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Abstract
of the Thesis of

Leen Ibrahim Al-Sheikh for Master of Science
Major: Pure Mathematics

Title: Viscosity Solution of the Infinity Laplacian Equation

Nonlinear elliptic partial differential equations arise in many areas of analysis and ap-
plied mathematics. Among them, the p-Laplace equation

∆pu = div(|Du|p−2Du) = 0

which appears as the Euler–Lagrange equation associated with the minimization of the
p-Dirichlet functional ˆ

U

|Du|pdx

For finite p, solutions of the p-Laplace equation admit a weak interpretation. As p
tends to infinity these variational problems converge to a limiting equation known as
the infinity-Laplacian:

∆∞u = ⟨D2uDu,Du⟩ = 0

Unlike the p-Laplacian, the infinity-Laplacian must be interpreted in the viscosity sense
rather than the weak sense.

The main objective of this thesis is to analyze the convergence of weak solutions of the
p-Laplace equation to viscosity solutions of the infinity-Laplace equation as p tends to
infinity.

The approach relies on tools used from Sobolev space theory, variational methods,
compactness arguments, functional analysis and non-linear PDE analysis.
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Chapter 1

Introduction

This thesis is concerned with the passage from the p-Laplace equation to the ∞-Laplace
equation as p→ ∞.

For 1 < p <∞, the p-Laplace equation

∆pu = div(|Du|p−2Du) = 0

arises as the Euler–Lagrange equation associated with the functional

Ip[v] =

ˆ
U

|Dv|p dx.

Accordingly, for suitable boundary data, one obtains a family of functions {up} by min-
imizing Ip in an appropriate admissible class. In this way, the functions up are both
weak solutions of the p-Laplace equation and variational minimizers of the correspond-
ing energy.

A natural question is to understand the behavior of this family as p→ ∞. Formally,
the limiting equation is the ∞-Laplace equation

∆∞u = ⟨D2uDu,Du⟩ = 0.

At the same time, the sequence {up} gives rise, along a suitable subsequence, to a
limiting function u∞. That is,

lim
k→∞

upk = u∞

This limit retains a variational character of a different nature: whereas up minimizes
the p-Dirichlet integral, the function u∞ is related to the minimization of the L∞-norm
of the gradient and may be viewed as an optimal Lipschitz extension of the prescribed
boundary data.

The main difficulty is that the analytical framework changes in an essential way
in the limit. For finite p, the p-Laplace equation is in divergence form, and weak
solutions provide the natural notion of solution. In contrast, the ∞-Laplace equation is
fully nonlinear and not in divergence form, so the usual weak formulation is no longer
appropriate. On the other hand, restricting the discussion to classical C2-solutions
is too restrictive for a general existence theory. In particular, Aronsson’s theorem [1]
shows that a non-constant classical ∞-harmonic function cannot have interior critical
points. This makes it necessary to work in a framework that is both flexible enough for
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the limiting problem and stable under convergence. The appropriate notion is that of
viscosity solutions.

A central step in this thesis is to establish a bridge between the weak variational
theory of the p-Laplace equation and the viscosity framework required in the limit.
More precisely, we prove that weak solutions of the p-Laplace equation are viscosity
solutions of the same equation. This fact is crucial for the limiting process: once
the approximating functions up are known to be viscosity solutions, one can use the
stability properties of viscosity solutions under uniform convergence to pass to the limit
and identify u∞ as a viscosity solution of the ∞-Laplace equation.

The aim of this thesis is therefore to study the convergence of the variational mini-
mizers up as p → ∞, to identify the limiting function u∞, and to show that u∞ solves
the ∞-Laplace equation in the viscosity sense. In this way, the thesis connects the
Sobolev and variational theory underlying the p-Dirichlet functional with the viscosity
theory needed for the limiting equation.In this thesis,we mainly presented the main
result of references [2], [3], and [4].

The thesis is organized as follows. Chapter 2 recalls the basic notions of weak deriva-
tives and Sobolev spaces, together with the main tools from Sobolev theory that are
needed later, including approximation results, Morrey’s inequality, compactness, and
the relation between W 1,∞(U) and Lipschitz continuity [2],[5] and [6]. Chapter 3 de-
velops the variational framework for integral functionals and derives the corresponding
Euler–Lagrange equation, with particular emphasis on the p-Dirichlet functional, using
[2]. Chapter 4 specializes this theory to the p-Laplace equation, studies its weak for-
mulation, analyzes the limit as p → ∞, and derives the ∞-Laplace equation together
with the minimizing property of the limit [4],[3],and [7]. Chapter 5 introduces viscosity
solutions in a general framework for fully nonlinear second-order equations, [5]. Finally,
Chapter 6 applies this theory to the ∞-Laplace equation, proves that weak solutions
of the p-Laplace equation are viscosity solutions, and concludes with the existence of a
viscosity solution to the ∞-Laplace equation obtained as the limit of weak solutions [4]
and [3].
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Chapter 2

Sobolev Spaces

The notion of classical solutions of partial differential equations requires the existence
of derivatives in the point-wise sense. However, many problems that arise in analysis,
geometry, and the calculus of variations do not admit such regular solutions. Even
when solutions exist, they may fail to be differentiable everywhere or may satisfy the
equation only in an integral sense.

A fundamental example is provided by minimization problems of the form

min
u

{ˆ
Ω

|Du|p dx
}
,

whose class of natural admissible functions consists of functions that possess derivatives
that exist only in the weak sense . These considerations motivate the introduction of
generalized notions of differentiability and function spaces that are stable under limits,
compatible with integration by parts, and well-suited for compactness arguments.

Sobolev spaces provide such a framework: they generalize the notions of derivatives
and posses useful completeness and compactness properties, which will be needed for
proving existence and uniqueness of the solutions for partial differential equations.

2.1 Weak derivatives

Motivation: Let U ⊂ Rn be an open set, let k ∈ N, and let 1 ≤ p ≤ ∞. We denote by
C∞

c (U) the space of infinitely differentiable functions φ : U → R with compact support
in U . The functions in C∞

c (U) are called test functions.
We begin by recalling the classical integration by parts formula in one dimension.

Let U = (a, b) ⊂ R, let u ∈ C1(a, b), and let φ ∈ C∞
c (a, b). Then

ˆ b

a

uφ′(x) dx =
[
u(x)φ(x)

]b
a
−
ˆ b

a

u′(x)φ(x) dx.

Since φ(a) = φ(b) = 0, this reduces to

ˆ b

a

uφ′(x) dx = −
ˆ b

a

u′(x)φ(x) dx.

We now generalize this idea to higher dimensions.
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Let U ⊂ Rn be open and bounded, say with C1 boundary, and let f, g ∈ C1(U).
Using the divergence theorem, one obtains the integration by parts formula

ˆ
U

∂xi
f g dx =

ˆ
∂U

fgνi dσ −
ˆ
U

f ∂xi
g dx,

where ν = (ν1, . . . , νn) denotes the outward unit normal vector to ∂U . In fact, consid-
ering the vector field F = (f1, . . . , fn) with fi smooth the divergence theorem implies

ˆ
∂U

F · ν dσ =

ˆ
U

D · F dx,

Consider the case where fj = 0 for j ̸= i and fi = fg : U → R, then

D · F =
∂

∂xi
(fg).

By the divergence theorem,

ˆ
U

∂xi
(fg) dx =

ˆ
∂U

fgνi dσ.

and the result follows using product rule.
If g = φ ∈ C∞

c (U), then φ = 0 on ∂U and the boundary term vanishes. Thus,

ˆ
U

fxi
φdx = −

ˆ
U

fφxi
dx.

More generally, let k ∈ N and let u ∈ Ck(U). Let α = (α1, . . . , αn) be a multi-index
such that

|α| = α1 + · · ·+ αn = k.

Then for all φ ∈ C∞
c (U),

ˆ
U

uDαφdx = (−1)|α|
ˆ
U

Dαuφdx,

where

Dαφ =
∂α1

∂xα1
1

· · · ∂
αn

∂xαn
n

φ

The left-hand side of above equation is well-defined whenever u ∈ L1
loc(U). However,

the right-hand side requires the classical derivative Dαu. Motivated by this analysis we
have the following definition.

Definition 2.1.1. Let U ⊂ Rn be open in Rn, u, v ∈ L1
loc(U), α be a multi-index.We

say that v is the α-th weak partial derivative of u if

ˆ
U

uDαφdx = (−1)|α|
ˆ
U

v φ dx ∀φ ∈ C∞
c (U).

In this case, we write v = Dαu in the weak sense.
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Example 2.1.1. In this example we will show that a function may be differentiable
almost everywhere without admitting a weak derivative.

Let n = 1 and let U = (0, 2).Define

u(x) =

{
x, 0 < x ≤ 1,

2, 1 < x < 2.

We show that u does not admit a weak derivative in U .
Assume by contradiction that there exists v ∈ L1

loc(U) such that

ˆ 2

0

u(x)φ′(x) dx = −
ˆ 2

0

v(x)φ(x) dx ∀φ ∈ C∞
c (U).

Let φ ∈ C∞
c (U).Then

ˆ 2

0

u(x)φ′(x) dx =

ˆ 1

0

xφ′(x) dx+ 2

ˆ 2

1

φ′(x) dx.

Applying integration by parts and the fundamental theorem of calculus,we obtain

ˆ 2

0

u(x)φ′(x) dx = φ(1)−
ˆ 1

0

φ(x) dx+ 2(φ(2)− φ(1)) = −
ˆ 1

0

φ(x) dx− φ(1).

Therefore, ˆ 2

0

u(x)φ(x) dx =

ˆ 1

0

φ(x) dx+ φ(1). (2.1)

Choose a sequence (φm)
∞
m=1 ⊂ C∞

c (U) such that

0 ≤ φm ≤ 1, φm(1) = 1, φm(x) → 0 for all x ̸= 1.

From 2.1, we have

1 =

ˆ 2

0

u(x)φm(x) dx−
ˆ 1

0

φm(x) dx.

Letting m→ ∞ and using the dominated convergence theorem,we obtain

1 =

ˆ 2

0

u(x) lim
m→∞

φm(x) dx−
ˆ 1

0

lim
m→∞

φm(x) dx = 0,

which is a contradiction.Hence, u does not admit a weak derivative in U .
However, u is differentiable almost everywhere in (0, 2), except at the point x = 1.

Proposition 2.1.1. (i) Let U ⊂ Rn be an open set and let u ∈ L1
loc(U).Assume that

v1, v2 ∈ L1
loc(U) are two weak α-derivatives. Then

v1 = v2 almost everywhere in U.

i.e. the weak α-th derivative of u, if it exists, is unique up to sets of measure zero.

(ii)
Dβ(Dαu) = Dα+βu.
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(iii)
Dα(λu+ µv) = λDαu+ µDαv,

Proof. Let φ ∈ C∞
c (U)

(i) Based on assumption, both v1 and v2 satisfy the definition of the weakderivative
α of u.

Hence, for all test functions φ ∈ C∞
c (U), we have the following.

ˆ
U

uDαφdx = (−1)|α|
ˆ
U

v1 φdx and

ˆ
U

uDαφdx = (−1)|α|
ˆ
U

v2 φdx.

Subtracting the two identities yields
ˆ
U

(v1 − v2)φdx = 0 for all φ ∈ C∞
c (U).

Since v1−v2 ∈ L1
loc(U) and the above identity holds forall test functions, it follows

that
v1 − v2 = 0 almost everywhere in U.

(ii) Since φ ∈ C∞
c (U) then Dβφ ∈ C∞

c (U). Using the definition of weak derivatives,
we compute ˆ

U

DαuDβφdx = (−1)|α|
ˆ
U

uDα+βφdx

Applying the definition again,
ˆ
U

uDα+βφdx = (−1)|α+β|
ˆ
U

Dα+βuφdx.

Combining the two identities yields
ˆ
U

DαuDβφdx = (−1)|β|
ˆ
U

Dα+βuφdx,

which shows that Dβ(Dαu) = Dα+βu in the weak sense.

(iii) ˆ
U

(λu+ µv)Dαφdx = λ

ˆ
U

uDαφdx+ µ

ˆ
U

vDαφdx.

Using the definition of weak derivatives,
ˆ
U

uDαφdx = (−1)|α|
ˆ
U

Dαuφdx,

ˆ
U

v Dαφdx = (−1)|α|
ˆ
U

Dαv φ dx.

Hence, ˆ
U

(λu+ µv)Dαφdx = (−1)|α|
ˆ
U

(λDαu+ µDαv)φdx,

which shows that
Dα(λu+ µv) = λDαu+ µDαv.

9



2.2 Sobolev Spaces

In this section, 1 ≤ p ≤ ∞ and k ∈ N.
Definition 2.2.1. The Sobolev space W k,p(U) consists of all locally integrable functions
u : U → R such that for every multi-index α with |α| ≤ k, the weak derivative Dαu
exists and belongs to Lp(U).That is,

W k,p(U) =
{
u ∈ L1

loc(U) : D
αu ∈ Lp(U) for all |α| ≤ k

}
.

Proposition 2.2.1. Let u ∈ W k,p(U) and let α be a multi-index such that |α| ≤ k.Then
the following properties hold true.

(i) Dαu ∈W k−|α|,p(U).

(ii) If u, v ∈ W k,p(U) and λ, µ ∈ R, then λu+ µv ∈W k,p(U)

(iii) Let ζ ∈ C∞
c (U). Then ζu ∈W k,p(U)

Proof. (i) Let β be any multi-index such that |β| ≤ k − |α|.Then since |α + β| ≤
|α|+ |β| ≤ k, and u ∈W k,p(U) therefore, we get(ˆ

U

|Dβ(Dαu)|p dx
)1/p

=

(ˆ
U

|Dα+βu|p dx
)1/p

<∞,

Hence Dαu ∈W k−|α|,p(U).

(ii) This follows from 1.1.1 iii) and the fact that Lp is a linear space. since u, v ∈
W k,p(U), we have Dαu,Dαv ∈ Lp(U) for all |α| ≤ k. Therefore,ˆ
U

|Dα(λu+µv)|p dx =

ˆ
U

|λDαu+µDαv|p dx ≤ λ

ˆ
U

|Dαu|pdx+µ
ˆ
U

|Dαv|pdx <∞ ∀ |α| ≤ k

hence λu+ µv ∈ W k,p(U).

(iii) Using Minkowski’s inequality,(ˆ
U

|Dα(ζu)|p dx
)1/p

=

(ˆ
U

∣∣∣∣∣∑
β≤α

(
α

β

)
Dβζ Dα−βu

∣∣∣∣∣
p

dx

)1/p

≤
∑
β≤α

(
α

β

)(ˆ
U

|Dβζ|p |Dα−βu|p dx
)1/p

≤
∑
β≤α

(
α

β

)
∥Dβζ∥L∞(U) ∥Dα−βu∥Lp(U) <∞,

since ζ ∈ C∞
c (U) and u ∈ W k,p(U).Thus ζu ∈ W k,p(U).

Definition 2.2.2. Let u ∈ W k,p(U). The norm of u in W k,p(U) is defined by

∥u∥Wk,p(U) =

∑
|α|≤k

∥Dαu∥pLp(U)

1/p

. 1 ≤ p <∞.

If p = ∞, we define

∥u∥Wk,∞(U) =
∑
|α|≤k

ess sup
U

|Dαu| =
∑
|α|≤k

∥Dαu∥L∞(U).
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Theorem 2.2.1. For k = 1, 2, . . . and 1 ≤ p < ∞, the Sobolev space W k,p(U) is a
Banach space.

Proof. To prove that W k,p(U) is a complete normed space we shall prove the following
3 things

(i) W k,p(U) is a subspace of Lp(U).

(ii) ∥ · ∥Wk,p(U) is a norm.

(iii) (W k,p(U), ∥ · ∥Wk,p(U)) is Banach.

to prove (i) We have 0 ∈ W k,p(U). and from Proposition 2.2.1 the set is closed under
addition.

To show (ii) First we note that non-negativity is clear.
If ∥u∥Wk,p = 0 then ∥u∥Lp = 0 (take α = 0) hence u = 0 a.e.
Conversely u = 0 a.e. implies ∥u∥Wk,p = 0.
For λ ∈ R, Dα(λu) = λDαu, so ∥λu∥Wk,p = |λ|∥u∥Wk,p .
Finally by Minkowski’s inequality it follows that ∥u+ v∥Wk,p ≤ ∥u∥Wk,p + ∥v∥Wk,p .
It remains now to show (iii).
Let (um)m≥1 be a Cauchy sequence in W k,p(U). Then for every ε > 0 there exists

N ∈ N such that for all m,n ≥ N ,

∥um − un∥pWk,p(U)
< ε which means

∑
|α|≤k

∥Dα(um − un)∥pLp(U) < ε.

In particular, for every |α| ≤ k,

∥Dαum −Dαun∥Lp(U) < ε.

Thus, for each α with |α| ≤ k, (Dαum) is a Cauchy sequence in Lp(U). Since Lp(U) is
complete, there exists uα ∈ Lp(U) such that

Dαum → uα in Lp(U) for each |α| ≤ k. (2.2)

In particular, for α = (0, . . . , 0)

D0um = um → u(0,...,0) =: u in Lp(U). (2.3)

Claim 1: Dαu = uα for all |α| ≤ k. Let φ ∈ C∞
c (U). Thenˆ

U

uDαφdx =

ˆ
U

(
lim

m→∞
um

)
Dαφdx

2.3
= lim

m→∞

ˆ
U

umD
αφdx.

Using the definition of weak derivatives for um,ˆ
U

umD
αφdx = (−1)|α|

ˆ
U

Dαum φdx.

Therefore,ˆ
U

uDαφdx = (−1)|α| lim
m→∞

ˆ
U

Dαum φdx = (−1)|α|
ˆ
U

(
lim

m→∞
Dαum

)
φdx

2.2
= (−1)|α|

ˆ
U

uα φdx.

Hence Dαu = uα in the weak sense.u ∈ W k,p(U).
Hence,

∥um − u∥Wk,p(U) → 0.

Concluding that W k,p(U) is a Banach space for all 1 ≤ p <∞.
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2.3 Approximations of Sobolev functions

Although functions in Sobolev spaces need not be smooth, they can be approximated
locally by smooth functions in a suitable sense.Before starting this section, we first
provide the tools that allow us to build smooth approximations to given Sobolev func-
tions.These tools are called mollifiers.

Definition 2.3.1. Let η ∈ C∞
c (Rn) be a smooth function such that

supp(η) = {x ∈ Rn : |x| < 1} = B(0, 1) and

ˆ
Rn

η(x) dx = 1.

For each ε > 0, define

ηε(x) =
1

εn
η
(x
ε

)
.

We call ηε the standard mollifier. Then ηε ∈ C∞
c (Rn) for all ε > 0,

ˆ
Rn

ηε(x) dx = 1, and supp(ηε) = {x ∈ Rn : |x| < ε} = B(0, ε).

