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Abstract

In this paper, we show that, on average, the derivatives of [-functions of cuspidal
Hilbert modular forms with sufficiently large parallel weight k do not vanish on the line
segments J(s) = to, N(s) € (k%], % —e) U (% +¢€, k#). This is analogous to the case of
classical modular forms.

Keywords: Hilbert modular forms, Derivatives of L-functions, Non-vanishing of

L-functions

Mathematics Subject Classification: Primary 11F41, 11F67; Secondary 11F30, 11F11,
11F12, 1IN75

1 Introduction

In [3], Kohnen proved that given any real number ¢y and € > 0, then for k large enough,
the average of the normalized L-functions L*(f, s) with f varying over a basis of Hecke
eigenforms of weight k on SLy(Z) does not vanish on the line segment

() =ty (k—1)/2 <N(s) <k/2—¢€k/2+€ <N(s) < (k+1)/2

Recently in [4], Kohnen, Sengupta and Weigel extended their method and showed a non-
vanishing result for the derivatives of L-functions associated to modular forms of integer
weight on the full group. In particular, they show that for k large enough,

S

T ——[L*(fi |
; {fip fej) ds"[ (fijp 5)] .

does not vanish on the line segment J(s) = ty, (k — 1)/2 < R(s) < k/2 — ¢, k/2 + € <
N(s) < (k+1)/2.

In [2], we generalized the result of [3] to the context of cuspidal Hilbert modular forms
of parallel weight k. In order to describe our work, we introduce the following notation.
Let F be a totally real number field of degree # over Q. Let OF be the ring of integers of F,
and assume its narrow class number is equal to 1. For k € 2N, we denote by S;(SL2(OF))
the space of Hilbert cusp forms of parallel weight k for SLy(OF). Our main result in [2] is
the following theorem.

Theorem 1 Let k € 2N, and let Bi(OF) be a basis of normalized Hecke eigenforms of
Si(SLa(OF)). Let ty € R and € > 0. Then there exists a constant C depending only on to, €
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and F such that for k > C the average

Affs)
2 T

feB(OF)

is non-vanishing for any s = o + ity with o € (]%1, g —€)uU (g + €, ’%1).

Here, we extend the result in [2] by showing that the derivatives of L-functions of
cuspidal Hilbert modular forms with sufficiently large parallel weight k do not vanish on
the line segments

k—1 k k k+1
3(s) =to, I —, = —€|U|l =4+ — ).
3(s) = to,  MN(s) €< ) 6> (2 +e€ 5 )

More precisely, we prove the following theorem.

Theorem 2 Let Bi(Or) be a basis of normalized Hecke eigenforms of Si(SLa(OF)). Let
to € R € > 0andl € N. Then there exists a constant C depending only on ty, € and F such
that for k > C the average

1 d*

seon P17

is non-vanishing for any s = o + ity witho € (k%l, g —€)u (g + €, ’%1).
We obtain the following corollary as a direct consequence

Corollary 3 Let ty, €, £ and C be as in Theorem 2. Then for k > C and any s = o + ity
witho € (1%1, %‘ —€)U (’% +¢€, ]%1), there exists a Hecke eigenform f € Si(SLy(OF)) such

that %5 (A(f£5)) # 0.

2 Setting and preliminaries

In this note, we work over a totally real number field F of degree n over Q with ring of
integers Of. The group of units in OF is denoted by O . For simplicity of exposition, we
assume that the narrow class number of F is 1.

The absolute norm of an ideal a C OF is given by N(a) = [OF : a]. The trace and the
norm over QQ of an element x € F are denoted by Tr(x) and N(x), respectively. We denote
by ©F the different ideal of F and by dF its discriminant over Q. We have the relation
®r = (dr) and N(DF) = |dF|.

The real embeddings of F are denoted by o; : x — % := 0j(x) forj = 1,..., n. We say
x € F is totally positive and write x > 0 if x; > 0 for all j. Moreover, we use X to denote
the set of all totally positive elements in a subset X of F.

