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a b s t r a c t

In this paper we study the initial value problem of fully nonlinear third-order
equations on the torus, that is ∂tu = F

(
∂3

xu, ∂2
xu, ∂xu, u, x, t

)
with F a smooth

function depending on the space variable x, the time variable t, the first three
derivatives of u with respect to x, and u. In particular we find conditions on u(0)
and F for which one can construct a local and unique solution u. In particular if
F and u(0) satisfy some conditions then the equation behaves like a diffusive one
and it has a parabolic smoothing property: the solution is infinitely smooth in one
direction of time and the problem is ill-posed in the other direction of time. If F
and u(0) satisfy some other conditions then the equation behaves like a dispersive
one. We also prove continuous dependence with respect to the data. The proof
relies upon energy estimates combined with a gauge transformation [6–8] and the
Bona-Smith argument (Bona and Smith, 1975).

© 2022 Elsevier Ltd. All rights reserved.

1. Introduction

We consider the third-order nonlinear Cauchy problem on the torus T := R/2πZ

∂tu = F (u⃗, t) · (1.1)

ere F := R4 ×T×R → R := (ω⃗, t) → F (ω⃗, t) is a C∞-function with arguments ω⃗ := (ω3, ω2, ω1, ω0, ω−1) ∈
4 ×T and t ∈ R the time variable; u⃗ :=

(
∂3

xu, ∂2
xu, ∂xu, u, x

)
with x ∈ T the space variable and u a function

lying in an appropriate space) depending on x and t.
Equations of the form (1.1) have been extensively studied in the literature, in particular on the real line

i.e. x ∈ R) and for equations
∂tu + ∂3

xu = R(∂2
xu, ∂xu, u) · (1.2)

ere R is a polynomial that satisfies some conditions. We mention some results on the real line. In this case, it
s well-known that the linear part of these equations creates a strong dispersive effect, which should overcome
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he effect of the nonlinearity at least locally and be a plus for the construction of local solutions. In [11],
ocal well-posedness (L.W.P) on a small interval [−T, T ] (with T > 0) was proved for small data in [11]
nd for large data in [10] in weighted Sobolev spaces with regularity exponent high enough for Eqs. (1.2)
y using, among other things, the dispersive effect of these equations. We also refer to [12] who studied
.W.P for generalizations of (1.2) to systems. In [13], L.W.P was proved in weighted Besov spaces for small
ata. In [5], L.W.P was studied in some translation-invariant subspaces of Sobolev spaces. In [4], under
ome additional assumptions on R, L.W.P was proved in (standard) Sobolev spaces Hk. Recently, in [1], the
uthors considered the full nonlinear problem (1.1) and found that under some assumptions on F and the
ata, the problem is locally well-posed and that the dispersive effect of the equation dominates.

In this paper we aim at constructing local strong solutions of the fully nonlinear problem (1.3) on the
orus T. By strong solutions of (1.1) we mean solutions u ∈ C

(
I, Hk

)
of the following integral equation on

n interval I containing 0:

t ∈ I : u(t) = u(0) +
∫ t

0
F
(−−→

u(t′), t′
)

dt′, (1.3)

with u(0) a given function that lies in Hk. Here Hk denotes the usual Sobolev space with index k, i.e. the
closure of smooth functions f with respect to the norm ∥f∥Hk := ∥{⟨n⟩kf̂(n)}n∈Z∥l2 that are defined on
the torus. Here ⟨n⟩ := (1 + n2) 1

2 and f̂(n) denotes the nth-Fourier coefficient of a function f defined on the
orus, that is f̂(n) := 1

2π

∫ 2π

0 f(x)e−inx dx.
To this end we define some quantities that we use throughout this paper and that appear in the statement

f your theorem. Let f be function defined on the torus and let t ∈ R. Let [f ]ave denote the average value
f a function f over T, that is [f ]ave := 1

2π

∫
T f(x′) dx′. We define

δ(f⃗ , t) := inf
x∈T

⏐⏐⏐∂ω3F (f⃗ , t)(x)
⏐⏐⏐ , and δ̃(f⃗) := δ(f⃗ , 0)·

ere f⃗ := (∂3
xf, ∂2

xf, ∂xf, f, x).
It is well-known that δ̃

(−−→
u(0)

)
measures the strength of the dispersion of (1.3). Intuitively, dispersion

hould facilitate the rule-out of blow-up and the construction of local solutions: see e.g [1] for discussions
elated to this number. Therefore in the sequel we only consider solutions of (1.1) with initial data u(0) that
atisfy the well-known non-degeneracy dispersion property, that is δ̃

(−−→
u(0)

)
> 0. Let1

P (f, t) := ∂ω2F (f⃗ , t) + 6
3∑

p=−1
∂2

ω3ωp
F (f⃗ , t)∂p+1

x f,

Q(f, t) := ∂ω3F (f⃗ , t)
[

P (f,t)
∂ω3 F (f⃗ ,t)

]
ave

,

δ′(f, t) := inf
x∈T

|Q(f, t)(x)|, and δ̃′(f) := δ′(f, 0)·

e define now the notion of parabolic resonance for (1.3), by analogy with that in [14] in the framework
f fifth-order (semilinear) dispersive equations. We say that (1.3) is of non-parabolic resonance type if

P (f,t)
∂ω3 F (f⃗ ,t)

]
ave

= 0 for all t ∈ R and for all f ∈ E :=
{

h ∈ C∞(T) : δ(⃗h, t) > 0 for all t ∈ R
}

.2 If not,

e say that (1.3) is of parabolic resonance type.
Examples of non-parabolic resonance type equations are: the KdV equation ∂tu = −∂3

xu − 6u∂xu and
ore generally the transition KdV equation ∂tu = −∂3

xu−6h(t)u∂xu with h ∈ C∞(R) : δ̃(f⃗) = 1, P (f, t) = 0

1 Notation convention in the formula of P (f, t): ∂0
xf := 1.

2 Let k > 19
2 . We will be able to use the non-parabolic resonance property of (1.3) with data ϕ ∈ P̃k, with P̃k defined below:

ee Theorem 1.3. Indeed observe that if (1.3) is of non-parabolic resonance type, then
[

P (f,t)
∂ω3 F (f⃗,t)

]
ave

= 0 for all t ∈ R and for

ll f ∈ P̃ : this follows from the density of C∞(T) in Hk and arguments in Appendix.
k

2
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nd E = C∞(T); the Rosenau–Hyman equation (also called the K(2, 2) equation) ∂tu = ∂x(u2) + ∂xxx(u2):
δ̃(f⃗) = 2 infx∈T |f(x)|, P (f⃗ , t) = 18∂xf , and E := {h ∈ C∞(T) : h > 0 or h < 0}; the Harry–Dym equation

tu = u3uxxx : δ̃(f⃗) = infx∈T |f(x)|3, P (f⃗ , t) = 18f2∂xf , and E := {h ∈ C∞(T) : h > 0 or h < 0}.
Examples of parabolic resonance type equations are: the Korteweg–de Vries–Burgers equation ∂tu =

∂3
xu + ∂2

xu + 2u∂xu = 0: δ̃(f⃗) = 1, P (f⃗ , t) = 1, and δ̃′(f) = 1; the Korteweg–de Vries type equation
tu = a(x, t)∂xxxu+b(x, t)∂xxu+c(x, t)∂xu+d(x, t)u+e(t, x) with C∞(T×R)-variable coefficients a, b, c, d,
nd e such that |a(x, 0)| > 0 for all x ∈ T and

[
b(0)
a(0)

]
ave

̸= 0: δ̃(f⃗) = infx∈T |a(0, x)|, P (f, t) := 6∂xa(t)+b(t),

nd δ̃′(f) = δ̃(f⃗)
⏐⏐⏐[ b(0)

a(0)

]
ave

⏐⏐⏐.
We shall see that L.W.P holds on a small forward-in-time interval [0, T ] (resp. a small backward-in-time

interval [−T, 0]) if we assume that (1.1) is of parabolic resonance type, that the data has enough regularity,
and that infx∈T Q(u(0), 0)(x) > 0 (resp. supx∈T Q(u(0), 0)(x) < 0); moreover the behaviour of the solution
epends on the sign of Q(u(0), 0). Therefore we define

P̃+,k := {f ∈ Hk : δ̃(f⃗) > 0 and inf
x∈T

Q(f, 0)(x) > 0}, and

P̃−,k := {f ∈ Hk : δ̃(f⃗) > 0 and sup
x∈T

Q(f, 0)(x) < 0}·

ore generally we define for t ∈ R

P+,k(t) := {f ∈ Hk : δ(f⃗ , t) > 0 and inf
x∈T

Q(f, t)(x) > 0}, and

P−,k(t) := {f ∈ Hk : δ(f⃗ , t) > 0 and sup
x∈T

Q(f, t)(x) < 0}·

We shall also see that L.W.P holds on a small interval [−T, T ] if we assume that (1.1) is of non-parabolic
resonance type and that the data has enough regularity. Therefore we define

P̃k := {f ∈ Hk : δ̃(f⃗) > 0}, and, more generally, for t ∈ R,

Pk(t) := {f ∈ Hk : δ(f⃗ , t) > 0}·

We now state the first theorem of this paper:

Theorem 1.1. Assume that (1.3) is of parabolic resonance type. Let k ≥ k0 > 19
2 . Then the following

properties hold:

(1) (Local existence and Parabolic smoothing) Let ϕ ∈ P̃+,k

(
resp. ϕ ∈ P̃−,k

)
. Then one can find T :=

T
(

∥ϕ∥Hk0 , δ̃(ϕ⃗), δ̃′(ϕ)
)

>0 for which there exists a solution u ∈ C
(
[0, T ], Hk

)(
resp. u ∈ C

(
[−T, 0], Hk

)
of (1.3) with u(0) := ϕ such that u(t) ∈ P+,k(t) for t ∈ [0, T ] (resp. u(t) ∈ P−,k(t) for t ∈ [−T, 0]).
Moreover a parabolic smoothing effect holds, that is u ∈ C∞ ((0, T ] × T) (resp. u ∈ C∞ ([−T, 0) × T) ) if
ϕ ∈ P̃+,k (resp. ϕ ∈ P̃−,k).

(2) (Uniqueness) Assume that for some T̆ > 0 there exist u1, u2 ∈ C
(

[0, T̆ ], Hk
) (

resp. u1, u2 ∈ C
(

[−T̆ , 0],
Hk
))

solutions of (1.3) with u1(0) = u2(0) such that uq(t) ∈ P+,k(t) ( resp. uq(t) ∈ P−,k(t)) holds for
q ∈ {1, 2} and for t ∈ [0, T̆ ]

(
resp. t ∈ [−T̆ , 0]

)
. Then u1(t) = u2(t) on

[
0, T̆

] (
resp.

[
−T̆ , 0

] )
.

(3) (Continuous dependence on initial data) Let ϕ∞ ∈ P̃+,k

(
resp. ϕ∞ ∈ P̃−,k

)
. Let ϕn ∈ Hk be

such that ϕn → ϕ∞ in Hk as n → ∞. Then there exists N ∈ N such that for ∞ ≥ n ≥ N

one can find T̆ := T̆
(

∥ϕ∞∥Hk0 , δ̃(
−→
ϕ∞), δ̃′(ϕ∞)

)
> 0 for which there is a unique solution un ∈

C
(

[0, T̆ ], Hk
) (

resp. un ∈ C
(

[−T̆ , 0], Hk
) )

of (1.3) with data un(0) := ϕn that satisfies un(t) ∈

P+,k(t) for t ∈ [0, T̆ ]
(

resp. un(t) ∈ P−,k(t) for t ∈
[
−T̆ , 0

])
. Moreover supt∈[0,T̆ ] ∥un(t)−u∞(t)∥Hk →

0
(

resp. sup ˘ ∥u (t) − u (t)∥ k → 0
)

as n → ∞.
t∈[−T ,0] n ∞ H

3
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emark 1.1. The proof of the local existence part of the theorem shows that T can be chosen as a
ontinuous function that decreases as δ̃(ϕ⃗) decreases, that decreases as δ̃′(ϕ) decreases, and that decreases

as ∥ϕ∥Hk0 increases.

Remark 1.2. Roughly speaking, the first part of the theorem says that if infx∈T Q (u(0), 0) (x) > 0 (resp.
supx∈T Q (u(0), 0) (x) < 0) then the diffusive part of the equation dominates in the forward (resp. backward)
direction, which creates a parabolic smoothing effect for the solution (it is infinitely smooth) in the forward
(resp. backward) direction. Assume that ϕ ∈ P̃+,k or that ϕ ∈ P̃−,k. Observe that ∂ω3F

(
ϕ⃗, 0
)

∈ C0, the
space of continuous functions on T: this follows from Lemma 3.3 and the well-known Sobolev embedding
Hm ↪→ C0, with m > 1

2 . Hence the function ∂ω3F (ϕ⃗, 0) has a constant sign. Hence Q(ϕ, 0) =
⏐⏐⏐∂ω3F (ϕ⃗, 0)

⏐⏐⏐ δ̆(ϕ)
with

δ̆(f) :=

⎡⎣ P (f, 0)⏐⏐⏐∂ω3F (f⃗ , 0)
⏐⏐⏐
⎤⎦

ave

·

f ϕ ∈ P̃+,k (resp. ϕ ∈ P̃−,k) then infx∈T Q(ϕ, 0)(x) (resp. supx∈T Q(ϕ, 0)(x)) is equal to δ̃(ϕ⃗)δ̆(ϕ). Hence if
ϕ ∈ P̃+,k (resp. ϕ ∈ P̃−,k) then δ̆(ϕ) > 0 (resp. δ̆(ϕ) < 0) and δ̆(ϕ) (resp. −δ̆(ϕ)) measures the strength of the
iffusion in the forward (resp. backward) direction, holding δ̃(ϕ⃗) constant: see e.g [2] for discussions related
o this number, for particular functions F of (1.1), such as F (u⃗, t) := a(x, t)∂3

xu + b(x, t)∂2
xu + c(x, t)∂xu +

(x, t)u + e(x, t).

emark 1.3. Consider ϕn and ϕ∞ that are defined in the continuous dependence on initial data part of
the theorem. We see from Appendix with (f, g) := (ϕn, ϕ∞) that δ̃(

−→
ϕn) → δ̃(

−→
ϕ∞) and δ̃′(ϕn) → δ̃′(ϕ∞) as

n → ∞, and that ϕn ∈ P̃+,k (resp. ϕn ∈ P̃−,k) if ϕ∞ ∈ P̃+,k (resp. ϕ∞ ∈ P̃−,k) for n large. Hence we see
from the local existence part of the theorem, the uniqueness part of the theorem, Remarks 1.1 and 1.2, that
the first statement of the continuous dependence on initial data part of the theorem holds. It remains to
prove the second statement: see Section 8.

Remark 1.4. The proof of the local existence part of the theorem also shows that if ϕ ∈ P̃+,k (resp.
ϕ ∈ P̃−,k) holds, then u(t) ∈ P+,k(t) (resp. u(t) ∈ P−,k(t)) holds for t ∈ [0, T ] (resp. t ∈ [−T, 0]), but also
hat δ

(−−→
u(t), t

)
≳ δ̃(ϕ⃗) and that δ′(u(t), t) ≳ δ̃′(ϕ) for t ∈ [0, T ] (resp. t ∈ [−T, 0]).

We now state a corollary of Theorem 1.1 that is a non-existence result for Eqs. (1.3) that are of parabolic
esonance type:

orollary 1.2. Assume that (1.3) is of parabolic resonance type. Let k > 19
2 . Assume that ϕ ∈ P̃+,k

resp. ϕ ∈ P̃−,k

)
and that ϕ /∈ C∞(T). Then for any T > 0, there does not exist any solution u ∈(

[−T, 0], Hk
) (

resp. u ∈ C
(
[0, T ], Hk

) )
of (1.3) with u(0) := ϕ.

emark 1.5. Corollary 1.2 can be viewed as an ill-posedness result for Eqs. (1.3) that are of parabolic
esonance type. It shows that these equations are by nature parabolic: in other words, the parabolic part of
he equation dominates the dispersive part.

We now state the second theorem of this paper:

heorem 1.3. Assume that (1.3) is of non-parabolic resonance type. Let k ≥ k0 > 19
2 . Then the following

roperties hold:

4
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(1) (Local existence) Let ϕ ∈ P̃k. Then one can find T := T
(

∥ϕ∥Hk0 , δ̃(ϕ⃗)
)

> 0 for which there exists a
solution u ∈ C

(
[−T, T ], Hk

)
of (1.3) with u(0) := ϕ such that u(t) ∈ Pk(t) for t ∈ [−T, T ].

(2) (Uniqueness) Assume that for some T̆ > 0 there exist u1, u2 ∈ C
(

[−T̆ , T̆ ], Hk
)

solutions of (1.3) with
u1(0) = u2(0) such that uq(t) ∈ Pk(t) holds for q ∈ {1, 2} and for t ∈ [−T̆ , T̆ ]. Then u1(t) = u2(t) on[
−T̆ , T̆

]
.

(3) (Continuous dependence on initial data) Let ϕ∞ ∈ P̃k. Let ϕn ∈ Hk be such that ϕn → ϕ∞ in Hk as
n → ∞. Then there exists N ∈ N such that for ∞ ≥ n ≥ N one can find T̆ := T̆

(
∥ϕ∞∥Hk0 , δ̃(

−→
ϕ∞)

)
> 0

for which there is a unique solution un ∈ C
(

[−T̆ , T̆ ], Hk
)

of (1.3) with data un(0) := ϕn that satisfies
un(t) ∈ Pk(t) for t ∈ [−T̆ , T̆ ]. Moreover supt∈[−T̆ ,T̆ ] ∥un(t) − u∞(t)∥Hk → 0 as n → ∞.

Remark 1.6. The proof of the local existence part of the theorem shows that T can be chosen as a
continuous function that decreases as δ̃(ϕ⃗) decreases, and that decreases as ∥ϕ∥Hk0 increases.

Remark 1.7. Roughly speaking, the first part of the theorem says that the dispersive part of the equation
dominates. Moreover the strength of the dispersion increases as the amplitude of δ̃(ϕ⃗) increases.

Remark 1.8. Consider ϕn and ϕ∞ that are defined in the continuous dependence on initial data part of
the theorem. We see from Appendix with (f, g) := (ϕn, ϕ∞) that δ̃

(−→
ϕn

)
→ δ̃

(−→
ϕ∞

)
as n → ∞. Hence we

see from the local existence part of the theorem, the uniqueness part of the theorem, and Remark 1.6 that
the first statement of the continuous dependence on initial data part of the theorem holds. It remains to
prove the second statement of the theorem.

Remark 1.9. The proof of the local existence part of the theorem also shows that if ϕ ∈ P̃k, then
u(t) ∈ Pk(t) holds for t ∈ [−T, T ], but also that δ

(−−→
u(t), t

)
≳ δ̃(ϕ⃗) for t ∈ [−T, T ].

Assumption: Observe that if v(t) := u(−t) then it satisfies (1.3), replacing F with F̃ defined by F̃ (w⃗, t) :=
−F (w⃗, −t). Hence we may WLOG assume that ϕ ∈ P̃+,k in the “Local existence and parabolic smoothing”
part of Theorem 1.1, that for some T̆ > 0 there exist u1, u2 ∈ C

(
[0, T̆ ], Hk

)
solutions of (1.3) with

u1(0) = u2(0) such that uq(t) ∈ P+,k(t) holds for q ∈ {1, 2} and for t ∈ [0, T̆ ] in the “Uniqueness” part
of Theorem 1.1, and that ϕ∞ ∈ P̃+,k in the “Continuous dependence on initial data ” part of Theorem 1.1.
We may also WLOG restrict our analysis to positive times in the proof of Theorem 1.3. Actually the reader
can check the proof of Theorem 1.3 is a straightforward modification of that of Theorem 1.1: therefore it is
omitted.

We now discuss the main interest of this paper. Our goal is to find conditions as unrestricted as possible on
smooth functions F and on the data u(0) for which local existence, uniqueness, and continuous dependence
on initial data hold for (1.3). Our second objective is to find properties of the solutions of (1.3). In particular
we would like to find conditions for which the equation shares similar properties as a diffusive one (local
existence and parabolic smoothing in one direction, ill-posedness in the other direction) or a dispersive
one (local existence in both directions). Observe that F is not necessarily linear, which makes the linear
analysis (in particular the Fourier analysis) much less efficient. Observe also that F depends on the first
three derivatives of u, which makes our analysis delicate since the R.H.S of (1.3) seems (a priori) to have
less regularity than the L.H.S of (1.3).

In order to overcome the difficulties it is natural to try at first sight to prove energy estimates for a
candidate of a solution of (1.1) and energy estimates for differences of candidates of solutions of (1.1): the
goal of these estimates is, roughly speaking, to prove that for some T > 0 small enough at least, some relevant
5
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orms (such as the Hk-norm) of these candidates lying in an appropriate space (such as C([0, T ], Hk)) are a
riori bounded on [0, T ]; then we aim at proving that these bounds hold a posteriori and that at least one
f these candidates is indeed a solution of (1.1) by a closing argument (such as the fixed point theorem).

Unfortunately it seems to be impossible to implement this strategy to our problem without any important
odification since the R.H.S of (1.3) contains terms that are less regular than u. So we consider a problem

4.1) that approximates well (1.1) (the rate of approximation is measured by a parameter ϵ > 0) and
hat is regularizing: this is the parabolic regularization step. The regularizing property of (4.1) allows to
onstruct a solution u on an interval [0, Tϵ): see Section 4. Then we aim at proving energy estimates for
. These estimates should allow, among other things, to control relevant norms of u on a small interval

0, T ′], with T ′ > 0 that does not depend on ϵ, which is prerequisite to prove that there is a solution of
1.3) by a limit process. In order to derive the energy estimates it is natural to linearize w.r.t the excess
f derivatives on the R.H.S of (4.1) by applying the Leibnitz rule3 and then integration by parts to force
igned quantities or easy quantities to control to appear.4 It occurs that this strategy works provided that
he pointwise-in-space-and-time condition below holds, namely

t ∈ [0, T ′] :
(

k − 15
2

)
∂xa3(t) + a2(t) ≥ 0, with

(a3(t), a2(t)) :=
(

∂ω3F (
−−→
u(t), t), P (u(t), t)

)
:

(1.4)

ee Section 6.5 In particular the condition above should be satisfied at t = 0 by the data u(0). Ideally we
ould like this condition not to exist, since we would eventually like to construct a solution of (1.3) with a

et of data u(0) as large as possible.
To this end we use a gauge transformation (see Section 2): more precisely, for a gauge function Φk to be

hosen, we work with the function Φk(u(t), t)∂6
xu(t) instead of the function ∂6

xu(t). We introduce the gauged
nergy functionals in Section 5 and we prove gauged energy estimates in Section 6. The gauged energy
stimates are supposed to play the same role of the standard energy estimates. For then to be effective, the
ondition below should be satisfied

t ∈ [0, T ′] :
(

k − 15
2

)
∂xa3(t) + a2(t) ≥ 0, with

(a3(t), a2(t)) :=
(

∂ω3F
(−−→

u(t), t
)

, 3Φk(u(t), t)∂xΦ
−1
k (u(t), t) + P (u(t), t)

)
:

(1.5)

ee again Section 6. So for the condition (1.5) not to exist one would ideally like to choose Φk such that
∈ [0, T ′] :

(
k − 15

2
)

∂xa3(t)+a2(t) = 0. This equation can be solved explicitly on the real line; nevertheless
the solutions that we get on the real line are not periodic. Pick one of these solutions. In order to make it
periodic we subtract an average: see (2.1). Then choose the gauge function to be this new function. With
this choice for the gauge function, we have t ∈ [0, T ′] :

(
k − 15

2
)

∂xa3(t) + a2(t) = Q(f, t): see (2.2). So the
ondition becomes (∗) : t ∈ [0, T ′] : infx∈T Q(u(t), t)(x) ≥ 0. In particular this condition should be satisfied
t t = 0, i.e. infx∈T Q(f, 0) ≥ 0. Now if we assume that infx∈T Q(u(0), 0)(x) = 0 then it might be very
ifficult to ensure that (∗) holds by using a continuity-in-time argument; so we come to the conclusion that
he right assumption on the data is infx∈T Q(u(0), 0)(x) > 0. So we see from Remark 1.2 that the gauge
ransformation has turned the pointwise and k-dependent condition (1.4) at t = 0 into an average and
-independent one (namely δ̃(u(0)) > 0), which is consistent with the fact that we want to find conditions
s unrestricted as possible for which our theorem holds.

