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Abstract— Millimeter wave (mmWave) massive multiple-input
multiple-output (MIMO) systems typically employ hybrid mixed
signal processing to avoid expensive hardware and high training
overheads. However, the lack of fully digital beamforming at
mmWave bands imposes additional challenges in channel esti-
mation. Prior art on hybrid architectures has mainly focused
on greedy optimization algorithms to estimate frequency-flat
narrowband mmWave channels, despite the fact that in practice,
the large bandwidth associated with mmWave channels results
in frequency-selective channels. In this paper, we consider a
frequency-selective wideband mmWave system and propose two
deep learning (DL) compressive sensing (CS) based algorithms
for channel estimation. The proposed algorithms learn critical
apriori information from training data to provide highly accu-
rate channel estimates with low training overhead. In the first
approach, a DL-CS based algorithm simultaneously estimates the
channel supports in the frequency domain, which are then used
for channel reconstruction. The second approach exploits the
estimated supports to apply a low-complexity multi-resolution
fine-tuning method to further enhance the estimation per-
formance. Simulation results demonstrate that the proposed
DL-based schemes significantly outperform conventional orthog-
onal matching pursuit (OMP) techniques in terms of the normal-
ized mean-squared error (NMSE), computational complexity, and
spectral efficiency, particularly in the low signal-to-noise ratio
regime. When compared to OMP approaches that achieve an
NMSE gap of {4 — 10} dB with respect to the Cramer Rao
Lower Bound (CRLB), the proposed algorithms reduce the CRLB
gap to only {1 — 1.5} dB, while reducing complexity by two
orders of magnitude.

Index Terms— Deep learning, channel estimation, compressive
sensing, frequency-selective channel, mmWave, MIMO, convolu-
tional neural networks, denoising, sparse recovery.

I. INTRODUCTION
ILLIMETER wave (mmWave) communication has
emerged as a key technology to fulfill beyond
fifth-generation (B5G) network requirements, such as
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enhanced mobile broadband, massive connectivity, and
ultra-reliable low-latency communications. The mmWave
band offers an abundant frequency spectrum (30-300 GHz)
at the cost of low penetration depth and high propagation
losses. Fortunately, its short-wavelength mitigates these
drawbacks by allowing the deployment of large antenna
arrays into small form factor transceivers, paving the way for
multiple-input multiple-output (MIMO) systems with high
directivity gains [1]-[4].

Hybrid MIMO structures have been introduced to operate
at mmWave frequencies because an all-digital architecture,
with a dedicated radio frequency (RF) chain for each antenna
element, results in expensive system architecture and high
power consumption at these frequencies [2]. In these hybrid
architectures, phase-only analog beamformers are employed to
steer the beams using steering vectors of quantized angles. The
down-converted signal is then processed by low-dimensional
baseband beamformers, each of which is dedicated to a single
RF chain [5], [6]. The number of RF chains is significantly
reduced with this combination of high-dimensional phase-only
analog and low-dimensional baseband digital beamformers [6].
Moreover, optimal configuration of the digital/analog pre-
coders and combiners requires instantaneous channel state
information (CSI) to achieve spatial diversity and multiplexing
gain [7]. However, acquiring mmWave CSI is challenging
with a hybrid architecture due to the following reasons [5]:
1) There is no direct access to the different antenna elements
in the array since the channel is seen through the analog
combining network, which forms a compression stage for the
received signal when the number of RF chains is much smaller
than the number of antennas, 2) the large channel bandwidth
yields high noise power and low received signal-to-noise-ratio
(SNR) before beamforming, and 3) the large size of channel
matrices increases the complexity and overhead associated
with traditional precoding and channel estimation algorithms.
Therefore, low complexity channel estimation for mmWave
MIMO systems with hybrid architecture is necessary.

A. Related Work

Channel estimation techniques typically leverage the sparse
nature of mmWave MIMO channels by formulating the esti-
mation as a sparse recovery problem and apply compressive
sensing (CS) methods to solve it. Compressive sensing is
a general framework for estimation of sparse vectors from
linear measurements [8]. The estimated supports of the sparse
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vectors using CS help identify the indices of Angle-of-Arrival
(AoA) and Angle-of-Departure (AoD) pairs for each path in
the mmWave channel, while the amplitudes of the non-zero
coefficients in the sparse vectors represent the channel gains
for each path. Therefore, these supports and amplitudes are
key components to be estimated to obtain accurate CSI.
Moreover, it has been shown that pilot training overhead can
be reduced with compressive estimation, unlike the conven-
tional approaches such as those based on least squares (LS)
estimation [6].

