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ABSTRACT
OF THE 'THESIS OF

Leen Ibrahim Al-Sheikh for Master of Science
Major: Pure Mathematics

Title: Viscosity Solution of the Infinity Laplacian Equation

Nonlinear elliptic partial differential equations arise in many areas of analysis and ap-
plied mathematics. Among them, the p-Laplace equation

Ayu = div(|DuP~?Du) = 0

which appears as the Euler-Lagrange equation associated with the minimization of the
p-Dirichlet functional
/ | Du|Pdz
U

For finite p, solutions of the p-Laplace equation admit a weak interpretation. As p
tends to infinity these variational problems converge to a limiting equation known as
the infinity-Laplacian:

Asu = (D*uDu, Du) = 0

Unlike the p-Laplacian, the infinity-Laplacian must be interpreted in the viscosity sense
rather than the weak sense.

The main objective of this thesis is to analyze the convergence of weak solutions of the
p-Laplace equation to viscosity solutions of the infinity-Laplace equation as p tends to
infinity.

The approach relies on tools used from Sobolev space theory, variational methods,
compactness arguments, functional analysis and non-linear PDE analysis.
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CHAPTER 1

INTRODUCTION

This thesis is concerned with the passage from the p-Laplace equation to the oo-Laplace
equation as p — o0.
For 1 < p < oo, the p-Laplace equation

Ayu = div(|DulP~?Du) = 0

arises as the Euler—Lagrange equation associated with the functional

L] = / \Dul? da.
U

Accordingly, for suitable boundary data, one obtains a family of functions {u,} by min-
imizing [, in an appropriate admissible class. In this way, the functions w, are both
weak solutions of the p-Laplace equation and variational minimizers of the correspond-
ing energy.

A natural question is to understand the behavior of this family as p — oo. Formally,
the limiting equation is the oco-Laplace equation

Asu = (D*u Du, Du) = 0.

At the same time, the sequence {u,} gives rise, along a suitable subsequence, to a
limiting function u.,. That is,

lim w, =u
k—o0 Pk &

This limit retains a variational character of a different nature: whereas u, minimizes
the p-Dirichlet integral, the function u, is related to the minimization of the L°°-norm
of the gradient and may be viewed as an optimal Lipschitz extension of the prescribed
boundary data.

The main difficulty is that the analytical framework changes in an essential way
in the limit. For finite p, the p-Laplace equation is in divergence form, and weak
solutions provide the natural notion of solution. In contrast, the co-Laplace equation is
fully nonlinear and not in divergence form, so the usual weak formulation is no longer
appropriate. On the other hand, restricting the discussion to classical C?-solutions
is too restrictive for a general existence theory. In particular, Aronsson’s theorem [!]
shows that a non-constant classical co-harmonic function cannot have interior critical
points. This makes it necessary to work in a framework that is both flexible enough for
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the limiting problem and stable under convergence. The appropriate notion is that of
viscosity solutions.

A central step in this thesis is to establish a bridge between the weak variational
theory of the p-Laplace equation and the viscosity framework required in the limit.
More precisely, we prove that weak solutions of the p-Laplace equation are viscosity
solutions of the same equation. This fact is crucial for the limiting process: once
the approximating functions wu, are known to be viscosity solutions, one can use the
stability properties of viscosity solutions under uniform convergence to pass to the limit
and identify u., as a viscosity solution of the co-Laplace equation.

The aim of this thesis is therefore to study the convergence of the variational mini-
mizers u, as p — 00, to identify the limiting function u, and to show that u., solves
the oo-Laplace equation in the viscosity sense. In this way, the thesis connects the
Sobolev and variational theory underlying the p-Dirichlet functional with the viscosity
theory needed for the limiting equation.In this thesis,we mainly presented the main
result of references [2], [3], and [4].

The thesis is organized as follows. Chapter 2 recalls the basic notions of weak deriva-
tives and Sobolev spaces, together with the main tools from Sobolev theory that are
needed later, including approximation results, Morrey’s inequality, compactness, and
the relation between W1>°(U) and Lipschitz continuity [2],[5] and [6]. Chapter 3 de-
velops the variational framework for integral functionals and derives the corresponding
Euler—Lagrange equation, with particular emphasis on the p-Dirichlet functional, using
[2]. Chapter 4 specializes this theory to the p-Laplace equation, studies its weak for-
mulation, analyzes the limit as p — oo, and derives the oo-Laplace equation together
with the minimizing property of the limit [1],[3],and [7]. Chapter 5 introduces viscosity
solutions in a general framework for fully nonlinear second-order equations, [5]. Finally,
Chapter 6 applies this theory to the oo-Laplace equation, proves that weak solutions
of the p-Laplace equation are viscosity solutions, and concludes with the existence of a
viscosity solution to the co-Laplace equation obtained as the limit of weak solutions [/]
and [3].



CHAPTER 2

SOBOLEV SPACES

The notion of classical solutions of partial differential equations requires the existence
of derivatives in the point-wise sense. However, many problems that arise in analysis,
geometry, and the calculus of variations do not admit such regular solutions. Even
when solutions exist, they may fail to be differentiable everywhere or may satisfy the
equation only in an integral sense.

A fundamental example is provided by minimization problems of the form

min{/ |Du|pdz},
“ Q

whose class of natural admissible functions consists of functions that possess derivatives
that exist only in the weak sense . These considerations motivate the introduction of
generalized notions of differentiability and function spaces that are stable under limits,
compatible with integration by parts, and well-suited for compactness arguments.
Sobolev spaces provide such a framework: they generalize the notions of derivatives
and posses useful completeness and compactness properties, which will be needed for
proving existence and uniqueness of the solutions for partial differential equations.

2.1 Weak derivatives

Motivation: Let U C R" be an open set, let £ € N, and let 1 < p < co. We denote by
C2(U) the space of infinitely differentiable functions ¢ : U — R with compact support
in U. The functions in C°(U) are called test functions.

We begin by recalling the classical integration by parts formula in one dimension.

Let U = (a,b) C R, let u € C*(a,b), and let p € C>(a,b). Then

/:Wl(“’) dr = [u(w)p(x)], - /abu/<:v)cp(x) dz.

Since ¢(a) = ¢(b) = 0, this reduces to

/abugp'(m) dz = — /: o (2) () da.

We now generalize this idea to higher dimensions.



Let U C R™ be open and bounded, say with C! boundary, and let f,g € C1(U).
Using the divergence theorem, one obtains the integration by parts formula

[ outain= [ fonio~ [ fo.ga
U oUu U

where v = (v1,...,1,) denotes the outward unit normal vector to OU. In fact, consid-
ering the vector field F = (f1,..., f,) with f; smooth the divergence theorem implies

/ F~yda:/D~Fdaz,
oU U

Consider the case where f; =0 for j #7 and f; = fg: U — R, then

0

D.-F=
83&1

(fg)-

By the divergence theorem,

l/%UmM= fovi do.
U oU

and the result follows using product rule.
If g=¢ € C*U), then ¢ =0 on OU and the boundary term vanishes. Thus,

[ tupdo == [ feudo
U U

More generally, let & € N and let u € C*(U). Let a = (a,...,,) be a multi-index
such that
la| =a1+ -+ a, = k.

Then for all ¢ € C(U),

/uDagodx:(—l)|a/Daug0da:,
U U

where
0t oo

- oz Qxon 14

The left-hand side of above equation is well-defined whenever u € Li (U). However,

the right-hand side requires the classical derivative D“u. Motivated by this analysis we
have the following definition.

D%y

Definition 2.1.1. Let U C R™ be open in R", u,v € L (U), a be a multi-index. We
say that v is the a-th weak partial derivative of u if

/uDa@da::(—l)o"/vgpdx Vo e CZ(U).
U U

In this case, we write v = D%u n the weak sense.



Example 2.1.1. In this example we will show that a function may be differentiable

almost everywhere without admitting a weak derivative.
Let n =1 and let U = (0, 2).Define

z, O0<x<1,
u(r) =
2, 1l<ax<?.

We show that u does not admit a weak derivative in U.
Assume by contradiction that there exists v € Li _(U) such that

/0 uw(z) ¢ () de = —/0 v(z)p(x)de Yo e CF(U).

Let p € C*(U).Then

/Ozu(x)go’(x)dx:/lego’(x)dx—l—Z/lzgo’(x)dx.

Applying integration by parts and the fundamental theorem of calculus,we obtain

[ ute) ey de = o) = [ ota)do+ 262) = o) = = [ ola)de — ()
0 0 0
Therefore, , X
/ u(z) p(x)dr = / o(z)dr + p(1). (2.1)
0 0
Choose a sequence (p,)o0_y C C(U) such that
0<pn<l1, om(l) =1, om(r) =0 for all z # 1.
From 2.1, we have , X
1= /0 () pm(z) de — /o Om(x) d.

Letting m — oo and using the dominated convergence theorem,we obtain

2 1
1= / uw(z) lim @, (z)dr — / lim ¢, (z)dx =0,
0 m—0o0 0 m—0o0

which is a contradiction. Hence, u does not admit a weak derivative in U.
However, u is differentiable almost everywhere in (0,2), except at the point x = 1.

Proposition 2.1.1. (i) Let U C R" be an open set and let u € L. (U).Assume that

loc
v, v9 € LL _(U) are two weak a-derivatives. Then

vy = vy almost everywhere in U.

i.e. the weak a-th derivative of u, if it exists, is unique up to sets of measure zero.

(1)
DP(D*u) = D*"Pu,
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(iii)
D*(Mu+ pv) = AD%u + uD%v,

Proof. Let p € C°(U)

(i) Based on assumption, both v; and v, satisfy the definition of the weakderivative
a of u.

Hence, for all test functions ¢ € C2°(U), we have the following.

/uDagpda::(—l)o‘|/vlgpdx and /uDagad:p:(—l)al/vggodx.
U U U U

Subtracting the two identities yields
/(v1 —vy)pdr =0 forall p € CF(U).
U

Since v1 —vg € Li,.(U) and the above identity holds forall test functions, it follows
that
v; — vy = 0 almost everywhere in U.

(ii) Since ¢ € C=(U) then DPp € C>°(U). Using the definition of weak derivatives,
we compute

/DauDﬁgpdq::(—l)'a/uD”‘*'Bgod:c
U U

Applying the definition again,

/uD‘”ngdx:(—l)aJrﬁl/DaJrBugodx.
U U

Combining the two identities yields

/ DuDPpdr = (—1)P / DBy o du,
U U
which shows that D?(D%u) = D*Py in the weak sense.
(iii)
/()\u + pv)D%p dx = /\/ uD%p dx + u/ vD%p dx.
U U U

Using the definition of weak derivatives,

/uDo‘gpdaz: (—1)'0"/Daug0d:1:, /vDo‘godx: (—1)'“/D°‘vgodx.
U U U U

Hence,
/ (M + ) D% d = (—1)l / (ADYu + uD%) p dx,
U U
which shows that
DA+ pv) = AD% + pD%.



2.2 Sobolev Spaces

In this section, 1 < p < oo and k € N.

Definition 2.2.1. The Sobolev space W*P(U) consists of all locally integrable functions
u: U — R such that for every multi-index o with |o| < k, the weak derivative D*u
exists and belongs to LP(U). That is,

WHP(U) = {u € Li,,(U) : D*u € LP(U) for all || < k}.

Proposition 2.2.1. Let u € W*P(U) and let « be a multi-index such that |a| < k.Then
the following properties hold true.

(i) D € Wh=lebe()).
(ii) If u,v € WHP(U) and X\, u € R, then Au+ pv € W*P(U)
(iii) Let ¢ € C(U). Then Cu € WkP(U)

Proof. (i) Let 8 be any multi-index such that |5| < k — |a|. Then since |a + §| <
la| + 8] < k, and u € W*P(U) therefore, we get

1/p 1/p
(/ | DP(D*u)|P dx) = </ | DBy P dx) < 00,
U U

Hence D%u € Wk=lelr (1)),

(ii) This follows from 1.1.1 iii) and the fact that L? is a linear space. since u,v €
WHkP(U), we have D%u, D € LP(U) for all || < k. Therefore,

/ | D*(Au+pv)|P dx :/ IADu4pD|P dx < )\/ |Do‘u|pdx+,u/ |D|Pdz < o0
U U U U

hence \u + pv € W*P(U).

(iii) Using Minkowski’s inequality,

(/UIDQ(Cu)Pde) " (/U pdx) "

=2 (a) (/ DA D™l d"”“) Yy (a) 1Dl 1Dl oy < 00
- B U - B L= (U) Lp(U) ,

B<a p<a

since ¢ € C°(U) and v € W*P(U).Thus Cu € WhP(U).

S()oo

BLa

0
Definition 2.2.2. Let u € W*P(U). The norm of u in W*P(U) is defined by

1/p

lullwes@y = | 32 1D%ul0 | - 1<p<oo.
|| <K

If p = o0, we define
ey = D esssup D%l = 37 D%l .

o<k Y la|<k

10
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Theorem 2.2.1. For k = 1,2,... and 1 < p < oo, the Sobolev space W P(U) is a
Banach space.

Proof. To prove that W#"?(U) is a complete normed space we shall prove the following
3 things
(i) WHkP(U) is a subspace of LP(U).
(ii) |- [lw#r(y is a norm.
(iii) (W*P(U), || - [lwro@) is Banach.
to prove (i) We have 0 € W*P(U). and from Proposition 2.2.1 the set is closed under
addition.
To show (ii) First we note that non-negativity is clear.
If ||u|lwwrr = 0 then ||ul/» = 0 (take a = 0) hence u = 0 a.e.
Conversely v = 0 a.e. implies ||u||yxr = 0.
For A € R, D*(Au) = AD%u, so [|[Au|lywre = [A|||u]lwes-
Finally by Minkowski’s inequality it follows that ||u + v||yee < ||ullyre + ||0]|lwes -
It remains now to show (iii).

Let (tum)m>1 be a Cauchy sequence in W*P(U). Then for every e > 0 there exists
N € N such that for all m,n > N,

[t = nll§yrpy < € which means Z 1D (um — wn) 7oy < €
o<k
In particular, for every |a| < k,
||Daum — DaunHLp(U) < E.

Thus, for each a with |a| < k, (D%u,,) is a Cauchy sequence in LP(U). Since LP(U) is
complete, there exists u, € LP(U) such that
D%y, — u,  in LP(U) for each |a| < k. (2.2)
In particular, for a« = (0, ...,0)
D, = u,, — Uo,..0) =:u in LP(U). (2.3)

Claim 1: D% = u, for all |a| < k. Let ¢ € C2°(U). Then

/uDo‘gpdx :/ (lim um) D%pdx R T T D%pdx.
U U

m—r00 m—00 U

Using the definition of weak derivatives for wu,,,

/umDagodm:(—l)lo‘/Do‘umgodx.
U U

Therefore,
/ uD%dr = (=1)1° lim [ D%, pdz = (—1)“'/ ( lim Do‘um> pdr 2 (—1)le / Ug @ dx.
U m=eo Ju U \mree U
Hence D% = u, in the weak sense.u € W*P(U).
Hence,
|tm — ullwrp@y — 0.
Concluding that W*?(U) is a Banach space for all 1 < p < oco. O
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2.3 Approximations of Sobolev functions

Although functions in Sobolev spaces need not be smooth, they can be approximated
locally by smooth functions in a suitable sense.Before starting this section, we first
provide the tools that allow us to build smooth approximations to given Sobolev func-
tions.These tools are called mollifiers.

Definition 2.3.1. Let n € C°(R™) be a smooth function such that

supp(n) = {z € R" : |z| < 1} = B(0,1) and / n(x)dx = 1.

n

For each ¢ > 0, define
()= (%)
()= —nl—).
n on n -
We call n. the standard mollifier. Then n. € C2°(R™) for all € > 0,

/ ne(x)dz =1, and supp(n.) = {z € R": |z| <e} = B(0,¢).

