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ABSTRACT 
This paper reports on double-diffusive natural convection heat transfer in a 
porous annulus between concentric horizontal circular and square cylinders. 
A pressure-based segregated finite volume method is used to solve the 
problem numerically. The diffusion fluxes are discretized using the MIND 
fully implicit scheme. Furthermore, a modified pressure correction equation 
is derived that implicitly accounts for the nonorthogonal diffusion terms, 
which are usually neglected in the standard SIMPLE algorithm. Results 
indicate that convection effects increase with an increase in Rayleigh 
number, Darcy number, porosity, and enclosure aspect ratio. Further, at low 
Darcy values, porosity has no effect on the flow, temperature, and 
concentration fields. 
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Introduction 

Double-diffusive natural convection refers to the transport of heat and mass by a buoyancy-driven 
flow field instigated through the combined effects of temperature and concentration gradients. This 
phenomenon is encountered in many technical applications such as thermal insulating systems, water 
vapor movement in grain storage systems, chemical pollutant movement through wet soil, crude oil 
production, nuclear waste storage, and others. Good background information about the topic can be 
found in Vafai [1] and Bejan [2] handbooks. The present work concentrates on characterizing double- 
diffusive natural convection in a porous cavity between a circular cylinder and its square enclosure. 
The inner circular cylinder is heated and subjected to a high solute concentration, whereas the outer 
square duct is cooled and exposed to a low solute concentration. 

Several numerical studies pertinent to the current investigation have been reported. Hadidi and 
Bennacer [3] solved numerically two and three-dimensional flows in a cubic enclosure partially filled 
with a vertical porous layer saturated by a mixture of air and another gaseous component. Bourich 
et al. [4] investigated numerically double-diffusive natural convection in a two-dimensional square 
cavity partly heated from below while cooled at a constant temperature at its upper side, with the ver-
tical walls subjected to a horizontal concentration gradient. The effects of various parameters on fluid 
properties were analyzed. A similar study in a porous square cavity was reported by Goyeau et al. [5] 
using the Darcy–Brinkman formulation. Generated numerical results for mass transfer were shown to 
be in excellent agreement with the scaling analysis they performed over a wide range of parameters. 
On the other hand, heat transfer results showed that boundary layer analysis is not a suitable method 
to predict the correct heat transfer scales in the same domain. 
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Double-diffusive natural convection was also investigated in enclosures of complex geometry. The 
numerical study reported in Costa [6] dealt with double-diffusive natural convection in parallelogram 
enclosures filled with porous media saturated with moist air. The reported results indicate the high 
potential of these enclosures for heat and mass transfer applications. Rathish Kumar and Shalini [7] 
numerically analyzed the double-diffusive natural convection in a thermal- and mass-stratified fluid- 
saturated wavy porous enclosure. A parametric study revealing the influence of parameters affecting 
the flow, heat, and mass transfer in the enclosure was reported. Moukalled and Darwish [8] analyzed 
the effects of several parameters (Ra, Pr, ε, etc.) on double-diffusive natural convection heat transfer 
in a porous annulus between two horizontal pipes of rhombic cross section. The same authors 
extended the work in Moukalled and Darwish [9] and reported on the effect of buoyancy ratio 
(the buoyancy due to concentration gradient to that resulting from temperature gradient) on the 
hydrodynamic, thermal, and mass transfer fields in the same geometry. 

Studies also were reported on double-diffusive natural convection in enclosures with complex 
boundary conditions. Jena et al. [10] analyzed buoyancy opposed double-diffusive natural convection 
in a square porous cavity having partially active vertical thermal and solute walls. The effects of 
different combinations of partially active zones on heat and mass transfer were studied. Al-Farhany 
and Turan [11] investigated conjugate double-diffusive natural convection heat and mass transport in 
a two-dimensional variable porosity layer placed between two walls. Their results demonstrated that 

Nomenclature 

C main grid point at an element centroid 
cp specific heat of fluid at constant pressure 
dCF vector joining the two points C and F 
dCF magnitude of dCF 
dp pores diameter 
Da Darcy number 
eCF unit vector in the direction of dCF 

E distance vector in the direction of dCF 
E magnitude of E 
F neighbor of element C; also constant in  

Forchheimer’s extension 
g gravitational acceleration 
h local convection heat transfer  

coefficient 
�h average convection heat transfer  

coefficient 
j unit vector along the y-axis 
k thermal conductivity of fluid 
K permeability of the porous media 
L width of square duct 
Le Lewis number 
n unit vector normal to surface 
N buoyancy ratio: Ras/Rat 
NC, NF locations used in the calculation of the  

nonorthogonal part of the diffusive flux 
Nu, Nu local and average Nusselt number 
P, P dimensional and dimensionless pressure 
Pr Prandtl number 
R radius of cylinder 
Ra Rayleigh number 
R/L enclosure aspect ratio 
S dimensional solute concentration; also  

magnitude of S 
S surface vector 

Si, So distance along the inner and outer enclosure  
surfaces 

Sh, Sh local and average Sherwood number 
T dimensional temperature 
T vector equal to S� E 
u, U dimensional and dimensionless x-velocity  

component 
v, V dimensional and dimensionless y-velocity  

component 
v, V dimensional and dimensionless velocity  

vector 
x, y dimensional coordinates 
X, Y dimensionless coordinates 
α thermal diffusivity 
β thermal expansion coefficient 
μ dynamic viscosity 
ρ density 
θ dimensionless temperature 
ε porosity 
ψ stream function 
σ dimensionless solute concentration 
Γ diffusion coefficient 

Subscripts 
c cold wall or convection heat transfer 
C refers to main grid point 
f refers to element face 
F refers to the F grid point 
h hot wall 
i condition at inner surface 
m mass transfer 
o condition at outer surface 
s refers to solute concentration 
t refers to temperature   
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the Nusselt number increases with an increase in the Rayleigh number, while it decreases when the 
thermal conductivity ratio, wall thickness, and Lewis number increase. 

