
1.  Introduction
The hydraulic properties of aquifers are required for many hydrologic applications and analysis of recession 
flow is one valuable tool for characterizing an aquifer system. Recession analysis consists of examining the 
time rate of change in discharge as a function of discharge to extract the hydraulic and geometric properties of 
the aquifer from the recession intercept. The approach was first proposed by Brutsaert and Nieber (1977) and 
relies on two nonlinear analytical solutions of the Boussinesq equation: one pertains to a semi-infinite aquifer 
with uniform initial condition and is appropriate for short time (Polubarinova-Kochina, 1962), while the other 
solution is derived for a finite aquifer with a particular initial profile and is considered valid for large time 
(Boussinesq, 1904). In both cases, the riparian aquifer is assumed to be adjoining a dry stream with a zero-water 
depth. The standard technique of recession analysis and its various applications is reviewed in the papers by Troch 
et al. (2013) and McMahon and Nathan (2021).

In recent years, the approach has been extended to the study of human interferences such as groundwater with-
drawals and urbanization (e.g., Thomas et al., 2013; Wang & Cai, 2009) as well as climatological influences such 
as evapotranspiration on the behavior of baseflow recessions (e.g., Shaw et al., 2013). Most of these studies rely 
on the analysis of the variation of the parameters a and n in dQ/dt = −aQ n. There have also been several studies 
highlighting the shortcomings of the streamflow recession analysis, and in particular, the estimation of the time 
derivatives that are highly sensitive to noise, discretization, and the time step (e.g., Chen & Krajewski, 2016; 
Rupp & Selker, 2006) and proposed methods to improve the estimation of the time rate of change in discharge 
dQ/dt (e.g., Roques et al., 2017). Moreover, the effect of the watershed antecedent conditions (degree of aquifer 
recharge) and climatic conditions (spatial rainfall pattern) have also a strong influence on the recession parame-
ters (Biswal & Nagesh Kumar, 2012) with the implication that the obtained parameters might not represent the 
basin characteristics accurately. Therefore, it has been acknowledged that a proper evaluation of the watershed 
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properties is only ensured when individual recession events (as opposed to a pool of recessions) are considered 
for analysis (Jachens et al., 2020).

The present work derives a nonlinear analytical model of a simple logarithmic form using the traveling wave 
approximation that is particularly suitable for this type of monotonic flow process. The model considers the finite 
extent of the aquifer as well as the non-zero water level in the adjoining stream. That is, it relaxes the restrictive 
assumptions of a semi-infinite domain and a hypothetical initial condition that are associated with the existing 
solutions. Both inherent assumptions have a significant effect on the flow recession curve and might lead to erro-
neous aquifer parameter identification if neglected. Furthermore, the present approach allows the derivation of 
simple algebraic expressions for the flow rate and the associated drainage volume that are of prime importance 
in aquifer parameter estimation. Practical relationships between the flow rate and volume discharge are presented 
and applied in the estimation of the hydraulic properties of aquifers. A comparison of the proposed parameter 
estimation method with the standard approach of flow recession analysis is carried out using synthetic hourly and 
daily discharge time series with and without observational errors. Finally, the application of the derived expres-
sions to the estimation of the catchment-scale aquifer parameters is demonstrated.

The paper is organized as follows. Section 2 introduces the governing equation of one-dimensional non-steady 
groundwater flow and presents the traveling wave solution while Section 3 covers the method of moments for 
estimating the traveling wave parameter. Section 4 derives the recession flow expressions and approximations for 
the case of zero and non-zero water levels in the adjoining stream. Section 5 evaluates the solutions and approx-
imations and discusses their implications on the standard method of flow recession analysis. Section 6 compares 
the proposed method of parameter estimation with the standard approach and applies it to estimate the aquifer 
properties of two basins. Section 7 concludes the study.

2.  Traveling Wave Solution
The governing equation for unconfined groundwater flow in a horizontal homogeneous aquifer is

𝑘𝑘∗

𝜕𝜕

𝜕𝜕𝜕𝜕∗

(

ℎ∗

𝜕𝜕𝜕∗

𝜕𝜕𝜕𝜕∗

)

= 𝜑𝜑
𝜕𝜕𝜕∗

𝜕𝜕𝜕𝜕∗
� (1)

Here, h* is the elevation of the groundwater table measured perpendicular to the base of the aquifer, x* is the hori-
zontal coordinate parallel to the base [L], t* is the time [T], k* is the saturated hydraulic conductivity [L/T], and φ 
is the effective or drainable porosity [-]. The subscript * denotes that the variables are dimensional.

Equation 1 is known as the Boussinesq equation. It is obtained by combining the continuity equation with the 
Darcy equation

𝑞𝑞∗ = −𝑘𝑘∗ℎ∗

𝜕𝜕𝜕∗

𝜕𝜕𝜕𝜕∗

� (2)

The Boussinesq equation assumes that the hydraulic head h* is independent of depth (Dupuit-Forchheimer 
approximation) and neglects the effect of capillary rise above the water table.

Introducing the dimensionless variables

ℎ =

ℎ∗

ℎo

𝑥𝑥 =

𝑥𝑥∗

ℎo

𝑡𝑡 =
𝑡𝑡∗

𝑡𝑡o
𝑘𝑘 =

𝑘𝑘∗𝑡𝑡o

ℎo

� (3)

One obtains the following dimensionless form of the nonlinear governing equation

𝑘𝑘

𝜑𝜑

𝜕𝜕

𝜕𝜕𝜕𝜕

(

ℎ
𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

)

=

𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
� (4)

The parameter ho is a characteristic depth scale that may be taken as the initial flow depth in the aquifer or the 
reference value of 1 m, and to is the characteristic time scale that can be set equal to the reference value of 1 day 
or 1 hr.

The dimensionless flux q per unit width is given by
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𝑞𝑞 = −𝑘𝑘𝑘
𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
� (5)

and the dimensionless volume v per unit width is given by

𝑣𝑣 =

𝑡𝑡

∫
0

𝑞𝑞𝑞𝑞𝑞𝑞� (6)

whereby the dimensionless variables q and v are defined in terms of the 
dimensional flux q∗ and volume v∗ as follows

𝑞𝑞 =

𝑞𝑞∗𝑡𝑡o

ℎ2

o

𝑣𝑣 =

𝑣𝑣∗

ℎ2

o

� (7)

To reduce the clutter in the analytical derivations further below, the following scaled form of the dimensionless 
variables is defined

𝑡𝑡 =
𝑘𝑘𝑘𝑘

𝜑𝜑
𝑞𝑞 =

𝑞𝑞

𝑘𝑘
𝑣𝑣 =

𝑣𝑣

𝜑𝜑
� (8)

The governing Equation 4 becomes

𝜕𝜕

𝜕𝜕𝜕𝜕

(

ℎ
𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

)

=

𝜕𝜕𝜕

𝜕𝜕𝑡𝑡
� (9)

The initial condition at 𝐴𝐴 𝑡𝑡 = 0 is a uniform water table height h = ν. The boundary conditions consist of a constant 
water level h = μ in the adjoining stream at x = 0 and a no-flow condition ∂h/∂x = 0 at the far end of the horizontal 
aquifer at x = l. A schematic representation of the flow domain along with the prescribed initial and boundary 
conditions is shown in Figure 1.