3 See Section 10, replacing the function (f, t) → Φk′ (f, t) with the function (f, t) → 1 .
4 See Section 6, with the substitution indicated in Footnote 3.
5 In the expression above the values of a3(t) and a2(t) are given by the analysis in Section 6, with the substitution indicated

in Footnote 3.
6
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In Section 7, we prove gauged energy estimates for the difference of two solutions of the regularized
problem with smoothed out data that is also regularized by operators of the form Jϵ,s (this is the Bona–Smith
pproximation [3]). In Section 8, we prove Theorem 1.1 by using a limit process. Throughout this paper,
ne has to perform a delicate analysis to make sure that the solution of the regularized problem and the
olution of (1.3) belong to similar sets as the data.

. Notation

In this section we introduce some notation that we use throughout this paper.
In this paper, unless otherwise specified, we do not mention for sake of notation simplicity the spaces to

hich some functions (or more generally distributions) belong in some propositions or lemmas: this exercise
s left to the reader.

Let f be a function on T. If n ∈ N then ∂n
x f denotes the nth derivative of f . Let m ∈ R, n ∈ Z, and f̂(n)

be the nth-Fourier coefficient of f . Let Dm be the operator such that D̂mf(n) := (in)mf̂(n). It is well-known
that if m ∈ N then Dm = ∂m

x . We define ∥f∥Ḣm := ∥{(in)mf̂(n)}n∈Z∥l2 .
In this paper we use a gauge transformation at a time t, in the spirit of [7,8]. Let k′ ∈ R. If δ(f⃗ , t) > 0

and ∂ω3F (f⃗ , t) ∈ C0 then ∂ω3F (f⃗ , t) has a constant sign and we define the gauge function at t

Φk′(f, t)(x) :=
⏐⏐⏐∂ω3F (f⃗ , t)(x)

⏐⏐⏐ 2k′−15
6

e

∫ x

0
1
3

(
P (f,t)

∂ω3 F (f⃗ ,t)
−

[
P (f,t)

∂ω3 F (f⃗ ,t)

]
ave

)
dx′

·
(2.1)

Observe that the term
[

P (f,t)
∂ω3 F (f⃗ ,t)

]
ave

in (2.1) makes the function Φk′(f, t) periodic and, consequently, it is
defined on T. Observe also that(

k′ − 15
2

)
∂x∂ω3F (f⃗ , t) +

(
3Φk′(f, t)∂xΦ

−1
k′ (f, t)∂ω3F (f⃗ , t) + P (f, t)

)
= Q(f, t) · (2.2)

This is a crucial observation that we will often use throughout this paper. We will often work with the
function Φk′ (u(t), t) ∂6

xu(t) and prove estimates that involve this function.
We write C := C(α1, . . . , αn) if C is a constant depending on the variables α1, . . . , αn. If C := C(α1, α2)

is a constant depending on two variables α1 and α2, then we may take the liberty to write only C if we do
not want to emphasize the dependance on α1 and α2, or to write only C := C(α1) if we do not want to
emphasize the dependance on α2, in order to simplify the notation. This convention naturally extends to a
constant depending on several variables. We write a ≲ b if there exists a constant C > 0 such that a ≤ Cb.
We write a ≲α1,...,αn b if there exists C := C(α1, . . . , αn) such that a ≤ Cb. If a ≲α1,α2 b then we may take
the liberty to write only a ≲ b if we do not want to emphasize the dependance on α1 and α2 or to write
only a ≲α1 b if we do not want to emphasize the dependance on α2. This convention naturally extends to
a ≲α1,...,αn b. We write a ≪ b if there exists a small constant c > 0 such that a ≤ cb. Similarly we write

≪α1,...,αn b if there exists c := c (α1, . . . , αn) such that a ≤ cb. We use the same conventions for c as for
.
Let x+ = x+ϵ and x− = x−ϵ with 0 < ϵ ≪ 1. Let p ∈ N and q ∈ R. We define

(
q
p

)
:= q(q−1)...(q−(p−1))

p!

or p ̸= 0 and
(

q
0

)
:= 1.

We recall some lemmas. The first lemma shows that we can control the Hk′ -norm of a product of two
unctions f and g:

emma 2.1. Let k′ ≥ 0. Let f and g be two functions. Then

∥fg∥ ′ ≲ ∥f∥ ′ ∥g∥ 1 + ∥f∥ 1 ∥g∥ ′ ·

Hk Hk

H 2 +
H 2 + Hk

7
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For a proof see e.g [9] and references therein.6 Given ϵ ∈ (0, 1] and s ≥ 0, let Jϵ,s be the operator defined
by Ĵϵ,sf(n) := e−ϵ⟨n⟩s

f̂(n) for n ∈ Z. The second lemma shows that this operator has some smoothing
properties:

Lemma 2.2. Let 0 ≤ j ≤ s and l ≥ 0. The following holds:

∥Jϵ,sf − f∥Hs−j ≲ ϵ
j
s ∥f∥Hs , and ∥Jϵ,sf∥Hs+l ≲ ϵ− l

s ∥f∥Hs ·

For a proof see e.g [9]. It will be often used in the propositions where we implement the Bona–Smith
pproximation argument [3].7

. Preliminary lemmas

In this section we prove some lemmas.
In the first lemma, we estimate an expression that involves two functions f and g. The expression is

ritten as a sum of two terms: the main term and the remainder. Observe that in the remainder the excess
f m derivatives of g is transferred on f .

emma 3.1. Let f and g be two functions. Then

k′ ≥ 0, m ∈ N∗ :

Dk′
(f∂m

x g) −
m−1∑
l=0

(
k′

l

)
DlfDk′−l∂m

x g


L2

≲ ∥f∥
Hk′+m∥g∥

H
1
2 + + ∥f∥

H(m+ 1
2 )+∥g∥

Hk′ ·
(3.1)

roof. We can write L.H.S of (3.1) =
∑n1∈Z X(n, n1)f̂(n − n1)ĝ(n1)


l2

with

X(n, n1) := (in)k′(in1)m −
m−1∑
l=0

(
k′

l

)
(i(n − n1))l(in1)k′−l+m·

e estimate X(n, n1). If |n − n1| ≳ |n1| then clearly |X(n, n1)| ≲ |n − n1|k
′+m + +|n − n1|m|n1|k

′
. If

n − n1| ≪ |n1| then we factor out nm
1 and we apply the Taylor formula for n1 ̸= 0 to get |X(n, n1)| ≲

n1|m|n − n1|m|n1|k
′−m ≲ |n − n1|m|n1|k

′
. If n1 = 0 then the bound found for X(n, n1) clearly holds. The

Young inequality and the Cauchy–Schwarz inequality yield

L.H.S of (3.1) ≲ ∥f∥
Hk′+m∥ĝ(n)∥l1 + ∥nmf̂(n)∥l1∥g∥

Hk′

≲ ∥f∥
Hk′+m∥g∥

H
1
2 + + ∥f∥

H(m+ 1
2 )+∥g∥

Hk′ · □ (3.2)

In the next two lemmas we prove some estimates involving derivatives of powers of functions, quotient
f functions, exponential of functions, differences of exponentials of functions. We also prove nonlinear
stimates. These estimates will be used to prove some estimates that involve the gauge function.

emma 3.2. Let β ∈ R. Let δ̄ > 0 and (k′, K) ∈ (R+)2. Then the following holds:

• Let f be a function. Assume that ∥f∥
H

3
2 + ≤ K and that infx∈T |f(x)| ≥ δ̄. Then there exists C :=

C(δ̄, K) > 0 such that
∥fβ∥

Hk′ ≤ C
(
1 + ∥f∥

Hk′
)

(3.3)

6 The proof of Lemma 2.1 is a slight modification of that of Theorem 3.200. in [9].
7 See also [9] for an exposition of the ideas of this argument.
8
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• Let f and g be two functions. Assume that ∥f∥
H

1
2 + ≤ K, ∥g∥

H
3
2 + ≤ K, and infx∈T |g(x)| ≥ δ̄. Then

there exists C := C(δ̄, K) > 0 such thatf

g


Hk′

≤ C
(
1 + ∥f∥

Hk′ + ∥g∥
Hk′
)

(3.4)

There exists C := C(δ̄, K) > 0 such that

∥g∥
H

max(k′, 3
2 +) ≤ K =⇒

f

g


Hk′

≤ C∥f∥
H

max (k′, 1
2 +) (3.5)

• Let f be a function. Then

k′ ∈ [0, 1] :
∫ x

0 f(x′) dx′


Hk′ ≲ ∥f∥L2 , and

k′ ≥ 1 :
∫ x

0 f(x′) dx′


Hk′ ≲ ∥f∥
Hk′−1 ·

(3.6)

• Let f be a function. Assume that ∥f∥
H

1
2 + ≤ K. Then there exists C := C(K) > 0 such that

k′ ∈ [0, 1] :
e

∫ x

0
f(x′) dx′


Hk′

≤ C, and

k′ ≥ 1 :
e

∫ x

0
f(x′) dx′


Hk′

≤ C
(
1 + ∥f∥

Hk′−1
)

·

(3.7)

• Let f and g be two functions. Assume that ∥f∥
H

1
2 + ≤ K and that ∥g∥

H
1
2 + ≤ K. Assume also that

∥f∥
Hk′−1 ≤ K and that ∥g∥

Hk′−1 ≤ K if k′ ≥ 1. Then there exists C := C(K) such that

k′ ∈ [0, 1] :
e

∫ x

0
f(x′) dx′

− e

∫ x

0
g(x′) dx′


Hk′

≤ C∥f − g∥L2 , and

k′ ≥ 1 :
e

∫ x

0
f(x′) dx′

− e

∫ x

0
g(x′) dx′


Hk′

≤ C∥f − g∥
Hk′−1 ·

(3.8)

Remark 3.1. The proof shows that the constants C depending only on K can be chosen as continuous
functions of K that increase as K increases. It also shows that the constants C depending on δ̄ and K can
be chosen as continuous functions of (δ̄, K) that increase as K increases and increase as δ̄ decreases.

Proof. We prove (3.3) by an induction process.
Let 0 ≤ k′ ≤ 1. The Hölder inequality, the Sobolev embedding H

1
2 + ↪→ L∞ applied to the cases β < 1

nd the estimate ∥fβ−1∥L∞ ≲ 1 if β ≥ 1 yield

∥fβ∥L2 ≲ ⟨∥f∥
H

1
2 +⟩β−1∥f∥L2 and

∥∂xfβ∥L2 ≲ ⟨∥f∥⟩β−1

H
1
2 +

∥∂xf∥L2 ≲ ∥∂xf∥L2 ·

ence (3.3) holds for this range of k′. Assume now that (3.3) holds for all 0 ≤ k′ ≤ r with r ∈ N∗. We see
rom Lemma 2.1 that∂xfβ


Hk′−1 ≲ ⟨∥fβ−1∥

H
1
2 +⟩∥∂xf∥

Hk′−1 + ⟨∥fβ−1∥
Hk′−1⟩∥∂xf∥

H
1
2 +

≤ C
(
1 + ∥f∥

Hk′
)

·

′
Hence (3.3) holds for r ≤ k ≤ r + 1.
9
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Next we prove (3.4) and (3.5). We see from (3.3) thatf

g


Hk′

≲ ∥f∥
Hk′ ∥g−1∥

H
1
2 + + ∥g−1∥

Hk′ ∥f∥
H

1
2 +

≲
(

1 + ∥g∥
H

1
2 +

)
∥f∥

Hk′ +
(
1 + ∥g∥

Hk′
)

∥f∥
H

1
2 + ·

ence (3.4) and (3.5) hold.
Next we prove (3.6). Let I :=

∫ x

0 f(x′) dx′. Let 0 ≤ k′ ≤ 1. The Minkowski inequality shows that
I∥L2 ≲ ∥f∥L2 ; we also have ∥∂xI∥L2 = ∥f∥L2 ; hence (3.6) follows from ∥I∥

Hk′ ≲ ∥I∥1−k′

L2 ∥I∥k′

H1 . Now
ssume that k′ > 1. Then we see from ∥∂xI∥

Hk′−1 = ∥f∥
Hk′−1 that (3.6) holds.

Next we also prove (3.7). Let 0 ≤ k′ ≤ 1. There exists C ′ > 0 such thate

∫ x

0
f(x′) dx′


L2

≲

e

∫ x

0
f(x′) dx′


L∞

≲ eC′∥f∥
L2 ≲ 1 · (3.9)

We also have ∂xe

∫ x

0
f(x′) dx′


L2

≲ ∥f∥L2

e

∫ x

0
f(x′) dx′


L∞

≲ 1 ·
(3.10)

Hence (3.7) holds.
Assume that (3.7) holds for all 0 ≤ k′ ≤ r with r ∈ N∗. If r ≤ k′ ≤ r + 1 then∂xe

∫ x

0
f(x′) dx′


Hk′−1

≲

e

∫ x

0
f(x′) dx′


H

1
2 +

∥f∥
Hk′−1 +

e

∫ x

0
f(x′) dx′


Hk′−1

∥f∥
H

1
2 +

≲ 1 + ∥f∥
Hk′−1 ·

(3.11)

ence (3.7) holds for r ≤ k′ ≤ r + 1.
Next we prove (3.8). Let h(x′) := f(x′) − g(x′), X := e

∫ x

0
h(x′) dx′

− 1, and Y := e

∫ x

0
g(x′) dx′

.
First we estimate ∥X∥Hm . We claim that

m ∈ [0, 1] : ∥X∥Hm ≲ ∥h∥L2

m ≥ 1 : ∥X∥Hm ≲ ∥h∥Hm−1 · (3.12)

ndeed, define m̄ as follows: let m̄ := 0 if m ∈ [0, 1] and let m̄ := m − 1 if m ≥ 1. If ∥h∥Hm̄ ≳ 1 then
t follows from (3.7) and ∥1∥Hm ≲ 1. If ∥h∥Hm̄ ≪ 1 then we use again an induction process. First let
s assume that m̄ ∈ [0, 1]. Observe that

⏐⏐∫ x

0 h(x′) dx′
⏐⏐ ≲ ∥h∥L2 ≪ 1; since ey − 1 ≈ y for |y| ≪ 1 we

get ∥X∥L2 ≲ ∥h∥L2 ; proceeding as in (3.10) we get ∥∂xX∥L2 ≲ ∥h∥L2 and consequently (3.12) holds for
m̄ ∈ [0, 1]. Now assuming that (3.12) holds for 0 ≤ m ≤ r, we proceed in a similar way as (3.11) in order to
estimate ∥X∥Hm for r ≤ m ≤ r + 1 and we find that (3.12) holds.

Hence using also (3.7) we gete

∫ x

0
f(x′) dx′

− e

∫ x

0
g(x′) dx′


Hk′

≲ ∥X∥
Hk′ ∥Y ∥

H
1
2 + + ∥X∥

H
1
2 +∥Y ∥

Hk′

≲ R.H.S of (3.8) · □

emma 3.3. Let G :
(
R4 × T

)
×R −→ R be a C∞-function. Let I ⊂ R be an interval such that |I| ≤ 1. Let

k′, K) ∈ (R+)2. The following holds:

• Let f be a function. Assume that ∥f∥
H

9
2 + ≤ K. Then there exists C := C(K) > 0 such that for all t ∈ IG(f⃗ , t)
 ≤ C

(
1 + ∥f∥ k′+3

)
(3.13)
Hk′ H

10
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Let β ∈ R. Assume that ∥f∥
H

9
2 + ≤ K, and that there exists δ̄ > 0 such that for all t ∈ I,

infx∈T

⏐⏐⏐G(f⃗ , t)(x)
⏐⏐⏐ ≥ δ̄. Then there exists C := C(δ̄, K) > 0 such that for t ∈ IGβ(f⃗ , t)


Hk′ ≤ C

(
1 + ∥f∥

Hk′+3
)

(3.14)

• Let f and g be two functions. Assume that ∥f∥
H

9
2 + ≤ K, ∥g∥

H
9
2 + ≤ K, ∥f∥

Hk′+3 ≤ K, and
∥g∥

Hk′+3 ≤ K. Then there exists C := C(K) > 0 such that for all t1, t2 ∈ IG(f⃗ , t2) − G(g⃗, t1)


Hk′ ≤ C
(

∥f − g∥
H

max(k′+3, 7
2 +) + |t2 − t1|

)
· (3.15)

Let β ∈ R. Assume that ∥f∥
H

9
2 + ≤ K, ∥g∥

H
9
2 + ≤ K, ∥f∥

Hk′+3 ≤ K, ∥g∥
Hk′+3 ≤ K, and that there

exists δ̄ > 0 such that for all t ∈ I and for all θ ∈ [0, 1] we have infx∈T

⏐⏐⏐G(−→
hθ, t

)
(x)
⏐⏐⏐ ≥ δ̄, with

hθ := θf + (1 − θ)g. Then there exists C := C(δ̄, K) > 0 such that for all t1, t2 ∈ IGβ(f⃗ , t2) − Gβ(g⃗, t1)


Hk′ ≤ C
(

∥f − g∥
H

max(k′+3, 7
2 +) + |t2 − t1|

)
· (3.16)

emark 3.2. Regarding the constants in Lemma 3.3, we refer to Remark 3.1.

roof. We prove Lemma 3.3 by an induction process.
First we prove (3.13).
Let 0 ≤ k′ ≤ 1. The Hölder inequality, the Sobolev embedding H

1
2 + ↪→ L∞, and the composition rule

mply that G(f⃗ , t)


L2
≲ sup

|(ω⃗,t)|≲⟨K⟩
|G(ω⃗, t)| ≲ 1, and∂x

(
G(f⃗ , t)

)
L2

≲ sup
γ∈N6:|γ|≤1
|(ω⃗,t)|≲⟨K⟩

|∂γG(ω⃗, t)| ⟨∥f∥H4⟩ ≲ 1 · (3.17)

Hence (3.13) holds.
Let r′ ∈ N∗. Assume that (3.13) holds for all 0 ≤ k′ ≤ r and for all smooth functions G. The induction

assumption and Lemma 2.1 yield∂x

(
G(f⃗ , t)

)
Hk′−1

≲ sup
γ∈N6:|γ|≤1
|(ω⃗,t)|≲⟨K⟩

∥∂γG(ω⃗, t)∥
H

1
2 +∥f∥

Hk′+3

+ sup
γ∈N6:|γ|≤1
|(ω⃗,t)|≲⟨K⟩

∥∂γG(ω⃗, t)∥
Hk′−1⟨∥f∥

H
9
2 +⟩

≤ C
(
1 + ∥f∥

Hk′+3
)

(3.18)

ence (3.13) holds for r ≤ k′ ≤ r + 1.
The proof of (3.14) is very similar to that (3.13). Since infx∈T

⏐⏐⏐G(f⃗ , t)(x)
⏐⏐⏐ ≥ δ̄ this implies that G, Gβ ,

nd Gβ−1 are C∞-functions. Hence (3.14) holds for 0 ≤ k′ ≤ 1 (resp. r ≤ k′ ≤ r + 1) by slightly modifying
3.17) (resp. (3.18)).

Next we prove (3.15). Let tθ := θt1 + (1 − θ)t2. Write

G(f⃗ , t2) − G(g⃗, t1) =
∫ 1

0

⎡⎢⎢⎣
3∑

i=0
∂ωi

G
(−→

hθ, tθ

)
(∂xi

f − ∂xi
g)+

∂tG
(−→

hθ, tθ

)
(t2 − t1)

⎤⎥⎥⎦ dθ
11
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W
e get from (3.13) and Lemma 2.1G(f⃗ , t2) − G(g⃗, t1)


Hk′ ≲ sup
θ∈[0,1]

∂tG
(−→

hθ, tθ

)
Hk′ |t2 − t1|

+ sup
i∈{0,...,3}

θ∈[0,1]

∂ωi
G
(−→

hθ, tθ

)
Hk′ ∥f − g∥

H
7
2 +

+ sup
i∈{0,...,3}

θ∈[0,1]

∂ωi
G
(−→

hθ, tθ

)
H

1
2 + ∥f − g∥

Hk′+3

≲ (1 + ∥f∥
Hk′+3 + ∥g∥

Hk′+3)
(

∥f − g∥
H

7
2 + + |t2 − t1|

)
+ (1 + ∥f∥

H
7
2 + + ∥g∥

H
7
2 +)∥f − g∥

Hk′+3

≤ C
(

∥f − g∥
H

max(k′+3, 7
2 +) + |t2 − t1|

)
Finally we prove (3.16). We haveGβ(f⃗ , t2) − Gβ(g⃗, t1)


Hk′

≲ sup
θ∈[0,1]

⎛⎜⎜⎝
Gβ−1

(−→
hθ, tθ

)
H

1
2 +

∂tG
(−→

hθ, tθ

)
Hk′

+
Gβ−1

(−→
hθ, tθ

)
Hk′

∂tG
(−→

hθ, tθ

)
H

1
2 +

⎞⎟⎟⎠ |t2 − t1|

+ sup
i∈{−1,...,3}

θ∈[0,1]

Gβ−1
(−→

hθ, tθ

)
H

1
2 +

∂ωi
G
(−→

hθ, tθ

)
H

1
2 + ∥f − g∥

Hk′+3

+ sup
i∈{−1,...,3}

θ∈[0,1]

Gβ−1
(−→

hθ, tθ

)
Hk′

∂ωi
G
(−→

hθ, tθ

)
H

1
2 + ∥f − g∥

H
7
2 +

+ sup
i∈{−1,...,3}

θ∈[0,1]

Gβ−1
(−→

hθ, tθ

)
H

1
2 +

∂ωi
G
(−→

hθ, tθ

)
Hk′ ∥f − g∥

H
7
2 +

≲
(

1 + ∥f∥
H

max(k′+3, 7
2 +) + ∥g∥

H
max(k′+3, 7

2 +)
)2 (

∥f − g∥
H

max(k′+3, 7
2 +) + |t2 − t1|

)
≲ ∥f − g∥

H
max(k′+3, 7

2 +) + |t2 − t1| · □

The next lemma below allows to prove estimates involving the derivatives of Φk′(f, t). More precisely:

Lemma 3.4. Let I ⊂ R be an interval such that |I| ≤ 1. Let (k′, K) ∈ R+ × R+. The following holds:

(1) Let f be a function. Assume that ∥f∥
H

9
2 + ≤ K and that for all t ∈ I infx∈T |∂ω3F (

−→
f , t)(x)| ≥ δ̄. Then

there exists C := C(δ̄, K) > 0 such that for all t ∈ I

∥Φk′(f, t)∥
Hk′ ≤ C

(
1 + ∥f∥

Hk′+3
)

, and ∥Φ−1
k′ (f, t)∥

Hk′ ≤ C
(
1 + ∥f∥

Hk′+3
)

· (3.19)

(2) Define k′ to be the following number:

k′ ≥ 3 : k′ := k′ + 3
1 ≤ k′ < 3 : k′ := max

( 9
2 +, k′ + 3

)
0 ≤ k′ < 1 : k′ := 9

2 +

Let f and g be two functions. Assume that ∥f∥
Hk′ ≤ K and ∥g∥

Hk′ ≤ K. Assume also that there
exists δ̄ > 0 such that for all t ∈ I and for all θ ∈ [0, 1] we have infx∈T

⏐⏐⏐∂ω3F
(−→

hθ, t
)

(x)
⏐⏐⏐ ≥ δ̄ with

hθ := θf + (1 − θ)g. Then there exists C := C(δ̄, K) such that for all t1, t2 ∈ I the following holds:

∥Φk′(f, t2) − Φk′(g, t1)∥
Hk′ ≤ C

(
∥f − g∥

Hk′ + |t2 − t1|
)

, and

Φ−1
′ (f, t2) − Φ−1

′ (g, t1)
 ′ ≤ C

(
∥f − g∥ + |t2 − t1|

)
·

(3.20)
k k Hk
Hk′

12
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emark 3.3. Regarding the constants in Lemma 3.4, we refer to Remark 3.1.

roof. We only prove the first estimate of (3.19): the proof of the second estimate is similar and therefore
mitted. Let m ≥ 0. We have

[
P (f, t)

∂ω3F (f⃗ , t)

]
ave


L2

≲

[ P (f,t)
∂ω3 F (f⃗ ,t)

]
ave


L∞

≲

 P (f,t)
∂ω3 F (f⃗ ,t)


L1

≲

 P (f,t)
∂ω3 F (f⃗ ,t)


L2

ence in view of the Sobolev embedding H
1
2 + ↪→ L∞ we have

[
P (f, t)

∂ω3F (f⃗ , t)

]
ave


L2

≲ sup
γ∈N6:|γ|≤2
|(ω⃗,t)|≲⟨K⟩

|∂γF (ω⃗, t)| ∥f∥H4 ≲ 1

ence, using also ∂n
x

[
P (f,t)

