0,1,2}. Let 8 € {1,2,...}. Then we have
m, \B . <
||A (8ta:r u) (t) HH ~ €1 ||Au(t) HHmax ((%+m)+,r+m+4) (1020)
+

€2 — 61) ||’Ll,2 (t) ||Hmax ((%+m)+,r+m+4) + ||Au(t) ||Hmax (r+m+3,(%+m)+)
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Proof. (4.1) yields A8 0Mu(t) = —e1 AT ™u(t) — (61 — €)0iT™us(t) + AOTF(t). Lemma 3.3 and
Proposition 5.1 yield the claim with § = 1.
Let 8 > 1. Elementary algebraic properties show that

A 0,070 () = P(8,0Mur(t), ..., ur(t), 0,0 us(t), . .. ua(t)) DO u(t),

with P a polynomial in 0,07 u1(t), ..., ui(t), 0:00 ua(t), ..., and ua(t). Proceeding similarly as in the proof
of (10.2) we get

[P (0:03ur(1), - - ur (2), DD3ua(t), . u2(®))] S (lua ()]l grrve) + ([lua(t)]| grrve):
Hence by application of Lemma 2.1

1A (ata;nu)ﬁ Ollar < HP (0:02uq (1), ..., ur(t), 00%us(t), ..., ua(t)) HHT HA@t@;”u(t)HH%+
+ || P (0:02ur(t), ..., ui(t), 0;0%us(t), ... ,ug(t))HH%+ | A8, O u(t)|| e
< R.H.S of (10.20)- O

We continue the proof of (10.12). We have AS(t) := ASy(t) + anzo NSy (t) + anzo AS,, (t) with'®

B5i0) = 3 Burs00n@) () @) O O Gan(e)e
ASat) = 3 [a(u »(1), t) (ag‘uQ(t))iﬁ.._.(a;—muQ(t))%mA(af;‘—”fu(t))iﬁ—m_ and
TeloxxIg (07 ™ (1))"5=m . (ua (£)) 0 (8 D5 un (1))72 (80pua (£))7 (Dpun (1))
jeJgxJ1 X Jg (1022)

NSy, (1) = Z Q7 7(t)c,, 5(t),

FE€Jgx Iy X Jo

with Qs 5(1) = az 5 (ualt), 1) (Oua (). .(ua(t))10, ¢ 3(2) 1= N (DuD2u(t) 2 (Budtus (1) (Bpus ()0, e, 5(t) o=
(0:0Zus())72 A (00, u (1))t (Bpun (1)), and ¢, (1) = (8,07ua(t))2 (0Dzua(t))" A(Dpu(t)) .

Hence ASy(t), AS,,(t), and AS,,(t) are finite sums made of terms that are uniquely characterized by 7
and j.

In the sequel let « be a constant of which the value is allowed to change from one line to the other one
and even within the same line and such all the statements below are true.

Claim: Let r such that 0 < r < k' — 3. Then
’a~~( (@, t)H <1, and (10.23)

|aazz0| . S lau@l

(10.24)

Hmax (r+3, %«k) !

Proof. In the sequel we use Lemma 3.2, Lemma 3.3, Lemma 2.1 more than once if necessary, and
Proposition 5.1. We can write a; 5 ( (t) t) C: > G R;ﬂﬁi))a with C7 > € R and R(uy(t),t) a product
7 Gwg £ (ug(l), ’
of derivatives of F evaluated at (w(t),t). Clearly (10.23) holds. We have Aaz5(t) = X +Y with
X o Ru@H-R@@H 49
(B F(ur (1),1))

R(ua ().t ((ang(UQ—tst) —(2ug P (@:0) )

Y = @
(Bg F(uz(1),0)) " (g F (a1 (19.,1))
3 In (10 22) we use the following convention: we ignore the terms that do not make sense for some values of m (such as

(BZ Mg ( ) ™ m = 0).
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XNz S [R(ua(t),8) = R(ua(t), Ol max(r.3+)
S [1Au(t)

|‘Hmax('r+3,%+) :

) (e P @2(®.0) " = (0 F@1®.0) )| (g )
20D (g || (0P @28,0) " = (00, F(a@),1))”

)
(00 Fna(®),1)) " = (00 P (8),1))”

=
<
V)
—~
~
-

Nl

=
g

1
Hat

Hmax(r, % +)

Hence (10.24) holds. O

Let Z;=(t) be the term of the sum ASy(t) determined by i and j. We see from Lemma 2.1 that

127 5(t

Mz

[e% m «
e i) 2}<||8zs8gc w14

S |aaz0| |, (ol

+ Aoz sl @llgoe (i@l g0 s Q@@zm@l .00
me{0,1,2} (10.25)
« m
+ |2z 4. @l g m:{%ﬁ,g}”ataﬂ” wy (8)| e
sup 00T u 1
Lo (1002 (0],

Hence we see from (10.2) and (10.24) that

1ASo@llar S NAUBN o (r+9,3+)°

Let Z;(t) be the term of the sum ASy,(t) determined by i and j. We have

Zz ;0

e S llag 5 (u2 @), Ol (lun (O] 13,0 (lluz (@] 18,0

sup A 8S_mu i6—m (¢ 1 sup 010, uq (¢ 1 ¢
P [ A( ) ()|H%+me{0,1,2}<” WO un (O 140
a5 @01, 3 (a0, 3.