Although several approximate solutions of the nonlinear Boussinesq equation are available, most are concerned 
with the problem of stream-aquifer interaction (e.g., Basha, 2013, 2021). There are only a few analytical stud-
ies that deal with the drainage from a finite aquifer using the nonlinear Boussinesq equation (e.g., Parlange 
et al., 2001; Rupp & Selker, 2005). The traveling wave approximation is used herein as it fits well with the physics 
of the problem since the recession flow process is monotonic. It assumes that the solution can be expressed in 
terms of a moving coordinate ξ propagating at a variable speed ρ, and it results in a simple and elegant equation 
for the water table profile. The derivation is shown in Appendix A and the solution is similar in form to the 
one derived for the case of a semi-infinite aquifer (Basha, 2013) except that it includes an unknown integration 
constant hs that is not as easily resolved for the finite aquifer case as it is for the semi-infinite case

𝜌𝜌𝜌𝜌 = 𝜇𝜇 − ℎ − ℎ𝑠𝑠 ln

(

ℎ − ℎ𝑠𝑠

𝜇𝜇 − ℎ𝑠𝑠

)

� (10)

Equation 10 describes the water table profile in an unconfined aquifer in an implicit fashion. It is expressed in 
terms of the constant hs and the varying traveling wave velocity ρ that are yet to be determined. The method of 
moments is employed to derive expressions that resolve the unknown parameters.

3.  Moment Expressions
The moment method consists of matching the moments of the governing equation with the moments of the 
approximate solution. The procedure allows the derivation of expressions for the traveling wave speed ρ as well 
as the flow volume in terms of the boundary conditions. The moments of the differential equation are obtained by 
multiplying both sides of Equation 9 by x n where n is the moment order, and integrating over the space and time 
domain. Integrating over x from zero to l using Leibniz's rule, one obtains

𝑑𝑑

𝑑𝑑𝑡𝑡

𝑙𝑙

∫
0

𝑥𝑥𝑛𝑛ℎ𝑑𝑑𝑑𝑑 =

𝑙𝑙

∫
0

𝑥𝑥𝑛𝑛 𝜕𝜕

𝜕𝜕𝜕𝜕

(

ℎ
𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

)

𝑑𝑑𝑑𝑑� (11)

Figure 1.  Schematic representation of the unconfined aquifer bordered by a 
stream and a no-flow boundary at x = l.
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Integrating over time, Equation 11 becomes

𝑙𝑙

∫
0

𝑥𝑥𝑛𝑛
(ℎ − 𝜈𝜈)𝑑𝑑𝑑𝑑 =

𝑡𝑡

∫
0

𝑙𝑙

∫
0

𝑥𝑥𝑛𝑛 𝜕𝜕

𝜕𝜕𝜕𝜕

(

ℎ
𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

)

𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡� (12)

where ν is the uniform initial water table height. The integration by parts of Equation 12 yields the expressions for 
the moments. The zero moment is the total mass in the system while the first moment defines the centroid of the 
profile. Only the first two moments are of use since they are expressed solely in terms of the boundary conditions 
and can thus be evaluated independently of the shape of the water profile.

3.1.  Zero Moment

The zero moment with n = 0 in Equation 12 yields

𝑙𝑙

∫
0

(ℎ − 𝜈𝜈)𝑑𝑑𝑑𝑑 =

𝑡𝑡

∫
0

(

𝑞𝑞𝑏𝑏 − 𝑞𝑞𝑙𝑙
)

𝑑𝑑𝑡𝑡 =

𝑡𝑡

∫
0

𝑞𝑞𝑏𝑏𝑑𝑑𝑡𝑡 = 𝑣𝑣� (13)

where 𝐴𝐴 𝑞𝑞𝑏𝑏 is the scaled flux rate at the stream boundary, 𝐴𝐴 𝑞𝑞𝑙𝑙 = 0 is the scaled flux at the other boundary, and 𝐴𝐴 𝑣𝑣 is the 
scaled cumulative outflow. Equation 13 is in effect a representation of the global mass balance.

Using the following relationship that is obtained from Equation 10 by differentiation

𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 𝜌𝜌

(

ℎ𝑠𝑠

ℎ
− 1

)

� (14)

Equation 13 becomes

𝑣𝑣 =

𝑙𝑙

∫
0

(ℎ − 𝜈𝜈)𝑑𝑑𝑑𝑑 =
1

𝜌𝜌

ℎ𝑙𝑙

∫
𝜇𝜇

ℎ − 𝜈𝜈

ℎ𝑠𝑠 − ℎ
ℎ𝑑𝑑𝑑� (15)

Integrating Equation 15, one gets

𝑣𝑣 = 𝑙𝑙(ℎ𝑠𝑠 − 𝜈𝜈) +
1

2𝜌𝜌
(𝜇𝜇 − ℎ𝑙𝑙)(𝜇𝜇 + ℎ𝑙𝑙)� (16)

Here, hl is the head at the far end boundary x = l. It should be mentioned that the cumulative discharge 𝐴𝐴 𝑣𝑣 , the trav-
eling wave speed ρ, and the head at the impervious wall hl are all time-dependent variables. Using the ancillary 
condition v(0) = 0 and ρ(0) = ∞ for a sudden drawdown (Basha, 2013), one deduces that the unknown constant 
hs = ν. Therefore,

𝑣𝑣 =

𝜇𝜇2
− ℎ2

𝑙𝑙

2𝜌𝜌
� (17)

Equation 17 expresses the scaled outflow volume 𝐴𝐴 𝑣𝑣 in terms of the varying traveling wave speed ρ and the varying 
head at the impervious wall hl that are still undetermined.

An expression for the flux rate at the boundary 𝐴𝐴 𝑞𝑞𝑏𝑏 can be derived by differentiating Equation 17 with respect to 
time 𝐴𝐴 𝐴𝐴

𝑞𝑞𝑏𝑏 =
𝑑𝑑𝑣𝑣

𝑑𝑑𝑡𝑡
= −

𝜇𝜇2
− ℎ2

𝑙𝑙

2𝜌𝜌2

𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡
−

ℎ𝑙𝑙

𝜌𝜌

𝑑𝑑𝑑𝑙𝑙

𝑑𝑑𝑡𝑡
� (18)

The traveling wave velocity 𝐴𝐴 𝐴𝐴 is also related to 𝐴𝐴 𝐴𝑙𝑙 through Equation 10 with 𝐴𝐴 𝐴𝐴 = 𝑙𝑙 , 𝐴𝐴 𝐴 = ℎ𝑙𝑙 , and 𝐴𝐴 𝐴𝑠𝑠 = 𝜈𝜈

𝜌𝜌𝜌𝜌 = 𝜇𝜇 − ℎ𝑙𝑙 − 𝜈𝜈 ln

(

ℎ𝑙𝑙 − 𝜈𝜈

𝜇𝜇 − 𝜈𝜈

)

� (19)

from which the following relationship can be derived by differentiation
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𝑙𝑙
𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡
=

ℎ𝑙𝑙

𝜈𝜈 − ℎ𝑙𝑙

𝑑𝑑𝑑𝑙𝑙

𝑑𝑑𝑡𝑡
� (20)

Using Equation 20, Equation 18 can be expressed as

𝑞𝑞𝑏𝑏 = −

(

1 +
1

2𝜌𝜌𝜌𝜌

𝜇𝜇2
− ℎ2

𝑙𝑙

𝜈𝜈 − ℎ𝑙𝑙

)

ℎ𝑙𝑙

𝜌𝜌

𝑑𝑑𝑑𝑙𝑙

𝑑𝑑𝑡𝑡
� (21)

An alternate expression to Equation 18 or Equation 21 can also be obtained from the definition of the flux (Equa-
tion 5) using Equation 14 with 𝐴𝐴 𝐴𝑠𝑠 = 𝜈𝜈

𝑞𝑞𝑏𝑏 = −𝜌𝜌(𝜈𝜈 − 𝜇𝜇)� (22)

The flow expressions 𝐴𝐴 𝑣𝑣 and 𝐴𝐴 𝑞𝑞𝑏𝑏 are function of one variable ρ or hl that is estimated below with the help of the 
first moment equation.