To simplify exposition, we will often make use of the following notation. For ¢,d € F,
z=1(z1,...,z4) € C"and s € C, we set

n
N(cz +d)* = [ [(¢7 + d))".
j=1

Moreover, we set

n
Tr(cz) = chzj,
j=1
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Let us now recall the following results which are crucial for establishing Theorem 2 (see
the proof of Lemma 8 below).

Lemma 4 (Trotabas [7, Lemma 2.1]) There exist constants C1 and Co depending only on
F such that

Vé e Ede e O, Vjell,...,np: CiINE)M" < [(e€);] < CoINE) M.

Lemma 5 (Luo [5]) For A > 0, we have

Z Hn]f\<oo. (2)

neOFt <1

3 Fourier expansion of the Kernel function for Hilbert modular forms
Let us now define the kernel function for Hilbert modular forms over F. Let z =
(z1,22 ...,2zn) € H", k € 2N and let s € C with 1 < R(s) < k — 1. We have

¢ Nlaz +b)

N(cz + d)=s’ ®)

R i (2) = yi(s) Z N(cz + d)

ab T\SLy(OF)
€
cd 2 F

re € OFT 1 and yi(s) = ErErk —s)"

[OF : (’);J“]
We have shown earlier in [2] that Rx(z) is a cusp form of parallel weight k for the

where T = 1
-

modular group SLy(OF), and its Fourier expansion at the infinite cusp is given as follows.

Proposition 6 The function R, (z) has the following Fourier expansion:

Ry(z) = Y ry(v)exp (2miTr(vz)),

vei)gl
>0

where

nsyn _ k n(k—s)n
2m)s1r"(k S)N(U)S_l +(_1)n§(2n) r (S)N(v)k_s_l

sk(V) = ———
P N J1dz|
ik k—1 s—k
yk(s)w * N© exp <2m’Tr <v0i—0)>

n S
r (k) |dF| (a,c)eOp xOF N(ﬂ)
ac#0
ged(a,c)=1
1 2miv;
X 1_[ 1F1 M k, — .
ajc¢j

j=1

To clarify the notation in the above equation, we note that summation Z* indicates
that (g, ¢) runs over all non-associated pairs only (in our setting, the pairs (a1, ¢;) and
(a9, c2) are called associated if (a1, ¢1) = u(ay, c2)) for some totally positive unit u € O ;Jr.
Moreover, for every co-prime pair (g, ¢), we fix a choice of (bg, dy) € O x OF such that
ado — boC =1.

It was also shown in [2] that R, ¢ (z) can be expressed as:
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Ry = (—1)"3x"2@ N — 1) A(f(’;;) @
feBk OF)
where By (OF) is a basis of normalized Hecke eigenforms of S (SL2(OF)), and
A(f s) = |de P 2n) T (s)L(f, s).
Recall that A(f; s) satisfies the functional equation (see [6, page 654])

Alk —5) = (—1)"3 A(s). (5)

4 Proof of Theorem 2

In this section, we prove the main theorem of this paper following the recent work of

Kohnen et al. [4]. In view of the functional equation (5), it suffices to consider the left

hand side of the critical strip. Hence, we take s = l% — 8 —itgwheree < § < % andfy € R.
Taking the first Fourier coefficients on both sides of (4) and using Proposition 6, we get

@RIk =) gyt @T)TITNGS)
Vde| Vlde|
( ) 2(27‘[)”k s

\/|dF [OF : OF*]
% s—k
X Z NI\(IC(L)S exp <2mTr ( )) 1_[ i (s, k —@>

(a,c)eOrxOF a;Cj
ac#0
ged(a,c)=1
— (-2 —1) Y 20:9 (6)
feBr(OF) <ff)
where

27i\ Tk —s)'(s) 27
lfl (S) k) _%) — F(k) 1F1 <S:k) ﬂjCj) .

