
Integrated retail decisions with multiple selling periods and customer
segments: Optimization and insights$

Ahmed Ghoniem a,n, Bacel Maddah b,1

a Department of Operations & Information Management, Isenberg School of Management, University of Massachusetts Amherst,
121 Presidents Dr., Amherst, MA 01003, USA
b Engineering Management Program, American University of Beirut, P.O. Box 11-0236, Riad El Solh, Beirut 1107 2020, Lebanon

a r t i c l e i n f o

Article history:
Received 10 July 2013
Accepted 9 February 2015
Available online 18 February 2015

Keywords:
Assortment planning
Pricing and inventory
Dynamic lot-sizing
Optimization modeling
Mathematical programming

a b s t r a c t

Integrating retail decisions on such aspects as assortment, pricing, and inventory greatly improves
profitability. We examine a multi-period selling horizon where a retailer jointly optimizes assortment
planning, pricing, and inventory decisions for a product line of substitutable products, in a market with
multiple customer segments. Focusing on fast-moving retail products, the problem is modeled as a
mixed-integer nonlinear program where demand is driven by exogenous consumer reservation prices
and endogenous assortment and pricing decisions. A mixed-integer linear reformulation is developed,
which enables an exact solution to large problem instances (with up to a hundred products) in
manageable times. Empirical evidence is provided in support of a classical deterministic maximum-
surplus consumer choice model. Computational results and managerial insights are discussed. We find
that the optimal assortment and pricing decisions do not exhibit a simple, intuitive structure that could
be analytically characterized, which reflects the usefulness of optimization approaches to numerically
identify attractive trade-offs for the decision-maker. We also observe that suboptimal inventory policies
significantly decrease profitability, which highlights the importance of integrated decision-making.
Finally, we find that the seasonality of consumer preferences and supply costs present an opportunity for
boosting the profit via higher inventory levels and wider assortments.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction and motivation

The post-industrial era has seen the rise of service industries coupled
with technological developments and innovativemanagement practices.
In particular, the retail industry has witnessed the emergence of giant
retailers such as Walmart, Amazon, and others. Concurrently, a large
body of literature grounded in mathematical and statistical methods
was produced to enable retail analytics. The extent of the studies in this
fertile arena and the sophistication of the proposed tools is indicative of
what Fisher et al. [10] coined as “rocket science retailing.” Given the flux
and change in the retail industry, the managerial decisions that arise in
the design of value chains, the planning of production and logistics, and
the control of levers that govern the market are now critical. The vitality
of this research area is underscored by the fact that the retail industry,
one of largest employer worldwide, is under financial pressure. For
example, the net profit margin after tax in the US grocery industry was
only 1.09% in 2011 [11].

In a competitive market with demanding consumers, there exists
a pressing need in the retail industry for decision support tools that
reflect emerging industry practices [20] and integrate key decisions
cutting across several departments (e.g., marketing and operations).
Such planning and policy identification must align with the ever-
changing customers' preferences and taste, and simultaneously
ensure the financial viability and profitability of the business. This
paper addresses the development of tactical optimization models
(mixed-integer nonlinear/linear programs) for assortment planning,
pricing strategies, and inventory management policies for the design
and control of retail product lines. Specifically, we consider product
lines of substitutable products that fulfill the same customer need, but
commonly differ by secondary attributes (e.g., different brands of soda
or coffee). We henceforth consider the setting where a retailer
simultaneously seeks to select a subset of products (an assortment)
to offer in a product line over a multi-period selling horizon and to
determine the optimal prices and inventory levels for the composed
assortment in each time-period. In this context, it is imperative to
identify policies that are cognizant of time-varying supply costs and
seasonal changes in customer preferences.

In practice, several retailers are advocating the use of integrated
pricing/assortment/inventory decision frameworks. For example, a
JCPenney executive reports that “assortments, allocations, markdown
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pricing are all linked and optimized together” at his company [12].
Likewise, a Saks Department Stores executive indicates that for
assortment planning, his company analyzes information on sales,
inventory levels and store performance [6]. Moreover, it is reported
that at Saks the integrated assortment and stock levels solution is
adjusted on a weekly basis “to accommodate trends, seasons and
promotions,” which is in-line with the multi-period setting that we
propose. The academic literature has responded to this growing
interest in integrated retail decision-making through several studies
that jointly consider key decisions on assortment, pricing, and
inventory (as detailed in the recent survey by [33]). By design, most
studies consider stylized (single-period) models that are aimed at
deriving analytical results and revealing certain managerial insights
under specific assumptions. Although valuable, such analytical results
do not address the retailer's immediate need for a data-driven
decision-support framework that can accommodate large-scale pro-
duct lines that may comprise hundreds of products over a multi-
period planning horizon. In this paper, we develop an optimization
approach that caters for large-scale retail problems and reveals trade-
offs involved in integrated decision-making under procurement- and
consumer-driven data.

Our model is developed with the idea that demand over the
multi-period selling horizon is generated by aggregating consumer
preferences which are based on the retailer's prices and reserva-
tion prices estimated deterministically for several customer seg-
ments with known sizes. Such a demand model is common in the
marketing literature (see, e.g., [7,8] and references therein). The
cost structure conforms to the classic dynamic lot-sizing model
and includes inventory holding costs and fixed and variable
ordering costs, as well as an additional fixed cost for offering an
item in the assortment at the beginning of the selling season.

The resulting model involves deterministic demand patterns for
the offered products, which are driven by pricing and assortment
decisions under consumer choice. Such demand patterns are
observed in a wide class of retail products. Of particular interest to
our study are long lifecycle fast-moving consumer goods (FMCG) such
as office supplies, canned groceries, or health and beauty products
with predictable demand patterns and responsive supply sources. For
instance, Sarnevitz [39] describes SAS' decision framework for FMCG
in their proposed retail analytics software, which utilizes determinis-
tic demand forecasts. It is interesting to note here that SAS' proposed
framework for FMCG also involves the integration of pricing, assort-
ment, and allocations (inventory). It is also worth noting that the
insights developed in the present paper, summarized below, illustrate
how complex trade-offs govern retail decisions over multiple selling
periods and costumer segments and can serve as a useful benchmark
for future studies on integrated assortment, pricing, and ordering
under stochastic demand models (such as in fashion retailing).

The paper makes the following contributions. First, on the
computational front, we develop a multi-period mixed-integer
nonlinear program (MINLP) that offers an integrated framework
for jointly optimizing assortment, pricing, and inventory decisions.
Although, in our experience, this MINLP model is not computa-
tionally tractable even for small-sized instances using global
solvers such as LINGO Global Solver, we propose a model linear-
ization that results in a computationally attractive exact solution
method (using CPLEX 12.4) for large problem instances with up to
a hundred substitutable products.

Second, we discuss the following managerial insights through
our computational study.

(i) The optimal assortment and prices do not have a simple
structure that can be intuitively characterized. For instance,
the optimal assortment cannot be constructed by an “average
margin” metric, as common in stylized retail models
(e.g., [33]). This is primarily due to seasonality in demand

and cost. In addition, the optimal price of a product does not
necessarily equal one of the consumer reservation prices, as
one may expect with a deterministic consumer choice model.
This is due to cannibalization effects between the different
customer segments.

(ii) Naive (myopic) inventory policies significantly decrease profit-
ability, which highlights the importance of integrating ordering
with pricing and assortment decisions. In particular, we observe
that adopting a variant of economic order quantity policy (that
we refer to as a zero-inventory policy, or ZIP) leads to a profit
reduction that can reach 70% in our testbed, and significantly
distort the structure of an optimal assortment.

(iii) Predictable seasonality of demand and cost is beneficial, and
can lead to significant increase in profitability if the retailer
stocks wider assortments and higher shelf inventories. For
example, we observe that seasonality can boost profit by up to
40% in our testbed. Wider assortments cater for the fluctuat-
ing consumer needs, and higher inventory levels reflect the
effect of “stocking-up” when the merchandising costs drop.

The remainder of this paper is organized as follows. Section 2
provides a literature review of works in retail management that
investigate assortment, pricing, and inventory decisions for sub-
stitutable products. Thereafter, a formal problem statement is
presented in Section 3 along with a multi-period mixed-integer
nonlinear model for which a linear reformulation is developed.
Section 4 demonstrates the applicability of our demand model
based on real data for a Tuna category. To illustrate how our model
can be empirically calibrated, we fit the parameters of the demand
model (e.g., the reservation prices) to this Tuna data. Section 5
presents our computational study along with relevant managerial
insights in order to demonstrate the usefulness of the proposed
integrated model and the efficacy of our exact solution methodol-
ogy for relatively large problem instances. Section 6 discusses
possible refinements of the consumer choice model whereby the
fraction of a customer segment that purchases a product that
maximizes its surplus is a non-increasing function of product
prices. Section 7 summarizes our findings and highlights direc-
tions for future research.

2. Literature review

This paper is mostly related to recent works that investigate the
integration of assortment, pricing, and inventory decisions, or a
subset of these decisions, for retail product lines composed of
substitutable items. This section provides a brief literature review,
and the more inquisitive reader is referred to the survey by
Maddah et al. [33]. In Section 2.1, we review the works that utilize
mathematical programming in the aforementioned retailing deci-
sions contexts. Our work relates mostly to this stream of literature.
Then, in Section 2.2, we review works that utilize stylized models
to gain insights into the optimal structure of these decisions.
Finally, in Section 2.3, we review background literature from
marketing and operations management, focusing on the methods
utilized in marketing to estimate the consumer reservation prices,
which are key inputs to our optimization model.

2.1. Mathematical programming approaches

Our work is primarily related to studies that are grounded in
optimization models and mathematical programming approaches
for data-driven, large-scale retail problems. Most studies consider,
under different assumptions, at most two of the three decision
variables that are integrated in this paper, namely, assortment,
pricing, and inventory decisions. For example, Yücel et al. [45]
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consider a single-period product line problem and propose a
mixed-integer linear model for assortment and inventory deci-
sions, under exogenous pricing, a multi-level deterministic
demand substitution scheme, and a set of possible demand
scenarios. As far as assortment and pricing decisions are con-
cerned, Dobson and Kalish [8] present two mixed-integer non-
linear models over a single-period selling horizon. The first model
maximizes the retailer's profit where a customer segment deter-
ministically selects a product that yields the greatest nonnegative
surplus. The second maximizes the total customer utility
(or welfare). However, no exact solution method is developed for
these problems, and the authors present heuristics that are
empirically observed to produce good quality solutions over a
set of randomly generated problem instances. With a similar
maximum-surplus consumer choice model, Ghoniem et al. [14]
investigate the optimization of assortment and pricing decisions
for multiple retail categories under cross-selling effects.