3.2.  First Moment

The first moment equation with n = 1 is

𝑙𝑙

∫
0

𝑥𝑥(ℎ − 𝜈𝜈)𝑑𝑑𝑑𝑑 =

𝑡𝑡

∫
0

𝑙𝑙

∫
0

𝑥𝑥
𝜕𝜕

𝜕𝜕𝜕𝜕

(

ℎ
𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

)

𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡� (23)

Using Equations 10 and 14 with hs = ν, the left-hand side of Equation 23 results in

𝑙𝑙

∫
0

𝑥𝑥(ℎ − 𝜈𝜈)𝑑𝑑𝑑𝑑 =
𝑙𝑙

2𝜌𝜌

(

𝜈𝜈2 − ℎ2

𝑙𝑙

)

+
𝜈𝜈

4𝜌𝜌2

(

𝜇𝜇2

− ℎ2

𝑙𝑙

)

+
1

6𝜌𝜌2

(

𝜇𝜇3

− ℎ3

𝑙𝑙

)

� (24)

Using integration by parts, the right-hand side of Equation 23 yields

�

∫
0

� �
��

(

ℎ�ℎ
��

)

�� = �ℎ�ℎ
��

|

|

|

|

�

0
−

�

∫
0

(

ℎ�ℎ
��

)

�� =
�2 − ℎ2

�

2
+ �ℎ�

�ℎ�

��
� (25)

The last term on the right-hand side is in terms of the flux at the wall 𝐴𝐴 𝑞𝑞𝑙𝑙 . According to the boundary condition 
at x = l, this term should be equal to zero. As the traveling wave solution does not satisfy by nature the far-field 
boundary condition ∂h/∂x = 0, this term does not cancel out. An adjustment coefficient 0 ≤ β ≤ 1 is therefore 
introduced to account for this slight discrepancy at the wall. The value of β is thereafter judiciously selected as 
shown below.

Substituting Equations  24 and  25 into Equation  23, and using Equation  14 in 𝐴𝐴 𝑞𝑞𝑙𝑙 , the first moment equation 
becomes

𝑑𝑑

𝑑𝑑𝑡𝑡

[

𝑙𝑙

2𝜌𝜌

(

𝜈𝜈2 − ℎ2

𝑙𝑙

)

+
𝜈𝜈

4𝜌𝜌2

(

𝜇𝜇2

− ℎ2

𝑙𝑙

)

+
1

6𝜌𝜌2

(

𝜇𝜇3

− ℎ3

𝑙𝑙

)

]

=

𝜇𝜇2
− ℎ2

𝑙𝑙

2

+ 𝛽𝛽𝛽𝛽𝛽𝛽(𝜈𝜈 − ℎ𝑙𝑙)� (26)

Expanding Equation 26 using Equation 20, and expressing the result in an integral form, one gets
𝜌𝜌

∫
𝜌𝜌
0

[

𝜇𝜇2
(3𝜈𝜈 + 2𝜇𝜇) − ℎ2

𝑙𝑙
(3𝜈𝜈 + 2ℎ𝑙𝑙) − 6𝑙𝑙𝑙𝑙(ℎ𝑙𝑙 − 𝜈𝜈)(ℎ𝑙𝑙 + 𝜈𝜈 + 𝑙𝑙𝑙𝑙)

]

3𝜌𝜌3
[

ℎ2

𝑙𝑙
− 𝜇𝜇2

+ 2𝑙𝑙𝑙𝑙𝑙𝑙(ℎ𝑙𝑙 − 𝜈𝜈)
] 𝑑𝑑𝑑𝑑 = 𝑡𝑡 − 𝑡𝑡0� (27)

Equation 27 describes the variation with time 𝐴𝐴 𝑡𝑡  of the traveling wave velocity ρ from some reference value 
of ρ0 at some reference time 𝐴𝐴 𝑡𝑡0 . The reference time 𝐴𝐴 𝑡𝑡0 constitute the launching pad at which all subsequent 
values of the variables are determined. It must therefore be less than the time at which the effect of the far 
end boundary takes place so that the available semi-infinite solution is applicable as shown below. Once the 
variation of ρ with time is evaluated from Equation 27 and the corresponding value of hl is determined from 
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Equation 19, the outflow volume and flow rate can then be respectively computed from Equations 17 and 21 
or Equation 22. Although the equations describing the volume (Equation 17) and flow rate (Equation 22) are 
fairly simple, the solution for ρ requires numerical quadrature in terms of z = 1/ρ for reasons of computational 
efficiency.

4.  Recession Flow Equations
There are three approaches for estimating the flow variables q and v even though they all rely on the same esti-
mate of ρ and hl. The first and most accurate approach consists of using the zero moment result for the cumulative 
discharge (Equation 17) and its derivative for the discharge (Equation 18). The second approach employs the 
simpler equations for the discharge (Equation 22) and its integral for the cumulative discharge (Equation 6) while 
the third approach combines Equations 17 and 22 through ρ and uses the definition qb = dv/dt to obtain another 
estimate of the cumulative outflow v after integration. The second and third approach are of comparable accuracy 
as they are both based on the same approximation for the discharge q (Equation 22).

The recession flow equations are normally expressed in terms of the positive discharge in the stream Q = −2wqb 
where w is the dimensionless width of the aquifer bordering one side of the stream. Similarly, the flow volume in 
the stream is defined by V = −2wv. For the sake of clarity in the presentation, the below results are expressed in 
terms of the following lumped parameters and variables

𝜅𝜅 =
𝜈𝜈𝜈𝜈

𝜑𝜑𝜑𝜑2
𝜛𝜛 = −2𝑤𝑤𝑤𝑤∞ 𝑣𝑣∞ = 𝜑𝜑(𝜇𝜇 − 𝜈𝜈)𝑙𝑙 𝑙𝑙 =

𝜇𝜇

𝜈𝜈
𝜂𝜂 =

ℎ𝑙𝑙

𝜈𝜈
� (28)

Here, κ is a measure of the hydraulic diffusivity of the aquifer, ϖ is the maximum volume available in the contrib-
uting aquifer, v∞ is the volume available per unit width, ε is the normalized water level in the adjoining stream, 
and η is the normalized water table height at the far-end boundary.

In the early time period 0 ≤ t ≤ t0, the volume V and flow rate Q are given by the traveling wave solution for a 
semi-infinite domain (Basha, 2013, 2021)

𝑉𝑉 = 𝑐𝑐𝑐𝑐
√

1 + 𝜀𝜀
√

𝜅𝜅𝜅𝜅 𝜅𝜅 = 𝑐𝑐𝑐𝑐
√

1 + 𝜀𝜀

√

𝜅𝜅
√

4𝑡𝑡
� (29)

where

𝑐𝑐 =
5

2 + 3

√

2 + 𝛿𝛿(1 + 𝛿𝛿∕3)
𝛿𝛿 =

1 − 𝜀𝜀

1 + 𝜀𝜀� (30)

For the late time period t > t0, the calculation of the flow variables q and v rely on an accurate estimate of the 
traveling wave parameter ρ as well as the head at the wall hl. Although the numerical integration of Equation 27 
is fairly straightforward, a useful approximations of hl is of more practical use. Therefore, the integrand of Equa-
tion 27 is simplified using Padé approximations and a simple relationship for hl is derived that enables then a 
quick evaluation of ρ using Equation 19, 𝐴𝐴 𝑣𝑣 using Equation 17, and 𝐴𝐴 𝑞𝑞 using Equation 21. Two approximations are 
provided below, one for the extreme case of a dry level in the stream μ = 0 and another for the more common 
case of μ > 0.

