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Penalty-Based Volt/VAr Optimization in Complex
Coordinates

Rabih A. Jabr , Fellow, IEEE, and Izudin Džafić , Senior Member, IEEE

Abstract—Volt/VAr Optimization (VVO) is becoming increas-
ingly crucial in distribution management systems with renewable
sources that require setting their reactive power in coordination
with legacy voltage and reactive power control devices. This paper
presents a VVO method that operates in complex variables based on
the Wirtinger calculus; it employs a penalty method that keeps volt-
age magnitudes and controller parameters within limits together
with a probabilistic rounding technique for handling switched
device variables. The complex variable implementation permits
using the compensation technique when solving the Karush-Kuhn
Tucker (KKT) system, thus achieving a significant speedup due to
limiting the number of linear system factorizations. The proposed
method is contrasted with a classical VVO implementation employ-
ing discrete coordinate search from the current operating point and
an enhanced version that uses sensitivity information. Numerical
results on distribution networks having up to 3147 nodes show that
the proposed method is significantly faster than classical methods
and gives operating points free of voltage magnitude violations and
lower power loss.

Index Terms—Centralized control, distributed power
generation, load flow control, optimization methods, reactive
power control, voltage control, Wirtinger calculus.

I. INTRODUCTION

VOLT/VAR Optimization (VVO) aims to provide customers
with the same quality of service while improving other op-

erational objectives, such as minimum energy losses. Many util-
ities already adopt the closed-loop centralized VVO technology
as an integral part of their distribution network operation, and
the benefits are documented in the literature [1]–[4]. In closed-
loop mode, centralized VVO runs periodically, responding to
changing loads with a periodicity typically varying between 5
and 15 minutes. Its operation can also be triggered automatically
based on a topology change or an analog measurement change
above a preset threshold [5]. The devices whose parameters are
control variables in VVO include switched capacitors, load tap
changers (LTCs) installed on substation transformers and step
voltage regulators, and distributed generation (DG). The first
two categories require discrete variables, whereas continuous
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variables model the last. The real-time computing requirements
on practically-sized networks with the increasing proliferation of
DG-type connections motivate searching for methods that scale
well with problem size. In this respect, Wirtinger calculus [6] has
recently gained attention as the basis for implementing real-time
distribution network applications, including power flow and
state estimation [7]–[10]. This work proposes a VVO solver that
exploits Wirtinger calculus and operates in complex coordinates.

A. Related Work

The techniques for centralized VVO are classified into two
major categories: rule-based and power flow-based. The classi-
cal rule-based approaches [11], [12] implement a set of control
rules obtained from offline studies, i.e., they are model-free and
have formed the basis of earlier real-life implementations of
VVO. Modern implementations of model-free VVO use mea-
surement data analytics [13] and, more recently, reinforcement
learning [14]–[16]. Reinforcement learning is a machine learn-
ing technique that enables an intelligent agent to learn VVO
rules by interacting with its environment.

The second major category of VVO solution methods is the
power flow-based approaches, specifically the techniques that
use optimization theory and a real-time power flow network
model. The most fundamental approach for power flow-based
VVO is the multistep discrete programming search [17], [18]
and forms the basis of industrial implementations [2], [5].
The literature reports several advancements in different direc-
tions, such as improving solution quality [19]–[23], reducing
communication requirements [24]–[27], and dealing with un-
certainty [28], [29]. Attempts to improve the solution quality
are through the use of appropriate models and approximations
with mixed-integer optimization software, such as mixed-integer
linear programming [19], [20], mixed-integer quadratically con-
strained quadratic programming [21], and mixed-integer conic
programming [22], [23]. A known disadvantage associated with
current mixed-integer optimization solvers is their scalability
with problem size. Another improvement is VVO implementa-
tions using reduced communication requirements that can be
decentralized [24], [25] or even distributed [26], [27]. Still,
the implementations tend to be more focused on DG outputs
that are continuous variables. A third advancement is stochas-
tic optimization, either in centralized or distributed modes,
for handling uncertainties associated with the real power out-
put of renewable DG [28]–[31]. While the improvements in
both categories are promising, further research is still required
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to elevate them to the level of maturity needed for real-life
applications.