Further, Hall et al. [19] develop a discrete-time dynamic
programming model for determining the prices and inventory
levels for substitutable products over a finite time horizon. The
authors consider a deterministic linear demand function which
incorporates cross-price effects. No exact solution method is
proposed, and heuristic techniques are used over randomly
simulated problem instances. Considering pricing optimization
for a given assortment under logit demand, Subramanian and
Sherali [43] develop a nonlinear (fractional) program with inter-
esting practical side constraints along with an effective lineariza-
tion scheme. Also, in a manufacturing context, Morgan et al. [35]
investigate optimal assortments for a product line that strike
attractive trade-offs between production costs and customer
utility, while taking into account joint production set-up costs
for product families, but without consideration for pricing deci-
sions and their effect on consumer choices. In contrast with the
aforementioned works, we consider all three critical retail deci-
sions of pricing, assortment, and inventory, in the present paper. In
addition, unlike some of the previous literature (e.g., [8]) which
utilizes heuristics, we adopt an exact solution methodology, which
is based on linearizing the base nonlinear formulation. This
enables exact solutions for the management of large retail cate-
gories using standard commercial mixed-integer programming
solvers such as CPLEX or GUROBI.

2.2. Stylized models

A large share of the broadly related literature considers a
single-period, news-vendor type inventory setting [26] with
(stochastic) demand generated by aggregating consumer prefer-
ences based on popular consumer choice models. On joint assort-
ment and inventory decisions, van Ryzin and Mahajan [38] analyze
such decisions for a product line of substitutable products within a
newsvendor-like framework under demand generated from a logit
choice model. The authors mainly show that the optimal assort-
ment has a simple popular-set structure that includes products
having the highest consumer valuation, when all products have
the same unit costs. In addition, Cachon et al. [5] focus on the
effect of consumer search on the assortment decision in the van
Ryzin and Mahajan [38] framework, and Maddah et al. [34]
establish concavity and monotonicity results on the optimal
assortment size within the same framework. Finally, Smith and
Agrawal [41] and Gaur and Honhon [13] consider a problem
similar to that of van Ryzin and Mahajan [38], but utilize the
exogenous and Lancaster consumer choice models instead of the
multinomial logit choice model.

There has been a growing interest in joint pricing and inven-
tory decisions in the academic literature. In particular, Aydin and
Porteus [2] consider the problem of joint pricing and inventory

decisions for a given assortment within a newsvendor setting
assuming with demand based on logit choice. Dye [9] propose an
algorithm to determine optimal pricing and replenishment deci-
sions under a deterministic inventory model with deteriorating
products. Maddah and Bish [32] integrate the three key decisions
on pricing, by endogenizing the price in van Ryzin and Mahajan
[38] model and show that popular sets having products with the
largest “average margin” (i.e., consumer valuation minus unit cost)
are optimal in many settings. Further, Lim [31] addresses a joint
pricing and ordering problem in a two-stage supply chain with
uncertainty in the demand and purchase cost functions. In a
manufacturing setting, Kim and Bell [27] consider optimal produc-
tion and pricing strategies under substitution effects caused by
shortages in a product or price discounts from the manufacturer.
Kök and Xu [28] and Rodriguez and Aydin [37] also consider the
integration of the three key retail decisions in a newsvendor-
setting but with additional cross-selling considerations. The inte-
gration of assortment, pricing, and inventory decisions is also
examined in Katsifou et al. [24] under cross-selling effects and in
the presence of both loyal and non-loyal customers.

2.3. Background literature

In terms of the background literature, our work draws on two
main streams of research in operations management and market-
ing. In marketing, our model is directly related to the works that
address the problem of product line design (i.e., assortment) and
pricing decision [16,25]. In this context, it is common to develop
deterministic estimates of utilities for consumer segments. Such
estimates serve as an input to mixed-integer programs that
optimize pricing and assortment decisions with the objective of
maximizing profit subject to consumer utility maximization con-
straints [7,8,15].

The deterministic utility often consists of the reservation price
of the customer for a product minus the retail price of the product.
The reservation price (also known as willingness to pay) is defined
as the maximum price the consumer is willing to pay. Reservation
prices can be estimated in several ways. One estimation method
utilizes aggregated market data on pricing and demand over
different time periods to calibrate the demand model based on a
least-square fit (e.g., [23,30]). We use a similar approach to
estimate the reservation prices of our demand model in
Section 4. Other methods use experiments, whether at the field
or in the lab, to estimate the reservation prices. One common
experiment is to use auctions that give the customers incentives to
reveal their true reservation prices, such as Vickrey or name-your-
own price auctions (e.g., [3,36,42]). Finally, a popular approach to
estimate reservation prices is to use customer surveys. One
popular survey method is conjoint analysis (e.g., [18,17]). In this
method, the customer is presented with variants of the product
having attributes (e.g., size, color, texture, etc.) at different levels.
The customer is then asked to provide a rating or a score for each
variant. Based on the rating or the score the “part-worth”
(i.e., contribution to the product utility) of each attribute is
estimated. When the price is treated as a product attribute, the
product reservation price can be estimated (e.g., [22]). A thorough
survey of methods for estimating the reservation price is found in
Breidert et al. [4].

The model we present in this paper extends these works by
considering a multi-period setting with operations-side costs
related to ordering and holding inventory. In this regard, our
model can be seen as an extension of the single-item dynamic lot
sizing model of Wagner and Whitin [44] into a multi-item setting
involving additional assortment and pricing decisions. Several
papers consider joint pricing and ordering decisions within the
Wagner-Whitin model framework (e.g., [1]). Such works, however,
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consider a single product and do not account for assortment
decisions.

3. Problem statement and formulation

In this section, we introduce our notation along with a formal
problem statement. Specifically, we present in Section 3.1 a multi-
period MINLP model that serves as a cornerstone for subsequent
developments. This is followed in Section 3.2 by a model linear-
ization that affords an effective exact solution method for the
problem.

3.1. Mixed-integer nonlinear programming model

Let Ω¼ f1;2;…;ng be a set of substitutable products from
which the retailer composes the product line. Consider a market
with m consumer segments that make purchase decisions over a
selling season of T periods. Because products are substitutable, any
customer segment i comprising si customers, i¼ 1;…;m, pur-
chases at most one item from Ω in any period t, t ¼ 1;…; T , in a
way that maximizes surplus (utility). The surplus of customer
segment i from product j in period t is defined as the difference
between its reservation price, αijt, and the retail price, pjt. The
reservation price αijt can be estimated using one of the methods
from the literature, as discussed in Section 2. The utility of the no-
purchase option, which is denoted by j¼0, is zero. In any time
period, a customer segment will either buy a product that yields a
greatest nonnegative surplus or refrain from buying if all prices are
set above its reservation prices. Adding product j to the product
line incurs a fixed cost fj that could be due to allocating shelf space
to item j and/or establishing of a business channel with a supplier,
i.e., a “supplier selection cost.”

Let zj be a binary variable such that zj¼1 if and only if item j is
offered in the product line. In addition, let xijt be a binary decision
such that xijt ¼ 1 if and only if customer segment i purchases item j
in period t. In period t, the retailer can order an amount ujt of
product j at a fixed ordering cost of Kjt (associated with a binary
variable yjt) and a unit variable cost of cjt. End-of-period inventory
variables of product j in period t, denoted by Ijt, incur a unit
holding cost of hjt. The problem is then to jointly determine the
assortment to offer (dictated by the z-variables) along with the
dynamic pricing (dictated by the p-variables) and the ordering
policy (dictated by the y- and u-variables) for products in the
offered assortment. The problem is modeled as the following
MINLP, denoted by APO-0:

APO�0 : Maximize
XT
t ¼ 1

Xn
j ¼ 1

pjtdjt�Kjtyjt�cjtujt�hjtIjt
h i

�
Xn
j ¼ 1

f jzj

ð1aÞ

subject to
Xn
k ¼ 1

ðαikt�pktÞxiktZðαijt�pjtÞzj;

8 i¼ 1;…;m; j¼ 1;…;n; t ¼ 1;…; T ð1bÞ

Xn
k ¼ 1

ðαikt�pktÞxiktZ0; 8 i¼ 1;…;m; t ¼ 1;…; T ð1cÞ

Xn
j ¼ 0

xijt ¼ 1; 8 i¼ 1;…;m; t ¼ 1;…; T ð1dÞ

djt ¼
Xm
i ¼ 1

sixijt ; 8 j¼ 1;…;n; t ¼ 1;…; T ð1eÞ

Ijt ¼ Ij;t�1þujt�djt ; 8 j¼ 1;…;n; t ¼ 1;…; T ð1fÞ

Ij0þ IjT ¼ 0; 8 j¼ 1;…;n ð1gÞ

xijtrzj; 8 i¼ 1;…;m; j¼ 1;…;n; t ¼ 1;…; T ð1hÞ

yjtrzj; 8 j¼ 1;…;n; t ¼ 1;…; T ð1iÞ

pjtrzj max
i

fαijtg; 8 j¼ 1;…;n; t ¼ 1;…; T ð1jÞ

ujtryjtðT�tþ1Þ
Xm
i ¼ 1

si; 8 j¼ 1;…;n; t ¼ 1;…; T ð1kÞ

x; y; z binary; I; p;uZ0: ð1lÞ
The objective function in (1a) maximizes the total retailer profit
expressed as the difference between the total revenue and the
total ordering, inventory, and assortment costs. Constraints
(1b)–(1d) ensure via nonlinear constructs that, in each period, a
customer segment purchases one item that gives the maximum
nonnegative surplus or, otherwise, purchases nothing. Constraints
(1e) aggregate the demand for product j in period t, djt, based on
consumer choice decisions. Accordingly, note that the revenue is a
nonlinear term in the objective function. Constraints (1f) and (1g)
are classical inventory balance constraints with zero boundary
conditions. Constraints (1h) and (1i) ensure that only products
offered in the assortment are purchased by customers and ordered
by the retailer. Likewise, Constraint (1j) imposes a logical upper
bound on the pricing of any product in any time period (condi-
tioned by its inclusion in the assortment), by noting that if a
product is priced above all customer reservation prices, then it will
not be purchased in the corresponding time-period. Constraint
(1k) captures ordering decisions under a fixed cost structure,
where the term ðT�tþ1ÞPm

i ¼ 1 si serves as an upper bound on
the ordered quantity. Constraint (1l) specifies logical binary and
nonnegativity restrictions on decision variables.