Buoyancy-induced flow and heat transfer in a porous annulus between concentric horizontal 
circular and square cylinders was investigated recently by Moukalled et al. [12]. The aim of the 
present article is to extend the work reported in Moukalled et al. [12] to include the mass transfer 
within the same porous enclosure and hence analyze the double-diffusive natural convection 
problem. 

Mathematical formulation 

The physical domain is shown in Figure 1a and represents a two-dimensional porous cavity formed 
between an inner horizontal circular cylinder of radius R and an outer square duct of side L. The walls 
are impermeable with the inner circular one maintained at high temperature (Th) and salt concen-
tration (Sh), while the outer square boundary is held at low temperature (Tc) and salt concentration 
(Sc). As the flow is symmetric about the vertical axis [12], computations are performed only in the 
right half of the enclosure. The Brinkman–Forchheimer–extended Darcy model [13–15] is used to 
solve the conservation equations governing the flow, temperature, and concentration fields. The 
medium is considered to be homogeneous and isotropic with the solid and saturated incompressible 
fluid in local thermal equilibrium. All thermophysical properties are assumed constant except density. 
The flow is induced by the combined buoyancy effects arising from both temperature and concen-
tration differences. The Boussinesq approximation is used to model the buoyancy force according to 

qg ¼ q1½1 � btðT � T1Þ � bsðS � S1Þ�g ð1Þ

where 

bt ¼ �
1
q

qq

qT

� �

S
and bs ¼ �

1
q

qq

qS

� �

T
ð2Þ

are the thermal and concentration expansion coefficients, respectively. 

Figure 1. (a) Computational domain, (b) grid details in the vicinity of the hot circular cylinder, and (c) a typical element.  
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Defining the following dimensionless variables: 

X ¼
x
L
; Y ¼

y
L
; U ¼

u
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gbt Th � Tcð ÞL

p ; V ¼
v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gbt Th � Tcð ÞL

p ;

P ¼
pþ qgy

qgbt Th � Tcð ÞL
; h ¼

T � Tc

Th � Tc
;

Pr ¼
mcp

k
; Rat ¼

qgbtDTL3

ma
; r ¼

S � Sc

Sh � Sc
;

F ¼
1:75
ffiffiffiffiffiffiffiffiffiffiffi
150e3
p ; K ¼

e3d2
p

150 1 � eð Þ
2 ; Da ¼

K
L2 ;

Ras ¼
qgbsDSL3

ma
; Le ¼

a

L
; N ¼

Ras

Rat

ð3Þ

the nondimensional volume averaged forms of the governing equations [16] are expressed as 
1

e2r � V ¼ 0 ð4Þ

1

e2 V � rð ÞV ¼
1
e

ffiffiffiffiffiffiffi
Pr
Rat

r

r2V � rP �
1

Da

ffiffiffiffiffiffiffi
Pr
Rat

r

V �
F
ffiffiffiffiffiffi
Da
p Vj jVþ hþ

Ras

Rat
r

� �

j ð5Þ

1

e2 V � rh ¼
1
ffiffiffiffiffiffiffiffiffiffiffiffi
RatPr
p r2h ð6Þ

1

e2 V � rr ¼
1

Le
ffiffiffiffiffiffiffiffiffiffiffiffi
RatPr
p r2r ð7Þ

A no slip condition is used on the enclosure walls for the momentum equation, while for the 
energy and salt concentration equations, the dimensionless temperature and concentration along 
the inner and outer walls are assigned the values of 1 and 0, respectively. The applied boundary 
conditions are given as follows: 

U ¼
qV
qX
¼
qh

qX
¼
qr

qX
¼ 0 along symmetry lines ð8Þ

U ¼ V ¼ 0; h ¼ r ¼ 1 at inner walls ð9Þ
U ¼ V ¼ h ¼ r ¼ 0 at outer walls ð10Þ

The stream function is defined through its first-order derivatives as follows: 

1
e2 U ¼

qw

q Y
and

1
e2 V ¼ �

qw

q X
ð11Þ

The local heat and mass transfer in the annulus are reported in terms of local Nusselt and 
Sherwood number values, respectively, defined as 

Nui ¼ �
pR
L

Dhi � n Nuo ¼ � 2Dho � n

Shi ¼ �
pR
L

Dri � n Sho ¼ � 2Dro � n
ð12Þ

while total heat and mass transfer across the enclosure are computed through average values of 
Nusselt and Sherwood numbers calculated as 

Nu ¼ Nui=o ¼
1

si=o

Z

Si=o

Nui=ods Sh ¼ Shi=o ¼
1

si=o

Z

Si=o

Shi=ods ð13Þ

where s is distance along the wall. 
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Discretization of the conservation equations 