Definition 2.3.2. Let f : U → R be locally integrable. For ε > 0, define

Uε = {x ∈ U : dist(x, ∂U) > ε}.

The mollification of f is defined by

f ε = ηε ∗ f in Uε,

where ∗ denotes convolution. In terms of integrals, for x ∈ Uε,

f ε(x) =

ˆ
U

ηε(x− y)f(y) dy =

ˆ
B(0,ε)

ηε(y) f(x− y) dy.

Proposition 2.3.1. Mollifiers satisfy the following basic properties:

(i) f ε ∈ C∞(Uε).

(ii) f ε → f almost everywhere in U as ε→ 0.

(iii) If 1 ≤ p <∞ and f ∈ Lp
loc(U), then

f ε → f in Lp
loc(U) as ε→ 0.

For a proof, see [2, Appendix C.5, p. 629].

Theorem 2.3.1 (Local approximation). Let U ⊂ Rn be open and let 1 ≤ p < ∞. If
u ∈ W 1,p

loc (U), then for every open set V ⋐ U there exists a sequence {uε} ⊂ C∞(V )
such that

uε → u in W 1,p(V ) as ε→ 0.

12



Proof. Let V ⋐ U . By property (i), uε ∈ C∞(V ). It remains to show that

uε → u in W 1,p(V ).

Claim: Duε = ηε ∗Du in V, where Duε is the classical derivative of uεand Du is the
weak derivative of u.
To prove this claim, let x ∈ V and compute

Duε(x) = D
(
ηε ∗ u

)
(x) = D

(ˆ
U

ηε(x− y)u(y) dy

)
.

By differentiation under the integral sign,

Duε(x) =

ˆ
U

Dxηε(x− y)u(y) dy.

Using the chain rule,
Dxηε(x− y) = −Dyηε(x− y).

Since u ∈ W 1,p(V ), supp ηϵ(x− ·) ⊆ V for small enough ϵ then

Duε(x) =

ˆ
U

ηε(x− y)Du(y) dy = (ηε ∗Du)(x).

By property (iii),
∥uε − u∥Lp(V ) → 0 as ε→ 0,

and
∥Duε −Du∥Lp(V ) → 0 as ε→ 0,

Consequently,

∥uε − u∥W 1,p(V ) = ∥uε − u∥Lp(V ) + ∥Duε −Du∥Lp(V ) → 0,

which proves that uε → u in W 1,p(V ).

Corollary 2.3.1 (Global Approximation). Let U ⊂ Rn be open bounded subset and
let 1 ≤ p < ∞. Then C∞(U) ∩ W 1,p(U) is dense in W 1,p(U). That is, for every
u ∈ W 1,p(U) there exists a sequence {uk} ⊂ C∞(U) ∩W 1,p(U) such that

uk → u in W 1,p(U).

Proof. The proof follows by first approximating u locally on subsets compactly con-
tained in U then a locally finite partition of unity subordinate to an open cover of U is
then used to combine these local approximations into a global smooth function, yielding
convergence in W 1,p(U). For a full detailed proof, see [2, Chapter 5, p. 252].

Definition 2.3.3. We denote by W k,p
0 (U) the closure of C∞

c (U) in W k,p(U). That is,

W k,p
0 (U) = C∞

c (U)
Wk,p(U)

.

Equivalently, u ∈ W k,p
0 (U) if and only if there exists a sequence (um) ⊂ C∞

c (U) such
that

lim
m→∞

∥um − u∥Wk,p(U) = 0.

13



Proposition 2.3.2. Suppose U is connected and u ∈ W 1,p(U) satisfies Du = 0 a.e. in U.
then u is constant a.e. in U .

Proof. Fix an open set V such that V ⋐ U . Let

uε = ηε ∗ u

be the mollification of u on V for sufficiently small ε. Then:

1. uε ∈ C∞(V ),

2. uε → u in W 1,p(V ),

3. Duε = D(ηε ∗ u) = ηε ∗Du in V .

Since Du = 0 a.e. in U , we have

D(uε) = ηε ∗ 0 = 0 in V,

hence uε ≡ cε in V . Therefore,

∥uε − u∥Lp(V ) = ∥cε − u∥Lp(V ) → 0.

then there exists a subsequence {uεj} ⊂ {uε} such that

uεj → u a.e. in V (εj → 0).

Thus, for every open subset V ⋐ U , there exists cV such that

u = cV a.e. on V.

In words, u is locally constant a.e. in U . We now use the connectedness of U . If two
such sets overlap, then their constants must agree, since their intersection is open and
therefore has positive measure. Since U is connected, any two points in U can be linked
by a chain of overlapping balls compactly contained in U . Hence all local constants are
equal, and therefore there exists c ∈ R such that

u = c a.e. in U.

Proposition 2.3.3 (Chain Rule). Assume F : R → R is C1 with F ′ bounded. Suppose
U is bounded and u ∈ W 1,p(U) for some 1 ≤ p <∞ then for i ∈ {1, . . . , n}:

v := F (u) ∈ W 1,p(U) and vxi
= F ′(u)uxi

.

Proof. Since F ′ is bounded on R, then for all x, y ∈ R there exists M > 0 such that

|F (x)− F (y)|
|x− y|

< M.

14



Since U is bounded and u ∈ W 1,p(U) for some 1 ≤ p <∞, then there exists a sequence
{un}∞n=1 ⊂ C∞(U) such that un → u in W 1,p(U). Then un → u in Lp(U), and hence
there exists a subsequence {unk

} ⊂ {un} such that

unk
→ u a.e. in U.

Then unk
is Cauchy: for ε > 0 there exists K > 0 such that for k, ℓ > K,

|unk
− unℓ

| < ε

M
.

Therefore,

|F (unk
)− F (unℓ

)| ≤M |unk
− unℓ

| ≤M
ε

M
= ε.

Then {F (unk
)} is Cauchy in R. But R is complete, hence {F (unk

)} converges in R, i.e.
there exists y ∈ R such that

F (unk
) → y as k → ∞,

where y = F (u) since having F ∈ C1

lim
k→∞

F (unk
) = F

(
lim
k→∞

unk

)
= F (u),

Let φ ∈ C∞
c (U). Then:

1. lim
k→∞

F (unk
)φxi

= F (u)φxi
,

2. ∃M1,M2 > 0 such that |F (unk
)| < M1 and |φxi

| < M2, i.e. |F (unk
)φxi

| < M1M2,

3.

ˆ
U

M1M2 dx =M1M2|U | <∞ since U is bounded.

Thus, by the dominated convergence theorem,

ˆ
U

F (u)φxi
(x) dx =

ˆ
U

lim
k→∞

F (unk
)φxi

dx = lim
k→∞

ˆ
U

F (unk
)φxi

dx.

But ˆ
U

F (unk
)φxi

dx = −
ˆ
U

(F (unk
))xi

φdx,

where
(F (unk

))xi
= F ′(unk

) (unk
)xi
.

Thus, ˆ
U

F (u)φxi
dx = − lim

k→∞

ˆ
U

F ′(unk
) (unk

)xi
φdx.

Claim:

lim
k→∞

ˆ
U

(
F ′(unk

)(unk
)xi

− F ′(u)uxi

)
φdx = 0

15



To prove above claim we add and subtract F ′(u)(unk
)xi

to the integral appearing on
the R.H.S of above equation thus we get∣∣∣∣ˆ

U

(
F ′(unk

)(unk
)xi

− F ′(u)uxi

)
φdx

∣∣∣∣ = ∣∣∣∣ˆ
U

(
F ′(unk

)(unk
)xi

− F ′(u)(unk
)xi

+F ′(u)(unk
)xi

− F ′(u)uxi

)
φdx

∣∣∣
=

∣∣∣∣ˆ
U

(
(F ′(unk

)− F ′(u))(unk
)xi

+ F ′(u)
(
(unk

)xi
− uxi

))
φdx

∣∣∣∣
≤
ˆ
U

|F ′(unk
)− F ′(u)| |(unk

)xi
| |φ| dx

+

ˆ
U

|F ′(u)| |(unk
)xi

− uxi
| |φ| dx

≤ ∥Dunk
∥∞

ˆ
U

|F ′(unk
)− F ′(u)||φ| dx

+ ∥F ′(u)∥∞
ˆ
U

|(unk
)xi

− uxi
||φ| dx.

Convergence of the second integral. Now we estimate of the second integral. Let
q be the Hölder conjugate of p, i.e. 1

p
+ 1

q
= 1. Since φ ∈ C∞

c (U), we have φ ∈ Lq(U)
and thus, by Hölder’s inequality,ˆ

U

|(unk
)xi

− uxi
| |φ| dx ≤ ∥(unk

)xi
− uxi

∥Lp(U) ∥φ∥Lq(U).

Because unk
→ u in W 1,p(U), we have (unk

)xi
→ uxi

in Lp(U), henceˆ
U

|(unk
)xi

− uxi
| |φ| dx→ 0 (k → ∞).

Convergence of the first integral. Since unk
→ u a.e. in U and F ′ ∈ C(R), we have

F ′(unk
) → F ′(u) a.e. in U,

so |F ′(unk
)− F ′(u)| |φ| → 0 a.e. in U . Moreover, using the boundedness of F ′,

|F ′(unk
)− F ′(u)| |φ| ≤ 2∥F ′∥L∞(R) |φ| a.e. in U,

and the right-hand side belongs to L1(U) because φ ∈ C∞
c (U). Therefore, by the

dominated convergence theorem,ˆ
U

|F ′(unk
)− F ′(u)| |φ| dx→ 0 (k → ∞).

Combining the two parts, we conclude thatˆ
U

(
F ′(unk

)(unk
)xi

− F ′(u)uxi

)
φdx→ 0 (k → ∞),

and consequently, ˆ
U

F (u)φxi
dx = −

ˆ
U

F ′(u)uxi
φdx,

which shows that F (u) ∈ W 1,p(U) and (F (u))xi
= F ′(u)uxi

in the weak sense.
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2.4 Sobolev Inequalities and Compactness Results

In this section, we present several Sobolev inequalities and a compactness result that
will be needed later in the thesis. These results describe how information on weak
derivatives can be converted into control on the function itself, either through continuity
and Hölder regularity, or through Lq-bounds and compactness properties. They play
an important role in existence, approximation, and convergence arguments. The proofs
of the material presented will be omitted and it can be found in [2],[6],and [5].

We will start this section with providing an example which shows that for n > 1
functions in W 1,p(U) need not be continuous or bounded thus Sobolev regularity does
not imply point-wise control of functions, which highlights the necessity of additional
assumptions to obtain continuity or boundedness using Sobolev embedding results such
as Morrey’s inequality,and then we will proceed with stating a compactness results that
follows from Morrey’s, and finally recall Poincaré’s.

Example 2.4.1. Take
U = B(0, 1) ⊂ Rn

(i) Define
u(x) = |x|−α, x ∈ U, x ̸= 0, α > 0,

then u ∈ W 1,p(U) ⇐⇒ α < n−p
p
.

(ii) Let {rk}∞k=1 be a countable dense subset of

U = B(0, 1) ⊂ Rn.

Define the function u : U → R by

u(x) =
∞∑
k=1

1

2k
|x− rk|−α, x ∈ U, α > 0.

then u ∈ W 1,p(U) ⇔ 0 < α < n−p
p

and u is unbounded on every open subset of U .

Proof. (i) uxi
(x) = ∂

∂xi

(
|x|−α

)
= −α

2
|x|−α−2· ∂

∂xi
(|x|2) = −α

2
|x|−α−2·(2xi) = −αxi|x|−α−2.

Hence,

Du(x) =
(
−αx1|x|−α−2, . . . ,−αxn|x|−α−2

)
= −α x

|x|α+2
.

Moreover,

|Du(x)| = α
|x|

|x|α+2
= α|x|−α−1.

In particular, u is smooth on U \ {0}. Let φ ∈ C∞
c (U) and fix ε > 0. We work

in the punctured domain U \ B(0, ε). Since φ ∈ C∞
c (U) vanishes near ∂U , the

boundary integral over ∂U is zero, and thus

ˆ
U\B(0,ε)

uφxi
dx =

ˆ
∂B(0,ε)

uφ νi dS −
ˆ
U\B(0,ε)

uxi
φdx. (2.4)
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We now estimate the boundary term. Using |νi| ≤ 1 and φ as continuous function
defined over a compact set, thus φ is bounded,∣∣∣∣ˆ

∂B(0,ε)

uφ νi dS

∣∣∣∣ ≤ ˆ
∂B(0,ε)

|u||φ| dS ≤ ∥φ∥∞
ˆ
∂B(0,ε)

|x|−α dS.

In ∂B(0, ε) we have |x| = ε, hence

ˆ
∂B(0,ε)

|x|−α dS = ε−α |∂B(0, ε)| = ε−αCn ε
n−1 = Cn ε

n−1−α.

Consequently, ∣∣∣∣ˆ
∂B(0,ε)

uφ νi dS

∣∣∣∣ ≤ C ∥φ∥∞ εn−1−α.

Hence, if
0 ≤ α < n− 1,

then εn−1−α → 0 as ε→ 0, and therefore

ˆ
∂B(0,ε)

uφ νi dS −→ 0 (ε→ 0). (2.5)

Next, we check the integrability of uxi
in U . Since |uxi

(x)| ≤ |Du(x)| = α|x|−α−1,
we consider ˆ

U

|Du(x)| dx = α

ˆ
U

|x|−α−1 dx.

Using polar coordinates, we obtain

ˆ
U

|Du(x)| dx = α

ˆ 1

0

ˆ
Sn−1

r−α−1rn−1 dS dr = αωn

ˆ 1

0

rn−α−2 dr,

where ωn = |Sn−1|. The integral converges if and only if

n− α− 2 > −1 ⇐⇒ α+ 1 < n.

Thus, if α < n − 1, then uxi
∈ L1(U). Now, let ε → 0 in 2.4. Using 2.5 and the

fact that uxi
φ is integrable in U when α < n− 1, we obtain

ˆ
U

uφxi
dx = −

ˆ
U

uxi
φdx ∀φ ∈ C∞

c (U).

Therefore, for α < n−1, the weak derivative of u exists and equal to the classical
derivative:

Diu = uxi
in the weak sense.

Finally, we determine when u ∈ W 1,p(U).Since |Du(x)| = α|x|−α−1, we compute

ˆ
U

|Du(x)|p dx = αp

ˆ
U

|x|−p(α+1) dx = αp

ˆ 1

0

ˆ
Sn−1

r−p(α+1)rn−1 dS dr = αpωn

ˆ 1

0

rn−1−p(α+1) dr.
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This integral converges if and only if

n− 1− p(α+ 1) > −1 ⇐⇒ n− p(α+ 1) > 0 ⇐⇒ α <
n− p

p
.

Consequently,

u ∈W 1,p(U) ⇐⇒ α <
n− p

p
.

In particular, if p > n, then n−p
p

< 0, hence no α > 0 can satisfy the condition,

and thus
u /∈ W 1,p(U) for each p > n.

(ii) From part (i), we know that for each fixed k ∈ N,

|x− rk|−α ∈ W 1,p(U) if and only if α <
n− p

p
.

Assume that

0 < α <
n− p

p
.

Then, for every k ∈ N,
|x− rk|−α ∈ W 1,p(U).

SinceW 1,p(U) is Banach it follows that the series defining u converges inW 1,p(U).
Consequently,

u ∈ W 1,p(U).

We now show that u is unbounded on every open subset of U . Let V ⊂ U be an
arbitrary open set. Since {rk}∞k=1 is dense in U , there exists an index k0 ∈ N such
that rk0 ∈ V. For x ∈ V with x ̸= rk0 , we have

u(x) ≥ 1

2k0
|x− rk0|−α.

As in x→ rk0 , the right-hand side tends to +∞.Hence, u is unbounded in V .Since
V was arbitrary, we conclude that u is unbounded on every open-subset of U .
Therefore, if 0 < α < n−p

p
, then u ∈ W 1,p(U), but u is unbounded on every open

subset of U.

we now provide Morrey’s Inequality which states that for p > n the Sobolev functions
are in fact Hölder continuous up to the boundary, and hence continuous up to the
boundary.

Theorem 2.4.1 (Morrey’s Inequality). Let U be a bounded open subset of Rn and
assume ∂U ∈ C1.If p > n and u ∈ W 1,p(U), then there exists a representative u∗ ∈
C0,γ(U), where

γ = 1− n

p
,

such that u = u∗ almost everywhere in U .Moreover,

∥u∗∥C0,γ(U) ≤ C∥u∥W 1,p(U),
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where C depends only on p, n, and U .
Therefore, for p > n,

u ∈W 1,p(U) =⇒ u ∈ C0,γ(U) ⊂ C(U).

We next introduce a compactness result that follows directly from Morrey’s inequal-
ity.

Theorem 2.4.2 (Rellich–Kondrachov compactness theorem). Let p > n and assume
that U ⊂ Rn is a bounded open set with ∂U ∈ C1 then W 1,p(U) ⋐ Lp(U),that is,
W 1,p(U) is compactly embedded in Lp(U).

We now end this section with introducing estimate for functions in W 1,p
0 (U)

Theorem 2.4.3 (Poincaré inequality). Let U be a bounded, open subset of Rn. Assume
1 ≤ p < n, and let p∗ = np

n−p
. Suppose u ∈ W 1,p

0 (U). Then for each q ∈ [1, p∗], there

exists a constant C = C(p, q, n, U) such that

∥u∥Lq(U) ≤ C∥Du∥Lp(U).

In particular, choosing q = p, we obtain the estimate

∥u∥Lp(U) ≤ C∥Du∥Lp(U) for all u ∈ W 1,p
0 (U),

2.5 The space W 1,∞(U) and Lipschitz functions

In this section, we collect some basic facts about the space W 1,∞(U) that will be useful
later. In particular, we clarify the relation between W 1,∞ and Lipschitz continuity, and
we recall two fundamental tools that will be used repeatedly: Rademacher’s theorem
and the Lipschitz extension theorem.

Definition 2.5.1. Let U ⊂ Rn be open. We define

W 1,∞(U) := {u ∈ L∞(U) : Du ∈ L∞(U)} .

Equivalently, u ∈ W 1,∞(U) if and only if u ∈ L∞(U) and Du ∈ L∞(U ;Rn).

we then introduce the following useful result from convex analysis; see [8]

Theorem 2.5.1 (Rademacher’s theorem). Let U ⊂ Rn be open, and let u : U → R be
Lipschitz continuous. Then u is differentiable almost everywhere in U .

As an immediate consequence of Rademacher’s theorem, every Lipschitz function
belongs locally to W 1,∞, and its gradient is bounded by its Lipschitz constant.

Corollary 2.5.1. Let U ⊂ Rn be open, and let u : U → R be Lipschitz continuous with
Lipschitz constant L. Then

u ∈W 1,∞
loc (U),

and
|Du(x)| ≤ L for a.e. x ∈ U.

In particular, if u is Lipschitz continuous on a bounded domain U , then

u ∈W 1,∞(U).
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Proof. By Rademacher’s theorem, u is differentiable almost everywhere in U . At every
point of differentiability,

|Du(x)| ≤ L.