In this model, consumer choice variables are intimately related
to the assortment and pricing decisions. In fact, in any time-
period, a customer segment will either commit to purchasing a
specific item that maximizes its surplus or will resort to the no-
purchase option when prices are set by the retailer at levels that
induce a negative surplus for all products for this segment. In the
latter case, the entire customer segment postpones its purchase
decision to a later period or possibly seeks more attractive prices
elsewhere. Here, the retailer may be willing to sacrifice the
potential revenue of certain less lucrative customer segments in
some time-periods by offering and pricing products in a manner
that favors more appealing customer segments and ensures higher
overall profits.

3.2. Mixed-integer linear reformulation

The formulation proposed in (1a)–(1l) provides an integrated
model that jointly optimizes assortment, pricing, and inventory
decisions. It poses significant computational challenges owing to
the discreteness of several sets of decision variables, nonlinearities
arising from the product of key decision variables (e.g., pricing and
assortment variables, or pricing and consumer choice variables),
and the scope of this tactical model that extends over multiple
time-periods. In our experience, a toy-sized instance with m¼3
customer segments, n¼4 products, and T¼3 time-periods was
solved in over 40 CPU minutes using LINGO Global Solver on a
powerful computer. To enhance the computational tractability of
this class of problems, an effective linear MIP reformulation
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is proposed. The following auxiliary variables, g and w, are
introduced in lieu of the nonlinear terms in Model APO-0:

gijt � pjtxijt ; 8 i; j; t ð2aÞ

wjt � pjtzj; 8 j; t ð2bÞ
along with accompanying constraints (3e)–(3g) and (3h)–(3j) to
enforce the desired linearization of (2a) and (2b), respectively, as
in Model APO-1.

APO�1 : Maximize
XT
t ¼ 1

Xn
j ¼ 1

Xm
i ¼ 1

sigijt�Kjtyjt�cjtujt�hjtIjt

" #
�

Xn
j ¼ 1

f jzj

ð3aÞ

subject to
Xn
k ¼ 1

ðαiktxikt�giktÞZαijtzj�wjt ;

8 i¼ 1;…;m; j¼ 1;…;n; t ¼ 1;…; T ð3bÞ

Xn
k ¼ 1

ðαiktxikt�giktÞZ0; 8 i; t ð3cÞ

Xn
j ¼ 0

xijt ¼ 1; 8 i; t ð3dÞ

gijtrmax
k

fαkjtgxijt ; 8 i; j; t ð3eÞ

gijtZpjt�max
k

fαkjtgð1�xijtÞ; 8 i; j; t ð3fÞ

gijtrpjt ; 8 i; j; t ð3gÞ

wjtrzj max
i

fαijtg; 8 j; t ð3hÞ

wjtZpjt�max
i

fαijtgð1�zjÞ; 8 j; t ð3iÞ

wjtrpjt ; 8 j; t ð3jÞ

Ijt ¼ Ij;t�1þujt�
Xm
i ¼ 1

xijtsi; 8 j; t ð3kÞ

Ij0þ IjT ¼ 0; 8 j ð3lÞ

xijtrzj; 8 i; j; t ð3mÞ

yjtrzj; 8 j; t ð3nÞ

pjtrzj max
i

fαijtg; 8 j; t ð3oÞ

ujtryjtðT�tþ1Þ
Xm
i ¼ 1

si; 8 j; t ð3pÞ

x; y; z binary; I; g; p;u;wZ0: ð3qÞ
Model APO-1 is a linearized equivalent formulation of APO-0,
whereby gijt and wjt are substituted in lieu of the original nonlinear
terms pjtxijt and pjtzj, respectively, along with accompanying
linearizing constraints. For instance, consider the substitution
relationships gijt � pjtxijt ; 8 i; j; t; and note the following:

� If xijt ¼ 0, then pjtxijt ¼ 0, and we need to verify that gijt ¼ 0. By
(3e) and the nonnegativity restriction on the g-variables in
(3q), we have that gijt ¼ 0. Under this condition, Constraints (3f)
and (3g) hold true, and gijt ¼ pjtxijt .� If xijt ¼ 1, we need to verify that gijt ¼ pjt , which is jointly
enforced by Constraints (3f) and (3g). Here, Constraint (3e) is
redundant in light of Constraint (3o).

Likewise, the linearization of wjt ¼ pjtzj can be established. In
lieu of introducing Constraints (3h)–(3j), however, it may be noted
that pjtzj ¼ pjt . To this end, consider the following cases:

� If zj¼0, pjtzj ¼ 0 and pjt ¼ 0 by Constraint (3o), and so pjtzj � pjt .� If zj¼1, pjtzj ¼ pjt .

This result, pjtzj ¼ pjt , conforms to the intuition that an item j that
is not selected in the assortment will not be priced by the retailer.
From a computational viewpoint, however, this observation did not
yield any computational advantage (and was sometimes even com-
putationally detrimental) using standard commercial solvers such as
CPLEX or GUROBI.

4. A motivational empirical example

In this section, we present and analyze real data on the demand of
a Tuna category for a grocery retailer in the Northeast USA. Our
purpose in this section is to demonstrate the pertinence of the
deterministic surplus-based demand model that is adopted in this
paper in Section 3. In particular, our analysis in Section 4.1 indicates
that a significant part of demand variability is empirically explained by
the price variation and the substitution structure which conforms
with the assumptions of the deterministic maximum-surplus con-
sumer choice model. Thereafter, we present in Section 4.2 an
optimization-based approach for calibrating the adopted consumer
choice model using the Tuna data.

4.1. Demand variability explained by price changes
and substitutability

The market for the 6-Oz Tuna at a grocery retailer in the Northeast
US, over a timespan of one year and a half from January 2001 to July
2002, was segmented between light, solid white, and chunk Tuna, as
summarized in Table 1. The demand levels in Tables 2–4 are
aggregated across a group of stores owned by this retailer in one
geographical location (a district).

The data in Tables 2–4 summarizes 81 weekly price and demand
(movement) observations that we obtained, where we aggregated
consecutive weeks where the prices were held fixed. For example, for
the light Tuna in Table 2, the prices of the 3 DIAMOND and GEISHA

products were respectively held fixed for the first three weeks of
January 2001 at $0.44 and $0.55. Then, the price of 3 DIAMOND was
increased to $0.5, while maintaining the same price for GEISHA.
Subsequently, on March 17, the price of 3 DIAMOND was increased to
$0.65 while decreasing the price of GEISHA to $0.5, and this pricing
continued till September 8, 2001. Tables 2–4 also show the mean and
standard deviation of demand in the corresponding weeks where the
price was held fixed. For example, in the first three weeks of January
2001, the mean weekly demand for 3 DIAMOND was 4659 with a
standard deviation, in this three-week period, of 421.

The retailer has adopted an every-day low-price (EDLP) strat-
egy where the price of one of the two light Tuna products is
discounted in each week, in an effort to attract price-sensitive
customers who always “switch” to the low-price brand. This
strategy has been effective as a large volume of customers shift

Table 1
Products in different Tuna subcategories.

Subcategory Products

Light Tuna 3 DIAMOND GEISHA

Solid White SOLID 1 SOLID 2 SOLID 3 SOLID 4 SOLID 5
Chunk Tuna CHUNK 1 CHUNK 2 CHUNK 3
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from one brand to the other as prices change. For example, when
the price of 3 DIAMOND was increased to $0.65 on March 17, its
mean weekly demand dropped from 5103 to 1133 while the mean
weekly demand for GEISHA increased from 1579 to 4766. Similar
observations can be made elsewhere in Tables 3–5 for light, solid,
and chunk Tuna products, respectively.

In addition, to the success of the EDLP strategy, these observa-
tions attest to the importance of substitution in driving demand.
To appreciate this further, notice that the demand increase of
GEISHA on March 17, from 1579 to 4766, did not involve any price

discount of GEISHA itself (its price remained fixed at $0.5). It seems
to have just occurred as a result of customers substituting
3 DIAMOND with GEISHA when the price of the former was increased.

To further understand the effect of price changes and substitut-
ability on demand, we compare the variability of demand with and
without price changes. In the last three rows, of Tables 2–4 we
report the following: (i) An “average fixed-price standard devia-
tion”, which is the standard deviation of the average demand over
the sub-periods where the price was held fixed; (ii) the standard
deviation of each Tuna product over the entire 81-week period

Table 2
Data on light Tuna.

Date 3 DIAMOND GEISHA

Price Dem. Mean Dem. SDa Dem. CVb Price Dem. Mean Dem. SDa Dem. CVb

1/6/2001–1/20/2001 0.44 4659 421 9% 0.55 1025 23 2%
1/27/2001–2/24/2001 0.50 4430 263 6% 0.55 981 46 5%
3/3/2001 0.50 4764 – – 0.50 1057 – –

3/10/2001 0.50 5103 – – 0.50 1579 – –

3/17/2001–9/8/2001 0.65 1133 134 12% 0.50 4766 558 12%
9/15/2001 0.50 3092 – – 0.53 2503 – –

9/22/2001–11/24/2001 0.50 4021 313 8% 0.53 1366 210 15%
12/1/2001–3/9/2002 0.50 3844 357 9% 0.55 1191 111 9%
3/16/2002–7/20/2002 0.50 3785 367 10% 0.58 1041 91 9%

Average fixed-price SD, CV 132 9% 102 9%
Overall SD, CV 1391 45% 1730 74%
Variability explained by pricing 91% 94%

a Demand standard variation.
b Demand coefficient of variation.

Table 3
Data on solid white Tuna.