∂ω3 F (f⃗ ,t)

]
ave

= 0 for n ∈ N∗, we get


[

P (f, t)
∂ω3F (f⃗ , t)

]
ave


Hm

≲ 1. (3.21)

emmas 2.1 and 3.3 yield

∥P (f, t)∥Hm ≲ sup
γ∈N6:|γ|≤2

∂γF (f⃗ , t)


Hm
⟨∥f∥

H
9
2 +⟩

+ sup
γ∈N6:|γ|≤2

∂γF (f⃗ , t)


H
1
2 + ∥f∥Hm+4

≲ 1 + ∥f∥Hm+4 ·

(3.22)

We get from Lemma 3.2  P (f, t)
∂ω3F (f⃗ , t)


Hm

≲ 1 + ∥P (f, t)∥Hm + ∥∂ω3F (f⃗ , t)∥Hm

≲ 1 + ∥f∥Hm+4 ·
(3.23)

et X := e

∫ x

0
1
3

(
P (f,t)

∂ω3 F (f⃗ ,t)
−
[

P (f,t)
∂ω3 F (f⃗ ,t)

]
ave

)
dx′

. We have

∥Φk′(f, t)∥
Hk′ ≲

(∂ω3F )
2k′−15

6 (f⃗ , t)


Hk′
∥X∥

H
1
2 + + ∥X∥

Hk′

(∂ω3F )
2k′−15

6 (f⃗ , t)


H
1
2 +

≲
(
1 + ∥f∥

Hk′+3
)

∥X∥
H

1
2 + + ∥X∥

Hk′

≲ 1 + ∥f∥
Hk′+3 ·

Hence (3.19) holds.
Next we prove the first estimate of (3.20): indeed the proof of the second estimate is similar and therefore

left to the reader. We have

∥Φk′(f, t2) − Φk′(g, t1)∥
Hk′ ≲ ∥△Y (t1, t2)∥

Hk′ ∥Z(f⃗ , t2)∥
H

1
2 + + ∥△Y (t1, t2)∥

H
1
2 +∥Z(f⃗ , t2)∥

Hk′

+ ∥Y (g⃗, t1)∥
Hk′ ∥△Z(t1, t2)∥

H
1
2 + + ∥Y (g⃗, t1)∥

H
1
2 +∥△Z(t)∥

Hk′ ,

ith Y (f⃗ , t) := (∂ω3F )
2k−15

6 (f⃗ , t), △Y (t1, t2) := Y (f⃗ , t2) − Y (g⃗, t1),

Z(f⃗ , t) defined by Z(f⃗ , t)(x) := e

∫ x

0
1
3

(
P (f,t)

∂ω3 F (f⃗ ,t)
−
[

P (f,t)
∂ω3 F (f⃗ ,t)

]
ave

)
dx′

, and △Z(t1, t2) := Z(f⃗ , t2) − Z(g⃗, t1).
Let m ∈

{ 1 , k′}. Lemma 3.3 shows that ∥△Y (t1, t2)∥ k′ ≲ |t2 − t1| + ∥f − g∥ ′ 7 and
2 H
H

max(k +3, 2 +)
13



T. Roy Nonlinear Analysis 221 (2022) 112845

∥
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W

H

a
s

fi
(

T

W

△Y (t1, t2)∥
H

1
2 + ≲ |t2 − t1|+∥f −g∥

H
7
2 + . We also have ∥Y (g⃗, t1)∥

Hk′ ≲ 1+∥g∥
Hk′+3 and ∥Y (g⃗, t1)∥

H
1
2 + ≲

+ ∥g∥
H

7
2 + . We have

Z(f⃗ , t2)


H
1
2 + ≲ 1 and

Z(f⃗ , t2)


Hk′ ≲ 1 (resp.
Z(f⃗ , t2)


Hk′ ≲ 1 + ∥f∥

Hk′+3)
if k′ ≤ 1 (resp. k′ ≥ 1). It remains to estimate ∥△Z(t1, t2)∥Hm for m ∈

{ 1
2 , k′}. To this end we prove the

following claim:
Claim: Let p ≥ 0. Assume that ∥f∥

H
max( 9

2 +,p+4) ≤ K and ∥g∥
H

max( 9
2 +,p+3) ≤ K. Then

∥P (f, t2) − P (g, t1)∥Hp ≲ ∥f − g∥
H

max (p+4, 9
2 +) + |t2 − t1| (3.24)

Proof. We have ∥P (f, t2) − P (g, t1)∥Hp ≤ A + B with

A := sup
γ∈N6:|γ|≤2

∂γF (f⃗ , t2) − ∂γF (g⃗, t1)


Hp
sup0≤j≤4∥∂j

xf∥
H

1
2 +

+ sup
γ∈N6:|γ|≤2

∂γF (f⃗ , t2) − ∂γF (g⃗, t1)


Hp
sup0≤j≤4∥∂j

xf∥Hp ,

B := sup
0≤j≤4

∥∂j
x(f − g)∥Hp sup

γ∈N6:|γ|≤2
∥∂γF (g⃗, t1)∥

H
1
2 +

+ sup
0≤j≤4

∥∂j
x(f − g)∥

H
1
2 + sup

γ∈N6:|γ|≤2
∥∂γF (g⃗, t1)∥Hp ·

Lemma 3.3 implies that

A ≲ ∥f − g∥
H

max(p+3, 7
2 +)∥f∥

H
max( 9

2 +,p) + |t2 − t1|
≲ ∥f − g∥

H
max(p+3, 7

2 +) + |t2 − t1|·

e also have
B ≲ ∥f − g∥Hp+4

(
1 + ∥g∥

H
7
2 +

)
+ ∥f − g∥

H
9
2 + (1 + ∥g∥Hp+3)

≲ ∥f − g∥
H

max(p+4, 9
2 +) ·

ence (3.24) holds. □

Let m ≥ 1. Lemma 3.2 shows that

∥△Z(t1, t2)∥Hm ≲

 P (f,t2)
∂ω3 F (f⃗ ,t2)

− P (g,t1)
∂ω3 F (g⃗,t1)


Hm−1

+
[ P (f,t2)

∂ω3 F (f⃗ ,t2)
− P (g,t1)

∂ω3 F (g⃗,t1)

]
ave


Hm−1

≲ ∥△Z1(t1, t2)∥Hm−1 + ∥△Z2(t1, t2)∥Hm−1 ,

ssuming that ∥△Z1(t1, t2)∥
H

max(m−1, 1
2 +) ≤ K and ∥△Z2(t1, t2)∥

H
max(m−1, 1

2 +) ≤ K: this will be proved
hortly. Observe from (3.21) and (3.23) that ∥△Z1(t1, t2)∥

H
1
2 + ≲ K and that ∥△Z2(t1, t2)∥

H
1
2 + ≲ K. We

rst estimate ∥△Z2(t1, t2)∥Hm−1 . Let A := P (f,t2)−P (g,t1)
∂ω3 F (f⃗ ,t2)

and B := P (g,t1)(∂ω3 F (g⃗,t1)−∂ω3 F (f⃗ ,t2))
∂ω3 F (f⃗ ,t2)∂ω3 F (g⃗,t1)

. We have
see proof of (3.21))

∥△Z(t1, t2)∥Hm−1 ≲

 P (f,t2)
∂ω3 F (f⃗ ,t2)

− P (g,t1)
∂ω3 F (g⃗,t1)


L2

≲ ∥A∥L2 + ∥B∥L2 · (3.25)

he above claim implies

∥A∥L2 ≲ ∥P (f, t2) − P (g, t1)∥L2 ≲ ∥f − g∥
H

9
2 + + |t2 − t1| · (3.26)

e see from (3.22) and Lemma 3.3

∥B∥L2 ≲ ∥P (g, t1)∥L∞∥∂ω3F (g⃗, t1) − ∂ω3F (f⃗ , t2)∥L2

≲ ∥P (g, t1)∥
H

1
2 +

(
∥f − g∥

H
7
2 + + |t2 − t1|

)
≲ ∥f − g∥ 7 + |t − t | ·

(3.27)
H 2 + 2 1

14
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ence ∥△Z2(t1, t2)∥Hm−1 ≲ ∥f−g∥
Hk′ . We now estimate ∥△Z1(t1, t2)∥Hm−1 . We have ∥△Z1(t1, t2)∥Hm−1 ≲

A∥Hm−1 + ∥B∥Hm−1 . Assume that m ≥ 3. We use Lemma 2.1, Lemma 3.2, Lemma 3.3, (3.22), and (3.24).
e have ∥A∥Hm−1 ≲ ∥P (f, t2) − P (g, t1)∥Hm−1 ≲ ∥f − g∥

Hk′ + |t2 − t1|. We have

∥B∥Hm−1 ≲
P (g, t1)

(
∂ω3F (g⃗, t1) − ∂ω3F (f⃗ , t2)

)
Hm−1

≲ ∥P (g, t1)∥Hm−1

∂ω3F (g⃗, t1) − ∂ω3F (f⃗ , t2)


H
1
2 +

+ ∥P (g, t1)∥
H

1
2 +

∂ω3F (g⃗, t1) − ∂ω3F (f⃗ , t2)


Hm−1

≲ ∥f − g∥
Hk′ ·

Hence ∥△Z1(t1, t2)∥Hm−1 ≲ ∥f − g∥
Hk′ . Assume now that 1 ≤ m < 3. We have

∥A∥Hm−1 ≲ ∥P (f, t2) − P (g, t1)∥
H

max(m−1, 1
2 +) ≲ ∥f − g∥

Hk′ + |t2 − t1| · (3.28)

We also have

∥B∥Hm−1 ≲
P (g, t1)

(
∂ω3F (g⃗, t1) − ∂ω3F (f⃗ , t2)

)
H

max(m−1, 1
2 +)

≲ ∥P (g, t1)∥
H

max(m−1, 1
2 +)

∂ω3F (g⃗, t1) − ∂ω3F (f⃗ , t2)


H
1
2 +

+ ∥P (g, t1)∥
H

1
2 +

∂ω3F (g⃗, t1) − ∂ω3F (f⃗ , t2)


H
max(m−1, 1

2 +)
≲ ∥f − g∥

Hk′ + |t2 − t1| ·

(3.29)

ence ∥△Z1(t1, t2)∥Hm ≲ ∥f − g∥
Hk′ + |t2 − t1|.

Assume now that 0 ≤ m ≤ 1. Lemma 3.2 shows that

∥△Z(t1, t2)∥Hm ≲ ∥△Z1(t1, t2)∥L2 + ∥△Z2(t1, t2)∥L2 ,

ssuming that ∥△Z1(t1, t2)∥
H

1
2 + ≲ K and ∥△Z2(t1, t2)∥

H
1
2 + ≲ K: this will be proved shortly. From (3.25),

3.26), and (3.27), we see that ∥△Z2(t1, t2)∥
H

1
2 + ≲ ∥f − g∥

Hk′ . A similar scheme used in (3.28) and (3.29)
hows that ∥△Z1(t1, t2)∥

H
1
2 + ≲ ∥f −g∥

Hk′ . Hence the assumptions above are clearly satisfied and moreover

∥△Z(t1, t2)∥Hm ≲ ∥f − g∥
Hk′ + |t2 − t1| · □

. Regularized problem: local well-posedness

We consider the following regularized problem (with ϵ ∈ (0, 1])

∂tu + ϵ∂4
xu = F (u⃗, t) · (4.1)

et A ∈ R. Let e−A∂4
xf be the operator such that ˆe−A∂4

xf(n) := e−An4
f̂(n) for n ∈ Z. The following

proposition holds:

Proposition 4.1. Let k′ ≥ k′
0 > 9

2 . Let ϕ̃ ∈ Hk′ . Then there exist Tϵ := Tϵ(ϕ̃) ∈ (0, ∞] and a unique solution
∈ C

(
[0, Tϵ) , Hk′

)
such that u satisfies the integral equation for (4.1) with initial data u(0) := ϕ̃ on [0, Tϵ),

.e
t ∈ [0, Tϵ) : u(t) = T (u(t)) := e−ϵt∂4

x ϕ̃ +
∫ t

0 e−ϵ(t−t′)∂4
xF
(−−→

u(t′), t′
)

dt′, (4.2)

nd such that either (i): lim inft→Tϵ ∥u(t)∥
H

k′
0

= ∞ or (ii): Tϵ = ∞ holds. Moreover let ϕ̃n ∈ Hk′ and
˜∞ ∈ Hk′ be such that ∥ϕ̃n − ϕ̃∞∥

Hk′ → 0 as n → ∞. Let un ∈ C
([

0, Tϵ(ϕ̃n)
)

, Hk′
)

(resp. u∞

∈ C
([

0, Tϵ(ϕ̃∞)
)

, Hk′
))

be the solution of (4.2), replacing ϕ̃ with ϕ̃n (resp. ϕ̃∞). Let T ∈
[
0, Tϵ(ϕ̃∞)

)
.

hen sup ∥u (t) − u (t)∥ ∞ ′ → 0 as n → ∞.
t∈[0,T ] n ∞ Lt Hk ([0,T ])

15
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emark 4.1. The conclusion above implies that Tϵ

(
ϕ̃n

)
> T for n large.

roof. The proof uses standard arguments. In the sequel let C(x) be a nonnegative number depending on
x of which the value is allowed to change from one line to the other one and such that all the statements
below are true.

Let T ′
ϵ := T ′

ϵ

(
∥ϕ̃∥

Hk′
)

be a positive time that is small enough such that all the statements below are true.
Let X be the following Banach space

X :=
{

v ∈ C
(

[0, T ′
ϵ), Hk′)

: ∥v∥
L∞

t Hk′([0,T ′
ϵ)) ≤ 2(1 + ∥ϕ̃∥

Hk′ )
}

·

Clearly X, endowed with the norm ∥v∥X := ∥v∥
L∞

t Hk′ ([0,T ′
ϵ)), is a Banach space. Let t ∈ [0, T ′

ϵ). Let

Av(t) := F
(−−→

v(t), t
)

.
We first claim that T (X) ⊂ X. The Minkowski inequality shows that

∥T (v(t))∥
Hk′ ≤ ∥ϕ̃∥

Hk′ +
∫ t

0

⟨n⟩3e−ϵ(t−t′)n4⟨n⟩k′−3Âv(t′)(n)


l2
dt′

From (3.13) we see that ⟨n⟩k′−3Âv(t′)(n)


l2
≤ C

(
∥ϕ̃∥

H
k′

0

) (
1 + ∥v(t′)∥

Hk′
)

(4.3)

Elementary considerations show that

sup
n∈Z

⟨n⟩3e−ϵ(t−t′)n4
≲ ϵ− 3

4 (t − t′)− 3
4 · (4.4)

ence we get after integration

∥T (v)∥X ≤ ∥ϕ̃∥
Hk′ + C(∥ϕ̃∥

H
k′

0
)ϵ− 3

4 (T ′
ϵ)

1
4 (1 + ∥ϕ̃∥

Hk′ )

≤ ∥ϕ̃∥
Hk′ + C(∥ϕ̃∥

Hk′ )ϵ− 3
4 (T ′

ϵ)
1
4 (1 + ∥ϕ̃∥

Hk′ )
≤ 2(1 + ∥ϕ̃∥

Hk′ ) ·
(4.5)

ne gets from (3.15)⟨n⟩k′−3
(

Âv1(t′)(n) − Âv2(t′)(n)
)

l2
≤ C

(
∥ϕ̃∥

Hk′
)

∥v1(t′) − v2(t′)∥
Hk′ (4.6)

ence integrating in time we see that

∥T (v1) − T (v2)∥X ≲ C
(
∥ϕ̃∥

Hk′
)

ϵ− 3
4 (T ′

ϵ)
1
4 ∥v1 − v2∥

L∞
t Hk′ ([0,T ′

ϵ])
≤ 1

2 ∥v1 − v2∥X

ence T is a contraction.
We then claim that T v ∈ C

(
[0, T ′

ϵ), Hk′
)

. Indeed the dominated convergence theorem allows to prove
that t → e−ϵt∂4

x ϕ̃ in continuous in Hk′ . Let t ∈ [0, T ′
ϵ) and let h > 0 be a small number. Let G(t) :=∫ t

0 e−ϵ(t−t′)∂4
xAv(t′) dt′. Writing G(t + h) − G(t) = H1 + H2 with H1 :=

∫ t+h

t
e−ϵ(t+h−t′)∂4

xAv(t′) dt′,
and H2 :=

∫ t

0

(
e−ϵ(t+h−t′)∂4

x − e−ϵ(t−t′)∂4
x

)
Av(t′) dt′. (4.4), (4.5), and the dominated convergence the-

orem allow to prove that H1 → 0 as h → 0. In order to prove that H2 → 0 we proceed as
follows. The mean value theorem and elementary estimates show that

⏐⏐⏐e−ϵ(t+h−t′)n4 − e−ϵ(t−t′)n4
⏐⏐⏐ ≲

e−ϵ(t−t′)n4
n4hϵ. We also have

⏐⏐⏐e−ϵ(t+h−t′)n4 − e−ϵ(t−t′)n4
⏐⏐⏐ ≲ e−ϵ(t−t′)n4 . Hence ∥H2∥ ′ ≲ X + Y with
Hk
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X


H

H

h
2
t

“
d

:=
∫ t

0
⟨n⟩3e−ϵ(t−t′)n4⟨n⟩k′−3Âv(t′)(n)


l2(n4h≥1)

dt′ and Y :=
∫ t

0

⟨n⟩3n4hϵe−ϵ(t−t′)n4⟨n⟩k′−3Âv(t′)
(n)∥l2(n4h≤1) dt′. There exists c > 0 such that

X ≲
∫ t

0 (t − t′)− 3
4 sup

n′≥ ϵ(t−t′)
h

(
(n′) 3

4 e−n′)⟨n⟩k′−3Âv(t′)(n)


l2
dt′

≲ (1 + ∥ϕ̃∥
Hk′ )

∫ t

0 (t − t′)− 3
4 e− cϵ(t−t′)

h dt′.

ence, by making the change of variable u = (t−t′)cϵ
h , A → 0 as h → 0. We have

Y ≲ h0+ ∫ t

0

 sup
n4h≤1

(
n3+e−ϵ(t−t′)n4)

⟨n⟩k′−3Âv(t′)(n)


l2(n4h≤1)

dt′

≲ h0+ ∫ t

0 (t − t′)(− 3
4 −) dt′(1 + ∥ϕ̃∥

Hk′ )
≲ h0+(1 + ∥ϕ̃∥

Hk′ )·

Hence B → 0 as h → 0.
Observe that the argument shows that one can choose T ′

ϵ as a continuous and decreasing function of
∥ϕ̃∥

Hk′ .
We consider now the union of all intervals [0, T ′) such that there exists a (unique) solution u ∈

C
(

[0, T ′), Hk′
)

satisfying the integral equation for (4.1) on [0, T ′). Clearly there exists Tϵ := Tϵ(ϕ̃) ∈ (0, ∞]
such that this union is equal to [0, Tϵ). Assume now that Tϵ < ∞ and that lim inft→Tϵ ∥u(t)∥

H
k′

0
< ∞.

Hence we can find an M < ∞ and 0 ≤ t̃ < Tϵ close enough to Tϵ such that the following properties hold:
∥u(t̃)∥

H
k′

0
≤ M , and (by proceeding similarly as in (4.5)) we get for all t ∈ [t̃, Tϵ)

∥u∥
L∞

t H
k′

0 ([t̃,t])
≤ M + C(M)ϵ− 3

4 (t − t̃) 1
4

(
∥u∥

L∞
t H

k′
0 ([t̃,t])

+ 1
)

(4.7)

ence a continuity argument shows that ∥u∥
L∞

t H
k′

0 ([t̃,t])
≲ M + 1. Since we also have u ∈ C

(
[0, t̃], Hk′

0
)

this implies that there exists a constant (that we still denote by M > 0) such that ∥u(t)∥
H

k′
0

≤ M for all
t ∈ [0, Tϵ). We then claim that there exists M ′ > 0 such that

t ∈ [0, Tϵ) : ∥u(t)∥
Hk′ ≤ M ′ · (4.8)

Indeed let J := [a, t) ⊂ [0, Tϵ); then we get

∥u∥
L∞

t Hk′ ([a,t)) ≤ ∥u(a)∥
Hk′ + C(M)ϵ− 3

4 (t − a) 1
4
(

1 + ∥u∥
L∞

t Hk′ ([a,t))

)
;

ence a continuity argument shows that there exists c := c(M, ϵ) > 0 such that if |J | ≤ c then ∥u∥
L∞

t Hk′ (J) ≤
⟨∥u(a)∥

Hk′ ⟩; hence, dividing [0, Tϵ) into subintervals J such that |J | = c except maybe the last one we see
hat (4.8) holds. Let T̄ be close enough to Tϵ from the left. Then ∥u(T̄ )∥

Hk′ ≤ M ′; moreover by using
the arguments above to construct a unique solution u ∈ C

(
[0, T ′

ϵ ], Hk′
)

satisfying (4.2) we can construct a

unique solution u ∈ C
(

[T̄ϵ, T̄ ), Hk′
)

for some T̄ > Tϵ that satisfies (4.2), replacing “ϕ̃”, “
∫ t

0 ” with “u(T̄ )”,∫ T̄

T̄
” respectively. Hence there exists a unique solution u ∈ C

(
[0, T̄ ), Hk′

)
of (4.2), which contradicts the

efinition of Tϵ.
Let {ϕ̃n} be a sequence such that ∥ϕ̃n − ϕ̃∞∥

Hk′ → 0 as n → ∞. Let t ∈
[
0,

T ′
∞
2

)
, with T ′

∞ :=

T ′
ϵ

(
∥ϕ̃∞∥

Hk′
)
. The above observation shows that T ′

ϵ

(
∥ϕ̃n∥

Hk′
)

>
T ′

∞
2 for n large. We havee−ϵt∂4

x(ϕ̃n − ϕ̃∞)
 ≲ ∥ϕ̃n − ϕ̃∞∥ k′ ·
Hk′ H
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W

t

L

a
t
t
t
T

i
P
t
s
u

5

E

f

e see from (4.6) (with v1 := un and v2 := u∞) and the estimate ∥ϕ̃n∥
Hk′ ≲ ∥ϕ̃∞∥

Hk′ we see that⟨n⟩k′−3
(

Âun(t′)(n) − Âu∞(t′)(n)
)

l2
≤ C

(
∥ϕ̃∥

Hk′
)

∥un(t′) − u∞(t′)∥
Hk′

Integrating in time we get ∥un − u∥
L∞

t Hk′
([

0,
T ′

∞
2

)) ≤ ∥ϕ̃n − ϕ̃∥
Hk′ + 1

2 ∥un − u∥
L∞

t Hk′
([

0,
T ′

∞
2

)), which

implies that ∥un − u∞∥
L∞

t Hk′
([

0,
T ′

∞
2

)) → 0 as n → ∞.

Let 0 ≤ T < Tϵ(ϕ̃∞). Observe that the continuity of u∞ on [0, T ] implies that there exists M > 0 such
hat

t ∈ [0, T ] : ∥u∞(t)∥
Hk′ ≤ M · (4.9)

et T∗ := sup
{

t ∈ [0, T ] : sups∈[0,t] ∥un(s) − u∞(s)∥
Hk′ → 0 as n → ∞

}
. Since ∥un−u∞∥

L∞
t Hk′

([
0,

T ′
∞
2

]) →

0 as n → ∞, we have T∗ > 0. Assume that T∗ < T . Then choose 0 ≤ t̃ < T∗ that is close enough to T∗ such
that the statements below hold. We have supt∈[0,t̃] ∥un(t) − u∞(t)∥

Hk′ → 0 as n → ∞, and we also have
∥un − u∞∥

L∞
t Hk′ ([t̃,t̃′]) = sup0≤h≤t̃′−t̃ ∥un(t̃ + h) − u∞(t̃ + h)∥

Hk′ → 0 for some T ≥ t̃′ > T∗ as n → ∞, by
pplying the above argument to un(t̃) (resp. u∞(t̃)) for t ∈ [0, t̃′ − t̃]) instead of ϕ̃n (resp. ϕ̃∞) for t ∈ [0, T ′

ϵ ]),
aking into account (4.9). But then this would contradict the definition of T∗. Hence T∗ = T . We now claim
hat supt∈[0,T∗] ∥un(t) − u∞(t)∥

Hk′ → 0 as n → ∞. Indeed we can choose 0 ≤ t̃ < T∗ that is close enough
o T∗ such that supt∈[0,t̃] ∥un(t) − u∞(t)∥

Hk′ → 0 as n → ∞ and ∥un − u∞∥
L∞

t Hk′ ([t̃,t̃′]) → 0 for some
ϵ(ϕ̃∞) > t̃′ > T∗ as n → ∞. Hence supt∈[0,T ] ∥un(t) − u∞(t)∥

Hk′ → 0 as n → ∞. □

Remark 4.2. We say that u is a smooth solution of (4.2) obtained by Proposition 4.1 with data ϕ̃ if
ϕ̃ is smooth, i.e. ϕ̃ ∈

⋂
m≥k′

0
Hm = C∞.8 Observe that u ∈ C∞ ([0, T ], Hm) for all m ≥ k′

0 and that
u(t) ∈ C∞: this follows from a standard bootstrap argument applied to ∂tu = −ϵ∂4

xu + F (u⃗, t), taking
nto account Lemma 3.3. Let ϕ̃ ∈ Hk′ . Let {ϕ̃n} be a sequence of smooth functions such that ϕ̃n → ϕ̃. Then
roposition 4.1 allows to approximate the solution u arbitrarily on any compact interval [0, T ] ⊂ [0, Tϵ) with

he sequence of smooth solutions {un}. In the sequel we will implicitly use a/: smooth solutions to justify
ome computations that allow to prove some estimates that involve these solutions b/: the approximation of
with smooth solutions to show that these estimates also hold for u.