Taking the £-th derivative of both sides with respect to s gives

1 14
[(ZN)”SF"(/( - s)] +

d
Vdr| ds* Vdr dst
(et

/ldF [OX OX+
+ d" | N(ey*
x Z dst |: (C(L)S P <%ins> P (anTr( ))H]ﬁ (S, b 1/>i|

(a,c)eOpxOF
ac#0

ged(a,c)=1

1 14
= ()" a2 — 1) Y o (M), 7)
setiton WF) 48
Let us consider first the expression
1 dt

11 = \/|—dT|W [(ZJT)"SF"(/( —S)]
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We have
1 (O d oy A5
"= T (;) g oo g -]
1< <£) , =
= . ) (nlog 2m)Y (2m)™ —_— (1)1 (k —5)
|dF| j=0 Y u1+uZ+;u,,=£ ]vl'l)z 1<t1_£n
¢
ns _ ) (Z _]
(- 1)“@(10 (2m)y — )k — s)
VldF Z s v1+v2+;vn:l 11)1'1)2 “Vnt 1<tl_£n
= (\2/% (nlog(27))* T"(k — s)
r
s -1
(- 1)‘5—1Q> log (27)y )k —s)
v |dF Z (n Og( T[))] v1+v2+;vn:l —j vl'v2 “Vn! 1<tl_£n S
Hence,
\% ldr|ly _ L
+Z( 0 () trtog )
(€ — ) Ik —s)
. 9
V1+VZ+;Vn_€_j Vival- - vl 12" F(k—s) Y

In [4], it is observed that rl(fz)(;) can be expressed as a polynomial P € Z[y, y b, ..., y )],
where ¢ = s the digamma function. It is important to note that the highest power of
) appearlng in the polynomial P is "
We also recall the following important estimates of the digamma function:
1 o By

~1 — -
V() ~ log(e) — — L 5%

Y) ~ (-1 (“”‘ D Y B M)
k=1

Zm 2zm+1 k (2k)!22k+m

forz — oo in | arg(z)| < m, where B, is the nth Bernoulli number (see [1,6.3.18 & 6.4.11]).

Fors =35 — 8 +ito withe < § < 3, see that % = P; (log(k — s)) + o(1) where P;

isa polynomlal with integer coefﬁc1ents and degree v;. It follows that

(Vt)(k —3)
1512;1 Tk—s 1511;«,Pt (log(k — s)) + o(1).
~ Vdein

(27T)”SF”(/< —5)

+Z < ) (nlog (27))

= (nlog(27))"

20
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Z —(Z —)) l_[ Py (log(k — s)) + o(1)

1)1!\)2! .
V14Vt Av=0—j 1<t<n

= P (log(k — s)) + o(1),

where P is a polynomial of degree ¢ with integer coefficients and leading coefficient

¢ il
(=D X0 u=e vkl
Next, we deal with the sum

K
_1 ny d@
B = [ o).
V|dr
We have
(Vo SeNd o d T
= ;(:)d 2] g 170
(=15 @r)y 9 & ()
S N A (=1Y (nlog (27)Y rs).
aed ZO: e v1+v2+;vn=e /Ullv2 v 1<t1_£" S
It follows that
AY |dF|12 _ nk n(k—2s) r (S
e A e A v )ZO( LY (ulog 2}y
£ — ) rt(s)
x Z vlvgl eyt 1_[ (s)
vitvate vy =~£—j I<t=n

Ifs=§—8+itowithe << %,wehave

\/MTIZ nk+e n(k—2s) ¢ I'"(s)
@oysrie s Y eRTeslm) ey
. n% n(k—2s) Fn(s) ~
+(=1)"2(27) Tk —s) (Q(logs) + o(1)),

where Q is a polynomial of degree ¢ having integer coefficients and leading coefficient

0!
2urt b=t Tl
Observe that (see [1, 6.1.23 & 6.1.47])

—2né 1
ol ——11,

I'"(s
‘ () + ity
‘—kz-i-l'to

'k —s)