Date SOLID 1 SOLID 2

Price Dem. Mean Dem. SD Dem. CV Price Dem. Mean Dem. SD Dem. CV

1/6/2001–1/20/2001 0.99 2315 784 34% 1.15 2306 47 2%
1/27/2001–2/24/2001 0.99 2781 456 16% 1.15 2360 95 4%
3/3/2001 0.99 2586 – – 1.15 2403 – –

3/10/2001 0.99 2532 – – 1.15 2534 – –

3/17/2001–9/8/2001 1.09 1074 154 14% 1.19 2493 433 17%
9/15/2001 0.99 2440 – – 1.05 3038 – –

9/22/2001–11/24/2001 0.99 2772 378 14% 1.05 2623 192 7%
12/1/2001–3/9/2002 0.99 2988 280 9% 1.08 2931 335 11%
3/16/2002–7/20/2002 1.19 1325 118 9% 1.09 3332 209 6%

Average fixed-price SD, CV 173 16% 104 8%
Overall SD, CV 900 47% 469 17%
Variability explained by pricing 81% 78%

Date SOLID 3 SOLID 4

Price Dem. Mean Dem. SD Dem. CV Price Dem. Mean Dem. SD Dem. CV

1/6/2001–1/20/2001 1.15 204 33 16% 1.09 507 48 9%
1/27/2001–2/24/2001 1.15 222 30 13% 1.09 503 26 5%
3/3/2001 1.15 254 – – 1.09 632 – –

3/10/2001 1.15 294 – – 1.09 558 – –

3/17/2001–9/8/2001 0.99 2344 605 26% 1.15 703 130 19%
9/15/2001 0.99 1321 – – 1.09 796 – –

9/22/2001–11/24/2001 1.09 369 68 18% 1.09 549 72 13%
12/1/2001–3/9/2002 1.15 449 55 12% 1.09 605 59 10%
3/16/2002–7/20/2002 1.09 840 103 12% 0.99 2447 908 37%

Average fixed-price SD, CV 104 16% 154 16%
Overall SD, CV 936 83% 893 85%
Variability explained by pricing 89% 83%
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(with price changes); and (iii) a measure of variability explained
by pricing and substitutability. The average fixed-price standard
deviation was estimated as follows. Assume that the demands in
the six sub-periods are independent random variable,
Dt ; t ¼ 1;2;…;6, then the variance of the average demand per

sub-period, D¼ ðP6
t ¼ 1 DtÞ=6, would be ðP6

t ¼ 1 var½Dt �Þ=36. An
estimate for the standard deviation of the average demand per

sub-period, would then be
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP6

t ¼ 1 var½Dt �
q� �

=6. In addition, the

measure of variability explained by pricing and substitutability has
been obtained based on the ratio of the standard deviations in the
above two rows. For example, for the 3 DIAMOND light Tuna product
in Table 2, the “overall” standard deviation based on 81 weeks is
1,391, while the “fixed price” standard deviation, obtained by
averaging the standard deviations in the six sub-periods (having
duration exceeding one week) where the price was held fixed, is
132. This can be interpreted as having 1� 132

1;391¼ 0:91 (i.e., 91%) of
the demand variability explained by pricing and substitutability,
which is the number shown in the last row of Tables 2–4. High
values of this metric (ranging from around 69% to 94%) in
Tables 2–4 testify to the importance of pricing and substitutability
in driving demand.

Based on these findings, it can be argued that a deterministic
demand model that captures pricing and substitutability, such as
our model, is better suited for such fast-moving consumer goods
than a stochastic demand model that ignores these effects. One
other evidence of the suitability of a deterministic demand model
for our Tuna data set is the low value of the demand standard
deviation with respect to the mean, in the periods where the price
is held fixed, as reflected by the values of the coefficient of
variation shown in Tables 2–4 that range between 8% and 16% at
an average.

4.2. Fitting a maximum-surplus model for light Tuna

In this section, we calibrate the deterministic consumer choice
model using the light Tuna data in Table 2 in order to estimate the size

of the different customer segments and their relative reservation
prices. To this end, given market data on demand and price levels over
T time periods for n products, (pjt, djt), j¼ 1;…;n, t ¼ 1;…; T , we fit a
maximum utility demand model using a goal program that minimizes
the total deviation between the observed demand, djt, and the fitted
demand, d̂jt ¼

Pm
i ¼ 1 sixijt . It is also necessary to estimate the number

of customer segments, m. To this end, retailers establish profiles of
customer segments through surveys and market analyses. Based on
the discussion in Section 4.1, three market segments are considered:
(1) consumers who prefer 3 DIAMOND; (2) consumers who prefer
GEISHA; and (3) consumers who have no preference. Because the total
demand appears to be near-stationary for a product like Tuna (with-
out any significant seasonality), we also assume stationary reservation
prices, αij; i¼ 1;…;m; j¼ 1;…;n. Based on the market structure, we
enforce the following restrictions, where ϵ is employed to differentiate
reservation prices (e.g., 5 cents):

� α11Zα21þϵ and α11Zα31þϵ: Customer segment 1 values
product 1 (3 DIAMOND) the most among all customers.

� α22Zα12þϵ and α22Zα32þϵ: Customer segment 2 values
product 2 (GEISHA) the most among all customers.

� α11Zα12þϵ: Customer segment 1 prefers product 1 over
product 2.

� α22Zα21þϵ: Customer segment 2 prefers product 2 over
product 1.

Using the above constraints and the deterministic maximum-
surplus consumer choice model, the reservation prices and the
segment sizes can be determined by solving the following goal
program:

APO�Fit : Minimize
XT
t ¼ 1

Xn
j ¼ 1

ðδþ
jt þδ�

jt Þ ð4aÞ

Xm
i ¼ 1

xijtsi ¼ djtþδþ
jt �δ�

jt ; 8 j; t ð4bÞ

Xm
i ¼ 1

xijt ¼ 1; 8 j; t ð4cÞ

Xn
k ¼ 1

ðαik�pktÞxiktZαij�pjt ; 8 i; j; t ð4dÞ

Xn
k ¼ 1

ðαik�pktÞxiktZ0; 8 i; t ð4eÞ

Table 4
Data on chunk Tuna.

Date CHUNK 1 CHUNK 2 CHUNK 3

Price Dem. Mean Dem. SD Dem. CV Price Mean Dem. Dem. SD Dem. CV Price Mean Dem. Dem. SD Dem. CV

1/6/2001–1/20/2001 1.14 659 29 4% 0.99 573 96 17% 0.89 1,340 85 6%
1/27/2001–2/24/2001 1.14 581 30 5% 0.99 688 34 5% 0.89 1,418 61 4%
3/3/2001 1.14 689 – – 1.09 564 – – 0.89 1,534 – –

3/10/2001 1.14 785 – – 1.09 572 – – 0.89 1,616 – –

3/17/2001–9/8/2001 1.15 629 227 36% 1.09 610 105 17% 0.89 1,725 216 13%
9/15/2001 0.95 957 – – 1.15 583 – – 0.89 1,464 – –

9/22/2001–11/24/2001 0.95 835 159 19% 1.15 448 54 12% 0.89 1,058 177 17%
12/1/2001–3/9/2002 0.983 675 93 14% 1.18 425 43 10% 0.89 883 132 15%
3/16/2002–7/20/2002 0.99 717 74 10% 1.17 409 66 16% 0.89 1,103 71 6%

Average fixed-price SD, CV 51 15% 29 13% 56 10%
Overall SD, CV 166 24% 126 25% 366 28%
Variability explained by pricing 69% 77% 85%

Table 5
Maximum-surplus model fit to light Tuna.

Customer

Prefer 3 DIAMOND Prefer GEISHA Switchers

3 DIAMOND res. price 0.65 0.47 0.5
GEISHA res. price 0.45 0.58 0.5
Segment size 1133 1191 3297
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Constraints on reservation prices as above

α; s; δþ
; δ� Z0; x binary: ð4fÞ

The objective function (4a), in concert with Constraint (4e), mini-
mizes the deviation between the observed and the fitted demand.
Constraint (4b) is a soft constraint that estimates the fitted demand
ðPm

i ¼ 1 sixijtÞ by setting it equal to the observed demand with
deviation variables δþ and δ� . Constraints (4c)–(4e) reflect the
structure of the deterministic consumer choice model. Constraint
(4f) enforces a hierarchy between reservation prices as discussed
earlier. It is worth noting here that classical methods for estimating
consumer preferences such as maximum likelihood estimators have

been difficult to use in our case due to (i) the aggregate nature of our
data, with no detailed data available on the behavior of each
individual customer segment, and (ii) the difficulty in formulating
the likelihood function with our deterministic choice model.

Upon linearizing the goal program APO-Fit and solving it using
CPLEX, we obtained the results summarized in Table 5, with the
observed demand, djt, and the fitted demand, d̂jt ¼

Pm
i ¼ 1 xijtsi,

reported in Table 6. Noting that the total observed demand slightly
fluctuates over time, some deviation will occur in the fitted
demand, because the total estimated demand is constant over
time-periods and amounts to

Pm
i ¼ 1 si ¼ 5621 customers. We then

inputted the customer segment sizes and reservation prices into
Model APO-1 and analyzed two settings. In the first, we imposed
the prices set by the retailer as in Table 2. In the second, we let the
model optimize prices which yielded a 11% increase in the profit.
This suggests that it is beneficial to characterize consumer beha-
vior using choice models and to embed such models in mathe-
matical programs (such as APO-1) in order to optimize assortment,
pricing, and ordering decisions.

5. Computational experience

We first introduce in Section 5.1 two simple inventory policies
that serve as benchmarks for comparison against the integrated
model. Our goal is not to advocate either one these inventory
policies as viable strategies. Rather, it is to highlight the

Table 6
Observed and fitted demand for light Tuna example.

Date 3 DIAMOND GEISHA

djt d̂jt djt d̂jt

1/6/2001–1/20/2001 4659 4430 1025 1191
1/27/2001–2/24/2001 4430 4430 981 1191
3/3/2001 4764 4430 1057 1191
3/10/2001 5103 4430 1579 1191
3/17/2001–9/8/2001 1133 1133 4766 4488
9/15/2001 3092 4430 2503 1191
9/22/2001– 11/24/2001 4021 4430 1366 1191
12/1/2001–3/9/2002 3844 4430 1191 1191
3/16/2002–7/20/2002 3785 4430 1041 1191

Table 7
Input and solutions for an illustrative example with 3 customer segments and 4 products.

Input: cost structures

Product j Var. ord. cost cjt Fixed ord. cost Kjt Inv. hold. cost hjt

t¼1 t¼2 t¼3 t¼1 t¼2 t¼3 t¼1 t¼2 t¼3

1 79.38 80.38 80.38 17.09 16.09 16.09 1.21 2.21 1.21
2 82.38 84.38 80.38 12.90 12.90 12.90 1.29 2.29 2.29
3 83.38 82.38 82.38 15.34 15.34 15.34 2.33 2.33 2.33
4 81.38 80.0 82.38 20.59 20.59 20.59 1.36 1.36 1.36

Input: customer reservation prices αijt

Item j Customer segment 1 Customer segment 2 Customer segment 3

t¼1 t¼2 t¼3 t¼1 t¼2 t¼3 t¼1 t¼2 t¼3

1 74.0 75.0 73.0 76.0 81.0 74.0 80.0 80.0 78.0
2 85.0 85.0 85.0 80.5 82.5 82.0 81.0 83.0 82.0
3 80.0 80.0 80.0 82.5 83.5 78.5 82.0 83.0 82.0
4 80.5 82.5 85.5 83.5 85.5 87.5 83.5 84.5 85.0

Optimal consumer choice decisions xnijt

Item j Customer segment 1 Customer segment 2 Customer segment 3

t¼1 t¼2 t¼3 t¼1 t¼2 t¼3 t¼1 t¼2 t¼3

1 0 0 0 0 0 0 0 0 0
2 1 1 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
4 0 0 0 1 1 1 1 1 0

Optimal ordering and inventory decisions

Item j Ordered quantity un

jt Ordering decision yn

jt Inventory held Injt

t¼1 t¼2 t¼3 t¼1 t¼2 t¼3 t¼1 t¼2 t¼3

1 0 0 0 0 0 0 0 0 0
2 1758 0 879 1 0 1 879 0 0
3 0 0 0 0 0 0 0 0 0
4 1684 2904 0 1 1 0 0 1220 0
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importance of integrating inventory decisions with assortment/
pricing decisions in order to avoid suboptimal solutions. The
relative merits of the proposed model and managerial insights
are discussed via an illustrative example in Sections 5.2 and 5.3.
This is followed by an extensive computational study in Section
5.4.