. Gauged energy

Let k′ ≥ 6. Let f and g be two functions. We define the gauged energy Ek′(f, t) of f (and more generally
k′(f, g, t)) at a time t in the following fashion:

Ek′(f, g, t) :=
Φk′(f, t)∂6

xf − Φk′(g, t)∂6
xg
2

Hk′−6 + ∥f − g∥2

H
max(k′−3, 9

2 +) , and
Ek′(f, t) := Ek′(f, 0, t)·

The following proposition shows that the gauged energy Ek′(f, t) of f (resp. Ek′(f, g, t)) can be compared
to the Hk′ -norm of f (resp. ∥f − g∥

Hk′ ):

Proposition 5.1. Let I ⊂ R be an interval such that |I| ≤ 1. Let δ̄ > 0. Let K ∈ R+. Let k′ > 13
2 . The

ollowing holds:

8 This equality follows for the well-known Sobolev embedding Hm ↪→ Cp if m > p + 1 .
2
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⏐

R
t

H

(1) Assume that infx∈T
⏐⏐∂ω3F

(
f⃗ , t
)

(x)
⏐⏐⏐ ≥ δ̄ for all t ∈ I.

• Assume also that ∥f∥
H

13
2 + ≤ K. Then there exists C := C(K, δ̄) > 0 such that for all t ∈ I

Ek′(f, t) ≤ C
(

1 + ∥f∥2
Hk′

)
· (5.1)

• Assume also that E 13
2 +(f, t) ≤ K. Then there exists C := C(K, δ̄) > 0 such that for all t ∈ I

∥f∥2
Hk′ ≤ C (1 + Ek′(f, t)) · (5.2)

(2) Assume that ∥f∥
Hk′ ≤ K and ∥g∥

Hk′ ≤ K. Assume also that for all t ∈ I and for all θ ∈ [0, 1] we have
infx∈T

⏐⏐⏐∂ω3F
(−→

hθ, t
)

(x)
⏐⏐⏐ ≥ δ̄ with hθ := θf + (1 − θ)g. Then there exists C := C(K, δ̄) > 0 such that for

all t ∈ I

C−1∥f − g∥2
Hk′ ≤ Ek′(f, g, t) ≤ C∥f − g∥2

Hk′ ·

emark 5.1. The proof shows that one can choose the constants depending on K to be continuous functions
hat increase as K increases.

Proof. Lemmas 2.1 and 3.4 imply thatΦk′(f, t)∂6
xf


Hk′−6 ≲ ∥Φk′(f, t)∥
H

1
2 +∥∂6

xf∥
Hk′−6 + ∥∂6

xf∥
H

1
2 + ∥Φk′(f, t)∥

Hk′−6

≲
(

1 + ∥f∥
H

7
2 +

)
∥f∥

Hk′ + ∥f∥
H

13
2 +

(
1 + ∥f∥

Hk′−3
)

≲ 1 + ∥f∥
Hk′ ·

ence (5.1) holds. We have

∥Dk′
f∥2

L2 ≲
Φ−1

k′ (f, t)Φk′(f, t)∂6
xf
2

Hk′−6

≲
Φ−1

k′ (f, t)
2

H
1
2 +
Φk′(f, t)∂6

xf
2

Hk′−6 +
Φ−1

k′ (f, t)
2

Hk′−6

Φk′(f, t)∂6
xf
2

H
1
2 +

≲
Φk′(f, t)∂6

xf
2

Hk′−6

(
1 + ∥f∥2

H
7
2 +

)2
+
(

1 + ∥f∥2
Hk′−3

)
E 13

2 +(f, t)

≲ Ek′(f, t)

Hence (5.2) holds. We haveΦk′(f, t)∂6
xf − Φk′(g, t)∂6

xg


Hk′−6

≲ ∥Φk′(f, t) − Φk′(g, t)∥
Hk′−6 ∥∂6

xf∥
H

1
2 + + ∥Φk′(f, t) − Φk′(g, t)∥

H
1
2 + ∥∂6

xf∥
Hk′−6

+ ∥Φk′(g, t)∥
Hk′−6

∂6
x(f − g)


H

1
2 + + ∥Φk′(g, t)∥

H
1
2 +

∂6
x(f − g)


Hk′−6

≲ ∥f − g∥
Hk′

It remains to show that ∥Dk′(f − g)∥2
L2 ≲ Ek′(f, g, t). We have (taking into account that k′ − 6 > 1

2 )

∥Dk′
(f − g)∥2

L2 ≲
Φ−1

k′ (f, t)Φk′(f, t)∂6
x(f − g)

2
Hk′−6

≲
Φ−1

k′ (f, t)
2

Hk′−6

Φk′(f, t)∂6
x(f − g)

2
Hk′−6

≲
Φk′(f, t)∂6

xf − Φk′(g, t)∂6
xg
2

Hk′−6 + ∥Φk′(g, t) − Φk′(f, t)∥2
Hk′−6 ∥∂6

xg∥2
Hk′−6

≲
Φk′(f, t)∂6

xf − Φk′(f, t)∂6
xg
2

Hk′−6 + ∥f − g∥2
H

max(k′−3, 9
2 +)

≲ Ek′(f, g, t) □

6. Gauged energy estimates

In this section we prove some gauged energy estimates. To this end we first prove estimates for a function
v that satisfies Eq. (6.1): see Proposition 6.1. Then we apply these estimates to v(t) := Φk′(u(t), t)∂6

xu(t)

(with u solution of (4.1)) to get the gauged energy estimates.
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6

P

O

H

w

I

.1. General estimates

We prove the following proposition:

roposition 6.1. Let 0 < ϵ ≪ 1. Let k′ ≥ 6. Assume that v is a function on an interval [0, T ′] that satisfies
∂tv + ϵ∂4

xv = a3∂3
xv + a2∂2

xv + a1∂xv + a0
+ ϵb3∂3

xv + ϵb2∂2
xv + ϵb1∂xv + ϵb0 + ϵ∂4

xcv · (6.1)

There exists C > 0 such that for all t ∈ [0, T ′]

d
(

∥v(t)∥2
Ḣk′−6

)
dt

+ 2ϵ∥Dk′−4v(t)∥2
L2 + 2

∫ T

0

∫
T

((
k′ − 15

2

)
∂xa3(t) + a2(t)

)(
∂xDk′−6v(t)

)2
dx

≤ C

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∥a0(t)∥2
Hk′−6 + ∥v(t)∥2

Hk′−6

(
1 +

3∑
m=1

∥am(t)∥
H(m+ 1

2 )+

)

+
3∑

m=1
∥am(t)∥2

Hk′−6+m∥v(t)∥2
H

1
2 +

+ϵ
(

∥b3(t)∥
H

3
2 + + ∥b2(t)∥

H
1
2 +

)
∥∂xDk′−6v(t)∥2

L2

+ϵ2∥b0(t)∥2
Hk′−6 + ϵ2

( 3∑
m=1

∥bm(t)∥2
Hk′−6+m + ∥c(t)∥2

Hk′−2

)
∥v(t)∥2

H
1
2 +

+ϵ

( 3∑
m=1

∥bm(t)∥
H(m+ 1

2 )+ + ∥c(t)∥
H

9
2 +

)
∥v(t)∥2

Hk′−6

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(6.2)

Proof. Elementary considerations show that

⟨∂tv(t) + ϵ∂4
xv(t), D2(k′−6)v(t)⟩ =

(−1)k′−6

2

d

(
∥v(t)∥2

Ḣk′−6

)
dt + (−1)k′−6ϵ

Dk′−4v(t)
2

L2
·

(6.3)

n the other hand
⟨∂tv(t) + ϵ∂4

xv(t), D2(k′−6)v(t)⟩ =
(−1)k′−6 (A3(t) + · · · + A0(t) + B3(t) + · · · + B0(t) + C(t)) , with

(6.4)

A0(t) :=
∫

Dk′−6 (a0(t)) Dk′−6v(t) dx, B0(t) := ϵ

∫
Dk′−6 (b0(t)) Dk′−6v(t) dx,

Am(t) :=
∫

Dk′−6 (am(t)∂m
x v(t)) Dk′−6v(t) dx, andBm(t) := ϵ

∫
Dk′−6 (bm(t)∂m

x v(t)) Dk′−6v(t) dx·
ere m ∈ {1, 2, 3}. We first estimate Am(t).
We see from Lemma 3.1 that

A3(t) = Aa
3(t) + Ab

3(t) + Ac
3(t)

+ O
(

∥v(t)∥
Hk′−6

(
∥a3(t)∥

Hk′−3∥v(t)∥
H

1
2 + + ∥a3(t)∥

H
7
2 +∥v(t)∥

Hk′−6

))
,

ith
Aa

3(t) :=
∫

a3(t)Dk′−6∂3
xv(t)Dk′−6v(t) dx,

Ab
3(t) := (k′ − 6)

∫
Da3(t)Dk′−7∂3

xv(t)Dk′−6v(t) dx, and
Ac

3(t) := (k′−6)(k′−7)
2

∫
D2a3(t)Dk′−8∂3

xv(t)Dk′−6v(t) dx·
ntegrations by parts show that

Aa
3(t) = −

∫
∂xa3(t)∂2

xDk′−6v(t)Dk′−6v(t) dx −
∫

a3(t)∂2
xDk′−6v(t)∂xDk′−6v(t) dx

=
∫

∂2
xa3(t)∂xDk′−6v(t)Dk′−6v(t) dx + 3

2
∫

∂xa3(t)
(

∂xDk′−6v(t)
)2

dx

= − 1 ∫ ∂3a3(t)
(

Dk′−6v(t)
)2

dx + 3 ∫ ∂xa3(t)
(

∂xDk′−6v(t)
)2

dx·
2 x 2
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W

W

W

W

W

W

e have

Ab
3(t) = (k′ − 6)

∫
∂xa3(t)∂2

xDk′−6v(t)Dk′−6v(t) dx

= −(k′ − 6)
∫

∂2
xa3(t)∂xDk′−6v(t)Dk′−6v(t) dx − (k′ − 6)

∫
∂xa3(t)

(
∂xDk′−6v(t)

)2
dx

= k′−6
2
∫

∂3
xa3(t)

(
Dk′−6v(t)

)2
dx − (k′ − 6)

∫
∂xa3(t)

(
∂xDk′−6v(t)

)2
dx

e have
Ac

3(t) = (k′−6)(k′−7)
2

∫
∂2

xa3(t)∂xDk′−6v(t)Dk′−6v(t) dx

= − (k′−6)(k′−7)
4

∫
∂3

xa3(t)
(

Dk′−6v(t)
)2

dx·

e can also write

A2(t) = Aa
2(t) + Ab

2(t)
+ O

(
∥a2(t)∥

Hk′−4∥v(t)∥
Hk′−6∥v(t)∥

H
1
2 +

)
+ O

(
∥a2(t)∥

H
5
2 +∥v(t)∥2

Hk′−6

)
, with

Aa
2(t) :=

∫
a2(t)Dk′−6∂2

xv(t)Dk′−6v(t) dx, and
Ab

2(t) := (k′ − 6)
∫

Da2(t)Dk′−7∂2
xv(t)Dk′−6v(t) dx·

We have
Aa

2(t) = −
∫

∂xa2(t)∂xDk′−6v(t)Dk′−6v(t) dx −
∫

a2(t)
(

∂xDk′−6v(t)
)2

dx

= −
∫

a2(t)
(

∂xDk′−6v(t)
)2

dx + O
(

∥∂2
xa2(t)∥L∞∥v(t)∥2

Hk′−6

)
, and

Ab
2(t) = − k′−6

2
∫

∂2
xa2(t)

(
Dk′−6v(t)

)2
dx = O

(
∥∂2

xa2(t)∥L∞∥v(t)∥2
Hk′−6

)
·

e have

A1(t) =
∫

a1(t)Dk′−6∂xv(t)Dk′−6v(t) dx + O
(

∥a1(t)∥
Hk′−5∥v(t)∥

H
1
2 +∥v(t)∥

Hk′−6

)
+ O

(
∥a1(t)∥

H
3
2 +∥v(t)∥2

Hk′−6

)
= − 1

2
∫

∂xa1(t)
(

Dk′−6v(t)
)2

dx + O(...) + O(...)

= O
(

∥∂xa1(t)∥L∞∥v(t)∥2
Hk′−6

)
+ O(...) + O(...)·

We have
|A0(t)| ≲

Dk′−6 (a0(t))


L2
∥Dk′−6v(t)∥L2 ≲ ∥a0(t)∥

Hk′−6∥v(t)∥
Hk′−6 ·

e then estimate Bm(t) by a similar process to estimate Am(t). We get

ϵ−1B3(t) = (k′−7)(8−k′)
4

∫
∂3

xb3(t)
(

Dk′−6v(t)
)2

dx +
( 15

2 − k′) ∫ ∂xb3(t)
(

∂xDk′−6v(t)
)2

dx

+ O
(

∥v(t)∥
Hk′−6

(
∥b3(t)∥

Hk′−3∥v(t)∥
H

1
2 + + ∥b3(t)∥

H
7
2 +∥v(t)∥

Hk′−6

))
,

ϵ−1B2(t) = −
∫

b2(t)
(

∂xDk′−6v(t)
)2

dx + O
(

∥b2(t)∥
Hk′−4∥v(t)∥

Hk′−6∥v(t)∥
H

1
2 +

)
+ O

(
∥b2(t)∥

H
5
2 +∥v(t)∥2

Hk′−6

)
+ O

(
∥∂2

xb2(t)∥L∞∥v(t)∥2
Hk′−6

)
, and

ϵ−1B1(t) = O
(

∥∂xb1(t)∥L∞∥v(t)∥2
Hk′−6

)
+ O

(
∥b1(t)∥

Hk′−5∥v(t)∥
H

1
2 +∥v(t)∥

Hk′−6

)
+ O

(
∥b1(t)∥ 3

2 +∥v(t)∥2
Hk′−6

)
, and

ϵ−1|B0(t)| ≲ ∥b0(t)∥
Hk′−6∥v(t)∥

Hk′−6 ·

e get from Lemma 2.1

ϵ−1|C(t)| ≲
(

∥c(t)∥ ′ ∥v(t)∥ 1 + ∥c(t)∥ 9 ∥v(t)∥ ′

)
∥v(t)∥ ′ ·
Hk −2
H 2 +

H 2 + Hk −6 Hk −6
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N
2

e

P

R

P

O
t

H

2

ext we divide (6.3) and (6.4) by (−1)k′−6. We see that we can bound from above
d
(

∥v(t)∥2
Ḣk−6

)
dt +

ϵ∥Dk′−4v(t)∥2
L2 +2

∫ ((
k′ − 15

2
)

∂xa3(t) + a2(t)
) (

∂xDk′−6v(t)
)2

dx by the RHS of (6.2) by using the above

stimates, the Sobolev embedding H
1
2 + ↪→ L∞, and the Young inequality ab ≤ a2

2 + b2

2 . □

We also prove the proposition below:

roposition 6.2. Let 0 < ϵ ≪ 1. The following hold:

(1) Let k′ ≥ 3, K ≥ 0, and j ∈
{ 9

2 +, k′ − 3
}

. Let u be a solution of (4.2) obtained by Proposition 4.1 on an
interval [0, T ′]. Assume that supt∈[0,T ′] ∥u(t)∥

H
9
2 + ≤ K. Then there exists C := C(K) > 0 such that

d
(
∥u(t)∥2

Hj

)
dt

≤ C
(
1 + ∥u(t)∥2

Hj+3
)

· (6.5)

(2) Assume that v is a function on an interval [0, T ] that satisfies

∂tv + ϵ∂4
xv = a3∂3

xv + a2∂2
xv + a1∂xv + a0

+ ϵb3∂3
xv + ϵb2∂2

xv + ϵb1∂xv + ϵb0 + ϵ∂4
xcv · (6.6)

There exists C > 0 such that for all t ∈ [0, T ′]

d
(
∥v(t)∥2

L2
)

dt
+ 2ϵ∥∂2

xv(t)∥2
L2

≤ C

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∥a0(t)∥2
L2 +

(
1 +

3∑
m=1

∥am(t)∥
H(m+ 1

2 )+

)
∥v(t)∥2

L2

+
3∑

m=1
∥am(t)∥2

Hm∥v(t)∥2
H

1
2 +

+
(

∥a3(t)∥
H

3
2 + + ∥a2(t)∥

H
1
2 +

)
∥v(t)∥2

H1

+ϵ
(

∥b3(t)∥
H

3
2 + + ∥b2(t)∥

H
1
2 +

)
∥∂xv(t)∥2

L2

+ϵ2∥b0(t)∥2
L2 + ϵ2

( 3∑
m=1

∥bm(t)∥2
Hm + ∥c(t)∥2

H4

)
∥v(t)∥2

H
1
2 +

+ϵ

( 3∑
m=1

∥bm(t)∥
H(m+ 1

2 )+ + ∥c(t)∥
H

9
2 +

)
∥v(t)∥2

L2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(6.7)

emark 6.1. Regarding the constant C := C(K) in (6.5) of Proposition 6.2, we refer to Remark 3.1.

roof. Let m ∈
{

0, 9
2 +, k′ − 3

}
. Elementary considerations show that

⟨∂tu(t) + ϵ∂4
xu(t), D2mu(t)⟩ = (−1)m

2
d
(

∥Dmu(t)∥2
L2
)

dt + (−1)mϵ∥Dm+2u(t)∥2
L2

n the other hand ⟨F (
−−→
u(t)), D2mu(t)⟩ = (−1)m⟨Dm

(
F (

−−→
u(t))

)
, Dmu(t)⟩. Hence we see from Lemma 3.3,

he Cauchy–Schwarz inequality, and elementary estimates that

d
(

∥u(t)∥2
Ḣm

)
dt

≲ 1 + ∥u(t)∥2
Hm+3 ·

ence (6.6) holds.

Mimicking the proof of Proposition 6.1 (with k′ replaced with 6) we see that (∗) :
d
(

∥v(t)∥2
L2
)

dt +
ϵ∥∂2v(t)∥2 + 2

∫ (
− 3 ∂ a (t) + a (t)

)
(∂ v(t))2

dx is bounded by the sum of the RHS of (6.7) (with
x L2 2 x 3 2 x
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a
(
(

6

P

T

P

e

R

W
a

T

h

C

gain k′ replaced with 6). Observe that the second term of (∗) is bounded by a constant multiplied by
∥∂xa3(t)∥L∞ + ∥a2(t)∥L∞) ∥v(t)∥2

H1 . Hence, using also the Sobolev embedding H
1
2 + ↪→ L∞, we see that

6.7) holds. □

.2. Gauged energy estimates: statement

In this subsection we prove the following gauged energy estimates:

roposition 6.3. Let k′ ≥ k′
0 > 17

2 . Let ϕ̃ ∈ P̃+,k′ be a smooth function. Then there exist 1 ≥ T ′ :=
′
(

∥ϕ̃∥
H

k′
0
, δ̃(

−→̃
ϕ ), δ̃′(ϕ̃)

)
> 0 and C :=

(
∥ϕ̃∥

H
k′

0
, δ̃(

−→̃
ϕ )
)

such that if u is the solution of (4.2) obtained by
roposition 4.1 on [0, Tϵ) then

Tϵ > T ′; sup
t∈[0,T ′]

(
Ek′(u(t), t) +

∫ t

0

∫
T

Q (u(t′), t′)
(

∂xDk′−6v(t′)
)2

dx dt′
)

≤ 2
(
1 + Ek′(ϕ̃, 0)

)
,

t ∈ [0, T ′] : dEk′ (u(t),t)
dt +

∫
T Q(u(t), t)

(
∂xDk′−6v(t)

)2
dx ≤ C (1 + Ek′(u(t), t)) ,

u(t) ∈ P+,k′(t), δ
(−−→

u(t), t
)
≳ δ̃

(−→̃
ϕ

)
, and δ′ (u(t), t) ≳ δ̃′(ϕ̃),

(6.8)

with v(t) := Φk′ (u(t), t) ∂6
xu(t).

Remark 6.2. The proof of Proposition 6.3 shows that T ′ (resp. C) can be chosen as a continuous function
that decreases (resp. increases) as δ̃

(−→̃
ϕ

)
decreases, decreases (resp. increases) as ∥ϕ̃∥

H
k′

0
increases. It also

shows that T ′ can be chosen as a continuous function that decreases as δ̃′(ϕ̃) decreases.

Proof. The proof relies upon the lemma below:

Lemma 6.4. Let K ≥ 0. Let u be a solution of (4.2) on an interval [0, T ′′] with 0 < T ′′ ≤ 1. Let δ̄ > 0.
Assume that δ

(−−→
u(t), t

)
≥ δ̄ for all t ∈ [0, T ′′]. Assume also that supt∈[0,T ′′] E 17

2 + (u(t), t) ≤ K. Then there
xists C := C(K, δ̄) > 0 such that

t ∈ [0, T ′′] : dEk′(u(t), t)
dt

+
∫
T

Q(u(t), t)
(

∂xDk′−6v(t)
)2

dx ≤ C (1 + Ek′(u(t), t)) · (6.9)

emark 6.3. The proof of Lemma 6.4 shows that C can be chosen as a continuous function that increases
as K increases, and that increases as δ̄ decreases.

We postpone the proof of Lemma 6.4 to Section 10.
Let

T ∗
ϵ := inf

{
t ≥ 0 : Ek′

0
(u(t), t) > 2

(
1 + Ek′

0
(ϕ̃, 0)

)}
·

e see from Propositions 4.1 and 5.1 that 0 < T ∗
ϵ < Tϵ. Moreover Ek′

0
(u(t), t) ≤ 2

(
1 + Ek′

0
(ϕ̃, 0)

)
for

ll t ∈ [0, T ∗
ϵ ]. We have supt∈[0,T ∗

ϵ ] Ek′
0

(u(t), t) ≲∥ϕ̃∥
H

k′
0

1 and supt∈[0,T ∗
ϵ ] ∥u(t)∥2

H
k′

0
≲ 1 + ∥ϕ̃∥2

H
k′

0
. Let

′ := T ′
(

δ̃

(−→̃
ϕ

)
, δ̃′(ϕ̃), ∥ϕ̃∥

H
k′

0

)
> 0 be small enough such that all the statements and estimates below

old.
Assume that 0 < T ∗

ϵ ≤ T ′. Let t ∈ [0, T ∗
ϵ ].

laim: δ
(−−→

u(t), t
)
≳ δ̃

(−→̃
ϕ

)
.
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S

e

H
C

c

t

<

t

L

7

f

u

Indeed we see from Appendix that
X(u(t), ϕ̃, t, 0)


L∞ ≲∥ϕ̃∥

H
k′

0
∥u(t)−ϕ̃∥

H
7
2 + +t. We have t ≪ δ̃

(−→̃
ϕ

)
.

o it suffices to estimate ∥u(t) − ϕ̃∥
H

7
2 + . In fact we will estimate ∥u(t) − ϕ̃∥

H
9
2 + , since we will also use this

stimate at the end of the proof. Let ul(t) := e−ϵt∂4
x ϕ̃ and unl(t) :=

∫ t

0 e−ϵ(t−t′)∂4
xF
(−−→

u(t′), t′
)

dt′. Elementary
estimates show that |e−x − 1| ≲ min(x, 1) if x ≥ 0. Hence, dividing the region of summation into |n| ≤ N

and |n| ≥ N with N ≈ 1
(ϵt)

1
4

we get

∥ul(t) − ϕ̃∥2
H

9
2 + ≲

∑
n∈Z

⟨n⟩2( 9
2 +)

⏐⏐⏐e−ϵt(in)4
− 1
⏐⏐⏐2 |ˆ̃ϕ(n)|

2

≲ t0+∥ϕ̃∥2
H

k′
0

≪ δ̃

(−→̃
ϕ

)
·

The Minkowski inequality and Lemma 3.3 show that

∥unl(t)∥
H

9
2 + ≲

∫ t

0 ∥e−ϵ(t−t′)∂4
xF
(−−→

u(t′), t′
)

∥
H

9
2 + dt′

≲∥ϕ̃∥
H

k′
0

t

(
1 + sup

t′∈[0,t]
∥u(t′)∥

H
15
2 +

)
≲∥ϕ̃∥

H
k′

0
t

≪ δ̃

(−→̃
ϕ

)
·

ence we see from the above estimates and the triangle inequality that the claim holds.
laim: u(t) ∈ P+,k′(t) and δ′(u(t), t) ≳ δ̃′(ϕ̃)
From the claim above and similar arguments as those in Remark 1.2 we see that ∂ω3F

(−−→
u(t), t

)
has a

onstant sign. Hence Q(u(t), t) =
⏐⏐⏐∂ω3F (

−−→
u(t), t)

⏐⏐⏐ [ P (u(t),t)⏐⏐∂ω3 F (
−−→
u(t),t)

⏐⏐]
ave

.