A

uniformlyine < § < % It follows that CENa(=n] tends to 0 as k — oo.
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We still have to estimate the following sum:

(—1)"3 (2m)™*
V0dr|[OF OX+]
* dt | N(c)s=* T 27i
X(a c)e;x(’) W |: N(a)* o (Ems) or (27”Tr ( )) l_[ ]fl (S, o agCe ):| .

ac#0
ged(a,c)=1

I3 =

We have

(—1)"% (27 )% " i N(o) (N(c))f
= N ——1
VIde|[OF :O;Jr](a,c)e%p:xop (c) ],;ON(a)S °8 N(a)

ac#0

ged(a,c)=1
dat=i T " 27
X % |:exp (Ems) exp (27TlTr ( >> lj (S, k, —E>:| .

Forl <j < ¢ — 1, we have

t=1

5 (1o () G o) 25 [t (2]
(

dt T . do 1 2mwi
i |:exp <§ms) exp <2mTr (7>) l_[ 1 (s, k _E>

vilvgl- .-
R "

Therefore,

k
V1drli3 (=1)"2 (2)"k=9) + Ny T, (o
@AYk —3) — Thk —5)[OF - OFF] Z Ny exp ( 5 ms) exp | 2miTr P
F F Ya,0)eOrxOF
ac#0
ged(a,c)=1

N()\* & 27'”)
1 k—
X[Og<N(a)) Hlfl<sk "
S1NQV e\ g ym
+ZlOg(N(a)> Z( " )(51n>

j=0 m=0

—j—m)!
=

v+t =C—j—m t=1

(o) |
s,k — .
agCe
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Let us now consider the sums

x N(e)* T, e
Eve(s k) = Z Nap P (51713) exp (27nTr (7
(a,c)eOpxOF

ac#0
ged(a,c)=1

and
-1

_ *  N(cy* . do T, NE© Y
Ene(s k) = Z N@r exp (ZmTr <7>) exp (Ems> g log (N(a))

(a,c)eOpxOF

ac#0
ged(a,c)=
{—j ; .
L=\ (m . \m (€ —j—m) 2mi
ol —— sk ——:7]1.
* Z ( m ) (ZM) Z vl ! 1_[ ds"t ]fl " agcy
m=0 vitvote vy =t—j—m t=1

We have

, , s—k
Eve(s k) = Z Z Z NI\(IC(L)S exp (%ins) exp (ZniTr (%))

nEOX+ ceOfr aeOf
¢#0 ged(a,c)=1

2mi
x log (N( )) H]fl (s,k, ﬂtﬂtct), (10

and

Eyi(s, k) = Z Z Z N(C) exp (ZniTr (%)) exp (%ins)

UEOX+CEOF acOf
¢#0 ged(a,c)=1

S (NOY A (=) (7 \m
2o (vw) 2 () G)
j=0 m=0

(C—j—mity .,
X Z ]v . .rfn! E(_l)

i \)1!1)2.
V1+vatetuy=~C—j—m

dav 2mi
. i (s, k — > (11)

aNeCe

/
In (10) and (11), the notation Z indicates that the summation is restricted to non-
associated elements only. In our setting, two non-zero elements x1, xo € OF are said to be
associated if there exists u € O ;J“ such that x; = ux,. To deal with Ej ¢(s, k) and Eg ¢ (s, k),

we need the following lemma.

Lemma?7 Lets = % —8+itg wheree < § < % and to € R. Let £ be a non-negative integer.
For all x € R and all sufficiently large k, we have

d@
s (1fi (s k ix)) <¢ min {1, |¢[ 7 (Is — 1] + [k —s — 1])}.