Several channel estimation methods based on CS tools that
explore the mmWave channel sparsity have been investigated
in the literature [6], [9]-[13]. A distributed grid matching
pursuit (DGMP) channel estimation scheme is presented
in [9], where the dominant entries of the line-of-sight (LoS)
channel path are detected and updated iteratively. In [10],
an orthogonal matching pursuit (OMP) channel estimation
scheme to detect multiple channel paths support entries is
also considered. Likewise, a simultaneous weighted orthog-
onal matching pursuit (SW-OMP) channel estimation scheme
based on a weighted OMP method is developed in [11] for
frequency-selective mmWave systems. A sparse reconstruc-
tion problem is formulated in [11] to estimate the channel
independently for every subcarrier by exploiting common
sparsity in the frequency domain. In [13], SIMGW-OMP is
presented based on maximum likelihood where the authors
use the SW-OMP algorithm proposed in [11] to find an
initial coarse estimate for the AoA/AoD. Afterward, the
SIMGW-OMP iteratively refines this coarse estimate using
gradient computations to approximate the maximum likelihood
estimator. Therefore, the SIMGW-OMP approach has a higher
complexity order than the SW-OMP as it iteratively computes
the gradient updates for each channel multi-path component,
where the gradient is calculated distinctively for each AoA
and AoD. However, such optimization and CS-based channel
estimation schemes detect the support indices of the mmWave
channel sequentially and greedily and hence are not globally
optimal [12]. Therefore, it is difficult to directly find the
channel supports, especially when mmWave channels exhibit
wideband frequency-selective fading.

Alternatively, deep learning (DL) approaches and data-
driven algorithms have recently received much attention as
key enablers for beyond 5G networks. Traditionally, signal
processing and numerical optimization techniques have been
heavily used to address channel estimation at mmWave bands
[9]-[12]. However, optimization algorithms often demand
considerable computational complexity overhead, which
creates a barrier between theoretical design/analysis and
real-time processing requirements. Hence, the prior data-set
observations and deep neural network (DNN) models can be
leveraged to learn the non-trivial mapping from compressed
received pilots to channels. DNNs can be used to approximate
the optimization problems by selecting the suitable set of
parameters that minimize the approximation error. The use
of DNNs is expected to substantially reduce computational
complexity and processing overhead since it only requires
several layers of simple operations such as matrix-vector
multiplications. Moreover, several successful DL applications
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have been demonstrated in wireless communications problems
such as channel estimation [14]-[25], analog beam selection
[26], [27], and hybrid beamforming [26], [28]-[32]. Besides,
DL-based techniques, when compared with other conventional
optimization methods, have been shown [15], [30], [31],
[33] to be more computationally efficient in searching for
beamformers and more tolerant to imperfect channel inputs.
Denoising convolutional neural networks (DnCNNs) are
widely used in the context of image denoising [34], [35].
Interestingly, DnCNN denoises images by learning Gaussian
noise rather than the content of images. However, it is
challenging to estimate channels with DnCNN directly. The
DnCNN processes real numbers and cannot be directly
adopted in channel estimation where the signals are complex.
For instance, authors of [16] use complex DnCNN (CDnCNN),
a variant of DnCNN, to estimate channels where the real and
imaginary parts of the received sounding signals are separated
into different channels. Moreover, in [17], the authors
considered channel estimation for MISO Communications
with Large Intelligent Surfaces (LIS), where they use the
least square estimate of the channel as input to the DnCNN.
They separate the real and imaginary parts into two different
input channels and perform the denoising using DnCNN. This
paper is distinct from [16], [17] in 1) considering a system
model based on hybrid MIMO architecture, 2) estimating
wideband frequency-selective mmWave channels, and 3) using
the DnCNN to simultaneously detect the channel supports
that correspond to the indices of Angle-of-Arrival (AoA)
and Angle-of-Departure (AoD) pairs for each path in the
frequency-selective mmWave channels. In [18], a learned
denoising-based approximate message passing (LDAMP)
network is presented to estimate the mmWave communication
system with lens antenna array, where the noise term is
detected and removed to estimate the channel. However,
channel estimation for mmWave massive MIMO systems
with hybrid architecture is not considered in [18].