Hence Du ∈ L∞
loc(U), and therefore u ∈ W 1,∞

loc (U). If U is bounded and u is Lipschitz
continuous in U , then u is bounded as well, so u ∈ L∞(U). Consequently,

u ∈W 1,∞(U).

The upcoming theorem shows that, on bounded C1-domains, the space W 1,∞(U)
coincides with the class of Lipschitz continuous functions on U . In particular, Lipschitz
regularity and W 1,∞-regularity may be used interchangeably in this setting.

Theorem 2.5.2 (Characterization of W 1,∞). Let U ⊂ Rn be open and bounded, with
∂U of class C1. Then a function u : U → R is Lipschitz continuous if and only if
u ∈ W 1,∞(U).

Proof. We omit the proof and refer the reader to [2] for a complete argument.

Theorem 2.5.3 (Lipschitz extension). Suppose that g : ∂U → R is a Lipschitz contin-
uous function with Lipschitz constant L, that is,

|g(ξ1)− g(ξ2)| ≤ L|ξ1 − ξ2| ∀ξ1, ξ2 ∈ ∂U.

Define
G−(x) := max

ξ∈∂U
{g(ξ)− L|x− ξ|}, x ∈ U,

and
G+(x) := min

ξ∈∂U
{g(ξ) + L|x− ξ|}, x ∈ U.

Then G− and G+ belong to C(U) ∩W 1,∞(U), satisfy

G− = g = G+ on ∂U,

and hence are Lipschitz extensions of g to U .

Proof. Without loss of generality, we prove the result for

G(x) := G+(x) = min
ξ∈∂U

{g(ξ) + L|x− ξ|}.

The proof for G− is analogous.

Claim 1: G is Lipschitz continuous.
Let x, y ∈ U . Since ∂U is compact and the function

ξ 7→ g(ξ) + L|x− ξ|

is continuous, the minimum is attained at some ξ0 ∈ ∂U . Hence

G(x) = g(ξ0) + L|x− ξ0|.
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Moreover,
G(y) ≤ g(ξ0) + L|y − ξ0|.

Thus
G(y)−G(x) ≤ L

(
|y − ξ0| − |x− ξ0|

)
≤ L|x− y|

Interchanging the role of x and y we obtain

|G(x)−G(y)| ≤ L|x− y|.

Hence G is Lipschitz continuous with Lipschitz constant L.

Claim 2: G = g on ∂U .
Let x ∈ ∂U . Choosing ξ = x, we obtain

G(x) ≤ g(x) + L|x− x| = g(x).

On the other hand, since g is Lipschitz continuous on ∂U , we have

g(x)− g(ξ) ≤ L|x− ξ| ∀ξ ∈ ∂U,

which implies
g(x) ≤ g(ξ) + L|x− ξ|.

Taking the minimum over ξ ∈ ∂U , we get

g(x) ≤ G(x).

Therefore
G(x) = g(x), x ∈ ∂U.

Claim 3: G ∈W 1,∞(U) ∩ C(U).
Since G is Lipschitz continuous on U , it follows from Rademacher’s theorem 2.5.1

that G is differentiable almost everywhere in U and it follows from corollary 2.5.1 that

|DG(x)| ≤ L for almost every x ∈ U.

Hence
∥DG∥L∞(U) ≤ L,

and therefore
G ∈ W 1,∞(U).

Moreover, Lipschitz functions defined on U are continuous, hence

G ∈ C(U).

Consequently,
G ∈W 1,∞(U) ∩ C(U).

Thus G is a Lipschitz extension of g to U . The same argument applies to G−. This
completes the proof.
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Corollary 2.5.2. if u : U → R is any Lipschitz continuous extension of g with the
same Lipschitz constant L, then

G−(x) ≤ u(x) ≤ G+(x) ∀x ∈ U.

Proof. let ξ ∈ ∂U and x ∈ U . Since u is Lipschitz continuous, we have

|u(x)− u(ξ)| ≤ L|x− ξ|.

Since u(ξ) = g(ξ) for ξ ∈ ∂U , it follows that

|u(x)− g(ξ)| ≤ L|x− ξ|.

Hence
g(ξ)− L|x− ξ| ≤ u(x) ≤ g(ξ) + L|x− ξ|.

Taking the maximum and minimum over ξ ∈ ∂U , we obtain

max
ξ∈∂U

{g(ξ)− L|x− ξ|} ≤ u(x) ≤ min
ξ∈∂U

{g(ξ) + L|x− ξ|}.

That is,
G−(x) ≤ u(x) ≤ G+(x) ∀x ∈ U.

Therefore, the two functionsG− andG+ may be viewed as the lower and upper Lipschitz
envelopes determined by the boundary datum g.
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Chapter 3

Variational Methods

A fundamental link between partial differential equations and variational methods is
provided by Dirichlet’s principle. It states that solutions of the boundary value problem{

∆u = 0 in U,

u = g on ∂U,

may be characterized as minimizers of the Dirichlet ”energy” functional

E[v] =

ˆ
U

|Dv|2 dx

among all admissible functions v attaining the same boundary data.
Thus, the Laplace equation can be viewed as the differential equation satisfied by the

minimizers of the Dirichlet energy. Harmonic functions therefore admit a variational
interpretation.

This observation motivates the study of general variational functionals of the form

I[u] =

ˆ
U

F (Du, u, x) dx,

together with the analytical tools that will be used to establish existence of minimizers
and to derive the corresponding differential equations known as Euler–Lagrange equa-
tions. In particular, choosing F (Du, u, x) = |Du|p we obtain the p-Dirichlet functional

I[u] =

ˆ
U

|Du|p dx

which leads to the p-Laplace equation.The analysis of this nonlinear variational problem
forms a central part of this thesis.

The purpose of this chapter is to develop the general framework of the calculus of
variations that justifies such minimization principles.

We will study existence of minimizers, weak lower semi-continuity, and the deriva-
tion of Euler–Lagrange equations, which together form the analytical foundation for
variational interpretation of non-linear elliptic equations.
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3.1 First and Second Variation

Definition 3.1.1. Let U ⊂ Rn be open and bounded with smooth boundary ∂U . Let

L : Rn × R× U → R

be a smooth function, where

L(q, z, x) = L(q1, . . . , qn, z, x1, . . . , xn).

Consider functionals of the form

I[w] =

ˆ
U

L(Dw,w, x) dx,

where w : U → R is smooth and

w = g on ∂U.

Theorem 3.1.1 (First Variation–Euler-Lagrange Equation). Suppose there exists u ∈
C∞(U) such that

u = min I[w]

among all smooth w : U → R with w = g on ∂U . Then u is a solution of the nonlinear
second order PDE

−
n∑

i=1

(
Lqi(Du, u, x)

)
xi
+ Lz(Du, u, x) = 0 in U,

which is called the Euler–Lagrange equation.

Proof. Assume u ∈ C∞(U) satisfies u = g on ∂U .
Let v ∈ C∞

c (U) and consider

i(τ) = I[u+ τv], τ ∈ R.

Notice that since v has compact support then on ∂U

u+ τv = u = g.

Since u is a minimizer of I then i(τ) has a minimum at τ = 0. That is, i′(0) = 0
We compute

i(τ) =

ˆ
U

L(Du+ τDv, u+ τv, x) dx.

Differentiating under the integral sign, we obtain

i′(τ) =

ˆ
U

(
n∑

i=1

Lqi(Du+ τDv, u+ τv, x) vxi
+ Lz(Du+ τDv, u+ τv, x) v

)
dx.

Setting τ = 0 gives

i′(0) =

ˆ
U

n∑
i=1

Lqi(Du, u, x) vxi
+

ˆ
U

Lz(Du, u, x) v.
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Using integration by parts on the first term:

ˆ
U

Lqi(Du, u, x) vxi
dx = −

ˆ
U

(
Lqi(Du, u, x)

)
xi
v dx,

since v ∈ C∞
c (U).

Therefore,

i′(0) =

ˆ
U

[
−

n∑
i=1

(
Lqi(Du, u, x)

)
xi
+ Lz(Du, u, x)

]
v dx = 0

for all v ∈ C∞
c (U). Hence,

−
n∑

i=1

(
Lqi(Du, u, x)

)
xi
+ Lz(Du, u, x) = 0 in U.

We make the following observations:

1. The derived equation is a second-order PDE written in divergence form.

2. The Euler–Lagrange equation arises as a necessary condition for minimality.

3. At this stage we have only shown that minimizers must satisfy this equation.
Existence of such minimizers will be addressed later.

The next corollary shows that its associated Euler–Lagrange equation to the p−Dirichelet
functional

´
U
|Du(x)|p dx is precisely the p-Laplace equation,

div(|Du|p−2Du) = 0.

which will play a central role in the analysis developed in the subsequent chapters.

Corollary 3.1.1. Let 1 < p <∞ and define the p-Dirichlet functional

I[w] =

ˆ
U

|Dw|p dx.

Then the associated Euler–Lagrange equation is

− div(|Du|p−2Du) = 0 in U.

Proof. In this case,
L(q, z, x) = |q|p.

Since
|q|p = (q21 + · · ·+ q2n)

p/2,

we have
Lqi =

p

2
(q21 + · · ·+ q2n)

p
2
−1 · 2qi = p|q|p−2qi,
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and also
Lz = 0.

Therefore, if u minimizes the p-Dirichlet functional, the Euler–Lagrange equation be-
comes

−
n∑

i=1

(
p|Du|p−2uxi

)
xi
= 0.

Dividing by p, we obtain

−
n∑

i=1

(
|Du|p−2uxi

)
xi
= 0,

that is,
− div(|Du|p−2Du) = 0 in U.

Theorem 3.1.2 (Second Variation). Let u : U → R be a smooth function such that u
is a minimizer of the functional

I[w] =

ˆ
U

L(Dw,w, x) dx.

then
n∑

i,j=1

Lqiqj(Du, u, x) ξiξj ≥ 0 ∀x ∈ U, ∀ξ ∈ Rn.

Proof. We have already proved that if u is a minimizer of I[·], then

i′(0) = 0 where i(τ) := I[u+ τv], v ∈ C∞
c (U).

Recall that

i′(τ) =

ˆ
U

n∑
i=1

Lqi(Du+ τDv, u+ τv, x) vxi
+ Lz(Du+ τDv, u+ τv, x) v dx.

Differentiating once more using the chain rule, we obtain

i′′(τ) =

ˆ
U

n∑
i,j=1

Lqiqj(Du+ τDv, u+ τv, x) vxi
vxj

(3.1)

+2
n∑

i=1

Lqiz(Du+ τDv, u+ τv, x)vxi
v + Lzz(Du+ τDv, u+ τv, x) v2dx. (3.2)

Evaluating at τ = 0, we get

i′′(0) =

ˆ
U

n∑
i,j=1

Lqiqj(Du, u, x) vxi
vxj

+ 2
n∑

i=1

Lqiz(Du, u, x) vxi
v + Lzz(Du, u, x) v

2 dx.

Since u is a minimizer, it follows that

0 ≤ i′′(0) =

ˆ
U

n∑
i,j=1

Lqiqj(Du, u, x) vxi
vxj

+2
n∑

i=1

Lqiz(Du, u, x) vxi
v+Lzz(Du, u, x) v

2 dx

(3.3)
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for every v ∈ C∞
c (U).

Step 1: Extension to Lipschitz test functions. We claim that (3.3) remains valid
for every Lipschitz continuous function v with compact support in U . Indeed, let v be
such a function, and let ηk be a standard mollifier. Define

vk := η1/k ∗ v.

Then vk ∈ C∞
c (U), vk → v uniformly in U , and

Dvk = η1/k ∗Dv → Dv a.e. in U.

Since v is Lipschitz, |Dv| ≤ C a.e. in U , hence |Dvk| ≤ C in U . Because Lqiqj(Du, u, x),

Lqiz(Du, u, x), and Lzz(Du, u, x) are bounded for x ∈ U each integrand in (3.3) is dom-
inated by an integrable function. Therefore, by the Dominated Convergence Theorem,
passing to the limit in the inequality for vk yields (3.3) for every Lipschitz v with
compact support in U .

Step 2: Choice of oscillating test function. Let ρ : R → R be the 1-periodic
zig-zag function defined by

ρ(t) =

t, 0 ≤ t ≤ 1
2
,

1− t, 1
2
≤ t ≤ 1,

ρ(t+ 1) = ρ(t).

Then ρ is Lipschitz, |ρ(t)| ≤ 1
2
, |ρ′(t)| = 1 for a.e. t ∈ R. Fix ξ ∈ Rn and ζ ∈

C∞
c (U). For ε > 0, define

vε(x) := ε ρ

(
x · ξ
ε

)
ζ(x).

Then vε is Lipschitz continuous and has compact support in U . Moreover,

vε(x) = O(ε). (3.4)

Also, Dvε(x) = ρ′
(
x·ξ
ε

)
ζ(x) ξ + ε ρ

(
x·ξ
ε

)
Dζ(x), and therefore

∥Dvε∥L∞(U) ≤ C, (3.5)

where C does not depend on ε.
Now apply (3.3) with v = vε. Using (3.4), (3.5), and the boundedness of Lqiz(Du, u, x)

and Lzz(Du, u, x), we see that the second and third terms contribute O(ε). Hence

0 ≤
ˆ
U

n∑
i,j=1

Lqiqj(Du, u, x) (vε)xi
(vε)xj

dx+O(ε).

Using |ρ′| = 1 a.e., as ε→ 0 we get

ˆ
U

n∑
i,j=1

Lqiqj(Du, u, x) (vε)xi
(vε)xj

dx→
ˆ
U

n∑
i,j=1

Lqiqj(Du, u, x) ξiξj ζ(x)
2 dx
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Therefore,

0 ≤
ˆ
U

n∑
i,j=1

Lqiqj(Du, u, x) ξiξj ζ(x)
2 dx

for every ζ ∈ C∞
c (U) and every ξ ∈ Rn.

Since this holds for all ζ ∈ C∞
c (U), we deduce that

n∑
i,j=1

Lqiqj(Du, u, x) ξiξj ≥ 0 ∀x ∈ U, ∀ξ ∈ Rn.

That is,
〈
(Lqiqj)n×nξ, ξ

〉
≥ 0.

Remark 3.1.1. This condition reflects a fundamental structural property of the La-
grangian, namely convexity with respect to the gradient variable q. In the upcoming
discussion we will see that convexity in q is a requirement for the existence of a min-
imizer.However, while convexity is a necessary condition for existence of a minimizer,
it does not by itself guarantee the existence or uniqueness of a minimizer. To address
these questions, additional assumptions must be imposed on the Lagrangian, such as
suitable growth conditions.

3.2 Existence of Minimizers

We now turn to the fundamental question of whether the variational problems intro-
duced earlier actually admit a minimizer.

Let U ⊂ Rn be a bounded domain and consider the functional

I[w] :=

ˆ
U

L(Dw(x), w(x), x) dx,

where the Lagrangian L : Rn × R× U → R is smooth.
We seek to minimize I[·] among functions satisfying the boundary condition w =

g on ∂U. Although this problem may first be posed for smooth functions, it admits a
relaxation to a Sobolev setting. The variational formulation only requires first-order
derivatives, and these can be understood in the weak sense. Moreover, the boundary
condition can be imposed in the trace sense. Therefore, we work in the following
admissible class.

Definition 3.2.1. For a fixed exponent 1 < p <∞, we define the admissible class

A := {w ∈ W 1,p(U) : w = g on ∂U in the trace sense}.

Our goal is to determine structural conditions on the Lagrangian L that ensure the
existence of a function

u ∈ A such that I[u] = inf
w∈A

I[w].

A first essential ingredient in the existence theory is a growth condition preventing
minimizing sequences from escaping to infinity.
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Definition 3.2.2. Assume that there exist constants α > 0 and β ≥ 0 such that

L(q, z, x) ≥ α|q|p − β

for all (q, z, x) ∈ Rn × R× U .
Then for every w ∈ A,

I[w] ≥ α

ˆ
U

|Dw|p dx− γ,

where γ = β|U | <∞.
In particular,

I[w] → +∞ as ∥Dw∥Lp(U) → ∞.

This growth assumption is called a coercivity condition on the functional I[·].

Proposition 3.2.1. let 1 < p <∞, the space W 1,p(U) is reflexive.

Proof. Since 1 < p <∞, the space Lp(U) is reflexive. Hence the finite product space

X := Lp(U)× (Lp(U))n, ∥(f, f1, , . . . , fn)∥X := ∥f∥Lp + ∥f1∥Lp + · · ·+ ∥fn∥Lp ,

is reflexive .
Define the linear map

T : W 1,p(U) → X, T (u) := (u,Du).

Then T is an isometric embedding (with the usual W 1,p norm), and T (W 1,p(U)) is a
closed subspace of X (closed-ness follows because uk → u in Lp and Duk → v1 in Lp

imply v1 = Du in the weak sense). Therefore, T (W 1,p(U)) is reflexive, and hence by
isomorphism so is W 1,p(U).

We now show that, under a coercivity assumption, every minimizing sequence in the
admissible class admits a weakly convergent subsequence.

Corollary 3.2.1. Assume that the functional I[·] is coercive on A. Letm := infw∈A I[w].
Choose a sequence {uk} ⊂ A such that

I[uk] → m.

such a sequence is called a minimizing sequence then there exist a subsequence {ukj}∞j=1 ⊂
{uk}∞k=1 and a function u ∈ A such that

ukj ⇀ u weakly in W 1,p(U).

Proof. By the coercivity and Poincaré’s inequalities, the given sequence {uk} is bounded
in W 1,p(U).

Indeed, since I[uk] → m < ∞, then I[uk] is bounded above i.e. there exists C > 0
such that I[uk] ≤ C. it follows that

ˆ
U

|Duk|p dx ≤ C + β|U |
α

,

so {∥Duk∥Lp(U)} is bounded.
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Now choose a fixed function G ∈ A, and set vk := uk − G. Since uk = G on ∂U
in the trace sense, we have vk ∈ W 1,p

0 (U). By Poincaré’s inequality 2.4.3 there exists
CP > 0 such that

∥vk∥Lp(U) ≤ CP∥Dvk∥Lp(U).

But Dvk = Duk −DG, and therefore

∥uk∥Lp(U) ≤ ∥G∥Lp(U) + ∥vk∥Lp(U) ≤ ∥G∥Lp(U) + CP

(
∥Duk∥Lp(U) + ∥DG∥Lp(U)

)
.

Since ∥Duk∥Lp(U) is bounded, it follows that ∥uk∥Lp(U) is bounded as well. Consequently,

∥uk∥W 1,p(U) = ∥uk∥Lp(U) + ∥Duk∥Lp(U)

is also bounded. since for 1 < p < ∞ uk is a bounded sequence in the reflexive space
W 1,p(U) then by weak compactness there exist a subsequence {ukj}∞j=1 and a function
u ∈ W 1,p(U) such that

ukj ⇀ u weakly in W 1,p(U).