A finite volume approach [17] is used to solve the dimensionless governing equations (4)–(7). The 
physical domain is subdivided into several elements with grid points located at their centroids, as 
shown in Figures 1b and 1c. For each element, the conservation equations (4)–(7) are integrated over 
the element volume and through the use of divergence theorem, the volume integrals of the convec-
tion and diffusion fluxes are changed into surface integrals along the surfaces of the element. The 
resulting semidiscretized equation is then transformed into an algebraic equation through profile 
approximations. The convection flux is approximated using the pseudo-third-order sharp and mono-
tonic algorithm for realistic transport scheme [18] applied in the context of the normalized variable 
and space formulation methodology [19]. The integral of the source term is evaluated by assuming the 
value of dependent variable at the element centroid to represent the average value over the element 
volume (Figure 1c). For the discretization of the diffusion term, the semi-implicit [20–25] scheme is 
adopted for the momentum equations, while the recently developed modified implicit nonlinear dif-
fusion (MIND) scheme [26] is used for the energy and salt conservation equations; whereas in the 
semi-implicit method, the diffusion flux is subdivided into two parts, one treated implicitly and 
the second explicitly, with the MIND scheme, the total flux is treated implicitly. Moreover, the col-
located SIMPLE algorithm [17, 27–29] is used to resolve the pressure–velocity coupling with mass 
flow rates at cell faces calculated using the Rhie–Chow interpolation technique [30]. However, unlike 
the original SIMPLE algorithm in which the nonorthogonal terms arising from the discretization of 
diffusion operator of the pressure correction equation are neglected, they are accounted for here. 
While in some studies the nonorthogonal contribution was accounted for explicitly [31], here a 
new implicit treatment of this term is developed through the use of MIND scheme [26]. The MIND 
scheme can be used for discretizing the diffusion flux of variables that do not change sign. In the 
current study, absolute/dimensionless temperature, solute concentration, and pressure satisfy this 
condition. A brief review of the MIND scheme is given next, followed by the derivations of the newly 
developed modified pressure correction equation. 

Modified implicit nonlinear diffusion scheme 

Denoting the surface vector at an element face by Sf (Figure 2a), the diffusion flux of diffusion 
coefficient Γ is decomposed into two components, leading to the following discretized form: 

Cfr/f � Sf ¼ Cf
/F � /Cð Þ

dCF
Ef þ Cfr/f � Tf ð14Þ

where 

Sf ¼ Ef þ Tf ð15Þ

and Ef is in the direction of CF. 

Figure 2. (a) Surface vector and modified surface vector at an element face; (b) surface vector decomposition and virtual nodes.  
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In the MIND scheme, the gradient in the underlined term of Eq. (14) is computed as a weighted 
average of the gradients at the centroids of elements straddling the face, yielding 

Cfr/f � Tf ¼ Cf dCr/C � dFr/Fð Þ � Tf ð16Þ

where dC and dF are weight factors that sum to 1. Moreover, the gradient terms in the above equation 
are evaluated as 

r/C � Tf ¼
/NC
� /C

� �

dCNC

Tf r/F � Tf ¼
/NF
� /F

� �

dFNF

Tf ð17Þ

where NC and NF are virtual nodes such that the vectors dCNC and dFNF are of opposite directions and 
parallel to Tf (Figure 2b). The /NC 

and /NF 
values are computed using the gradients at C and F, 

respectively, as 

/NC
¼ /C þr/C � dCNC

/NF
¼ /F þr/F � dFNF

ð18Þ

Substituting in Eq. (14), the discretized diffusion flux equation becomes 

Cfr/f � Sf ¼ Cf
Ef

dCF
þ dF

Tf

dFNF

� �

/F � Cf
Ef

dCF
þ dC

Tf

dCNC

� �

/C þ CfdC
Tf

dCNC

/NC
� CfdF

Tf

dFNF

/NF

ð19Þ

By requiring the underlined term in Eq. (19) to be zero, the final form of the fully linearized 
diffusion flux is obtained as 

Cfr/f � Sf ¼ Cf
Ef

dCF
þ

/NC
Tf

/NC
dFNF þ /NF

dCNC

� �

/F � Cf
Ef

dCF
þ

/NF
Tf

/NC
dFNF þ /NF

dCNC

� �

/C ð20Þ

This treatment results in a fully implicit discretization of the diffusion term. 

Modified pressure correction equation 

In the SIMPLE method, the pressure is calculated from a pressure correction equation obtained by 
combining the mass and momentum conservation equations [17, 27–29]. Since pressure correction 
may be positive or negative, the MIND scheme cannot be used to discretize it. Instead, discretization 
should be performed in terms of pressure and then the discretized equation transformed into a 
pressure correction equation, as described next. 

The semidiscretized pressure correction equation for incompressible flow over an element C used 
with the SIMPLE algorithm as reported in many articles [17, 28, 29] can be written in vector form 
using the following equation: 

�
X

f¼nbðCÞ
qDV

f rP0f � Sf ¼ �
X

f¼nbðCÞ

_m�f ð21Þ

where 

_m�f ¼ qV�f � Sf DV
f ¼

Vf

aV
f

P0 ¼ P � P nð Þ ð22Þ

and the meaning of various terms is given in the nomenclature. Substituting P0 by its expression from 
Eq. (22), the pressure correction equation becomes 

�
X

f¼nbðCÞ
qDV

f rPf � Sf ¼ �
X

f¼nbðCÞ

_m�f �
X

f¼nbðCÞ
qDV

f rP nð Þ
f � Sf ð23Þ
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First the anisotropic diffusion term with coefficient tensor DV
f is reformulated by switching the 

operation order as follows [32] (Figure 2a): 

DV
f rPf � Sf ¼ r/f � DV

f

h iT
Sf ¼ rPf � S0f ð24Þ

where S0f is a modified surface vector. With this modification, Eq. (23) becomes 

�
X

f¼nbðCÞ
qrPf � S0f ¼ �

X

f¼nbðCÞ

_m�f �
X

f¼nbðCÞ
qrP nð Þ

f � S
0
f ð25Þ

The term on the left-hand side of Eq. (25) is discretized using the MIND scheme [26], following 
the procedure outlined above, yielding 

� qrPf � S0f ¼ q
E0f

dCF
þ

P nð Þ
NF

T0f
P nð Þ

NC
dFNF þ P nð Þ

NF
dCNC

 !