5.1. Two myopic inventory policies

Consider the following two myopic inventory policies.

� Zero-inventory policy (ZIP): This policy examines the scenario
where a retailer would focus on optimizing assortment and
pricing decisions without carrying any inventory throughout
the entire selling horizon. That is, the demand is dynamically
met in every time-period by ordering exactly the quantity
needed. This is implemented by setting Ijt ¼ 0, 8 j; t in Model
APO-1.

� Beginning-inventory policy (BIP): This policy considers the
scenario where the retailer first optimizes assortment and
pricing decisions without regard to inventory costs or decisions
and, thereafter, orders all quantities needed for the entire
selling horizon at the very beginning of the selling horizon
(t¼1). This is achieved by omitting the inventory variables,
constraints, and costs from APO-1 in order to merely determine
the assortment, prices, and estimated demand levels in every
time period. Thereafter, in a post solution phase, it is assumed
that the demand is aggregated and ordered at the beginning of
the planning horizon and the net profit is computed.

5.2. Illustrative example

To gain insights into the proposed model, the interdependence
of its decision variables, and the trade-offs it can reveal, we discuss
the following illustrative example. Consider a problem instance
that involves three customer segments (m¼3), four candidate
products (n¼4), and three time-periods (T¼3). The size of the
three customer segments are: s1 ¼ 879, s2 ¼ 1220, and s3 ¼ 464.
The fixed assortment costs are as follows: f 1 ¼ $620, f 2 ¼ $1028,
f 3 ¼ $733, and f 4 ¼ $1035. The variable unit ordering cost (cjt), the
fixed ordering cost (Kjt), the unit end-of-period inventory holding
cost (hjt), and the reservation prices (αijt) are given in Table 7.

In the following, we first comment on the optimal solution of
this illustrative example to better familiarize the reader with the
model. An optimal assortment includes Products 2 and 4
(i.e., zn1 ¼ 0; zn2 ¼ 1; zn3 ¼ 0; zn4 ¼ 1), with optimal prices set as fol-
lows: p2t ¼ $85; 8 t, and pn

41 ¼ $83:5, pn

42 ¼ $84:5, pn

43 ¼ $87:5,
achieving an overall profit of 3.91% for the retailer. The inventory
decisions, detailed in Table 7, are such that Product 2 is ordered in

Periods 1 and 3, whereas Product 4 is ordered in Periods 1 and 2.
These ordering and pricing decisions reflect the selection of
products by customer segments, as well as the trade-off between
ordering costs and holding costs. As indicated in Table 7, Product
2 is purchased by Customer 1 only in all three periods and is
priced at the reservation price of Customer 1. The low variable
ordering cost of Product 2 in Periods 1 and 3 led to ordering in
these periods, with supply for Period 2 carried-over from Period 1,
at the expense of some additional holding costs. In addition,
Product 4 is bought by both Customers 2 and 3 in Periods 1 and
2, and by Customer 2 only in Period 3. The prices of this product
are set at the least value of the reservation prices of Customers
2 and 3 (that of Customer 3) in Periods 1 and 2, yielding a
nonnegative surplus for both customer segments. In Period 3,
however, the high reservation price of Customer 2 ($87.5) led to
setting the price of Product 4 at this higher level, hence, excluding
(i.e., pricing out) Customer 3 from the market. The low variable
ordering costs of Product 4 in Periods 1 and 2 resulted in its being
ordered in these periods, with supply for Period 3 (serving
Customer 2) carried-over from Period 2, at the expense of some
holding costs.

Assortment decisions depend on complex trade-offs between
potential profits from offering a product and its associated supply
costs, given the possible cannibalization among different products
and the variability of customer reservation prices and procure-
ment costs over time. In simpler settings, such as in the current
illustrative example, one could try and link the assortment
decision to some “average margin” associated with the trade-off
between potential profits (reflected by the reservation prices, αijt)
and the ordering, holding, and fixed costs, without considering
time variability and cannibalization effects. This could lead to the
construction of a “popular-set” structure in the assortment that
includes products having the highest average margins, as common
in several single-period models in the literature (e.g., [38,32]). To
further analyze assortment decisions in our problem, we consider
the case where the entire demand of customer segment i is
diverted to product j and define an average margin metric
of customer i for product j as

mij � α ij�cj�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2KDiHj

q
=Di� f j=Di; ð5Þ

where α ij �
PT

t ¼ 1 αijt=T is the mean reservation price of customer
i for product j over time, cj ¼

PT
t ¼ 1 cjt=T is the mean unit cost of

product j over time, Di¼Tsi is the total demand from Customer i,
and Hj ¼

PT
t ¼ 1 hjt is the total holding cost per unit over the selling

horizon. The last two terms in (5) represent inventory costs (of
holding and fixed-ordering) adapted from the classical economic
order quantity model and the fixed cost per demand unit,
respectively. We then define an “overall” average margin for
product j as mj ¼

Pm
i ¼ 1 mij=m. Applying this overall margin metric

Table 8
Changes on illustrative example and main observation on optimal solution.

Case Changes in parameters Changes in optimal solutions

1 Base: c21 ¼ 82:38, c22 ¼ 84:38, and c23 ¼ 80:38 Base: optimal assortment – Products 2 and 4
New: set c21¼ 72:38, c22¼ 89:38, and c23¼ 85:38 New: optimal assortment – Products 2 only

2 Base: α141 ¼ 80:5 Base: optimal price for Product 2 in Period 1 $85¼reservation price
New: α141¼ 83:6 New: optimal price for Product 2 in Period 1 $84:9areservation price

3 Base: c21 ¼ 82:38, c22 ¼ 84:38, and c23 ¼ 80:38 New optimal assortment – Products 2 and 4 (profit: $24;965)
New: set c21¼ 85, c22¼ 80 and c23¼ 80:38 BIP assortment consists of Product 4 only (profit: $7785)

4 Base: c21 ¼ 82:38, c22 ¼ 84:38, and c23 ¼ 80:38 New optimal assortment – Products 2 and 4 (profit: $22;055)
New: set c23¼ 86 In ZIP, Product 2 is not offered in Period 3 (profit: $18;648)

5 Base: c21 ¼ 82:38, c22 ¼ 84:38, and c23 ¼ 80:38 Base: optimal assortment Products 2 and 4 at a profit of $24;042
New: set cjt at their mean base value cj, 8 t New: order Products 2 and 4 in every period at a profit of $21;632

6 Base: time-varyingα-values Base: optimal Assortment Products 2 and 4 at a profit of $24;042
New: set αijt at their mean base value, 8 t New: Customer 3 is priced-out in Period 1 at a profit of $22;771
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to our illustrative example, we find that m1 ¼ �3:632, m2 ¼ 0:095,
m3 ¼ �1:835, and m4 ¼ 2:567. This surrogate metric reflects the
overall attractiveness/potential of Products 2 and 4 and can justify
their inclusion in an optimal assortment.

5.3. Sensitivity analysis over the illustrative example

In order to gain further insights from this illustrative example,
we iteratively change its parameters values, one set of parameters
at a time, while holding all other parameters unchanged. This
results in six cases, the results of which are discussed next and
summarized in Table 8.

5.3.1. No simple structure governs optimal solution: Cases 1 and 2
Cases 1 and 2 in Table 8 suggest that an optimal solution does

not always have a simple structure. As such, an optimal solution
does not always conform to an intuitive metric and mathematical
optimization is necessary to reveal more subtle trade-offs. First, in
Case 1, the unit ordering costs of Product 2 are changed to be
highly variable, while maintaining its overall mean cost value as in
the base case. With the unit cost of Product 2 starting at a low level
in Period 1, all the supply is provided in this period, and a new
optimal assortment includes Product 2 only. This occurs even
though Product 4 has a much higher average margin than Product
2. (Recall that m2 ¼ 0:095 and m4 ¼ 2:567.) Second, in Case 2,
where the reservation price of Consumer 1 for Product 4 in Period
1 is increased from $80.5 to $83.6, the optimal price of Product 2 in
Period 1 is $84.9, which does not match the reservation prices of
any customer segment for this product. This is due to cannibaliza-
tion between Products 2 and 4. If Product 2 were set at its original
price of $85, then Customer 2, would prefer to buy Product 4,
which offers a surplus of $0.1, at its price of $83.5. In order, to
maintain the preference of Customer 2 for Product 2, its price in
Period 1 is dropped by $0.1 to $84.9, yielding a comparable surplus
to that of Product 4.

5.3.2. Benefit of integrated model, suboptimality of Myopic inventory
policies: Cases 3 and 4

Cases 3 and 4 in Table 8 demonstrate how adopting a
suboptimal inventory policy not only leads to lower profits, but also
to unattractive decisions on important aspects such as assortment
planning. In Case 3, we compare our optimal inventory policy, to
the BIP policy where all inventory is ordered up-front, as described
in Section 5.1. The new optimal policy yields the same assortment
as in the base case, with a total profit of $24,965. However, in the
BIP policy, and due to the high unit cost of Product 2 in Period 1,
the offered assortment consists of Product 4 only, with a profit of
$7785. That is, the BIP policy resulted in a suboptimal assortment
with a significant reduction of 68.8% in profit. In Case 4, we
consider the ZIP inventory policy, where an order is placed in
every period a product is offered, as described in Section 5.1. Here,
the new optimal policy yields the same assortment of Products
2 and 4 as in the base case and a total profit of $22,055. However,
with a high unit cost of Product 2 in Period 3, this product is no
longer offered in that period under ZIP, and Customer 2 switches
to Product 4, with a total profit of $18,648. This represents a 15.4%
reduction in profit from the optimal policy.

