
Eur. Phys. J. C (2019) 79:584
https://doi.org/10.1140/epjc/s10052-019-7056-1

Regular Article - Theoretical Physics

Hamiltonian formulation of ghost free mimetic massive gravity

O. Malaeba, C. Saghirb

Physics Department, American University of Beirut, Beirut, Lebanon

Received: 29 May 2019 / Accepted: 17 June 2019 / Published online: 11 July 2019
© The Author(s) 2019

Abstract We present the hamiltonian formulation of the
Ghost Free Mimetic Massive Gravity theory. The linearized
theory is studied and the Hamitlonian equations of motion
are analyzed. Poisson brackets are computed and closure is
proved. To prove that this theory is ghost-free, the number of
degrees of freedom is analyzed showing that we have only
five degrees of freedom.

1 Introduction

The idea of Mimetic Gravity was first formulated by
Chamseddine and Mukhanov [1] through the parametriza-
tion of the physical metric gμν in terms of an auxiliary metric
g̃μν and a scalar field φ, dubbed mimetic field. The same idea
was formulated in [2] without the need of auxiliary metric
but through the imposition of an additional constraint on the
mimetic field. In [3], it was shown that this theory can pre-
dict several cosmological solutions: inflation, bouncing uni-
verse... through the addition of an arbitrary potential V (φ) to
the action. Dark energy could also be produced through the
addition of an extra non dynamical scalar fields associated
with new constraints [4]. In [5] and [6], the theory of mimetic
gravity was extended by the addition of a new function f (χ),
where χ = �φ. Through this function, Chamseddine and
Mukhanov were able to prove that both Big Bang and Black
Hole singularities are resolved through a specific choice of
f (χ) function. Mimetic gravity was extended to mimetic
F(R) gravity which can describe inflation and late time accel-
eration era [7]. New versions of F(R) mimetic gravity was
presented in [8] and proved to be ghost free. A comprehensive
review of mimetic gravity theory and its extensions is pre-
sented in [9]. Moreover, the hamiltonian analysis of several
mimetic gravity models is done in [10] with the elaboration
of the presence of instabilities. Recently, Chamseddine and
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Mukhanov [11] were able to generate mass of graviton field
with a mass term differing form that of Fierz Pauli’s one
without the presence of an extra ghost field.

In this paper we are going to consider the canonical formu-
lation of this theory. The ADM formalism of general relativ-
ity was studied by Arnowitt, Deser and Misner in 1959 [12].
The ADM formalism of mimetic theory was constructed in
[13].

The aim of this paper is to analyze the hamiltonian equa-
tions of motion and to check that the theory doesn’t lead to
ghosts. Also, Poisson brackets will be computed.

2 Canonical form

It was proposed in [11] that to form a ghost free mimetic
massive gravity, the mass term must necessarily be taken to
be different from Fierz-Pauli type. The following action was
considered

I =
∫
d4x

√
g

(
− 1

2
R + m2

8

(
1

2
h̄2 − h̄ AB h̄ AB

)

+ λ
(
gμν∂μφ0∂νφ

0 − 1
) )

, (1)

where the last term is accounting for the mimetic origin of
φ0 and the mass term is distinguished from Fierz-Pauli by a
relative coefficient of 1/2 instead of 1.
The induced metric perturbation h̄ AB are given by

h̄ AB = gμν∂μφA∂νφ
B − ηAB, (2)

where capital indices are raised and lowered by Minkowski
metric ηAB = (1,−1,−1,−1).