B. Scope of This Paper

Many industrial VVO solvers use the multistep discrete pro-
gramming search [5] due to its simplicity of implementation
and its capacity to manage different objective functions. The
classical multistep discrete programming search, also known as
the discrete coordinate descent algorithm, operates on integer
variables representing the capacitor bank switch statuses and
the LTC tap positions. During the different steps of exploring
the solution space, a power flow program checks the feasibility
and optimality of the control parameters. With the integration
of DG in distribution networks and their contribution to reactive
power optimization, the discrete coordinate descent algorithm
was updated to account for the continuous range of DG reactive
power, but this increased computational cost. To circumvent
this disadvantage, [32] proposed using sensitivity information
to approximately double the speed of the classical multistep
discrete programming search on large test instances. Ref. [33]
defined decision rules in a two-stage solution framework for
handling DG power uncertainty by starting from the VVO
solution in [32]. Other two-stage formulations were reported
in [30], [31].

Motivated by the success of the Wirtinger calculus-based dis-
tribution network applications [7]–[10], this paper investigates
a new VVO method that provides solutions improving on the
sensitivity-based multistep discrete programming search [32]
initiated from the current system operating point while being
significantly faster. The approach uses a complex variable im-
plementation with a penalty method to limit constraint viola-
tions. The solution of the Karush-Kuhn Tucker (KKT) system
is made via compensation [34], when possible, to speed up the
execution. Rounding techniques [35], [36], such as probabilistic
and simple rounding, are used to satisfy the integrality condition
on the variables of switched-type devices. The outcome of this
formulation is a drastic increase in computational speed, and its
combination with the penalty method and rounding techniques
gives a solution better than the existing power flow-based VVO.
The contributions of the paper are:
� Introducing Wirtinger VVO, where the optimality con-

ditions can be presented elegantly in matrix form using
complex variables, allowing for a solution employing the
fixed-point iteration method.

� Incorporating within the Wirtinger VVO a penalty method
and rounding techniques to expand the search to a solution
closer to the global optimum.

� Introducing the compensation technique in Wirtinger VVO
to further improve the speedup by reducing the number of
KKT matrix refactorizations. When compensation is used,
the iterations in the VVO solution resemble those of the
current injection power flow [37]. The current injection
power flow is fast as it utilizes a fixed matrix throughout the
iterations, i.e., the coefficient matrix needs to be factorized
only once, and the iterations proceed via backward/forward
substitution.

The rest of this paper is organized as follows. Section II
introduces the VVO formulation in complex variables and the
penalty method to handle any violation of inequality constraint
limits. Section III presents the solution of the KKT system
using compensation, and Section IV discusses possible round-
ing techniques and summarizes the overall implementation.
Section V reports numerical testing on distribution networks
having up to 3147 nodes and presents comparisons with the
classical multistep discrete programming search [5] and the
sensitivity-based discrete coordinate descent method [32]. The
paper is concluded in Section VI. Ref. [6] includes background
material on Wirtinger calculus, and a summary can be found
in [8], [9]. Note that the bar sign above any variable denotes the
variable’s complex conjugate.

II. COMPLEX VARIABLE VVO AND THE PENALTY METHOD

VVO provides the parameters for voltage and reactive power
control devices, namely the LTC taps and the reactive power
associated with switched capacitors and distributed gener-
ators. From a power flow perspective, the vector of opti-
mization variables includes the control parameters and the
dependent variables. Once the control parameters are set,
the dependent variables can be obtained from a power flow
solution:
� VVO control parameters: LTC tap positions and the reac-

tive power provided by switched capacitors (through the
switch status) and DG.

� VVO dependent variables: The nodal phasor voltages and
their conjugates.