5.3.3. Effect of time variability of procurement costs and reservation
prices: Cases 5 and 6

Cases 5 and 6 in Table 8 highlight the effect of time variability
of procurement costs and customer reservation prices on optimal
solutions. In Case 5, the variable ordering cost of any product j is
made constant throughout the entire selling horizon by setting it
equal to its mean value cj ¼

PT
t ¼ 1 cjt=T . For example, the unit cost

for Product 1 is set at $80.05 in all time periods. This leads to a
change in the ordering policy, with orders placed in every period
for Products 2 and 4 that continue to constitute the optimal
assortment. This is not surprising as with homogeneous unit costs,
and relatively not too high fixed ordering costs, there is no benefit
of ordering early, and carrying inventory to subsequent periods.
What is somewhat surprising is the reduction of profit as a result
of this stationary pattern of unit costs. The profit decreases from
$24,042 to $21,632 in this case, a 10% reduction. This indicates that
fluctuating, but predictable, unit costs offer an important oppor-
tunity for enhancing profitability by ordering in low-cost periods.
In Case 6, we set the reservation prices at their mean values over
time, which leads to a change in the pricing policy, whereby
Customer 3 is priced-out in Period 1 as a result of setting the price
of Product 4 at the high reservation price level of Customer 2 of
$85.5. However, in our numerical experimentation we did not find
that time variability of demand always increases the prices; it
rather alters pricing. The effect on profitability from having
stationary reservation prices is significant, while being less
marked than the effect of stationary unit costs, with a total profit
of $22,772, a 5% decrease from the base case.

5.4. Computational results

We report in this section our computational results and discuss
managerial insights that are revealed by integrating assortment,
pricing, and inventory decisions as in our multi-period, multi-
customer setting. All mathematical programs and heuristics were
coded in AMPL and solved using CPLEX 12.4 on a Lenovo W520
computer having an Intel Core i7-2860QM CPU 2.50 GHz processor
and 8 GB of RAM. The following data generation scheme has been
used:

� Five problem instances were generated for each of the follow-
ing problem instance sizes/characteristics ðn;m; TÞ ¼ ð25;5;6Þ,
ðn;m; TÞ ¼ ð50;6;6Þ, and ðn;m; TÞ ¼ ð75;7;6Þ.

� The size of the customer segments, si, was randomly set using
⌊Uð150;400Þc, where ⌊xc denotes the largest integer rx and
Uða; bÞ denotes a random variable which is uniformly distrib-
uted over ða; bÞ.

� The fixed assortment cost, fj, was set using ⌊Uð500;2000Þc.
� The variable ordering cost, cjt, was generated as a convex

function (to reflect seasonality). To this end, cj1 ¼Uð100;140Þ ,
cjt ¼ cj;t�1 � Uð0:95;1Þ for t ¼ 2;…; k and cjt ¼ cj;t�1 � Uð1;1:05Þ
for t ¼ kþ1;…; T , where the point of inflection k is the same for
all products in a given instances, but is randomly set for each
instance.

� The annual inventory holding cost was set as 20% of the unit
variable ordering cost for every product.

� The fixed ordering cost was set as three times the unit variable
ordering cost for every product.

� The customer reservation price, αijt, was set as αijt � cjt�
Uð0:99;1:04Þ.

Table 9 reports our computational results using Model APO-1:

� Columns 1 and 2 report the instance number and the CPU time
in seconds for solving it to optimality using CPLEX 12.4.

� Column 3 reports the total profit as a percentage of the total
revenue.

� Column 4 displays the optimal assortment followed by the
weighted profit margins of products in the optimal assort-
ment, defined as πj for product j, where πj � 100ððpj� ~cjÞ=~cjÞ,
with pj �

PT
tA1 p

n

jtd
n

jt=
PT

tA1 d
n

jt (weighted average price) and
~cj �

PT
tA1 cjtu

n

jt=
PT

tA1 u
n

jt (weighted average cost), and finally,
the average inventory levels of products in the optimal
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assortment, defined as I j ¼
PT

t ¼ 1 I
n

jt=T , where pn; dn; , un and In

are optimal decision variable values, for every j in the optimal
assortment.

Tables 10 and 11 report similar results to those in Table 9, utilizing
the myopic inventory policies, ZIP and BIP, discussed in Section 3.3.
In these tables, the fourth column gives the profit reduction as a
result of utilizing the myopic inventory policy instead of the
optimal one. Then, Tables 12 and 13 present similar (optimal)
results to Table 9, but with non-seasonal unit costs and reservation
prices, respectively. In Table 12, in an effort to understand the
effect of time variability of unit costs, we fix the unit costs of all
products over time at their average values from the data in Table 9,
cj ¼

PT
t ¼ 1 cjt=T , keeping all other parameter values unchanged.

Likewise, in Table 13, the only change in the parameters values
consists in using constant reservation prices, α ij ¼

PT
t ¼ 1 αijt=T .

The main computational insight from Tables 9, 12, and 13 is that
optimal solutions can be obtained within manageable CPU times for

relatively large problem instances. The greatest CPU times reported in
our study for problem instances with 25, 50 and 75 products are 2.3,
120.5, and 618.2 s, respectively. This is particularly encouraging given
the tactical nature of the problem. The availability of such an exact
solution method makes the development of heuristic approaches less
valuable, especially that the structure of the optimal solution does not
seem to follow a simple intuition that could be embedded in an
effective heuristic. However, if a heuristic approach were to be
investigated, then ideas from heuristics developed in the marketing
literature on joint assortment and pricing decisions (e.g., [7,8]) and the
operations literature on the dynamic lot sizing problem (e.g., [40])
could be borrowed and tailored to our integrated setting.

Next, we discuss managerial insights from Tables 9–13. These
confirm and generalize our aforementioned observations on the

Table 9
Computational results with time-varying costs and reservation prices.

Instance CPU (s) Profit (%) Assortment/profit margin/average inventory

Instances with ðn;m; TÞ ¼ ð25;5;6Þ
I.1 2.7 4.84 {6, 11, 21, 22, 23, 25}

(9.5, 11.0, 8.3, 9.9, 8.0, 5.7)
(702.1, 565.1, 456.6, 252.6, 317.5, 95.8)

I.2 1 6.56 {2, 9, 13, 15, 24}
(13.4, 14.0, 9.2, 4.8, 11.2)
(822.3, 636.6, 355.5, 105.1, 690.3)

I.3 3.2 5.62 {4, 5, 9, 24}
(19.1, 11.2, 3.2, 8.8)
(510.6, 1280.1, 25.67, 578.5)

I.4 2.7 5.67 {4, 6, 20, 24}
(10.6, 5.1, 11.7, 6.6)
(750.1, 185, 1343.1, 163.3)

I.5 2.8 5.7 {9, 16, 19, 22, 23, 24, 25}
(2.3, 3.6, 5.8, 12.8, 7.0, 7.1, 13.2)
(0, 0, 73, 1141.6, 87.3, 231.3, 1073.3)

Instances with ðn;m; TÞ ¼ ð50;6;6Þ
II.1 12.2 5.84 {10, 12, 18, 39, 42, 44, 45}

(4.2, 9.5, 10.7, 12.7, 9.4, 12.6, 13.1)
(56.7, 191, 790.8, 403.3, 369.3, 487, 466.8)

II.2 84.5 5.84 {6, 15, 23, 34, 43, 45}
(13.5, 8.8, 15.4, 5.6, 9.5, 3.5)
(1205.5, 98.3, 243.6, 119.6, 394.3, 43.3)

II.3 52.7 5.57 {10, 13, 16, 23, 39, 43}
(8.9, 12.4, 11.1, 10.6, 5.3, 6.1)
(357.1, 939, 709, 768.5, 115, 106.3)

II.4 18.6 5.38 {15, 17, 25, 31, 32, 48}
(5.6, 14.8, 13.6, 10.5, 4.5, 13.5)
(211, 799.3, 482.3, 208.3, 70.6, 511.6)

II.5 124 4.83 {4, 24, 29, 35, 42, 43}
(7.1, 8.2, 7.8, 8.7, 13.3, 8.1)
(86.5, 368.5, 421.5, 348.6, 546, 423.8)

Instances with ðn;m; TÞ ¼ ð75;7;6Þ
III.1 522.7 5.73 {2, 13, 22, 31, 47, 48, 66}

(6.8, 13.1, 10.3, 14.3, 11.4, 8.5, 6.8)
(248.5, 488.5, 594.5, 756.5, 358.3, 275, 165.3)

III.2 124.5 5.68 {43, 46, 52, 66, 68, 69, 79}
(8.6, 12.0, 8.3, 14.4, 10.1, 10.0, 9.8)
(353.1, 151.6, 457.6, 473.1, 800.8, 536.5, 572)

III.3 365.2 5.63 {8, 22, 31, 41, 46, 55, 60}
(7.4, 14.1, 7.4, 11.8, 13.6, 8.5, 3.4)
(357.5, 867, 277.6, 876.1, 741.8, 236.5, 0)

III.4 618.2 5.67 {13, 29, 36, 39, 46, 50, 51, 73}
(9.8, 11.9, 11.9, 9.7, 13.8, 3.5, 10.0, 5.1)
(730.6, 1039, 627.6, 373, 828.5, 177.5, 172)

III.5 37.5 5.31 {12, 31, 33, 36, 54, 66, 69, 70}
(9.5, 8.4, 15.8, 10.0, 6.6, 3.2, 14.8, 9.8)
(479.8, 432.8, 547.3, 587.1, 260.16, 0, 509.1, 530.1)

Table 10
Computational results: ZIP policy.

Instance CPU
(s)

Profit
(%)

Prof. red.
(%)

Assortment/profit margin/average
inventory

Instances with ðn;m; TÞ ¼ ð25;5;6Þ
I.1 1 2.14 56.6 {1, 2, 11, 16, 21, 23}

(3.38, 3.5, 3.66, 3.4, 3.29, 3.5)
(0, 0, 0, 0, 0, 0)

I.2 1 1.96 69.8 {2, 3, 9, 13, 16, 17, 19}
(0, 0, 0, 0, 0, 0, 0)
(1.2, 1.5, 2, 2, 2, 1.2, 1.5)

I.3 0.5 2.1 63.1 {3, 10, 11, 15, 20, 24}
(3.32, 3.71, 3.43, 3.61, 3.75, 3.46)
(0, 0, 0, 0, 0, 0)

I.4 0.8 1.97 64.6 {4, 9, 10, 15, 19, 22, 24}
(3.59, 3.69, 3.61, 3.55, 3.44, 3.31, 3.43)
(0, 0, 0, 0, 0, 0, 0)

I.5 0.5 2.15 63.3 {9, 12, 16, 17, 19, 23, 25}
(3.43, 3.32, 3.66, 3.37, 3.89, 3.89, 3.75)
(0, 0, 0, 0, 0, 0, 0)

Instances with ðn;m; TÞ ¼ ð50;6;6Þ
II.1 3.5 2.25 61.2 {10, 13, 18, 32, 44, 47}

(3.21, 3.72, 3.68, 3.43, 3.68, 3.38)
(0, 0, 0, 0, 0, 0)