We see from Appendix and the above estimates that
Y (u(t), ϕ̃, t, 0)


L∞ ≲

δ̃

(−→̃
ϕ

)
,∥ϕ̃∥

H
k′

0

u(t) − ϕ̃


H
9
2 + +

≲
δ̃

(−→̃
ϕ

)
,∥ϕ̃∥

H
k′

0

(
t + ϵ0+t0+) ≪ δ̃′(ϕ̃). Hence an application of the triangle inequality yields the claim.

Hence we can apply Lemma 6.4 and Gronwall inequality to get (∗) : Ek′
0
(u(t), t) ≤ eC′t

(
Ek′

0

(
ϕ̃, 0
)

+ C ′t
)

3
2

(
1 + Ek′

0
(ϕ̃, 0)

)
for some C ′ := C ′

(
∥ϕ̃∥

H
k′

0
, δ̃

(−→̃
ϕ

))
Hence by letting t = T ∗

ϵ in the above inequality, we see that it contradicts cannot the definition of T ∗
ϵ .

Hence T ∗
ϵ > T ′.

We then mimick the proof from “Claim: δ(
−−→
u(t), t) ≳ δ̃(

−→̃
ϕ )” to “yields the claim”. to conclude that for

∈ [0, T ′] we have u(t) ∈ P+,k′(t), δ(
−−→
u(t), t) ≳ δ̃(

−→̃
ϕ ), and δ′(u(t), t) ≳ δ̃′(ϕ̃). Hence we can apply again

emma 6.4 and Gronwall inequality to get (6.8). □

. Gauged energy estimates for the difference of two solutions

In this section we prove gauged energy estimates for the difference of two solutions of an equation of the
orm (4.2). To this end we first prove estimates for a function v̄ := v1 − v1 with v1, v2 that satisfy (7.1): see

Proposition 7.1. Then we apply these estimates to v̄(t) := Φk′(u1(t), t)∂6
xu1(t) − Φk′(u2(t), t)∂6

xu2(t) (with

1, u2 solutions of (4.1)) in order to get the gauged energy estimates for the difference of two solutions.
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7

P
o

P

.1. General estimates

We prove the following proposition:

roposition 7.1. Let j ∈ {1, 2} and 0 < ϵ1 ≤ ϵ2 ≪ 1. Let k′ ≥ 6. Assume that vj is a function that satisfies
n an interval [0, T ′]

∂tvj + ϵj∂4
xvj = a3,j∂3

xvj + a2,j∂2
xvj + a1,j∂xvj + a0,j

+ ϵjb3,j∂3
xvj + ϵjb2,j∂2

xvj + ϵjb1,j∂xvj + ϵjb0,j + ϵj∂4
xcjvj · (7.1)

Let v̄ := v1 − v2. Then there exists C > 0 such that for all t ∈ [0, T ′]

d
(

∥v̄(t)∥2
Ḣk′−6

)
dt

+ 2ϵ1∥Dk′−4v̄(t)∥2
L2 + 2

∫
T

((
k′ − 15

2

)
∂xa3,1(t) + a2,1(t)

)(
∂xDk′−6v̄(t)

)2
dx

≤ C

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(
1 +

3∑
m=1

∥am,1(t)∥
H(m+ 1

2 )+

)
∥v̄(t)∥2

Hk′−6 +
3∑

m=1
∥am,1(t)∥2

Hk′−6+m∥v̄(t)∥2
H

1
2 +

+ϵ1

(
∥b3,1(t)∥

H
3
2 + + ∥b2,1(t)∥

H
1
2 +

)
∥∂xDk′−6v̄(t)∥2

L2

+ϵ2
1∥b0,1(t)∥2

Hk′−6 + ϵ2
2∥b0,2(t)∥2

Hk′−6

+ϵ2
1

( 3∑
m=1

∥bm,1(t)∥2
Hk′−6+m + ∥c1(t)∥2

Hk′−2

)
∥v̄(t)∥2

H
1
2 +

+ϵ2
1

(
∥c2(t) − c1(t)∥2

Hk′−2∥v2(t)∥2
H

1
2 + + ∥c2(t) − c1(t)∥2

H
9
2 +∥v2(t)∥2

Hk′−2

)
+ϵ1

( 3∑
m=1

∥bm,1(t)∥
H(m+ 1

2 )+ + ∥c1(t)∥
H

9
2 +

)
∥v̄(t)∥2

Hk′−6

+ϵ2
2

⎛⎜⎜⎝
2∑

j=1

3∑
m=1

(
∥bm,j(t)∥2

Hk′−6∥v2(t)∥2

H(m+ 1
2 )+ + ∥bm,j(t)∥2

H
1
2 +∥v2(t)∥2

Hk′−6+m

)
+∥c2(t)∥2

Hk′−2∥v2(t)∥2
H

1
2 + + ∥c2(t)∥2

H
9
2 +∥v2(t)∥2

Hk′−6 + ∥v2(t)∥2
Hk′−2

⎞⎟⎟⎠
+∥a0,1(t) − a0,2(t)∥2

Hk′−6

+
∑3

m=1

⎛⎜⎜⎝
∥am,1(t) − am,2(t)∥2

Hk′−6∥v2(t)∥2

H(m+ 1
2 )+

+∥am,1(t) − am,2(t)∥2
H

1
2 +∥v2(t)∥2

Hm+k′−6

⎞⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(7.2)

roof. We have

∂tv̄ + ϵ1∂4
xv̄ = (ϵ2 − ϵ1)∂4

xv2 + (ϵ1 − ϵ2)∂4
xc2v2 − ϵ1∂4

x(c2 − c1)v2 + ϵ1∂4
xc1v̄

+
3∑

m=1
am,1∂m

x v̄ +
3∑

m=1
(am,1 − am,2)∂m

x v2 + a0,1 − a0,2

+ ϵ1

3∑
m=1

bm,1∂m
x v̄ + ϵ1

3∑
m=1

bm,1∂m
x v2 − ϵ2

3∑
m=1

bm,2∂m
x v2 + ϵ1b0,1 − ϵ2b0,2

Elementary considerations show that

⟨∂tv̄(t) + ϵ1∂4
xv̄(t), D2(k′−6)v̄(t)⟩ = (−1)k′−6

⎛⎝ 1
2

d

(
∥v̄(t)∥2

Ḣk′−6

)
dt + ϵ1∥Dk′−4v̄(t)∥2

L2

⎞⎠ · (7.3)
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T

w

W

W

L

I

he proof of Proposition 6.1, Lemma 3.1, and the Sobolev embedding H
1
2 + ↪→ L∞ show that

3∑
m=1

⟨am,1(t)∂m
x v̄(t), D2(k′−6)v̄(t)⟩

= (−1)k′−6
⟨( 15

2 − k′) ∂xa3,1(t) − a2,1(t),
(

∂xDk′−6v̄(t)
)2
⟩

+O

⎛⎜⎜⎜⎜⎝∥v̄(t)∥
Hk′−6

⎛⎜⎜⎜⎜⎝
3∑

m=1
∥am,1(t)∥

H(m+ 1
2 )+∥v̄(t)∥

Hk′−6

+
3∑

m=1
∥am,1(t)∥

Hk′−6+m∥v̄(t)∥
H

1
2 +

⎞⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎠ ,

⏐⏐⏐⟨a0,1(t) − a0,2(t), D2(k′−6)v̄(t)⟩
⏐⏐⏐ ≲ ∥a0,1(t) − a0,2(t)∥

Hk′−6∥v̄(t)∥
Hk′−6

ϵ1

3∑
m=1

⟨bm,1(t)∂m
x v̄(t), D2(k′−6)v̄(t)⟩ = (−1)k′−6 (X(t) + Y (t) + Z(t)) ,

ith

ϵ−1
1 X(t) = (k′−7)(8−k′)

4
∫

∂3
xb3,1(t)

(
Dk′−6v̄(t)

)2
dx +

( 15
2 − k′) ∫ ∂xb3,1(t)

(
∂xDk′−6v̄(t)

)2
dx

+ O
(

∥v̄(t)∥
Hk′−6

(
∥b3,1(t)∥

Hk′−3∥v̄(t)∥
H

1
2 + + ∥b3,1(t)∥

H
7
2 +∥v̄(t)∥

Hk′−6

))
,

ϵ−1
1 Y (t) = −

∫
b2,1(t)

(
∂xDk′−6v̄(t)

)2
dx

+ O
(

∥v̄(t)∥
Hk′−6

(
∥b2,1(t)∥

Hk′−4∥v̄(t)∥
H

1
2 + + ∥b2,1(t)∥

H
5
2 +∥v̄(t)∥

Hk′−6

))
and

ϵ−1
1 Z(t) = O

(
∥b1,1(t)∥

H
3
2 +∥v̄(t)∥2

Hk′−6 + ∥b1,1(t)∥
Hk′−5∥v̄(t)∥

H
1
2 +∥v̄(t)∥

Hk′−6

)
·

e also have⏐⏐ϵ1⟨∂4
xc1(t)v̄(t), D2(k′−6)v̄(t)⟩

⏐⏐ =
⏐⏐(−1)k′−6ϵ1⟨Dk′−6

(
∂4

xc1(t)v̄(t)
)

, Dk′−6v̄(t)⟩
⏐⏐

≲ ϵ1∥v̄(t)∥
Hk′−6

(
∥c1(t)∥

H
9
2 + ∥v̄(t)∥

Hk′−6 + ∥c1(t)∥
Hk′−2 ∥v̄(t)∥

H
1
2 +

)
·

e also have⏐⏐⏐⟨ϵ1b0,1(t) − ϵ2b0,2(t), D2(k′−6)v̄(t)⟩
⏐⏐⏐ ≲ ϵ1

⏐⏐⏐⟨b0,1(t), D2(k′−6)v̄(t)⟩
⏐⏐⏐+ ϵ2

⏐⏐⏐⟨b0,1(t), D2(k′−6)v̄(t)⟩
⏐⏐⏐

≲
(
ϵ1∥b0,1(t)∥

Hk′−6 + ϵ2∥b0,2(t)∥
Hk′−6

)
∥v̄(t)∥

Hk′−6 ·

emma 2.1 shows that⏐⏐⏐⟨(am,1(t) − am,2(t)) ∂m
x v2(t), D2(k′−6)v̄(t)⟩

⏐⏐⏐
=
⏐⏐⏐(−1)k′−6⟨Dk′−6 ((am,1(t) − am,2(t)) ∂m

x v2(t)) , Dk′−6v̄(t)⟩
⏐⏐⏐

≲

⎛⎝ ∥am,1(t) − am,2(t)∥
Hk′−6 ∥v2(t)∥

H(m+ 1
2 )+

+ ∥am,1(t) − am,2(t)∥
H

1
2 + ∥v2(t)∥

Hm+k′−6

⎞⎠ ∥v̄(t)∥
Hk′−6 ·

f j ∈ {1, 2} then

ϵj

⏐⏐⏐⟨bm,j(t)∂m
x v2(t), D2(k′−6)v̄(t)⟩

⏐⏐⏐ ≲ ϵj

(
∥bm,j(t)∥

Hk′−6∥v2(t)∥
H(m+ 1

2 )+

+∥b (t)∥ 1 ∥v (t)∥ ′

)
∥v̄(t)∥

Hk′−6 ·

m,j

H 2 + 2 Hk −6+m
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W

T
R

P

e have (ϵ2 − ϵ1)
⏐⏐⏐⟨∂4

xc2(t)v2(t), D2(k′−6)v̄(t)⟩
⏐⏐⏐

= (ϵ2 − ϵ1)
⏐⏐⏐(−1)k′−6⟨Dk′−6 (∂4

xc2(t)v2(t)
)

, Dk′−6v̄(t)⟩
⏐⏐⏐

≲ ϵ2

(
∥c2(t)∥

Hk′−2∥v2(t)∥
H

1
2 + + ∥c2(t)∥

H
9
2 +∥v2(t)∥

Hk′−6

)
∥v̄(t)∥

Hk′−6 ,
(7.4)

(ϵ2 − ϵ1)
⏐⏐⏐⟨∂4

xv2(t), D2(k′−6)v̄(t)⟩
⏐⏐⏐ = (ϵ2 − ϵ1)

⏐⏐⏐(−1)k′−6⟨Dk′−6∂4
xv2(t), Dk′−6v̄(t)⟩

⏐⏐⏐
≲ ϵ2∥v2(t)∥

Hk′−2∥v̄(t)∥
Hk′−6 , and

ϵ1

⏐⏐⏐⟨∂4
x (c1(t) − c2(t)) v2(t), D2(k′−6)v̄(t)⟩

⏐⏐⏐
= ϵ1

⏐⏐⏐(−1)k′−6⟨Dk′−6 (∂4
x (c1(t) − c2(t)) v2(t)

)
, Dk′−6v̄(t)⟩

⏐⏐⏐
≲ ϵ1

(
∥c2(t) − c1(t)∥

Hk′−2∥v2(t)∥
H

1
2 + + ∥c2(t) − c1(t)∥

H
9
2 +∥v2(t)∥

Hk′−2

)
∥v̄(t)∥

Hk′−6 ·

(7.5)

he Young inequality ab ≤ a2

2 + b2

2 and the above estimates show that the LHS of (7.2) is bounded by the
HS of (7.2). □

We then prove the proposition below:

roposition 7.2. The following hold:

(1) Let k′ ≥ 3 and j ∈ {1, 2}. Let uj be a solution of (4.2) with ϵ := ϵj on an interval [0, T ′]. Let K ≥ 0.
Let m ∈

{ 9
2 +, k′ − 3

}
. Assume that supt∈[0,T ′] ∥uj(t)∥Hm+3 ≤ K. Let ū := u1 − u2. Then there exists

C := C(K) > 0 such that
d
(
∥ū(t)∥2

Hm

)
dt

≤ C
(
∥ū(t)∥2

Hm+3 + ϵ2
2∥u2(t)∥2

Hm+4
)

· (7.6)

(2) Let j ∈ {1, 2}. Let 0 < ϵ1 ≤ ϵ2 ≪ 1. Assume that vj is a function that satisfies on an interval [0, T ′]
∂tvj + ϵj∂4

xvj = a3,j∂3
xvj + a2,j∂2

xvj + a1,j∂xvj + a0,j

+ ϵjb3,j∂3
xvj + ϵjb2,j∂2

xvj + ϵjb1,j∂xvj + ϵjb0,j + ϵj∂4
xcjvj · (7.7)

Let v̄ := v1 − v2. Then there exists C > 0 such that for all t ∈ [0, T ′]
d
(
∥v̄(t)∥2

L2
)

dt
+ 2ϵ1∥∂2

xv̄(t)∥2
L2

≤ C

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(
1 +

3∑
m=2

∥am,1(t)∥
H(m− 3

2 )+

)
∥v̄(t)∥2

H1

+
(

1 +
3∑

m=1
∥am,1(t)∥2

H(m+ 1
2 )+

)
∥v̄(t)∥2

L2 +
3∑

m=1
∥am,1(t)∥2

Hm∥v̄(t)∥2
H

1
2 +

+ϵ1

(
∥b3,1(t)∥

H
3
2 + + ∥b2,1(t)∥

H
1
2 +

)
∥∂xv̄(t)∥2

L2

+ϵ2
1∥b0,1(t)∥2

L2 + ϵ2
2∥b0,2(t)∥2

L2 + ϵ2
1

( 3∑
m=1

∥bm,1(t)∥2
Hm + ∥c1(t)∥2

H4

)
∥v̄(t)∥2

H
1
2 +

+ϵ2
1

(
∥c2(t) − c1(t)∥2

H4∥v2(t)∥2
H

1
2 + + ∥c2(t) − c1(t)∥2

H
9
2 +∥v2(t)∥2

H4

)
+ϵ1

( 3∑
m=1

∥bm,1(t)∥
H(m+ 1

2 )+ + ∥c1(t)∥
H

9
2 +

)
∥v̄(t)∥2

L2

+ϵ2
2

⎛⎜⎜⎝
2∑

j=1

3∑
m=1

(
∥bm,j(t)∥2

L2∥v2(t)∥2

H(m+ 1
2 )+ + ∥bm,j(t)∥2

H
1
2 +∥v2(t)∥2

Hm

)
+∥c2(t)∥2

H4∥v2(t)∥2
H

1
2 + + ∥c2(t)∥2

H
9
2 +∥v2(t)∥2

L2 + ∥v2(t)∥2
H4

⎞⎟⎟⎠
+∥a0,1(t) − a0,2(t)∥2

L2

+
∑3

m=1

( ∥am,1(t) − am,2(t)∥2
L2∥v2(t)∥2

H(m+ 1
2 )+

+∥am,1(t) − am,2(t)∥2
1 ∥v2(t)∥2

m

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(7.8)
H 2 + H
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emark 7.1. The proof shows that the constant C depending on K in Proposition 7.2 can be chosen as a
unction of K that increases as K increases.

roof. Let ū := u1 − u2. Let m ∈
{

0, 9
2 +, k′ − 3

}
. We have

∂tū + ϵ1∂4
xū = (ϵ2 − ϵ1)∂4

xu2 + F (
−−−→
u1(t), t) − F (

−−−→
u2(t), t)

lementary considerations show that

⟨∂tū(t) + ϵ1∂4
xū(t), D2mū(t)⟩ = (−1)m

2
d
dt

(
∥Dmū(t)∥2

L2
)

+ (−1)m

2 ϵ1
d
dt

(
∥Dm+2ū(t)∥2

L2
)

·

n the other hand the Young inequality ab ≤ a2

2 + b2

2 yields

(ϵ2 − ϵ1)
⏐⏐⟨∂4

xu2(t), D2mū(t)⟩
⏐⏐ = (ϵ2 − ϵ1)

⏐⏐(−1)m⟨D4+mu2(t), Dmū(t)⟩
⏐⏐

≲ (ϵ2 − ϵ1)∥u2(t)∥Hm+4∥ū(t)∥Hm

≲ ϵ2
2∥u2(t)∥2

Hm+4 + ∥ū(t)∥2
Hm , and

⟨F (
−−−→
u1(t), t) − F (

−−−→
u2(t), t), D2mū(t)⟩ = (−1)m⟨ Dm(F (

−−−→
u1(t), t) − F (

−−−→
u2(t), t)), Dmū(t) ⟩. Hence we see from

emma 3.3 that
d
(

∥ū(t)∥2
Ḣm

)
dt ≲ ∥ū(t)∥2

Hm+3 + ϵ2
2 ∥u2(t)∥2

Hm+4 if m ∈
{ 9

2 +, k′ − 3
}

and
d
(

∥ū(t)∥2
L2
)

dt ≲
ū(t)∥2

H
7
2 +

+ ϵ2
2∥ū(t)∥2

H4 . Hence (7.6) holds.

The Sobolev embedding H
1
2 + ↪→ L∞ shows that⏐⏐⏐⏐2∫ (−3

2∂xa3,1(t) + a2,1(t)
)

(∂xv̄(t))2 dx

⏐⏐⏐⏐ ≲ (∥∂xa3,1(t)∥L∞ + ∥a2,1(t)∥L∞) ∥∂xv̄(t)∥2
L2

≲
(

∥a3,1(t)∥
H

3
2 + + ∥a2,1(t)∥

H
1
2 +

)
∥∂xv̄(t)∥2

L2

e now mimick the proof of Proposition 7.1, replacing k′ with 6. We get (7.8). □

.2. Gauged energy estimates for difference of solutions: statement

We prove the following proposition:

roposition 7.3. Let k′ > 19
2 , k′ ≥ k′

0 > 17
2 , and ϕ̃ ∈ P̃+,k′ . Let q ∈ {1, 2}. There exists 0 < c :=(

δ̃(
−→̃
ϕ ), δ̃′(ϕ̃), ∥ϕ̃∥

Hk′

)
≪ 1 such that if 0 < ϵ1 ≤ ϵ2 ≤ c, then the following holds: if uq is the solution of

4.2) obtained by Proposition 4.1 with ϵ := ϵq, replacing ϕ̃ with ϕ̃q,k′ := Jϵq ,k′ ϕ̃ on [0, Tϵq ], then there exist

≥ T ′ := T ′
(

∥ϕ̃∥
H

k′
0
, δ̃(

−→̃
ϕ ), δ̃′(ϕ̃)

)
> 0 and C := C

(
∥ϕ̃∥

Hk′ , δ̃(
−→̃
ϕ )
)

> 0 such that

Tϵ1 , Tϵ2 > T ′; (6.8) holds, replacing u with uq; and

sup
t∈[0,T ′]

(
Ek′ (u1(t), u2(t), t) +

∫ t

0

∫
T

Q(u1(t′), t′)
(

∂xDk′−6v̄(t′)
)2

dx dt′
)

≤ C
(

∥u2(0) − u1(0)∥2
Hk′ + ϵ0+

2

)
,

(7.9)

ith v̄(t) := Φk′(u1(t), t)∂6
xu1(t) − Φk′(u2(t), t)∂6

xu2(t).

emark 7.2. The proof of Proposition 7.3 shows that one can choose T ′ (resp. C) to be a continuous
unction that decreases (resp. increases) as δ̃(

−→̃
ϕ ) decreases, and that decreases (resp. increases) as ∥ϕ̃∥

H
k′

0
′ ′̃ ˜
ncreases. It also shows that one can choose T as a continuous function that decreases as δ (ϕ) decreases.
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roof. The proof relies upon the following lemma:

emma 7.4. Let 0 < ϵ1 ≤ ϵ2 ≪ 1. Let K ≥ 0 and δ̄ > 0. Consider the solutions uq on an interval [0, T ′′]
with 0 < T ′′ ≤ 1. We define hθ(t) := θu1(t) + (1 − θ)u2(t) for θ ∈ [0, 1] and for t ∈ [0, T ′′]. Assume that

t ∈ [0, T ′′] : max
(

supt∈[0,T ′′] Ek′(u1(t), t), supt∈[0,T ′′] Ek′(u2(t), t)
)

≤ K. Assume also that δ
(−−−→

hθ(t), t
)

≥
δ̄ for all (t, θ) ∈ [0, T ′′] × [0, 1]. Then there exists C := C

(
δ̄, K

)
> 0 such that for all t ∈ [0, T ′′]

dEk′(u1(t), u2(t), t)
dt

+
∫
T

Q(u1(t), t)
(

∂xDk′−6v̄(t)
)2

dx ≤ C

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ek′ (u1(t), u2(t), t) + ∥u1(t) − u2(t)∥2
H

7
2 + Ek′+3 (u2(t), t) + ∥u1(t) − u2(t)∥2

H
9
2 + Ek′+2 (u2(t), t)

+ ∥u1(t) − u2(t)∥2
H

13
2 + Ek′+1 (u2(t), t) + ∥u1(t) − u2(t)∥2

Hk′ E 19
2 + (u2(t), t)

+ϵ2
2 (1 + Ek′+4 (u2(t), t)) + ϵ2

1 (1 + Ek′+2 (u1(t), t) + Ek′+4 (u2(t), t))

+ϵ2
1 ∥u1(t) − u2(t)∥2

H
13
2 + (1 + Ek′+2 (u1(t), t))

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
·

(7.10)

emark 7.3. The proof of Lemma 7.4 shows that one can choose C to be a continuous function that
ncreases as δ̄ decreases, and increases as K increases.