The discrete control parameters are the LTC tap positions and
capacitor bank switch statuses. Section IV explains their mod-
eling as discrete variables. Eqs. (1)-(3) shows bound constraints
on the vector of LTC tap limits, expressed as an initial value
t0 and an increment Δt. Similarly, q0 +Δq is the vector of
reactive power constrained within bounds (4)-(6). The effect of
the control device parameters on the power network is governed
by the physics of the system, expressed in complex variables by
(7)-(12). Eqs. (7) and (8) balance the complex power at each
node except the slack, whose voltage is fixed by (11)-(12); Eqs.
(9) and (10) model the LTCs.

tmin ≤ t0 +Δt ≤ tmax (1)

Δt−Δtmax ≤ 0
(
Δtmax = tmax − t0

)
(2)

Δt−Δtmin ≥ 0
(
Δtmin = tmin − t0

)
(3)

qmin ≤ q0 +Δq ≤ qmax (4)

Δq −Δqmax ≤ 0
(
Δqmax = qmax − q0

)
(5)

Δq −Δqmin ≥ 0
(
Δqmin = qmin − q0

)
(6)

AV + (iAqΔq)� (
AaV̄

)
= S̄ � (

AaV̄
)

(7)

ĀV̄ − (iAqΔq)� (AaV ) = S � (AaV ) (8)

AfV − diag
(
t0 +Δt

)
(AtV ) = 0 (9)

Af V̄ − diag
(
t0 +Δt

) (
AtV̄

)
= 0 (10)
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AsV = Vs (11)

AsV̄ = Vs (12)

where
� A is a matrix formed by the bus admittance matrix rows

except for the row at the slack node. The from- and to-end
transformer nodes are combined into a super-node where
the currents are computed at the current LTC tap setting.

� Aa is a matrix that selects all voltages except the one at
the slack node. Thus, when Aa is multiplied by the column
vector of phasor voltages, the result is a column vector
whose length is equal to the number of nodes minus one
and contains all the phasor node voltages except the voltage
at the slack node.

� Af and At are matrices that select the voltages at the
from- and to-end transformer nodes. For example, when
Af is multiplied by the column vector of phasor voltages,
the result is a column vector whose length is equal to
the number of transformers and contains the phasor node
voltages at the from-end of the transformer.

� Aq is a matrix that assigns the reactive power Δq from
control devices to the appropriate connection node, starting
from node two as the first node is the slack.

� As is a row vector that selects the voltage corresponding to
the slack node. Thus, when As is multiplied by the column
vector of phasor voltages, the result is the slack phasor
voltage.

� i is the imaginary unit number.
� V is the column vector of complex voltages at all nodes;

the bar sign in V̄ designates complex conjugation.
� S is the column vector of complex power injections at all

nodes except the slack.
� Vs is the voltage magnitude at the slack node.
� The operator diag(•) forms a diagonal matrix of the vector

in the argument.
� The sign � denotes Hadamard (element-by-element) divi-

sion.
The objective of VVO in (13) is to minimize the power

loss besides a penalty term associated with the increments of
transformer taps and reactive power from control devices [38].Y
is the bus admittance matrix, and ct and cq are column vectors of
penalty coefficients for LTCs and reactive power outputs. The ◦2
sign denotes the Hadamard square power, i.e., multiplying each
element by itself. The penalty function (14) serves two roles: it
penalizes violations of the minimum and maximum limits of the
real variable x, and when ε is nonzero, it limits the variation of
the control parameters from their initial values. Fig. 1 depicts
an example of the penalty function with ε = 0.1. The function
γ(x) in (15) arises when writing the Karush-Kuhn Tucker (KKT)
conditions, and with vector inputs, both (14) and (15) operate
on each element, giving vector results.

f =
1

2

(
V̄ TY V + V T Ȳ V̄

)
+

1

2
cTt ρ (Δt)◦2 +

1

2
cTq ρ (Δq)◦2 (13)

Fig. 1. Penalty function with ε = xmax = −xmin = 0.1.