Prior work on channel estimation for hybrid mmWave
MIMO architecture [18]-[25], [28]—-[30], [36]-[39] consider
the narrow-band flat fading channel model for tractability,
while the practical mmWave channels exhibit the wideband
frequency-selective fading due to the very large bandwidth,
short coherence time and different delays of multipath [11],
[40], [41]. MmWave environments such as indoor and vehic-
ular environments are highly variable with short coherence
time [41] which requires channel estimation techniques that
are robust to the rapidly changing channel characteristics.!
Accordingly, this paper presents combination of DL and CS
methods to identify AoA/AoD pairs’ indices and estimate the
channel amplitudes for frequency-selective channel estimation
of hybrid MIMO systems.

B. Contributions of the Paper

In this paper, we propose a frequency-selective channel
estimation framework for mmWave MIMO systems with a
hybrid architecture. We leverage the sparse nature of mmWave

IThe coherence time is within few milliseconds such as 5ms when
operating at 60 GHz with 1 GHz bandwidth [41].
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MIMO channels by formulating the estimation as a sparse
recovery problem and apply data-driven methods along with
CS to find the channel supports which will help identify
the indices of AoA and AoD pairs for each path in the
frequency-selective mmWave channels. By considering the
mmWave channel sparsity, the developed method aims at
reaping the full advantages of both CS and DL methods.
We consider the received pilot signal as an image, and then
employ a denoising convolutional neural network (DnCNN)
from [34] for channel amplitude estimation. Thereby, we treat
image denoising as a plain discriminative learning problem,
i.e., separating the noise from a noisy image by feed-forward
convolutional neural networks (CNNs). The main motivations
behind using CNNs are twofold: First, deep CNNs have been
recognized to effectively extract image features [34]. Second,
considerable advances have been achieved on regularization
and learning methods for training CNNs, including Rectifier
Linear Unit (ReLU), batch normalization, and residual learn-
ing [35]. These methods can be adopted in CNNs to speed up
the training process and improve the denoising performance.
The main contributions of the paper can be summarized as
follows:

1) We propose a deep learning compressed sensing channel
estimation (DL-CS-CE) scheme for wideband mmWave
massive MIMO systems. The proposed DL-CS-based
channel estimation (DL-CS-CE) algorithm aims at
exploiting the information on the support coming from
every subcarrier in the MIMO-OFDM system. It is exe-
cuted in two steps: channel amplitude estimation through
deep learning and channel reconstruction. We train
a DnCNN using real mmWave channel realizations
obtained from Raymobtime.>? The correlation between
the received signal vectors and the measurement matrix
is fed into the trained DnCNN to predict the channel
amplitudes. Using the obtained channel amplitudes, the
indices of dominant entries of the channel are obtained,
based on which the channel can be reconstructed. Unlike
the existing work of [9]-[11] that estimate the domi-
nant channel entries sequentially, we estimate dominant
entries simultaneously (in one-shot), which is able to
save in computational complexity and improve estima-
tion performance.

2) Using the DL-CS-CE for support detection, we pro-
pose a refined DL-CS-CE algorithm that exploits the
spatially common sparsity within the system band-
width. A channel reconstruction with a low complexity
multi-resolution fine-tuning approach is developed that
further improves NMSE performance by enhancing the
accuracy of the estimated AoAs/AoDs. The channel
reconstruction is performed by consuming a very small

2We consider the challenging off-grid mmWave channel realizations based
on the realistic dataset from Raymobtime where AoAs and AoDs do not lie on
dictionary grids. Raymobtime is a collection of realistic ray-tracing datasets
for wireless communications. It uses ray-tracing and 3D scenarios with mobil-
ity and time evolution for obtaining consistency over time, frequency, and
space. We refer interested readers to https://www.lasse.ufpa.br/raymobtime/
for more information about Raymobtime dataset.
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amount of pilot training frames, which significantly
reduces the training overhead and computational com-
plexity.