The purpose of this paper to construct and analyze the
canonical formalism of this theory. The first step is to split
the time component from space by rewriting the action in a
3 + 1 dimensional form. Considering small perturbations of
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the fields around broken symmetry phase,

φA = x A + χ A, (3)

the mass term and the mimetic one are then given by

Sφ =
∫

d4x
√
g
m2

8
g00

(
−2 − 4∂0χ

0

− 2∂0χ
0∂0χ

0 − 2∂0χ
i∂0χ

kηik

)

+ √
g
m2

8
g0k

(
−4∂kχ

0 − 4∂kχ
0∂0χ

0

− 4ηmk∂0χ
m − 4∂0χ

m∂kχ
nηmn

)
√
g
m2

8
+ gik

(−2ηik − 4ηmk∂iχ
m

− 2∂iχ
0∂kχ

0 − 2ηmn∂iχ
m∂kχ

n
)

+ √
g
m2

8
g00g00

(−1

2
− 2∂0χ

0

− 3∂0χ
0∂0χ

0 − ηrs∂0χ
r∂0χ

s
)

+ √
g
m2

8
g00g0k

(
−2∂kχ

0 − 6∂kχ
0∂0χ

0 − 2ηrk∂0χ
r

− 4ηrk∂0χ
r∂0χ

0 − 2ηir∂0χ
i∂kχ

r
)

+ √
g
m2

8
g00gik

(
ηik − ∂iχ

0∂kχ
0 + 2∂0χ

0ηik

+ 2∂iχ
rηrk + 4∂0χ

0∂iχ
rηrk + ∂iχ

r∂kχ
sηrs

+ ∂0χ
0∂0χ

0ηik + ηmnηik∂0χ
m∂0χ

n

− 2ηmiηnk∂0χ
m∂0χ

n − 4ηrk∂0χ
r∂iχ

0
)

+ √
g
m2

8
g0i g0k

(
−2ηik − 2∂kχ

0∂iχ
0 − 4ηik∂0χ

0

− 4ηri∂kχ
r − 2ηmrηki∂0χ

m∂0χ
r

− 2ηki∂0χ
0∂0χ

0 − 8ηri∂0χ
0∂kχ

r − 2ηrs∂iχ
s∂kχ

r
)

+ √
g
m2

8
g0kgl j

(
2∂kχ

0η jl − 4ηkl∂ jχ
0+2ηmkηl j∂0χ

m

− 4∂0χ
mηmlηk j + 2∂kχ

0∂0χ
0ηl j

− 4ηkl∂0χ
0∂ jχ

0 + 4∂kχ
0∂ jχ

rηrl − 4ηrl∂ jχ
0∂kχ

r

− 4ηks∂ jχ
0∂lχ

s + 2ηmnηl j∂0χ
m∂kχ

n

− 4∂0χ
m∂lχ

rηmrηk j − 4∂0χ
m∂kχ

nηmlηnj

− 4∂0χ
m∂ jχ

sηmlηks + 4ηmkηls∂0χ
m∂ jχ

s)

+ √
g
m2

8
gikgl j

(
1

2
ηikηl j − ηilηk j + 2ηl jηmk∂iχ

m

− 4∂iχ
mηmlηk j + ∂lχ

0∂ jχ
0ηik

− 2ηk j∂iχ
0∂lχ

0 + ηmnηl j∂iχ
m∂kχ

n

− 2∂iχ
m∂lχ

rηmrηk j − 2∂iχ
m∂kχ

nηmlηnj

+ 2ηmkηr j∂iχ
m∂lχ

r − 2ηml

)

+ λ
(
g00

(
1 + 2∂0χ

0 + ∂0χ
0∂0χ

0
)

+ 2g0k∂kχ
0
(

1 + ∂0χ
0
)

+ gik∂iχ
0∂kχ

0 − 1
)

(4)

Inducing small metric perturbations

gμν = hμν + ημν, (5)

then to first order in perturbation, h̄ AB becomes

h̄μν = −hμν + ∂μχν + ∂νχμ. (6)

Upon restricting the action to second order in hμν and χ A,
noting that λ is of first order in perturbations, we get the
simplified action

Sφ =
∫

d4x
√
g

(
∂0χ

0
(
m2

8

(
−2h00 − 2∂0χ

0

+ 4∂iχ
i + 2hikηik

)
+ 2λ

)

+ ∂0χ
i
(
m2

8

(
−4∂iχ

0 − 2∂0χi − 4h0 jηi j

))