sup  [|A@; W) ST (@) lur sup (10:07 un ()] 1, )"
melo,...,6] me{0,1,2} H?2
+ llaz 7 (ua(t 7t€)i|\H%+qu{172} g @) (lur (] 13 ) (Nluz (@]

—m, \ig—m m «@

o ATl s (105701,

+||a“(uQ(t3 Ol 3+ s O 1 ) (luz @] 13.,)"
sup  10:07"ui () |[ar( sup (0.0 uar (D) 1)
me{0,1,2} me{0,1,2}

H%+>a

1
H?2

Using also (10.19) and (10.23) we get

188w @l S NSO (o 1)

Let Z;+(t) be the term of AS,, () defined by 7 and j. We have

We have

1@z v

12z 5Ol S 1Qz 5 e lley, 3O 14 +1Qz 5O 14 lle, 7O

S U ®ll g (Nlagz a0l + g2, 0y luz@llgorr ) S 1

42



T. Roy Nonlinear Analysis 221 (2022) 112845

There exist polynomials S;(uz(t),t) for i € {1,2} in u,;(¢ ),Pmui(t), ooy OBuy(t), 0;0%ui(t), 0;0pu;(t), deriva-
tives of F evaluated at (uz (t ,t), and (&JSF (ui (t;, t)) such that ¢, +(t) = A (6t8§u(t))7m St (u1(t),t)
S (uz2(t),t). (10.20) yields

€7 (Ol
S 1A (00w ) Ol [1S2(u2(®), O 34 1S (@ @), O 14 +
HIA @)™ O 3 NS2(ua(t), O 3181 (ua (8). )| -

Sea ||Au( )”Hmax(( )+ 'r+m+4)
Her = 3O (3 m) 1) UON masrimss (G1m)s)

Hence we also get

1ASm @Ol < [Au)]

Hmax(r+6,%+) :
This implies that (10.12) holds.
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Appendix

In this appendix we prove the following lemma:

Lemma A.1. Let I be an interval such that |[I| < 1. Let k' > 0. Let K € RT. Let f and g be two functions
such that ||(f, g)||H%Jr a3t < K. Then the following holds:
X

o There exists C .= C(K) > 0 such that for all t,,to € I

1X(f,g,t2, )l < € (1t =0l +11f = gll_5.)-

Here X(f,g,t2,t1) = |0 F(F 12)| = 100y F (3, t0).
e Letd > 0. There exists C := C(K,0) > 0 such that for allty, ty € I satisfying 5(f,t2) > 6 and 8(F,t1) > 6

we have
1Y (f,9,t2,t1)|[pe < C (|t2 — |+ ||f — g||Hz+)
Here
P(f.t ) Plg.t
Y(fig:t2 1) i= |0y F (T 12) PR g pga) [m} .
0y (1) s FG )] e

ave

e Letd > 0. Let t € 1. Assume that §(f,t) > 8 and §(§,t) > 8. Then there exists C == C(K,5) > 0 such
that Z(£,9.1) < C|f ~ gl 3. . Here

P(f,1)
Ous F(F) |,
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Remark A.1. The proof shows that one can choose the constants C to be increasing functions as K
increases. Moreover one can choose the constant C' in the second estimate to be an increasing function as §
decreases.

Proof. The bound for X (f,g,ts,t1) results from the triangle inequality | X (f,g,t2,t1)| < 8w3F(]F7 to)—

0wy (g, t1)|, the Sobolev embedding H3t < L*>, and Lemma 3.3.
We write Y (f, g,ta,t1) = A1 + Ay + Az with

A = @0 ([0 F (Fi2)| =100 F @.0)]) Jr By de
Ao 1= 2m) 0wy P (G, 00)] Jy SRS doy and

Az = (2m)7! 0wy (G, 1) fer g9:t1)

1 1
- — da-
00y F (Fit2)] |8w3F(git1)|> v

We see from the embeddings L < H3+ and L2 — L', from Lemma 3.3, and from (3.24) that

il S |0 F (Fit2) = 0, F (3 t0)||__ IP(Ft2)]122
SIF=gll g, +t2—ti]-

Similarly

el S 5 10 F(, 1) e 1P 2) = Plg, )2
SIF =gl g +lt2—ta]-

Similarly

We have Z(f,g,t) < Bl + B2 with Bl = f'Jl'

By = [, 1P(g,0)] |9y F (Ft)=Buy F(F.1)]

|43l S 6720wy F (G, t1) |l oo [1P(g, 1) [| 12
SIf—all g4 +lta—ta]-
\(P(f,t)qu(g,t))| |0y F(F,1)]
|0y F ()] [0ws F(3.0)]
dz. Hence from L' — L2, L < H3*, Lemma 3.3, and (3.24), we get

Ouy F(F112) = 0y F(. 1)

L2

dx and

|0ws F(F1)]|0ws F(3:1)]

2590 S = gl g
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