Definition 2.3.2. Let f: U — R be locally integrable. For € > 0, define
U. = {z € U : dist(z,0U) > €}.
The mollification of f is defined by
fo=mnexf inlU,

where x denotes convolution. In terms of integrals, for x € Uy,
F@) = [ == [ n@ i@
U B(0,¢)

Proposition 2.3.1. Mollifiers satisfy the following basic properties:
(i) fc e C>®(U.,).
(i) f& — f almost everywhere in U as € — 0.

(iii) If 1 <p<oo and f € L} (U), then

loc

e f o in I

loc

(U) ase—0.

For a proof, see [2, Appendix C.5, p. 629].

Theorem 2.3.1 (Local approximation). Let U C R™ be open and let 1 < p < oo. If
u € Wl’p(U), then for every open set V- € U there exists a sequence {u} C C*(V)

loc

such that
ut —u in WH(V) ase — 0.
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Proof. Let V€ U. By property (i), u € C*°(V). It remains to show that
ut —u in WH(V).

Claim: Du® =n. * Du in V, where Du® is the classical derivative of uand Du is the
weak derivative of u.
To prove this claim, let x € V' and compute

D (o) = D+ w)a) = D [ e = ut) dy).
U
By differentiation under the integral sign,
Du(a) = [ Danfo = y)ulw) dy
U

Using the chain rule,
Dyne(z —y) = —=Dyne-(z — y).
Since u € W'2(V), suppn.(xz — -) C V for small enough € then

Duf(z) = / ne(x — y) Duly) dy = (1. % Du) ().

By property (iii),
|u® — ul|zpvy =+ 0 ase—=0,

and
| Du® — Dul|rpevy = 0 as e — 0,
Consequently,
lu* = ullwieey = [0 = ullo) + [[Du” = Dul[ovy = 0,
which proves that u¢ — u in W2(V). O

Corollary 2.3.1 (Global Approximation). Let U C R™ be open bounded subset and
let 1 < p < oo. Then C(U) N W' (U) is dense in WHP(U). That is, for every
u € WHP(U) there exists a sequence {uy,} C C°(U)NWP(U) such that

up —u in WHP(U).

Proof. The proof follows by first approximating u locally on subsets compactly con-
tained in U then a locally finite partition of unity subordinate to an open cover of U is
then used to combine these local approximations into a global smooth function, yielding
convergence in W1P(U). For a full detailed proof, see [2, Chapter 5, p. 252]. O

Definition 2.3.3. We denote by Wy*(U) the closure of C°(U) in WP(U). That is,

Wk
werw) =c=) .

Equivalently, u € WyP(U) if and only if there exists a sequence (un,) C C°(U) such
that

lim |ty — ullwrr@y = 0.
m—0o0

13



Proposition 2.3.2. Suppose U is connected andu € W'P(U) satisfies Du = 0

then w is constant a.e. in U.
Proof. Fix an open set V' such that V € U. Let
Ut =n.xu
be the mollification of u on V for sufficiently small €. Then:
1. u® e C>®(V),
2. uf — uin WP(V),
3. Dut =D(n.*u) =n.xDuin V.
Since Du = 0 a.e. in U, we have
D) =n.%0=0 inV,
hence u® = c¢. in V. Therefore,
|u® — ul|ovy = ||cc — ul|Lr(vy — O.
then there exists a subsequence {u®} C {u®} such that
u’ —u ae inV (g5 —0).
Thus, for every open subset V' @ U, there exists ¢y such that

u=cy a.e. onlV.

a.e. inU.

In words, u is locally constant a.e. in U. We now use the connectedness of U. If two
such sets overlap, then their constants must agree, since their intersection is open and
therefore has positive measure. Since U is connected, any two points in U can be linked
by a chain of overlapping balls compactly contained in U. Hence all local constants are

equal, and therefore there exists ¢ € R such that

u=-c a.e. in U.

]

Proposition 2.3.3 (Chain Rule). Assume F: R — R is C* with F' bounded. Suppose

U is bounded and v € WYP(U) for some 1 < p < oo then fori € {1,...,n}:

vi=F(u) e W (U) and v, = F'(u) uy,.

Proof. Since F' is bounded on R, then for all z,y € R there exists M > 0 such that

|F(z) = Fy)]

< M.
[z — |

14



Since U is bounded and u € W'?(U) for some 1 < p < oo, then there exists a sequence
{un}°, € C*(U) such that u, — w in W"?(U). Then u,, — u in LP(U), and hence
there exists a subsequence {u,, } C {u,} such that

Up, — u a.e.in U.

Then w,, is Cauchy: for ¢ > 0 there exists K > 0 such that for £,/ > K,

|UNk - une| <

M.
Therefore,
€
| F () = F ()| < Mg, — tn | < Mo7 =

Then {F(uy,)} is Cauchy in R. But R is complete, hence {F'(uy, )} converges in R, i.e.
there exists y € R such that

F(uy,,) —y ask— oo,
where y = F(u) since having F € C!
fion Pl = F (Jin v, ) = F(0),
Let ¢ € C2°(U). Then:
L lim F(un,) ¢z = F(u)@a,,
k—o0
2. My, My > 0 such that |F(uy, )| < My and || < M, ie. |F(uy, )@s,| < MiM,,

3. / MMy dx = My M,|U| < oo since U is bounded.
U

Thus, by the dominated convergence theorem,

/ F(u) oy, (z) de = / lim F(uy,) ¢, de = lm [ F(up,) @, de.
U

Uk%oo k—o00 U
But
[ Pl prds = = [ (Flan) o
U U
where
(F'(uny))a; = F (tn,) (U, )a,-
Thus,
/ F(u) oy, de = — lim [ F'(up,) (un,)s; ¢ de.

U k—o0 U

Claim:

lim (F'(unk)(unk)mz - F'(u)uwl> pdr =0

k—o0 U

15



To prove above claim we add and subtract F'(u)(uy,, ), to the integral appearing on
the R.H.S of above equation thus we get

[ ) )~ P de| = | [ () = F @)
() (i), — F'(w)uy, ) d |
= | () = F@) )+ /) (), = 00)
[ 1P ) = Pl )l
[ 1P 01 () = el d
< 1Dl [ 1F () = Pl da

+wmwmémmm—%

Convergence of the second integral. Now we estimate of the second integral. Let
g be the Hélder conjugate of p, i.e. -+ 2 = 1. Since ¢ € CZ(U), we have ¢ € LI(U)
and thus, by Holder’s inequality,

Because u,, — u in W'(U), we have (u,, )z, — u,, in LP(U), hence

IN

ol dx.

ey el ey

/ |(tny,)e; — Uz, | || dz— 0 (k — 0).
Convergence of the first integral. Since u,, — v a.e. in U and F’ € C(R), we have
F'(up,) = F'(u) ae. inU,
so |F'(up,) — F'(u)| |¢| = 0 a.e. in U. Moreover, using the boundedness of F”,
|F' (un,) = F'(u)| [0] < 2| F'||poe(ey ] ace.in U,

and the right-hand side belongs to L'(U) because ¢ € C>®(U). Therefore, by the
dominated convergence theorem,

/ F'(un,) — F'(u)| ol dz =0 (k = o0).
U
Combining the two parts, we conclude that

/U (F’(unk)(unk uzz)godx —0 (k — o00),

and consequently,
/F u) pp, dr = — /F' Uy, pdx,
U U

which shows that F(u) € W'P(U) and (F(u))., = F'(u) u,, in the weak sense.

1
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2.4 Sobolev Inequalities and Compactness Results

In this section, we present several Sobolev inequalities and a compactness result that
will be needed later in the thesis. These results describe how information on weak
derivatives can be converted into control on the function itself, either through continuity
and Holder regularity, or through L9-bounds and compactness properties. They play
an important role in existence, approximation, and convergence arguments. The proofs
of the material presented will be omitted and it can be found in [2],[6],and [5].

We will start this section with providing an example which shows that for n > 1
functions in W?(U) need not be continuous or bounded thus Sobolev regularity does
not imply point-wise control of functions, which highlights the necessity of additional
assumptions to obtain continuity or boundedness using Sobolev embedding results such
as Morrey’s inequality,and then we will proceed with stating a compactness results that
follows from Morrey’s, and finally recall Poincaré’s.

Example 2.4.1. Tuake
U=B(0,1) cR"

(i) Define
u(z) = |z, relU, ©#0,a >0,

thenu e WH(U) <= a<™P
(i1) Let {ri}32, be a countable dense subset of
U= B(0,1) Cc R".

Define the function u: U — R by

1
U(fU)ZZ?W—TH_aa reUa>0.
k=1

thenu e WHP(U) = 0 < a< % and u 1s unbounded on every open subset of U.

P?“OOf-H (1) us, (@) = 55 (I2[7*) = =§lal 725 (J2) = = §la[7*72(22) = —awil| 2.
ence,
Du(z) = (—ax|z| ™72, .., —az,|z|*7?%) = —am%ﬂ.
Moreover,
|Du(x)| = a@“% = alz|*!

In particular, u is smooth on U \ {0}. Let ¢ € C°(U) and fix ¢ > 0. We work
in the punctured domain U \ B(0,¢). Since ¢ € C°(U) vanishes near U, the
boundary integral over OU is zero, and thus

/ Uy, dr = / upv; dS — Uy, p d. (2.4)
U\B(0,) 8B(0,e) U\B(0,¢)
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We now estimate the boundary term. Using |v;| < 1 and ¢ as continuous function
defined over a compact set, thus ¢ is bounded,

/ uwids\s [ wlelds <lels [ Jolas.
0B(0,¢) 0B(0,¢) OB(0,e)

In 0B(0,¢) we have |z| = ¢, hence

/ 2|7 dS = e |0B(0,¢)| = e Cre" ! = Cp e,
0B(0,¢)

Consequently,

/ wp v; dS‘ < C oo g™
0B(0,¢)

Hence, if
0<a<n—1,

then e~ 1= — 0 as ¢ — 0, and therefore

/ upv; dS — 0 (e = 0). (2.5)
0B(0,¢)

Next, we check the integrability of u,, in U. Since |u,, (z)| < |Du(z)| = a|z|~*1,

we consider
/ |Du(x)| dr = a/ |z| > da.
U U

Using polar coordinates, we obtain

1 1
/ |Du(x)| de = a/ / r "l dS dr = awn/ 2 dr,
U 0 Jsnt 0

where w, = |S"!|. The integral converges if and only if
n—a—2>-1 <+<— a+1<n.

Thus, if @« < n — 1, then u,, € L*(U). Now, let ¢ — 0 in 2.4. Using 2.5 and the

fact that u,,¢ is integrable in U when av < n — 1, we obtain

/ugpxid:v:—/umgpdx Vo e C(U).
U U
Therefore, for « < n— 1, the weak derivative of u exists and equal to the classical

derivative:
D;u = u,, in the weak sense.

Finally, we determine when u € WP (U).Since |Du(z)| = a|x|~*"!, we compute

1 1
/ |Du(x)|P do = ap/ || 7P+ gy = ocp/ / prPet) =l g8 dr = ozpwn/ proimplatl) gy
U U 0 Jgn-1 0
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(i)

This integral converges if and only if

n—1-pla+1l)>—-1 <= n—pla+l)>0 <= a<——F

Consequently,
n—p
P

In particular, if p > n, then "T?p < 0, hence no o > 0 can satisfy the condition,

ueWPU) <= ac<

and thus
u ¢ WHP(U) for each p > n.

From part (i), we know that for each fixed k € N,
|z —re|”* € WHP(U)  if and only if o < n=r
p

Assume that n
I<a< —p.
p

Then, for every k € N,
2 —re|7 € WHP(U).

Since WP(U) is Banach it follows that the series defining u converges in W?(U).
Consequently,
ue WhH(U).

We now show that v is unbounded on every open subset of U. Let V' C U be an
arbitrary open set. Since {rj}72, is dense in U, there exists an index ko € N such
that ry, € V. For x € V' with = # r,, we have

1 —a
u(z) > T |z — g, |77

Asin x — 74,, the right-hand side tends to +o0o.Hence, u is unbounded in V'.Since
V' was arbitrary, we conclude that u is unbounded on every open-subset of U.
Therefore, if 0 < a < "ij, then u € W'2(U), but u is unbounded on every open
subset of U.

O

we now provide Morrey’s Inequality which states that for p > n the Sobolev functions
are in fact Holder continuous up to the boundary, and hence continuous up to the
boundary.

Theorem 2.4.1 (Morrey’s Inequality). Let U be a bounded open subset of R"™ and
assume OU € Cl.Ifp>n and u € WYP(U), then there exists a representative u* €
C*(U), where

7:1__7
p

such that u = u* almost everywhere in U.Moreover,

||U*Hco,w(ﬁ) < Cllullwrew),
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where C depends only on p,n, and U.
Therefore, for p > n,

u€ WH(U) = uec C™"(U) c ).
We next introduce a compactness result that follows directly from Morrey’s inequal-
ity.

Theorem 2.4.2 (Rellich-Kondrachov compactness theorem). Let p > n and assume
that U C R"™ is a bounded open set with OU € C' then W'P(U) € LP(U),that 1is,
WP(U) is compactly embedded in LP(U).

We now end this section with introducing estimate for functions in Wy (U)

Theorem 2.4.3 (Poincaré inequality). Let U be a bounded, open subset of R™. Assume
1 <p<mn, and let p* = . Suppose u € WyP(U). Then for each q € [1,p*], there
exists a constant C' = C(p,q,n,U) such that

[ull Loy < Cl[Dul| o).

In particular, choosing q = p, we obtain the estimate

lulley < ClDUlloy  for allu € Wy"(U),

2.5 The space W'*(U) and Lipschitz functions

In this section, we collect some basic facts about the space W*°(U) that will be useful
later. In particular, we clarify the relation between W1 and Lipschitz continuity, and
we recall two fundamental tools that will be used repeatedly: Rademacher’s theorem
and the Lipschitz extension theorem.

Definition 2.5.1. Let U C R" be open. We define
W (U) :={u e L) : Due L*(U)}.
Equivalently, uw € Wh>(U) if and only if u € L>(U) and Du € L>*(U;R").
we then introduce the following useful result from convex analysis; see [¢]

Theorem 2.5.1 (Rademacher’s theorem). Let U C R™ be open, and let uw: U — R be
Lipschitz continuous. Then u is differentiable almost everywhere in U.

As an immediate consequence of Rademacher’s theorem, every Lipschitz function
belongs locally to W1 and its gradient is bounded by its Lipschitz constant.

Corollary 2.5.1. Let U C R" be open, and let u : U — R be Lipschitz continuous with
Lipschitz constant L. Then

we W),

loc

and
|\Du(z)| <L forae zeU.

In particular, if w is Lipschitz continuous on a bounded domain U, then

u € Wh(U).
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Proof. By Rademacher’s theorem, u is differentiable almost everywhere in U. At every
point of differentiability,
|Du(z)| < L.

Hence Du € L2 (U), and therefore u € W,2>°(U). If U is bounded and wu is Lipschitz

loc
continuous in U, then u is bounded as well, so u € L>(U). Consequently,

u € Wh=(U).
0

The upcoming theorem shows that, on bounded C'-domains, the space Wh*°(U)
coincides with the class of Lipschitz continuous functions on U. In particular, Lipschitz
regularity and TW1>-regularity may be used interchangeably in this setting.

Theorem 2.5.2 (Characterization of W), Let U C R"™ be open and bounded, with
oU of class C*. Then a function u : U — R is Lipschitz continuous if and only if
u € Whee(U).