+ h0k
(
m2

8

(
−4∂kχ

0 − 2h0iηik

))

+ h00
(
m2

8

(−1

2
h00 + 2∂iχ

i + ηikh
ik

)
+ λ

)

+ hik
m2

8

(
2ηik∂

jχ j − 4∂kχi

)

+ hikhl j
m2

8

(
1

2
ηikηl j − ηilηk j

)

+ m2

8

(
−2∂iχ

0∂ iχ0 + 2∂iχ
i∂kχ

k

− 2∂kχ j∂ jχk − 2∂ iχ j∂iχ j

))
(7)

The momenta conjugate to χ0 and χ i are given respectively

P = ∂L

∂χ̇0
= m2

8
√
g

(
−2h00 + 4∂iχ

i + 2hikηik
)

+ 2
√
gλ − 4

√
g
m2

8
χ̇0 (8)

Pi = ∂L

∂χ̇ i
= m2

8
√
g

(
−4∂iχ

0 − 4h0 jηi j

)
− m2

2
√
g∂0χi

(9)

These two equations can be inverted to write both χ̇0 and χ̇ i

in terms of their corresponding momenta
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χ̇0 = −2√
gm2 P + 1

4

(
−2h00 + 4∂iχ

i + 2hikηik
)

+ 4λ

m2

(10)

χ̇ i = −2Pi

m2√g
− ∂ jχ

0ηi j − h0i (11)

In terms of momenta the Hamiltonian becomes

Hφ = Pχ̇0 + Pi χ̇ i − Lφ

= −√
g

(
hi j

m2

8

(
4ηi j∂kχ

k − 4∂ jχi

)

+ m2

8
hi j hkl

(
−ηikη jl + 1

2
ηi jηkl

)

+ m2

8

(
−2∂iχ

j∂ iχ j − 2∂iχ
j∂ jχ

i + 4∂iχ
i∂ jχ

j
)

+ ληi j h
i j + 2λ∂iχ

i
)

− Ph00

2
+ ηi j h

i j P

2

+ P∂iχ
i − 4λ2√g

m2

+ 4Pλ

m2 − P2

m2√g
− Pi Pi

m2√g
− Pih

0i − Pi∂iχ
0 (12)

The hamiltonian is still a function of the Lagrange multiplier
λ. However, it is independent of its time derivative; there-
fore, pλ = 0. This is a primary constraint and will imply a
secondary constraint by demanding its time consistency

0 = ṗλ = {pλ, H} = ∂H

∂λ
. (13)

This allows us to find λ and it turns out to be

λ = P

2
√
g

− m2

8
ηi j h

i j − m2

4
∂iχ

i . (14)

Substituting back in the Hamiltonian, we end up with

Hφ =
∫

d4x

(
−1

2
Ph00 − 1

m2√g
Pi P

i − Pih
0i − Pi∂iχ

0

− m2

8
hi j

(
2ηi j∂kχ

k − 4∂ jχi

)

− m2

8
hi j hkl

(
−ηikη jl + 1

2
ηi jηkl

)

− m2

8

(
−2∂iχ j∂

iχ j − 2∂iχ
j∂ jχ

i + 2∂iχ
i∂kχ

k
))

(15)

As mentioned above, this hamiltonian is for the mass term
and the mimetic one. To form the complete hamiltonian, we
still have to add the general relativity part. Considering the
Einstein-Hilbert action in terms of the linearized metric hμν

and keeping it up to second order, we have

Sg = −1

4

∫
d4x

(
∂μh

μν∂νh − ∂μh
μσ ∂νh

ν
σ

+ 1

2
∂σ h

μν∂σ hμν + 1

2
∂μh∂μh

)
(16)

where h = ημνhμν . Writing this in a 3+1 dimensional form,
it is expressed in terms of the three variables h00, h0k and hik .
The conjugate momenta corresponding to these variables are
[15]