4.1.  Case μ = 0

Expressing the integral Equation 27 in terms of dhl using Equations 19 and 20, and expanding about hl = μ = 0 
using the Padé approximant of order (1,2), one gets

4𝑙𝑙2

5(𝛽𝛽 − 1)

ℎ𝑙𝑙

∫
ℎ𝑙𝑙0

[

1

ℎ2

𝑙𝑙

+

4𝛽𝛽 − 1

9(𝛽𝛽 − 1)

1

𝜈𝜈𝜈𝑙𝑙

]

𝑑𝑑𝑑𝑙𝑙 =
𝑘𝑘

𝜑𝜑
(𝑡𝑡 − 𝑡𝑡0)� (31)

Here, hl0 is the value of hl at the reference time t0. The integration of Equation 31 for any value of β yields a 
result in terms of the Lambert function. Numerical results show that the optimum value of β is within the range 
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1/5 ≤ β ≤ 1/3. A value of β = 1/4 was ultimately selected as it yields a simple and elegant result of Equation 31 
and affects the accuracy of the solution only slightly

ℎ𝑙𝑙 =
16𝜈𝜈𝜈𝑙𝑙0

16𝜈𝜈 + 15ℎ𝑙𝑙0𝜅𝜅(𝑡𝑡 − 𝑡𝑡0)
� (32)

Equation 32 describes the variation of the far end boundary head hl for any time t > t0. For a pre-selected value of 
hl close to the initial condition, the value of ρ0 can be obtained from Equation 19 and the corresponding time t0 is 
then determined from the traveling wave solution for a semi-infinite domain (Basha, 2013)

𝑡𝑡0 =
𝜑𝜑

𝑘𝑘

𝜇𝜇 + 𝜈𝜈

4𝑐𝑐2𝜌𝜌2
0

� (33)

where c is defined by Equation 30. For example, the value of ρ0 for hl0 = 48ν/50 and μ = 0 is approximately 
ρ0 = 2.25ν/l and the related value of t0 is t0 = 0.11φl 2/νk = 0.11/κ.

Having determined hl from Equation 32, the outflow volume is then given by Equations 17 and 19 expressed in 
terms of η = hl/ν

𝑣𝑣 = −

𝑣𝑣∞

2

𝜂𝜂2

𝜂𝜂 + ln(1 − 𝜂𝜂)
� (34)

The flow rate at the stream boundary is from Equation 21

𝑞𝑞𝑏𝑏 =
15𝜅𝜅𝜅𝜅

8

[

𝑣𝑣2

(1 − 𝜂𝜂)𝑣𝑣∞
− 𝑣𝑣

]

� (35)

The derivation of Equation 35 made use of Equations 19 and 34, and the time derivative of hl. One can obtain 
a simpler but less accurate equation for the flow rate using Equation 22. The above relationships are defined in 
terms of the head at the wall hl or η that acts as a surrogate of time. A direct relationship of the flow volume with 
time can be obtained from a Padé approximation of order (1,1) about η = 0 of Equation 34 and a substitution of 
Equation 32 with hl0 = 45ν/50 for improved accuracy

𝑣𝑣

𝑣𝑣∞
= 1 −

96

148 + 135𝜅𝜅(𝑡𝑡 − 𝑡𝑡0)
≈ 1 −

0.71

1.1 + 𝜅𝜅(𝑡𝑡 − 𝑡𝑡0)
� (36)

The corresponding discharge is

𝑞𝑞𝑏𝑏

𝜅𝜅𝜅𝜅∞
=

0.71

[1.1 + 𝜅𝜅(𝑡𝑡 − 𝑡𝑡0)]
2

� (37)

The discharge Equation 37 bears strong resemblance to the nonlinear Boussinesq solution (Boussinesq, 1904)

𝑞𝑞𝑞𝑞

𝜅𝜅𝜅𝜅∞
=

0.862

[1 + 1.115𝜅𝜅(𝑡𝑡 − 𝑡𝑡0)]
2

� (38)

The difference between Equations 37 and 38 is limited to the numerical factors and it is primarily due to the prescribed 
initial condition whereby Boussinesq assumed the initial free surface to be in the form of an inverse incomplete beta 
function whereas Equation 37 is based on an initial uniform profile. It is also interesting to note that the variation of 
the boundary head with time (Equation 32) agrees in mathematical form with the time-based solution part T(t) that 
was derived by Boussinesq using the separation of variables technique whereby h(x,t) = X(x)T(t) (Brutsaert, 2005, 
Section 10.3.5, Equation 10.71, p. 395; Polubarinova-Kochina, 1962, Section 13–10, Equation 10.4, p. 515).

A direct relationship between the discharge rate and the outflow volume can be derived and used in the estimation 
of the hydraulic parameters of the aquifer. Combining Equations 36 and 37 and expressing the result in terms of 
the flow discharge Q and flow volume V in the stream, one obtains

𝑄𝑄 = 𝑐𝑐1(𝑉𝑉 − 𝑐𝑐2)
2� (39)

where

𝑐𝑐1 =
45

32

𝜅𝜅

𝜛𝜛
𝑐𝑐2 = 𝜛𝜛� (40)
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4.2.  Case μ > 0

Expressing the integral Equation 27 in terms of dhl using Equations 19 and 20, expanding about hl = μ using the 
Padé approximant of order (0,2) and integrating, one obtains

−
𝑙𝑙2

3(1 − 𝛽𝛽)𝜇𝜇
ln

[

ℎ𝑙𝑙 − 𝜇𝜇 + 𝜐𝜐(ℎ𝑙𝑙 − 𝜇𝜇)(ℎ𝑙𝑙0 − 𝜐𝜐)

ℎ𝑙𝑙0 − 𝜇𝜇 + 𝜐𝜐(ℎ𝑙𝑙 − 𝜇𝜇)(ℎ𝑙𝑙0 − 𝜐𝜐)

]

=
𝑘𝑘

𝜑𝜑
(𝑡𝑡 − 𝑡𝑡0)� (41)

where

𝜐𝜐 =
1

4

(

1

𝜇𝜇
−

1

𝜈𝜈 − 𝜇𝜇

1 − 3𝛽𝛽

1 − 𝛽𝛽

)

� (42)

Solving for hl, one gets

ℎ𝑙𝑙 − 𝜇𝜇

ℎ𝑙𝑙0 − 𝜇𝜇
=

[

(1 + 𝜍𝜍)exp[3(1 − 𝛽𝛽)𝜅𝜅𝜅𝜅(𝑡𝑡 − 𝑡𝑡0)] − 𝜍𝜍
]

−1

𝜍𝜍 = (ℎ𝑙𝑙0 − 𝜇𝜇)𝜐𝜐� (43)

The cumulative volume is from Equation 17

𝑣𝑣 =

𝜑𝜑𝜑𝜑

2

ℎ2

𝑙𝑙
− 𝜇𝜇2

ℎ𝑙𝑙 − 𝜇𝜇 + 𝜈𝜈 ln

(

ℎ𝑙𝑙−𝜈𝜈

𝜇𝜇−𝜈𝜈

)� (44)

The flow rate is

𝑞𝑞𝑏𝑏 =
9

2

𝜅𝜅𝜅𝜅𝜅𝜅𝜅𝜅
[𝑣𝑣(1 − 𝜀𝜀) − 𝑣𝑣∞(1 − 𝜂𝜂)][1 + 𝜐𝜐𝜐𝜐(𝜂𝜂 − 𝜀𝜀)]

𝑣𝑣∞(1 − 𝜂𝜂)(𝜂𝜂 + 𝜀𝜀)
� (45)

Equation 45 is again obtained from Equation 21 using Equations 19 and 44 and the time derivative of hl. One 
can also use Equation 22 to estimate the flow rate but with a lesser accuracy. The above relationships are again 
defined in terms of the head at the wall hl or η that acts as a surrogate of time. A direct relationship of the 
flow variables with time can only be expressed implicitly in terms of an inverse exponential function of time 
using Equation 43 in contrast to the case of μ = 0 whereby explicit relationships with time t were obtained due to 
the relatively simple form of Equation 32.