Proof. We omit the proof and refer the reader to [2] for a complete argument. O

Theorem 2.5.3 (Lipschitz extension). Suppose that g : OU — R is a Lipschitz contin-
uwous function with Lipschitz constant L, that is,

19(&1) — g(&)| < L& — & V&, & € oU.
Define

G-(z) = max{g(¢) - Lle = ¢}, @ €U,

and N
G.(w) = min{g(¢) + Llz — &},  x€T.

£eoU
Then G_ and G belong to C(U) N WL>(U), satisfy
G_.=g=G, on OU,

and hence are Lipschitz extensions of g to U.

Proof. Without loss of generality, we prove the result for
G(z) i= Gy (x) = min{g(€) + Ll — ]}

The proof for G_ is analogous.

Claim 1: G is Lipschitz continuous.
Let x,y € U. Since QU is compact and the function

£ g(8) + Lz — ¢

is continuous, the minimum is attained at some &, € OU. Hence
G(x) = g(&) + Llz — &l.
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Moreover,
G(y) < g(o) + Ly — &ol-
Thus
Gy) — G(z) < L(ly — &l — lv — &l) < Llz —y|

Interchanging the role of x and y we obtain
|G(z) = G(y)| < Lz —yl.

Hence G is Lipschitz continuous with Lipschitz constant L.

Claim 2: G =g on OU.
Let z € QU. Choosing £ = x, we obtain

G(z) < g(x) + Llz — x| = g(x).
On the other hand, since ¢ is Lipschitz continuous on QU, we have

g(x) —g(&) < Lz =& vEe U,

which implies
9(@) < g(§) + Lz — .
Taking the minimum over £ € 90U, we get

g(x) < G(x).

Therefore
G(z) = g(x), z € JU.

Claim 3: G € Wb>(U)NC(U).

Since G is Lipschitz continuous on U, it follows from Rademacher’s theorem 2.5.1
that G is differentiable almost everywhere in U and it follows from corollary 2.5.1 that

|IDG(z)] < L  for almost every x € U.

Hence
DGy < L,

and therefore
G e Wh>(U).

Moreover, Lipschitz functions defined on U are continuous, hence
G e C().

Consequently,
G e Wh=(U)nC().

Thus G is a Lipschitz extension of g to U. The same argument applies to G_. This

completes the proof.
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Corollary 2.5.2. if u : U — R is any Lipschitz continuous extension of g with the
same Lipschitz constant L, then

G_(z) <u(z) < Gi(x) Ve e U.
Proof. let € € OU and z € U. Since u is Lipschitz continuous, we have
u(e) —u(€)| < Llz —¢|.
Since u(§) = g(&) for £ € OU, it follows that
u(z) = 9(E)] < Llx = ¢].

Hence
9(&) — Llz = &| < u(z) < g(§) + Llz = ¢|.

Taking the maximum and minimum over & € QU, we obtain

max{9(€) — Ll — €]} < u(@) < min{g(©) + Liz — €]}

That is,
G_(z) <u(z) < Gi(x) Vo e U.

Therefore, the two functions G_ and G, may be viewed as the lower and upper Lipschitz
envelopes determined by the boundary datum g. O]
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CHAPTER 3

VARIATIONAL METHODS

A fundamental link between partial differential equations and variational methods is
provided by Dirichlet’s principle. It states that solutions of the boundary value problem

Au=0 inU,
u=g on U,

may be characterized as minimizers of the Dirichlet ”energy” functional

E@kzlﬂDﬂﬁm

among all admissible functions v attaining the same boundary data.

Thus, the Laplace equation can be viewed as the differential equation satisfied by the
minimizers of the Dirichlet energy. Harmonic functions therefore admit a variational
interpretation.

This observation motivates the study of general variational functionals of the form

IM:LFQWMM@

together with the analytical tools that will be used to establish existence of minimizers
and to derive the corresponding differential equations known as Fuler-Lagrange equa-
tions. In particular, choosing F'(Du,u, ) = |Dul’ we obtain the p-Dirichlet functional

I[u]:/U\Du]pdx

which leads to the p-Laplace equation.The analysis of this nonlinear variational problem
forms a central part of this thesis.

The purpose of this chapter is to develop the general framework of the calculus of
variations that justifies such minimization principles.

We will study existence of minimizers, weak lower semi-continuity, and the deriva-
tion of Euler-Lagrange equations, which together form the analytical foundation for
variational interpretation of non-linear elliptic equations.
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3.1 First and Second Variation

Definition 3.1.1. Let U C R"™ be open and bounded with smooth boundary OU. Let
L:R"xRxU—=R
be a smooth function, where
L(g,z,2) = L(q1,- -, Gns 2,1, - - ., Tn).

Consider functionals of the form
Iw] = / L(Dw,w,z)dx,
U

where w : U — R is smooth and
w=g¢g ondU.

Theorem 3.1.1 (First Variation—Euler-Lagrange Equation). Suppose there ezists u €

C>®(U) such that

u = min [ [w]

among all smooth w : U — R with w = g on OU. Then u is a solution of the nonlinear
second order PDE

_ Z (Lg,(Du, u, x))x + L, (Du,u,z) =0 inU,
i=1

which s called the Euler—Lagrange equation.

Proof. Assume u € C*(U) satisfies u = g on OU.
Let v € C°(U) and consider

i(r) =Iu+7v], T€R.
Notice that since v has compact support then on OU
U+TU=U=4g.

Since u is a minimizer of [ then i(7) has a minimum at 7 = 0. That is, i'(0) = 0
We compute

i(t) = / L(Du+ 1Dv, u+ Tv, x) dz.
U

Differentiating under the integral sign, we obtain
i'(1) = / (i L,,(Du+ t7Dv,u+ 1v,2) vy, + L,(Du+ 7Dv,u + 10, 7) v) dr.
U \i=1
Setting 7 = 0 gives
i'(0) = /UZ”: Ly, (Du,u, z) vy, + /U L.(Du,u,z)v.
i=1
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Using integration by parts on the first term:

/Lqi(Du,u,:c) Vg, dx = —/ (Lg (Du,u, ) vdr,
U U ‘

since v € C(U).
Therefore,

i'(0) = /U [— Z (Lg,(Du, u, x))zl + L, (Du, u,x)] vdr =0

for all v € C2°(U). Hence,

_ Z (Lg, (D, u,x))% + L.(Du,u,z) =0 in U.
i=1

We make the following observations:
1. The derived equation is a second-order PDE written in divergence form.
2. The Euler-Lagrange equation arises as a necessary condition for minimality.

3. At this stage we have only shown that minimizers must satisfy this equation.
Existence of such minimizers will be addressed later.

The next corollary shows that its associated Euler—Lagrange equation to the p—Dirichelet
functional [, [Du(x)[P dz is precisely the p-Laplace equation,

div(|Du[P~?Du) = 0.
which will play a central role in the analysis developed in the subsequent chapters.

Corollary 3.1.1. Let 1 < p < oo and define the p-Dirichlet functional

Iw] :/ | Dw|? dx.
U
Then the associated Fuler—Lagrange equation is
—div(|Du|P"2Du) = 0 in U.

Proof. In this case,

L(q,z,z) = |q|".
Since
lal” = (¢t + - + )2,
we have
Ly = g(qf +o@2) - 2g = plglP g,
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and also
L,=0.

Therefore, if v minimizes the p-Dirichlet functional, the Euler-Lagrange equation be-
comes

i=1
Dividing by p, we obtain
- Z(|Du|p_2uxi)x_ =0,
i=1 '
that is,
—div(|DuP?Du) =0 in U.
O

Theorem 3.1.2 (Second Variation). Let u : U — R be a smooth function such that u
is a minimizer of the functional

I[w]:/UL(Dw,w,x)d:c.

then

D Lyg(Du,u,2) &8 >0 Vo eU, ¥ €R™

ij=1

Proof. We have already proved that if v is a minimizer of I[-], then
i'(0)=0  where i(1) := Iu+ 7], veCxU).

Recall that

i'(1) = / Z L, (Du+1Dv,u+ 70,2) vy, + L.(Du+ 7Dv,u+ 70, 2) v dz.
Uizt
Differentiating once more using the chain rule, we obtain

i"(1) = / Z Lgyq;,(Du+ 7Dv,u+ T, 2) Uy, Vg, (3.1)
U

ij=1
+2 Z Ly-(Du+ 7Dv,u + 70, 2)v,,0 + L,.(Du + 7Dv,u + 70, 7) v’dz. (3.2)
i=1

Evaluating at 7 = 0, we get

i"(0) = / Z Lguq; (Du, u, ) v, Vg, + 2 Z Ly..(Du,u, x) v,v + L,.(Du,u, z) v* dr.
U

ij=1 i=1

Since u is a minimizer, it follows that

0<i"(0) = / Z Lg.q, (D, u, ) vg,0, +2 Z Ly,-(Du,u, v) vy, v + L. (Du, u, z) v* dz
U = -
1,j=1 =1

(3.3)
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for every v € C*(U).

Step 1: Extension to Lipschitz test functions. We claim that (3.3) remains valid
for every Lipschitz continuous function v with compact support in U. Indeed, let v be
such a function, and let 7 be a standard mollifier. Define

Vg 1= 11k * 0.
Then vy, € C°(U), vp — v uniformly in U, and
Dvy, = mi * Dv — Dv a.e. in U.

Since v is Lipschitz, |Dv| < C a.e. in U, hence |Dvi| < C'in U. Because L4, (Du, u, ),
Ly,.(Du,u, ), and L,,(Du,u,z) are bounded for z € U each integrand in (3.3) is dom-
inated by an integrable function. Therefore, by the Dominated Convergence Theorem,
passing to the limit in the inequality for vy yields (3.3) for every Lipschitz v with
compact support in U.

Step 2: Choice of oscillating test function. Let p : R — R be the 1-periodic
zig-zag function defined by

t, 0<t<i,
p(t) = ) p(t+1) = p(t).
1-t, l<t<1,
Then p is Lipschitz, |p(t)] < 3, p'(t)] =1 forae. t € R Fix{ € R" and ( €

C>®(U). For € > 0, define
ve(z) = 6p(x—.€) ¢(x).

3

Then v, is Lipschitz continuous and has compact support in U. Moreover,

v-(x) = O(e). (3.4)
Also, Do (x) = p'(%ﬁ) C(x) &+ 5p(%5) D((z), and therefore
| Dvg|| ooy < C, (3.5)

where C' does not depend on €.
Now apply (3.3) with v = v.. Using (3.4), (3.5), and the boundedness of L,,,(Du, u, )
and L,.(Du,u,x), we see that the second and third terms contribute O(¢). Hence

0< /U Z Lyyg; (D u, @) (02) 4, (ve), d + O(e).

4,j=1

Using |p'| =1 a.e., as € — 0 we get

/ i L‘Ii‘lj (Du,u, x) (UE)M(%)% dr — / i LQi(Ij (Du,u, x) fzfy ((x)2 dr
U . U !

ij=1 ij=1
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Therefore,

0< / > Ly, (Du,u, x) & ((x)* da
Uij=1
for every ( € C°(U) and every £ € R™.
Since this holds for all ¢ € C2°(U), we deduce that

> Lyg(Du,u,2) &8 >0 Vo eU, VE R

i,j=1
That is, ((Lgiq, )nxn€, €) = 0. O

Remark 3.1.1. This condition reflects a fundamental structural property of the La-
grangian, namely convexity with respect to the gradient variable q. In the upcoming
discussion we will see that convexity in q is a requirement for the existence of a min-
imizer. However, while convexity is a necessary condition for existence of a minimizer,
it does not by itself quarantee the existence or uniqueness of a minimizer. To address
these questions, additional assumptions must be imposed on the Lagrangian, such as
suitable growth conditions.

3.2 Existence of Minimizers

We now turn to the fundamental question of whether the variational problems intro-
duced earlier actually admit a minimizer.
Let U C R™ be a bounded domain and consider the functional

Iw] ::/UL(Dw(a:),w(x),x) dx,

where the Lagrangian L : R” x R x U — R is smooth.

We seek to minimize I[-] among functions satisfying the boundary condition w =
g on OU. Although this problem may first be posed for smooth functions, it admits a
relaxation to a Sobolev setting. The variational formulation only requires first-order
derivatives, and these can be understood in the weak sense. Moreover, the boundary
condition can be imposed in the trace sense. Therefore, we work in the following
admissible class.

Definition 3.2.1. For a fixed exponent 1 < p < 0o, we define the admissible class
A={weW"(U) : w=g ondU in the trace sense}.

Our goal is to determine structural conditions on the Lagrangian L that ensure the
existence of a function

u € A such that Iu] = inf I[w].

weA

A first essential ingredient in the existence theory is a growth condition preventing
minimizing sequences from escaping to infinity.
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Definition 3.2.2. Assume that there exist constants o > 0 and 5 > 0 such that
L(Qa Z7$) Z a|q|p - 5

for all (q,z,x) e R" x R x U.
Then for every w € A,

Ifw] > a / Dl dz — 7,
U

where v = BlU| < 0.
In particular,
Iw|] = +o0  as || Dw|| @) — 0.

This growth assumption is called a coercivity condition on the functional I[-].
Proposition 3.2.1. let 1 < p < oo, the space WP (U) is reflexive.

Proof. Since 1 < p < oo, the space LP(U) is reflexive. Hence the finite product space

X =L)< (LPO))", WS- fa)llx o= [ llee + ([ fallze 4 4 [ fall e,

is reflexive .
Define the linear map

T:WH(U) - X, T(u) := (u, Du).

Then T is an isometric embedding (with the usual W'? norm), and T(W'?(U)) is a
closed subspace of X (closed-ness follows because ux — u in LP and Duy — vy in L
imply v; = Du in the weak sense). Therefore, T'(W'P(U)) is reflexive, and hence by
isomorphism so is WP(U). O

We now show that, under a coercivity assumption, every minimizing sequence in the
admissible class admits a weakly convergent subsequence.

Corollary 3.2.1. Assume that the functional I[] is coercive on A. Letm := inf e 4 I[w].
Choose a sequence {uy} C A such that

Iug] — m.

such a sequence is called a minimizing sequence then there exist a subsequence {uy, 721 C
{ug}2, and a function u € A such that

up, —u  weakly in WHP(U).
Proof. By the coercivity and Poincaré’s inequalities, the given sequence {uy} is bounded
in Wte(U).

Indeed, since I[ug] — m < oo, then I[ug] is bounded above i.e. there exists C' > 0
such that I{ug] < C. it follows that

/ \Duk|pdx < C+—5|U|7
U o

so {||Dugl| e} is bounded.

30



Now choose a fixed function G € A, and set v, := u;, — G. Since u;, = G on OU
in the trace sense, we have v, € VVOl P(U). By Poincaré’s inequality 2.4.3 there exists
Cp > 0 such that

vkl ey < Crll Dol o)

But Dv, = Du,, — DG, and therefore
lurllzo@y < N1Gllzew) + lvellowy < Gl + Cp (I Dusllipo@) + IDG o) -
Since || Duy|| z» () is bounded, it follows that ||ug||»(y is bounded as well. Consequently,

HukHWLP(U) = HukHLP(U) + ”Duk||LP(U)

is also bounded. since for 1 < p < oo uy is a bounded sequence in the reflexive space
WhP(U) then by weak compactness there exist a subsequence {uy,}32, and a function
u € WHP(U) such that

ur, —u weakly in W(U).

Moreover, since ug; € A, we have uy, — G € WyP(U) . Then
v, ~vi=u—G weakly in W"P(U),

The space W, ?(U) is a closed subspace of W?(U), hence it is weakly closed.
Since each vy € WyP(U) and v, — v in WHP(U), it follows that v € W, (U).
Therefore u — G € WyP(U). Thus u € A. O

Remark 3.2.1. Notice that, weak convergence alone does not imply

lim Ifug] = I[lim ug] = Iu).
k—o0 k—o00
In general, integral functionals are not continuous with respect to weak convergence.
Thus, in order to conclude that u is a minimizer, it suffices to establish the weaker
inequality
Iu] < liminf Iuy].

k—o0

This motivates the notion of weak lower semi-continuity.