	 = −1

4
∂mh

0m (17)

	l = 1

4
∂l h

00 + 1

4
∂lηrsh

rs − 1

2
∂iηlr h

ri (18)

	mn = 1

4
∂i h

i0ηmn − 1

4
ηmn∂

0ηrsh
rs + 1

4
ηmrηns∂

0hrs

(19)

By inverting the equation of	mn we can write ∂0hqt as follow

∂0hqt = 4ηmqηnt	mn − 2ηqtηi j	i j + 1

2
∂i h

i0ηqt (20)

Therefore, the total hamiltonian (Hφ + Hg) is

H = 	 ˙h00 + 	i
˙h0i + 	i j

˙hi j + Pχ̇0 + Pi χ̇ i − L

=
∫

d4x

(
+ 1

2
ηi j	i j∂kh

k0

+ 2	i j	klη
ikη jl − 	i j	klη

i jηkl

+ 1

16
∂i h

i0∂ j h
j0 − 1

4
∂i h

i j∂ j h
klηkl + 1

4
∂i h

i j∂l h
klη jk

− 1

4
∂i h

0k∂ i h0lηkl − 1

8
∂i h

km∂ i hlnηklηmn

+ 1

8
∂i h

kl∂ i hmnηklηmn

− 1

m2√g
Pi P

i − Pih
0i − Pi∂iχ

0

+ h00
(

1

4
∂ j∂i h

i j − 1

4
∂i∂

i hklηkl − 1

2
P

)

− m2

8
hi j (2ηi j∂kχ

k − 4∂ jχi )

− m2

8
hi j hkl

(
−ηikη jl + 1

2
ηi jηkl

)

− m2

8

(
−2∂iχ j∂

iχ j − 2∂iχ
j∂ jχ

i + 2∂iχ
i∂kχ

k
) )

(21)

where h00 is appearing as a lagrange multiplier.

123



584 Page 4 of 7 Eur. Phys. J. C (2019) 79 :584

3 Equations of motion

Starting from the total hamiltonian constructed above the
equations of motion are found by varying with respect to the
variables χ0, χ i , P , Pi and hi j .
The equations of motion of χ0 and χ i are respectively

Ṗ = −∂i P
i (22)

Ṗi = −m2

4
∂i h

k jηk j + m2

2
∂ j h

k jηki + m2

2
∂ j∂

jχi (23)

The equations of motion of P and Pi are respectively

χ̇0 = −h00

2
(24)

χ̇i + 2

m2√g
Pi + ∂iχ

0 + h0 jη j i = 0 (25)

Equation (24) is exactly the linearized mimetic constraint
h̄00 = 0

h̄00 = gμν∂μφ0∂νφ
0 − 1

=
(
h00 + 1

) (
1 + ∂0χ

0
) (

1 + ∂0χ
0
)

− 2h0i
(

1 + ∂0χ
0
) (

∂iχ
0
)

+ hi j
(
∂iχ

0
) (

∂ jχ
0
)

− 1

= h00 + 2∂0χ
0 = 0 (26)

Substituting for Pm in Eq. (25) using Eq. (9), and then replac-
ing h by h̄, we get

m2
(

∂ρ h̄ρk − 1

2
∂k h̄

)
= 0 (27)

The linearized form of the equation Ṗ = −∂i Pi is

m2√g

8

(
−2ḣ00 + 4∂0∂iχ

i + 2∂0h
ikηik

)

+ 2
√
gλ̇ − 4

√
g
m2

8
χ̈0 + m2√g

8

(
−4∂i∂ jχ

0ηi j − 4∂i h
0i

)

− m2√g

2
∂i∂0χ

i = 0 (28)

which proves to be

∂0λ − m2

4

(
∂ρ h̄ρ0 − 1

2
∂0h̄

)
= 0 (29)

The fourth Eq. (25) is simply returning the expression of Pi
(Eq. 9).