3) Simulation results in the low SNR regime show that
both proposed algorithms significantly outperform the
frequency domain approach developed in [11]. Numeri-
cal results also show that using a reasonably small pilot
training frames, approximately in the range of 60-100
frames, leads to substantially low channel estimation
errors. The proposed algorithms are also compared with
existing solutions by analyzing the trade-off between
delivered performance and incurred computational com-
plexity. Our analysis reveals that both proposed channel
estimation methods achieve the desired performance at
significant lower complexity. The developed approaches
are shown to attain an NMSE gap of 1 — 1.5dB with
the Cramer Rao Lower Bound (CRLB) compared to the
4—10dB gap attained by the SW-OMP technique, while
reducing the computational complexity by two orders of
magnitude.

C. Notation and Paper Organization

Bold upper case, bold lower case, and lower case letters cor-
respond to matrices, vectors, and scalars, respectively. Scalar
norms, vector Ly norms, and Frobenius norms, are denoted
by |-[, |||l5» and ||-||, respectively. We use X to denote a set.
Ix denotes a X x X identity matrix. E[-], ()T, (), and (-)*
stand for expected value, transpose, complex conjugate, and
Hermitian. X stands for the Moore-Penrose pseudo-inverse
of X. [x]; represents i™ element of a vector x. The (i, j)"
entry of a matrix X is denoted by [X]; ;. In addition, [X].
and [X]. o denote the j" column vector of matrix X and the
sub-matrix consisting of the columns of matrix X with indices
in set Q. {a} mod b means a modulo b. CN(u, C) refers
to a circularly-symmetric complex Gaussian distribution with
mean g and covariance matrix C. The operations vec(X),
vec2mat(x, sz), sub2ind(sz, [r, c]), and ind2sub(sz,i) cor-
respond to transforming a matrix into a vector, transforming
a vector into a matrix for a defined size (sz), transforming
the row r and column ¢ subscripts of a matrix into their
corresponding linear index, and transforming the linear index ¢
into its corresponding row and column subscripts for a matrix
of a defined size (sz), respectively. X ® Y is the Kronecker
product of X and Y. Key model-related notation is listed in
Table 1. For the sake of fair comparison and consistency,
the notations and system model used in this work is similar
to [10], [11], [13].

The rest of the paper is organized as follows. The system
model for the frequency selective mmwave MIMO system
is described in Section II. In Section III, the proposed two
deep learning-based compressive sensing channel estimation
schemes in the frequency domain are introduced. Moreover,
complexity analysis in terms of convergence and computa-
tional analysis is presented in Section IV. Case studies with
numerical results are simulated and analyzed based on the
proposed schemes in Section V. Section VI concludes the

paper.
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Fig. 1.
TABLE I
NOTATION
Notation Definition

Frp € C t XLy

RF analog precoder (time domain (TD))

Wgr € C v X Lr

RF analog combiner (TD)

Fgg [k] S (CLt X Ns

Baseband digital precoder (frequency domain(FD))

WBB[k] € CLrxNs

Baseband digital combiner (FD)

s[k] € CIVsx1 Data symbol vector (FD)

H, € CNx >Ny d™ delay tap of the channel (TD)
A, € CLXL Complex diagonal matrix (time domain)
AR € CN:=XL Receive array steering matrix

Ar € CNXL Transmit array steering matrix
H[k] € CNr XV Channel at k™ subcarrier (FD)
Alk] € CLXL Complex diagonal matrix (FD)

AR € CNrXGr

Dictionary matrix for receive array response

Ar € (CNt X Gt

Dict. matrix for transmit array response

AL € CNXGr

Refining dict. matrix for receive array response

Al € CNixGE

Refining dict. matrix for transmit array response

Al € CO:xCr

Path gains sparse matrix of the virtual channel (TD)

AV [k:] c (CG' X Gy

Path gains sparse matrix of the virfual channel (FD)

P c (C]\/IerNl A

Measurement matrix

T € CNN-XCiCr

Dictionary matrix

hv[k‘] c CGrGtxl

Sparse vector containing complex channel gains (FD)