Definition 3.2.3. The functional I[-] is said to be weakly lower semi-continuous on
wheu) if
up —uw in WH(U) = I[u] < liminf I uy].

k—o00

We recall from the second variation analysis that minimality suggests the non—negativity
of the quadratic form

Z LQin (Du, U,x)fifj > 0.

ij=1
This necessary condition strongly suggests that the convexity of L with respect to
the gradient variable ¢ should play a fundamental role in existence theory.
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Definition 3.2.4 (Convexity in q). We say that the Lagrangian L(q, z,z) is convez in
the variable q if for every fized (z,z) € R x U, the mapping

q— L(g,z,2)
1s convex on R™, that is,
LO0q + (1 —0)qa, z,2) < OL(qu,z,2) + (1 — 0)L(qo, 2, x)
for all q1,q2 € R™ and all 0 € [0, 1].

Theorem 3.2.1 (Weak lower semi-continuity). Assume 1 < g < oo and let U C R™ be
bounded. Let L : R™ x R x U — R be smooth and bounded below. Assume moreover
that for each (z,x) € R x U, the mapping

q+ L(q,2,x)

is convex on R™. Define the functional
Iw] := / L(Dw(z),w(x),x) dx, w e WH(U).
U

Then I[-] is weakly lower semi-continuous on Wh(U)
Proof. Let {uy} C WHP(U) such that
up — u  weakly in WP(U).
Then {u} is bounded in WP(U), that is, there exists M > 0 such that
|ug|lwre@y < M VEk e N.
Set £ := liminfy_,o I[ux]. Then there exists a subsequence {u;} C {ux} such that
(= Jlggo Tug,).

Moreover,
up, — u  weakly in WP(U).

Since 1 < p < oo, we have the continuous embedding by theorem 2.4.2
Wte(U) — Lr(U).

Hence weakly convergent sequences in WP (U) are mapped to sequences converging in
LP(U) by the embedding map. Therefore,

ug, —u in LP(U).
Then there exists a further subsequence {u’%} such that

U, —u a.e. in U.
Je
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Fix ¢ > 0. Since U is bounded, by Egoroft’s theorem, there exists a measurable set
E. C U such that
uy;, — u uniformly on E,

and
U\ E| <e.
Now define .
F.:= {:v eU : |u(z)| + [Du(z)| < E}
Then

U\F. - {:c €U : |u@)|+ |Du(z)] > é}

Set f(x) := |u(z)| + |Du(z)|. We have f € LP(U). Then apply Markov’s inequality:
UNE| = |{f> 1/} gap/ oAz =0 ase — 0.
U

Set G, := E.N F.. Then
UG < U\ E|+ U\ E| 0.
Since L is bounded below then there exists 5 € R such that
L>p.

Then L—f > 0. Replacing L by L := L— does not alter weak lower semi-continuity.
Hence we may assume without loss of generality that

L>0.
By convexity of ¢ — L(q, z, ), for each (z,z) and all {,n € R™,
L(n,z,2) = L(§, z,2) + DgL(&, 2, x) - (n = €).

Choose
szu(x), U:Dukj[<$), z:ukn(m)'
Then

L(Duy,,, uy;,, r) > L(Du,uy;,,x) + DyL(Du, ug,,, x) - (Duy;, — Du).
Integrating over U and using L > 0, we obtain
I[ukn] = /(]L(Dukje,ukje,x) dr > /s L(Du,ukjl,:c) dx + . DqL(Du,ukje,x) . (Dukjé — Du) dx.
(3.6)
We now analyze the two integrals.
(i) Since uy;, — w uniformly on E; and G. C E, we have

Up;, = U uniformly on G..

3J
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Moreover, on G, C F,
u(@)| + [Du(z)] <

o | =

Since L is smooth, the map
z +— L(Du(x), z, x)

is continuous, hence uniformly continuous on [—1/¢,1/¢]. Therefore

sup |L(Du, uy,,, x) — L(Du, u, z)| — 0.

Ge
That is,
L(Du, ug;,, x) = L(Du,u,r) uniformly on G..

Hence
lim L(Du,ukje,x)dx:/ L(Du,u,z)dz.

{—00 Ge R

(ii) Again by smoothness, z — D,L(Du(x), z, ) is continuous.
Using uniform convergence of uy;, on G. and boundedness on F., we obtain

DyL(Du,uy;,,x) = DyL(Du,u,z) uniformly on G..

Since
Duy;,, — Du in L*(U),
we have
DyL(Du,u,z) - (Duy,;, — Du) dx — 0.
Ge
Now write
DyL(Du,uy;,, ) - (Dug,;, — Du) dx = DyL(Du,u,z) - (Duy,, — Du)dx  (3.7)
Ge Ge
+/ (DqL(Du,uku,w) — D,L(Du, u, x)) - (Dug,, — Du) dx.

) (3.8)

The first term tends to zero by weak convergence. For the second term, we obtain

'/G (DgL(Du, up,e, x) — DgL(Du, u, z)) - (Duy,;- — Du) dz (3.9)

< || Dy L(Du, ug,e, ©) — DyL(Du, u, | Duy,. — DUHLl(GE) . (3.10)

i |

Now we justify that the second factor is bounded. Since Duy;, — Du in LP(U), the
sequence { Duy, } is bounded in LP(U). Therefore, there exists C' > 0 such that

||Duka||Lp(U) S C Vf
Hence,
||Du;§].2 - DUHLP(U) < ||Dukjé||LP(U) + ||DUHLP(U) <C+ ||Du||Lp(U).
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Thus {Duy;, — Du} is bounded in LP(U), and in particular bounded in LP(G.).
Since |G| < 0o, we use the inequality

_1
1l < 1G" 7| fll oo

Therefore,
1—1
HDU}CU — Du||L1(GE) S |G5| p HDuku — DUHLP(GE)~

Since the right-hand side is bounded, we conclude that
||Dukj[ - DUHLl(GE)

is bounded .
Finally, because

| DyL(Du, U, T) — D,L(Du,u,z)| 1) — 0

by uniform convergence, and the second factor is bounded, the entire product tends to
ZEero.
Therefore,

€= lim Ifuy,] 2/ L(Du,u, ) dz.
Ge

{— 00

Recall that we fixed € > 0 and defined
G. =E.NFE..

We may (as in the construction) assume that the sets E. are chosen nested in the sense
that
0<é<e = E.CE..

Also, since
Fo={aeU: |u)|+|Dulx)| < é}
we have
0<e <e = F.CF..
Consequently,

0<ée<e = G.cCG..

Thus the sets {G.} increase as ¢ | 0.
Moreover we proved

U\ G| —0 as €| 0.

Hence, for almost every x € U, there exists £, > 0 such that z € G, for all 0 < € < g,;

equivalently,
lg.(x) 11 forae z€eU,

where 1. denotes the indicator function of the set G..
Since L > 0, we may apply the Monotone Convergence Theorem to the nonnegative
functions 1¢, (z) L(Du(z),u(x),z) to obtain

lim [ L(Du,u,z)dx =lim [ 1g.(z) L(Du,u,z)dz = / L(Du,u,z)dx = I[ul.
el0 G. el0 U U

35



Since for each ¢ > 0 we already proved
0> / L(Du,u,x)dz,

letting € | 0 yields

0> IMu).
Therefore
Ifu] < liminf Iug],
k—o0
and this proves weak lower semi-continuity. O

Theorem 3.2.2 (Existence of a minimizer). Assume that the Lagrangian L satisfies
the coercivity condition

L(q,z,x)2a|q|p—ﬁ (O{>O, 520)7

and that L is convex with respect to the variable q.
Let the admissible class be

A={weW"(U) : w=g ondU in the trace sense}.
Suppose that A is nonempty. Then there exists at least one function u € A such that

I[u] = min Iw].

weA

Proof. Set m := inf,ca Iw]. If m = 400, there is nothing to prove. Hence, assume
m < 00.

We select a minimizing sequence {uy}p>,; C A such that I[uy] — m. We may
assume without loss of generality that 8 = 0. Indeed, replacing L by L := L + 3 does
not affect minimizers. Hence

L(q,z,x) > alq|”.

Consequently,
Iw] :/L(Dw,w,x) dx > a/ |Dw|Pdzx.
U U

Applying this to u, we obtain

Iuy] > a/ | Dug|Pdzx.
U

Since Iug] — m < oo, it follows that

sgp | Dug || Loy < 00. (3.11)

Fix any w € A. Since both u; and w equal g on AU in the trace sense, we have
u, —w € WyP(U).
By Poincaré’s inequality 2.4.3,

||uk — wHLp(U) S CHDU,k — DwHLP(U)' (312)
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Now, by Minkowski Inequality followed by using 3.12 we obtain
lull ey =llue —w + wllew) < lluk = wllew) + lwllr@w) < Cl[Duk — Dw|| o) + W] Low).-
since || Duy|| < oo .Therefore, supy, ||ux||z»@) < 0o. combining this with 3.11 we conclude

Sl}ip [ugllwre@) < oo.

Since 1 < p < oo, then by proposition 3.2.1 the space W'P(U) is reflexive. Hence
bounded sequences are weakly precompact. Therefore, there exists a subsequence, still
denoted {u}, and a function u € W'?(U) such that

up — u  weakly in WP (U).

We claim that u € A.

Fix w € A. Since uy —w € W P(U) for all k, and W,?(U) is a closed linear
subspace of W1P(U), then it is weakly closed. Having up — w — u — w we conclude
that u —w € WP (U). Thus u = g on OU in the trace sense, and hence u € A.

Since L is convex in the ¢ variable and bounded below by «|¢|? then by the weak
lower semi-continuity result proved earlier,

Iu] < liminf I'fug] = m.

k—o0

Since u € A, we also have m < I[u]. Therefore,

I[ul :ngleiilf[w].

]

We conclude this section with a uniqueness result for minimizers under an additional
assumption on the Lagrangian.

Theorem 3.2.3 (Uniqueness of minimizer). Assume that
L= L(q,x) (3.13)

does not depend on z, and that the Lagrangian L(q,x) is uniformly convex with respect
to the variable q, that s, there exists @ > 0 such that

D Ly (q,2) 68 2057 (¢, €R", z€U). (3.14)
ij=1

Suppose the admissible set A= {w € W'P(U) : w = g on AU in the trace sense} is
nonempty. Then the minimizer of I[-] over A is unique(up to equality a.e. in U).

Proof. We omit the proof, as this uniqueness argument will not be needed in what
follows. A proof may be found in Chapter 8 of [2]. O
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3.3 Weak Solutions of the Euler—Lagrange Equation

Up to this point, we have established the existence of a minimizer u € A of the functional
Iw] = / L(Dw, w, z) da.
U

In classical calculus of variations, if u were sufficiently smooth, one would formally
differentiate I[u + 7v] with respect to 7 and obtain the Euler-Lagrange equation

— Z Oy, (Lg,(Du,u,)) + L,(Du,u,z) =0 in U,
i=1

together with the boundary condition u = g on OU.

However, the minimizer obtained belongs only to W'P(U), and therefore second
derivatives need not exist in the classical sense. Consequently, the above equation
cannot be interpreted point-wise.

This motivates the introduction of a weaker notion of a solution, formulated in
integral form. Let U C R™ be bounded and let 1 < ¢ < co. Consider the functional

I[w]:/UL(Dw(x),w(x),x) dx,

defined for functions w € W1P?(U) satisfying the boundary condition
w=gq on QU in the trace sense.

Definition 3.3.1 (Weak solution of the Euler-Lagrange equation). A function u €
WYP(U) with uw = g on OU in the trace sense is called a weak solution of the Euler—
Lagrange equation associated with I[-] if

/ (DqL(Du,u,x) -Dv+ D,L(Du,u,x) v) de =0 Vo e Wyi(U). (3.15)
U

Equivalently, writing DyL = (Lg,, ..., Ly,),

/ (Z L, (Du;u, 2) vy + Lo(Du, u, 7) “) de=0 Yve W ().
U \i=1

Theorem 3.3.1 (Minimizers are weak solutions). Assume that L satisfies the following
growth conditions hold: there exists C' > 0 such that for all (q,z,x) € R* x R x U,

1L(g,z,2)] < C(|g]” + |2]" + 1), (3.16)
|DyL(q, z,2)] < C(lglP~" + [P~ + 1), (3.17)
|D.L(q, z,z)| < C(|q” +|2["~" + 1). (3.18)

Let w € WYP(U) be a minimizer of I[-] in an admissible class Then u is a weak solution
of the associated Fuler—Lagrange equation.
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Proof. Fix v e C*(U) and define
i(1) = Iu+ 1v], T eR.

Then using (3.16)
li(1)] < C’/ <|Du +7Dv|P + |u + o’ + 1) dx, (3.19)
U
so in particular i(7) is finite for all 7. For 7 # 0, write the difference quotient as

i(1) —1i(0) / L(Du+ 7Dv, u+ 1v, ) — L(Du, u, x)
T U

dx ::/LT(x)dx, (3.20)

T

Letting 7 — 0,

d
lim L7 (z) = lim d—L(Du +7Dv, u+ TV, 1)

T7—0 =0 dT
= hH(l) <DqL(Du +7Dv, u+ TV, ) - Dv+ D,L(Du+ 7Dv, u+ 70, x) v)
T—
= D,L(Du, u, x) - Dv+ D,L(Du, u, z)v. (3.21)

Using the fundamental theorem of calculus in 7 we write

L7(z) — Lo(x) :/ di (L(Du—i-st, u+ sv, ) — L(Du, u, $)> "
0 S

-
1/TdL(D + sDv, u+ )d (3.22)
=— | —L(Du+ sDv, u+ sv, z)ds. :
7 /o ds ’ ’
Hence
1 T
L"(x) = —/ <DqL(Du + sDv, u+ sv, x) - Dv + D,L(Du+ sDv, u+ sv, x) v) ds.
T Jo

(3.23)
Taking absolute values in (3.23) and using (3.17)—(3.18), we obtain for a.e. z and

T # 0:

1 [l
|L™(z)] < [ <|DqL(Du + sDv, u + sv, z)| |Dv| + |D,L(Du + sDv, u + sv, z)| ’U|) ds
71 Jo
c [
< m/ ((\Du + sDv|P' + Ju+ sv|P~' + 1)|Du| + (|Du+ sDolP + |u+ svP~! + 1)\v|> s,
71 Jo
(3.24)

using the fact that the function L(q) = |¢[P~! is convex for p > 2. Hence for any
q1,q2 € R™ and X\ € (0, 1),

Then for A = 3 it follows that

g1+ @ <272 g+ el (a,b > 0). (3.25)
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with ¢; = |Dul| and ¢ = s|Dv|:
|Du + sDvP~! < 21”_2(\Du|p_1 + |3Dv|p_1) — 2p_2(|Du|p_1 + SP—I|DU|p—1)‘

Similarly,
lu + sv|’”1 < 2p’2(\u]p’1 + spfllv]p’l).

Substituting these into (3.24) yields (still for a.e. x):

c [l
@) < (2”_2(|Du|p_1 + s DoY) | Do| + 2072 (Julr ! + 7 ol ) | D] + |Dv|> ds
T Jo

Cc [
+ ﬂ/ <(!Du + sDvP)|v] + 2P (JulP~" + s~ HolP~H) |u] + |v[) ds.
7| Jo
(3.26)
Let p/ = z% so that % + z% = 1. Then by Young Inequality
[DvfP | [Du|® D" |Do?|Dul?
= o
p p p p

- For s?7!|Dv|P~!|Dv| = sP7!| Dv|?, integrate in s:

|Du\p’1|Dv\ <

1/l p—1 1l p—1
—/ sPlds = L, hence —/ sP~ | DulP ds = L|Dv|p-
7| Jo p 171 Jo p

- For |u|P~!|Dv|, similarly:
[ Dol? [ul?