Using the identity

∂hi j (x)

∂hkl (y)
= 1

2

(
δikδ

j
l + δil δ

j
k

)
δ (x, y) , (30)

the equation of hi j proves to be

Gi j
(−h̄ρσ

) = −m2

4

(
h̄i j − 1

2
ηi j h̄

)
(31)

where

Gμν(hρσ ) = − 1

2

(
∂2hμν − ∂μ∂ρhρν − ∂ν∂

ρhρμ + ∂μ∂νh
)

+1

2
ημν

(
∂2h − ∂σ ∂ρhρσ

)
(32)

is invariant under the coordinate transformation (6).
One of the equations of motion obtained is the constraint
equation ¯h00 and the other three Eqs. [(27), (29), (31)]
are exactly what was found in [11]. There it was proven
that all the remaining degrees of freedom are healthy and
that mimetic massive gravity describes a massive graviton
described by h̄Ti j and a mimetic matter described by λ.

4 Poisson bracket and degrees of freedom

Computing the poisson brackets is important in analyzing
the number of physical degrees of freedom. Let us start by
considering the primary first class constraints

T = 	 + 1

4
∂kh

0k

Ti = 	i − 1

4
∂i h

00 − 1

4
∂iηrsh

rs + 1

2
∂lηir h

rl . (33)

Furthermore, h00 appears as a lagrange multiplier. Therefore,
we have one more first primary constraint

N = −1

4
∂ j∂i h

i j + 1

4
∂i∂

i hklηkl + P

2
(34)

The time change of these primary first class constraints will
lead to a set of secondary frist class constraints. To get the
time change, we compute the poisson brackets of the primary
constraints with the total hamiltonian. The time change of T
is

{T, H} = +1

4
∂ j∂i h

i j − 1

4
∂i∂

i hklηkl − P

2
= 0 (35)
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where P
2 is the linearized form of m2

8
√
gh̄ + λ

√
g. Thus to

first order, the above equation can be written as

G00
(−h̄ρσ

) = 2λ + m2

4
h̄ (36)

Equation (36) is equivalent to

�h̄ + ∂ i∂ j h̄i j = 4λ + m2

8
h̄ (37)

where � = −∂ i∂i .
Similarly, the time change of Ti is

{Tk, H} = −
(

+1

8
∂k∂ j h

0 j − 1

2
∂i∂

i h0 jηk j

−Pk − 1

2
∂k

(
ηi j	i j

))

+1

4
ηi j∂k

(
ḣi j

)
− 1

2
ηk j∂i

(
ḣi j

)
= 0 (38)

Using the expression of	i j [Eq. (19)] and that of Pk [Eq. (9)],
this equation will be given by

G0i
(−h̄ρσ

) = −m2

4
h̄0i (39)

which is equivalent to

�h̄0i + ∂0∂
k h̄ki + ∂0∂i

(
4

m2 λ − 1

2
h̄

)
= m2h̄0i . (40)

The above Eqs. (36, 37, 39, 40) are exactly those found in
[11].
The time change of N is

{N , H} = 0 (41)

Counting the degrees of freedom, we have ten indepen-
dent fields hμν and four independent field X A. This will give
us a total of fourteen degrees of freedom. There are four
primary first class constraints which lead to a set of four sec-
ondary class constraints. This will leave us with six degrees
of freedom. There is one additional primary first class con-
straint; therefore, we end up having five degrees of freedom
representing the massive graviton.

5 Looking at the mimetic term

The Hamiltonian (21) appears to be independent of lambda.
To investigate the energy density of the mimetic term,this
hamiltonian must be expanded up to second order in scalar

perturbations [14]. For small perturbations, different fields
are expanded as follows

χ0 = χ0

χ i = χ̃ i − ∂ iπ

h00 = −2φ

h0i = 0

hi j = 2ψηi j (42)

Due to the mimetic constraint h̄00 = 0, we get h00 = −2χ̇0.
Substituting these pertubations in (21), the scalar part of the
hamiltonian becomes