A second-order Taylor series approximation of v (Equation 44) about hl = μ yields

𝑣𝑣 = 𝑣𝑣∞

(

1 −
𝐻𝐻

2

−
𝐻𝐻2

12𝜀𝜀

)

𝐻𝐻 =

ℎ𝑙𝑙 − 𝜇𝜇

𝜈𝜈 − 𝜇𝜇
� (46)

Similarly, a second-order approximation of 𝐴𝐴 𝐴𝐴𝑏𝑏 using Equation 22 gives

𝑞𝑞𝑏𝑏 = 𝜅𝜅𝜅𝜅∞

(

𝜀𝜀𝜀𝜀 +
𝐻𝐻2

2

)

� (47)

Solving Equation 46 for H, substituting into Equation 47, and expanding v is a Taylor series around v∞, one gets

𝑞𝑞𝑏𝑏 =
4𝜅𝜅

3𝑣𝑣∞
𝑣𝑣2 −

(

8

3

+ 2𝜀𝜀

)

𝜅𝜅𝜅𝜅 +
2

3

𝜅𝜅𝜅𝜅∞(2 + 3𝜀𝜀)� (48)

Expressing Equation 48 in terms of the maximum volume in the aquifer ϖ, the discharge Q and the volume V in 
the stream, one obtains the following quadratic relationship

� = �1(� − �2)2 − �3� (49)

where

𝑐𝑐1 =
4

3

𝜅𝜅

𝜛𝜛
𝑐𝑐2 = 𝜛𝜛

(

1 +

3𝜀𝜀

4

)

𝑐𝑐3 =
3

4

𝜅𝜅𝜅𝜅𝜅𝜅2� (50)

For 𝐴𝐴 𝐴𝐴 = 0 or near zero, 𝐴𝐴 𝐴𝐴2 = 𝜛𝜛 , and Equation 49 becomes
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𝑄𝑄 =
4

3

𝜅𝜅

𝜛𝜛
(𝑉𝑉 −𝜛𝜛)

2� (51)

One notices that the numerical factor 4/3 in Equation 51 is slightly less than 
45/32 in Equation 39 that corresponds to the case of μ = 0. The coefficient 
45/32 produces better results at low values of μ than the factor 4/3; however, 
the accuracy of the approximation (Equation  49) increases as ε increases 
from 0.2. One should also point out that the derived discharge-volume rela-
tion (Equation 49) is independent of the parameters β and hl0.

5.  Analysis and Discussion
In the previous sections, three levels of approximations were applied to obtain 
eventually simple algebraic relationships for the flow variables q and v. The 
first level consists of the traveling wave approximation that results in a simple 
and elegant solution for the recession of the water table (10) in terms of the 
traveling wave velocity ρ. The key variable ρ is evaluated as a function of 
time through Gaussian quadrature of the integral Equation 27. Although the 
numerical integration of Equation 27 is fairly straightforward, the approach is 
of limited appeal to practitioners. The second level of approximation consists 
of simplifying the integrand of Equation  27 so that an analytical evalua-

tion of the integral becomes possible. Explicit relationships of hl and ρ are therefore obtained (cf. Equations 32 
and 43) that allow the formulation of the flow variables in a simple functional form (e.g., Equations 34 and 35). 
However,  the results are all expressed in terms of hl or η that acts as a surrogate of time. In the third level of 
approximation, the flow equations were further simplified using Taylor's series expansions or Padé approxima-
tions to arrive at simple equations of q and v as a function of time (e.g., Equations 36 and 37) as well as the para-
bolic relationships between Q and V (cf. Equations 39 and 49). In the present section, the various approximations 
are assessed and compared against a finite difference solution of the Boussinesq equation.

5.1.  Water Table Recession

Figure 2 portrays the water table profile at selected times for the extreme case of a sudden drawdown to a depth 
of μ = 0 from an initial water level set at ν = 1 in a finite aquifer of length l = 10 with k/φ = 10. The variation 
with time of the traveling wave parameter ρ is determined from Equation 27 using β = 1/4 and a value of ρ0 that 
corresponds to hl0 = 49ν/50. The finite difference numerical solution (FD curves) is shown alongside the traveling 
wave solution (TW curves) for each time value. The traveling wave solution is overall a very good approxima-
tion of the exact solution with the root-mean-square-error (RMSE) ranging from RMSE = 0.0214 for t = 0.1 to 
RMSE = 0.0165 for t = 20. It is very close to the numerical solution at large times except for the region close to 
the far end boundary as expected from the structure of the traveling wave solution since the latter does not satisfy 
the far-field boundary condition. The error is greater at early times than at larger times due to the dynamic effects 
arising from the sudden change in the stream level. This non-steady effect is significant over a short period and 
becomes negligible as time elapses as shown for the profiles for t > 1.

The water table elevation is expressed by Equation 10 that relates the height of the water table h with distance x 
in an implicit fashion. The explicit evaluation of h can be carried out with the help of the Lambert function W that 
resolves the equation Wexp(W) = z whereby

𝑊𝑊 =
ℎ

𝜈𝜈
− 1 𝑧𝑧 =

(

𝜇𝜇

𝜈𝜈
− 1

)

exp

(

𝜇𝜇

𝜈𝜈
− 1 −

𝜌𝜌𝜌𝜌

𝜈𝜈

)

� (52)

The Lambert function W is readily available in most mathematical software. An explicit approximation of 
Wexp(W) = z for this branch of the solution can also be deduced from the results of Barry et al. (2005) and it is 
expressed by

ℎ

𝜈𝜈
= −

𝜎𝜎2

2

−
𝜎𝜎

1 +
𝜎𝜎

6

𝜎𝜎 = −

[

2𝜌𝜌𝜌𝜌

𝜈𝜈
− 2𝜀𝜀 − 2 log(1 − 𝜀𝜀)

]

1∕2

� (53)

Figure 2.  Water table profiles at selected times for μ = 0 using the traveling 
wave solution with k/φ = 10. Also shown is the reference numerical solution 
(FD) and the explicit approximation of h (AP).
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As ρ is a function of time through hl, Equation 53 describes the water table 
profile at a specific time t as well as the recession of the water table height 
at a specific location x in an explicit fashion. The latter case can be useful 
for aquifer parameter estimation using inverse modeling techniques if the 
location of the observation well can be defined with respect to the bound-
aries. Equation  53 is a good approximation in the region where h  <  ν as 
shown in Figure 2 (AP curves) with the root-mean-square-error ranging from 
RMSE = 0.0442 for t = 0.1 to RMSE = 0.0164 for t = 20. The error due to 
the approximation (Equation 53) for the extreme case of μ = 0 was minimized 
by reducing the value of hl0 from hl0 = 49ν/50 to hl0 = 45ν/50 while the results 
for the case of μ > 0 (not shown) are consistently accurate for hl0 = 49ν/50.

5.2.  Flow Rate and Volume

Figure  3 describes the variation with time of the scaled drainage volume 
𝐴𝐴 𝑣𝑣 = 𝑣𝑣∕𝜑𝜑 from a finite aquifer of length l = 10 for k/φ = 10 and different 

stream levels ε = μ/ν, including the extreme case of ε = μ = 0. The traveling 
wave prediction (TW curves) were obtained from Equation 17 whereby ρ and 
hl are evaluated from Equations 27 and 19, respectively. The hl-based approx-
imation for the cases of μ > 0 (AX curves) is obtained from Equations 44 
and  43, while the explicit approximation (AE) for the case of μ  =  0 was 
generated from Equation 36. Also shown is the reference numerical solution 

(FD) and the traveling wave approximation for early times (TWI) (cf. Equation 29). The values of the adjustment 
coefficient β and the reference head hl0 were fixed at β = 1/4 and hl0 = 49ν/50 for all the runs.

Figure 3 shows that the various approximations are excellent over their respective range of time. The traveling 
wave prediction for t ≥ t0 using Equation 27 is excellent overall (RMSE ≤ 0.06). The semi-infinite traveling wave 
solution (TWI) is an excellent approximation for small times while the approximations AE and AX perform very 
well for t ≥ 3 (RMSE ≤ 0.04). These early- and late-time expressions cover in effect the full-time range of the 
solution.