T ¢ CMLXGiGr

Equivalent measurement matrix

y[k] € CMLxT

Received signal (FD)

c[k] € CECr

Correlation vector (FD)

C., € CMLXML;

Noise covariance matrix of y[k]

D, € CMLXML;

Whitening matrix (upper triangular matrix)

yw[k] c (CML,xl

Whitened received signal (FD)

Tw c (CMLI.XGLGI

Whitened measurement matrix

T\(,jv < (C]\/ILrXGLG;

White. meas. matrix to remove detection uncertainty

TSV c (CMLrXGtGr

‘White. meas. matrix for refining

Cq k] € RG:XCr

Input matrix to the DnCNN (FD)

G[k] € RE:XCr

Output matrix of the DnCNN (FD)

g[k] c RGrGtXI

Vectorized form of G[k] (FD)

{[k] c CL><1

Vector of actual channel gains (FD)

P € CMLXML;

Projection matrix

r[k] c (CML..xl

Residual vector (FD)

7

Sparse channel support set

K

Subset from total K subcarriers

II. SYSTEM MODEL AND PROBLEM FORMULATION

This section first provides the system and channel mod-
els of frequeny-selective hybrid mmWave transceivers. Then,
it formulates a sparse recovery problem to estimate the sparse

channel in the frequency domain.

A. System Model
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Receiver Blocks Rx Streams
-
Channel Baseband

Combiner

Wi [K] ylk]
YN,

———~ RF Combiner(Wgg) J

L,: # Rx RF Chains, N, : # Rx Antennas

Hybrid architecture system model of a mmWave MIMO system, which includes analog/digital precoders and combiners.

architecture of fully connected network of quantized phase
shifters, as described in [6], with L; < IV; and L, < N, radio
frequency (RF) chains at the transmitter and receiver sides.
Following the notation of [11], we define a frequency-selective
hybrid precoder F[k] = FrpFpplk] € CNoNe |k =
0,...,K—1, where Frr and Fgg[k] are the analog and digital
precoders, respectively. Although, the analog precoder is con-
sidered to be frequency-flat, the digital precoder is different
for every subcarrier. During transmission, the transmitter (TX)
first precodes data symbols s[k] € CV=*1 at each subcarrier by
applying the subcarrier-dependent baseband precoder Fgg[k].
The symbol blocks are then transformed into the time domain
using L. parallel K-point inverse Fast Fourier transform
(IFFT). After adding the cyclic prefix (CP), the transmitter
employs the subcarrier-independent RF precoder Fry to form
the transmitted signal. The complex baseband signal at the
k™ subcarrier can be expressed as x[k] = FrrFag[k]s[k],
where s[k] denotes the transmitted symbol sequence at the
k™ subcarrier of size Ny x 1.

1) Channel Model: We consider a frequency-selective
MIMO channel between the TX and the receiver (RX), with
a delay tap length of N, in the time domain. The d™ delay
tap of the channel is denoted by an IV, x Ny matrix Hy, d =
0,1,..., N, — 1. Assuming a geometric channel model [11],
H, can be written as

L
Hy = /3N " aupe(dT, — 7o)an (¢e)at(6e), (1)

{=1

where pp represents the path loss between the TX and the
RX; L corresponds to the number of channel paths; T
represents the sampling period; p,.(7) denotes a filter that
incorporates the effects of pulse-shaping and other lowpass
filtering evaluated at 7; oy € C is the complex gain of the
¢™ path; 7, € R is the delay of the /! path; ¢, € [0,27]
and 0, € [0,27] are the AoA and AoD of the /™ path,
respectively; and ar(¢,) € CM*! and ar(f,) € CNex!
are the array steering vectors for the receive and transmit
antennas, respectively. Both the TX and the RX are assumed
to use Uniform Linear Arrays (ULAs) with half-wavelength
separation such that the n™ and the m™ elements of these
array steering vectors are given by, respectively:

As shown in Fig. 1, we consider an OFDM-based mmWave
MIMO link employing a total of K subcarriers to send Ng
data streams from a transmitter with N; antennas to a receiver
with NV, antennas. The system is based on a hybrid MIMO

lar(60)],, = /"™ =0, N—1,

[aR(¢£)]m — NLejmwcos(W), m=0,...,N,— 1.