! Dol < 4

- For s*~Yu|P~1|Duv|, use Young again:

DulP P
5p71’U|p71’DU| < gP1 (|_U| 4 [v] ) 7

p 4
- For the |Du + sDv|P|v| term, use the standard estimate
|Du + sDv|? < 2P~ (| Dul? + s”| Dv|?),

and then similarly apply Young to |DulP|v| and to s?|Dv|P|v|
Collecting these estimates we conclude that there exists a constant C' > 0 indepen-
dent of 7 such that for a.e. x € U.

L7 (@)| < C(IDu(@)? + | Du(@) + u@) | + [o(2)l +1). (3.27)
Since u € WH(U) and v € C(U), the right-hand side of (3.27) belongs to L'(U).

Therefore {L™} is dominated in L'(U). By (3.21) and the domination (3.27), the
dominated convergence theorem gives

T—0 T—0

7(0) = lim | L7(x)de / lim L7 (z) da
U U

= / (DqL(Du, u,x) - Dv+ D,L(Du,u, x) v) dx. (3.28)
U
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But u is a minimizer, hence 7+ i(7) = I[u + 7v| has a minimum at 7 =0, so
i(0) = 0.

Combining this with (3.28) yields exactly (3.15). Therefore u is a weak solution of the
Euler-Lagrange equation. [

Theorem 3.3.2 (Weak solutions are minimizers). Assume that the mapping

(¢,2) = L(q, 2,7)

18 convex for each x € U.
Suppose that u € A is a weak solution of the Fuler—Lagrange equation then u is a
minimizer of 1[-] in A.

Proof. Let w € A be arbitrary. Since the mapping (q,z) — L(q, z,z) is convex, we
have for everyp,q € R" and z,w € R,

L(p,z,x) + DyL(p, z,x) - (¢ — p) + D.L(p, 2, 2)(w — 2) < L(q, w, x).
Now choose
p = Du(x), q = Dw(z), z = u(x), w = w(z),
to obtain
L(Du,u,x) + D,L(Du,u,x) - (Dw — Du) + D,L(Du,u, z)(w — u) < L(Dw,w, ).
Integrating over U yields
Iu] + / D,L(Du,u,x) - (Dw — Du) + D,L(Du,u, z)(w — u) dx < Iw].
U
Since u satisfies the Euler-Lagrange equation in the weak sense, we have
/ (D,L(Du,u, ) - Do+ D,L(Du,u,z)p)dr =0 Yo W,?(U).
U
Taking ¢ = w — u € WyP(U) gives

/ D,L(Du,u,x) - (Dw — Du) + D,L(Du,u,x)(w — u) dx = 0.
U

Consequently,
Iu] < Ifw] Yw € A.

Therefore u is a minimizer of the functional I[-]. O
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CHAPTER 4

THE p-LAPLACE EQUATION

In the previous chapter we developed the variational framework necessary to study
minimization problems of the form

I = /U L(Du, u,z) dz,

and established the existence and uniqueness of minimizers under suitable convexity and
growth assumptions on the Lagrangian L. Using the method in calculus of variations,
we showed that minimizers exist in appropriate Sobolev spaces and that they satisfy the
associated Euler-Lagrange equation in the weak sense. Moreover, when the integrand
is convex with respect to the gradient variable, weak solutions coincide with minimizers
of the variational functional.

We now specialize this general theory to an important class of functionals arising in
nonlinear potential theory. In particular, we consider the p-Dirichlet integral

I(u):/\DuV’dx, 1 <p<oo,
U

whose Euler-Lagrange equation is the p-Laplace equation
Apu = div(|Dul’~*Du) = 0.

In this chapter, we establish the existence and uniqueness of minimizers of the p-
Dirichlet integral and prove that these minimizers are precisely the weak solutions of
the p-Laplace equation.

4.1 p-Laplace with p > n

Let U C R™ be an open connected bounded domain, and let 1 < p < oo.

Definition 4.1.1 (p-Laplace equation). Let U C R"™ and let 1 < p < oo. For a smooth
function u : U — R, the p-Laplace operator is defined by

Apu = div(|Du[P~*Du).

The equation
Apu=0 mU

1s called the p-Laplace equation.
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Definition 4.1.2. Let U C R". Let u € W'P(U). We say that u is a weak solution of
the p-Laplace equation in U if

/(|Du|p_2Du, Dn)dz =0
U

for every n € C§°(U)

We now return to the variational formulation of the p-Laplace equation. Consider
the p-Dirichlet functional

] = /U Dul? da.

As we shall see later,minimizers of this functional satisfy the p-Laplace equation in
the weak sense. We therefore begin by establishing the existence and uniqueness of a
minimizer among functions with prescribed boundary values.

Lemma 4.1.1. Let 1 < p < 0. For each x € U, the function
q v L(q,z) := |q|”
1s convexr on R™.
Proof. We begin by computing the derivatives of L. For each ¢ = 1,...,n, we have
Ly,(q,7) = pla/"~*q;.
Next, we compute the second derivatives. If ¢ # j, then
Ly, (¢, %) = plp — 2)lal" i35,

while if ¢ = 7, then
Lag.(q,2) = p(p — 2)|q"~*¢7 + plql”~>.
Therefore, for all i,5 =1,...,n,
b2 ot 1, ifi=y,
Lg,q;(q,2) = pla|P~"6i; + p(p — 2)|q|P " qiq;, where 0ij = e
0, ifi#j.
Hence the Hessian matrix of L can be written as

(Lgias) 1<ijen = PlalP =1 +p(p = 2)[al" (¢ @ q),

where ¢ ® q := qq¢" = (¢;q;)1<i j<n- Since ¢ ® ¢ is a real symmetric matrix, all its eigen-
values are real, and eigenvectors corresponding to distinct eigenvalues are orthogonal.
In particular, the eigenvalues of ¢ ® q are:

A1 =0 with multiplicity n — 1, A = |q[*  with multiplicity 1.
Therefore the eigenvalues of (Ly,,,) are
N =plgl"™ and Xy =p(p - 1)|q|",
and both are nonnegative when p > 1. Hence

<(L‘hq;‘)€7£> >0 V£ e R"™.
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Lemma 4.1.2. Let 1 < p < oo and let U C R™. Then the functional

] = /U Dul? da

is weakly lower semi-continuous on WP(U).

Proof. Consider the Lagrangian

L(q,x) = |q|P.

By the previous lemma 4.1.1, L is convex with respect to the variable q. Moreover,
L is smooth and bounded below. Therefore, all the assumptions of the weak lower
semi-continuity theorem 3.2.1 proved in the previous chapter are satisfied. It follows
that the functional

Iv] = / L(Dv,x)dx :/ | Dv|P dx
U U
is weakly lower semi-continuous on W (U). O

Remark 4.1.1. Throughout this chapter we assume that p > n, where n denotes the
dimension of the space R™. This assumption is convenient for two reasons:

1. First, by Morrey’s inequality we have the embedding
n

WP(U) — C%(U), a=1- >

so that functions in WYP(U) are continuous and the boundary values are taken
in the classical sense. In particular, when p > n weak solutions of the p-Laplace
equation are continuous.

2. Second, later we will investigate the limiting behavior of the p-Laplace equation as
p — 00, and therefore it is natural to consider large values of the exponent p.

Theorem 4.1.1 (Existence and Uniqueness of a Minimizer). Let U C R" and let
g € WP(UYNC(U) with p > n. Consider the admissible class

A={veW(U)NCU) :v=g on dU}.
then there exists a unique function u € A such that

Iu] = {)Iéi;ll Iv],

where

] = /U |Dul? dz.

Proof. (I) Existence.
Let
Iy := inf Ifw].

weA
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Since A # & for instance g € A | we have
0< 1, <I[g] < 0.
Let {ux} C A be a minimizing sequence, that is
Claim: {u} is uniformly bounded in W'?(U).
Indeed, since
Tug] = / |\ Dug? da
U
and I[ug] converges, the sequence {I[u]} is bounded.Hence,

s%p | Dugl| Loy < 00 (4.1)

Next we estimate ||uy| ). Let w € A be fixed. Then by Minkowski’s inequality.
Jur| oy = llue —w + wlle@w) < llux = wllzew) + llwll )
Since ug, w € A, we have uyp —w = 0 on U, hence
u, —w € WyP(U).
Therefore, by the Poincaré inequality 2.4.3,
|ur, — wl|r@y < Cl[D(up, — w) || o)
Using Minkowski’s inequality again,
1D, = w) ) < [ Durllioe) + 1Dl oo,

Thus
[kl ey < C([Dukl| oy + [[Dwl| o)) + [wllLe@)-

Using 4.1 we conclude that
sup ||ug || Lr vy < 0.
k

Consequently,
Sl}ip [url[wre@) < oo,

and therefore {uy} is bounded in Wr(U).

By theorem 3.2.1 W'P(U) is a reflexive Banach space (for 1 < p < c0), then by the
weak compactness theorem found in [2] there exist a subsequence {uy,} and a function
u € WHP(U) such that

up, —u  weakly in WP(U).

Since p > n, Morrey’s inequality 2.4.1 implies that functions in W1?(U) admit contin-

uous representatives. Hence u € C(U).
Claim: u € A. Since uy; € A, we have uy, = g on 9U..Let w € A be fixed then

ug, —w =0 ondU so uy, —w € Wy (U). Since up, — u in WH(U), it follows
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that uy, —w — u—w weakly in W"P(U). But Wy (U) is a closed linear subspace of

WP (U) and therefore weakly closed. Hence, u —w € Wy*(U). Thus v —w = 0 on OU.
Since w = g on U, it follows that u = ¢ on U, and therefore u € A.

by lemma 4.1.2 we got that I[-] is weakly lower semi-continuous on W'*(U), thus
we obtain
Iu] < liminf ITuy, ].

J]—00

But lim {u] = Ip,hence liminf;_, o I{ug,] = Io.
Therefore I[u] < Iy.Since u € A, by definition of I, we also have Iy < I[u].
Thus I[u] = Iy, and wu is a minimizer.

(IT) Uniqueness.
Assume for contradiction that there exist two distinct minimizers uy, us € A.
The function L(q) = |g|? is convex for p > 1. Hence for any ¢, ¢2 € R™ and A € (0, 1),

LOq + (1= N)g2) < AL(q1) + (1 — A L(g2).

Take

1
@ =Dui(z),  g=Dus(w), A=g.
Then
Duy + Duy |” < | Duy [P + [ Dug [P
2 - 2 '
Let

E ={z €U : Duy(x) # Duy(z)}.
If |E| > 0, the inequality is strict on E, and integrating gives

J

On U \ E we have Du; = Duy, hence equality holds there. Therefore

/ /|Du1|pdx+ /|Du2|pdx
U

But since uq, us are minimizers, then
[[ul] = I[Ug]

Duy + Duy [P

: | Duy [P + |Du2|pdaz

2

Dul + DUQ
2

Thus

IP“+W}<HWL

Since Y172 € A, this contradicts the minimality of u;. Therefore |E| = 0, and hence
Du; = Duy  a.e. in U.

Consequently
D(u; —uy) =0 ae. in U.
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Since U is connected then by proposition 2.3.2 this implies
Up —Ug =¢C
for some constant ¢. But u; = us = g on QU, hence ¢ = 0, and therefore
u; = ug a.e. in U.
Thus the minimizer is unique. ]

Theorem 4.1.2 (Minimizers are weak solutions). Let p > n and let u € A be a
minimizer of the functional

o] = / \Dul? da
U
over the admissible class A. Then u is a weak solution of the p-Laplace Equation.

Proof. By Theorem 3.3.1, minimizers are weak solutions provided that the Lagrangian
L satisfies the required growth conditions. In the present case, we consider

L(q,z,z) = |q]?.
Clearly,
[L(q, 2, x)| = |g]” < ql” + 2" + 1.
Next, since
D,L(g, 2 x) = plg|"~*q,
we have

|D,L(q, 2,x)] = plgP* < p(ljglP~" + 2P~ +1).

Moreover, since L does not depend on z, it follows that
D.L(q,z,x) =0,

and therefore
|D.L(g, z,2)| = 0 < p(|gP + 2|~ +1).

Thus the growth conditions from Theorem 3.3.1 are satisfied. Since u € A is a
minimizer of

Tw] = / Dl dz.
U

it follows that u is a weak solution of the associated Euler-Lagrange equation, that is,
/ D,L(Du,u,x)-Dvder =0  Yve C>X(U).
U

Substituting
D,L(Du,u,x) = p|Du|’~*Du,
we obtain

/ p|DulP>Du - Dvdr =0 Vv € C2(U).
U
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Dividing by p, we conclude that
/<|Du|p_2Du, Dv)ydx =0  Yve CXU).
U

Hence u is a weak solution of the p-Laplace equation.

It remains to show that u € C'(U).Indeed, since we assumed that p > n it follows
directly from Morrey’s Inequality 2.4.1 that u is continuous over U.

Therefore we conclude that u is a continuous weak solution of the p-laplace equation.
O

Theorem 4.1.3 (Weak solutions are minimizers). Let u € A be a weak solution of the
p-Laplace equation

/(\Du]p_ZDu,Dm dx =0 Vn e C*(U).
U
Then u is a minimizer of the functional

Iw] = / | Dw|P dx
U

over the admissible class A.
Proof. We first recall that the function

[RY" =R, f(§) = [¢PF,
is convex for p > 2, as proved earlier. We claim that for every a,b € R",

bl > |al” +pla~a - (b - a). (4.2)
To prove this, define the line segment function

¢ :10,1] = R, o(t)=fla+tb—a)) =la+tb—a)l.

Since a + t(b — a) is an affine function of ¢ and f is convex, it follows that ¢ is convex
on [0,1]. Equivalently, since f € C?*(R" \ {0}), we may compute

¢'(t) =Df(a+tb—a))-(b—a),

and
O"(t) = (D*f(a+t(b—a))(b—a),b—a).

But the Hessian of f is positive semidefinite, since f is convex. Hence
¥"(t) =0,
and therefore ¢ is convex on [0, 1]. By convexity of ¢, we have
e(1) = ¢(0) + ¢'(0)(1 - 0).

Now
(1) = f(b) = b,  ¢(0) = f(a) = |al’
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and
¢'(0) = Df(a) (b—a).
Since
Df(a) = pla[’~*a,

it follows that
¢'(0) = pla~a- (b - a).
Substituting these expressions into the above inequality gives (4.2).

We now use this inequality to prove the theorem. Let w € A be arbitrary, and
define v := w — u. Since u,w € A have the same boundary values on 9U, we have
v € WyP(U). Since the weak formulation was initially stated for test functions in
C(U), and by corollary 2.3.1 C2°(U) is dense in W, *(U), the weak formulation extends
to all v € W, ?(U). Therefore,

/U(]Du\pzDu, Dv)dzx = 0. (4.3)

Now in (4.2), choose
a = Du(x), b= D(u+v)(x).

Then
b—a=D(u+v)— Du= Duv,

and so
|D(u+ )P > |Dul’ + p|Du|’"*Du - Dv.

Integrating over U, we obtain
/ |D(u+ v)|P doe > / | Du|P dx +p/ |Du|P~2Du, - Dv dz.
U U U

Using (4.3), the last integral vanishes, and hence

/|D(u+v)]pdm2/|Du|pdx.
U U

Since w = u + v, this means
Iw] > Iu].

Because w € A was arbitrary, we conclude that
Iu] < Iw] Vw € A.