Moreover, since ukj ∈ A, we have ukj −G ∈ W 1,p
0 (U) . Then

vkj ⇀ v := u−G weakly in W 1,p(U),

The space W 1,p
0 (U) is a closed subspace of W 1,p(U), hence it is weakly closed.

Since each vk ∈ W 1,p
0 (U) and vk ⇀ v in W 1,p(U), it follows that v ∈ W 1,p

0 (U).
Therefore u−G ∈ W 1,p

0 (U). Thus u ∈ A.

Remark 3.2.1. Notice that, weak convergence alone does not imply

lim
k→∞

I[uk] = I[ lim
k→∞

uk] = I[u].

In general, integral functionals are not continuous with respect to weak convergence.
Thus, in order to conclude that u is a minimizer, it suffices to establish the weaker
inequality

I[u] ≤ lim inf
k→∞

I[uk].

This motivates the notion of weak lower semi-continuity.

Definition 3.2.3. The functional I[·] is said to be weakly lower semi-continuous on
W 1,p(U) if

uk ⇀ u in W 1,p(U) =⇒ I[u] ≤ lim inf
k→∞

I[uk].

We recall from the second variation analysis that minimality suggests the non–negativity
of the quadratic form

n∑
i,j=1

Lqiqj(Du, u, x)ξiξj ≥ 0.

This necessary condition strongly suggests that the convexity of L with respect to
the gradient variable q should play a fundamental role in existence theory.
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Definition 3.2.4 (Convexity in q). We say that the Lagrangian L(q, z, x) is convex in
the variable q if for every fixed (z, x) ∈ R× U , the mapping

q 7→ L(q, z, x)

is convex on Rn, that is,

L(θq1 + (1− θ)q2, z, x) ≤ θL(q1, z, x) + (1− θ)L(q2, z, x)

for all q1, q2 ∈ Rn and all θ ∈ [0, 1].

Theorem 3.2.1 (Weak lower semi-continuity). Assume 1 < q <∞ and let U ⊂ Rn be
bounded. Let L : Rn × R × U → R be smooth and bounded below. Assume moreover
that for each (z, x) ∈ R× U , the mapping

q 7→ L(q, z, x)

is convex on Rn. Define the functional

I[w] :=

ˆ
U

L(Dw(x), w(x), x) dx, w ∈ W 1,q(U).

Then I[·] is weakly lower semi-continuous on W 1,q(U)

Proof. Let {uk} ⊂ W 1,p(U) such that

uk ⇀ u weakly in W 1,p(U).

Then {uk} is bounded in W 1,p(U), that is, there exists M > 0 such that

∥uk∥W 1,p(U) ≤M ∀k ∈ N.

Set ℓ := lim infk→∞ I[uk]. Then there exists a subsequence {ukj} ⊂ {uk} such that

ℓ = lim
j→∞

I[ukj ].

Moreover,
ukj ⇀ u weakly in W 1,p(U).

Since 1 < p <∞, we have the continuous embedding by theorem 2.4.2

W 1,p(U) ↪→ Lp(U).

Hence weakly convergent sequences in W 1,p(U) are mapped to sequences converging in
Lp(U) by the embedding map. Therefore,

ukj → u in Lp(U).

Then there exists a further subsequence {ukjℓ} such that

ukjℓ → u a.e. in U.
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Fix ε > 0. Since U is bounded, by Egoroff’s theorem, there exists a measurable set
Eε ⊂ U such that

ukjℓ → u uniformly on Eε,

and
|U \ Eε| ≤ ε.

Now define

Fε :=

{
x ∈ U : |u(x)|+ |Du(x)| ≤ 1

ε

}
.

Then

U \ Fε =

{
x ∈ U : |u(x)|+ |Du(x)| > 1

ε

}
.

Set f(x) := |u(x)|+ |Du(x)|. We have f ∈ Lp(U). Then apply Markov’s inequality:

|U \ Fε| = |{f > 1/ε}| ≤ εp
ˆ
U

fpdx→ 0 as ε→ 0.

Set Gε := Eε ∩ Fε. Then

|U \Gε| ≤ |U \ Eε|+ |U \ Fε| → 0.

Since L is bounded below then there exists β ∈ R such that

L ≥ β.

Then L−β ≥ 0. Replacing L by L̃ := L−β does not alter weak lower semi-continuity.
Hence we may assume without loss of generality that

L ≥ 0.

By convexity of q 7→ L(q, z, x), for each (z, x) and all ξ, η ∈ Rn,

L(η, z, x) ≥ L(ξ, z, x) +DqL(ξ, z, x) · (η − ξ).

Choose
ξ = Du(x), η = Dukjℓ (x), z = ukjℓ (x).

Then

L(Dukjℓ , ukjℓ , x) ≥ L(Du, ukjℓ , x) +DqL(Du, ukjℓ , x) · (Dukjℓ −Du).

Integrating over U and using L ≥ 0, we obtain

I[ukjℓ ] =

ˆ
U

L(Dukjℓ , ukjℓ , x) dx ≥
ˆ
Gε

L(Du, ukjℓ , x) dx+

ˆ
Gε

DqL(Du, ukjℓ , x) · (Dukjℓ −Du) dx.

(3.6)

We now analyze the two integrals.

(i) Since ukjℓ → u uniformly on Eε and Gε ⊂ Eε, we have

ukjℓ → u uniformly on Gε.
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Moreover, on Gε ⊂ Fε,

|u(x)|+ |Du(x)| ≤ 1

ε
.

Since L is smooth, the map
z 7→ L(Du(x), z, x)

is continuous, hence uniformly continuous on [−1/ε, 1/ε]. Therefore

sup
Gε

|L(Du, ukjℓ , x)− L(Du, u, x)| → 0.

That is,
L(Du, ukjℓ , x) → L(Du, u, x) uniformly on Gε.

Hence

lim
ℓ→∞

ˆ
Gε

L(Du, ukjℓ , x) dx =

ˆ
Gε

L(Du, u, x) dx.

(ii) Again by smoothness, z 7→ DqL(Du(x), z, x) is continuous.
Using uniform convergence of ukjℓ on Gε and boundedness on Fε, we obtain

DqL(Du, ukjℓ , x) → DqL(Du, u, x) uniformly on Gε.

Since
Dukjℓ ⇀ Du in Lp(U),

we have ˆ
Gε

DqL(Du, u, x) · (Dukjℓ −Du) dx→ 0.

Now writeˆ
Gε

DqL(Du, ukjℓ , x) · (Dukjℓ −Du) dx =

ˆ
Gε

DqL(Du, u, x) · (Dukjℓ −Du) dx (3.7)

+

ˆ
Gε

(
DqL(Du, ukjℓ , x)−DqL(Du, u, x)

)
· (Dukjℓ −Du) dx.

(3.8)

The first term tends to zero by weak convergence. For the second term, we obtain∣∣∣∣ˆ
Gε

(
DqL(Du, ukjε, x)−DqL(Du, u, x)

)
· (Dukjε −Du) dx

∣∣∣∣ (3.9)

≤
∥∥DqL(Du, ukjε, x)−DqL(Du, u, x)

∥∥
L∞(Gε)

∥∥Dukjε −Du
∥∥
L1(Gε)

. (3.10)

Now we justify that the second factor is bounded. Since Dukjℓ ⇀ Du in Lp(U), the
sequence {Dukjℓ} is bounded in Lp(U). Therefore, there exists C > 0 such that

∥Dukjℓ∥Lp(U) ≤ C ∀ℓ.

Hence,

∥Dukjℓ −Du∥Lp(U) ≤ ∥Dukjℓ∥Lp(U) + ∥Du∥Lp(U) ≤ C + ∥Du∥Lp(U).
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Thus {Dukjℓ −Du} is bounded in Lp(U), and in particular bounded in Lp(Gε).
Since |Gε| <∞, we use the inequality

∥f∥L1(Gε) ≤ |Gε|1−
1
p∥f∥Lp(Gε).

Therefore,

∥Dukjℓ −Du∥L1(Gε) ≤ |Gε|1−
1
p∥Dukjℓ −Du∥Lp(Gε).

Since the right-hand side is bounded, we conclude that

∥Dukjℓ −Du∥L1(Gε)

is bounded .
Finally, because

∥DqL(Du, ukjℓ , x)−DqL(Du, u, x)∥L∞(Gε) → 0

by uniform convergence, and the second factor is bounded, the entire product tends to
zero.

Therefore,

ℓ = lim
ℓ→∞

I[ukjℓ ] ≥
ˆ
Gε

L(Du, u, x) dx.

Recall that we fixed ε > 0 and defined

Gε := Eε ∩ Fε.

We may (as in the construction) assume that the sets Eε are chosen nested in the sense
that

0 < ε′ < ε =⇒ Eε ⊂ Eε′ .

Also, since

Fε =
{
x ∈ U : |u(x)|+ |Du(x)| ≤ 1

ε

}
,

we have
0 < ε′ < ε =⇒ Fε ⊂ Fε′ .

Consequently,
0 < ε′ < ε =⇒ Gε ⊂ Gε′ .

Thus the sets {Gε} increase as ε ↓ 0.
Moreover we proved

|U \Gε| −→ 0 as ε ↓ 0.

Hence, for almost every x ∈ U , there exists εx > 0 such that x ∈ Gε for all 0 < ε < εx;
equivalently,

1Gε(x) ↑ 1 for a.e. x ∈ U,

where 1Gε denotes the indicator function of the set Gε.
Since L ≥ 0, we may apply the Monotone Convergence Theorem to the nonnegative

functions 1Gε(x)L(Du(x), u(x), x) to obtain

lim
ε↓0

ˆ
Gε

L(Du, u, x) dx = lim
ε↓0

ˆ
U

1Gε(x)L(Du, u, x) dx =

ˆ
U

L(Du, u, x) dx = I[u].
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Since for each ε > 0 we already proved

ℓ ≥
ˆ
Gε

L(Du, u, x) dx,

letting ε ↓ 0 yields
ℓ ≥ I[u].

Therefore
I[u] ≤ lim inf

k→∞
I[uk],

and this proves weak lower semi-continuity.

Theorem 3.2.2 (Existence of a minimizer). Assume that the Lagrangian L satisfies
the coercivity condition

L(q, z, x) ≥ α|q|p − β (α > 0, β ≥ 0),

and that L is convex with respect to the variable q.
Let the admissible class be

A = {w ∈ W 1,p(U) : w = g on ∂U in the trace sense}.

Suppose that A is nonempty. Then there exists at least one function u ∈ A such that

I[u] = min
w∈A

I[w].

Proof. Set m := infw∈A I[w]. If m = +∞, there is nothing to prove. Hence, assume
m <∞.

We select a minimizing sequence {uk}∞k=1 ⊂ A such that I[uk] −→ m. We may
assume without loss of generality that β = 0. Indeed, replacing L by L̃ := L + β does
not affect minimizers. Hence

L(q, z, x) ≥ α|q|p.
Consequently,

I[w] =

ˆ
U

L(Dw,w, x) dx ≥ α

ˆ
U

|Dw|pdx.

Applying this to uk, we obtain

I[uk] ≥ α

ˆ
U

|Duk|pdx.

Since I[uk] → m <∞, it follows that

sup
k

∥Duk∥Lp(U) <∞. (3.11)

Fix any w ∈ A. Since both uk and w equal g on ∂U in the trace sense, we have

uk − w ∈ W 1,p
0 (U).

By Poincaré’s inequality 2.4.3,

∥uk − w∥Lp(U) ≤ C∥Duk −Dw∥Lp(U). (3.12)
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Now, by Minkowski Inequality followed by using 3.12 we obtain

∥uk∥Lp(U) =∥uk − w + w∥Lp(U) ≤ ∥uk − w∥Lp(U) + ∥w∥Lp(U) ≤ C∥Duk −Dw∥Lp(U) + ∥w∥Lp(U).

since ∥Duk∥ <∞ .Therefore, supk ∥uk∥Lp(U) <∞. combining this with 3.11 we conclude

sup
k

∥uk∥W 1,p(U) <∞.

Since 1 < p < ∞, then by proposition 3.2.1 the space W 1,p(U) is reflexive. Hence
bounded sequences are weakly precompact. Therefore, there exists a subsequence, still
denoted {uk}, and a function u ∈ W 1,p(U) such that

uk ⇀ u weakly in W 1,p(U).

We claim that u ∈ A.
Fix w ∈ A. Since uk − w ∈ W 1,p

0 (U) for all k, and W 1,p
0 (U) is a closed linear

subspace of W 1,p(U), then it is weakly closed. Having uk − w ⇀ u − w we conclude
that u− w ∈ W 1,p

0 (U). Thus u = g on ∂U in the trace sense, and hence u ∈ A.
Since L is convex in the q variable and bounded below by α|q|p then by the weak

lower semi-continuity result proved earlier,

I[u] ≤ lim inf
k→∞

I[uk] = m.

Since u ∈ A, we also have m ≤ I[u]. Therefore,

I[u] = m = min
w∈A

I[w].

We conclude this section with a uniqueness result for minimizers under an additional
assumption on the Lagrangian.

Theorem 3.2.3 (Uniqueness of minimizer). Assume that

L = L(q, x) (3.13)

does not depend on z, and that the Lagrangian L(q, x) is uniformly convex with respect
to the variable q, that is, there exists θ > 0 such that

n∑
i,j=1

Lqiqj(q, x) ξiξj ≥ θ|ξ|2 (q, ξ ∈ Rn, x ∈ U). (3.14)

Suppose the admissible set A = {w ∈ W 1,p(U) : w = g on ∂U in the trace sense} is
nonempty. Then the minimizer of I[·] over A is unique(up to equality a.e. in U).

Proof. We omit the proof, as this uniqueness argument will not be needed in what
follows. A proof may be found in Chapter 8 of [2].
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3.3 Weak Solutions of the Euler–Lagrange Equation

Up to this point, we have established the existence of a minimizer u ∈ A of the functional

I[w] =

ˆ
U

L(Dw,w, x) dx.

In classical calculus of variations, if u were sufficiently smooth, one would formally
differentiate I[u+ τv] with respect to τ and obtain the Euler–Lagrange equation

−
n∑

i=1

∂xi
(Lqi(Du, u, x)) + Lz(Du, u, x) = 0 in U,

together with the boundary condition u = g on ∂U .
However, the minimizer obtained belongs only to W 1,p(U), and therefore second

derivatives need not exist in the classical sense. Consequently, the above equation
cannot be interpreted point-wise.

This motivates the introduction of a weaker notion of a solution, formulated in
integral form. Let U ⊂ Rn be bounded and let 1 < q <∞. Consider the functional

I[w] =

ˆ
U

L(Dw(x), w(x), x) dx,

defined for functions w ∈W 1,p(U) satisfying the boundary condition

w = g on ∂U in the trace sense.

Definition 3.3.1 (Weak solution of the Euler–Lagrange equation). A function u ∈
W 1,p(U) with u = g on ∂U in the trace sense is called a weak solution of the Euler–
Lagrange equation associated with I[·] if

ˆ
U

(
DqL(Du, u, x) ·Dv +DzL(Du, u, x) v

)
dx = 0 ∀ v ∈ W 1,q

0 (U). (3.15)

Equivalently, writing DqL = (Lq1 , . . . , Lqn),

ˆ
U

(
n∑

i=1

Lqi(Du, u, x) vxi
+ Lz(Du, u, x) v

)
dx = 0 ∀ v ∈W 1,q

0 (U).

Theorem 3.3.1 (Minimizers are weak solutions). Assume that L satisfies the following
growth conditions hold: there exists C > 0 such that for all (q, z, x) ∈ Rn × R× U ,

|L(q, z, x)| ≤ C
(
|q|p + |z|p + 1

)
, (3.16)

|DqL(q, z, x)| ≤ C
(
|q|p−1 + |z|p−1 + 1

)
, (3.17)

|DzL(q, z, x)| ≤ C
(
|q|p + |z|p−1 + 1

)
. (3.18)

Let u ∈ W 1,p(U) be a minimizer of I[·] in an admissible class Then u is a weak solution
of the associated Euler–Lagrange equation.
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Proof. Fix v ∈ C∞
c (U) and define

i(τ) := I[u+ τv], τ ∈ R.

Then using (3.16)

|i(τ)| ≤ C

ˆ
U

(
|Du+ τDv|p + |u+ τv|p + 1

)
dx, (3.19)

so in particular i(τ) is finite for all τ . For τ ̸= 0, write the difference quotient as

i(τ)− i(0)

τ
=

ˆ
U

L(Du+ τDv, u+ τv, x)− L(Du, u, x)

τ
dx =:

ˆ
U

Lτ (x) dx, (3.20)

Letting τ → 0,

lim
τ→0

Lτ (x) = lim
τ→0

d

dτ
L(Du+ τDv, u+ τv, x)

= lim
τ→0

(
DqL(Du+ τDv, u+ τv, x) ·Dv +DzL(Du+ τDv, u+ τv, x) v

)
= DqL(Du, u, x) ·Dv +DzL(Du, u, x) v. (3.21)

Using the fundamental theorem of calculus in τ we write

Lτ (x)− L0(x) =

ˆ τ

0

d

ds

(
L(Du+ sDv, u+ sv, x)− L(Du, u, x)

τ

)
ds

=
1

τ

ˆ τ

0

d

ds
L(Du+ sDv, u+ sv, x) ds. (3.22)

Hence

Lτ (x) =
1

τ

ˆ τ

0

(
DqL(Du+ sDv, u+ sv, x) ·Dv + DzL(Du+ sDv, u+ sv, x) v

)
ds.

(3.23)
Taking absolute values in (3.23) and using (3.17)–(3.18), we obtain for a.e. x and

τ ̸= 0:

|Lτ (x)| ≤ 1

|τ |

ˆ |τ |

0

(
|DqL(Du+ sDv, u+ sv, x)| |Dv|+ |DzL(Du+ sDv, u+ sv, x)| |v|

)
ds

≤ C

|τ |

ˆ |τ |

0

((
|Du+ sDv|p−1 + |u+ sv|p−1 + 1

)
|Dv|+

(
|Du+ sDv|p + |u+ sv|p−1 + 1

)
|v|
)
ds.

(3.24)

using the fact that the function L(q) = |q|p−1 is convex for p > 2. Hence for any
q1, q2 ∈ Rn and λ ∈ (0, 1),

L(λq1 + (1− λ)q2) ≤ λL(q1) + (1− λ)L(q2).

Then for λ = 1
2
it follows that

|q1 + q2|p−1 ≤ 2p−2
∣∣q1|p−1 + |q2|p−1 (a, b ≥ 0). (3.25)
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with q1 = |Du| and q2 = s|Dv|:

|Du+ sDv|p−1 ≤ 2p−2
(
|Du|p−1 + |sDv|p−1

)
= 2p−2

(
|Du|p−1 + sp−1|Dv|p−1

)
.

Similarly,
|u+ sv|p−1 ≤ 2p−2

(
|u|p−1 + sp−1|v|p−1

)
.