r
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The channel can be expressed more compactly in the follow-
ing form: Hy = ArAyA% where A, € CE*L is diagonal
with non-zero complex diagonal entries, and Ar € CN-xF
and A7 € CN*L contain the receive and transmit array
steering vectors ag(¢;) and ap(0;), respectively. The channel
at subcarrier k£ can be written in terms of the different delay
taps as

HIK = > Hae %4 = ARAlk]AS. )

where A[k] € CE*L is diagonal with non-zero complex
diagonal entries such that A[k] = fi\];(;l Age IR | =
0,....,K -1

2) Extended Virtual Channel Model: According to [2],
we can further approximate the channel H, using the extended
virtual channel model as Hy ~ AgAYA%, where Al €
C&*G¢ corresponds to a sparse matrix that contains the path
gains in the non-zero elements. Moreover, the dictionary matri-
ces Ar and AR contain the TX and RX array response vectors
evaluated on a grid of size G, > L for the AoA and a grid

of size G > L for the AoD, i.e., 0 € {0, é—’:, e W}

and ¢y € {0, é_TZ’ cee %ﬁfl)}, respectively:
éT = [aT@) : ~-aT(‘—‘7~Gt)], ©)
Ar = [ar(¢1) ... ar(dc,)]. 4)

Since we have few scattering clusters in mmWave channels,
the sparse assumption for A}, € C%*&t is commonly
accepted. To help expose the sparse structure, we can express
the channel at subcarrier k in terms of the sparse matrices Ay,
and the dictionaries as follows

Ne—1

H[k] ~ AR< > Age—i%d> AL ~ ARAY[K]AL. (5)
d=0

where A[k] = S0 AYe IRk =0,...,K — 1, is a

G, x Gy complex sparse matrix containing the channel gains
of the virtual channel.

3) Signal Reception: Considering that the receiver (RX)
applies a hybrid combiner W[k] = WgrpWgp[k] € CNxMs,
the received signal at subcarrier k, during the data transmission
phase, can be expressed as

y[k] = Wy [F]WrpH[k]FrrFep[k]s[k] + W [K]Wren[k],

where n[k] ~ CN (0,0%I) corresponds to the circularly
symmetric complex Gaussian distributed additive noise vector.
As will be discussed in Section III, during the channel training
phase, frequency-flat training precoders and combiners will be
considered to reduce complexity.

B. Problem Formulation

During the training phase, transmitter and receiver use a
training precoder F™ € CN*Lt and a training combiner
W™ € CN:-XL: for the m™ pilot training frame, respectively.
The precoders and combiners considered in this phase are
frequency-flat to keep the complexity of the sparse recovery
algorithms low. The transmitted symbols are assumed to

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 21, NO. 6, JUNE 2022

satisfy E{s(™)[k]s(™)*[k]} =
transmitted power and Ny = L. The transmitted symbol
s(™)[k] is decomposed as s™)[k] = q™t(™)[k], with (™) €
CLx1 is a frequency-flat vector and t(™)[k] is a pilot sym-
bol known at the receiver. This decomposition is used to
reduce computational complexity since it allows simultaneous
use of the L; spatial degrees of freedom coming from L;
RF chains and enables channel estimation using a single
subcarrier-independent measurement matrix. Moreover, each
entry in Ft(rm) and in Wt(rm) are normalized such that their
squared-modulus would be N% and %_, respectively. Then, the
received samples in the frequency domain for the m™" training
frame can be expressed as

LIy, where P is the total

y k] = W THEFS g™ (k] 4+ nl™ K], (6)

where H[k] € CN»*Nt denotes the frequency-domain MIMO
channel response at the k™ subcarrier and ném)[k] € CLbrx1,
n{™ [k] = Wt(rm)*n(m) [k], represents the frequency-domain
combined noise vector received at the k™ subcarrier. The
average received SNR is given by SNR = LIZ 5. Furthermore,
the channel coherence time is assumed to be larger than the
frame duration and that the same channel can be considered
for several consecutive frames.