Hscalar =
∫

d4x

(
ψ � ψ − 3m2

4
ψ2 − 2χ̇0 � ψ

− m2

2
ψ � π + m2

4
� π � π

+χ̇0P − Pi∂iχ
0 − 3ψ̇2 − 1

m2 Pi P
i
)

(43)

Varying the above hamiltonian with respect to χ0 where the
momenta (8 and 9), up to first order in scalar perturbations,
are respectively

P = 2 � ψ

Pi = −m2

2
∂iχ

0 + m2

2
∂i π̇ , (44)

we get

ψ̇ = −m2

4

(
χ0 − π̇

)
. (45)

This is exactly the scalar perturbation of Eq. (22)

Ṗ = −∂i P
i . (46)

In terms of ψ and π , the Hamiltonian (43) becomes

Hscalar =
∫

d4x

(
ψ

(
� − 3m2

4

)
ψ + 4

m2 ψ̇

(
� − 3m2

4

)
ψ̇

−m2

4
(2ψ � π − �π � π) − 2π̇ � ψ̇

)
(47)

To get rid of the mixed terms, we need to diagonalize the
above hamiltonian. Starting from the equation of motion of
h00 (37) or from the equation of lambda (14), we get the
equation of motion of ψ

�ψ − 3m2

4
ψ = λ + m2

4
� π (48)
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which gives

ψ =
(

� − 3m2

4

)−1 (
λ + m2

4
� π

)
(49)

Substituting ψ in Eq. (47), the Hamitlonian for the pure
mimetic term becomes

Hλ =
∫

d4x

(
−16λ̇2

m2
(
3m2 − 4�) − 4λ2(

3m2 − 4�)
)

. (50)

This hamiltonian can be expressed in terms of momentum of
λ which was found to be

pλ = −32λ̇

m2
(
3m2 − 4�) (51)

The hamiltonian becomes

Hλ = − p2
λm

2
(
3m2 − 4�)
64

− 4λ2

3m2 − 4� (52)

For plane wave modes of wave number k, � is −k2. For
modes with k � m, the above energy density reduces to

− −4

m2k2

(
λ̇2 + m2

4
λ2

)
. (53)

This appears to be negative and singular as m2 goes to zero.
However, looking at the equation of motion that we get from
Hλ

λ̈ + m2

4
λ = 0,

we deduce that λ̇ ∝ mλ. This fact avoid the singularitym2 →
0. For m2 → 0 the energy density of the λ term becomes

εmim � λ − λ2

k2 (54)

For λ � k2, the energy density is positive and the linear term
dominates. One should not worry about the other case where
λ > k2 since perturbation theory will be no more valid in
this limit.

Therefore, the main contribution to the energy density is
linear in λ, and the second negative term just accounts for the
negative contribution of gravitational self-interaction to the
total energy density.

6 Conclusion

In this paper, we have constructed the Hamiltonian for-
mulation of Ghost Free Mimetic Massive gravity. In their
approach, small metric perturbations were induced small
perturbations of the fields around broken symmetry phase
were considered. Therefore, the Einstein–Hilbert action was
expressed in terms of the linearized metric hμν .

We wrote the total action in a 3 + 1 dimensional form up
to second order in perturbations, and found the momenta of
each field. This enabled us to write the total Hamiltonian.
The equations of motion were all found and it was proved
that they are the same equations obtained in [11]. At the
end, the poisson brackets of the constraints were computed
and degrees of freedom were counted proving that we have
five degrees of freedom corresponding to a massive graviton
without ghosts. IF the relative coefficient of the mass term
is 1 instead of 1/2; similar to the Fierz Pauli’s mass term;
ghosts will appear again. Our future work will be to inves-
tigate the cosmological solutions of this mimetic massive
gravity model and to study if the added mass term can gen-
erate inflation, spatially closed, open universe... Moreover,
the possibility of extending this model to F(R) mimetic mas-
sive gravity can be investigated to check if it is ghost free;
especially that F(R) mimetic gravity surfers from ghosts in
general [16].
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