ρ(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

xmin − (1 + ε)x,

−εx,

εx,

(1 + ε)x− xmax,

x < xmin

xmin ≤ x ≤ 0

0 ≤ x ≤ xmax

x > xmax

(14)

γ(x) = ρ(x)
dρ

dx
=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(1 + ε)2 x− (1 + ε)xmin,

x < xmin

ε2x, xmin ≤ x ≤ xmax

(1 + ε)2 x− (1 + ε)xmax,

x > xmax

(15)

By starting from the objective function (13) and equality con-
straints (7)-(12), the Lagrangian function is (16), and the corre-
sponding KKT conditions are in (7)-(12) and (17)-(20).

min L = f

+ λ̄T
[
AV − (−iAqΔq + S̄

)� (
AaV̄

)]
+ λT

[
ĀV̄ − (iAqΔq + S)� (AaV )

]
+ λ̄T

t

[
AfV − diag

(
t0 +Δt

)
(AtV )

]
+ λT

t

[
Af V̄ − diag

(
t0 +Δt

) (
AtV̄

)]
+ λ̄s (AsV − Vs) + λs

(
AsV̄ − Vs

)
(16)

∇V̄ L = YreV + D̄V λ̄ + ĀTλ +A′
ftλt +AT

s λs = 0 (17)

∇V L = YreV̄ +DV λ +AT λ̄ +A′
ftλ̄t +AT

s λ̄s = 0 (18)

∇ΔtL = Ctγ (Δt)−Dtλ̄t − D̄tλt = 0 (19)

∇ΔqL = Cqγ (Δq)− D̄qλ̄ −Dqλ = 0 (20)

where Yre is the real part of the bus admittance matrix. The
matrices (21)-(25) are used in writing the KKT conditions.
The symbol 1q in (23) represents a column vector of ones
with a size the same as the reactive power vector, and A′

q

is a matrix that selects the voltages at the DG connection
nodes. Although not explicitly shown, (19) includes matrix
A’s dependency on the tap position through the bus admit-
tance matrix rows corresponding to the transformer super-node

Authorized licensed use limited to: American University of Beirut. Downloaded on April 15,2024 at 10:29:16 UTC from IEEE Xplore.  Restrictions apply. 
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equations and their corresponding voltages and Lagrange mul-
tipliers. The KKT equations are solved iteratively, where at
each iteration, the coefficient matrices (21)-(24) are evaluated
at the previous point, thus leading to a complex variable lin-
ear system. The solution technique is, therefore, a fixed-point
iteration method.

DV =

[
0

diag
(
(iAqΔq + S)� (

AaV
◦2))

]
(21)

Dt = diag (AtV ) (22)

Dq = diag
(
i1q �

(
A′

qV
))

AT
q (23)

A′
ft = AT

f −AT
t diag

(
t0 +Δt

)
(24)

Ct = diag (ct) , Cq = diag (cq) (25)

A. Including Voltage Magnitude Limits

The main requirement in VVO is to limit voltage magnitude
violations, for instance, by requiring the squared voltage mag-
nitude to remain within prescribed limits (26), where � is the
Hadamard (element-by-element) product.(

|V |min
)◦2

≤ V � V̄ ≤ (|V |max)
◦2 (26)

The inequality constraints (26) can be handled through a
penalty function, e.g., (14) with ε = 0. Still, the resulting equa-
tions in the KKT conditions would involve a product of terms that
are not suited to the fixed-point iteration method. An alternative
proposed herein is to project the voltage limits into their real and
imaginary components using the voltage angle computed at the
previous iteration; this is equivalently written as a projection in
(27)-(28). The voltage limits can now be written as in (29)-(30).

V max
re + iV max

im = |V |max � (V � |V |) (27)

V min
re + iV min

im = |V |min � (V � |V |) (28)

V min
re ≤ 1

2

(
V + V̄

) ≤ V max
re (29)

V min
im ≤ i

2

(
V̄ − V

) ≤ V max
im (30)

To account for the modified voltage limits in the fixed-point
iterative scheme, let cv1 (defined in (31)) be a column vector of
penalty coefficients that is nonzero only when there is a violation
of the maximum voltage magnitude limit. The column vector cv2
is similarly defined in (32) to correspond to the minimum volt-
age magnitude limit violations. The range of min/max voltage
magnitude limits can be slightly reduced, for instance, by 1%,
to avoid actual voltage magnitude violations when using the
modified limits (29)-(30).