We postpone the proof of Lemma 7.4 to Section 10.
Let 0 < c := c

(
δ̃(

−→̃
ϕ ), δ̃′(ϕ̃), ∥ϕ̃∥

Hk′

)
≪ 1 such that if 0 < ϵ1 ≤ ϵ2 ≤ c, then the estimates below hold.

We see from Appendix and Lemma 2.2 that⏐⏐X(ϕ̃q,k′ , ϕ̃, 0, 0)
⏐⏐ ≲ ∥ϕ̃q,k′ − ϕ̃∥

H
7
2 + ≲ ϵ

k′−( 7
2 +)

k′
q ∥ϕ̃∥

Hk′ . From Remark 1.2 we see that ∂ω3F

(−→̃
ϕ , 0

)
has

a constant sign. Hence Q(ϕ̃, 0) =
⏐⏐⏐⏐∂ω3F (

−→̃
ϕ , 0)

⏐⏐⏐⏐
⎡⎣ P (

−→̃
ϕ ,0)⏐⏐⏐∂ω3 F (

−→̃
ϕ ,0)
⏐⏐⏐
⎤⎦

ave

. We see from Appendix and the above

stimates that
⏐⏐Y (ϕ̃q,k′ , ϕ̃, 0, 0)

⏐⏐ ≲δ̃(ϕ̃),∥ϕ̃∥
H

k′
0

∥ϕ̃q,k′ − ϕ̃∥
H

9
2 + ≲δ̃(ϕ̃),∥ϕ̃∥

H
k′

0
ϵ0+

q ∥ϕ̃∥
Hk′ . Hence the triangle

nequality shows that

δ̃′ (ϕ̃q,k′
)

≥ 3δ̃′(ϕ̃)
4 , δ̃

(−−→
ϕ̃q,k′

)
≥ 3δ̃(

−→̃
ϕ )

4 , and ϕ̃q,k′ ∈ P̃+,k′ · (7.11)

et m ≥ k′
0 > 15

2 . Propositions 5.1 and 6.3 show that there exists 1 ≥ T ′ := T ′
(

δ̃(
−→̃
ϕ ), δ̃′(ϕ̃), ∥ϕ̃∥

H
k′

0

)
> 0

such that Tϵq > T ′ and C := C

(
δ̃(

−→̃
ϕ ), ∥ϕ̃∥

H
k′

0

)
> 0 such that (6.8) holds, replacing Tϵ, u with Tϵq , uq

respectively and such that

sup
t∈[0,T ′]

∥uq(t)∥2
Hm ≲ 1 + supt∈[0,T ′] Em(uq(t), t)

≲ 1 + Em (uq(0), 0)
˜ 2

(7.12)

≲ 1 + ∥ϕ∥Hm ·

29
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I
∥

w
b
δ

H

‘
t

L
(

T

f it is necessary then we may WLOG reduce the size of T ′ (with T ′ still a function of δ(
−→̃
ϕ ), δ′(ϕ̃), and

ϕ̃∥
H

k′
0
) so that the estimates below hold. We see from Appendix that for t ∈ [0, T ′]

∥X (hθ(t), u1(t), t, t)∥L∞ ≲∥ϕ̃∥
H

k′
0

∥hθ(t) − u1(t)∥
H

7
2 +

≲∥ϕ̃∥
H

k′
0

∥u2(t) − u1(t)∥
H

7
2 +

≪ δ̃(
−→̃
ϕ ),

here at the last line we use u2(t) − u1(t) = u2(t) − ϕ̃2,k′ + ϕ̃2,k′ − ϕ̃1,k′ + ϕ̃1,k′ − u1(t), the estimates
elow that can be derived from the arguments in the proof of Proposition 6.3 (see the text below ‘Claim:
(
−−→
u(t), t) ≳ δ̃(

−→̃
ϕ )’), taking into account (7.12):

∥uq(t) − ϕ̃q,k′∥
H

9
2 + ≲∥ϕ̃∥

H
k′

0
ϵ0+

q t0+ + t, (7.13)

and the following estimate that follows from Lemma 2.2:

∥ϕ̃2,k′ − ϕ̃1,k′∥
H

7
2 + ≲ ∥ϕ̃2,k′ − ϕ̃∥

H
7
2 + + ∥ϕ̃1,k′ − ϕ̃∥

H
7
2 + ≲ ϵ

k′−( 7
2 +)

k′
2 ∥ϕ̃∥

Hk′ ·

ence the assumptions of Lemma 7.4 hold.
We then prove that uq(t) ∈ P+,k′(t), t ∈ [0, T ′]. Indeed by following the arguments to prove the claim

δ(
−−→
u(t), t) ≳ δ̃(

−→̃
ϕ ), t ∈ [0, T ′]’ and those below ‘Claim: u(t) ∈ P+,k′(t) and δ′(u(t), t) ≳ δ̃′(ϕ̃), t ∈ [0, T ′]’ in

he proof of Proposition 6.3, and by (7.13), we see that the claim holds.
Let m ∈ N. We get from Lemma 2.2 and Proposition 5.1

Ek′+m (uq(0), 0) ≲ 1 + ∥uq(0)∥2
Hk′+m ≲ ϵ

− 2m
k′

q

(
1 + ∥ϕ̃∥2

Hk′

)
· (7.14)

If 0 ≤ m ≤ k′ then
Ek′−m (u1(0), u2(0), 0) ≲ ∥u1(0) − u2(0)∥2

Hk′−m
≲ ∥u1(0) − ϕ̃∥2

Hk′−m
+ ∥u2(0) − ϕ̃∥2

Hk′−m

≲ ϵ
2m
k′

2 ∥ϕ̃∥2
Hk′ ·

(7.15)

et t ∈ [0, T ′]. In the sequel we use Lemma 7.4 combined with Proposition 5.1, Proposition 6.3, (7.14), and
7.15). We have

dE(k′−3)− (u1(t), u2(t), t)
dt

≲ E(k′−3)− (u1(t), u2(t), t) (1 + Ek′ (u2(0), 0)) + ϵ2
2 (1 + Ek′+1 (u2(0), 0))

+ϵ2
1 (1 + Ek′ (u1(0), 0) + Ek′+1 (u2(0), 0)) + ϵ2

1 (1 + Ek′ (u1(0), 0)) E(k′−3)− (u1(t), u2(t), t)

≲ E(k′−3)− (u1(t), u2(t), t) + ϵ
2(k′−1)

k′
2 ·

(7.16)

he Gronwall inequality yields

E(k′−3)− (u1(t), u2(t), t) ≲ E(k′−3)− (u1(0), u2(0), 0) + ϵ
2(k′−1)

k′
2 ≲ ϵ

6
k′ +
2 · (7.17)

Hence
dEk′(u1(t), u2(t), t)

dt
+
∫
T

Q(u1(t), t)
(

∂xDk′−6v̄(t)
)2

dx

≲ Ek′ (u1(t), u2(t), t) + ϵ
6
k′ +
2 (1 + Ek′+3(u2(0), 0))

+ϵ2
2 (1 + Ek′+4 (u2(0), 0)) + ϵ2

1 (1 + Ek′+2 (u1(0), 0) + Ek′+4 (u2(0), 0))
+ϵ2

1 (1 + Ek′+2 (u1(0), 0)) Ek′ (u1(t), u2(t), t)

≲ Ek′ (u1(t), u2(t), t) + ϵ0+
2 ·

(7.18)

Hence (7.9) holds. □
30
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. Proof of theorem

In this section α denotes a function of which the values are allowed to change from one line to the other
ne and such that limx→0 α(x) = 0. Let m ∈ N∗.

First we prove the local existence and the parabolic smoothing effect.
Let T := T

(
δ̃(ϕ⃗), δ̃′(ϕ), ∥ϕ∥Hk0

)
> 0 be small enough such that all the statements below are true. Let um

be the solution of (4.2) with ϵ := 1
m , replacing ϕ with ϕm := J 1

m ,kϕ on
[
0, T 1

m

]
. The dominated convergence

hows that limm→∞ ∥ϕm − ϕ∥Hk = 0. Hence we see from Proposition 7.3, Proposition 5.1, and the triangle
nequality that for m large and for p ∈ N, T 1

m
, T 1

m+p
> T and

t ∈ [0, T ] : um+p(t) ∈ P+,k(t), δ(
−−−−−→
um+p(t), t) ≳ δ̃(ϕ⃗), δ′(um+p(t), t) ≳ δ̃′(ϕ), and

∥um+p − um∥L∞
t Hk([0,T ]) ≲

( 1
m

)0+ + α
( 1

m

)
·

(8.1)

ence {um} is a Cauchy sequence so there exists u ∈ C
(
[0, T ], Hk

)
such that um → u. as m → ∞. Letting

p → ∞ and choosing m large enough in (8.1) we see from Appendix and Remark 1.2 with f := um(t) and
g := u that δ(

−−→
u(t), t) ≳ δ̃(ϕ⃗), δ′(u(t), t) ≳ δ̃′(ϕ), and u(t) ∈ P+,k(t) for t ∈ [0, T ].

We then claim that u(t) = u0 +
∫ t

0 F
(−−→

u(t′), t′
)

dt′.9 To this end we write um = ul,m + unl,m with

l,m(t) := e− 1
m t∂4

xϕm and unl,m(t) := −
∫ t

0 e− 1
m (t−t′)∂4

xF
(−−−−→

um(t′), t′
)

dt′ for t ∈ [0, T ]. Indeed

∥ul,m(t) − ϕ∥Hk ≲ X1 + X2,

ith X1 :=
(e− 1

m t∂4
x − 1)ϕ


Hk

, and X2 := ∥ϕm − ϕ∥Hk . Clearly X2 → 0 as m → ∞. The dominated
convergence theorem shows that X1 → 0 as m → ∞. Hence ∥ul,m(t)−ϕ∥Hk → 0 as m → ∞. The Minkowski
inequality shows that unl,m(t) −

∫ t

0
F (

−−→
u(t′), t′) dt′


Hk−3

≲ Y1 + Y2,

with Y1 :=
∫ t

0

(e− 1
m (t−t′)∂4

x − 1)F
(−−→

u(t′), t′
)

Hk−3
dt′ and

Y2 :=
∫ t

0

F (
−−−−→
um(t′), t′) − F

(−−→
u(t′), t′

)
Hk−3

dt′. Lemma 3.3 and the dominated convergence theorem
how that Y1 → 0 as m → ∞. We also have Y2 ≲ supt′∈[0,T ] ∥u(t′) − um(t′)∥Hk . Hence Y2 → 0 as m → ∞.

We then prove the parabolic smoothing effect. Let T > ν > 0. We see from Proposition 7.3 that∫ ν

0

∫
T

Q(um(t), t)
(
∂xDk−6 (Φk (um(t), t) ∂6

xum(t) − Φk (um+p(t), t) ∂6
xum+p(t)

))2
dx dt

≲
( 1

m

)0+ + α
( 1

m

)
·

e see from Appendix and Remark 1.2 with f := um(t) and g := u(t) and from (8.1) that there exists a
ositive constant c := c

(
δ̃(ϕ⃗), δ̃′(ϕ)

)
such that Q(um(t), t) ≥ c. Hence, using also Proposition 5.1 we see

hat {um} is a Cauchy sequence in L2
t Hk+1([0, ν]) so there exists w ∈ L2

t Hk+1([0, ν]) ⊂ L2
t Hk([0, ν]) such

hat um → w as m → ∞. Since it also converges in L∞
t Hk([0, ν]) ⊂ L2

t Hk([0, ν]), w = u. Hence we can
nd t̄1 ∈ [0, ν] such that ∥u(t̄1)∥Hk+1 < ∞. Recall that there exists c > 0 such that δ

(−−−→
u(t̄1), t̄1

)
≥ cδ̃(ϕ⃗)

nd δ′ (u(t̄1), t̄1
)

≥ cδ̃′(ϕ). Hence by adapting slightly the arguments in the proof of the local existence part
ith the new data u(t̄1), we see that u ∈ C

(
[t̄1, T ], Hk+1). We then apply the procedure again to find t̄2

uch that t̄1 ≤ t̄2 ≤ ν and such that u ∈ C
(
[t̄2, T ], Hk+2), taking into account that δ

(−−−→
u(t̄2), t̄2

)
≥ cδ̃(ϕ⃗)

nd δ′ (u(t̄2), t̄2
)

≥ cδ̃′(ϕ). Iterating m-times there exists 0 ≤ t̄m ≤ ν such that u ∈ C
(
[t̄m, T ], Hk+m

)
. So

9 Observe from Lemma 3.3 that
∫ T ∥F (

−−→
v(t′), t′)∥ dt′ < ∞, so the integral makes sense as a Bochner integral.
0 Hk−3
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∈ C ([ν, T ], Hp) for all p ∈ N. A bootstrap argument (that also uses Lemma 3.3) applied to ∂tu = F (u⃗, t)
hows that u ∈ C∞ ([ν, T ], Hp) for all p ∈ N. Hence u ∈ C∞ ([ν, T ] × T). In other words u ∈ C∞ ((0, T ] × T).

We then prove the uniqueness.
In the proof we may assume WLOG that uq(t) ∈ P+,k(t) for t ∈ [0, T̆ ]. Let T ∗ := max

{
t ∈ [0, T̆ ] : u1(t) =

u2(t)}. Assume that T ∗ < T̆ . We have u1(T ∗) = u2(T ∗). Let K ∈ R be such that ∥u1(t)∥Hk +∥u2(t)∥Hk ≤ K

or all t ∈ [0, T̆ ]. Recall that

uq(t) = uq(T ∗) +
∫ t

T ∗
F
(−−−→

uq(t′), t′
)

dt′·

hen we claim that we can find T̆ − T ∗ > T ′ := T ′
(

δ
(−−−−→

uq(T ∗), T ∗
)

, δ′ (uq(T ∗), T ∗) , ∥u(T ∗)∥
H

k′
0

)
> 0 small

nough such that δ
(−−−→

hθ(t), t
)

≳ δ
(−−−−→

uq(T ∗), T ∗
)

for t ∈ [T ∗, T ∗ + T ′] with hθ(t) := θu1(t) + (1 − θ)u2(t).
ndeed we see from Appendix, the integral equation above, and Lemma 3.3 that if t ∈ [T ∗, T ∗ + T ′] then

∥X (hθ(t), u1(t), t, t)∥L∞ ≲ ∥hθ(t) − u1(t)∥
H

7
2 +

≲ ∥u2(t) − u1(t)∥
H

7
2 +

≲ ∥u2(t) − uq(T ∗)∥
H

7
2 + + ∥u1(t) − uq(T ∗)∥

H
7
2 +

≲K (t − T ∗)
≪ δ

(−−−−→
uq(T ∗), T ∗

)
·

ence we can apply Lemma 7.4 with ϵ1 = ϵ2 = 0, replacing ‘k′’ with ‘k − 3’.10 Hence letting ϵ1 = ϵ2 = 0 in
7.10) and replacing ‘k′’ with ‘k−3’ we see that dEk−3(u1(t),u2(t),t)

dt ≲ Ek−3 (u1(t), u2(t), t) for t ∈ [T ∗, T ∗+T ′].
he Gronwall inequality yields Ek−3 (u1(t), u2(t), t) = 0 and consequently u1(t) = u2(t) for t ∈ [T ∗, T ∗ +T ′].
We then prove the continuous dependence.
Let T ∗ := sup

{
t ∈ [0, T̆ ] : supt′∈[0,t] ∥un(t′) − u∞(t′)∥Hk → 0 as n → ∞

}
.

Claim: T ∗ = T̆ . Indeed assume that T ∗ < T̆ . Then, by slightly adapting the arguments in Appendix we
nfer that δ : [0, T̆ ] → R : t → δ(

−−−→
u∞(t), t) and that δ′ : [0, T̆ ] → R : t → δ′(u∞(t), t) are continuous:

hence there exists a δ̄ > 0 such that min
(

δ
(−−−→

u∞(t), t
)

, δ′(u∞(t), t)
)

≥ δ̄ for all t ∈ [0, T̆ ]. We also

nfer that for all t ∈ [0, T ∗),
(

δ
(−−−→

un(t), t
)

, δ′ (un(t), t)
)

→
(

δ
(−−−→

u∞(t), t
)

, δ′ (u∞(t), t)
)

as n → ∞, since
un(t) − u∞(t)∥Hk → 0 as n → ∞. Let q ∈ {n, ∞}. Let 0 ≤ t̃ ≤ T ∗ be close enough to T ∗ such that
ll the statements below are true. Unless otherwise stated, let n, m be large enough such that all the
tatements below are true for all p ∈ N. Let un,m (resp. u∞,m) be the solution of (4.2) with ϵ := 1

m ,
eplacing “e−ϵt∂4

x ϕ̃” and “
∫ t

0 ” with “e−ϵ(t−t̃)∂4
xun,m(t̃) ” (resp. “e−ϵ(t−t̃)∂4

xu∞,m(t̃)′′) and “
∫ t

t̃
” respectively.

Here un,m(t̃) := J 1
m ,kun(t̃) (resp. u∞,m(t̃) := J 1

m ,ku∞(t̃)). Let q ∈ {n, ∞}. Let K := supt∈[0,T̆ ] ∥u∞(t)∥Hk0 .
e see from Propositions 5.1 and 7.3 that there exists T ′ := T ′ (δ̄, K

)
> 0 such that T̆ > t̃ + T ′ > T ∗ and

t ∈ [t̃, t̃ + T ′] : ∥uq,m+p∥L∞
t Hk([t̃,t̃+T ′]) ≲ 1,

t ∈ [t̃, t̃ + T ′] : uq,m(t) ∈ P+,k(t) holds, δ
(−−−−→

uq,m(t), t
)
≳ δ̄, δ′ (uq,m(t), t) ≳ δ̄, and

∥uq,m+p − uq,m∥L∞
t Hk([t̃,t̃+T ′]) ≲

( 1
m

)0+ + α
( 1

m

)
·

(8.2)

Since {uq,m} is a Cauchy sequence there exists vq ∈ C
(
[t̃, t̃ + T ′], Hk

)
such that uq,m → vq. We now claim

that vq = uq. Indeed by using similar arguments as those that appear in the proof of the local existence part
of the theorem, we see that vq(t) = uq(t̃) +

∫ t

t̃
F
(−−−→

vq(t′), t′
)

dt′ for t ∈ [t̃, t̃ + T ′]. Moreover letting p → ∞ in
8.2) we get

sup
t∈[t̃,t̃+T ′]

∥vq(t) − uq,m(t)∥Hk ≲
( 1

m

)0+ + α
( 1

m

)
(8.3)

10 The proof of Lemma 7.4 with k′ := k−3 relies upon Propositions 7.1 and 7.2 with vq(t) := Φk′ (uq(t), t) ∂6
xuq(t). The proof of

ach proposition has to be changed slightly in the case where ϵ1 = ϵ2 = 0. Indeed observe that one cannot use an approximation of
q with smooth solutions to justify some computations unlike the case ϵ1 ̸= 0, ϵ2 ̸= 0 (see Remark 4.2). In order to overcome this

2pv̄(t)⟩” with “(−1)p⟨Dpf, Dpv̄(t)⟩” if p ∈ {k′−3, k′−6 }.
ssue, one should replace in the proof every expression of the form “⟨f, D
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ence, we infer from Appendix that vq(t) ∈ P+,k(t) for t ∈ [t̃, t̃+T ′]. Hence vq = uq by using the uniqueness
art of the theorem.

We also see from Proposition 4.1 that limm→∞ ∥un,m − u∞,m∥
L∞

t Hk′ ([t̃,t̃+T ′]) = 0 as m → ∞. Let ϵ′ > 0.
e have

sup
t∈[t̃,t̃+T ′]

∥un(t) − u∞(t)∥Hk ≲ sup
t∈[t̃,t̃+T ′]

∥un(t) − un,m(t)∥Hk

+ sup
t∈[t̃,t̃+T ′]

∥un,m(t) − u∞,m(t)∥Hk

+ sup
t∈[t̃,t̃+T ′]

∥u∞,m(t) − u∞(t)∥Hk

≤ ϵ′·

ence limn→∞ ∥un(t) − u∞(t)∥Hk = 0 for t̃ ≤ t ≤ t̃ + T ′. This is a contradiction. Hence T ∗ = T̆ .
Moreover by adapting slightly the argument above we see that limn→∞

un(T̆ ) − u∞(T̆ )


Hk
= 0.

. Proof of Corollary 1.2

We only prove the corollary for ϕ ∈ P̃+,k, since a straightforward modification of the arguments below
ould show that the conclusion of the corollary also holds if ϕ ∈ P̃−,k.
Let −T < t̃ < 0 small enough such that all the statements below are correct. Since u ∈ C

(
[−T, 0], Hk

)
,

hen we see from Appendix with (f, g) :=
(
u(t̃), ϕ

)
that δ

(−−→
u(t̃), t̃

)
≳ δ̃(ϕ) and infx∈T Q

(
u(t̃), t̃

)
(x) > 0.

ow consider the problem w(t) = u(t̃) +
∫ t

0 F
(−−−→

w(t′), t′ + t̃
)

dt′. We see from Theorem 1.1 and Remark 1.1
hat w(t) = u(t + t̃) for t ∈ [0, t̃] and that there exists T ′ > |t̃| such that w ∈ C∞ ((0, T ′] × T). In particular
∈ C∞(T), which is a contradiction.

0. Proof of lemmas

In his section we prove Lemma 6.4 and Lemma 7.4.

0.1. Proof of Lemma 6.4

An application of the Leibnitz rule shows that

∂6
x

(
F (

−−→
u(t), t)

)
= ∂ω3F

(−−→
u(t), t

)
∂9

xu(t) + P (u(t), t) ∂8
xu(t) + Q̌ (u(t), t) ∂7

xu(t) + R (u(t), t) , (10.1)

ith Q̌(u(t), t) polynomial in ∂5
xu(t), . . . , u(t), and derivatives of F evaluated at

(−−→
u(t), t

)
(resp. R(u(t), t)

olynomial in ∂6
xu(t), . . . , u(t), and derivatives of F evaluated at

(−−→
u(t), t

)
).

Recall that v(t) := Φk′ (u(t), t) ∂6
xu(t). Combining the above equality with (4.1) we see that

∂tv + ϵ∂4
xv = a3∂3

xv + a2∂2
xv + a1∂xv + a⋄ + ϵ

(
b3∂3

xv + b2∂2
xv + b̄1∂xv + ∂4

xcv
)

,

ith c(u(t), t) := −Φk′ (u(t), t) and a⋄(u(t), t) := ā0(u(t), t) + ∂tΦk′Φ−1
k′ (u(t), t)v(t). Here

ā0(u(t), t) :=
Φk′ (u(t), t) R (u(t), t) +(

Φk′ (u(t), t)
(

∂3
xΦ

−1
k′ (u(t), t) ∂ω3F

(−−→
u(t), t

)
+ ∂2

xΦ
−1
k′ (u(t), t) P (u(t), t)

−1 ˇ

) )
v(t),
+∂xΦk′ (u(t), t) Q (u(t), t)
33
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(a3(u(t), t), b3(u(t), t)) :=
(

∂ω3 F

(−−→
u(t), t

)
, −4Φk′ (u(t), t) ∂xΦ

−1
k′ (u(t), t)

)
,

(a2(u(t), t), b2(u(t), t)) :=

(
3Φk′ (u(t), t) ∂xΦ

−1
k′ (u(t), t) ∂ω3 F

(−−→
u(t), t

)
+ P (u(t), t) ,

−6Φk′ (u(t), t) ∂2
xΦ

−1
k′ (u(t), t)

)
, and

(
a1(u(t), t), b̄1(u(t), t)

)
:=

(
Φk′ (u(t), t)

(
3∂2

xΦ
−1
k′ (u(t), t) ∂ω3 F

(−−→
u(t), t

)
+ 2∂xΦ

−1
k′ (u(t), t) P (u(t), t)

)
+Q̌ (u(t), t) , −4Φk′ (u(t), t) ∂3

xΦ
−1
k′ (u(t), t)

)
·

Let P̄ (u(t)) := P (u(t),t)

∂ω3 F (
−−→
u(t),t)

−
[

P (u(t),t)

∂ω3 F (
−−→
u(t),t)

]
ave

. We now rewrite ∂tΦk′ (u(t), t)Φ−1
k′ (u(t), t) v(t) in such a way

hat we can apply Proposition 6.1.
laim: Let S (u(t), t) be a polynomial in u(t), ∂xu(t), . . . , ∂5

xu(t), ∂6
xu(t), ∂tu(t), ∂t∂xu(t), ∂t∂

2
xu(t),

erivatives of F evaluated at
(−−→

u(t), t
)

, and
(

∂ω3F
(−−→

u(t), t
))−1

. Let m ≥ 0. Then

∥S(u(t), t)∥Hm ≲ ⟨∥u(t)∥Hm+6⟩ · (10.2)

Let S
(−−→

u(t), t
)

(resp. S̄(u(t), t)) be a polynomial in u(t), . . . , ∂3
xu(t) (resp. u(t), . . . , ∂5

xu(t)), derivatives of

F evaluated at
(−−→

u(t), t
)

, and
(

∂ω3F (
−−→
u(t), t)

)−1
. Let m ≥ 0. Then

∥S
(−−→

u(t), t
)

∥Hm ≲ ⟨∥u(t)∥Hm+3⟩ · (10.3)

(resp. ∥S̄(u(t), t)∥Hm ≲ ⟨∥u(t)∥Hm+5⟩.)