1) Measurement Matrix: In order to apply sparse recon-
struction with a single subcarrier-independent measurement
matrix, we first remove the effect of the scalar t(™)[k] by mul-
tiplying the received signal by t")[k]~'. Using the following
property vec{AXC} = (CT ® A)vec{X}, the vectorized
received signal is given by

vee{y ™[]} = ("™ TF{™ T @W{™") vee{H[K]} +n{™ [K].
(7

The vectorized channel matrix can be expressed as
vec{H[k]} = (A1 @ AR) vec{A"[k]}. (8)

Furthermore, we define the measurement matrix (") ¢
CLxNNe. (M) — (q(m)TFt(rm)T ® W[(rm)*), and the dic-
tionary W € CNNxGGr a5 & = (A1 @ AR). Then, the
vectorized received pilot signal L, x 1 at the m™ training
symbol can be written as

veely ™[]} = SITH ] + 0, ©)

where h¥[k] = vec{A"[k]} € CEE>! is the sparse vector
containing the complex channel gains. Moreover, we use
several training frames to get enough measurements and
accurately reconstruct the sparse vector h'[k], especially in
the very-low SNR regime. Therefore, when the transmitter and
receiver communicate during M training steps using different
pseudorandomly built precoders and combiners, (9) can be
extended to M received signals given by

y[k] = WY k] + ne[k]. (10)
where y[k] = [yM[k],--- ,y(M)[k:HT is of size ML, x
1, & = {@(1),--- ,<I>(M)r of size ML, x N,N,, and
n[k] = {ngl)[k], ., nM) [k]}T of size ML, x 1.
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Input Conv + RelLU Conv +BN+ RelLU
Calk] = |c[K]|
64 filters 64 filters
(3x3x1) (3x3x64)

3809

Residual Noise
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1 filter
(3x3x64)
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Fig. 2.

Hence, the vector h¥[k] can be estimated by solving the
sparse reconstruction problem as done in [11],

min ||h¥[k]||; subject to [|y[k] — @Th'[K]||3 <€, (11)

where € represents a tunable parameter defining the maximum
error between the reconstructed channel and the received
signal. In realistic scenarios, the sparsity (number of channel
paths) is usually unknown, therefore the choice of ¢ is critical
to solve (11) and estimate the sparsity level. The choice of
this parameter is explained in Section III-D.

Interestingly, the matrices in (5) exhibit the same sparse
structure for all k, since the AoA and AoD do not change
with frequency in the transmission bandwidth. This is an
interesting property that can be leveraged when solving the
compressed channel estimation problem defined in (11). More-
over, we denote the supports of the virtual channel matrices

Ayas 7y, 7y,...,IN,—1, d = 0,...,N. — 1. Then, knowing
h'[k] = vec{AY[k]}, with AV[k] = Y00t Ale %4,
k=0,...,K — 1, the supports of h'[k] are defined as
Ne—1
supp{h*[k]} = U supp{vec{A4}} k=0,...,K -1,
d=0

(12)

where the union of the supports of the time-domain virtual
channel matrices is due to the additive nature of the Fourier
transform. Therefore, as shown in (12), where the union is
independent of the subcarrier k, A[k] has the same supports
for all k.

2) Correlation Matrix: To estimate multi-path components
of the channel, i.e., AoAs/AoDs and channel gains, we first
need to compute the atom, which is defined as the vector that
produces the largest sum-correlation with the received signals
in the measurement matrix. The sum-correlation is especially
considered as the support of the different sparse vectors is the
same over the K subcarriers. The correlation vector c[k] €
C&C¢ is given by

clk] = Y"y[K],
(CML,XGtGr’ T =

13)

where Y € PW represents the
equivalent measurement matrix which is the same Vk

Proposed denoising convolutional neural network (DnCNN) for multicarrier channel amplitude estimation.

CML:x1 is the received

and ylk] €
given k, k=0,..., K — 1.