cv1j =

{
cvj ,

0,

|Vj | > |Vj |max

|Vj | ≤ |Vj |max (31)

cv2j =

{
cvj ,

0,

|Vj | < |Vj |min

|Vj | ≥ |Vj |min (32)

Eq. (33) is the modified Lagrangian function that accounts for
the penalty terms for voltage magnitude violations. By defining

the matrices in (34)-(35) and the vector rv in (36), the new
KKT conditions reduce to (7)-(12) and (37)-(40), where the
modification due to voltage limit violations appears only in the
gradient vector computed with respect to V̄ (37) and V (38).

L′ = L+
1

2
cTv1

(
1

2

(
V + V̄

)− V max
re

)◦2

+
1

2
cTv1

(
i

2

(
V̄ − V

)− V max
im

)◦2

+
1

2
cTv2

(
V min
re − 1

2

(
V + V̄

))◦2

+
1

2
cTv2

(
V min
im − i

2

(
V̄ − V

))◦2
(33)

Cv1 = diag (cv1) , Cv2 = diag (cv2) (34)

Cv =
1

2
(Cv1 + Cv2) (35)

rv =
1

2
Cv1 (V

max
re + iV max

im ) +
1

2
Cv2

(
V min
re + iV min

im

)
(36)

∇V̄ L′ = ∇V̄ L+ CvV − rv = 0 (37)

∇V L′ = ∇V L+ CvV̄ − r̄v = 0 (38)

∇ΔtL′ = ∇ΔtL = 0 (39)

∇ΔqL′ = ∇ΔqL = 0 (40)

III. THE KKT SYSTEM AND SOLUTION BY COMPENSATION

Define z = [V ; λ; λs; λt] as the column vector of complex
variables, z̄ as the complex conjugate of z, and r = [Δq; Δt] as
the vector of real variables. The KKT system given by (7)-(12)
and (37)-(40) is written in compact form as (41), where the
complex conjugate structure inherent in the coefficient matrix
[F ] and its right-hand-side f guarantees that z̄ in the solution
turns to be indeed the complex conjugate of z and that r is
real-valued.

[F (z, z̄, r)]

⎡
⎣ z
z̄
r

⎤
⎦ = f (z, z̄, r) (41)

The following steps give the fixed-point iteration scheme to
compute the solution vector. The algorithm is also shown in
Fig. 2.

Step 1: Initialize all voltages in V to Vs, the increment vari-
ables in Δq and Δt to zero, and all Lagrange mul-
tipliers to zero. Form the expressions for computing
the [F ] matrix in (41) and its right-hand side f . Set
the iteration counter k = 0.

Step 2: Increment the iteration counter k by 1. Evaluate the
right-hand-side vector f (k).
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Fig. 2. VVO fixed-point iteration method (continuous variables).

Step 3: Evaluate the coefficient matrix [F (k)] and decompose
it using LU factorization. Solve for the unknown vec-
tor in (42) using backward/forward (BF) substitution.

[
F (k)

]⎡⎣ z(k+1)

z̄(k+1)

r(k+1)

⎤
⎦ = f (k) (42)

Step 4: If the maximum power mismatch for the scheduled
quantities and the solution vector-change over two
consecutive iterations is within a preset tolerance
(43), print the solution and stop; otherwise, go to
step 2.

ε(k)x =

∣∣∣∣∣∣
⎡
⎣ z(k+1)

z̄(k+1)

r(k+1)

⎤
⎦−

⎡
⎣ z(k)

z̄(k)

r(k)

⎤
⎦
∣∣∣∣∣∣ (43)

A. Solution Using Compensation

While executing the above iterative procedure, some consec-
utive iterations will effectively have the same penalty term ex-
pressions appearing in the Lagrangian function (33), signifying
that either all violated bounds are in the same range as in the
previous iteration or that they have been all alleviated. In this
case, there is no need to factorize the coefficient matrix [F (k)] as
in step 3 above, but the solution can be obtained instead via the
compensation technique [34]. Step 3 above is therefore split into
two substeps, and the resulting algorithm below is also depicted
in Fig. 3.