PC � q
E0f

dCF
þ

P nð Þ
NC

T0f
P nð Þ

NC
dFNF þ P nð Þ

NF
dCNC

 !

PF ð26Þ

Substitution of Eq. (26) in Eq. (25) yields the algebraic form of the pressure equation as 

aP
CPC þ

X

F¼NB Cð Þ
aP

FPF ¼ �
X

f¼nbðCÞ

_m�f �
X

f¼nbðCÞ
qrP nð Þ

f � S
0
f ð27Þ

The above equation can be transformed back into a pressure correction equation as 

aP
CP0C þ

X

F¼NB Cð Þ
aP

FP0F ¼ �
X

f¼nbðCÞ

_m�f �
X

f¼nbðCÞ
qrP nð Þ

f � S
0
f þ aP

CP nð Þ
C þ

X

F¼NB Cð Þ
aP

FP nð Þ
F

0

@

1

A

2

4

3

5 ð28Þ

The advantage of using this equation is that it accounts implicitly for the non-orthogonal diffusion 
terms, which are usually neglected in the original SIMPLE algorithm. The underlined term is dropped 
from the equation as its value is supposed to be zero. Therefore, the original form of the pressure 
correction equation is recovered with modified coefficients accounting for nonorthogonality. 

Numerical accuracy and validation 

Computations are performed using a nonuniform mesh with a size of 240 � 240 elements clustered in 
high-gradient regions near walls and symmetry lines (Figure 1b). A grid-independent solution is 
established by generating results on a sequence of nonuniform meshes with sizes of 60 � 60, 120 �
120, 240 � 240, and 480 � 480 cells and comparing the predicted average Nusselt and Sherwood 
number values for the cases considered. The maximum difference between values predicted with 
the 240 � 240 and 480 � 480 grid systems is found to be less than 0.15% justifying the use of 240 �
240 nonuniform grid system. For each element, the conservation of the physical variables (absolute 
residuals) is satisfied to within 10� 8. 

The solution algorithm is validated by comparing results obtained from the present model with 
corresponding ones reported in the literature for natural convection in a porous nonisothermally 
heated triangular cavity [33] and for double-diffusive natural convection in a parallelogrammic [6] 
porous enclosure. For the triangular cavity, results for Rat ¼ 1010 and Da ¼ 10� 7 are compared in 
Figure 3. As shown, computed streamlines (Figure 3a) and isotherms (Figure 3b) are in excellent 
agreement with streamline (Figure 3c) and isotherm (Figure 3d) maps reported in Varol et al. 
[33]. For the parallelogrammic enclosure problem, the computed average Nusselt and Sherwood 
number values (for N ¼ 2, Le ¼ 0.8, and Rat ¼ 25) are compared in Figures 4a and 4b, respectively, 
with similar ones reported by Costa [6]. The problem is solved for an enclosure with an aspect ratio 
H/L ¼ 0.5 and for an inclination angle (θ) values varying between � 60° and 60° with a step size of 10°. 
Knowing that results reported in [6] are generated using the ψ formulation while current results are 
obtained using the full model formulation, predicted average Nusselt and Sherwood number values 
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Figure 3. Comparison of streamlines (a) and isotherms (b) generated in this study with similar ones [(c) and (d), respectively] 
reported in Ref [33]. For natural convection in a porous nonisothermally heated triangular cavity.  

Figure 4. Comparison of the predicted average (a) Nusselt and (b) Sherwood numbers in a parallelogrammic enclosure with 
similar ones reported by Costa [6].  
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reported in Figures 4a and 4b are in good agreement confirming correctness of the solution 
procedure. 

Comparing the performance of the standard and newly developed P′ equations 

The performance of newly developed modified pressure correction equation is assessed here by 
comparing, for one case, the CPU time and number of iterations, it requires for a converged solution 
to be obtained with those needed using the standard equation. The case considered corresponds to an 
enclosure of aspect ratio R/L ¼ 0.1 with the various parameters assigned the following values: 
Rat ¼ 107, ε ¼ 0.5, Pr ¼ 0.7, Da ¼ 10� 3, N ¼ 3, and Le ¼ 0.92. Representative results obtained are dis-
played in Figure 5. Figures 5a and 5b show the convergence history plots for the various equations 
using modified and standard pressure correction equation, respectively. When solving using the 

Figure 5. Convergence history using (a) the MIND scheme with the modified pressure correction equation, and (b) the 
semi-implicit scheme with the standard pressure correction equation; comparison of (c) U-velocity and (d) temperature profiles 
along a vertical line at X ¼ 0.75 generated when solving using the modified and standard pressure correction equations. Note: 
MIND, modified implicit nonlinear diffusion.   
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modified P0 equation, the MIND scheme is also used for discretizing the diffusion term in the energy 
and solute concentration equations. The CPU times required by the modified and standard equations 
are 7970.45 and 7350.33 s, respectively. Therefore, accounting for the nonorthogonal terms in the 
pressure correction equation increases the computation time by 8.44%. The number of iterations 
increases by 3.55% (i.e., from 5405 iterations to 5597 iterations). Nonetheless, Figures 5a and 5b 
show similar convergence history trends demonstrating the validity of the suggested approach. The 
U-velocity and temperature variations across the height of cavity at X ¼ 0.75 generated by both 
approaches and displayed in Figures 5c and 5d are on top of each other confirming the correctness 
of newly developed technique. Even though a slightly higher CPU time is required, the new technique 
may be more robust on highly skewed grid, in which case a fully implicit discretization of the 
diffusion term in scalar equations and accounting for the nonorthogonal diffusion contribution in 
the pressure correction equation may be essential for promoting convergence. This was shown 
to be the case when solving diffusion problems on highly skewed grid [26] and is currently under 
investigation for incompressible and compressible flow problems. 