Substituting these into (3.24) yields (still for a.e. x):

|Lτ (x)| ≤ C

|τ |

ˆ |τ |

0

(
2p−2

(
|Du|p−1 + sp−1|Dv|p−1

)
|Dv|+ 2p−2

(
|u|p−1 + sp−1|v|p−1

)
|Dv|+ |Dv|

)
ds

+
C

|τ |

ˆ |τ |

0

((
|Du+ sDv|p

)
|v|+ 2p−2

(
|u|p−1 + sp−1|v|p−1

)
|v|+ |v|

)
ds.

(3.26)

Let p′ = p
p−1

so that 1
p
+ 1

p′
= 1. Then by Young Inequality

|Du|p−1|Dv| ≤ |Dv|p

p
+

|Du|(p−1)p′

p′
=

|Dv|p

p
+

|Du|p

p′
.

- For sp−1|Dv|p−1|Dv| = sp−1|Dv|p, integrate in s:

1

|τ |

ˆ |τ |

0

sp−1 ds =
|τ |p−1

p
, hence

1

|τ |

ˆ |τ |

0

sp−1|Dv|p ds = |τ |p−1

p
|Dv|p.

- For |u|p−1|Dv|, similarly:

|u|p−1|Dv| ≤ |Dv|p

p
+

|u|p

p′
.

- For sp−1|v|p−1|Dv|, use Young again:

sp−1|v|p−1|Dv| ≤ sp−1

(
|Dv|p

p
+

|v|p

p′

)
,

- For the |Du+ sDv|p|v| term, use the standard estimate

|Du+ sDv|p ≤ 2p−1
(
|Du|p + sp|Dv|p

)
,

and then similarly apply Young to |Du|p|v| and to sp|Dv|p|v|
Collecting these estimates we conclude that there exists a constant C > 0 indepen-

dent of τ such that for a.e. x ∈ U .

|Lτ (x)| ≤ C
(
|Du(x)|p + |Dv(x)|p + |u(x)|p + |v(x)|p + 1

)
. (3.27)

Since u ∈ W 1,p(U) and v ∈ C∞
c (U), the right-hand side of (3.27) belongs to L1(U).

Therefore {Lτ} is dominated in L1(U). By (3.21) and the domination (3.27), the
dominated convergence theorem gives

i′(0) = lim
τ→0

ˆ
U

Lτ (x) dx =

ˆ
U

lim
τ→0

Lτ (x) dx

=

ˆ
U

(
DqL(Du, u, x) ·Dv +DzL(Du, u, x) v

)
dx. (3.28)
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But u is a minimizer, hence τ 7→ i(τ) = I[u+ τv] has a minimum at τ = 0, so

i′(0) = 0.

Combining this with (3.28) yields exactly (3.15). Therefore u is a weak solution of the
Euler–Lagrange equation.

Theorem 3.3.2 (Weak solutions are minimizers). Assume that the mapping

(q, z) 7→ L(q, z, x)

is convex for each x ∈ U .
Suppose that u ∈ A is a weak solution of the Euler–Lagrange equation then u is a

minimizer of I[·] in A.

Proof. Let w ∈ A be arbitrary. Since the mapping (q, z) 7→ L(q, z, x) is convex, we
have for everyp, q ∈ Rn and z, w ∈ R,

L(p, z, x) +DqL(p, z, x) · (q − p) +DzL(p, z, x)(w − z) ≤ L(q, w, x).

Now choose

p = Du(x), q = Dw(x), z = u(x), w = w(x),

to obtain

L(Du, u, x) +DqL(Du, u, x) · (Dw −Du) +DzL(Du, u, x)(w − u) ≤ L(Dw,w, x).

Integrating over U yields

I[u] +

ˆ
U

DqL(Du, u, x) · (Dw −Du) +DzL(Du, u, x)(w − u) dx ≤ I[w].

Since u satisfies the Euler–Lagrange equation in the weak sense, we have

ˆ
U

(DqL(Du, u, x) ·Dφ+DzL(Du, u, x)φ) dx = 0 ∀φ ∈W 1,p
0 (U).

Taking φ = w − u ∈ W 1,p
0 (U) gives

ˆ
U

DqL(Du, u, x) · (Dw −Du) +DzL(Du, u, x)(w − u) dx = 0.

Consequently,
I[u] ≤ I[w] ∀w ∈ A.

Therefore u is a minimizer of the functional I[·].
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Chapter 4

The p-Laplace Equation

In the previous chapter we developed the variational framework necessary to study
minimization problems of the form

I[u] =

ˆ
U

L(Du, u, x) dx,

and established the existence and uniqueness of minimizers under suitable convexity and
growth assumptions on the Lagrangian L. Using the method in calculus of variations,
we showed that minimizers exist in appropriate Sobolev spaces and that they satisfy the
associated Euler–Lagrange equation in the weak sense. Moreover, when the integrand
is convex with respect to the gradient variable, weak solutions coincide with minimizers
of the variational functional.

We now specialize this general theory to an important class of functionals arising in
nonlinear potential theory. In particular, we consider the p-Dirichlet integral

I(u) =

ˆ
U

|Du|p dx, 1 < p <∞,

whose Euler–Lagrange equation is the p-Laplace equation

∆pu := div
(
|Du|p−2Du

)
= 0.

In this chapter, we establish the existence and uniqueness of minimizers of the p-
Dirichlet integral and prove that these minimizers are precisely the weak solutions of
the p-Laplace equation.

4.1 p-Laplace with p > n

Let U ⊂ Rn be an open connected bounded domain, and let 1 ≤ p ≤ ∞.

Definition 4.1.1 (p-Laplace equation). Let U ⊂ Rn and let 1 < p <∞. For a smooth
function u : U → R, the p-Laplace operator is defined by

∆pu := div
(
|Du|p−2Du

)
.

The equation
∆pu = 0 in U

is called the p-Laplace equation.
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Definition 4.1.2. Let U ⊂ Rn. Let u ∈ W 1,p(U). We say that u is a weak solution of
the p-Laplace equation in U ifˆ

U

⟨|Du|p−2Du,Dη⟩ dx = 0

for every η ∈ C∞
0 (U)

We now return to the variational formulation of the p-Laplace equation. Consider
the p-Dirichlet functional

I[v] =

ˆ
U

|Dv|p dx.

As we shall see later,minimizers of this functional satisfy the p-Laplace equation in
the weak sense. We therefore begin by establishing the existence and uniqueness of a
minimizer among functions with prescribed boundary values.

Lemma 4.1.1. Let 1 < p <∞. For each x ∈ U , the function

q 7→ L(q, x) := |q|p

is convex on Rn.

Proof. We begin by computing the derivatives of L. For each i = 1, . . . , n, we have

Lqi(q, x) = p|q|p−2qi.

Next, we compute the second derivatives. If i ̸= j, then

Lqiqj(q, x) = p(p− 2)|q|p−4qiqj,

while if i = j, then
Lqiqi(q, x) = p(p− 2)|q|p−4q2i + p|q|p−2.

Therefore, for all i, j = 1, . . . , n,

Lqiqj(q, x) = p|q|p−2δij + p(p− 2)|q|p−4qiqj, where δij =

{
1, if i = j,

0, if i ̸= j.

Hence the Hessian matrix of L can be written as(
Lqiqj

)
1≤i,j≤n

= p|q|p−2I + p(p− 2)|q|p−4(q ⊗ q),

where q ⊗ q := qqt = (qiqj)1≤i,j≤n. Since q ⊗ q is a real symmetric matrix, all its eigen-
values are real, and eigenvectors corresponding to distinct eigenvalues are orthogonal.

In particular, the eigenvalues of q ⊗ q are:

λ1 = 0 with multiplicity n− 1, λ2 = |q|2 with multiplicity 1.

Therefore the eigenvalues of
(
Lqiqj

)
are

λ′1 = p|q|p−2 and λ′2 = p(p− 1)|q|p−2,

and both are nonnegative when p > 1. Hence〈(
Lqiqj

)
ξ, ξ
〉
≥ 0 ∀ ξ ∈ Rn.
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Lemma 4.1.2. Let 1 < p <∞ and let U ⊂ Rn. Then the functional

I[v] =

ˆ
U

|Dv|p dx

is weakly lower semi-continuous on W 1,p(U).

Proof. Consider the Lagrangian

L(q, x) = |q|p.

By the previous lemma 4.1.1, L is convex with respect to the variable q. Moreover,
L is smooth and bounded below. Therefore, all the assumptions of the weak lower
semi-continuity theorem 3.2.1 proved in the previous chapter are satisfied. It follows
that the functional

I[v] =

ˆ
U

L(Dv, x) dx =

ˆ
U

|Dv|p dx

is weakly lower semi-continuous on W 1,p(U).

Remark 4.1.1. Throughout this chapter we assume that p > n, where n denotes the
dimension of the space Rn. This assumption is convenient for two reasons:

1. First, by Morrey’s inequality we have the embedding

W 1,p(U) ↪→ C0,α(U), α = 1− n

p
,

so that functions in W 1,p(U) are continuous and the boundary values are taken
in the classical sense. In particular, when p > n weak solutions of the p-Laplace
equation are continuous.

2. Second, later we will investigate the limiting behavior of the p-Laplace equation as
p→ ∞, and therefore it is natural to consider large values of the exponent p.

Theorem 4.1.1 (Existence and Uniqueness of a Minimizer). Let U ⊂ Rn and let
g ∈W 1,p(U) ∩ C(U) with p > n. Consider the admissible class

A = {v ∈ W 1,p(U) ∩ C(U) : v = g on ∂U}.

then there exists a unique function u ∈ A such that

I[u] = min
v∈A

I[v],

where

I[v] =

ˆ
U

|Dv|p dx.

Proof. (I) Existence.
Let

I0 := inf
w∈A

I[w].

44



Since A ̸= ∅ for instance g ∈ A , we have

0 ≤ I0 ≤ I[g] <∞.

Let {uk} ⊂ A be a minimizing sequence, that is

I[uk] → I0.

Claim: {uk} is uniformly bounded in W 1,p(U).

Indeed, since

I[uk] =

ˆ
U

|Duk|p dx

and I[uk] converges, the sequence {I[uk]} is bounded.Hence,

sup
k

∥Duk∥Lp(U) <∞ (4.1)

Next we estimate ∥uk∥Lp(U). Let w ∈ A be fixed. Then by Minkowski’s inequality.

∥uk∥Lp(U) = ∥uk − w + w∥Lp(U) ≤ ∥uk − w∥Lp(U) + ∥w∥Lp(U)

Since uk, w ∈ A, we have uk − w = 0 on ∂U , hence

uk − w ∈ W 1,p
0 (U).

Therefore, by the Poincaré inequality 2.4.3,

∥uk − w∥Lp(U) ≤ C∥D(uk − w)∥Lp(U).

Using Minkowski’s inequality again,

∥D(uk − w)∥Lp(U) ≤ ∥Duk∥Lp(U) + ∥Dw∥Lp(U).

Thus
∥uk∥Lp(U) ≤ C(∥Duk∥Lp(U) + ∥Dw∥Lp(U)) + ∥w∥Lp(U).

Using 4.1 we conclude that
sup
k

∥uk∥Lp(U) <∞.

Consequently,
sup
k

∥uk∥W 1,p(U) <∞,

and therefore {uk} is bounded in W 1,p(U).
By theorem 3.2.1 W 1,p(U) is a reflexive Banach space (for 1 < p <∞), then by the

weak compactness theorem found in [2] there exist a subsequence {ukj} and a function
u ∈ W 1,p(U) such that

ukj ⇀ u weakly in W 1,p(U).

Since p > n, Morrey’s inequality 2.4.1 implies that functions in W 1,p(U) admit contin-
uous representatives. Hence u ∈ C(U).

Claim: u ∈ A. Since ukj ∈ A, we have ukj = g on ∂U..Let w ∈ A be fixed then

ukj − w = 0 on ∂U so ukj − w ∈ W 1,p
0 (U). Since ukj ⇀ u in W 1,p(U), it follows
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that ukj − w ⇀ u− w weakly in W 1,p(U). But W 1,p
0 (U) is a closed linear subspace of

W 1,p(U) and therefore weakly closed. Hence, u−w ∈ W 1,p
0 (U). Thus u−w = 0 on ∂U .

Since w = g on ∂U , it follows that u = g on ∂U, and therefore u ∈ A.

by lemma 4.1.2 we got that I[·] is weakly lower semi-continuous on W 1,p(U), thus
we obtain

I[u] ≤ lim inf
j→∞

I[ukj ].

But lim I[uk] = I0,hence lim infj→∞ I[ukj ] = I0.
Therefore I[u] ≤ I0.Since u ∈ A, by definition of I0 we also have I0 ≤ I[u].
Thus I[u] = I0, and u is a minimizer.

(II) Uniqueness.
Assume for contradiction that there exist two distinct minimizers u1, u2 ∈ A.
The function L(q) = |q|p is convex for p > 1. Hence for any q1, q2 ∈ Rn and λ ∈ (0, 1),

L(λq1 + (1− λ)q2) ≤ λL(q1) + (1− λ)L(q2).

Take

q1 = Du1(x), q2 = Du2(x), λ =
1

2
.

Then ∣∣∣∣Du1 +Du2
2

∣∣∣∣p ≤ |Du1|p + |Du2|p

2
.

Let
E = {x ∈ U : Du1(x) ̸= Du2(x)}.

If |E| > 0, the inequality is strict on E, and integrating gives

ˆ
E

∣∣∣∣Du1 +Du2
2

∣∣∣∣p dx < ˆ
E

|Du1|p + |Du2|p

2
dx.

On U \ E we have Du1 = Du2, hence equality holds there. Therefore

ˆ
U

∣∣∣∣Du1 +Du2
2

∣∣∣∣p dx < 1

2

ˆ
U

|Du1|pdx+
1

2

ˆ
U

|Du2|pdx.

But since u1, u2 are minimizers, then

I[u1] = I[u2].

Thus

I

[
u1 + u2

2

]
< I[u1].

Since u1+u2

2
∈ A, this contradicts the minimality of u1. Therefore |E| = 0, and hence

Du1 = Du2 a.e. in U.

Consequently
D(u1 − u2) = 0 a.e. in U.
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Since U is connected then by proposition 2.3.2 this implies

u1 − u2 = c

for some constant c. But u1 = u2 = g on ∂U , hence c = 0, and therefore

u1 = u2 a.e. in U.

Thus the minimizer is unique.

Theorem 4.1.2 (Minimizers are weak solutions). Let p > n and let u ∈ A be a
minimizer of the functional

I[v] =

ˆ
U

|Dv|p dx

over the admissible class A. Then u is a weak solution of the p-Laplace Equation.

Proof. By Theorem 3.3.1, minimizers are weak solutions provided that the Lagrangian
L satisfies the required growth conditions. In the present case, we consider

L(q, z, x) = |q|p.

Clearly,
|L(q, z, x)| = |q|p ≤ |q|p + |z|p + 1.

Next, since
DqL(q, z, x) = p|q|p−2q,

we have
|DqL(q, z, x)| = p|q|p−1 ≤ p

(
|q|p−1 + |z|p−1 + 1

)
.

Moreover, since L does not depend on z, it follows that

DzL(q, z, x) = 0,

and therefore
|DzL(q, z, x)| = 0 ≤ p

(
|q|p + |z|p−1 + 1

)
.

Thus the growth conditions from Theorem 3.3.1 are satisfied. Since u ∈ A is a
minimizer of

I[w] =

ˆ
U

|Dw|p dx,

it follows that u is a weak solution of the associated Euler–Lagrange equation, that is,

ˆ
U

DqL(Du, u, x) ·Dv dx = 0 ∀v ∈ C∞
c (U).

Substituting
DqL(Du, u, x) = p|Du|p−2Du,

we obtain ˆ
U

p|Du|p−2Du ·Dv dx = 0 ∀v ∈ C∞
c (U).

47



Dividing by p, we conclude that
ˆ
U

⟨|Du|p−2Du,Dv⟩ dx = 0 ∀v ∈ C∞
c (U).

Hence u is a weak solution of the p-Laplace equation.
It remains to show that u ∈ C(U).Indeed, since we assumed that p > n it follows

directly from Morrey’s Inequality 2.4.1 that u is continuous over U .
Therefore we conclude that u is a continuous weak solution of the p-laplace equation.

Theorem 4.1.3 (Weak solutions are minimizers). Let u ∈ A be a weak solution of the
p-Laplace equation

ˆ
U

⟨|Du|p−2Du,Dη⟩ dx = 0 ∀η ∈ C∞
c (U).

Then u is a minimizer of the functional

I[w] =

ˆ
U

|Dw|p dx

over the admissible class A.

Proof. We first recall that the function

f : Rn → R, f(ξ) = |ξ|p,

is convex for p ≥ 2, as proved earlier. We claim that for every a, b ∈ Rn,

|b|p ≥ |a|p + p|a|p−2a · (b− a). (4.2)

To prove this, define the line segment function

φ : [0, 1] → R, φ(t) = f(a+ t(b− a)) = |a+ t(b− a)|p.

Since a+ t(b− a) is an affine function of t and f is convex, it follows that φ is convex
on [0, 1]. Equivalently, since f ∈ C2(Rn \ {0}), we may compute

φ′(t) = Df(a+ t(b− a)) · (b− a),

and
φ′′(t) = ⟨D2f(a+ t(b− a))(b− a), b− a⟩.

But the Hessian of f is positive semidefinite, since f is convex. Hence

φ′′(t) ≥ 0,

and therefore φ is convex on [0, 1]. By convexity of φ, we have

φ(1) ≥ φ(0) + φ′(0)(1− 0).

Now
φ(1) = f(b) = |b|p, φ(0) = f(a) = |a|p,
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and
φ′(0) = Df(a) · (b− a).

Since
Df(a) = p|a|p−2a,

it follows that
φ′(0) = p|a|p−2a · (b− a).

Substituting these expressions into the above inequality gives (4.2).

We now use this inequality to prove the theorem. Let w ∈ A be arbitrary, and
define v := w − u. Since u,w ∈ A have the same boundary values on ∂U , we have
v ∈ W 1,p

0 (U). Since the weak formulation was initially stated for test functions in
C∞

c (U), and by corollary 2.3.1 C∞
c (U) is dense inW 1,p

0 (U), the weak formulation extends
to all v ∈ W 1,p

0 (U). Therefore,

ˆ
U

⟨|Du|p−2Du,Dv⟩ dx = 0. (4.3)

Now in (4.2), choose
a = Du(x), b = D(u+ v)(x).

Then
b− a = D(u+ v)−Du = Dv,

and so
|D(u+ v)|p ≥ |Du|p + p|Du|p−2Du ·Dv.

Integrating over U , we obtain

ˆ
U

|D(u+ v)|p dx ≥
ˆ
U

|Du|p dx+ p

ˆ
U

|Du|p−2Du ·Dv dx.