Proof. We only prove (10.2). The proof of (10.3) follows from that of (10.2): therefore, it is left to the
reader.

One can find I0, . . . , I4, I5, I6, J0, J1, J2 finite subsets of {1, 2, . . .} × · · · × {1, 2, . . .} such that for all
i := (i0, . . . , i6) ∈ I0 × · · · × I6 and for all j⃗ := (j0, j1, j2) ∈ J0 × J1 × J2, one can find a⃗i,⃗j ∈ R such that a⃗i,⃗j

is a constant multiplied by a power of
(

∂ω3F
(−−→

u(t), t
))−1

that is multiplied by derivatives of F evaluated

at
(−−→

u(t), t
)

such that

S (u(t), t) =
∑

i⃗∈I0×···×I6
j⃗∈J0×J1×J2

a⃗i,⃗j(∂6
xu(t))i6 ...(u(t))i0(∂t∂

2
xu(t))j2(∂t∂xu(t))j1(∂tu(t))j0

If p ∈ {0, 1, 2} then ∂t∂
p
xu(t) = −ϵ∂4+p

x u(t) + ∂p
x

(
F
(−−→

u(t), t
))

. An application of the Leibnitz rule shows

that ∂p
x

(
F (f⃗ , t)

)
is a polynomial in ∂6

xf , . . . , f , and derivatives of F evaluated at (f⃗ , t). Applying (several
times) Lemmas 2.1 and 3.3, and using Proposition 5.1, we see that there exists α ∈ N such that

∥S (u(t), t) ∥Hm ≲ ⟨∥u(t)∥Hm+6⟩⟨∥u(t)∥
H

13
2 +⟩α ≲ ⟨∥u(t)∥Hm+6⟩ · □

Throughout the sequel of the proof, let S (u(t), t) (resp. S
(−−→

u(t), t
)

) denote a function that is a
olynomial in u(t), ∂xu(t), . . . , ∂6

xu(t), ∂t∂
2
xu(t), ∂t∂xu(t)

(
resp. u(t), ∂xu(t), . . . , ∂3

xu(t)
)
, derivatives of

evaluated at
(−−→

u(t), t
)

, and
(

∂ω3F
(−−→

u(t), t
))−1

. Here u is a function depending on the variables x

nd t. For sake of simplicity we allow the value of S (u(t), t)
(

resp. S
(−−→

u(t), t
))

to change from one
ine to the other one. If several functions share the same properties as those stated just above appear
ithin the same equation then S1 (u(t), t), S2 (u(t), t), . . .

(
resp. S1

(−−→
u(t), t

)
, S2

(−−→
u(t), t

)
, . . .

)
denote the

rst function, the second function, . . . , respectively. We also allow the value of S1 (u(t), t), S2 (u(t), t),
. .
(

resp. S1

(−−→
u(t), t

)
, S2

(−−→
u(t), t

)
, . . .

)
to vary from one line to the other one.
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An application of the Leibnitz rule shows that

∂tP (u(t), t) = X̄P (
−−→
u(t), t)∂t∂

4
xu(t) + ȲP (u(t), t)∂t∂

3
xu(t) + S (u(t), t) , and

∂t∂ω3F (
−−→
u(t), t) = ȲF (

−−→
u(t), t)∂t∂

3
xu(t) + S (u(t), t) ,

ith X̄P (f⃗ , t) := 6∂2
ω3F (f⃗ , t), ȲP (f, t) := 6

∑3
m=−1 ∂3

ω3ω3ωm
F (f⃗ , t)∂m+1

x f + ∂2
ω3ω2F (f, t),11 and ȲF (f⃗ , t) :=

2
ω3F (f⃗ , t).

We have ∂t∂
4
xu(t) = −ϵ∂8

xu(t) + ∂4
x

(
F (

−−→
u(t), t)

)
. Observe that

∂8
xu(t) = ∂2

x

(
Φ−1

k′ (u(t), t)v(t)
)

= ∂2
xΦ

−1
k′ (u(t), t)v(t) + 2∂xΦ

−1
k′ (u(t), t)∂xv(t) + Φ−1

k′ (u(t), t)∂2
xv(t)·

n application of the Leibnitz rule shows that

∂4
x

(
F (

−−→
u(t), t)

)
= ∂ω3F

(−−→
u(t), t

)
∂7

xu + S (u(t), t) ·

e also have ∂t∂
3
xu(t) = −ϵ∂7

xu(t) + S (u(t), t) with

∂7
xu(t) = ∂x

(
Φ−1

k′ (u(t), t)v(t)
)

= ∂xΦ
−1
k′ (u(t), t)v(t) + Φ−1

k′ (u(t), t)∂xv(t)·

ence ∂t∂
4
xu(t) = A4(t)∂2

xv(t)+B4(t)∂xv(t)+C4(t) with A4(t) := −ϵΦ−1
k′ (u(t), t), B4(t) := ∂ω3F

(−−→
u(t), t

)
Φ−1

k′

u(t), t) − 2ϵ∂xΦ
−1
k′ (u(t), t), and

4(t) :=
(

∂ω3F
(−−→

u(t), t
)

∂xΦ
−1
k′ (u(t), t) − ϵ∂2

xΦ
−1
k′ (u(t), t)

)
v(t) + S (u(t), t). We also have ∂t∂

3
xu(t) =

3(t)∂xv(t) + C3(t) with B3(t) := −ϵΦ−1
k′ (u(t), t) and C3(t) := −ϵ∂xΦ

−1
k′ (u(t), t)v(t) + S (u(t), t).

Hence
∂tP (u(t), t) = XP (u(t), t) ∂2

xv(t) + YP (u(t), t) ∂xv(t) + ZP (u(t), t) and
∂t∂ω3F (

−−→
u(t), t) = YF (u(t), t) ∂xv(t) + ZF (u(t), t) ,

ith XP (u(t), t) := X̄P (
−−→
u(t), t)A4(t), YP (u(t), t) := X̄P (

−−→
u(t), t)B4(t) + ȲP (

−−→
u(t))B3(t), ZP (u(t), t) :=

¯
P (u(t), t) C4(t) + C3(t)ȲP (

−−→
u(t), t) + S (u(t), t), YF (u(t), t) := ȲF (

−−→
u(t), t)B3(t), and ZF (u(t), t) :=

¯
F (

−−→
u(t), t)C3(t) + S (u(t), t).

Hence
Φ−1

k′ (u(t), t) ∂tΦk′ (u(t), t) v(t) = ã(u(t), t) + ϵb̃1(u(t), t)∂xv(t) + ϵb0(u(t), t),

ith b̃1(u(t), t) := S
(−−→

u(t), t
)
Φ−1

k′ (u(t), t) v(t), b0(u(t), t) := S
(−−→

u(t), t
)

∂xΦ
−1
k′ (u(t), t) v2(t), and

ã(u(t), t) := S1(u(t), t)v(t) + v(t)×

∫ x

0

⎡⎢⎢⎢⎢⎢⎢⎣
S1

(−−→
u(t), t

)
Φ−1

k′ (u(t), t) ∂xv(t) + S2

(−−→
u(t), t

)
v(t) + S3

(−−→
u(t), t

)
+ϵ
(
Φ−1

k′ (u(t), t) S4

(−−→
u(t), t

))
∂2

xv(t)

+ϵ
(

S2 (u(t), t)Φ−1
k′ (u(t), t) + S5

(−−→
u(t), t

)
∂xΦ

−1
k′ (u(t), t)

)
∂xv(t)

+ϵ
(

S6

(−−→
u(t), t

)
∂2

xΦ
−1
k′ + S3(u(t), t)∂xΦ

−1
k′

)
v(t) + S7(

−−→
u(t), t)∂xΦ

−1
k′ v(t) + S4(u(t), t)

⎤⎥⎥⎥⎥⎥⎥⎦ dx′·

(10.4)
ence

∂tv + ϵ∂4
xv = a3∂3

xv + a2∂2
xv + a1∂xv + a0 + ϵ

(
b3∂3

xv + b2∂2
xv + b1∂xv + b0v(t) + ∂4

xcv
)

,

ith
a0(u(t), t) := ā0(u(t), t) + ã(u(t), t), and b1(u(t), t) := b̄1(u(t), t) + b̃1(u(t), t)·

11 Notation convention in the formula of Ȳ (f, t): ∂0f := 1.
P x
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6

e get from (2.2)(
k′ − 15

2

)
∂xa3(u(t), t) + a2(u(t), t) = ∂ω3F

(−−→
u(t), t

)[
P (u(t),t)

∂ω3 F
(−−→

u(t),t
)]

ave

· (10.5)

n the sequel we use the above claim, Lemma 2.1, Lemma 3.4, Proposition 5.1, and (3.22). We have

3∑
m=1

∥am(u(t), t)∥
Hk′−6+m∥v(t)∥

H
1
2 + ≲ 1 + E

1
2
k′(u(t), t), and

3∑
m=1

∥am(u(t), t)∥
H(m+ 1

2 )+ ≲ 1 + E
1
2
k′(u(t), t) ·

(10.6)

sing also (3.6) (and the interpolation inequality ∥v(t)∥
Ḣk′−5 ≲ ∥v(t)∥

1
2
Ḣk′−4∥v(t)∥

1
2
Ḣk′−6 followed by the

Young inequality ab ≤ a2

2 + b2

2 to estimate the ∂2
xv(t)-term of (10.4)) we get

∥a0(u(t), t)∥2
Hk′−6 ≲ 1 + Ek′(u(t), t) + ϵ2∥Dk′−4v(t)∥2

L2 · (10.7)

e have

∥b0(u(t), t)∥
Hk′−6 ≲ 1 + E

1
2
k′(u(t), t), and

3∑
m=1

∥bm(u(t), t)∥
H(m+ 1

2 )+ + ∥c(u(t), t)∥
H

9
2 + ≲ 1 · (10.8)

e have ∥b2(u(t), t)∥
Hk′−4 + ∥b3(u(t), t)∥

Hk′−3 ≲ 1 + ∥u(t)∥
Hk′+1 . We also have

∥v(t)∥L2 ≲ ∥Φk′(u(t), t)∥L∞ ∥∂6
xu(t)∥L2 ≲ ∥Φk′(u(t), t)∥

H
1
2 +∥u(t)∥H6 ≲ 1·

y the inequalities mentioned just above (10.7) we get

∥b1(u(t), t)∥
Hk′−5 ≲ ∥v(t)∥

Ḣk′−4 + 1 + ∥u(t)∥
Hk′+1 ·

e have

∥u(t)∥
Hk′+1 ≲ ∥u(t)∥L2 + ∥u(t)∥

Ḣk′+1

≲ ∥u(t)∥L2 + ∥Φ−1
k′ (u(t), t) v(t)∥

Ḣk′−5

≲ ∥u(t)∥L2 + ∥Φ−1
k′ (u(t), t) ∥

Hk′−5∥v(t)∥
H

1
2 + + ∥Φ−1

k′ (u(t), t) ∥
H

1
2 +∥v(t)∥

Hk′−5

≲ 1 + E
1
2
k′(u(t), t) + ∥v(t)∥

Ḣk′−4 ·

ence
∥v(t)∥

H
1
2 + max

(
∥b3(u(t), t)∥

Hk′−3 , ∥b2(u(t), t)∥
Hk′−4 , ∥b1(u(t), t)∥

Hk′−5
)

≲ 1 + E
1
2
k′(u(t), t) + ∥v(t)∥

Ḣk′−4 ·
(10.9)

e have
∥v(t)∥

H
1
2 +∥c(u(t), t)∥

Hk′−2 ≲ 1 + ∥u(t)∥
Hk′+1 ≲ 1 + E

1
2
k′(u(t), t) · (10.10)

y the inequalities mentioned just above (10.7) we get

ϵ
(

∥b3(t)∥
H

3
2 + + ∥b2(t)∥

H
1
2 +

)
∥∂xDk′−6v(t)∥2

L2 ≲ ϵ2∥Dk′−4v(t)∥2
L2 + Ek′(u(t), t) · (10.11)

ence taking into account all the estimates above and taking into account that all the terms ϵ2∥Dk′−4v(t)∥2
L2

hat appear can be absorbed by the term ϵ∥Dk′−4v(t)∥2
L2 of (6.3), we get (6.9) from Propositions 6.1 and
.2.
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0.2. Proof of Lemma 7.4

Let q ∈ {1, 2}. If y(
−−−→
uq(t), t) is a function depending on −→uq(t) and t then △y(t) := y(

−−−→
u1(t), t) − y(

−−−→
u2(t), t).

ore generally a similar definition applies to a function y(uq(t), t). Let α be a constant that is allowed to
hange from one line to the other one and such that all the statements and estimates below are true.

The proof relies upon the result below.

0.2.1. One result

esult 10.1. Let 0 ≤ r ≤ k′ − 6 and q ∈ {1, 2}. Let S(uq(t), t) be a polynomial in uq(t), ∂xuq(t)..., ∂6
xuq(t),

t∂
2
xuq(t), ∂t∂xuq(t), ∂tuq(t), derivatives of F evaluated at

(−−−→
uq(t), t

)
, and

(
∂ω3F (

−−−→
uq(t), t)

)−1
. Then

∥△S(t)∥Hr ≲ ∥△u(t)∥Hr+6 · (10.12)

et S(
−−−→
uq(t), t) be a polynomial in uq(t), . . . , ∂3

xuq(t), derivatives of F evaluated at
(−−−→

uq(t), t
)

, and

∂ω3F (
−−−→
uq(t), t)

)−1
. Then

∥△S(t)∥Hr ≲ ∥ū(t)∥Hr+3 · (10.13)

We postpone the proof of this result to the last subsection.

0.2.2. The proof
Let q ∈ {1, 2}. Recall (see the proof of Lemma 6.4) that

∂tvq + ϵ∂4
xvq = a3,q∂3

xvq + a2,q∂2
xvq + a1,q∂xvq + a0,q

+ ϵq

(
b3,q∂3

xvq + b2,q∂2
xvq + b1,q∂xvq + ∂4

xcqvq

)
·

ere the parameters a3,q, . . . , cq are defined in the proof of Lemma 6.4, replacing “u” with “uq”. We would
ike to apply Propositions 7.1 and 7.2. To this end we estimate some norms.

Lemma 3.4, and Proposition 5.1 yield
∥△c(t)∥

Hk′−2 ≲ ∥△u(t)∥k′+1 , and ∥△c(t)∥
H

1
2 + ≲ ∥△u(t)∥ 9

2 + · (10.14)
emma 3.3 yields

∥△a3(t)∥
Hk′−6 ≲ ∥△u(t)∥

Hk′−3 and∥△a3(t)∥
H

1
2 + ≲ ∥△u(t)∥

H
7
2 + · (10.15)

et r ∈ {k′ − 6, 1
2 +}. Applying several times Lemma 2.1 yields ∥△a2(t)∥Hr ≲ X + ∥△P (t)∥Hr with

X := ∥△Φk′(t)∥Hr ∥∂xΦ
−1
k′ (u1(t), t)∥

H
1
2 +∥∂ω3F (

−−−→
u1(t), t)∥

H
1
2 + + · · · +

∥△Φk′(u(t), t)∥
H

1
2 +∥∂xΦ

−1
k′ (u1(t), t)∥

H
1
2 +∥∂ω3F (

−−−→
u1(t), t)∥Hr

+ · · · · · · +
∥Φk′(u2(t), t)∥Hr ∥∂xΦ

−1
k′ (u2(t), t)∥

H
1
2 +∥△∂ω3F (

−−→
u(t), t)∥

H
1
2 + + · · · +

∥Φk′(u2(t), t)∥
H

1
2 +∥∂xΦ

−1
k′ (u2(t), t)∥

H
1
2 +∥△∂ω3F (t)∥Hr

ence, taking also into account (3.24) and (10.2) we get
∥△a2(t)∥

Hk′−6 ≲ ∥△u(t)∥
Hk′ , and ∥△a2(t)∥

H
1
2 + ≲ ∥△u(t)∥

H
9
2 + · (10.16)

pplying several times Lemma 2.1 we get ∥△a1(u(t), t)∥Hr ≲ X + Y + ∥△Q̃(t)∥Hr with

X ≲ ∥△Φk′(t)∥Hr ∥∂2
xΦ

−1
k′ (u1(t), t)∥

H
1
2 +∥∂ω3F (

−−−→
u1(t), t)∥

H
1
2 + + · · · +

∥△Φk′(t)∥
H

1
2 +∥∂2

xΦ
−1
k′ (u1(t), t)∥

H
1
2 +∥∂ω3F (

−−−→
u1(t), t)∥Hr

+ · · · · · · +
∥Φk′(u2(t), t)∥Hr ∥∂2

xΦ
−1
k′ (u2(t), t)∥

H
1
2 +∥△∂ω3F (t)∥

H
1
2 + + · · · +

∥Φ ′(u (t), t)∥ 1 ∥∂2Φ−1
′ (u (t), t)∥ 1 ∥△∂ F (t)∥ r , and
k 2

H 2 + x k 2
H 2 + ω3 H
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H

W
w

H
∥

Y

H

W

·
(

Y ≲ ∥△∂xΦ
−1
k′ (t)∥Hr ∥P (u2(t), t)∥

H
1
2 + + ∥△∂xΦk′(u(t), t)∥

H
1
2 +∥P (u2(t), t)∥Hr +

∥∂xΦ
−1
k′ (u2(t), t)∥Hr ∥△P (u(t), t)∥

H
1
2 + + ∥∂xΦ

−1
k′ (u2(t), t)∥

H
1
2 +∥△P (t)∥Hr ·

ence taking also into account (10.12) we get12

∥△a1(t)∥
Hk′−6 ≲ ∥△u(t)∥

Hk′ , and ∥△a1(t)∥
H

1
2 + ≲ ∥△u(t)∥

H
13
2 + · (10.17)

e then estimate ∥△a0(u(t), t)∥
Hk′−6 . We first estimate ∥△ā0(t)∥

Hk′−6 . Applying several times Lemma 2.1
e get

∥△ā0(t)∥
Hk′−6 ≲ X1,a + X2,a + Y1,a + Y2,b + Za + Zb + Zc

ere X1,a, Y1,a, X2,a, and Y2,a are defined as follows: X1,a := ∥△Φk′(t)∥
Hk′−6∥R(u1(t), t)∥

H
1
2 + , X2,a :=

△Φk′(t)∥
H

1
2 +∥R(u1(t), t)∥

Hk′−6 , Y1,a := ∥Φk′(u2(t), t)∥
Hk′−6∥△R(t)∥

H
1
2 + ,

2,a := ∥Φk′(u2(t), t)∥
H

1
2 +∥△R(t)∥

Hk′−6 ,

Za := ∥△Φk′(t)∥
Hk′−6∥∂3

xΦk′(u1(t), t)∥
H

1
2 +

∂ω3F
(−−−→

u1(t), t
)

H
1
2 + ∥v1(t)∥

H
1
2 + + · · · +

∥△Φk′(t)∥
H

1
2 +∥∂3

xΦk′(u2(t), t)∥
H

1
2 +

∂ω3F
(−−−→

u2(t), t
)

H
1
2 + ∥v2(t)∥

Hk′−6

+ · · · · · · +
∥Φk′(u2(t), t)∥

Hk′−6∥∂3
xΦk′(u2(t), t)∥

H
1
2 +

∂ω3F
(−−−→

u2(t), t
)

H
1
2 + ∥△v(t)∥

H
1
2 + + · · · +

∥Φk′(t)∥
H

1
2 +∥∂3

xΦk′(u2(t), t)∥
H

1
2 +

∂ω3F
(−−−→

u2(t), t
)

H
1
2 + ∥△v(t)∥

Hk′−6 ,

Zb := ∥△Φk′(t)∥
Hk′−6∥∂2

xΦ
−1
k′ (u1(t), t)∥

H
1
2 + ∥P (u1(t), t)∥

H
1
2 + ∥v1(t)∥

H
1
2 + + · · · +

∥△Φk′(u(t), t)∥
H

1
2 +∥∂2

xΦ
−1
k′ (u1(t), t)∥

H
1
2 + ∥P (u1(t), t)∥

H
1
2 + ∥v1(t)∥

Hk′−6

+ · · · · · · +
∥Φk′(u2(t), t)∥

Hk′−6∥∂2
xΦ

−1
k′ (u2(t), t)∥

H
1
2 + ∥P (u2(t), t)∥

H
1
2 + ∥△v(t)∥

H
1
2 + + · · · +

∥Φk′(u2(t), t)∥
H

1
2 +∥∂2

xΦ
−1
k′ (u2(t), t)∥

H
1
2 + ∥P (u2(t), t)∥

H
1
2 + ∥△v(t)∥

Hk′−6 , and

Zc := ∥△Φk′(t)∥
Hk′−6∥∂xΦ

−1
k′ (u1(t), t)∥

H
1
2 +

Q̃ (u1(t), t)


H
1
2 + ∥v1(t)∥

H
1
2 + + · · · +

∥△Φk′(t)∥
H

1
2 +∥∂xΦ

−1
k′ (u2(t), t)∥

H
1
2 +

Q̃ (u2(t), t)


H
1
2 + ∥v1(t)∥

Hk′−6

+ · · · · · · +
∥Φk′(u2(t), t)∥

Hk′−6∥∂xΦ
−1
k′ (u2(t), t)∥

H
1
2 +

Q̃ (u2(t), t)


H
1
2 + ∥△v(t)∥

H
1
2 + + · · · +

∥Φk′(u2(t), t)∥
H

1
2 +∥∂xΦ

−1
k′ (u2(t), t)∥

H
1
2 +

Q̃ (u2(t), t)


H
1
2 + ∥△v(t)∥

Hk′−6 ·

ence
∥△ā0(t)∥

Hk′−6 ≲ ∥△u(t)∥
Hk′ · (10.18)

e now estimate ∥△ã0(t)∥
Hk′−6 . Lemma 2.1, Result 10.1, and (∗) := A1B1−A2B2 = (A1−A2)B1+A2(B1−

B2) yield ∥△S1v(t)∥
Hk′−6 ≲ ∥△u(t)∥

Hk′ . Next we use (3.6). Let I(u(t), t) : S1(
−−→
u(t), t)Φ−1

k′ (u(t), t)∂xv(t) +
· ·+S4(u(t), t). Hence ã(u(t), t) = v(t)

∫ x

0 I(u(t), t) dx′. We have
△

∫ x

0 I(t) dx′


Hk′−6 ≲ ∥△I(t)∥
Hk′−7 and

△
∫ x

0 I(t) dx′


H
1
2 + ≲ ∥△I(t)∥L2 . We apply several times Lemma 2.1; we use (∗), A1B1C1 − A2B2C2 =

A1 − A2)B1C1 + A2(B1 − B2)C1 + A2B2(C1 − C2), ϵ1A1B1C1 − ϵ2A2B2C2 = ϵ1(A1B1C1 − A2B2C2) + (ϵ1 −
ϵ2)A2B2C2, and the estimate ∥△u(t)∥Hr ≲ ∥u1(t)∥Hr + ∥u2(t)∥Hr for r ≥ 0 to get

∥△ã0(t)∥
Hk′−6 ≲

2∑
j=1

ϵj (1 + ∥uj(t)∥k′+1) + ∥△u(t)∥
Hk′ ·

12 Actually one can prove that ∥△Q̃(t)∥
H

1
2 + ≲ ∥△u(t)∥

H
11
2 + by slightly modifying the proof of Result 10.1. Hence

∥△a (t)∥ 1 ≲ ∥△u(t)∥ 11 .
1
H 2 + H 2 +
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H