Results and discussion 

Having demonstrated the accuracy of modified pressure correction equation, the newly developed 
numerical procedure is used to perform a parametric study of the above described problem. 

The dimensionless parameters governing the natural convection heat and mass transfer are 
reduced to: (i) the aspect ratio (R/L), buoyancy ratio (N), Darcy number (Da), enclosure porosity 
(ε), thermal Rayleigh number (Rat), Lewis number (Le), and Prandtl number (Pr). To limit the total 
number of cases to be considered to a manageable level, the buoyancy ratio is fixed at N ¼ 3, while the 
Le number is assigned the value 0.92. On the other hand, the numbers assigned for other parameters 
are three values for the aspect ratio (R/L ¼ 0.1, 0.2, and 0.3), two values for Darcy number (Da ¼ 10� 5 

and 10� 3), three values for porosity (ε ¼ 0.3, 0.6, and 0.9), two values for Prandtl number (Pr ¼ 0.7 
and 5), and four values for thermal Rayleigh number (Rat ¼ 104, 105, 106, and 107). 

The results generated, which are reported in the form of streamlines, isotherms, isoconcentrations, 
mid-height velocity, temperature, and concentration profiles, and local and average Nusselt and 
Sherwood number values, are discussed next. 

Streamlines, isotherms, and isoconcentrations 

Typical flow, temperature, and concentration fields are presented in Figures 6–9 in the form of 
streamlines, isotherms, and isoconcentrations. Results reported in Figures 6 and 7 are for an enclosure 
of aspect ratio R/L ¼ 0.1, while in Figures 8 and 9, the enclosure aspect ratio is 0.3. The contour plots 
in every figure are displayed for a given value of thermal Rayleigh number. In Figures 6 and 8, the 
value of Rat is 105, while in Figures 7 and 9, it is 107. In addition, each figure shows the effect of 
porosity at low (plots a–i) and high (plots j–r) Darcy number on the flow (plots a–c and j–l), energy 
(plots d–f and m–o), and mass transfer (plots g–i and p–r) fields. 

Streamlines displayed in Figures 6a–6c indicate that the flow is weak, composed of a clockwise 
rotating eddy, and is symmetric about the mid-height of the enclosure at all porosity values 
considered. This behavior is also reflected by the isotherms and isoconcentrations presented in 
Figures 6d–6f and 6g–6i, respectively, which are also symmetric with respect to the horizontal 
centerline of the cavity indicating low convection and dominant diffusion heat and mass transfer 
modes. 

As Da increases from 10� 5 to 10� 3 (Figures 6j–6r), the strength of the flow increases (Figures 6j– 
6l), the eye of the vortex moves upward, leading to a loss in the flow symmetry, with the strongest 
flow obtained at the highest porosity value (ε ¼ 0.9, Figure 6l). Isotherms (Figures 6m–6o) and iso-
concentrations (Figures 6p–6r) become distorted, indicating convection contribution to total heat 
and mass transfer, with this distortion increasing as the porosity increases. In addition, stratification 
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in the lower part of the domain starts to appear. Therefore, the flow strength is more affected by the 
increase in Da than by the increase in ε. 

Figure 7 shows the effect of increasing Rat to 107 in the same enclosure. At a low value of Darcy 
number (Da ¼ 10� 5), the streamlines shown in Figures 7a–7c indicate that the eye of the recirculation 
eddy moves further up and the flow is stronger than the one presented in Figures 6a–6c at Rat ¼ 105 

Figure 6. (a)–(c), (j)–(l) Streamlines, (d)–(f), (m)–(o) isotherms, and (g)–(i), (p)–(r) isoconcentrations for different values of ε and Da 
(R/L ¼ 0.1, N ¼ 3, Le ¼ 0.92, Pr ¼ 0.7, and Rat ¼ 105).  

Figure 7. (a)–(c), (j)–(l) Streamlines, (d)–(f), (m)–(o) isotherms, and (g)–(i), (p)–(r) isoconcentrations for different values of ε and Da 
(R/L ¼ 0.1, N ¼ 3, Le ¼ 0.92, Pr ¼ 0.7, and Rat ¼ 107).  
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due to an increase in buoyancy forces. Convection effects are important at all porosity values as 
reflected by the distortion of the isotherms (Figures 7d–7f) and isoconcentrations (Figures 7g–7l). 
At the higher value of Darcy number (Da ¼ 10� 3, Figures 7j–7r), a much stronger flow in the cavity 
is obtained (Figures 7j–7l) with the eye of the recirculating eddy elongating and moving to the top of 
the cavity where the strongest flow is located. Convection becomes the dominant heat and 

Figure 8. (a)–(c), (j)–(l) Streamlines, (d)–(f), (m)–(o) isotherms, and (g)–(i), (p)–(r) isoconcentrations for different values of ε and Da 
(R/L ¼ 0.3, N ¼ 3, Le ¼ 0.92, Pr ¼ 0.7, and Rat ¼ 105).  

Figure 9. (a)–(c), (j)–(l) Streamlines, (d)–(f), (m)–(o) isotherms, and (g)–(i), (p)–(r) isoconcentrations for different values of ε and Da 
(R/L ¼ 0.3, N ¼ 3, Le ¼ 0.92, Pr ¼ 0.7, and Rat ¼ 107).  
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(Figures 7m–7o) mass transfer (Figures 7p–7r) mode and the stratification level increases with a 
nearly stagnant flow in the lower part of the enclosure. In all cases, isotherms and isoconcentration 
lines are very similar due to the considered value of Lewis number (Le ¼ 0.92), which is close to 1. 
The flow strength and stratification level in the enclosure increase with increasing values of porosity 
due to an increase in the available convection area. 