Using (4.3), the last integral vanishes, and hence

ˆ
U

|D(u+ v)|p dx ≥
ˆ
U

|Du|p dx.

Since w = u+ v, this means
I[w] ≥ I[u].

Because w ∈ A was arbitrary, we conclude that

I[u] ≤ I[w] ∀w ∈ A.

Therefore u is a minimizer of the p-Dirichlet integral over A.
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4.2 The limit as p→ ∞

In the previous section, for each exponent p > n, we established the existence and
uniqueness of a minimizer up of the p-Dirichlet integral

I(u) =

ˆ
U

|Du|p dx

among all admissible functions with prescribed boundary values. Moreover, we showed
that these minimizers are equivalent to the continuous weak solutions of the p-Laplace
equation.

∆pu = div
(
|Du|p−2Du

)
= 0.

We now investigate the behavior of the weak solutions of the p-Dirichlet problem {up}
as p→ ∞. This limit is natural from the variational point of view, since for large p the
quantity (ˆ

U

|Du|p dx
)1/p

is expected to approach the essential supremum of |Du|, namely ∥Du∥L∞(U). Our goal in
this section is show that the sequence {up} admits a subsequence converging uniformly
in U to a limit function u∞. This limiting function will play a central role in the study
of the infinity Laplace equation.

To obtain such a result ,we need a compactness argument. Therefore we recall several
tools that will allow us to extract a uniformly convergent subsequence: Lipschitz con-
tinuity, the extension of Lipschitz boundary values, Morrey’s inequality, Rademacher’s
theorem, and the Arzelà-Ascoli theorem.

Lemma 4.2.1. Let U ⊂ Rn be measurable with 0 < |U | < ∞, and let f ∈ Lq(U) for
some 1 ≤ p < q <∞. Then( 

U

|f |p dx
)1/p

≤
( 

U

|f |q dx
)1/q

.

In particular, the quantity
(ffl

U
|f |p dx

)1/p
is increasing as p increases.

Proof. Recall that  
U

f dx :=
1

|U |

ˆ
U

f dx

denotes the average of f over U . Applying Hölder’s inequality

ˆ
U

|f |p dx ≤
(ˆ

U

|f |q dx
)p/q

|U | 1−p/q.

Now divide both sides by |U | and taking the power 1/p on both sides, we get for
q > p, ( 

U

|f |p dx
)1/p

≤
( 

U

|f |q dx
)1/q

.

which shows that the normalized Lp-average is increasing with respect to p.
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Theorem 4.2.1. Let p > n, and let {up} ⊂ C(U) ∩W 1,p(U) be a sequence of weak
solutions of the p-Laplace Equations with up = g on ∂U , where g is a Lipschitz con-
tinuous function on ∂U . Then there exist a subsequence {upk} and a function u∞ ∈
C(U) ∩W 1,∞(U) such that{

upk → u∞ uniformly on U,

Dupk ⇀ Du∞ weakly in Ls(U) for every s > n+ 1,

and
u∞ = g on ∂U.

Proof. We divide the proof into four steps.

Step 1: Uniform Lp-bound and equicontinuity. By the Lipschitz extension the-
orem 2.5.3 , there exists a function G ∈ C(U) ∩W 1,∞(U) such that G = g on ∂U
and ∥DG∥L∞(U) ≤ L, where L is the Lipschitz constant of g. In particular, G is an
admissible competitor for each up.

Since each up is a minimizer of the p-Dirichlet functional Ip[u] =
´
U
|Du|p dx over A

then
Ip[up] ≤ Ip[G] =⇒ ∥Dup∥Lp(U) ≤ ∥DG∥Lp(U).

Since |DG(x)| ≤ ∥DG∥L∞(U) ≤ L a.e. in U , it follows that

∥DG∥Lp(U) =

(ˆ
U

|DG|p dx
)1/p

≤
(ˆ

U

Lp dx

)1/p

= L|U |1/p.

Therefore,
∥Dup∥Lp(U) ≤ L|U |1/p. (4.4)

We next prove that the family {up} is equicontinuous on U . Let vp := up − G.
Since up = g on ∂U and G = g on ∂U , we have vp ∈ W 1,p

0 (U). Since p > n, Morrey’s
inequality yields constants C > 0 and γ = 1− n

p
> 0 such that

|vp(x)− vp(y)| ≤ C∥Dvp∥Lp(U) |x− y|γ ∀x, y ∈ U.

Also, since G is Lipschitz continuous on U ,

|G(x)−G(y)| ≤ L|x− y| ∀x, y ∈ U.

Hence, |up(x)−up(y)| ≤ |vp(x)−vp(y)|+|G(x)−G(y)| ≤ C∥Dvp∥Lp(U)|x−y|γ+L|x−y|.
Now Dvp = Dup −DG, so by Minkowski’s inequality,

∥Dvp∥Lp(U) ≤ ∥Dup∥Lp(U) + ∥DG∥Lp(U).

Using (4.4) and the estimate ∥DG∥Lp(U) ≤ L|U |1/p, we get ∥Dvp∥Lp(U) ≤ 2L|U |1/p.
Therefore

|up(x)− up(y)| ≤ 2CL|U |1/p|x− y|γ + L|x− y|.
Since p > n, we have 1/p ≤ 1/n, hence |U |1/p ≤ max{1, |U |1/n}. Thus there exists a
constant CU > 0, independent of p, such that

|up(x)− up(y)| ≤ CU |x− y|γ + L|x− y| ∀x, y ∈ U. (4.5)
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Hence the family {up} is equicontinuous on U .

Step 2: Uniform boundedness and uniform convergence. We now prove that
the family {up} is uniformly bounded on U . Fix a point y0 ∈ ∂U . Since up = g on ∂U ,
we have up(y0) = g(y0). Hence, for any x ∈ U ,

|up(x)| ≤ |up(x)− up(y0)|+ |up(y0)| = |up(x)− up(y0)|+ |g(y0)|.

Using (4.5), we obtain

|up(x)| ≤ CU |x− y0|γ + L|x− y0|+ |g(y0)| ≤ CU diam(U)γ + L diam(U) + sup |g|

The right-hand side is independent of p. Thus {up} is uniformly bounded on U .
So far, we have shown that {up} ⊂ C(U) is uniformly bounded and equicontinuous.

Hence, by the Arzelà–Ascoli theorem, there exist a subsequence {upk} ⊂ {up} and a
function u∞ ∈ C(U) such that

upk → u∞ uniformly on U.

Moreover, since upk = g on ∂U for every k, passing to the limit in the uniform conver-
gence yields

u∞ = g on ∂U.

Step 3: Weak convergence of the gradients in Ls(U). It remains to show that
u∞ ∈ W 1,∞(U). Fix s > n + 1. Since pk → ∞, there exists k0 such that pk > s for
all k ≥ k0. By the monotonicity of normalized Lp-averages proved in above lemma, for
pk > s we have ( 

U

|Dupk |s dx
)1/s

≤
( 

U

|Dupk |pk dx
)1/pk

.

Using the minimizing property of upk and the fact that G ∈ A , we obtain

ˆ
U

|Dupk |pk dx ≤
ˆ
U

|DG|pk dx.

Hence, ( 
U

|Dupk |pk dx
)1/pk

≤
( 

U

|DG|pk dx
)1/pk

≤
( 

U

Lpk dx

)1/pk

= L.

Combining the above estimates, we conclude that( 
U

|Dupk |s dx
)1/s

≤ L for all k ≥ k0.

Equivalently,
∥Dupk∥Ls(U) ≤ L|U |1/s for all k ≥ k0. (4.6)

Thus, for each fixed s > n+1, the sequence {Dupk}k≥k0 is bounded in Ls(U). Since
Ls(U) is reflexive, there exist a subsequence, still denoted by {Dupk}, and a function
Vs ∈ Ls(U) such that

Dupk ⇀ Vs weakly in Ls(U).
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We now show that Vs = Du∞ a.e. in U . Let φ ∈ C∞
c (U). Since Dupk ⇀ Vs weakly

in Ls(U), and since C∞
c (U) = Ls′(U), where 1/s+ 1/s′ = 1, we have

ˆ
U

φDupk dx→
ˆ
U

φVs dx.

On the other hand, ˆ
U

φDupk dx = −
ˆ
U

Dφupk dx.

Letting k → ∞ and using the uniform convergence upk → u∞, we obtain

−
ˆ
U

Dφupk dx→ −
ˆ
U

Dφu∞ dx =⇒
ˆ
U

φVs dx = −
ˆ
U

Dφu∞ dx,

Hence, Vs = Du∞ a.e. in U and consequently

Dupk ⇀ Du∞ weakly in Ls(U).

At this point, for each s = n+1, n+2, . . ., we may extract a subsequence along which
the above weak convergence holds in Ls(U). By a standard diagonalization argument,
we simultaneously obtain a single subsequence, still denoted by {upk}, such that

Dupk ⇀ Du∞ weakly in every Ls(U) for s > n+ 1.

Step 4: Conclusion that u∞ ∈ W 1,∞(U). Since the functional v 7→
ffl
U
|Dv|s dx is

weakly lower semi-continuous on W 1,s(U). Hence, for every s > n+ 1,

 
U

|Du∞|s dx ≤ lim inf
k→∞

 
U

|Dupk |s dx.

Using (4.6), we conclude that

 
U

|Du∞|s dx ≤ Ls =⇒
( 

U

|Du∞|s dx
)1/s

≤ L,

Equivalently,
∥Du∞∥Ls(U) ≤ L|U |1/s ∀s > n+ 1.

Now, let s→ ∞. By the standard measure theoretic fact that

lim
s→∞

∥f∥Ls(U) = ∥f∥L∞(U)

it follows that ∥Du∞∥L∞(U) ≤ L. Hence, u∞ ∈ W 1,∞(U).

4.3 Minimizing Property of u∞

In this section, we show that the limiting function u∞ satisfies a minimizing property
on every subdomain of U . We begin with a preparatory lemma.
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Lemma 4.3.1 (Maximum Principle). Let U ⊂ Rn, and let up, vp ∈ C(U) ∩W 1,p(U)
be two weak solutions of the p-Laplace Equation on U .Then

max
U

(vp − up) = max
∂U

(vp − up).

Proof. Assume by contradiction that

α := max
U

(vp − up) > max
∂U

(vp − up) =: β.

Define G :=
{
x ∈ U : vp(x)− up(x) >

α+β
2

}
. Since vp−up ∈ C(U), the set G is open,

being the pre-image of the open interval
(
α+β
2
,∞
)
under the continuous map vp − up.

Thus

G = (vp − up)
−1

((
α + β

2
,∞
))

.

Moreover, since α > β, we have G ⋐ U . Indeed,

G =

{
x ∈ U : (vp − up)(x) ≥

α + β

2

}
,

and

∂G =

{
x ∈ U : (vp − up)(x) =

α + β

2

}
.

Moreover ∂G ⊂ U . Let x ∈ ∂G since vp − up ≤ β on ∂U , consequently G ⋐ U .
Now on ∂G we have

vp = up +
α + β

2
.

But up +
α+β
2

is also a solution of the p-Laplace equation in G, since adding a constant
does not change the gradient. Hence both

vp and up +
α + β

2

solve the p-Laplace equation in G and agree on ∂G. By uniqueness, it follows that

vp − up =
α + β

2
in G,

which contradicts the definition of G, since on G we have

vp − up >
α + β

2
.

Thus the assumption was false, and therefore

max
U

(vp − up) = max
∂U

(vp − up).

We now show that the limit function u∞ established in theorem 4.2.1 retains a
variational minimizing property on every subdomain D ⋐ U .
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Theorem 4.3.1. Let u∞ be the uniform limit obtained in above theorem 4.2.1. Then
for every subdomain D ⋐ U and every function v ∈ W 1,∞(D) ∩ C(D) such that

v = u∞ on ∂D,

we have
∥Du∞∥L∞(D) ≤ ∥Dv∥L∞(D).

In other words, u∞ is a local minimizer of the L∞-norm of the gradient on every sub-
domain D ⋐ U .

Proof. Fix a subdomain D ⋐ U , and let v ∈ C(D)∩W 1,∞(D) with v = u∞ on ∂D.
For each j, let vpj denote the minimizer of the pj-Dirichlet functional among all

functions w ∈ C(D) ∩W 1,pj(D) such that w = u∞ on ∂D.

Equivalently, vpj is the weak solution of

{
∆pjvpj = 0 in D,

vpj = u∞ on ∂D.

Since v ∈ C(D)∩W 1,∞(D) and v = u∞ on ∂D, the minimizing property of vpj gives

ˆ
D

|Dvpj |pj dx ≤
ˆ
D

|Dv|pj dx.

We divide the proof into several claims.

Claim 1.
vpj → u∞ uniformly on D.

Indeed, for every x ∈ D, we have

|vpj(x)− u∞(x)| = |vpj(x)− upj(x) + upj(x)− u∞(x)|

and therefore

|vpj(x)− u∞(x)| ≤ ∥vpj − upj∥L∞(D) + ∥upj − u∞∥L∞(D). (4.7)

Now vpj and upj are both pj-harmonic in D. Hence, by the Maximum Principle 4.3.1,

∥vpj − upj∥L∞(D) = ∥vpj − upj∥L∞(∂D).

Since vpj = u∞ on ∂D, it follows that

∥vpj − upj∥L∞(D) = ∥u∞ − upj∥L∞(∂D) ≤ ∥u∞ − upj∥L∞(D).

But upj → u∞ uniformly on U , and in particular uniformly on D.
Therefore,

∥vpj − u∞∥L∞(D) → 0.

Claim 2. For every fixed s > 1, there exists j0 ∈ N such that

∥Dvpj∥Ls(D) ≤ ∥Dv∥L∞(D) |D|1/s ∀j ≥ j0.
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Fix s > 1. Since pj → ∞, there exists j0 such that pj > s for all j ≥ j0. Since we proved
earlier that the normalized Lp-means are increasing in p, it follows that for j ≥ j0,( 

D

|Dvpj |s dx
)1/s

≤
( 

D

|Dvpj |pj dx
)1/pj

.

On the other hand, from the minimizing property of vpj and dividing by |D|1/pj , we
obtain, ( 

D

|Dvpj |pj dx
)1/pj

≤
( 

D

|Dv|pj dx
)1/pj

≤ ∥Dv∥L∞(D).

Combining the above inequalities, we get

∥Dvpj∥Ls(D) ≤ ∥Dv∥L∞(D) |D|1/s ∀j ≥ j0.

Claim 3. For every fixed s > 1, after passing to a subsequence,

Dvpj ⇀ Du∞ weakly in Ls(D).

Fix s > 1. By Claim 2, the sequence {Dvpj}j≥j0 is bounded in Ls(D). Since Ls(D) is
reflexive, there exist a subsequence, still denoted by {Dvpj}, and a function u0 ∈ Ls(D)
such that

Dvpj ⇀ u0 weakly in Ls(D).

We now show that u0 = Du∞ a.e. in D.
Let φ ∈ C∞

c (D). Since φ ∈ C∞
c (D) ⊂ Ls′(D), where 1

s
+ 1

s′
= 1, the weak convergence

gives ˆ
D

φDvpj dx→
ˆ
D

φu0 dx.

On the other hand, since vpj ∈ W 1,pj(D) ⊂ W 1,1
loc (D), integration by parts yields

ˆ
D

φDvpj dx = −
ˆ
D

Dφvpj dx.

By Claim 1, vpj → u∞ uniformly on D. Hence,

−
ˆ
D

Dφvpj dx→ −
ˆ
D

Dφu∞ dx =⇒
ˆ
D

φu0 dx = −
ˆ
D

Dφu∞ dx ∀φ ∈ C∞
c (D).

Thus u0 is the weak gradient of u∞, and consequently u0 = Du∞ a.e. in D.
Hence,

Dvpj ⇀ Du∞ weakly in Ls(D).

Claim 4. For every s > 1,

∥Du∞∥Ls(D) ≤ ∥Dv∥L∞(D) |D|1/s.

Since the functional w 7→
´
D
|Dw|s dx is weakly lower semi-continuous on W 1,s(D),

Claim 3 implies ˆ
D

|Du∞|s dx ≤ lim inf
j→∞

ˆ
D

|Dvpj |s dx.
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Using Claim 2, for all sufficiently large j we get

ˆ
D

|Dvpj |s dx ≤ ∥Dv∥ s
L∞(D)|D|

Therefore,
∥Du∞∥Ls(D) ≤ ∥Dv∥L∞(D) |D|1/s.

Finally, let s→ ∞. it follows from Claim 4 that

Du∞ ∈ L∞(D) and ∥Du∞∥L∞(D) ≤ ∥Dv∥L∞(D).

Since v ∈ C(D) ∩W 1,∞(D) with v = u∞ on ∂D was arbitrary, we conclude that

∥Du∞∥L∞(D) ≤ ∥Dv∥L∞(D)

for every such competitor v. Hence u∞ satisfies the desired local minimizing property
on D.

4.4 Derivation of the ∞-Laplace equation

We now conclude this section by giving a formal derivation of the ∞-Laplace equation
starting from the p-Laplace equation.

Let u ∈ C2(U). Then
∆pu = div(|Du|p−2Du)

Since Du = (ux1 , ux2 , . . . , uxn), we may write

∆pu =
n∑

i=1

∂

∂xi

(
|Du|p−2uxi

)
.

Using the product rule and the chain rule, we obtain

∆pu = |Du|p−2∆u+ (p− 2)|Du|p−4

n∑
i,j=1

uxi
uxj

uxixj
.

This motivates the definition of the ∞-Laplacian:

∆∞u :=
n∑

i,j=1

uxi
uxj

uxixj
= ⟨D2uDu,Du⟩.

Hence the p-Laplace equation becomes

∆pu = |Du|p−4
(
|Du|2∆u+ (p− 2)∆∞u

)
. (4.8)

So assume ∆pu = 0, we get away from points where Du = 0, we may divide by
|Du|p−4 to get

|Du|2∆u+ (p− 2)∆∞u = 0.
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Dividing further by p− 2, we arrive at

|Du|2∆u
p− 2

+ ∆∞u = 0.

Now letting p→ ∞, we formally obtain the limiting equation

∆∞u = 0.

Thus, the limit of the p-Laplace equation as p→ ∞ is the ∞-Laplace equation

∆∞u = 0.

Remark 4.4.1. This derivation is closely related to the discussion above. Indeed,
we constructed a sequence of weak solutions {upj} and proved that for p¿n, along a
subsequence,

upj → u∞ uniformly on U.

Moreover, we showed that the limiting function u∞ ∈ C(U)∩W 1,∞(U) satisfies a min-
imizing property on every subdomain of U with respect to the L∞-norm of the gradient.
Therefore, the above computation suggests that u∞ should be associated with the limiting
equation

∆∞u = 0.

However, several difficulties arise at this stage.