II.2 12.5 1.82 68.6 {28, 32, 34, 35, 41, 42, 43}
(3.61, 3.87, 3.84, 3.28, 3.47, 3.48, 3.47)
(0, 0, 0, 0, 0, 0, 0)

II.3 4.6 2.1 61.0 {8, 10, 13, 17, 36, 41, 47}
(3.63, 3.36, 3.36, 3.55, 3.53, 3.43, 3.55)
(0, 0, 0, 0, 0, 0, 0)

II.4 5.4 1.89 64.3 {9, 10, 13, 15, 18, 23, 44}
(3.5, 3.4, 3.58, 3.53, 3.64, 3.43, 3.18)
(0, 0, 0, 0, 0, 0, 0)

II.5 5 1.88 59.5 {4, 17, 20, 24, 29, 43}
(3.73, 3.64, 3.23, 3.35, 3.29, 3.54)
(0, 0, 0, 0, 0, 0, 0)

Instances with ðn;m; TÞ ¼ ð75;7;6Þ
III.1 61 2.2 61.3 {19, 31, 33, 41, 43, 52, 55, 74}

(3.77, 3.6, 3.42, 3.72, 3.45, 3.24, 3.34,
3.58)
(0, 0, 0, 0, 0, 0, 0, 0)

III.2 41.3 2.1 60.6 {5, 24, 33, 46, 52, 55, 65, 68}
(3.47, 3.67, 3.59, 3.43, 3.51, 3.66, 3.45,
3.48)
(0, 0, 0, 0, 0, 0, 0, 0)

III.3 11.4 2.21 59.2 {21, 31, 38, 46, 59, 60, 65, 66, 73}
(3.73, 3.27, 3.6, 3.54, 3.59, 3.42, 3.66, 3.7,
3.46)
(0, 0, 0, 0, 0, 0, 0, 0, 0)

III.4 5.6 2.34 56.8 {2, 3, 5, 6, 18, 22, 43, 44, 50}
(3.65, 3.52, 3.52, 3.66, 3.28, 3.37, 3.54,
3.81, 3.81)
(0, 0, 0, 0, 0, 0, 0, 0, 0)

III.5 9.8 2.35 56.6 {24, 25, 26, 28, 31, 35, 66, 75}
(3.78, 3.71, 3.55, 3.66, 3.67, 3.83, 3.38,
3.73)
(0, 0, 0, 0, 0, 0, 0, 0)
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variations of the illustrative example in Sections 5.2 and 5.3.
We note the following:

1. The optimal solution does not have a simple structure. For
example, utilizing the overall average margin metric defined
in Section 4.1 in Eq. (5), the “popular sets” consisting of the five
products with the highest average margins in Cases I.1 to I.3 of
Table 9 are respectively {3, 10, 11, 16, 23}, {2, 8, 9, 17, 19}, and
{3, 4, 8, 16, 24}, which do not exhibit much overlap with the
corresponding optimal assortments of {6, 11, 21, 22, 23, 25},
{2, 9, 13, 15, 24}, and {4, 5, 9, 24}. If we force the heuristic
average margin-based assortment in Model APO-1 and opti-
mize the associated pricing and inventory decisions, this yields
a profit reduction of 14.1%, 13.1%, and 14.1% for Cases I.1, I.2, and
I.3, respectively. In terms of the optimal prices, again no simple
structure exists, such as having the prices equal to reservation
prices. For example, in Case I.1 of Table 9, the optimal price for
Product 6 in Period 3 is $132.5, which does not match any of

the reservation prices of the five customer for Product 6 in
Period 3 which are respectively, $127.6, $132.1, $126.6, $132.6,
and $127.5, for Customers 1 to 5.

2. Suboptimal inventory policies significantly reduce profit and
alter optimal decisions. This is based on comparing Table 9
with Tables 10 and 11, where the ZIP and BIP policies are
respectively reported. The profit reduction as a result of
adopting ZIP and BIP instead of the optimal policy are sig-
nificant, ranging between 56.6% and 68.6% for ZIP in Table 10,
and between 32.4 % and 54.8% for BIP in Table 11. In addition,
the optimal assortment significantly differs between the
optimal policy, BIP and ZIP. For example, in Case I.1, the optimal
assortment is {6, 11, 21, 22, 23, 25} in Table 9, while the ZIP and
BIP assortments in Tables 10 and 11, are respectively {1, 2, 11,
16, 21, 23} and {7, 11, 13, 16, 17, 24, 25}. These three assortments
do not have much in common, which illustrates how myopic
inventory policies could alter the composition of the optimal
assortment.

Table 11
Computational results: BIP policy.

Instance CPU (s) Profit (%) Prof. red. (%) Assortment/profit margin/average inventory

Instances with ðn;m; TÞ ¼ ð25;5;6Þ
I.1 1.1 2.2 54.8 {7,11,13,16,17,24,25}

(7.0,12.7,12.6,2.5,11.9,3.6,4.4)
(822.8,742.3,501.5,139.16,885.3,493.83)

I.2 0.5 3.73 42.4 {2,3,4,7,9,13,15}
(10.3,5.5,9.4,4.8,14.0,6.3,5.8)
(540.8,228.5,752,94,1607,149.5,543.16)

I.3 0.5 3.8 35.9 {3,4,5,11}
(3.1,11.7,10.8,4.5)
(128.1,920.6,2397.8,87.6)

I.4 1 3.46 40.2 {4,13,15,19,20}
(10.9,6.9,9.8,5.5,9.1)
(1658.8,598.6,667,511,166.6)

I.5 0.4 3.44 40.7 {9,14,16,22,24,25}
(2.9,3.0,3.6,13.8,5.0,9.8)
(239.5,0 ,0,1488.3,231.3,1907.1)

Instances with ðn;m; TÞ ¼ ð50;6;6Þ

II.1 4.4 3.69 35.9 {1,12,18,28,29,37,39,44}
(3.4,6.1,11.6,5.8,7.9,8.2,11.5,12.4)
(86.6,108.6,465.8,365.6,676.5,607.6,576.6,1259.8)

II.2 5.1 3.17 44.0 {14,25,37,42,43}
(10.3,7.8,9.6,2.7,7.3)
(1357.1,818.3,683.3,78.3,328.5)

II.3 8.9 2.79 47.8 {5,13,16,31,37,47,48}
(4.4,9.7,8.8,7.1,5.7,6.6,3.6)
(178,1678,1632,201.33,381.67,421.5)

II.4 10.3 3.23 42.2 {13,15,17,21,47,48}
(2.9,6.4,12.4,8.8,7.6,10.1)
(748.9,802.8,305.3,447.8,82.5)

II.5 10.7 2.74 43.8 {4,14,17,23,24,42,43}
(4.9,6.9,8.1,8.8,6.0,13.,7.3)
(290.5,358.1,485.6,617.5,129.33,705.8,883)

Instances with ðn;m; TÞ ¼ ð75;7;6Þ

III.1 13.9 3.65 34.5 {10, 13, 19, 33, 40, 43, 45}
(3.7, 13.8, 7.8, 11.1, 7.6, 5.3, 9.9)
(62, 1375, 1049.6, 813.8, 138.5, 450.83, 440.16)

III.2 18.6 3.13 45.4 {24, 35, 43, 52, 66, 68, 69, 70, 73}
(2.9, 6.1, 8.5, 7.2, 10.1, 12.1, 10.8, 9.0, 5.2)
{98.8, 342.5, 390, 312.5, 668.3, 1331.5, 656.5, 986.3, 231}

III.3 85.6 3.46 38.2 {8, 11, 15, 31, 34, 38, 46, 65}
(7.8, 10.3, 6.4, 12.7, 6.1, 13.4, 6.4)
(781.6, 473.8, 389.5, 250.1, 348.6, 527.1, 1776, 488)

III.4 22.6 3.79 32.4 {14, 15, 18, 30, 39, 43, 44, 50, 54}
(11.7, 6.6, 9.8, 18.2, 9.3, 2.8, 5.8, 3.3, 7.5)
(525, 456, 1752.1, 1596.6, 729.5, 59.1, 398.6, 57.6, 347.6)

III.5 15 2.84 46.6 {12, 31, 49, 58, 65, 70, 72, 74}
(3.1, 3.18, 3.16, 2.79, 2.88, 2.95, 3.59, 3.12)
(12.5, 8.1, 7.3, 7.7, 5.7, 11.3, 4.1, 8.2)
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3. Seasonality of demand and cost increases the profit and signifi-
cantly affects the structure of the optimal solution. This is based
on comparing Table 9 with Tables 12 and 13, where static
patterns of the unit costs and reservation prices are adopted.
Specifically, Table 12 reports results over our test-bed where
the seasonal unit ordering costs, fixed-ordering costs, and
inventory holding costs for any product have been replaced
by their mean values throughout the entire selling horizon.
Likewise, Table 13 reports results for the case where the
reservation price of a customer segment for a given product
has been replaced by its mean over the entire selling horizon,

thereby eliminating seasonality in the consumer prefere-
nces. First, we observe that “well-anticipated and managed”
seasonality yields higher profits as indicated in Tables 12 and
13. The case of static costs in Table 13 yielded a profit reduction
ranging between 28.2% and 42.8% compared to the base case
with seasonal parameters in Table 9, whereas the case of static
reservation prices resulted in profit reductions between 5.1%
and 18.4% over our test-bed. That is, a judicious inventory and
assortment policy allows benefiting from anticipated fluctua-
tions of cost and demand. This is achieved by ordering in low-
cost periods and selling in high-demand periods), which
mimics the “buy-low, sell-high” strategy advocated in the stock
market. Second, we note that seasonality significantly alters the
structure of the optimal policy. In particular, the inventory level
is much higher in the time-variable cases of Table 9 than those
with static unit costs in Table 12, as it can be seen by comparing
the average inventory metric. In addition, the assortment size is

Table 12
Computational results: seasonal reservation prices and constant costs.