Step 1: (same as in Section III).
Step 2: (same as in Section III).

Step 3-a: If (k = 1) or (k ≥ 2 and there is a change in the
penalty term expressions from the previous iteration),
evaluate the coefficient matrix [F (k)] and decompose

Fig. 3. VVO fixed-point iteration method with compensation (continuous
variables).

it using LU factorization. Store the LU factors of
[F (k)] and denote [F (k)] by [F �]. Solve for the un-
known vector in (42) using backward/forward sub-
stitution and go to step 4. Otherwise, go to step 3-b.

Step 3-b: Solve for the unknown vector in (44) using back-
ward/forward substitution that uses the most recent
LU factors of the coefficient matrix [F �].

[F �]

⎡
⎣ z(k+1)

z̄(k+1)

r(k+1)

⎤
⎦ = f (k) + [F � − F (k)]

⎡
⎣ z(k)

z̄(k)

r(k)

⎤
⎦
(44)

Step 4: (same as in Section III).

IV. VVO ROUNDING TECHNIQUES

The VVO parameters obtained in Section III are a continuous
solution of the KKT system. Some control variables, such as
those representing the LTC taps and capacitor bank switch
statuses, take discrete values. The continuous LTC taps are given
by t = t0 +Δt. Part of the reactive power vector q = q0 +Δq
models capacitor reactive power and are converted to reactive
power injections at one per-unit, which are also supposed to take
values from a discrete set. Let ζi denote a discrete variable’s
continuous relaxation solution between the discrete levels ζ(n)i

and ζ
(n+1)
i . The most straightforward approach is to round ζi

to its nearest limit in the interval enclosing it. The rounding
phase will be followed by a VVO solution in which the LTC
taps and capacitor bank switch settings form part of the network
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Fig. 4. Overall VVO implementation (discrete and continuous variables).

admittance matrix. The only control variables are the reactive
power contributions from distributed generation.

A. Probabilistic Rounding

Another method is probabilistic rounding [36]; it interprets the
normalized distance of the continuous solution from its limits
as the basis of computing the probability that the discrete value
should be at its lower or upper interval limit, as given by (45)
and (46).

Pr
{
ζi = ζ

(n)
i

}
=

ζ
(n+1)
i − ζ�i

ζ
(n+1)
i − ζ

(n)
i

(45)

Pr
{
ζi = ζ

(n+1)
i

}
=

ζ�i − ζ
(n)
i

ζ
(n+1)
i − ζ

(n)
i

(46)

A simulation can now be set up such that a uniformly dis-
tributed random number is generated between 0 and 1. If this
value is less than the probability value in (45), the continuous
solution is rounded to its lower limit; otherwise, it is rounded to
its upper interval limit. Generating random numbers for deciding
on the upper or lower discrete levels is repeated several times. In
each trial, continuous VVO is executed with a reduced control
variable set, and the best VVO solution is recorded.

B. Overall VVO Implementation

The procedure below, also shown in Fig. 4, describes the VVO
implementation based on the continuous KKT solution followed
by the rounding techniques.

Step 1: Load the system data and the estimates of loads and
DG real power injections. Initialize the Probabilistic
Rounding Counter (PRC) to zero and set the number
of probabilistic rounding trials (PRT).

Step 2: Solve the VVO problem with discrete control vari-
ables modeled as continuous (c.f. Section III).

TABLE I
SUMMARY OF TEST NETWORKS

Step 3: Round the discrete variables to their nearest interval
limits (simple rounding).

Step 4: Solve the VVO problem with a reduced set of con-
tinuous control variables and store the solution.

Step 5: Increment the probabilistic rounding counter by 1. If
the probabilistic rounding counter is less than or equal
to the number of trials, generate uniformly distributed
random numbers between 0 and 1 to round the dis-
crete variables according to the probability levels in
(45)-(46) and go to step 4. Otherwise, continue to
step 6.

Step 6: Display the best VVO solution amongst the saved
ones.