Results displayed in Figures 8 and 9 are obtained in an enclosure with an aspect ratio of value 0.3 
(i.e., R/L ¼ 0.3). Streamlines at low Rayleigh number (Rat ¼ 105) depicted in Figures 8a–8c and 8j–8l 
indicate that the flow is composed of two vortex cores within one overall clockwise rotating eddy. At 
low Darcy number (Da ¼ 10� 5, Figures 8a–8c) the flow is symmetric with respect to the horizontal 
centerline of the enclosure for all porosity values. As the value of Da is increased to 10� 3, the 
symmetry of the flow is lost (Figures 8j–8l) and at the highest porosity value (ε ¼ 0.9) the flow 
separates in the upper part of the domain forming a counterclockwise rotating eddy. This flow 
separation can be explained by noticing that at higher aspect ratio, the inner wall surface area 
increases leading to an increase in the two counteracting effects of buoyancy-induced convection 
and viscous retardation. Separation occurs whenever the viscous forces opposing the flow overcome 
the buoyancy forces aiding the flow. 

The isotherms and isoconcentration lines presented in Figures 8d–8f and Figures 8g–8i, respect-
ively, are symmetric with respect to the horizontal centerline of the enclosure and are uniformly 
distributed over the domain indicating that diffusion is the dominant heat and mass transfer mode. 
At high Da, a mild distortion in isotherms (Figures 8m–8o) and isoconcentrations (Figures 8p–8r) is 
noticed, indicating a convection contribution to total heat and mass transfer. However, convection 
contribution is still a small portion of total heat and mass transfer at this low value of Rayleigh 
number (Rat ¼ 105). 

At Rat ¼ 107, a stronger flow in the enclosure is obtained as compared to the strength of flow 
obtained at Rat ¼ 105. For Da ¼ 10� 5, separation of the flow occurs at all porosity values 
(Figures 9a–9c) for the reasons explained earlier. Further, the two vortex cores merge into one with 
the eye of new vortex located in the upper half of the domain. Isotherm and isoconcentration plots 
depicted in Figures 9d–9f and 9g–9i, respectively, are distorted near the top of inner cylinder reflect-
ing the separation of the flow there. 

As the value of Da is increased to 10� 3, the increase in buoyancy forces overwhelms the retarding 
viscous forces allowing the flow to move over the entire hot wall without separation (Figures 9j–9l). 
Moreover, stronger flow fields are generated in comparison with the ones obtained for Da ¼ 10� 5. 
Similar to the results reported in Figure 7, isotherm and isoconcentration plots presented in 
Figures 9m–9o and 9p–9r, respectively, show the boundary layer behavior on the lower part of the 
hot circular wall and the upper part of the cooled square wall. It is evident that the boundary layer 
on the hot surface moves upward and away toward the cold surface forming a thermal plume. In the 
lower part of the enclosure, the stratification level is high with a nearly stagnant flow. The high 
distortion of isotherms and isoconcentrations indicate that natural convection is the dominant heat 
and mass transfer mode in the enclosure. 

Velocity, temperature, and concentration profiles 

The effects of porosity at two different values of Darcy number namely 10� 5 and 10� 3 on the hori-
zontal velocity component, vertical velocity component, temperature, and concentration profiles 
along the horizontal centerline of the domain are shown in Figure 10 for an enclosure with R/L ¼ 0.1 
at Rat ¼ 106. Variations are plotted in terms of a dimensionless distance ξ defined as follows: 

n ¼
X � Xmin

Xmax � Xmin
ð29Þ

At the low value of Darcy number considered (Da ¼ 10� 5), results clearly show that porosity has 
no effect on the velocity (Figures 10a and 10b), temperature (Figure 10c), and concentration 
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(Figure 10d) profiles (profiles for different values of ε are on top of each other). The U- and V-velocity 
components along the horizontal centerline of the domain are almost zero indicating negligible 
convection and dominant conduction heat and mass transfer modes. This is further revealed by 
the temperature and solute concentration profiles, which vary almost linearly between the inner 
and outer walls of the cavity. 

At high Darcy number (Da ¼ 10� 3), the porosity of the enclosure has a noticeable effect on the 
hydrodynamic, thermal, and mass transfer fields. The U-velocity component across the mid-height 
of the domain (Figure 10a) increases in magnitude as ε increases with its direction mainly influenced 
by the enclosure geometry. The V-velocity component profiles displayed in Figure 10b are an order of 
magnitude higher than the U values due to the presence of buoyancy forces acting in the vertical 
direction. For both, the boundary layer behavior is obvious near the walls where the V-velocity 
increases from zero at the wall to a maximum within the boundary layer. The peaks near hot surface 
are greater than those near the cold surface due to the smaller hot surface area. Moreover, these peaks 
are larger at higher porosity values due to stronger buoyancy forces. The sign of V-velocity indicates 
that the fluid is rising along the hot wall and falling down along the cold one with a weak flow in 
central region of the domain. 

Figure 10. Mid-height (a) U-velocity, (b) V-velocity, (c) temperature, and (d) concentration profiles (Rat ¼ 106, R/L ¼ 0.1, Pr ¼ 0.7, 
N ¼ 3, and Le ¼ 0.92).  
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A higher Darcy number (i.e., Da ¼ 10� 3) is associated with an increase in the permeability of the 
porous matrix and hence an increase in convection effects. This is reflected by the nonlinear variation 
along the mid-height of the domain of the temperature and concentration profiles presented in 
Figures 10c and 10d, respectively. As depicted in the figures, sharper temperature and concentration 
gradients are obtained at the hot wall relative to those at the cold wall with their steepness increasing 
as the porosity increases, indicating an increase in heat and mass transfer. 