W

I
L

T
(

ence

∥△a0(u(t), t)∥
Hk′−6 ≲

2∑
j=1

ϵj (1 + ∥uj(t)∥k′+1) + ∥△u(t)∥
Hk′ ·

e see from the above estimates that
3∑

m=1
∥△am(t)∥2

Hk′−6∥v2(t)∥2

H(m+ 1
2 )+ ≲ ∥△u(t)∥2

Hk′ E 19
2 + (u2(t), t) , and

3∑
m=1

∥△am(t)∥2
H

1
2 +∥v2(t)∥2

Hm+k′−6

≲ ∥△u(t)∥2
H

7
2 + Ek′+3 (u2(t), t) + ∥△u(t)∥2

H
9
2 + Ek′+2 (u2(t), t)

+ ∥△u(t)∥2
H

13
2 + Ek′+1 (u2(t), t) ·

n the sequel we use implicitly Lemma 2.1, Proposition 5.1, Lemma 3.4, and the claim in the proof of
emma 6.4 in order to prove the estimates below. We have

ϵ2
2∥c2(u2(t), t)∥2

Hk′−2∥v2(t)∥2
H

1
2 + ≲ ϵ2

2 (1 + Ek′+1(u2(t), t)) ,

ϵ2
2

(
∥c2(u2(t), t)∥

H
9
2 +∥v2(t)∥2

Hk′−6 + ∥v2(t)∥2
Hk′−2

)
≲ ϵ2

2Ek′+4(u2(t), t),

ϵ2
2

2∑
j=1

3∑
m=1

∥bm,j(uj(t), t)∥2
Hk′−6∥v2(t)∥2

H(m+ 1
2 )+ ≲ ϵ2

2E 19
2 +(u2(t), t),

ϵ2
2

2∑
j=1

3∑
m=1

∥bm,j(uj(t), t)∥2
H

1
2 +∥v2(t)∥2

Hk′−6+m ≲ ϵ2
2Ek′+3(u2(t), t),

ϵ1

( 3∑
m=1

∥bm,1(u1(t), t)∥
H(m+ 1

2 )+ + ∥c1(u1(t), t)∥
H

9
2 +

)
∥△v(t)∥2

Hk′−6 ≲ ϵ1Ek′ (u1(t), u2(t), t) ,

ϵ2
1

(
∥△c(t)∥2

Hk′−2∥v2(t)∥2
H

1
2 + + ∥△c(t)∥2

H
9
2 +∥v2(t)∥2

Hk′−2

)
≲ ϵ2

1 (Ek′+1 (u1(t), t) + Ek′+4 (u2(t), t)) ,

ϵ2
1∥b0,1(u1(t), t)∥2

Hk′−6 + ϵ2
2∥b0,2(u2(t), t)∥2

Hk′−6 ≲ ϵ2
1

(
1 + E

1
2

k′ (u1(t), t)
)2

+ ϵ2
2

(
1 + E

1
2

k′ (u2(t), t)
)2

≲ ϵ2
2,

3∑
m=2

∥am,1(u1(t), t)∥
H(m− 3

2 )+∥△∂xv(t)∥2
L2 ≲ Ek′ (u1(t), u2(t), t) ·

hen we use similar estimates that appear between below (10.5) and ‘by the term ϵ∥Dk′−4v(t)∥2
L2 of

6.2)’ below (6.3). We have(
k′ − 15

2

)
∂xa3,1(t) + a2,1(t) = ∂ω3F

(−−−→
u1(t), t

)[
P (u1(t),t)

∂ω3 F(−−−→
u1(t),t)

]
ave

,

(
1 +

3∑
m=1

∥am,1(t)∥
H(m+ 1

2 )+

)
∥△v(t)∥2

Hk′−6 ≲ Ek′ (u1(t), u2(t), t) ,

3∑
m=1

∥am,1(t)∥2
Hk′−6+m∥△v(t)∥2

H
1
2 + ≲ Ek′ (u1(t), u2(t), t) ,

ϵ1

(
∥b3,1(t)∥ 3 + ∥b2,1(t)∥ 1

)
∥△∂xDk′−6v(t)∥2

2 ≲ ϵ2∥△Dk′−4v(t)∥2
2 + Ek′ (u1(t), u2(t), t) , and
H 2 +
H 2 + L 1 L
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C
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1

i⃗

t

e

W
C

P
.

T
o

H

C

ϵ2
1

( 3∑
m=1

∥bm,1(t)∥2
Hk′−6+m + ∥c1(t)∥2

Hk′−2

)
∥△v(t)∥2

H
1
2 +

≲ ϵ2
1

(
1 + Ek′(u1(t), t) + ∥v1(t)∥2

Ḣk′−4

)
∥△u(t)∥2

H
13
2 +

≲ ϵ2
1 (1 + Ek′+2(u1(t), t)) ·

ombining all the estimates above, we see from Propositions 7.1 and 7.2 that Lemma 7.4 holds, taking into
ccount that the term ϵ2

1

△Dk′−4v(t)
2

L2
can be absorbed by the term 2ϵ1

△Dk′−4v(t)
2

L2
of (7.2).

0.2.3. Proof of Result 10.1
We only prove (10.12). The proof of (10.13) is similar and is left as an exercise to the reader.
One can find I0, . . . , I6, J0, J1, and J2 finite subsets of {1, 2, . . .} × · · · × {1, 2, . . .} such that for all

:= (i0, . . . , i6) ∈ I0 × · · · × I6 and for all j⃗ := (j0, j1, j2) ∈ J0 × J1 × J2, one can find a⃗i,⃗j

(−−−→
uq(t), t

)
∈ R such

hat a⃗i,⃗j

(−−−→
uq(t), t

)
is a constant multiplied by a finite product of derivatives of F and the inverse of ∂ω3F

valuated at
(−−−→

uq(t), t
)

and

S (uq(t), t) =
∑

i⃗∈I0×···×I6
j⃗∈J0×J1×J2

a⃗i,⃗j

(−−−→
uq(t), t

)
(∂6

xuq(t))i6 ...(uq(t))i0(∂t∂
2
xuq(t))j2(∂t∂xuq(t))j1(∂tuq(t))j0 ·

e prove two claims.
laim: Let p ∈ {0, . . . , 6}. Let β ∈ {1, 2, . . .}. Then

∥△ (∂p
xu)β (t)∥Hr ≲ ∥△u(t)∥

H
max(r+p,(p+ 1

2 )+) · (10.19)

roof. If β ∈ {1, 2, . . .} elementary algebraic identities show that there exists a polynomial P in ∂p
xu1(t),

. . , u1(t), ∂p
xu2(t), . . . , u2(t) such that

△ (∂p
xu)β (t) := P (∂p

xu1(t), . . . , u1(t), ∂p
xu2(t), . . . , u2(t)) △∂p

xu(t)·

aking into account Proposition 5.1, applying several times Lemma 2.1 and proceeding similarly as the end
f the proof of (10.2) we see that there exists α > 0 such that

∥P (∂p
xu1(t), . . . , u1(t), ∂p

xu2(t), . . . , u2(t)) ∥Hr ≲ (∥u1(t)∥Hr+p + ∥u2(t)∥Hr+p)
⟨∥u1(t)∥

H(p+ 1
2 )+⟩α⟨∥u2(t)∥

H(p+ 1
2 )+⟩α

≲ ∥u1(t)∥Hr+p + ∥u2(t)∥Hr+p

ence
∥△ (∂p

xu)β (t)∥Hr ≲ ∥P (∂p
xu1(t), . . . , u1(t), ∂p

xu2(t), . . . , u2(t)) ∥Hr ∥△∂p
xu(t)∥

H
1
2 +

+ ∥P (∂p
xu1(t), . . . , u1(t), ∂p

xu2(t), . . . , u2(t))∥
H

1
2 +∥△∂p

xu(t)∥Hr

≲ (∥u1(t)∥Hr+p + ∥u2(t)∥Hr+p) ∥△∂p
xu(t)∥

H
1
2 +

+
(

∥u1(t)∥
H(p+ 1

2 )+ + ∥u2(t)∥
H(p+ 1

2 )+

)
∥△∂p

xu(t)∥Hr

≲ ∥△u(t)∥
H

max(r+p,(p+ 1
2 )+) · □

laim: Let m ∈ {0, 1, 2}. Let β ∈ {1, 2, . . .}. Then we have

∥△ (∂t∂
m
x u)β (t)∥Hr ≲ ϵ1∥△u(t)∥

H
max (( 9

2 +m)+,r+m+4)
+ (ϵ2 − ϵ1)∥u2(t)∥ 9 + ∥△u(t)∥ 7

(10.20)

H

max (( 2 +m)+,r+m+4) H
max (r+m+3,( 2 +m)+)
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P
P

w

P

o

(

roof. (4.1) yields △∂t∂
m
x u(t) = −ϵ1△∂4+m

x u(t) − (ϵ1 − ϵ2)∂4+m
x u2(t) + △∂m

x F (t). Lemma 3.3 and
roposition 5.1 yield the claim with β = 1.
Let β > 1. Elementary algebraic properties show that

△ (∂t∂
m
x u)β (t) = P (∂t∂

m
x u1(t), . . . , u1(t), ∂t∂

m
x u2(t), . . . , u2(t)) △∂t∂

m
x u(t),

ith P a polynomial in ∂t∂
m
x u1(t), . . . , u1(t), ∂t∂

m
x u2(t), . . . , and u2(t). Proceeding similarly as in the proof

of (10.2) we getP
(
∂t∂

2
xu1(t), . . . , u1(t), ∂t∂

2
xu2(t), . . . , u2(t)

)
Hr ≲ ⟨∥u1(t)∥Hr+6⟩ + ⟨∥u2(t)∥Hr+6⟩·

Hence by application of Lemma 2.1

∥△ (∂t∂
m
x u)β (t)∥Hr ≲

P
(
∂t∂

2
xu1(t), . . . , u1(t), ∂t∂

2
xu2(t), . . . , u2(t)

)
Hr ∥△∂t∂

m
x u(t)∥

H
1
2 +

+
P
(
∂t∂

2
xu1(t), . . . , u1(t), ∂t∂

2
xu2(t), . . . , u2(t)

)
H

1
2 + ∥△∂t∂

m
x u(t)∥Hr

≲ R.H.S of (10.20) · □

We continue the proof of (10.12). We have △S(t) := △S0(t) +
∑6

m=0 △Sm(t) +
∑2

m=0 △S̄m(t) with13

△S0(t) :=
∑

i⃗∈I0×···×I6
j⃗∈J0×J1×J2

△a⃗i,⃗j(t)(∂6
xu1(t))i6 ...(u1(t))i0(∂t∂

2
xu1(t))j2(∂t∂xu1(t))j1(∂tu1(t))j0 ,

(10.21)

△Sm(t) :=
∑

i⃗∈I0×···×I6
j⃗∈J0×J1×J2

[
a⃗i,⃗j

(−−−→
u2(t), t

)
(∂6

xu2(t))i6 ...(∂7−m
x u2(t))i7−m△

(
∂6−m

x u(t)
)i6−m

(∂5−m
x u1(t))i5−m ...(u1(t))i0(∂t∂

2
xu1(t))j2(∂t∂xu1(t))j1(∂tu1(t))j0

]
, and

(10.22)
△S̄m(t) :=

∑
i⃗∈I0×···×I6

j⃗∈J0×J1×J2

Qi⃗,⃗j(t)cm,⃗j(t),

with Qi⃗,⃗j(t) := a⃗i,⃗j

(−−−→
u2(t), t

)
(∂6

xu2(t))i6 ...(u2(t))i0 , c0,⃗j(t) := △(∂t∂
2
xu(t))j2(∂t∂xu1(t))j1(∂tu1(t))j0 , c1,⃗j(t) :=

(∂t∂
2
xu2(t))j2△(∂t∂xu(t))j1(∂tu1(t))j0 , and c2,⃗j(t) := (∂t∂

2
xu2(t))j2 (∂t∂xu2(t))j1 △(∂tu(t))j0 .

Hence △S0(t), △Sm(t), and △S̄m(t) are finite sums made of terms that are uniquely characterized by i⃗
and j⃗.

In the sequel let α be a constant of which the value is allowed to change from one line to the other one
and even within the same line and such all the statements below are true.
Claim: Let r such that 0 ≤ r ≤ k′ − 3. Thena⃗i,⃗j

(−−−→
uq(t), t

)
Hr

≲ 1, and (10.23)△a⃗i,⃗j(t)


Hr
≲ ∥△u(t)∥

H
max (r+3, 7

2 +) · (10.24)

roof. In the sequel we use Lemma 3.2, Lemma 3.3, Lemma 2.1 more than once if necessary, and
Proposition 5.1. We can write a⃗i,⃗j

(−−−→
uq(t), t

)
= C⃗i,⃗j

R(
−−−→
uq(t),t)(

∂ω3 F (
−−−→
uq(t),t)

)α with C⃗i,⃗j ∈ R and R(
−−−→
uq(t), t) a product

f derivatives of F evaluated at (−→uq(t), t). Clearly (10.23) holds. We have △a⃗i,⃗j(t) = X + Y with

X := R(
−−−→
u1(t),t)−R(

−−−→
u2(t),t)(

∂ω3 F (
−−−→
u1(t),t)

)α , and

Y :=
R(

−−−→
u2(t),t)

((
∂ω3 F (

−−−→
u2(t),t)

)α
−
(

∂ω3 F (
−−−→
u1(t),t)

)α)(
∂ω3 F (

−−−→
u2(t),t)

)α(
∂ω3 F (

−−−→
u1(t),t)

)α ·

13 In (10.22) we use the following convention: we ignore the terms that do not make sense for some values of m (such as
∂7−mu (t)

)i7−m
if m = 0).
x 2
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H
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L

W

e have
∥X∥Hr ≲ ∥R(

−−−→
u1(t), t) − R(

−−−→
u2(t), t)∥

H
max(r, 1

2 +)
≲ ∥△u(t)∥

H
max(r+3, 7

2 +) ·

e have

∥Y ∥Hr ≲ ∥R(
−−−→
u2(t), t)

((
∂ω3F (

−−−→
u2(t), t)

)α

−
(

∂ω3F (
−−−→
u1(t), t)

)α)
∥

H
max(r, 1

2 +)
≲ ∥R(

−−−→
u2(t), t)∥

H
max(r, 1

2 +)
(∂ω3F (

−−−→
u2(t), t)

)α

−
(

∂ω3F (
−−−→
u1(t), t)

)α
H

1
2 +

+ ∥R(
−−−→
u2(t), t)∥

H
1
2 +

(∂ω3F (
−−−→
u2(t), t)

)α

−
(

∂ω3F (
−−−→
u1(t), t)

)α
H

max(r, 1
2 +)

≲ ∥△u(t)∥
H

max(r+3, 7
2 +)

ence (10.24) holds. □

Let Z⃗i,⃗j(t) be the term of the sum △S0(t) determined by i⃗ and j⃗. We see from Lemma 2.1 that

∥Z⃗i,⃗j(t)∥Hr ≲
△a⃗i,⃗j(t)


Hr

⟨∥u1(t)∥
H

13
2 +⟩α sup

m∈{0,1,2}
⟨∥∂t∂

m
x u1(t)∥

H
1
2 +⟩α

+
△a⃗i,⃗j(t)


H

1
2 + ∥u1(t)∥H6+r ⟨∥u1(t)∥

H
13
2 +⟩α sup

m∈{0,1,2}
⟨∥∂t∂

m
x u1(t)∥

H
1
2 +⟩α

+
△a⃗i,⃗j(t)


H

1
2 + ⟨∥u1(t)∥

H
13
2 +⟩α sup

m∈{0,1,2}
∥∂t∂

m
x u1(t)∥Hr

sup
m∈{0,1,2}

⟨∥∂t∂
m
x u1(t)∥

H
1
2 +⟩α ·

(10.25)

ence we see from (10.2) and (10.24) that

∥△S0(t)∥Hr ≲ ∥△u(t)∥
H

max (r+3, 7
2 +) ·

et Z⃗i,⃗j(t) be the term of the sum △Sm(t) determined by i⃗ and j⃗. We have

∥Z⃗i,⃗j(t)∥Hr ≲ ∥a⃗i,⃗j(
−−−→
u2(t), t)∥Hr ⟨∥u1(t)∥

H
13
2 +⟩α⟨∥u2(t)∥

H
13
2 +⟩α

sup
m∈[0,...,6]

∥△(∂6−m
x u)i6−m(t)∥

H
1
2 + sup

m∈{0,1,2}
⟨∥∂t∂

m
x u1(t)∥

H
1
2 +⟩α

+ ∥a⃗i,⃗j(
−−−→
u2(t), t)∥

H
1
2 +⟨∥u1(t)∥

H
13
2 +⟩α

sup
m∈[0,...,6]

∥△(∂6−m
x u)i6−m(t)∥Hr sup

m∈{0,1,2}
⟨∥∂t∂

m
x u1(t)∥

H
1
2 +⟩α

+ ∥a⃗i,⃗j(
−−−→
u2(t), t)∥

H
1
2 +
∑

q∈{1,2} ∥uq(t)∥Hr ⟨∥u1(t)∥
H

13
2 +⟩α⟨∥u2(t)∥

H
13
2 +⟩α

sup
m∈[0,...,6]

∥△(∂6−m
x u)i6−m(t)∥

H
1
2 + sup

m∈{0,1,2}
⟨∥∂t∂

m
x u1(t)∥

H
1
2 +⟩α

+ ∥a⃗i,⃗j(
−−−→
u2(t), t)∥

H
1
2 +⟨∥u1(t)∥

H
13
2 +⟩α⟨∥u2(t)∥

H
13
2 +⟩α

sup
m∈{0,1,2}

∥∂t∂
m
x u1(t)∥Hr ⟨ sup

m∈{0,1,2}
∥∂t∂

m
x u1(t)∥
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2 +⟩α ·

sing also (10.19) and (10.23) we get

∥△Sm(t)∥Hr ≲ ∥△u(t)∥
H

max(r+6, 13
2 +)

et Z⃗i,⃗j(t) be the term of △S̄m(t) defined by i⃗ and j⃗. We have

∥Z⃗i,⃗j(t)∥Hr ≲ ∥Qi⃗,⃗j(t)∥Hr ∥cm,⃗j(t)∥
H

1
2 + + ∥Qi⃗,⃗j(t)∥

H
1
2 +∥cm,⃗j(t)∥Hr

e have

∥Q (t)∥Hr ≲ ⟨∥u2(t)∥ 13 ⟩α
(

∥a⃗ ⃗(
−−−→
u2(t), t)∥Hr + ∥a⃗ ⃗(

−−−→
u2(t), t)∥ 1 ∥u2(t)∥ 6+r

)
≲ 1·
i⃗,⃗j H 2 + i,j i,j H 2 + H
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here exist polynomials Si(u2(t), t) for i ∈ {1, 2} in ui(t), ∂xui(t), . . . , ∂6
xui(t), ∂t∂

2
xui(t), ∂t∂xui(t), deriva-

ives of F evaluated at
(−−→

ui(t), t
)

, and
(

∂ω3F
(−−→

ui(t), t
))−1

such that cm,⃗j(t) := △
(
∂t∂

2
xu(t)

)jm
S1 (u1(t), t)

2 (u2(t), t). (10.20) yields

∥cm,⃗j(t)∥Hr

≲ ∥△ (∂t∂
m
x u)jm (t)∥Hr ∥S2(u2(t), t)∥

H
1
2 +∥S1(u1(t), t)∥

H
1
2 + + · · ·

+∥△ (∂t∂
m
x u)jm (t)∥

H
1
2 +∥S2(u2(t), t)∥

H
1
2 +∥S1(u1(t), t)∥Hr

≲ ϵ1∥△u(t)∥
H

max(( 9
2 +m)+,r+m+4)

+(ϵ2 − ϵ1)∥u2(t)∥
H

max(( 9
2 +m)+,r+m+4)∥△u(t)∥

H
max(r+m+3,( 7

2 +m)+) ·

ence we also get
∥△S̄m(t)∥Hr ≲ ∥△u(t)∥

H
max(r+6, 13

2 +) ·

his implies that (10.12) holds.
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ppendix

In this appendix we prove the following lemma:

emma A.1. Let I be an interval such that |I| ≤ 1. Let k′ ≥ 0. Let K ∈ R+. Let f and g be two functions
uch that ∥(f, g)∥

H
9
2 +×H

9
2 + ≤ K. Then the following holds:

• There exists C := C(K) > 0 such that for all t1, t2 ∈ I

∥X(f, g, t2, t1)∥L∞ ≤ C
(

|t2 − t1| + ∥f − g∥
H

7
2 +

)
·

Here X(f, g, t2, t1) :=
⏐⏐⏐∂ω3F (f⃗ , t2)

⏐⏐⏐− |∂ω3F (g⃗, t1)|.
• Let δ̄ > 0. There exists C := C(K, δ̄) > 0 such that for all t1, t2 ∈ I satisfying δ(f⃗ , t2) ≥ δ̄ and δ(g⃗, t1) ≥ δ̄

we have
∥Y (f, g, t2, t1)∥L∞ ≤ C

(
|t2 − t1| + ∥f − g∥

H
9
2 +

)
·

Here

Y (f, g, t2, t1) :=
⏐⏐⏐∂ω3F (f⃗ , t2)

⏐⏐⏐
⎡⎣ P (f, t2)⏐⏐⏐∂ω3F (f⃗ , t2)

⏐⏐⏐
⎤⎦

ave

− |∂ω3F (g⃗, t1)|
[

P (g, t1)
|∂ω3F (g⃗, t1)|

]
ave

·

• Let δ̄ > 0. Let t ∈ I. Assume that δ(f⃗ , t) ≥ δ̄ and δ(g⃗, t) ≥ δ̄. Then there exists C := C(K, δ̄) > 0 such
that Z(f, g, t) ≤ C∥f − g∥

H
9
2 + . Here

Z(f, g, t) :=

⏐⏐⏐⏐⏐
[

P (f, t)
⃗

]
−
[

P (g, t)
∂ F (g⃗, t)

] ⏐⏐⏐⏐⏐ ·
∂ω3F (f, t)
ave

ω3 ave
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emark A.1. The proof shows that one can choose the constants C to be increasing functions as K
ncreases. Moreover one can choose the constant C in the second estimate to be an increasing function as δ̄
ecreases.

roof. The bound for X(f, g, t2, t1) results from the triangle inequality |X(f, g, t2, t1)| ≲
⏐⏐⏐∂ω3F (f⃗ , t2)−

∂ω3F (g⃗, t1)|, the Sobolev embedding H
1
2 + ↪→ L∞, and Lemma 3.3.

We write Y (f, g, t2, t1) = A1 + A2 + A3 with

A1 := (2π)−1
(⏐⏐⏐∂ω3F

(
f⃗ , t2

)⏐⏐⏐− |∂ω3F (g⃗, t1)|
) ∫

T
P (f,t2)

|∂ω3 F(f⃗ ,t2)| dx,

A2 := (2π)−1 |∂ω3F (g⃗, t1)|
∫
T

P (f,t2)−P (g,t1)
|∂ω3 F(f⃗ ,t2)| dx, and

A3 := (2π)−1 |∂ω3F (g⃗, t1)|
∫
T P (g, t1)

(
1

|∂ω3 F(f⃗ ,t2)| − 1
|∂ω3 F (g⃗,t1)|

)
dx·

We see from the embeddings L∞ ↪→ H
1
2 + and L2 ↪→ L1, from Lemma 3.3, and from (3.24) that

|A1| ≲ δ̄−1
∂ω3F

(
f⃗ , t2

)
− ∂ω3F (g⃗, t1)


L∞

∥P (f, t2)∥L2

≲ ∥f − g∥
H

9
2 + + |t2 − t1| ·

(A.1)

Similarly
|A2| ≲ δ̄−1 ∥∂ω3F (g⃗, t1)∥L∞ ∥P (f, t2) − P (g, t1)∥L2

≲ ∥f − g∥
H

9
2 + + |t2 − t1| ·

Similarly
|A3| ≲ δ̄−2 ∥∂ω3F (g⃗, t1)∥L∞ ∥P (g, t1)∥L2

∂ω3F (f⃗ , t2) − ∂ω3F (g⃗, t1)


L2

≲ ∥f − g∥
H

9
2 + + |t2 − t1| ·

e have Z(f, g, t) ≲ B1 + B2 with B1 :=
∫
T

|(P (f,t)−P (g,t))| |∂ω3 F (g⃗,t)|
|∂ω3 F (f⃗ ,t)||∂ω3 F (g⃗,t)| dx and

B2 :=
∫
T

|P (g,t)| |∂ω3 F (f⃗ ,t)−∂ω3 F (g⃗,t)|
|∂ω3 F (f⃗ ,t)||∂ω3 F (g⃗,t)| dx. Hence from L1 ↪→ L2, L∞ ↪→ H

1
2 +, Lemma 3.3, and (3.24), we get

(f, g, t) ≲ ∥f − g∥
H

9
2 + . □
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