Proof By [1,13.2.1], we have

1
Vil k ix) = / exp(iou)u (1 — w) =~ du.
0



A.Hamieh , W. Raji Res. Number Theory (2021) 7:20 Page 9 of 11

It follows that |]fl (s, & ix)| < 1 whenever %(s) > 1 and R(k —s) > 1. Moreover, by
differentiating both sides with respect to s, we get

d@
e (1fi (s kix)) <¢ 1 (12)

for any non-negative integer £ (see [4, page 326]). On the other hand, integration by parts
yields

1
18k ix) = f exp(ixu)u® (1 — a7
0

s—1 [t : s—2 k—s—1
= —— exp(ixu)u’™“(1 — u) du
x 0
k—s—1
+ J—

ix

1
/ exp(ixu)u’ 1 (1 — w72 gy,
0
Taking the £-th derivative of both sides with respect to s yields

de 1 1
W (]fl (S; k, lx)) =—— / exp(ixu)uS—Z(l . u)k—s—Z du
§ ix Jo

—1 rt
_ - / exp(ixu)
129 0

12
Z(_I)Zﬂ' (f) (log Lt)jusfz(log(l — u))£*i(1 _ u)kfsfl du
j=0

k—s—1 (1 .
+ — exp(ixu)
X 0
¢

Z ( ) log uyu' " (log(1 — u))* 7 (1 — w)* =2 du.

j=
Hence,
dt 1
g (1f (s k ix)) K¢ |x]7" (Is = 1] + [k —s —1]) (13)

whenever %i(s) > 2 and R(k — s) > 2. The desired result follows from (12) and (13). O

Lemma8 Lets = 3 —8+lt0 where € < § < § and ty € R. As k — oo, we have
E1e(s k) = O(k™) oznd Ey (s, k) = O(k™) where the implied constant depends only on ¢, to,
8 and the field F.

Proof Upon taking absolute values, we get

-1

s Ol < 3 Y INOITE T N@)

neOF+CEOP aceOf j=0
¢#0 ged(a,c)=1

X rg} (6;/> (%n)m exp (gl’lm)
5 Z (—j—m)

vilvg!- vyl
Vitvotetvy=~C—j—m 12 =1

s (5 )|

vt 277
o)
S

20
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By Lemma 7, we know that

v —wj

o (Wi (s & ix)) <o, (Is =1 + [k —s = 1))

nj4j¢j
where wj is either 0 or 1 depending on whether n; > 1 or ; < 1 respectively. Hence, we
get

n

I%

j=1
It follows that Ep 4(s, k) is

r//<l
L(s=1+k=s=1)" > Z Z
peop+ecor acop IN@P2 IO
¢#0 ged(a,c)=

By Lemma 4, we may choose the elements 4, ¢ in (14) such that

N@)"" < aj < N@" and |N()|"" < ¢; < IN()['/",

-1

(s k ix))| <y, (Is =1+ |k —s—1])" 1_[

nj<1

nja;cj

21
%<

(14)

forallj € {1, - - -, n} with implicit constants depending only on F. Therefore, we have

/ / k _ _K 3
EZ,Z(S,k) < k" Z 1_[ UJZ Z IN(C)|_2+1 5+E|N(a)| 2+1+5 6'

eOX+’/j<1 ceOr aeOr
1eF 40 ged(@c)=1

Lemma 5 allows us to factor out the sum over all n € (9;_5+ since it is convergent and
depends only on F. Thus, we get Ey ¢(s, k) = O(k”) for sufficiently large k as desired. We
also emphasize that the implied constant in this estimate depends only on §, £y, £ and the
field F. The sum Eq (s, k) is treated similarly, and so we will not include the details here.

O

It follows from Lemma 8 that

V\dr|l3 k"(2m)"

(27 )sT"(k — ) ‘F,,(I% L5 —ity) )

S

which tends to 0 as k — co. Moreover, we have already established that as k — oo we

Vde |l N
Q)7 (k — s)
where as

V1dr
)Tk —s)
for some polynomial P of degree £. Applying these estimates to (7), we conclude that

> ! dz (A(fs)
FEeB(OF) (£1) dst

is non-vanishing for any s = % — 8+ itpwithe <8 < % and fp € R.

have

el

- k
~ P(Iog(a + 8 — ito)),
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