Nusselt and Sherwood numbers 

The local Nusselt (Nu) and Sherwood (Sh) numbers along the inner and outer surfaces of the porous 
annulus are calculated using Eq. (12) and their average values using Eq. (13). In Figure 11, the local 
Nu and Sh values are plotted versus the dimensionless ratio g ¼ s=smax where s is the distance along 
cold or hot wall measured starting from the bottom, and smax is the length of either cold or hot wall of 
the domain. The local variation of these numbers shown in Figure 11 is for three values of porosity 

Figure 11. (a), (b) Local Nu and (c), (d) Sh distribution along the (a), (c) cold and (b), (d) hot walls of the enclosure (Rat ¼ 106, 
R/L ¼ 0.1, Pr ¼ 0.7, N ¼ 3, and Le ¼ 0.92).  
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and two values of Darcy number in an enclosure with R/L ¼ 0.1, Rat ¼ 106, Pr ¼ 0.7, N ¼ 3, and 
Le ¼ 0.92. 

Figures 11a and 11c display, respectively, the local Nusselt and Sherwood number distribution 
along the cold wall of low solute concentration; their variations along the hot wall of high solute con-
centration are presented in Figures 11b and 11d, respectively. As shown, except for their levels, the Nu 
and Sh profiles along either wall are exactly the same and will be discussed together. Further, the value 
of Lewis number chosen in this study (Le ¼ 0.92) is close to unity and hence Nu values are simply 
slightly higher than Sh values. 

As depicted in Figures 11a and 11c, Nuc and Shc exhibit two minimum values at the corners of 
outer square cylinder (η ¼ 0.25 and 0.75), which are due to the inability of the flow to follow the 
90° bend with a consequent reduction in velocity and hence in convection heat and mass transfer. 
Further, in keeping with earlier inferences, at the lower value of Da ¼ 10� 5, the porosity has no effect 
on Nuc and Shc and hence convection heat and mass transfer. This is evident from the three curves of 
Nuc/Shc at different values of ε falling on top of each other. Further, the Nuc and Shc distributions 
along the cold wall exhibit two maximum values; one between the mid-height and the top right-hand 
corner of the cold wall and the other one at the end of the cold surface of the domain with the latter 
being much greater than the former. This is due to the hot fluid of high solute concentration rising 
upward from the inner hot/high solute concentration wall and hitting the upper part of the cold/low 
solute concentration wall. The lower maximum value of Nuc/Shc along the vertical cold/low solute 
concentration wall is caused by the increase in temperature and solute concentration of the fluid 
as it moves clockwise around the top right corner and then as it approaches the lower right corner. 
Both maximum Nuc/Shc values increase as the porosity of the matrix increases from 0.3 to 0.9 due to 
higher buoyancy effects caused by both temperature and concentration gradients. 

Figures 11b and 11d show the local Nusselt (Nuh) and Sherwood (Shh) number variations along the 
inner hot wall of high solute concentration. At low Darcy value (Da ¼ 10� 5), Nuh/Shh varies nearly 
linearly from a relatively high value at the lower end to a lower value at the top end of the hot/high 
solute concentration wall without being influenced by variation in porosity, for the same reasons 
stated earlier. The linear decrease in Nuh/Shh is due to the reduction in the temperature and solute 
concentration gradients as the fluid moves from the leading edge of the hot/high solute concentration 
wall upward. On the other hand, as Da increases to 10� 3, Nuh/Shh exhibits a peak at η ≃ 0.25 due to an 
increase in the effective buoyancy forces (caused by both temperature and solute concentration 
gradients) and consequently the convective heat and mass transfer coefficients, which overwhelm 
the decrease in temperature and solute concentration difference. The low temperature fluid of low 
solute concentration from the lower part of the cooled surface of low solute concentration induced 
by the clockwise circulation cell to the leading region of the hot surface of high solute concentration 
creates the largest temperature and concentration gradients, and hence the largest Nuh and Shh. Again 
the levels of Nuh and Shh and their peak values increase with the increase in porosity. Further, as the 
fluid continues to rise in upper half region of the cylinder, a pattern similar to the one observed in the 
lower half is obtained with Nuh and Shh maximizing half way through the upper region (i.e., η ¼ 0.75) 
with much lower peak values due to the continuous increase in the fluid temperature and solute 
concentration. 

The average Nusselt (NuÞ and Sherwood (ShÞ number values for all cases investigated are 
presented in Tables 1 and 2, respectively. At the lowest values of Rat and Da considered, the average 
heat and mass fluxes at the walls (Nu and ShÞ are highly influenced by diffusion with convection heat 
and mass transfer becoming increasingly significant as Rat increases. Further, when diffusion is domi-
nant, the values of Nu and Sh increase only with an increase in the aspect ratio R/L, i.e., with an 
increase in the heat and mass transfer area. Further, at low Rat, and at Pr ¼ 0.7 (Tables 1 and 2), 
the calculated values of Nu and Sh are equal to those calculated at Pr ¼ 5.0 due to diffusion dominant 
heat and mass transfer mode. As Rat increases, the estimated values of Nu and Sh increase as Pr 
increases, indicating higher heat and mass transfer rates. This is due to a decrease in the thermal 
and solute concentration boundary layers leading to higher temperature and concentration gradients. 
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The highest values of Nu and Sh are 24.02 and 23.19, respectively. They are obtained for the highest 
R/L, Da, Rat, Pr, and ε; whereas the lowest values of Nu and Sh are both equal to 1.87, which is 
obtained at the lowest R/L, Da, Rat, Pr, and ε. 