Therefore u is a minimizer of the p-Dirichlet integral over A. O]
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4.2 The limit as p — o0

In the previous section, for each exponent p > n, we established the existence and
uniqueness of a minimizer w, of the p-Dirichlet integral

[(u):/U]Du\pd:c

among all admissible functions with prescribed boundary values. Moreover, we showed
that these minimizers are equivalent to the continuous weak solutions of the p-Laplace

equation.
Apu = div (|Dul’~*Du) = 0.

We now investigate the behavior of the weak solutions of the p-Dirichlet problem {u,}
as p — oo. This limit is natural from the variational point of view, since for large p the

quantity
1/p
( / | Du|? dx)
U

is expected to approach the essential supremum of | Du|, namely || Du| o). Our goal in
this section is show that the sequence {u,} admits a subsequence converging uniformly
in U to a limit function u.. This limiting function will play a central role in the study
of the infinity Laplace equation.

To obtain such a result ,we need a compactness argument. Therefore we recall several
tools that will allow us to extract a uniformly convergent subsequence: Lipschitz con-
tinuity, the extension of Lipschitz boundary values, Morrey’s inequality, Rademacher’s
theorem, and the Arzela-Ascoli theorem.

Lemma 4.2.1. Let U C R" be measurable with 0 < |U| < oo, and let f € LI(U) for
some 1l <p<q<oo. Then

(]impd:c) " (][U|f|qdw> "

In particular, the quantity (fU |f|P d:z:)l/p 1S INCTeasing as p increases.

ﬁfdx;:%'/dex

denotes the average of f over U. Applying Holder’s inequality

p/q
Pd d Ul|t-r/a,
/U|f| xé(/Ulﬂ fv) U]

Now divide both sides by |U| and taking the power 1/p on both sides, we get for

@ 1/p 1/q
P 7 .
(]{Jm az) < (]f]m a:)

which shows that the normalized LP-average is increasing with respect to p. O]

Proof. Recall that
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Theorem 4.2.1. Let p > n, and let {u,} C C(U)NWP(U) be a sequence of weak
solutions of the p-Laplace Equations with u, = g on OU, where g is a Lipschitz con-

tinuous function on OU. Then there exist a subsequence {uy,, } and a function u. €
C(U)NWt>(U) such that

Up, — Uoo uniformly on U,
Du,, — Dus weakly in L*(U)  for every s >n+ 1,
and
Uso = ¢ on OU.
Proof. We divide the proof into four steps.

Step 1: Uniform LP-bound and equicontinuity. By the Lipschitz extension the-
orem 2.5.3 , there exists a function G € C(U) N Wh=(U) such that G = g on U
and ||DG|| gy < L, where L is the Lipschitz constant of ¢g. In particular, G is an
admissible competitor for each wu,.
Since each w, is a minimizer of the p-Dirichlet functional I,[u] = [, [DulP dz over A
then
Lluy] < LGl = || Duy || Loy < DG Lo

Since |[DG(x)| < || DGy < L a.e. in U, it follows that

1/p 1/p
||DG||Lp(U) = </ |DG|p dx) S (/ LP d.ﬁE) = L‘U‘l/p
U U

1Dy oy < LIUJVP. (4.4)

We next prove that the family {u,} is equicontinuous on U. Let vp = up, — G
Since u, = g on AU and G = g on OU, we have v, € W, ?(U). Since p > n, Morrey’s
inequality yields constants C' > 0 and v =1 — % > 0 such that

Therefore,

[vp(2) = vp(W)| < ClID|l oyl —y[" Va,y el
Also, since G is Lipschitz continuous on U,
G@) - G| < Lis—yl  Va,yeT.

Hence, [up(z) —up(y)| < |op(x) —0p(y)|+]G(2) = G(y)| < C||[ Dyl o)z —y["+ Lz —yl.
Now Dv, = Du, — DG, so by Minkowski’s inequality,

|1Dvp | Loy < 1Dyl 2oy + DGl o)

Using (4.4) and the estimate |DG|| @y < LIUYP, we get || Duvp||pewy < 2L|UJMP.
Therefore
[up(2) = up(y)] < 2CLIUIYP|z — y|" + L]z — yl.

Since p > n, we have 1/p < 1/n, hence |U|'? < max{1, |U|"/"}. Thus there exists a
constant Cyy > 0, independent of p, such that

lup(z) — up(y)| < Culr —y|" + Lz —y|  Va,yeU. (4.5)
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Hence the family {u,} is equicontinuous on U.

Step 2: Uniform boundedness and uniform convergence. We now prove that
the family {u,} is uniformly bounded on U . Fix a point yo € OU. Since u, = g on 9U,
we have u,(yo) = g(yo). Hence, for any = € U,

Jup()] < Jup(x) = up(yo)| + [up(yo)| = lup(x) = up(yo)] + [9(40)]-

Using (4.5), we obtain

|up(2)] < Culz = yol” + Llz = yo| + 19(30)[ < Cy diam(U)” + L diam(U) + sup |g|

The right-hand side is independent of p. Thus {u,} is uniformly bounded on U.

So far, we have shown that {u,} C C(U) is uniformly bounded and equicontinuous.
Hence, by the Arzela—Ascoli theorem, there exist a subsequence {u,,} C {u,} and a

function u., € C(U) such that
Up, — Uoo uniformly on U.

Moreover, since u,, = g on OU for every k, passing to the limit in the uniform conver-
gence yields
Uy = ¢ on OU.

Step 3: Weak convergence of the gradients in L*(U). It remains to show that

Uso € WH(U). Fix s > n+ 1. Since p, — oo, there exists kg such that p, > s for
all k£ > ky. By the monotonicity of normalized LP-averages proved in above lemma, for

pr > s we have
1/s 1/pk
(][ |Dupk|sdx) < (][ | Duy, [P dx) :
U U

Using the minimizing property of u,, and the fact that G € A, we obtain

/ypupkw dx§/|DG|pk da.
U U

1/pk 1/pk 1/pk
(][ | Duy, |P* dx) < (][ |DG|P* dx) < (][ LP* d:v) = L.
U U U

Combining the above estimates, we conclude that

Hence,

1/s
(][ |Dupk\sdx) <L for all k& > k.
U

Equivalently,
| Dy, || sy < LIUY® for all k > k. (4.6)

Thus, for each fixed s > n+ 1, the sequence {Duy, }r>k, is bounded in L*(U). Since
L*(U) is reflexive, there exist a subsequence, still denoted by {Du,, }, and a function
Vs € L*(U) such that

Du,, — Vi weakly in L*(U).

52



We now show that Vi = Due, a.e. in U. Let ¢ € C2°(U). Since Du,, — Vi weakly
in L*(U), and since C(U) = L* (U), where 1/s 4+ 1/s' = 1, we have

/@Dupkdx—>/¢l/sdx.
U U

On the other hand,

/@Dupk dm:—/Dgoupkdx.
U U

Letting k — oo and using the uniform convergence u,, — u, we obtain

—/Dgoupkdx—>—/Dgouoodx:>/g0‘/;dx:—/D<puoodx,
U U U U

Hence, V, = Du,, a.e. in U and consequently
Du,, — Duy weakly in L°(U).

At this point, for each s = n+1,n+2, ..., we may extract a subsequence along which
the above weak convergence holds in L*(U). By a standard diagonalization argument,
we simultaneously obtain a single subsequence, still denoted by {u,, }, such that

Duy,, — Dus, weakly in every L*(U) for s>n+1.

Step 4: Conclusion that u, € W"*(U). Since the functional v — f,, |Dv|*dz is
weakly lower semi-continuous on W'#(U). Hence, for every s > n + 1,

][ | Do |* dx < liminf][ |Duy, |° dz.
U k—oo  Jir

Using (4.6), we conclude that

1/s
][ |Duc|®dr < L° = (][ |Duoo\sdx) <L,
U U

[ Dt

Equivalently,

o) < LIUMS Vs >n+ 1.

Now, let s — co. By the standard measure theoretic fact that

8151010 1fllzs@y = [1f 2o

it follows that || Duc ||z < L. Hence, us € WH*(U). O

4.3 Minimizing Property of u.,

In this section, we show that the limiting function u., satisfies a minimizing property
on every subdomain of U. We begin with a preparatory lemma.
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Lemma 4.3.1 (Maximum Principle). Let U C R", and let u,, v, € C(U) N WHr(U)
be two weak solutions of the p-Laplace Equation on U.Then

mUaX(UP —up,) = I%%X(Up — Up).

Proof. Assume by contradiction that

a = max(v, — u,) > max(v, —u,) =: (.
T U

Define G := {z € U : v,(z) — u,(z) > #} . Since v, —u, € C(U), the set G is open,

being the pre-image of the open interval (O‘TJFB, oo) under the continuous map v, — u,.

Thus
(e}

Moreover, since a > 3, we have G € U. Indeed,

g:{er: (vp—up)<x>zo‘+5},

2

" 8g={x€U: (vp—up)(x):#}.

Moreover 0G C U. Let x € 0G since v, — u, < 8 on OU, consequently G € U.

Now on 0G we have
. + 4
p— vp 2 .
But u, + O‘TJ“B is also a solution of the p-Laplace equation in G, since adding a constant

does not change the gradient. Hence both

a+f
2

Up and up +

solve the p-Laplace equation in G and agree on 0G. By uniqueness, it follows that

+ .

which contradicts the definition of G, since on G we have

a +
Up — Up > 26.

Thus the assumption was false, and therefore

max (v, — u,) = max(v, — up).

U oU

]

We now show that the limit function u., established in theorem 4.2.1 retains a
variational minimizing property on every subdomain D € U.

o4



Theorem 4.3.1. Let uo be the uniform limit obtained in above theorem 4.2.1. Then
for every subdomain D € U and every function v € Wh*(D) N C(D) such that

V= Ugso on 0D,

we have
[ Dttos || 222Dy < || Dv][ o< (D)

In other words, us 1S a local minimizer of the L*-norm of the gradient on every sub-
domain D € U.

Proof. Fix a subdomain D € U, and let v € C(D)NWY®(D) with v =u, on dD.
For each j, let v, denote the minimizer of the p;-Dirichlet functional among all
functions w € C(D) N WP (D) such that w = us on dD.

‘ ' ‘ Ap v, =0 in D,
Equivalently, v, is the weak solution of
Up; = Uoo on 0D.

Since v € C(D)NWH*(D) and v = u,, on D, the minimizing property of Uy, gives

/ | Dy, |P7 dx g/ | Dv|P7 dx.
D D

We divide the proof into several claims.

Claim 1.
Up; — U uniformly on D.

Indeed, for every = € D, we have
|vp, (%) = oo ()| = |vp, () = 1, (2) + up, (7) — oo ()]

and therefore

|Upj (SL’) - UOO(x)l < ||Upj - uijL“’(ﬁ) + Hupj - U’OOHL“’(ﬁ)' (47)
Now v, and u,, are both p;-harmonic in D. Hence, by the Maximum Principle 4.3.1,

[0p, = ttp, || ooy = lvp; = up, [l (o)

Since v,, = Uy on D, it follows that

||Upj - UijLOO(ﬁ) = [|ttoe — uijL‘”(@D) < |ttoo — uijLOO(B)'

But u,, — s uniformly on U, and in particular uniformly on D.
Therefore,
[vp, — UooHLoo(E) — 0.

Claim 2. For every fixed s > 1, there exists jo € N such that

1Dy, [l2x0) < 1Dl ooy DIV ¥ > o
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Fix s > 1. Since p; — 00, there exists jo such that p; > s for all j > jo. Since we proved
earlier that the normalized LP-means are increasing in p, it follows that for 5 > jo,

1/s 1/p;
(][ |Dvpj|8dx) < (][ | Dy, |P7 dx) :
D D

On the other hand, from the minimizing property of v, and dividing by |D|Y/73 | we

obtain,
1/p; 1/p;
(f Doy, dx) < (f |Dop d:c) < |1 Dv] o).
D D

Combining the above inequalities, we get

1 Dvp, | Ls(py < || D0l ooy [PV Y5 > jo.

Claim 3. For every fixed s > 1, after passing to a subsequence,
Dy, — Dug, weakly in L*(D).

Fix s > 1. By Claim 2, the sequence {Duy, };>j, is bounded in L*(D). Since L*(D) is
reflexive, there exist a subsequence, still denoted by {Dv,, }, and a function ug € L*(D)
such that

Du,, — ug weakly in L°(D).

We now show that ug = Duy a.e. in D.
Let p € C2°(D). Since ¢ € C2(D) C L* (D), where 242 = 1, the weak convergence

gives
/ ¢ Dvy, dv — / pugdr.
D D

On the other hand, since v,, € W'?i(D) C WL (D), integration by parts yields

loc

/ ¢ Dv, dx = —/ Dy, dz.
D D

By Claim 1, v,, — s uniformly on D. Hence,

—/Dgpvpjdx—>—/Dgpuoodx:>/g0uod$=—/D90Uoodﬂf Vo € C°(D).
D D D D

Thus ug is the weak gradient of u.,, and consequently uy = Dy a.e. in D.
Hence,
Dvy,; — Dug, weakly in L*(D).

Claim 4. For every s > 1,

||Duoo LS(D) S ||Dv||L°°(D) |D|1/S

Since the functional w — [, |Dw|® dx is weakly lower semi-continuous on W'*(D),
Claim 3 implies
/ | Duoo|® dz < liminf/ | Dy, |* da.
D J7e Jp
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Using Claim 2, for all sufficiently large j we get

/D Doy, |* dz < Dol 3 | D)

Therefore,
| Dttos| Ly < I1D0|l ooy | D],

Finally, let s — oo. it follows from Claim 4 that
Dux € L*(D)  and | Duacllimo) < | Dvllzco)
Since v € C(D) N Wh*(D) with v = us, on dD was arbitrary, we conclude that
[Dttoo| oo (p) < |D0][ 1< ()

for every such competitor v. Hence u., satisfies the desired local minimizing property
on D. O

4.4 Derivation of the co-Laplace equation

We now conclude this section by giving a formal derivation of the oo-Laplace equation
starting from the p-Laplace equation.
Let u € C*(U). Then
Ayu = div(|DulP~*Du)

Since Du = (Ug,, Ugy, - - - , Uy, ), WE May write

n a -
Ayl = Z Oz; (|Du|p 2u$i)‘
i=1 ?

Using the product rule and the chain rule, we obtain
Ayu = |DulP"2Au + (p — 2)|Duf~* Z U U, Uy ;-
ij=1

This motivates the definition of the oo-Laplacian:

Agtl := Z Ugp Uy Uy, = (D*u Du, Du).

ij=1

Hence the p-Laplace equation becomes

Ayu = |DufP~* <|Du|2Au Y (p— Q)Aoou>. (4.8)

So assume A,u = 0, we get away from points where Du = 0, we may divide by
| DulP~* to get
|Dul*Au + (p — 2)Asou = 0.
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Dividing further by p — 2, we arrive at

Dul?A
% + Asu = 0.
p_

Now letting p — 0o, we formally obtain the limiting equation
Agu = 0.

Thus, the limit of the p-Laplace equation as p — oo is the oo-Laplace equation
Asu = 0.

Remark 4.4.1. This derivation is closely related to the discussion above. Indeed,
we constructed a sequence of weak solutions {up,} and proved that for p;n, along a
subsequence,

Up; — Uoo uniformly on U.

Moreover, we showed that the limiting function us, € C(U)NWL(U) satisfies a min-
imazing property on every subdomain of U with respect to the L*>-norm of the gradient.
Therefore, the above computation suggests that u, should be associated with the limiting
equation

Asu = 0.

Howewver, several difficulties arise at this stage.