Instance CPU
(s)

Profit
(%)

Prof. red.
(%)

Assortment/profit margin/average
inventory

Instances with ðn;m; TÞ ¼ ð25;5;6Þ
I.1 1.9 4.1 28.2 {2, 6, 7, 11, 24, 25}

(2.73, 8.72, 5.30, 8.84, 3.99, 1.58)
(0, 0, 0, 25.1, 0, 0)

I.2 2.3 5.1 42.8 {1, 2, 9, 13, 22}
(2.55, 6.82, 8.99, 8.24, 2.67)
(0, 0, 0, 0, 0)

I.3 1.7 4.2 43.1 {4, 5, 9, 14, 24}
(11.6, 6.2, 3.6, 2.35, 4.52)
(0, 0, 0, 0, 0)

I.4 1 4.8 32.0 {1, 4, 12, 13, 15, 20}
(3.2, 7.87, 3.79, 3.68, 6.41, 10.8)
(0, 0, 0, 0, 0)

I.5 1.5 4.1 37.7 {9, 10, 14, 16, 22, 24, 25}
(2.31, 2.45, 4.4, 2.7, 8.59, 4.37, 8.15)
(0, 0, 0, 0, 0, 0, 0)

Instances with ðn;m; TÞ ¼ ð50;6;6Þ

II.1 42.6 4.0 37.4 {18, 27, 28, 32, 37, 39, 42, 44}
(9.24, 5.48, 2.55, 1.40, 9.98, 6.32, 6.17,
8.5)
(0, 0, 0, 27.1, 0, 0, 0, 0)

II.2 120.5 3.9 39.1 {5, 6, 18, 23, 26, 35, 43, 46, 47}
(4.25, 9.99, 1.42, 8.34, 3.87, 2.87, 8.32,
4.41, 5.52)
(0, 0, 0, 26.83, 0, 0, 0, 0, 0)

II.3 83.5 4.2 33.6 {8, 13, 16, 25, 29, 41, 48}
(6.02, 7.30, 7.87, 9.32, 5.76, 1.83, 3.26)
(0, 0, 0, 0, 0, 0, 0)

II.4 22.5 4.1 37.4 {15, 17, 18, 24, 25, 32, 48}
(4.44, 7.2, 2.71, 3.14, 10.06, 2.35, 7.94)
(0, 0, 0, 0, 0, 0, 0)

II.5 32.1 3.7 33.0 {4, 17, 29, 43, 45, 49}
(5.66, 9.32, 5.64, 5.10, 3.39, 1.61)
(0, 0, 0, 0, 0, 0)

Instances with ðn;m; TÞ ¼ ð75;7;6Þ

III.1 397.5 4.6 33.5 {15, 20, 22, 30, 31, 32, 33, 55, 71}
(5.32, 2.64, 9.75, 4.79, 8.97, 11.0, 2.3, 2.45,
5.33)
(0, 0, 0, 0, 0, 0, 28, 0, 0)

III.2 262.9 4.3 29.0 {19, 37, 43, 52, 55, 60, 68, 69, 73}
(4.46, 2.78, 8.78, 6.49, 3.03, 3.1, 9.54,
6.28, 10.1)
(0, 0, 0, 0, 0, 0, 0, 0, 0)

III.3 62.6 4.5 31.6 {9, 31, 41, 46, 56, 57, 60, 66, 73}
(4.48, 5.51, 8.88, 9.06, 2.72, 8.53, 3.26,
5.21, 2.08)
(0, 0, 0, 0, 0, 0, 0, 0, 0)

III.4 95.7 4.2 30.5 {3, 4, 6, 155, 18, 21, 22, 30, 43, 44, 64, 73}
(6.5, 7.6, 4.5, 3.1, 6.9, 8.0, 2.4, 12.5, 1.5,
5.4, 4.0, 7.9)
(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

III.5 88.3 4.1 30.4 {2, 26, 30, 31, 33, 45, 54, 69, 70}
(5.8, 1.7, 4.8, 9.1, 7.1, 3.3, 3.2, 11.1, 6.9)
(0, 0, 0, 0, 0, 0, 0, 0, 0)

Table 13
Computational results: constant reservation prices and seasonal costs.

Instance CPU
(s)

Profit
(%)

Prof. red.
(%)

Assortment/profit margin/average
inventory

Instances with ðn;m; TÞ ¼ ð25;5;6Þ
I.1 1.3 4.2 12.5 {6, 11, 17, 21}

(8.0, 8.7, 6.3, 8.5)
(1140, 661.7, 0, 588.3)

I.2 0.8 6.1 7.9 {2, 9, 13, 24}
(10.4, 7.5, 10.4, 11.1)
(1126.6, 0, 1013.3, 470)

I.3 0.6 5.3 8.3 {5, 24}
(9.2, 8.9)
(1754.6, 640.3)

I.4 1.2 5.5 5.1 {4, 10, 20}
(6.7, 8.0, 10.2)
(0, 345, 2096.6)

I.5 1.9 5.0 13.7 {19, 22, 25}
(8.6, 9.1, 8.5)
(578.3, 1085, 943.3)

Instances with ðn;m; TÞ ¼ ð50;6;6Þ

II.1 11.5 5.1 11.7 {12, 18, 44}
(8.6, 9.8, 8.1)
(936.7, 1218.3, 610)

II.2 13.1 5.1 10.2 {6, 14, 43}
(10.3, 8.3, 8.1)
(956.7, 620, 618.3)

II.3 3.7 4.9 7.4 {10, 13, 16}
(8.9, 8.7, 7.8)
(858.3, 1748.3, 388.3)

II.4 10 4.4 18.4 {17, 48}
(8.2, 7.7)
(1175, 1108.3)

II.5 11.9 4.8 12.2 {29, 35, 42}
(8.1, 9.0, 8.5)
(323.3, 540, 1450)

Instances with ðn;m; TÞ ¼ ð75;7;6Þ

III.1 32.6 5.4 13.7 {13, 31, 38, 48}
(8.7, 9.6, 9.2, 10.3)
(735.7, 500, 1031, 620)

III.2 513.3 4.8 16.2 {7, 43, 47, 52, 66, 73}
(9.1, 8.7, 9.3, 9.3, 9.6, 5.5)
(625, 800, 478.3, 666.5, 775.1, 0)

III.3 41.1 5.2 11.3 {22, 46, 55}
(9.5, 8.1, 8.4)
(2334.1, 434.1, 588.3)

III.4 34.3 4.9 11.8 {18, 24, 29, 36}
(6.5, 9.0, 8.6, 9.4)
(0, 2238.33, 1133.33, 576.6)

III.5 10.7 4.6 14.9 {33, 36, 58, 69, 70}
(10.2, 8.5, 7.8, 8.9, 7.7)
(620, 1151.7, 566.7, 486.7, 521.7)
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larger in Table 9 than in Table 13 with static reservation prices.
The key insight here is that in order to capitalize on cost and
demand seasonality, high inventory levels and wide assortments
should be stocked.

6. Model extension and discussion

The consumer choice model adopted in the paper assumes that
all si customers in segment i behave similarly. That is, all of them
either buy a product that yields a maximal nonnegative surplus or
refrain from buying anything, if the prices of all offered products
exceed their reservation prices. When customer segment i pur-
chases product j with αijt ¼ pjt , Model APO-0/1 assumes that all
customers in i buy this product, because its price does not exceed
their reservation price. Although widely used in the literature, this
consumer choice model can be adjusted and refined to reflect a
setting where the number of customers in a segment who buy a
product is nonincreasing in the product price. Instead of viewing si
as a model parameter, it becomes a variable over time-periods that
depends on product prices, denoted by σijt ¼ siμijt , where μitA ½0;1�
and is a function of the price. In particular, we assume that μijt is a
piecewise linear, nonincreasing function of the price of j that
reaches its minimal positive value when pjt ¼ αijt . (Note that other
nonlinear functions that represent σijt as a function of the product
price could be approximated by a piecewise linear function.)

To illustrate, a revised consumer choice model is represented in
Fig. 1. The percentage of customers in segment i who may buy
product j in period t, denoted by μijt, exhibits a plateau over the
interval ½0; aijt � for which the price is sufficiently low to attract
100% of the customers in segment i. It then linearly decreases over
the price range ½aijt ;αijt � from 100% to some value eijt%. The specific
values for the price threshold aijt and for the percentage bijt can be
estimated based on market data as in Section 4.

Alternatively, it may be pertinent to consider cases where the
μijt variable follows a ladder profile as a function of a set of discrete
prices, as in Fig. 2. The notion of adopting discrete price levels
(e.g., $3.09, $3.19, $3.29, etc.) was employed in Subramanian and
Sherali [43] and was justified as a common retail practice. Here
again, the revelation and estimation of such a ladder function
would require data analytics by retailers. Under such settings, let
the ladder function for μijt exhibit L decreasing values, denoted by
μk
ijt, associated with L discrete price values, πk

jt. The optimization

model would be adjusted as follows:

pjt ¼
XL
k ¼ 1

πk
jtζ

k
jt ; 8 j; t ð6aÞ

μijtr
XL
k ¼ 1

μk
ijtζ

k
jt ; 8 i; j; t ð6bÞ

XL
k ¼ 1

ζkjtr1; 8 j; t ð6cÞ

μijtrxijt ; 8 i; j; t ð6dÞ

pZ0; ζ binary: ð6eÞ
along with the introduction of the following term

Pm
i ¼ 1 siμijtgijt in

the objective function in lieu of
Pm

i ¼ 1 sigijt . The nonlinearity in the
term μijtgijt can be circumvented by introducing linearizing con-
straints as in Model AP0-1.

7. Conclusions

In this paper, we develop an integrated model for optimizing
intertwined retail decisions on assortment, pricing, and inventory
for a product category composed of substitutable products, with a
particular focus on fast-moving consumer goods (e.g., grocery
product) that are characterized by deterministic demand patterns.
We propose a nonlinear mixed-integer programming model that
affords, upon suitable linearization, an exact solution to relatively
large problem instances with up to a hundred products in
manageable times. We draw useful insights demonstrating
(i) the lack of structure in the optimal solution (due to seasonality
and cannibalization), (ii) substantial profit losses as a result of
adopting a myopic (suboptimal) inventory policy, and (iii) the
effect of seasonality on profitability and inventory and assortment
decisions (where we find that seasonality increases the profit with
higher inventory levels and wider assortments). Our work also
demonstrates the applicability of a deterministic maximum-
surplus consumer choice model (that captures product substitu-
tion) to a set of real data pertaining to a Tuna category.

Our work is distinctive from most of the recent related
literature on retail operations management in that it proposes anFig. 1. Percentage of customer segment that buys as a function of prices.

Fig. 2. Ladder function with discrete price values.
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optimization decision-making framework for large-scale data-
driven problem instances. This framework can further facilitate
the incorporation of additional real-life constraints, industry
practices, and product characteristics that are relevant to retailing.
We recommend for future research the concept of vertical inte-
gration to account for supply-side and logistics aspects. In parti-
cular, it is worthwhile to investigate multi-supplier and multi-
store settings with logistical considerations related to discrete
truck capacity and transportation efficiency. Konur and Geunes
[29] and Hübner et al. [21] offer some useful research pointers in
that regard. Finally, our modeling framework could incorporate
other, possibly probabilistic, consumer choice models in lieu of the
deterministic model we used in the present paper. In particular,
the linearization scheme proposed by Subramanian and Sherali
[43], for pricing under the probabilistic logit choice model, can be
extended to include assortment and inventory decisions that we
consider in this paper.
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