Conclusion 

This paper is dealt with the formulation of a modified pressure correction equation, which implicitly 
accounts for the nonorthogonal diffusion terms that are neglected in the standard SIMPLE algorithm. 
The newly developed pressure correction equation along with the recently developed fully implicit 
MIND scheme for discretizing the diffusion term was used in the context of finite volume method 
to numerically analyze double-diffusive natural convection in a porous annulus between concentric 

Table 2. Average Sherwood number values Sh (N ¼ 3, Le ¼ 0.92).  
R/L ¼ 0.1, Pr ¼ 0.7 R/L ¼ 0.1, Pr ¼ 5.0 

Da ¼ 10� 5 Da ¼ 10� 3 Da ¼ 10� 5 Da ¼ 10� 3  

Rat/ε  0.3  0.6  0.9  0.3  0.6  0.9  0.3  0.6  0.9  0.3  0.6  0.9 
105  1.87  1.87  1.87  2.86  3.36  3.65  1.87  1.87  1.87  3.19  3.61  3.85 
106  2.06  2.08  2.08  5.09  6.14  6.84  2.07  2.08  2.09  5.85  6.85  7.49 
107  4.91  5.38  5.58  8.57  10.63  11.99  5.39  5.64  5.76  10.13  12.06  13.31  

R/L ¼ 0.2, Pr ¼ 0.7 R/L ¼ 0.2, Pr ¼ 5.0 

Da ¼ 10� 5 Da ¼ 10� 3 Da ¼ 10� 5 Da ¼ 10� 3 

Rat/ε  0.3  0.6  0.9  0.3  0.6  0.9  0.3  0.6  0.9  0.3  0.6  0.9 
105  3.17  3.17  3.17  3.87  4.44  4.81  3.17  3.17  3.17  4.20  4.76  5.09 
106  3.28  3.30  3.30  7.03  8.55  9.51  3.29  3.30  3.30  8.23  9.62  10.49 
107  6.26  6.82  7.05  12.24  15.15  17.04  6.87  7.14  7.25  14.53  17.27  19.05  

R/L ¼ 0.3, Pr ¼ 0.7 R/L ¼ 0.3 Pr ¼ 5.0 

Da ¼ 10� 5 Da ¼ 10� 3 Da ¼ 10� 5 Da ¼ 10� 3 

Rat/ε  0.3  0.6  0.9  0.3  0.6  0.9  0.3  0.6  0.9  0.3  0.6  0.9 
105  5.36  5.36  5.36  5.69  6.00  6.27  5.36  5.36  5.36  5.81  6.17  6.47 
106  5.41  5.41  5.42  9.46  9.95  11.18  5.41  5.42  5.41  9.60  11.44  12.52 
107  8.29  8.99  9.28  14.66  18.17  20.46  9.03  9.40  9.55  17.66  21.02  23.19   

Table 1. Average Nusselt number values Nu (N ¼ 3, Le ¼ 0.92).  
R/L ¼ 0.1, Pr ¼ 0.7 R/L ¼ 0.1, Pr ¼ 5.0 

Da ¼ 10� 5 Da ¼ 10� 3 Da ¼ 10� 5 Da ¼ 10� 3  

Rat/ε  0.3  0.6  0.9  0.3  0.6  0.9  0.3  0.6  0.9  0.3  0.6  0.9 
105  1.87  1.87  1.87  2.98  3.50  3.80  1.87  1.87  1.87  3.31  3.76  4.01 
106  2.10  2.11  2.12  5.30  6.39  7.11  2.11  2.12  2.12  6.07  7.11  7.76 
107  5.16  5.67  5.88  8.93  11.06  12.46  5.67  5.94  6.06  10.51  12.49  13.78  

R/L ¼ 0.2, Pr ¼ 0.7 R/L ¼ 0.2, Pr ¼ 5.0 

Da ¼ 10� 5 Da ¼ 10� 3 Da ¼ 10� 5  Da ¼ 10� 3 

Rat/ε  0.3  0.6  0.9  0.3  0.6  0.9  0.3  0.6  0.9  0.3  0.6  0.9 
105  3.17  3.17  3.17  3.97  4.60  5.00  3.17  3.17  3.17  4.34  4.95  5.30 
106  3.31  3.32  3.32  7.32  8.90  9.90  3.31  3.32  3.33  8.54  9.98  10.89 
107  6.58  7.18  7.43  12.76  15.76  17.71  7.23  7.53  7.65  15.06  17.88  19.73  

R/L ¼ 0.3, Pr ¼ 0.7 R/L ¼ 0.3, Pr ¼ 5.0 

Da ¼ 10� 5 Da ¼ 10� 3 Da ¼ 10� 5 Da ¼ 10� 3 

Rat/ε  0.3  0.6  0.9  0.3  0.6  0.9  0.3  0.6  0.9  0.3  0.6  0.9 
105  5.36  5.36  5.36  5.74  6.10  6.40  5.36  5.36  5.36  5.87  6.29  6.61 
106  5.42  5.42  5.42  9.83  10.38  11.67  5.42  5.42  5.42  9.98  11.91  13.03 
107  8.63  9.40  9.71  15.28  18.92  21.29  9.45  9.85  10.01  18.31  21.77  24.02   
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horizontal circular and square cylinders. Graphical and tabular results for various parametric 
conditions were presented and discussed. The following conclusions can be drawn: 
1. The convection effects increase with an increase in Rat, Da, Pr, and ε. 
2. At low value of Darcy number, the porosity has no effect on the flow, temperature, and concen-

tration fields. 
3. The average heat and mass transfer rates are estimated to be higher at high Prandtl number 

together with high Darcy number. 
4. At low Rat values, the heat and mass transfer rates are dominated by conduction; whereas, 

convection becomes important at high Rat values. 
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