Figure 4 illustrates the variation of the scaled flux rates 𝐴𝐴 𝑞𝑞 = 𝑞𝑞∕𝑘𝑘 for the same conditions as for Figure 3, that is, 
an aquifer of length l = 10, a flow parameter value of k/φ = 10, and for the two cases of ε = 0 and ε > 0. The flow 
rate was calculated from Equation 21 using the diverse expressions for ρ and hl. The TW curves were generated 

from Equation 27 for both cases of ε, the AE curve from Equation 37 for 
the case of ε = 0, and the AX curve from Equation 45 for the case of ε > 0. 
The numerical solution (FD) was evaluated using the quadratic form of the 
flux rate 𝐴𝐴 𝑞𝑞 = −0.5𝑑𝑑𝑑2

∕𝑑𝑑𝑑𝑑 to ensure high accuracy at low values of μ. The 
various approximations perform well over their respective ranges as shown in 
Figure 4 (RMSE ≤ 0.0012). The expression Equation 45 (AX curves) turns 
out to be a more accurate representation of the flux and over a wider range of 
time than the use of the simpler and more direct expression of 𝐴𝐴 𝑞𝑞 Equation 22 
(curves not shown). Finally, the simplest Equation 37 provides an excellent 
approximation for the case of ε = 0 (AE curve).

Figure 5 depicts the variation of the scaled flux rate 𝐴𝐴 𝑞𝑞 = 𝑞𝑞∕𝑘𝑘 as a function 
of the scaled discharge volume 𝐴𝐴 𝑣𝑣 = 𝑣𝑣∕𝜑𝜑 using the same parameters as above. 
The QV curves are obtained from Equation 39 for μ = 0 and Equation 49 for 
μ > 0, while the TWI curves are obtained from Equation 29. These curves 
match the nonlinear solution very well (RMSE  ≤  0.0016). The discrep-
ancy between the two sets of curves is due to the different approximations 
used in each respective range. One notes that the range of validity of each 
solution is aptly delimited by the inflection point on the 𝐴𝐴 𝑞𝑞 − 𝑣𝑣 curve. The 
quadratic expressions Equations 39 and 49 provide a framework for estimat-
ing the parameters of an aquifer without the need for defining the onset of 
recession (i.e., time of origin) in the measured recession data. The use of 

Figure 3.  Scaled volume discharge 𝐴𝐴 𝑣𝑣 for various stream water levels ε and 
k/φ = 10 using the traveling wave solution for a finite (TW) and a semi-infinite 
(TWI) aquifer. Also shown are the approximations (AE and AX) and the finite 
difference solution of the nonlinear equation (FD).

Figure 4.  Scaled flux rate 𝐴𝐴 𝑞𝑞  for the case of ε = 0 and ε > 0 with k/φ = 10 
using the traveling wave solution for a finite (TW) and a semi-infinite (TWI) 
aquifer. Also shown are the various approximations (AE and AX) and the 
finite difference solution of the nonlinear equation (FD).
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the discharge-volume relation for parameter estimation is considered further 
below.

5.3.  Streamflow Recession Analysis

Recession analysis is of hydrological interest as it helps determine the 
hydraulic characteristics of the aquifer and quantifies the amount of water 
available therein. The analysis is based on fitting the measured recession 
limb of outflow hydrographs using theoretical results in an inverse problem 
setting. The standard streamflow recession analysis consists of examining 
the time rate of change in discharge dQ/dt as a function of discharge Q to 
estimate the hydraulic and geometric parameters of the aquifer.

In the early time period, the flow rate in the stream is given by Equation 29. 
Differentiating with time and manipulating the result, one gets the following 
equation

𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= −𝑎𝑎1𝑄𝑄

𝑛𝑛
1 𝑎𝑎1 =

𝑏𝑏1

𝜅𝜅𝜅𝜅2

𝑏𝑏1 =
2

𝑐𝑐2(1 + 𝜀𝜀)
𝑛𝑛1 = 3� (54)

The value of a1 is dependent on ε, and it ranges from 1.118/(kφw 2ν 3) for 
μ = 0 to 2.336/(kφw 2ν 3) for μ = ν/2 (ε = 1/2), which is more than a two-fold 
increase.

In the late time period with μ = ε = 0, the rate of change of Q can be obtained from Equation 37

𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= −𝑎𝑎2𝑄𝑄

𝑛𝑛
2 𝑎𝑎2 = 𝑏𝑏2

√

𝜅𝜅

𝜛𝜛
𝑏𝑏2 =

3

2

√

5

2

𝑛𝑛2 =
3

2

� (55)

Using Equation 28 and expressing the breadth of the aquifer l in terms of the rectangular drainage area A, the 
numerical factor in the coefficient a2 is equal to 𝐴𝐴 3

√

5∕2 = 4.743 , which is quite close to the value of 4.804 
(Brutsaert & Nieber, 1977) as obtained from the nonlinear Boussinesq solution.

In the late time period with ε > 0, a relationship between the streamflow discharge Q and its rate of change dQ/
dt is not amenable to a simple form even if one were to use the simpler definition of 𝐴𝐴 𝑞𝑞 (Equation 22) and the 
approximation (Equation 53) for hl. However, an approximation can be obtained from Equation 45 and its deriva-
tive through the variable hl using Taylor series expansion around hl = μ. For a first-order expansion of Q and dQ/
dt, the relationship is simply

𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= −

9

4

𝜅𝜅𝜅𝜅𝜅𝜅� (56)

Equation 56 is valid for large times when hl is approaching its final value of μ. It partly explains the linear relation-
ship between Q and dQ/dt that is sometimes observed in the field data. Equation 56 shows that the recession flow 
process becomes ultimately linear in the presence of a significant water depth in the stream. For a second-order 
expansion valid over a wider range of time, the result becomes more complex involving Q 1/2 and Q. Hence, the 
relationship between dQ/dt and Q is not of a simple power form when μ > 0 as Equation 54 or Equation 55 imply. 
The common streamflow recession analysis should therefore be applied with caution as it implicitly assumes that 
the water level in the stream is negligible.

6.  Application and Results
The derived flow equations are primarily useful for the estimation of the aquifer parameters. The standard 
approach requires the use of both Equations 54 and 55 with ε set equal to zero. Two relationships can then be 
obtained from the two constant values a1 and a2, one for κϖ 2 and the other for κ/ϖ, from which the values of κ 
and ϖ can be evaluated, and an estimate of k and φ can then be inferred if the initial depth ν and length l of the 
unconfined aquifer are known. The derived relationships are:

𝜅𝜅 =

(

𝑏𝑏1

𝑎𝑎1

)

1∕3
(

𝑎𝑎2

𝑏𝑏2

)

4∕3

𝜛𝜛 =

(

𝑏𝑏1

𝑎𝑎1

)

1∕3
(

𝑏𝑏2

𝑎𝑎2

)

2∕3

� (57)

Figure 5.  Flux-Volume relations for the case of ε = 0 and ε > 0. Also shown 
is the finite difference solution of the nonlinear equation (FD).
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where a1 and a2 are the fitting constants, and b1 and b2 are defined in Equations 54 and 55.

The proposed procedure makes use of the relationship between the flow and volume discharge Equation 39 or 
Equation 49 in case ε > 0. An estimate of ϖ is found from the fitting constant c2 and an estimate of κ is then 
obtained from c1 (Equation 40). In case of non-negligible depth of water in the stream (ε > 0.2), the aquifer 
parameters can be related to the fitting constants (Equation 50) as follows

𝜛𝜛 = 𝑐𝑐2 −
√

𝑐𝑐3∕𝑐𝑐1 𝜅𝜅 =
3

4

𝜛𝜛𝜛𝜛1 𝜀𝜀 =
4

3

(

𝑐𝑐2

𝜛𝜛
− 1

)

� (58)

6.1.  Hypothetical Basin

To assess and compare the proposed aquifer parameter estimation method with the standard approach (Equa-
tion 57), a simplified two-dimensional hypothetical basin is used. The scenario setup is similar to the one used by 
Rocques et al. (2017) and consists of a stream of 1 km in length, bordering an unconfined aquifer of 10 m depth 
and 100 m semi-width with a hydraulic conductivity of 10 m/day and drainable porosity of 10%. The synthetic 
recession curve was generated from the finite difference model at hourly and daily time steps. A discretized 
noise was added to the numerically generated discharge by rounding the values to the nearest 0.01 m 3/s. Two 
different recession segments were used to evaluate the robustness of each method. The time derivative dQ/dt was 
computed using the central differencing scheme as the data are specified at equal time steps. The first (forward 
differencing) and last value (backward differencing) were discarded as they affect the fitting results, especially 
in the very early recession period where the discharge is decreasing at a very high rate. The flow volume was 
computed from the generated discharge using the simple trapezoidal rule with an initial time point selected arbi-
trarily. Finally, the parameters were estimated using the nonlinear least-squares method on all the data points in 
the selected segment.