4.4.1 Restriction to C?*-solutions

Since the oo-Laplace equation
Asu = (D*u Du, Du) =0

contains second derivatives explicitly, one may first try to work only with classical
solutions, that is, functions u € C?(U) satisfying the equation pointwise in U. This
class is not empty. For instance, every affine function

w(z)=a-z+b
satisfies D?*u = 0, and therefore
Asu = (D*u Du, Du) = 0

in the classical sense. More generally, Lindqvist [3] lists further explicit examples that
are classical solutions away from their singular points, such as

u(z) = alz| + b,

which is of class C? on every domain U C R™\{0}. Thus classical co-harmonic functions
do exist .

However, this class turns out to be too restrictive for a general theory. The following
result shows that a non-constant classical oo-harmonic function cannot have interior
critical points. This was proved by Aronsson in two dimensions and appears in the
C*-setting stated below in Yu'’s paper [1], [7].
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Theorem 4.4.1 (Aronsson Theorem). Suppose that u € C*(U) and that
At =10 i U.

Then either
Du # 0 in U,

or else u is constant.
As an illustration, consider the unit disc
U = B,(0) C R?,
and prescribe the smooth boundary data
g(z,y) =y on OU.
Then by [3] every function f € C*(U) N C(U) satisfying
f=g on OU
must have at least one critical point in U. Therefore, if there existed a classical solution
ue€ CHU)NC)
of the Dirichlet problem
Asu=0 inU,
{u =g on OU,

then u would necessarily possess an interior critical point, contradicting Aronsson’s
theorem. Hence, even for smooth boundary data, the Dirichlet problem for the oo-
Laplace equation need not admit a non-constant classical solution.

These observations show that, although classical solutions may exist, the class of
classical solutions is too restrictive to serve as a general framework for the oo-Laplace
equation.

4.4.2 Restriction to Weak Solutions

For 1 < p < o0, the p-Laplace equation

Ayu = div(|DulP~?Du) = 0
is in divergence form. Therefore, by testing against ¢ € C°(U) and integrating by
parts, one arrives at the weak formulation

/U|Du|p_2Du-D<pdx:0 Vo e CZ(U),

On the other hand, as p — oo leads to the equation

Asou = (D*u Du, Du) = 0.
This operator is not in divergence form. Consequently, the usual integration-by-parts
procedure does not produce a weak formulation involving only first derivatives. Thus,

unlike the case of the p-Laplace equation for finite p, weak solutions are no longer the
appropriate notion for the limiting equation

Au = 0.

The failure of the weak formulation provides further motivation to introduce viscosity
solutions.
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CHAPTER 5

VISCOSITY SOLUTIONS

The passage p — oo yields the equation A, u = 0, but it also raises a fundamental
question: how should the limiting function u., be interpreted as a solution of this
nonlinear second-order equation? The answer is provided by the theory of viscosity
solutions.

We now introduce viscosity solutions in a general framework, We begin by recalling
the notions of upper and lower semi-continuity, which play a central role in the definition
of viscosity solutions.

5.1 Preliminaries on semi-continuity
Definition 5.1.1. Letu: U — R and let o € U.

1. We say that u is upper semi-continuous at xq if

limsup u(x) < u(wp).
Tr—T0

2. We say that u is lower semi-continuous at xq if

lim inf u(x) > u(zy).
T—T0

We say that u is upper semi-continuous (respectively lower semi-continuous) in U if
it has this property at every point of U.

Remark 5.1.1. A function u is continuous if and only if it is both upper semi-continuous
and lower semi-continuous.

Proposition 5.1.1. Let U C R™ be compact.
1. If u: U — R is lower semi-continuous, then u attains its minimum on U.

2. If u:U — R is upper semi-continuous, then u attains its mazimum on U.

Proof. We prove the first assertion. Since u is lower semi-continuous on the compact
set U, it is bounded from below. Set
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Choose a sequence (z) C U such that
u(zy) — m.

By compactness of U, there exists a subsequence, still denoted by (zy), such that
T — x9 € U.

Using lower semi-continuity, we obtain

u(zo) < liminf u(xg) = m.
k—o0

Since m is the infimum of v on U, we must have u(xzg) = m. Hence u attains its
minimum on U.
The proof of the second assertion is analogous. m

Proposition 5.1.2. Let v : U — R. Then:

1. w is lower semi-continuous in U if and only if, for every a € R, the set {z € U :
u(z) < a} is closed in U. Equivalently, for every a € R, the set {x € U : u(x) >
a} is open in U.

2. w is upper semi-continuous in U if and only if, for every a € R, the set {x € U :

u(z) > a} is closed in U. Equivalently, for every a € R, the set {x € U : u(x) <
a} is open in U.

Proof. We prove (1).

(=) Assume that u is lower semi-continuous in U, and let S := {z € U : u(x) < a}..

Let () C S be a sequence such that z; — xg € U. Since x; € S, we have

u(zy) < a for every k.
Because u is lower semi-continuous at x,

u(zo) < liminf u(zy) < a.
k—o0

Hence zg € S. Therefore S is closed in U.

(<) Conversely, assume that for every a € R, the set {x € U : u(z) < a} is closed in
U. We show that u is lower semi-continuous in U.
Suppose by contradiction that u is not lower semi-continuous at some point xy € U.
Then
u(zo) > liminf u(y) =: .

Y—xo
Choose a such that ¢ < a < u(xg). By the definition of liminf, there exists a sequence

(x) C U such that
Ty — X and  wu(zy) — L.

In particular, for all sufficiently large k,
u(zy) < a,

sozp € {x € U : wu(x) < a}. Since this set is closed in U and x; — x(, we must have
zg € {x € U : u(x) < a}, that is, which contradicts the choice of a < u(xg). Therefore
u is lower semi-continuous in U.

The proof of (2) is analogous. O
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As we will see, the viscosity theory will require us to deal with semi-continuous
functions. Therefore, let us recall the notions of the upper semi-continuous envelope u*
and the lower semi-continuous envelope u, of a function v : U — R:

Definition 5.1.2. Let u : U — R. The upper semi-continuous envelope u* and the
lower semi-continuous envelope u, of u are defined by

u*(a) = limsup{u(y) 1y € U, |y — x| <7},

5.1
uL(z) = liﬁ)linf{u(y) cyelU, ly—z| <r} (5:1)
Proposition 5.1.3. Let U be a metric space, and let v : U — R then
1. u, is lower semi-continuous;
2. u* 1S upper semi-continuous;
Proof. We prove (1).Let g € X be a limit point. Fix € > 0. Since
us(z0) = liﬁ)linf{u(x) :x € B(xg,7) N X},
there exists dg > 0 such that
ux(zo) — e < inf{u(z) : © € B(xo, ) N X}.
Hence,
U (o) — e < u(z) for every x € B(xg,dp) N X.
Therefore,
us(z9) — & < liminf u(z).
T—T0
Since € > 0 is arbitrary, letting € | 0 gives
U (o) < liminf u(x).
T—T0
Thus u, is lower semi-continuous on X.
The proof of (2) is analogous. O

5.2 Proper fully Nonlinear Second Order Partial Differential
Equations

Definition 5.2.1. Consider a fully nonlinear second-order equation of the form
F(z,u, Du, D*u) = 0 in U,

where
F:UXxRxR"xS"— R,

and 8™ denotes the space of real symmetric n X n matrices.
For convenience, we write
F:=F(x,r,p,X)

for the value of F' at (z,r,p, X) € U x R x R" x 8™,
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1. We say that F' is monotone in the zero-order term if
r<s = Fx,rp,X)<F(x,s,p,X)
forallz €U, peR”, and X € §".
2. We say that F is degenerate elliptic if
Y <X = F(z,r,p,X)<F(x,r,p,Y)
forallz e U, reR, and p € R™.

3. We say that F' is proper if it is monotone in the zero-order term and degenerate
elliptic, that is, if

r<s, Y<X = F(z,r,p,X)<F(z,sp,Y)
for all x € U and p € R™.
Here the matrix inequality ¥ < X means that
(YE &) < (X&) for all £ € R™.
Example 5.2.1. Consider the linear second-order equation
—tr(A(x)D*u) + b(x) - Du+ c(z)u = 0.

In this case,
F(z,r,p, X) = —tr(A(x)X) + b(z) - p + c(x)r.

Then F' is proper provided
c(x) >0 and  A(x) >0
for all x € U, where A(x) > 0 means that A(x) is positive semi-definite.

Proposition 5.2.1. The operator F' is proper if and only if the following holds: when-
ever ¢, € C*(U) and & € U is a local mazimum point of ¢ — 1, then

F(&,¢(2), Dy (&), D*P(2)) < F(&,¢(2), Dd(&), D*¢(1)).

Proof. Assume first that F' is proper and let & be a local maximum point of ¢ — 1.
Then

¢(&) = v(2),  Do(d)=Dy(a),  D*¢(z) < D*)(2).
By degenerate ellipticity,

F(@,9(2), Dy(3), D*P(2)) < F(,9(2), Di(2), D*¢(2)).

Using monotonicity in the zero-order term and D¢ (z) = Dv(z), we obtain

F(&,9(2), Dy (&), D*¢(2)) < F(2, ¢(2), Do(&), D*$()).

Combining the two inequalities gives the desired conclusion.
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Conversely, assume the stated implication holds. Fix z € U, p € R", and X,Y € §"
with r < s and Y < X. Define

oy) =s+py—z)+5Y(y—2)y—1),

Y(y) =7+ {py—2)+ (X(y—2),y — ).

N~ DN

Then ]
(6= 4)) =5 =+ 5 (Y = X){y — o),y — o).
Since s —r > 0 and Y — X < 0, the function ¢ — ¢ has a local maximum at x. By
hypothesis,
F(z,r,p,X) < F(x,s,p,Y).
Hence F' is proper. ]
5.3 Viscosity Solutions: Definition and Consistency

We are now ready to define viscosity sub-solutions and super-solutions.

Definition 5.3.1. Let F' be proper, let U C R™ be open, and let u: U — R.

1.

We say that u is a viscosity sub-solution of
F(z,u, Du, D*u) = 0 inU

if w is upper semi-continuous in U and for every ¢ € C*(U) and every local
mazximum point & € U of u — ¢, one has

F(,u(2), D¢(2), D*¢(2)) < 0.

We say that u is a viscosity super-solution of
F(z,u, Du, D*u) = 0 inU

if u is lower semi-continuous in U and for every ¢ € C*(U) and every local
minimum point T € U of u — ¢, one has

F(&,u(2), Dé(&), D*(i)) > 0.

Finally, we say that u is a viscosity solution if it is both a viscosity sub-solution
and a viscosity super-solution.

We know show that classical solutions are viscosity solutions

Proposition 5.3.1. Assume that F is proper and let u € C*(U) be a classical solution

of

Then

F(z,u, Du, D*u) = 0 in U.

u is a viscosity solution of the same equation in U.
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Proof. We first show that u is a viscosity sub-solution. Since u € C?*(U), it is continu-
ous, hence upper semi-continuous. Let ¢ € C*(U) and let # € U be a local maximum
point of u — ¢. Then

u(z) = (), Du(z) = Do(z), D*u(z) < D*¢(2).

Since F' is degenerate elliptic, we obtain
F(2,u(2), Du(z), D*¢(2)) < F(2,u(z), Du(2), D*u(%)).
Using the classical equation satisfied by u, this gives
F(&,u(2), Dé(t), D*¢(2)) < 0.

Hence u is a viscosity sub-solution.
The proof that u is a viscosity super-solution is analogous. Indeed, if % is a local
minimum point of u — ¢, then

u(@) =é(2),  Du(@)=Do¢(&),  Du(d) > D*¢(z),

and degenerate ellipticity yields
F(&,u(2), Dp(2), D*¢(2)) > F(&,u(2), Du(z), D*u(%)) = 0.
Therefore, u is also a viscosity super-solution, and thus a viscosity solution. O]

A natural question at this point is whether the preceding definition is in fact well
posed. More precisely, does the definition of viscosity subsolutions and supersolutions
guarantee the existence of suitable test functions? The next two propositions answer
this question for upper semicontinuous functions and thereby clarify the consistency of
the definition. The corresponding statements for lower semicontinuous functions are
obtained in the same manner, with local maxima replaced by local minima.

Proposition 5.3.2. Let £ € U, and let u : U — R be upper semi-continuous. Then
the following are equivalent:

1. There exists p € R™ such that
u(z) <u(@)+p-(x—2)+o(lx — ) as T — .
2. There exists ¢ € CY(U) such that uw — ¢ has a local mazimum at .
Proof. We first prove that (1) = (2). Assume that there exists p € R™ such that
w(z) <u(@)+p-(x—2)+olx — z|) as r — 1.

Define
R(z) :=u(x) —u(z) —p- (z — 7).

Thus, for every € > 0, there exists 0 > 0 such that
R(x) <elz — 7 whenever |z — Z| < 0.
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Now set
o(x) = u(@) + p- (@ — #) + M|z — &,

where M > 0 is a constant. Then ¢ € C'(U \ {2}), and near & we have
u(z) — ¢(x) = R(x) — M|z — Z|.

Hence, whenever |z — Z| < 4,
u(x) — ¢(x) < (e = M)z — 2.

Choosing M > ¢, we obtain for x near &

Therefore u — ¢ has a local maximum at z.
We now prove that (2) = (1). Assume that there exists ¢ € C*(U) such that u — ¢
has a local maximum at z. Then

w(z) — ¢(x) < u(z) — P(7) for x near z.

Since ¢ € C'(U), Taylor’s formula yields
o(x) = (&) + DP(z) - (x — &) + o(|z — &) as x — I.
Substituting into the previous inequality, we obtain
u(@) < u(@) — 6(&) + 6(z) = u(@) + Do(@) - (x — &) + of|x — &),

Hence (1) holds with
p = D¢(i).
[l

Proposition 5.3.3. Let & € U, and let uw: U — R be upper semicontinuous. Then the
following are equivalent:

1. There exist p € R™ and X € S™ such that

u(x) §u(§:)+p-(w—:i:)—i—%(X(x—fv),x—:ﬁ)—i—o(]x—:ﬁﬁ) as T — .

2. There exists ¢ € C*(U) such that u — ¢ has a local maximum at .

Proof. We begin by showing that (1) = (2). Consider

1
o) =u(@)+p - (x —2)+ §<X(x—i),x—£> + M|z — 2|?,
where M > 0. Then ¢ € C*(U), and

o(#) =u(@), D@ =p, D*(&)=X.
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It remains to verify that (u — ¢)(z) < 0 near . Set

R(z) = u(z) — ) — p- (x — &) — %(X(x _ &)z — ).

u(z) — ¢(x) ZU(OJ)—U(f@)—p'(90—9?3)—E(X(ﬂf—56)733—@—Mlx—fﬂl3

2 (5.2)
<o(lx — 2*) — M|z — 2|*.
Since o(|z — #|?) < e|x — #|* whenever |z — #| < §, we obtain
u(z) — ¢(x) < (e — M|z — 2|)|v — 2| < (e — M6)S>.
Now choose M so that ¢ — Mé§ < 0. It follows for x near = that

u(z) — ¢(z) < u(f) — (L) =0

. Therefore u — ¢ has a local maximum at z.
We next prove that (2) = (1). Suppose that there exists ¢ € C?(U) such that u — ¢
has a local maximum at . Then

u(z) — () < u(x) — o(z) for x near 2.

Because ¢ € C?(U), Taylor’s theorem gives

¢(x) = ¢(2) + Dp(2) - (x — 2) + %(D%(i’)(x — 1),z — &) + o(|r — 2|?) as ¥ — 1.
Substituting this expansion into the preceding inequality, we get

u(r) < u(@)—o(2)+o(z) = u(i)+D¢(§f)'(x—@)Jr%(Dzé(i?)(fﬁ—i),ﬂi—i>+0(|ﬂf—i’|2)-

Hence (1) holds with
p=Do(1), X =D().