4.4.1 Restriction to C2-solutions

Since the ∞-Laplace equation

∆∞u = ⟨D2uDu,Du⟩ = 0

contains second derivatives explicitly, one may first try to work only with classical
solutions, that is, functions u ∈ C2(U) satisfying the equation pointwise in U . This
class is not empty. For instance, every affine function

u(x) = a · x+ b

satisfies D2u = 0, and therefore

∆∞u = ⟨D2uDu,Du⟩ = 0

in the classical sense. More generally, Lindqvist [3] lists further explicit examples that
are classical solutions away from their singular points, such as

u(x) = a|x|+ b,

which is of class C2 on every domain U ⊂ Rn\{0}. Thus classical∞-harmonic functions
do exist .

However, this class turns out to be too restrictive for a general theory. The following
result shows that a non-constant classical ∞-harmonic function cannot have interior
critical points. This was proved by Aronsson in two dimensions and appears in the
C2-setting stated below in Yu’s paper [1], [7].
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Theorem 4.4.1 (Aronsson Theorem). Suppose that u ∈ C2(U) and that

∆∞u = 0 in U.

Then either
Du ̸= 0 in U,

or else u is constant.

As an illustration, consider the unit disc

U = B1(0) ⊂ R2,

and prescribe the smooth boundary data

g(x, y) = xy on ∂U.

Then by [3] every function f ∈ C2(U) ∩ C(U) satisfying
f = g on ∂U

must have at least one critical point in U . Therefore, if there existed a classical solution

u ∈ C2(U) ∩ C(U)
of the Dirichlet problem {

∆∞u = 0 in U,

u = g on ∂U,

then u would necessarily possess an interior critical point, contradicting Aronsson’s
theorem. Hence, even for smooth boundary data, the Dirichlet problem for the ∞-
Laplace equation need not admit a non-constant classical solution.

These observations show that, although classical solutions may exist, the class of
classical solutions is too restrictive to serve as a general framework for the ∞-Laplace
equation.

4.4.2 Restriction to Weak Solutions

For 1 < p <∞, the p-Laplace equation

∆pu = div(|Du|p−2Du) = 0

is in divergence form. Therefore, by testing against φ ∈ C∞
c (U) and integrating by

parts, one arrives at the weak formulationˆ
U

|Du|p−2Du ·Dφdx = 0 ∀φ ∈ C∞
c (U),

On the other hand, as p→ ∞ leads to the equation

∆∞u = ⟨D2uDu,Du⟩ = 0.

This operator is not in divergence form. Consequently, the usual integration-by-parts
procedure does not produce a weak formulation involving only first derivatives. Thus,
unlike the case of the p-Laplace equation for finite p, weak solutions are no longer the
appropriate notion for the limiting equation

∆∞u = 0.

The failure of the weak formulation provides further motivation to introduce viscosity
solutions.
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Chapter 5

Viscosity solutions

The passage p → ∞ yields the equation ∆∞u = 0, but it also raises a fundamental
question: how should the limiting function u∞ be interpreted as a solution of this
nonlinear second-order equation? The answer is provided by the theory of viscosity
solutions.

We now introduce viscosity solutions in a general framework, We begin by recalling
the notions of upper and lower semi-continuity, which play a central role in the definition
of viscosity solutions.

5.1 Preliminaries on semi-continuity

Definition 5.1.1. Let u : U → R and let x0 ∈ U .

1. We say that u is upper semi-continuous at x0 if

lim sup
x→x0

u(x) ≤ u(x0).

2. We say that u is lower semi-continuous at x0 if

lim inf
x→x0

u(x) ≥ u(x0).

We say that u is upper semi-continuous (respectively lower semi-continuous) in U if
it has this property at every point of U .

Remark 5.1.1. A function u is continuous if and only if it is both upper semi-continuous
and lower semi-continuous.

Proposition 5.1.1. Let U ⊂ Rn be compact.

1. If u : U → R is lower semi-continuous, then u attains its minimum on U .

2. If u : U → R is upper semi-continuous, then u attains its maximum on U .

Proof. We prove the first assertion. Since u is lower semi-continuous on the compact
set U , it is bounded from below. Set

m := inf
x∈U

u(x).
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Choose a sequence (xk) ⊂ U such that

u(xk) → m.

By compactness of U , there exists a subsequence, still denoted by (xk), such that

xk → x0 ∈ U.

Using lower semi-continuity, we obtain

u(x0) ≤ lim inf
k→∞

u(xk) = m.

Since m is the infimum of u on U , we must have u(x0) = m. Hence u attains its
minimum on U .

The proof of the second assertion is analogous.

Proposition 5.1.2. Let u : U → R. Then:

1. u is lower semi-continuous in U if and only if, for every a ∈ R, the set {x ∈ U :
u(x) ≤ a} is closed in U . Equivalently, for every a ∈ R, the set {x ∈ U : u(x) >
a} is open in U .

2. u is upper semi-continuous in U if and only if, for every a ∈ R, the set {x ∈ U :
u(x) ≥ a} is closed in U . Equivalently, for every a ∈ R, the set {x ∈ U : u(x) <
a} is open in U .

Proof. We prove (1).

(⇒) Assume that u is lower semi-continuous in U , and let S := {x ∈ U : u(x) ≤ a}..
Let (xk) ⊂ S be a sequence such that xk → x0 ∈ U. Since xk ∈ S, we have

u(xk) ≤ a for every k.

Because u is lower semi-continuous at x0,

u(x0) ≤ lim inf
k→∞

u(xk) ≤ a.

Hence x0 ∈ S. Therefore S is closed in U .

(⇐) Conversely, assume that for every a ∈ R, the set {x ∈ U : u(x) ≤ a} is closed in
U . We show that u is lower semi-continuous in U .

Suppose by contradiction that u is not lower semi-continuous at some point x0 ∈ U .
Then

u(x0) > lim inf
y→x0

u(y) =: ℓ.

Choose a such that ℓ < a < u(x0). By the definition of lim inf, there exists a sequence
(xk) ⊂ U such that

xk → x0 and u(xk) → ℓ.

In particular, for all sufficiently large k,

u(xk) ≤ a,

so xk ∈ {x ∈ U : u(x) ≤ a}. Since this set is closed in U and xk → x0, we must have
x0 ∈ {x ∈ U : u(x) ≤ a}, that is, which contradicts the choice of a < u(x0). Therefore
u is lower semi-continuous in U .

The proof of (2) is analogous.
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As we will see, the viscosity theory will require us to deal with semi-continuous
functions. Therefore, let us recall the notions of the upper semi-continuous envelope u∗

and the lower semi-continuous envelope u∗ of a function u : U → R:

Definition 5.1.2. Let u : U → R. The upper semi-continuous envelope u∗ and the
lower semi-continuous envelope u∗ of u are defined byu

∗(x) = lim
r↓0

sup{u(y) : y ∈ U, |y − x| ≤ r},

u∗(x) = lim
r↓0

inf{u(y) : y ∈ U, |y − x| ≤ r}.
(5.1)

Proposition 5.1.3. Let U be a metric space, and let u : U → R ,then

1. u∗ is lower semi-continuous;

2. u∗ is upper semi-continuous;

Proof. We prove (1).Let x0 ∈ X be a limit point. Fix ε > 0. Since

u∗(x0) = lim
r↓0

inf{u(x) : x ∈ B(x0, r) ∩X},

there exists δ0 > 0 such that

u∗(x0)− ε < inf{u(x) : x ∈ B(x0, δ0) ∩X}.

Hence,
u∗(x0)− ε < u(x) for every x ∈ B(x0, δ0) ∩X.

Therefore,
u∗(x0)− ε ≤ lim inf

x→x0

u(x).

Since ε > 0 is arbitrary, letting ε ↓ 0 gives

u∗(x0) ≤ lim inf
x→x0

u(x).

Thus u∗ is lower semi-continuous on X.
The proof of (2) is analogous.

5.2 Proper fully Nonlinear Second Order Partial Differential
Equations

Definition 5.2.1. Consider a fully nonlinear second-order equation of the form

F (x, u,Du,D2u) = 0 in U,

where
F : U × R× Rn × Sn → R,

and Sn denotes the space of real symmetric n× n matrices.
For convenience, we write

F := F (x, r, p,X)

for the value of F at (x, r, p,X) ∈ U × R× Rn × Sn.
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1. We say that F is monotone in the zero-order term if

r ≤ s =⇒ F (x, r, p,X) ≤ F (x, s, p,X)

for all x ∈ U , p ∈ Rn, and X ∈ Sn.

2. We say that F is degenerate elliptic if

Y ≤ X =⇒ F (x, r, p,X) ≤ F (x, r, p, Y )

for all x ∈ U , r ∈ R, and p ∈ Rn.

3. We say that F is proper if it is monotone in the zero-order term and degenerate
elliptic, that is, if

r ≤ s, Y ≤ X =⇒ F (x, r, p,X) ≤ F (x, s, p, Y )

for all x ∈ U and p ∈ Rn.

Here the matrix inequality Y ≤ X means that

⟨Y ξ, ξ⟩ ≤ ⟨Xξ, ξ⟩ for all ξ ∈ Rn.

Example 5.2.1. Consider the linear second-order equation

− tr(A(x)D2u) + b(x) ·Du+ c(x)u = 0.

In this case,
F (x, r, p,X) = − tr(A(x)X) + b(x) · p+ c(x)r.

Then F is proper provided

c(x) ≥ 0 and A(x) ≥ 0

for all x ∈ U , where A(x) ≥ 0 means that A(x) is positive semi-definite.

Proposition 5.2.1. The operator F is proper if and only if the following holds: when-
ever ϕ, ψ ∈ C2(U) and x̂ ∈ U is a local maximum point of ϕ− ψ, then

F (x̂, ψ(x̂), Dψ(x̂), D2ψ(x̂)) ≤ F (x̂, ϕ(x̂), Dϕ(x̂), D2ϕ(x̂)).

Proof. Assume first that F is proper and let x̂ be a local maximum point of ϕ − ψ.
Then

ϕ(x̂) ≥ ψ(x̂), Dϕ(x̂) = Dψ(x̂), D2ϕ(x̂) ≤ D2ψ(x̂).

By degenerate ellipticity,

F (x̂, ψ(x̂), Dψ(x̂), D2ψ(x̂)) ≤ F (x̂, ψ(x̂), Dψ(x̂), D2ϕ(x̂)).

Using monotonicity in the zero-order term and Dϕ(x̂) = Dψ(x̂), we obtain

F (x̂, ψ(x̂), Dψ(x̂), D2ϕ(x̂)) ≤ F (x̂, ϕ(x̂), Dϕ(x̂), D2ϕ(x̂)).

Combining the two inequalities gives the desired conclusion.
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Conversely, assume the stated implication holds. Fix x ∈ U , p ∈ Rn, and X,Y ∈ Sn

with r ≤ s and Y ≤ X. Define

ϕ(y) := s+ ⟨p, y − x⟩+ 1

2
⟨Y (y − x), y − x⟩,

ψ(y) := r + ⟨p, y − x⟩+ 1

2
⟨X(y − x), y − x⟩.

Then

(ϕ− ψ)(y) = s− r +
1

2
⟨(Y −X)(y − x), y − x⟩.

Since s − r ≥ 0 and Y − X ≤ 0, the function ϕ − ψ has a local maximum at x. By
hypothesis,

F (x, r, p,X) ≤ F (x, s, p, Y ).

Hence F is proper.

5.3 Viscosity Solutions: Definition and Consistency

We are now ready to define viscosity sub-solutions and super-solutions.

Definition 5.3.1. Let F be proper, let U ⊂ Rn be open, and let u : U → R.

1. We say that u is a viscosity sub-solution of

F (x, u,Du,D2u) = 0 in U

if u is upper semi-continuous in U and for every ϕ ∈ C2(U) and every local
maximum point x̂ ∈ U of u− ϕ, one has

F (x̂, u(x̂), Dϕ(x̂), D2ϕ(x̂)) ≤ 0.

2. We say that u is a viscosity super-solution of

F (x, u,Du,D2u) = 0 in U

if u is lower semi-continuous in U and for every ϕ ∈ C2(U) and every local
minimum point x̂ ∈ U of u− ϕ, one has

F (x̂, u(x̂), Dϕ(x̂), D2ϕ(x̂)) ≥ 0.

3. Finally, we say that u is a viscosity solution if it is both a viscosity sub-solution
and a viscosity super-solution.

We know show that classical solutions are viscosity solutions

Proposition 5.3.1. Assume that F is proper and let u ∈ C2(U) be a classical solution
of

F (x, u,Du,D2u) = 0 in U.

Then u is a viscosity solution of the same equation in U .
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Proof. We first show that u is a viscosity sub-solution. Since u ∈ C2(U), it is continu-
ous, hence upper semi-continuous. Let ϕ ∈ C2(U) and let x̂ ∈ U be a local maximum
point of u− ϕ. Then

u(x̂) = ϕ(x̂), Du(x̂) = Dϕ(x̂), D2u(x̂) ≤ D2ϕ(x̂).

Since F is degenerate elliptic, we obtain

F (x̂, u(x̂), Du(x̂), D2ϕ(x̂)) ≤ F (x̂, u(x̂), Du(x̂), D2u(x̂)).

Using the classical equation satisfied by u, this gives

F (x̂, u(x̂), Dϕ(x̂), D2ϕ(x̂)) ≤ 0.

Hence u is a viscosity sub-solution.
The proof that u is a viscosity super-solution is analogous. Indeed, if x̂ is a local

minimum point of u− ϕ, then

u(x̂) = ϕ(x̂), Du(x̂) = Dϕ(x̂), D2u(x̂) ≥ D2ϕ(x̂),

and degenerate ellipticity yields

F (x̂, u(x̂), Dϕ(x̂), D2ϕ(x̂)) ≥ F (x̂, u(x̂), Du(x̂), D2u(x̂)) = 0.

Therefore, u is also a viscosity super-solution, and thus a viscosity solution.

A natural question at this point is whether the preceding definition is in fact well
posed. More precisely, does the definition of viscosity subsolutions and supersolutions
guarantee the existence of suitable test functions? The next two propositions answer
this question for upper semicontinuous functions and thereby clarify the consistency of
the definition. The corresponding statements for lower semicontinuous functions are
obtained in the same manner, with local maxima replaced by local minima.

Proposition 5.3.2. Let x̂ ∈ U , and let u : U → R be upper semi-continuous. Then
the following are equivalent:

1. There exists p ∈ Rn such that

u(x) ≤ u(x̂) + p · (x− x̂) + o(|x− x̂|) as x→ x̂.

2. There exists ϕ ∈ C1(U) such that u− ϕ has a local maximum at x̂.

Proof. We first prove that (1) ⇒ (2). Assume that there exists p ∈ Rn such that

u(x) ≤ u(x̂) + p · (x− x̂) + o(|x− x̂|) as x→ x̂.

Define
R(x) := u(x)− u(x̂)− p · (x− x̂).

Thus, for every ε > 0, there exists δ > 0 such that

R(x) ≤ ε|x− x̂| whenever |x− x̂| < δ.
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Now set
ϕ(x) := u(x̂) + p · (x− x̂) +M |x− x̂|,

where M > 0 is a constant. Then ϕ ∈ C1(U \ {x̂}), and near x̂ we have

u(x)− ϕ(x) = R(x)−M |x− x̂|.

Hence, whenever |x− x̂| < δ,

u(x)− ϕ(x) ≤ (ε−M)|x− x̂|.

Choosing M > ε, we obtain for x near x̂

u(x)− ϕ(x) ≤ 0 = u(x̂)− ϕ(x̂)

Therefore u− ϕ has a local maximum at x̂.
We now prove that (2) ⇒ (1). Assume that there exists ϕ ∈ C1(U) such that u− ϕ

has a local maximum at x̂. Then

u(x)− ϕ(x) ≤ u(x̂)− ϕ(x̂) for x near x̂.

Since ϕ ∈ C1(U), Taylor’s formula yields

ϕ(x) = ϕ(x̂) +Dϕ(x̂) · (x− x̂) + o(|x− x̂|) as x→ x̂.

Substituting into the previous inequality, we obtain

u(x) ≤ u(x̂)− ϕ(x̂) + ϕ(x) = u(x̂) +Dϕ(x̂) · (x− x̂) + o(|x− x̂|).

Hence (1) holds with
p = Dϕ(x̂).

Proposition 5.3.3. Let x̂ ∈ U , and let u : U → R be upper semicontinuous. Then the
following are equivalent:

1. There exist p ∈ Rn and X ∈ Sn such that

u(x) ≤ u(x̂) + p · (x− x̂) +
1

2
⟨X(x− x̂), x− x̂⟩+ o(|x− x̂|2) as x→ x̂.

2. There exists ϕ ∈ C2(U) such that u− ϕ has a local maximum at x̂.

Proof. We begin by showing that (1) ⇒ (2). Consider

ϕ(x) = u(x̂) + p · (x− x̂) +
1

2
⟨X(x− x̂), x− x̂⟩+M |x− x̂|3,

where M > 0. Then ϕ ∈ C2(U), and

ϕ(x̂) = u(x̂), Dϕ(x̂) = p, D2ϕ(x̂) = X.
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It remains to verify that (u− ϕ)(x) ≤ 0 near x̂. Set

R(x) := u(x)− u(x̂)− p · (x− x̂)− 1

2
⟨X(x− x̂), x− x̂⟩.

Then

u(x)− ϕ(x) = u(x)− u(x̂)− p · (x− x̂)− 1

2
⟨X(x− x̂), x− x̂⟩ −M |x− x̂|3

≤ o(|x− x̂|2)−M |x− x̂|3.
(5.2)

Since o(|x− x̂|2) ≤ ε|x− x̂|2 whenever |x− x̂| < δ, we obtain

u(x)− ϕ(x) ≤ (ε−M |x− x̂|)|x− x̂|2 ≤ (ε−Mδ)δ2.

Now choose M so that ε−Mδ < 0. It follows for x near x̂ that

u(x)− ϕ(x) ≤ u(x̂)− ϕ(x̂) = 0

. Therefore u− ϕ has a local maximum at x̂.
We next prove that (2) ⇒ (1). Suppose that there exists ϕ ∈ C2(U) such that u− ϕ

has a local maximum at x̂. Then

u(x)− ϕ(x) ≤ u(x̂)− ϕ(x̂) for x near x̂.

Because ϕ ∈ C2(U), Taylor’s theorem gives

ϕ(x) = ϕ(x̂) +Dϕ(x̂) · (x− x̂) +
1

2
⟨D2ϕ(x̂)(x− x̂), x− x̂⟩+ o(|x− x̂|2) as x→ x̂.

Substituting this expansion into the preceding inequality, we get

u(x) ≤ u(x̂)−ϕ(x̂)+ϕ(x) = u(x̂)+Dϕ(x̂)·(x−x̂)+ 1

2
⟨D2ϕ(x̂)(x−x̂), x−x̂⟩+o(|x−x̂|2).

Hence (1) holds with
p = Dϕ(x̂), X = D2ϕ(x̂).

Remark 5.3.1. Thus, requiring that u − ϕ have a local maximum at x̂ is equivalent
to requiring the existence of first- or second-order expansions from above. Analogous
statements hold for local minima.