Given the above aquifer parameters, initial and boundary condition (ε = 0), and using the characteristic length 
and time scale of ho = l = 100 m and to = 1 day, the parameters have the following dimensionless values: k = 0.1, 
ν = 0.1, κ = 0.1, and ϖ = 0.2. Using the standard approach (Equation 57), the fitted constants from a noise-free 
recession segment of 20 days length at hourly time step (480 values) over the early (t ≤ 1) and late (t ≥ 5) reces-
sion period were a1 = 1,318 and n1 = 3.042, and a2 = 1.742 and n2 = 1.505, respectively. The estimated parame-
ters (Equation 57) are κ = 0.0995 and ϖ = 0.185, and the corresponding dimensionless aquifer parameter values 
are then k = 0.0919 and φ = 0.0923 with a relative error (RE) of around 8%. Using the proposed approach and the 
late recession period only, the fitted constants in Equation 39 are c1 = 0.721 and c2 = 0.192 that yield ϖ = 0.192 
and κ = 0.0983, and the corresponding aquifer parameter values are then k = 0.0942 and φ = 0.0958 with a RE of 
6% that is only slightly more accurate than the standard approach. However, only the late flow recession is needed 
in the present approach while the standard approach requires both early- and late-recession segments.

For a daily time step (20 values), only the late recession curve is available for parameter estimation since the start-
ing time of the late recession period is given by t0 = 0.11/κ = 1.1 (see Equation 33). In the standard approach, the 
evaluation of the aquifer parameters is not possible from a single recession period. However, an estimate of the 
parameters in a lumped form κ/ϖ can be obtained from a2 (Equation 55) and it yields κ/ϖ = 0.626 (a2 = 1.877) 
whereas the present approach gives κ/ϖ = 0.511 (c1 = 0.719 and c2 = 0.159). The exact value is κ/ϖ = 0.5 so the 
RE is within 2.2% in the present approach while it is around 25% in the standard approach. Reducing the segment 
length from 15 to 5 days (5 ≤ t ≤ 10) has an insignificant effect on the lumped parameter value as κ/ϖ = 0.512 
with a RE of 2.4%. Moreover, unlike the standard approach, the fitting constants c1 and c2 in the proposed 
approach can provide an estimate of the parameters ϖ = 0.159 and κ = 0.0813 that results in the following aquifer 
parameter values k = 0.0646 and φ = 0.0795. The deviation of the aquifer parameters from their true values is 
around 35% for k and 20% for φ.

For discharge data with observational error whereby the flow is rounded to the nearest 0.01 m 3/s, there is only 
a slight change in the aquifer parameter estimates. The dimensionless hydraulic conductivity changes from 
k = 0.0942 to k = 0.0951 using the 480 hourly values (RE = 5.8%), and from k = 0.0646 to k = 0.0640 (RE = 36%) 
using the 15 daily values. In the standard approach, the results decrease significantly in accuracy when the noise 
is added to the synthetic data. Using 480 hourly values, the hydraulic conductivity increases from k = 0.0919 
to k = 0.299 (a three-fold increase), while for a recession period of 10 days (240 values), k becomes equal to 
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k = 2.01 (a 20-fold increase). The accuracy of the estimates decreases further 
when daily discharge values are used.

Figure 6 presents the fit of the volume (QV curve) as calculated from Equa-
tion 39 using the generated daily flows with round-off errors. The parabola fit 
is carried out over the recession period 5 ≤ t ≤ 20 and captures the trend well 
even though the discharge at low flows is constant over subsequent values as 
shown in Figure 6. Therefore, the proposed approach is particularly useful 
for low flows when Q remains unchanged over subsequent time intervals as 
widely reported in various field data. It should also be pointed out that the 
present approach is not significantly affected by the correct specification of 
the initial time of the recession period. For a maximum possible error of 
1 day in the definition of time zero and rounded discharge data, the effect on 
the fitting results is small as k changes from k = 0.0951 to k = 0.0948 using 
360 hourly values (t ≥ 5) and from k = 0.0670 to k = 0.0632 using 5 daily 
values.

Although the standard approach of recession analysis also avoids the defini-
tion of time zero through the introduction of dQ/dt, discretization error in the 
evaluation of dQ/dt is significant and has been the subject of various investi-
gations (e.g., Rupp & Selker, 2006). The alternate method of fitting the solu-

tion Q(t) of Equation 54 or Equation 55 to the discharge data (e.g., Chen & Krajewski, 2016; Dralle et al., 2017) 
is not theoretically correct as the selected solution for fitting assumes that the time zero corresponding to the 
starting discharge is equal to zero. A better approach is to use Equation 37 when expressed in the form of t(Q)

𝑡𝑡 = 𝑡𝑡0 −
148

135𝜅𝜅
+

√

32

45

𝜛𝜛

𝜅𝜅

1

√

𝑄𝑄
� (59)

Although t0 is not well-defined, one can estimate the lumped parameter κ/ϖ from the slope of the line of the vari-
ation of t with Q −1/2 Equation 59. For noise-free daily discharge values, the lumped parameter is κ/ϖ = 0.5125 
(RE = 2.5%) and it increases to κ/ϖ = 0.6228 (RE = 25%) when rounded discharge values are used.

In contrast to the standard method of recession analysis, the present approach is relatively insensitive to obser-
vational error and the definition of time zero since the fitting is based on the variation of the discharge Q with 
volume V rather than Q versus dQ/dt. The computation of the volume is through the integration of Q that mini-
mizes the effect of the measurement errors whereas the computation of dQ/dt amplifies the errors. Although 
the fitting is more accurate for hourly data as opposed to daily data, an estimate of the aquifer parameters is still 
possible using the late recession period unlike the standard method that require both early and late recession 
curves. The accuracy of the estimates is also not significantly affected by the extent of the recession length. One 
can therefore conclude that the present method is robust and accurate.

6.2.  Washita Basin, Oklahoma

An application of the flow recession model to field data is presented herein to highlight its effectiveness. The 
subbasin is part of the Washita River Experimental Watershed complex that was analyzed in the classical paper of 
Brutsaert and Lopez (1998) and other investigators (e.g., Rupp & Selker, 2006). The hydrologic data is available 
online at the following website https://data.nal.usda.gov/dataset/ars-water-database. The selected basin number is 
69013 and the data selected for analysis are three recession flows measured in May 1970 and 1972. The hydro-
graphs were selected based on their shape and extent such that the recession curves were monotonously declining 
for over a period of 10 days to ensure that no significant recharge is taking place throughout the recession period. 
The starting point of the extracted recession segments is a few days after the end of the rainfall event to minimize 
the effect of overland flow on the discharge rates. The extracted recession events start on 4 May 1970 (10 days), 
17 May 1970 (12 days), and 14 May 1972 (10 days), and comprise more than 20 data points each.