V. NUMERICAL RESULTS

The proposed complex variable VVO method was pro-
grammed in Matlab using vectorized code and a sparse matrix
implementation. The numerical testing was conducted on ten
network instances with up to 3147 nodes at high, medium, and
low load levels. Table I includes a summary of the test set
showing the configuration (Config.), the load-multiplying factor
(LMF), the number of nodes (Nodes), the number of distributed
generation (DG) connections, the number of load tap changers
(LTC), and the number of switched capacitors (CAP). The data
sets for the networks are available for download from [39]. The
termination tolerance for solving the KKT system in Section III
was set to 10−8 per-unit. The same penalty parameters were
used for all the test networks, specifically (k indicates the same
values appear in the penalty vector): ct(k) = 1, cq(k) = 20, and
cv(k) = ε, where the term ε2 (for LTC tap penalty) appearing in
the objective is automatically adjusted to 4 percent of the total
real power demand. The choice of parameters is to balance the
power loss objective with the total penalty value. Note that the
nonzero value of ε2 (for LTC tap penalty) is required for the
first iteration as without it the coefficient matrix is singular at
the flat start, and ε2 can be set to zero after the first iteration.
Subsection V-A investigates the optimal setting of the penalty
parameters via Box’s complex method [40], [41]. The numerical
tests were executed on a MacBook Pro with a 2.9 GHz Intel Core
i5 processor with 8 GB 2133 MHz. The reported computing
times were averaged over ten executions.

The baseline methods used for comparison are power flow-
based and starting from the current operating point: (i) the
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TABLE II
BASE LINE METHODS

TABLE III
CONTINUOUS VVO WITH SIMPLE ROUNDING – SOLUTION WITHOUT

COMPENSATION

classical multistep discrete programming search [5] proposed
by Roytelman and (ii) the sensitivity-based discrete coordinate
descent technique [32] that uses gradient information to reduce
the number of power flow solutions in Roytelman’s process.
Table II shows the execution time from Roytelman’s method
(Royt [5]) and the sensitivity-based method (Sens [32]), the
loss reduction (LR) relative to the base case, which is the same
from Roytelman’s approach and the sensitivity-based discrete
coordinate descent, and an upper bound (LR-UB) on the loss
reduction from mixed-integer conic programming computed via
CPLEX [32], [42]; the upper bound value may not be realizable
as it uses a conic model that neglects constraints on voltage
angles due to meshes.

The fixed-point method’s performance (Section III) is sum-
marized in Table III, which shows the number of iterations and
computing time for solving the VVO problem. The discrete
variables are treated first as continuous, and then the solution is
carried again after simple rounding. The last column reports the
loss reduction relative to the base case, which generally indicates
good improvement compared to the decrease from the classical
method in Table II.

Table IV shows the effect of using compensation as in subsec-
tion III-A, detailing the number of iterations that require factor-
ization (Fact.) and those that use only compensation (Comp.).
There is a decrease in computing time while the loss reduction
percentage remains unchanged. Table V includes a comparison
of the total VVO solution time, without and with compensation,
compared to the baseline methods in Table II, specifically via
the speed-up factor (SUF) relative to [5], [32] and the difference
in loss reduction percentage (ΔLR) values relative to these

TABLE IV
CONTINUOUS VVO WITH SIMPLE ROUNDING – SOLUTION USING

COMPENSATION

TABLE V
COMPARISON OF COMPUTATIONAL PERFORMANCE (CONTINUOUS SOLUTION

WITH SIMPLE ROUNDING)

TABLE VI
COMPARISON OF COMPUTATIONAL PERFORMANCE (CONTINUOUS SOLUTION

WITH PROBABILISTIC ROUNDING)

methods. When compensation is employed, the speed-up factor
relative to Roytelman’s process (SUF-Royt) reaches more than
50, i.e., the proposed method can be more than 50 times faster;
the speed-up factor reaches about 30 compared to the sensitivity-
based method (SUF-Sens). Simultaneously, differences in loss
reduction are positive for the more extensive heavily-loaded
networks and can get more than 3%.