Finally, we recall a result from convex analysis which is conceptually related to the
question posed at the beginning of this section. Let X be a Banach space. A set-valued
operator

T : X ⇒ X∗

with graph graph(T ) ⊂ X ×X∗ is called monotone if

⟨y∗ − x∗, y − x⟩ ≥ 0

whenever
(x, x∗) ∈ graph(T ) and (y, y∗) ∈ graph(T ).
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It is called maximal monotone if it is monotone and its graph is not properly contained
in the graph of any other monotone operator.

The subdifferential ∂f : X ⇒ X∗ of a convex function

f : X → (−∞,+∞]

is defined by

∂f(x) := {x∗ ∈ X∗ : ⟨x∗, y − x⟩+ f(x) ≤ f(y) for all y ∈ X} ,

and the duality mapping J : X ⇒ X∗ is defined by

J(x) :=
{
x∗ ∈ X∗ : ⟨x∗, x⟩ = ∥x∥2 = ∥x∗∥2

}
.

It is easy to check that

J(x) = ∂j(x), j(x) :=
1

2
∥x∥2.

Theorem 5.3.1 (Rockafellar). Let X be a Banach space, and let

f : X → (−∞,+∞]

be proper, convex, and lower semi-continuous. Then the subdifferential ∂f is maximal
monotone.

Proof. We omit the proof and refer the reader to [8].

Remark 5.3.2. The role of test functions in the definition of viscosity solutions is
closely analogous to the role played by supporting affine functions in convex analysis.
Indeed, if f is proper, convex, and lower semicontinuous, then for each x ∈ X and each
x∗ ∈ ∂f(x), the affine function

y 7→ f(x) + ⟨x∗, y − x⟩

touches f from below at x. Rockafellar’s theorem shows that the subdifferential of such a
function defines a robust and well-posed generalized derivative. The viscosity framework
follows the same philosophy: because the equations under consideration involve first
and second derivatives, affine supporting functions are replaced by C2 test functions
touching the function from above or below. In this sense, viscosity subsolutions and
supersolutions may be viewed as second-order analogues of subdifferential inequalities
from convex analysis.

We conclude this discussion with the basic consistency property of the notion of
viscosity solution.
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Chapter 6

Viscosity Solutions for the
∞-Laplace Equation

In the previous chapter, we introduced viscosity solutions in a general framework for
fully nonlinear second-order equations. We now return to the main equation of interest
in this thesis, namely the ∞-Laplace equation

∆∞u = ⟨D2uDu,Du⟩ = 0,

which was derived earlier as the limit of the p-Laplace equation as p→ ∞.
At the same time, the limiting process produced a function u∞, obtained as the uni-

form limit of a sequence of continuous weak solutions functions. It is therefore natural
to ask in what sense u∞ solves the ∞-Laplace equation. The general viscosity frame-
work developed in the previous chapter provides the appropriate setting for addressing
this question.

The purpose of this chapter is to specialize the general theory of viscosity solutions
to the ∞-Laplace equation, and show that the limiting function u∞ is indeed a viscosity
solution of the corresponding problem

6.1 Definition of Viscosity Solutions for the p-Laplace Equa-
tion

Definition 6.1.1. Let 1 < p ≤ ∞. We say that v ∈ C(U) is a viscosity supersolution
of ∆pv = 0 in U, if

∆pϕ(x0) ≤ 0

whenever x0 ∈ U and ϕ ∈ C2(U) are such that v − ϕ has a local minimum at x0.
We say that v ∈ C(U) is a viscosity subsolution of ∆pv = 0 in U, if

∆pψ(x0) ≥ 0

whenever x0 ∈ U and ψ ∈ C2(U) are such that v − ψ has a local maximum at x0.
Finally, v ∈ C(U) is called a viscosity solution of

∆pv = 0 in U,

if it is both a viscosity supersolution and a viscosity subsolution.
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Remark 6.1.1. In what follows, we shall use the following two simplifications, both
without loss of generality:

1. The extremum attained at x0 may be assumed to be equal to 0. Indeed, if ϕ ∈
C2(U) is a test function, then by replacing ϕ with

ϕ̃(x) := ϕ(x) + v(x0)− ϕ(x0),

we have
(v − ϕ̃)(x0) = 0.

Hence, in the supersolution case, one may assume that{
v(x0) = ϕ̃(x0),

v(x) ≥ ϕ̃(x),
for x in a neighborhood of x0.

Likewise, in the subsolution case, one may assume that{
v(x0) = ϕ̃(x0),

v(x) ≤ ϕ̃(x),
for x in a neighborhood of x0.

2. We may also assume without altering the definition that these inequalities are
strict for x ̸= x0 . More precisely, in the supersolution case, after replacing ϕ by

ϕ̂(x) := ϕ(x)− |x− x0|4,

one obtains {
v(x0) = ϕ̂(x0),

v(x) > ϕ̂(x),
for x in a neighborhood of x0.

Similarly, in the subsolution case, after replacing ψ by

ψ̂(x) := ψ(x) + |x− x0|4,

one obtains {
v(x0) = ψ̂(x0),

v(x) < ψ̂(x),
for x in a neighborhood of x0.

6.2 Weak Solutions are Viscosity Solutions for p-Laplace Equa-
tion

We now establish the comparison principle here as it will play a central role in relating
weak and viscosity notions of solution but before we will provide this lemma because it
will be needed in the comparison principle’s proof

Lemma 6.2.1. Let p ≥ 2 and let a, b ∈ Rn. Then〈
|b|p−2b− |a|p−2a, b− a

〉
≥ 2 2−p|a− b|p.
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Proof. Consider the function

f(ξ) = |ξ|p−2, ξ ∈ Rn.

Since p > 2, then the function f is convex and thus convexity gives the below inequality∣∣∣∣a− b

2

∣∣∣∣p−2

≤ 1

2
|a|p−2 +

1

2
|b|p−2,

that is,
|a|p−2 + |b|p−2

2
≥ 2 2−p|a− b|p−2.

Next, we compute〈
|b|p−2b− |a|p−2a, b− a

〉
= |b|p + |a|p −

(
|b|p−2 + |a|p−2

)
⟨a, b⟩

≥ |a|p−2 + |b|p−2

2

(
|a|2 + |b|2 − 2⟨a, b⟩

)
=

|a|p−2 + |b|p−2

2
|b− a|2.

Using the first inequality, we conclude that〈
|b|p−2b− |a|p−2a, b− a

〉
≥ 2 2−p|a− b|p−2|b− a|2 = 2 2−p|a− b|p.

This completes the proof.

Theorem 6.2.1 (Comparison principle). Let p > n, and let U ⊂ Rn be a bounded
domain. Suppose that u is a weak sub-solution and v is a weak super-solution of the
p-Laplace equation in U , Assume moreover that for every ζ ∈ ∂U ,

lim sup
x→ζ

u(x) ≤ lim inf
x→ζ

v(x),

excluding the cases +∞ ≤ +∞ and −∞ ≤ −∞. Then

u ≤ v in U.

Proof. Let ε > 0, and define

Dε := {x ∈ U : u(x) > v(x) + ε}.

Since u− v is continuous, the set Dε is open.
We claim that Dε ⋐ U . Assume not, then there exists ζ ∈ ∂U ∩Dε. Hence we can

find a sequence xk ∈ Dε such that xk → ζ. Since xk ∈ Dε, we have

u(xk) > v(xk) + ε ∀k.

Therefore,
lim sup
k→∞

u(xk) ≥ lim inf
k→∞

v(xk) + ε.

It follows that
lim sup

x→ζ
u(x) ≥ lim inf

x→ζ
v(x) + ε,
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which contradicts the boundary assumption. Thus

Dε ⋐ U.

Now set η := (u− v − ε)+. Since Dε ⋐ U , we have η ∈ W 1,p
0 (U), and

η =

{
u− v − ε in Dε,

0 in U \Dε.

Hence

Dη =

{
Du−Dv a.e. in Dε,

0 a.e. in U \Dε.

Since u is a weak sub-solution in U , we haveˆ
U

⟨|Du|p−2Du,Dη⟩ dx ≤ 0.

Since v is a weak super-solution in U , we also haveˆ
U

⟨|Dv|p−2Dv,Dη⟩ dx ≥ 0.

Subtracting, we obtainˆ
U

〈
|Du|p−2Du− |Dv|p−2Dv, Dη

〉
dx ≤ 0.

Using the expression for Dη, this becomesˆ
Dε

〈
|Du|p−2Du− |Dv|p−2Dv, Du−Dv

〉
dx ≤ 0.

By the previous lemma 6.2.1, with b = Du and a = Dv, we get〈
|Du|p−2Du− |Dv|p−2Dv, Du−Dv

〉
≥ 2 2−p|Du−Dv|p.

Therefore,

0 ≥ 2 2−p

ˆ
Dε

|Du−Dv|p dx.

Hence
D(u− v)+ = 0 a.e. in Dε.

Let C be any connected component of Dε. Then

D(u− v)+ = 0 a.e. in C.

by proposition 2.3.2 (u − v)+ is constant a.e. in C. Since (u − v)+ is continuous, it
follows that (u− v)+ is constant in C. Now, by continuity and the definition of Dε, we
have u− v = ε on ∂C, and therefore (u− v)+ = ε on ∂C.

It follows that (u− v)+ = ε in C. Thus u− v ≤ ε in C, that is,

u ≤ v + ε in C.

But this contradicts the definition of Dε, where u− v > ε. Therefore Dε = ∅.
Since ε > 0 was arbitrary, we conclude that u ≤ v in U.
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We now establish the bridge between the weak and viscosity notions of super-solution.

Theorem 6.2.2. Suppose that v ∈ C(U) ∩W 1,p(U) is a weak super-solution then v is
also a viscosity super-solution in U .

Proof. We argue by contradiction. Assume that v is not a viscosity super-solution.
Then there exist x0 ∈ U and ϕ ∈ C2(U) such that

v(x0) = ϕ(x0), v(x) > ϕ(x) for x ̸= x0

in a neighborhood of x0, and

Dϕ(x0) ̸= 0, ∆pϕ(x0) > 0.

Since ∆pϕ is continuous, there exists ρ > 0 such that B(x0, 2ρ) ⊂ U and ∆pϕ(x) > 0
whenever |x− x0| < 2ρ. Thus ϕ is a classical sub-solution in B(x0, 2ρ).

Now define m := min∂B(x0,ρ)(v − ϕ). Since the v(x) > ϕ(x) and v − ϕ is continuous
then m > 0. Set

ψ(x) := ϕ(x) +
m

2
.

Then, for every x ∈ ∂B(x0, ρ),

ψ(x) = ϕ(x) +
m

2
≤ ϕ(x) +

1

2

(
v(x)− ϕ(x)

)
=

1

2
ϕ(x) +

1

2
v(x) < v(x),

On the other hand, ψ(x0) = ϕ(x0) +
m
2
= v(x0) +

m
2
> v(x0). Let Dρ denote the

connected component of the open set {ψ > v} ∩B(x0, ρ) which contains x0.
We claim that ψ = v on ∂Dρ. Indeed, let y ∈ ∂Dρ. If y ∈ ∂B(x0, ρ), then ψ(y) <

v(y), and by continuity there exists r > 0 such that

ψ < v in B(y, r).

But this contradicts the fact that y ∈ ∂Dρ. Hence y /∈ ∂B(x0, ρ), so y ∈ B(x0, ρ).
Since Dρ is a connected component of {ψ > v} ∩ B(x0, ρ), we already know that
∂Dρ ⊂ {ψ ≥ v}.

We now show that in fact ∂Dρ ⊂ {ψ = v}. If not, there exists y ∈ ∂Dρ such that
ψ(y) > v(y). By continuity, there exists r1 > 0 such that ψ > v in B(y, r1). Hence
Dρ ∪B(y, r1) is an open connected subset of {ψ > v}∩B(x0, ρ) strictly containing Dρ,
contradicting the maximality of the connected component Dρ. Therefore

ψ = v on ∂Dρ.

Since ψ = ϕ+ m
2
, we have

∆pψ = ∆pϕ > 0 in Dρ.

Thus ψ is a classical sub-solution in Dρ, hence also a weak sub-solution in Dρ. Therefore

ˆ
Dρ

⟨|Dψ|p−2Dψ,Dη⟩ dx ≤ 0 ∀ η ∈ W 1,p
0 (Dρ).
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Since v is a weak super-solution, we also have
ˆ
Dρ

⟨|Dv|p−2Dv,Dη⟩ dx ≥ 0 ∀ η ∈ W 1,p
0 (Dρ).

then by the comparison principle 6.2.1 we obtain

ψ ≤ v in Dρ.

But this contradicts the fact that

x0 ∈ Dρ and ψ(x0) > v(x0).

This contradiction proves that v is a viscosity super-solution in U .

Remark 6.2.1. Similarly, one proves that a weak sub-solution is also a viscosity sub-
solution. Consequently, every weak solution is a viscosity solution.

6.3 Existence of a Viscosity Solution to the ∞-Laplace Equa-
tion

We know introduce the following lemma that will be needed in order to pass to the
limit in the viscosity sense.

Lemma 6.3.1. Suppose that

fj → f uniformly in U,

where fj, f ∈ C(U). If there exists ϕ ∈ C2(U) such that{
ϕ(x0) = f(x0),

f(x) > ϕ(x) ∀x ̸= x0

then there exist points xj → x0 such that

fj(xj)− ϕ(xj) = min
U

(fj − ϕ)

for some subsequence.

Proof. Assume that ϕ ∈ C2(U) satisfies the following

ϕ(x0) = f(x0), f(x) > ϕ(x) ∀x ̸= x0.

Let r0 > 0 be small enough so that Br0(x0) ⊂ U. Then infU\Br0 (x0)
(f − ϕ) > 0.

Since fj → f uniformly on U , then for ε = 1
2
infU\Br0 (x0)

(f − ϕ) > 0, there exists
J ∈ N such that for all j ≥ J ,

|fj(x)− f(x)| < ε ∀x ∈ U.

Hence, for every x ∈ U we have fj(x)− ϕ(x) = fj(x)− f(x) + f(x)− ϕ(x).
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If x ∈ U \Br0(x0), then fj(x)− ϕ(x) ≥ −1
2
infU\Br0 (x0)

(f − ϕ) + infU\Br0 (x0)
(f − ϕ),

fj(x)− ϕ(x) ≥ 1

2
inf

U\Br0 (x0)
(f − ϕ) > 0. (6.1)

On the other hand, since ϕ(x0) = f(x0) and fj(x0) → f(x0), we have

fj(x0)− ϕ(x0) → 0.

Thus for j large enough,

fj(x0)− ϕ(x0) <
1

2
inf

U\Br0 (x0)
(f − ϕ) ≤ inf

U\Br0 (x0)
(fj − ϕ), (6.2)

where the last inequality follows from 6.1
We claim that for j large enough,

min
U

(fj − ϕ) ∈ Br0(x0).

Indeed, if a minimizer xj were in U \Br0(x0), then by 6.2,

fj(xj)− ϕ(xj) ≥ inf
U\Br0 (x0)

(fj − ϕ) > fj(x0)− ϕ(x0),

which is impossible.
Thus, for some subsequence, there exist xj ∈ Br0(x0) such that

fj(xj)− ϕ(xj) = min
U

(fj − ϕ).

Now let rk =
r0
2k
, k ∈ N, Repeating the same argument with rk in place of r0, we find

that for each k there exists an index Jk such that for all j ≥ Jk, any minimizer of fj −ϕ
lies in Brk(x0).

Choosing jk ≥ Jk and corresponding minimizers xjk ∈ Brk(x0), we obtain

|xjk − x0| <
r0
2k
.

Hence xjk → x0 as k → ∞.
Therefore, along a subsequence,

fj(xj)− ϕ(xj) = min
U

(fj − ϕ), xj → x0.

We are now ready to prove that there exists a viscosity solution to the ∞-Laplace
Equation

Theorem 6.3.1. Let U ⊂ Rn be a bounded domain, and let {pj} ⊂ (n,∞) be a sequence
such that pj → ∞ as j → ∞. For each j, let vpj ∈ C(U) ∩ W 1,pj(U) be a weak
solution of

∆pjvpj = 0 in U.
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by theorem 4.2.1 there exists a function

v∞ ∈ C(U) ∩W 1,∞(U)

such that, up to a subsequence,{
vpj → v∞ uniformly in U,

Dvpj ⇀ Dv∞ weakly in Ls(U) for every 1 ≤ s <∞.

Then v∞ is a viscosity solution of

∆∞v∞ = 0 in U.

Proof. Since each vpj is a weak solution of ∆pjv = 0 in U, it follows from the
previous theorem 6.2.2 that each vpj is also a viscosity solution.

We first prove that v∞ is a viscosity super-solution. Let ψ ∈ C2(U) and x0 ∈ U such
that

ψ(x0) = v∞(x0), ψ(x) < v∞(x) ∀x ̸= x0.

Since vpjk is a viscosity super-solution of ∆pjk
v = 0 and by Lemma 6.3.1 there exist

points xk → x0 and a subsequence, still denoted by vpjk such that vpjk − ψ has a
minimum at xk then it follows that

∆pjk
ψ(xk) ≤ 0.

Now, we distinguish two cases.

Case 1: Dψ(x0) = 0.
Then

∆∞ψ(x0) = ⟨D2ψ(x0)Dψ(x0), Dψ(x0)⟩ = ⟨D2ψ(x0) 0, 0⟩ = 0.

Hence
∆∞ψ(x0) = 0.

Case 2: Dψ(x0) ̸= 0.
Since Dψ is continuous and xk → x0, we have

Dψ(xk) → Dψ(x0) ̸= 0.

Therefore Dψ(xk) ̸= 0 for all sufficiently large k. For such k, using the identity 4.8

∆pjk
ψ = |Dψ|pjk−4

(
|Dψ|2∆ψ + (pjk − 2)∆∞ψ

)
,

the inequality ∆pjk
ψ(xk) ≤ 0 becomes

|Dψ(xk)|2∆ψ(xk) + (pjk − 2)∆∞ψ(xk) ≤ 0.

Dividing by (pjk − 2)|Dψ(xk)|2, we obtain

∆ψ(xk)

pjk − 2
+

∆∞ψ(xk)

|Dψ(xk)|2
≤ 0.
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Now, as k → ∞, we have
pjk → ∞, xk → x0,

and since ψ ∈ C2(U),

∆ψ(xk) → ∆ψ(x0), ∆∞ψ(xk) → ∆∞ψ(x0), Dψ(xk) → Dψ(x0).

Passing to the limit yields
∆∞ψ(x0)

|Dψ(x0)|2
≤ 0.

Since |Dψ(x0)|2 > 0, it follows that

∆∞ψ(x0) ≤ 0.

Thus v∞ is a viscosity supersolution of

∆∞v∞ = 0 in U.

The proof that v∞ is a viscosity subsolution is analogous. Therefore v∞ is a viscosity
solution of

∆∞v∞ = 0 in U.
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