Figure 7 is a plot of the discharge Q versus the volume V for all three recession events. The volume was evalu-
ated from the observed discharge using the trapezoidal rule and fitted with Equation 39 using the nonlinear least 

Figure 6.  The variation of the dimensionless flow rate Q with dimensionless 
volume V for the case of a daily flow with observational error included.
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squares regression (RMSE ≤ 0.011). The fit of the parabolic Equation 39 
with the two parameters c1 and c2 yields an estimate of the parameter ϖ 
from c2 and an estimate of κ from c1. The fitted dimensionless values (using 
ho = 50 m and to = 1 day) are κ = 0.154 and ϖ = 1.25 (4 May 1970), κ = 0.165 
and ϖ = 0.927 (17 May 1970), and κ = 0.244 and ϖ = 1.165 (14 May 1972).

An estimate of the aquifer parameters can only be obtained if the initial depth 
of the aquifer and the geometric properties of the catchment are known. 
Using the values of Brutsaert and Lopez (1998) for the drainage area, total 
stream length, and aquifer depth, the hydraulic conductivity and drainage 
porosity values are k = 20.4 m/d and φ = 0.077% (4 May 1970), k = 16.2 m/d 
and φ = 0.057% (17 May 1970), and k = 30.2 m/d and φ = 0.072% (4 May 
1970). The calculated values are lower than the mean values for this subbasin 
(k = 86.3 m/d and φ = 1.65%) as tabulated by Brutsaert and Lopez (1998). 
Although the hydraulic conductivity estimate in the present approach is 
plausible, the drainage porosity value is low, probably due to the incorrect 
assumption of the initial depth of the water table and the contributing area 
of the aquifer for the selected events. One should also note that the effect of 
the aquifer bottom slope or the contribution of the unsaturated flow, if pres-
ent, might also lead to an erroneous interpretation since the current model 
assumes a horizontal aquifer with negligible capillary effects.

6.3.  Willamete Basin, Oregon

The discharge-volume relation is herein applied for estimating the field-scale hydraulic conductivity of a 
tile-drained field using the measured discharge recession after a particular recharge event (Rupp et al., 2004). 
This example is particularly useful as there was an independent measurement of the hydraulic conductivity. The 
field data was extracted from Figure 7a of Rupp et al. (2004) and it consists of the variation of the normalized 
flow rate with time for a particular event on one of the two fields. The normalizing flow rate value in Figure 7a 
(Q0) was not provided in the article. However, the normalizing parameter Q0 has no effect on the shape of 
the volume-discharge relationship Equation 39; it influences the value of ϖ only. Although the second fitting 
parameter c2 = ϖ is meaningless in this case, one can still use it to evaluate the parameter κ from the first fitting 
parameter c1 = 45κ/(32ϖ). A fit of Equation 39 to the measured flow rate variation with the resultant volume 
for the segment v/v∞ ≥ 0.5 that corresponds to the last 9 hr of the 12 hr of measurement is shown in Figure 8 
(RMSE = 0.0095). The fitted parameter values are c1 = 17.5 and c2 = 0.27, from which the value of κ = 3.40 

can be evaluated. Using the half-distance between the drains as l = 6.1 m, an 
assumed initial water depth of 1 m, and the selected value of φ = 0.023 by 
Rupp et al. (2004), one obtains k = 2.9 m/d that is within the range of k values 
as identified by Rupp et al. (2004).

7.  Conclusions
Traveling wave approximation of the Boussinesq equation led to the deriva-
tion of a nonlinear model for the recession of the water table in a simple and 
elegant form. Algebraic expressions for the flow rate and volume discharge 
were subsequently derived using series and rational approximations and 
explicit equations relating the discharge rate to the outflow volume were 
obtained for easy implementation in recession flow analysis.

Numerical results show that the various approximations are accurate for 
all practical purposes. In particular, the discharge equation for a uniform 
initial water table and zero water level in the stream is similar in form to the 
Boussinesq solution but with different numerical factors to account for the 
more realistic initial water table profile. The consequent relationship between 
the discharge rate and the outflow volume is particularly useful as it averts 

Figure 8.  The variation of the normalized flow rate Q with normalized 
volume V/ϖ for the measured discharge data in Rupp et al. (2004).

Figure 7.  The variation of the dimensionless discharge Q with dimensionless 
volume V for three recession events in Basin 69013, Washita, Oklahoma.
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the need to define the onset of recession on the discharge recession curve and allows the estimation of the param-
eter from the late recession curve only. Moreover, it avoids the error due to the differentiation of measured data 
(i.e., dQ/dt), which is a required step in the standard recession analysis, whereas integration of the measured flow 
rate (i.e., volume) minimizes the effect of the measurement errors. A comparison with the standard approach of 
recession analysis showed that the present method is superior when daily discharge values with inherent obser-
vational errors are used. In addition, the theoretical derivations highlighted the shortcomings of the standard 
recession analysis as it is solely applicable when the stream level is of negligible height, that is, μ ≈ 0. For the case 
of a non-negligible water level, the variation of the discharge Q with dQ/dt cannot be reduced to a simple power 
function that form the basis of most streamflow recession analysis. The latter results partly explain the linear 
relationship between the discharge and its time rate of change that is sometimes observed in the field data. Finally, 
application of the derived quadratic discharge-volume expression on measured flow recession events proved to be 
effective in estimating the catchment-scale hydraulic conductivity and drainable porosity.

In summary, the present study offers a simple and accurate recession model for practical hydrological applica-
tions while preserving the inherent nonlinearity of the physical phenomenon. The proposed approach can be an 
effective tool for the direct estimation of the aquifer parameters, the evaluation of the baseflow contribution to 
streamflow, and the quantification of the aquifer depletion in drought periods.

Appendix A:  Traveling Wave Solution

Using a transformation variable 𝐴𝐴 𝐴𝐴 = 𝑥𝑥 −

𝑡𝑡∫
0

𝜌𝜌𝜌𝜌𝑡𝑡 , Equation 9 becomes

𝜕𝜕

𝜕𝜕𝜕𝜕

(

ℎ
𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

)

+ 𝜌𝜌
𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
=

𝜕𝜕𝜕

𝜕𝜕𝑡𝑡
� (A1)

The local time-derivative term 𝐴𝐴 𝐴𝐴𝐴∕𝜕𝜕𝑡𝑡 is smaller than the remaining terms in the moving coordinate system after a 
short period of time (Basha, 2013). This is especially true in monotonic flow processes as is the case here. Hence, 
Equation A1 becomes a nonlinear ordinary differential equation

𝜕𝜕

𝜕𝜕𝜕𝜕

(

ℎ
𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

)

+ 𝜌𝜌
𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
= 0� (A2)

Setting p = ∂h/∂ξ in Equation A2, one obtains

𝑝𝑝2 + ℎ𝑝𝑝
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕
+ 𝜌𝜌𝜌𝜌 = 0� (A3)

Simplifying p and integrating, one gets

𝑝𝑝 =
𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
=

𝑐𝑐0

ℎ
− 𝜌𝜌� (A4)

where c0 is the integration constant. A second integration of p = ∂h/∂ξ yields

𝜉𝜉 − 𝜉𝜉𝑟𝑟 +
ℎ − ℎ𝑟𝑟

𝜌𝜌
+

𝑐𝑐0

𝜌𝜌2
ln

(

𝜌𝜌𝜌 − 𝑐𝑐0

𝜌𝜌𝜌𝑟𝑟 − 𝑐𝑐0

)

= 0� (A5)

Selecting the stream boundary hr = μ as the reference point xr = 0, the water surface profile is given by

𝑥𝑥 +

ℎ − 𝜇𝜇

𝜌𝜌
+

𝑐𝑐0

𝜌𝜌2
ln

(

𝜌𝜌𝜌 − 𝑐𝑐0

𝜌𝜌𝜌𝜌 − 𝑐𝑐0

)

= 0� (A6)

Rewriting c0 = ρhs where hs is the unknown constant, Equation A6 simplifies to Equation 10.
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Data Availability Statement
The data used for Washita Basin is available at (Moglen, 2017) via https://doi.org/10.15482/usda.adc/1410440. 
The data used for Willamete Basin is available at (Rupp at el., 2004) via https://doi.org/10.1016/j.jhydrol.2003. 
11.004.
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