Probabilistic rounding was investigated with ten repetitions
that include one trial with simple rounding. Table VI replicates
the results in Table V for probabilistic rounding compared to the
baseline methods. As expected, the speed-up factors are reduced
due to the repeated solution with probabilistic rounding, but they
are still significant. The difference in loss reduction percentage is
also a bit higher than the values in Table V. These results suggest
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that simple rounding is good enough for the VVO solution; prob-
abilistic rounding remains a viable option for some systems if the
simple rounding results in voltage magnitude violations. In both
cases, the speed-up levels and the solution quality suggest that
the proposed VVO can run faster than the commonly adopted
method. Periods of high load and DG real power variability, as
predicted by short-term prosumer forecasting, can be dealt with
by reducing the period over which the VVO control parameters
are supposed to be valid, i.e., by running VVO at a quicker
pace. Additionally, starting from the Wirtinger VVO solution,
a decision rule that modifies the DG reactive power in function
of the real power can reduce voltage magnitude violations. The
segregated linear decision rule [33] applies to the variation of the
DG real power in the interval before the VVO control parameters
are recomputed and re-implemented in the field.

The power flow-based VVO methods use discrete coordi-
nate descent search, where each iteration adjusts one parameter
value at a time. It is known that the performance of the power
flow-based VVO methods depends on the starting values of the
controller parameters [5], [17], [32], i.e., they tend to find a
locally optimal solution in the vicinity of the starting control
parameter values. On the contrary, the Wirtinger VVO search is
not limited to the vicinity of the starting parameters. The choice
of the penalty function helps expand the search to a solution
closer to the global optimum.

A. Penalty Parameter Tuning via Box’s Complex Method

The penalty function parameters in the above simulation
results were set by the recipe discussed at the beginning of Sec-
tion V. The use of fixed rules to impose the penalty parameters
is desired to make the method easily applicable to different test
instances. This subsection discusses the tuning of the penalty
parameters for each test instance via Box’s complex process to
assess whether additional improvement can be obtained [40],
[41]. The bound of all parameters were set between 0.01 and 1,
except for cq(k), which had an upper bound of 200. Sobol’s se-
quence [43] was used to generate an initial population uniformly
distributed in the parameter space and whose size is double
the number of parameters. One hundred iterations of Box’s
complex method were used to find the best penalty parameters
for alleviating voltage magnitude violations and reducing the
real power loss when using VVO with simple rounding. The
column before the last (Box) in Table VII reports the loss reduc-
tion percentages. The table also summarizes the previous loss
reduction values from the power flow-based multistep discrete
programming search (Royt or Sens), the proposed method with
simple rounding (Sim-R) and probabilistic rounding (Pr-R), and
the upper bound (UB) from mixed-integer conic programming.
Table VII suggests that the penalty parameters’ automatic tuning
is viable for the proposed method to have acceptable perfor-
mance.

VI. CONCLUSION

This paper presented a complex variable VVO method based
on Wirtinger calculus combined with the penalty method and

TABLE VII
COMPARISON OF PERCENTAGE LOSS REDUCTION VALUES FROM ROYTELMAN’S

METHOD (ROYT), WIRTINGER VVO WITH SIMPLE ROUNDING (SIM-R),
WIRTINGER VVO WITH PROBABILISTIC ROUNDING (PR-R), SIM-R WITH

PARAMETERS TUNED VIA BOX’S COMPLEX METHOD (BOX), AND THE UPPER

BOUND FROM MIXED-INTEGER CONIC PROGRAMMING (UB)

rounding techniques. The resulting KKT system can be ef-
ficiently solved while leveraging the compensation technique
to reduce the number of matrix refactorizations. The classical
power flow-based methods are at a disadvantage for handling the
optimization of reactive power from DG, as they are fundamen-
tally based on discrete coordinate descent search. The proposed
method provides significant speed-up factors and improved loss
reduction compared to the classical power flow-based solutions
initialized at the current operating point. The simulation results
indicate that the proposed solver can run VVO faster, which
is useful when there are multiple subnetworks to optimize and
better track the controller parameters in the presence of load and
DG real power variability.
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