]

Remark 5.3.1. Thus, requiring that uw — ¢ have a local mazximum at T is equivalent
to requiring the existence of first- or second-order expansions from above. Analogous
statements hold for local minima.

Finally, we recall a result from convex analysis which is conceptually related to the
question posed at the beginning of this section. Let X be a Banach space. A set-valued

operator
T: X=X

with graph graph(7") C X x X* is called monotone if
(y" 2" y—2) =20

whenever
(z,27) € graph(T')  and  (y,y") € graph(T).
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It is called maximal monotone if it is monotone and its graph is not properly contained
in the graph of any other monotone operator.
The subdifferential 0f : X = X* of a convex function

f:X = (—o0,+0o0]
is defined by
Of (x) :==A{z" € X*: (%,y —x) + f(x) < f(y) for all y € X},
and the duality mapping J : X = X* is defined by
J(2) = {a* € X* ¢ (",2) = [l = "2}

It is easy to check that

Ja)=0j(x), () = gllal

Theorem 5.3.1 (Rockafellar). Let X be a Banach space, and let
f:X — (00, 4+

be proper, convex, and lower semi-continuous. Then the subdifferential Of is maximal
monotone.

Proof. We omit the proof and refer the reader to [3]. O

Remark 5.3.2. The role of test functions in the definition of viscosity solutions is
closely analogous to the role played by supporting affine functions in convex analysis.
Indeed, if f is proper, convex, and lower semicontinuous, then for each x € X and each
x* € Of(x), the affine function

y f(2)+ (=" y —x)

touches f from below at x. Rockafellar’s theorem shows that the subdifferential of such a
function defines a robust and well-posed generalized derivative. The viscosity framework
follows the same philosophy: because the equations under consideration involve first
and second derivatives, affine supporting functions are replaced by C? test functions
touching the function from above or below. In this sense, viscosity subsolutions and
supersolutions may be viewed as second-order analogues of subdifferential inequalities
from convex analysis.

We conclude this discussion with the basic consistency property of the notion of
viscosity solution.
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CHAPTER 6

VISCOSITY SOLUTIONS FOR THE
00-LAPLACE EQUATION

In the previous chapter, we introduced viscosity solutions in a general framework for
fully nonlinear second-order equations. We now return to the main equation of interest
in this thesis, namely the co-Laplace equation

Asu = {D*u Du, Du) = 0,

which was derived earlier as the limit of the p-Laplace equation as p — oc.

At the same time, the limiting process produced a function u..,, obtained as the uni-
form limit of a sequence of continuous weak solutions functions. It is therefore natural
to ask in what sense u., solves the oco-Laplace equation. The general viscosity frame-
work developed in the previous chapter provides the appropriate setting for addressing
this question.

The purpose of this chapter is to specialize the general theory of viscosity solutions
to the co-Laplace equation, and show that the limiting function u. is indeed a viscosity
solution of the corresponding problem

6.1 Definition of Viscosity Solutions for the p-Laplace Equa-
tion

Definition 6.1.1. Let 1 < p < co. We say that v € C(U) is a viscosity supersolution
of Apu =0 U, if
Ap¢(x0) S 0

whenever xg € U and ¢ € C*(U) are such that v — ¢ has a local minimum at x.
We say that v € C(U) is a viscosity subsolution of Ayu =0 in U, if

Ap¢(x0) >0

whenever xog € U and ¢ € C*(U) are such that v — has a local mazimum at ;.
Finally, v € C(U) is called a viscosity solution of

App =0 in U,

if it is both a wviscosity supersolution and a viscosity subsolution.
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Remark 6.1.1. In what follows, we shall use the following two simplifications, both
without loss of generality:

1. The extremum attained at xo may be assumed to be equal to 0. Indeed, if ¢ €
C?(U) is a test function, then by replacing ¢ with

P(x) = ¢(x) + v(z0) — P(20),
we have 3
(v —@)(z) = 0.
Hence, in the supersolution case, one may assume that
{U(xo) = Qg(fﬂo)a
v(x) > o),

Likeunse, in the subsolution case, one may assume that

{U(xo) = ¢(z0),
v(z) < o(x),

for x in a neighborhood of x.

for x in a neighborhood of x.

2. We may also assume without altering the definition that these inequalities are
strict for x # xo . More precisely, in the supersolution case, after replacing ¢ by

d(x) = dla) — | — 0|,

one obtains

for x in a neighborhood of xy.

{U(fo) = Qg(l’o)a

v(z) > o),

Similarly, in the subsolution case, after replacing v by
b(x) = () + o — a|",

one obtains

for x in a neighborhood of xy.

{U(l’o) = lﬁ(xo),
v(z) < d(x),

6.2 Weak Solutions are Viscosity Solutions for p-Laplace Equa-
tion

We now establish the comparison principle here as it will play a central role in relating
weak and viscosity notions of solution but before we will provide this lemma because it
will be needed in the comparison principle’s proof

Lemma 6.2.1. Let p > 2 and let a,b € R™. Then

{|b]P~*b — |a[""%a, b—a) > 2*7P|a — bJ".
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Proof. Consider the function

f&)=1[¢r=2,  €eR"

Since p > 2, then the function f is convex and thus convexity gives the below inequality

that is,
p—2 p—2
Ja” & oI~ > 2%7Pla — P2
2
Next, we compute

(|bIP~2b — |al"~2a, b—a) = [b]" + |al” — (|b]"~* + |a["~?){a, b)
S |a|P~% + |bP~2
= 2
a4 bl
a 2

(lal* + 16]* — 2(a, b))
b —al?.
Using the first inequality, we conclude that
<|b|p’zb — |aP~2a, b— a> > 2%P|lg — b]P%|b — al* = 2% P|a — bJP.
This completes the proof. n

Theorem 6.2.1 (Comparison principle). Let p > n, and let U C R" be a bounded
domain. Suppose that u is a weak sub-solution and v is a weak super-solution of the
p-Laplace equation in U, Assume moreover that for every ¢ € oU,

limsup u(z) < liminfv(z),
z—C z—¢

excluding the cases +0o0 < +00 and —oo < —oo. Then
u<wv m U.
Proof. Let € > 0, and define
D.:={zxeU: u(z)>v(r)+ec}.

Since u — v is continuous, the set D, is open.
We claim that D. € U. Assume not, then there exists ( € OU N D.. Hence we can
find a sequence x; € D, such that x; — (. Since x € D., we have

u(zg) > v(rg) +e Vk.

Therefore,
limsup u(xy) > liminf v(zy) + €.
k—o0 k—o0
It follows that

lim sup u(z) > liminf v(z) + ¢,
z—( T—¢
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which contradicts the boundary assumption. Thus
D. eU.
Now set 77 := (u — v — ¢),4. Since D. € U, we have n € W, ?(U), and
u—v—e¢c in D,
n= .
0 in U\ D..

Hence
{Du — Dv a.e. in D,

0 a.e. in U\ D..

Since u is a weak sub-solution in U, we have
/<|Du\p2Du, Dn) dz < 0.
U
Since v is a weak super-solution in U, we also have
/(\DUV"H)U, Dn) dx > 0.
U
Subtracting, we obtain
/ {|Du|""?Du — |Dv|"~*Dv, Dn)dz < 0.
U
Using the expression for Dn, this becomes

/ {|Du|2Du — |Dv|P"*Dv, Du— Dv)dz < 0.

De

By the previous lemma 6.2.1, with b = Du and a = Dv, we get
{|Du|~*Du — |Dv|P"*Dv, Du— Dv) > 2*7?|Du — Dvl’.
Therefore,

0> 22_p/ |Du — Dol? dz.

Hence
D(u—v)y =0 a.e. in D..
Let C be any connected component of D.. Then

Du—wv); =0 ae. inC.

by proposition 2.3.2 (u — v); is constant a.e. in C. Since (u — v)4 is continuous, it
follows that (u — v) is constant in C. Now, by continuity and the definition of D, we
have u —v =¢ on 0C, and therefore (u —v), =¢ on 9C.

It follows that (v —v);y =¢ in C. Thusu —v <e in C, that is,

u<v+e inC.

But this contradicts the definition of D., where u — v > . Therefore D, = &.
Since ¢ > (0 was arbitrary, we conclude that u < v in U. O]
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We now establish the bridge between the weak and viscosity notions of super-solution.

Theorem 6.2.2. Suppose that v € C(U) N WP (U) is a weak super-solution then v is
also a wviscosity super-solution in U.

Proof. We argue by contradiction. Assume that v is not a viscosity super-solution.
Then there exist xg € U and ¢ € C*(U) such that

v(zo) = P(z0), v(x) > ¢(x) for = # xo

in a neighborhood of xy, and

Do) #0,  Ayd(wo) > 0.

Since A,¢ is continuous, there exists p > 0 such that B(xg,2p) C U and Ayé(z) >0
whenever |z — zg| < 2p. Thus ¢ is a classical sub-solution in B(xg, 2p).

Now define m := mingp(s,,p) (v — ¢). Since the v(z) > ¢(x) and v — ¢ is continuous
then m > 0. Set

V(@) = ola) + T
Then, for every x € dB(zo, p),
Y(w) = 6(a) + 5 < 8(x) + 5 (o) — 9(0) = 30(a) + 50(@) < o(),

On the other hand, ¥ (zo) = ¢(x0) + 5§ = v(xo) +F > v(z). Let D, denote the
connected component of the open set {¢) > v} N B(xg, p) which contains z.

We claim that ¢ = v on 0D,. Indeed, let y € 9D,. If y € 0B(xg, p), then ¢(y) <
v(y), and by continuity there exists r > 0 such that

Y <wv in B(y,r).

But this contradicts the fact that y € 0D,. Hence y ¢ 0B(xzo,p), so y € B(zo,p).
Since D, is a connected component of {¢y > v} N B(xo,p), we already know that
0D, C {¢ > v}.

We now show that in fact 0D, C {¢ = v}. If not, there exists y € dD, such that
Y¥(y) > v(y). By continuity, there exists 71 > 0 such that ¢¥» > v in B(y,r;). Hence
D,U B(y,r) is an open connected subset of {¢) > v} N B(xy, p) strictly containing D,,
contradicting the maximality of the connected component D,. Therefore

Y= on 0D,.
Since 1 = ¢ + 3, we have
App = App >0 in D,.

Thus 1) is a classical sub-solution in D,, hence also a weak sub-solution in D,. Therefore

| Upep=pe.Dijdr <0 vy e WD)
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Since v is a weak super-solution, we also have
/D (|Dv[P=2Dv, Dn)dx >0 Y€ Wy"(D,).

then by the comparison principle 6.2.1 we obtain
Y <wv in D,,.
But this contradicts the fact that
zo € D, and  Y(xo) > v(xp).
This contradiction proves that v is a viscosity super-solution in U. O
Remark 6.2.1. Similarly, one proves that a weak sub-solution is also a viscosity sub-

solution. Consequently, every weak solution is a viscosity solution.

6.3 Existence of a Viscosity Solution to the co-Laplace Equa-
tion

We know introduce the following lemma that will be needed in order to pass to the
limit in the viscosity sense.

Lemma 6.3.1. Suppose that
fi—f  uniformly in U,
where f;, f € C(U). If there exists ¢ € C*(U) such that
¢(x0) = f(x0),
{f(ﬂ?) > @) Y # o

then there exist points x; — xo such that
fi(xj) = é(x;) = min(f; — ¢)
for some subsequence.

Proof. Assume that ¢ € C*(U) satisfies the following

¢(wo) = f(x0),  flz) > d(x) Vi # o

Let 7o > 0 be small enough so that B, (z¢) C U. Then infg g o) (f — ¢) > 0.

Since f; — f uniformly on U, then for ¢ = %infU\BTO(xo)( f — @) > 0, there exists
J € N such that for all j > J,

\fi(z) = f(z)|<e Vxel.
Hence, for every z € U we have f;(z) — ¢(x) = fi(x) — f(z) + f(z) — ¢(x).
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If 2 € U\ By, (z9), then f;(x) — ¢(x) > —% infU\BTO(_,EO)(f —¢)+ infU\Bro(xo)(f — ),

inf (f—¢)>0.

U\Bry(w0)

On the other hand, since ¢(zo) = f(zo) and f;(zo) — f(xo), we have

fi(wo) — ¢(wo) — 0.

DO | —

fi(z) = o(z) >

Thus for j large enough,

fiao) = olwo) < 5t (f-g)< it (f;-0)

U\Brg (20) U\Br, (z0)

where the last inequality follows from 6.1
We claim that for j large enough,

min(f; — ¢) € By, (zo).
U

Indeed, if a minimizer x; were in U \ B,,(zy), then by 6.2,

fi(z;) —o(x;) > inf  (f; — @) > fi(z0) — d(w0),

U\Br (z0)

which is impossible.
Thus, for some subsequence, there exist z; € B, (o) such that

fi(zg) — o(x;) = mﬁin(fj — ).

(6.1)

(6.2)

Now let r,, = 5%, &k € N, Repeating the same argument with ry, in place of 7o, we find
that for each k there exists an index J;, such that for all j > Jj, any minimizer of f; — ¢

lies in B, (z0).

Choosing j; > Ji, and corresponding minimizers x;, € B,, (zo), we obtain

To
|z, — xo| < T

Hence z;, — x as k — oo.
Therefore, along a subsequence,

filxy) — o)) = mﬁin(fj —¢),  x; — .

]

We are now ready to prove that there exists a viscosity solution to the oo-Laplace

Equation

Theorem 6.3.1. Let U C R" be a bounded domain, and let {p;} C (n,o0) be a sequence
such that p; — oo as j — oco. For each j, let v, € C(U)NWi(U) be a weak

solution of

Apjvp]. =0 i U.
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by theorem 4.2.1 there exists a function
Voo € C(U) N W (U)
such that, up to a subsequence,
Up; = Voo uniformly in U,
{Dvpj — Dug, weakly in L*(U) for every 1 < s < 0.
Then vy is a viscosity solution of
Agls =0 m U.

Proof. Since each v, is a weak solution of A, v = 0 in U, it follows from the
previous theorem 6.2.2 that each v, is also a viscosity solution.

We first prove that v, is a viscosity super-solution. Let 1 € C?(U) and o € U such
that

(o) = Voo (o), P(x) < veo(z) VY # x.

Since vy, s a viscosity super-solution of A, v =0 and by Lemma 6.3.1 there exist
points xp — x9 and a subsequence, still denoted by Up;, such that Up;, — 1 has a
minimum at zj; then it follows that

Apjk¢($k) < 0.

Now, we distinguish two cases.

Case 1: Di(zg) =0.
Then
Aot (0) = (D*)(w0) Di(x0), Dib(wo)) = (D*(20)0,0) = 0.

Hence

Case 2: Dy(z) # 0.
Since D1 is continuous and x, — xg, we have

Dip(xr) — Dip(xg) # 0.
Therefore Di)(xy) # 0 for all sufficiently large k. For such k, using the identity 4.8
B, 0 = DY (|DYRPAY + (b, — 2)Anct),
the inequality Apjkw(xk) < 0 becomes
| Dp(ai) P At (k) + (pj, — 2)Aocth(wy) < 0.
Dividing by (p;, — 2)|Dv(z)|?, we obtain

AY(zg)  Accth(zy)
o —2 Dol =
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Now, as k — 0o, we have
Pir —r 00, T — Xo,

and since ¢ € C*(U),

AY(xg) = AY(zo), Asth(zr) = Ascth(xo), Dip(xy) = Di(xo).

Passing to the limit yields

| D (o) >
Since |Di(xg)|* > 0, it follows that
Thus v is a viscosity supersolution of

Aslse = 0 in U.

The proof that v, is a viscosity subsolution is analogous. Therefore v, is a viscosity
solution of

Ao =0 in U.
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