One can note that if there exists a correlation between noise
components, the atom estimated from the projection in (13)
might not be the correct one. In order to compensate for this
error in estimation, we consider the noise covariance matrix
when performing the correlation step. In particular, we con-
sider two arbitrary (hybrid) combiners W[(,m)(z), Wt(rm)(j) €
CN>Lr for two arbitrary training steps 4, j and a given sub-
carrier k. Hence, the combined noise at a given training step 4
and subcarrier k is represented as n{” [k] = W *n()[k], with
n[k] ~ N(0,0%1I},), which results in noise cross-covariance
matrix given by E{n{" [k]n?"[k]} = W(*626[i — jjW Y.
We can further write the noise covariance matrix of y[k] as a
block diagonal matrix C,, € CMLex ML |

C, = blkdiag{W,*W," W, D*w, (O}

signal for a

(14)

Moreover, Cholesky factorization can be used to factorize
C, into Cy = D} D,,, where D,, € CMEXML: i5 an upper
triangular matrix. Then, by taking into consideration the noise
covariance matrix, the correlation step is given by

clk] = XLy, [K],
(CMLr X GGy

15)

where Y,, € represents the whitened mea-
surement matrix given by Y, = Dg*Y. And, the
ML, x 1 whitened received signal y,[k] is given by
Yo[k] = Dy *y[k]. The matrix D! € CML:*ML: jg given

by D! = blkdiag{(m}))1,...,(D&M>)1}, where

-1
(D\(Nm)) can be considered as a frequency-flat baseband

combiner ng’ar used in the m-th training step. Therefore,

by applying the whitened measurement matrix, the resulting
correlation would simultaneously whiten the spatial noise
components and estimate a more accurate support index in
the sparse vectors hV[k].

III. DEEP LEARNING AND COMPRESSIVE-SENSING BASED
CHANNEL ESTIMATION (DL-CS-CE)

To solve the CS channel estimation problem formulated
in (11), this section proposes two DL-based algorithms.
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Both leverage the common support between the chan-
nel matrices for every subcarrier and provide different
complexity-performance trade-offs. The former simultane-
ously estimate the support using an offline-trained DnCNN
and then reconstruct the channel. On the other hand, the latter
applies further fine-tuning to accurately estimate the AoAs and
AoDs with higher resolution dictionary matrices while keeping
computational complexity low.

A. Offline Training and Online Deployment of DnCNN

Before delving into the proposed solutions’ details, let us
first provide insights into the considered DnCNN architecture
as well as its offline training and online deployment.

1) DnCNN Architecture: Fig. 2 illustrates the network archi-
tecture of the DnCNN denoiser that consists of Lo convolu-
tional (Conv) layers. Each layer uses cgi different D;l) X
DZ(,l) X Dg) filters. The first convolutional layer is followed
by a rectified linear unit (ReLU). The succeeding Lc — 2
convolutional layers are followed by batch-normalization (BN)
and a ReLU. The final Lc™ convolutional layer uses one
separate Dg(cLC) X Dl(,LC) X DgLC) filter to reconstruct the

signal. Here, Dg(gl), DZ(,l) and Dg) are the convolutional kernel

dimensions, and cgi is the number of filters in the (™" layer.

We present three pseudo-color images of the noisy channel,
residual noise, and estimated output channel in Fig. 2. The
DnCNN considers the amplitude of the correlation G, x Gy
matrix, i.e.,

Calk] = vec2mat(|c[k]|, |Gy, Gt]), Vk, (16)

as input (where c[k] is defined in (15)) produces residual
noise as an output, rather than estimated channel amplitudes,
where we define a G, x Gy matrix of channel amplitudes as

Glk] = |AY[k]| € RE-*C k. A7)

The DnCNN aims to learn a mapping function F(Cq[k]) =
G|k]| to predict the latent clean image from noisy observation
Cqlk]. We adopt the residual learning formulation to train
a residual mapping R(Cq[k]) = V where V is the residual
noise, and then we have G[k] = Cy[k]—R(Cqlk]). Instead of
learning a mapping directly from a noisy image to a denoised
image, learning the residual noise is beneficial [34], [35].
Furthermore, the averaged mean squared error between the
desired residual images and estimated ones from noisy input
is adopted as the loss function to learn the trainable parameters
©® of the DnCNN. This loss function is given by

N
(8) = 51 S IR(Calk)s©) — (Calk! = GIH)[3 (8

where (Ca[k']i,G[k]i)iil represents /N noisy-clean training
patch pairs. This method is also known as residual learn-
ing [35] and renders the DnCNN to remove the highly
structured natural image rather than the unstructured noise.
Consequently, residual learning improves both the training
times and accuracy of a network. In this way, combining batch
normalization and residual learning techniques can accelerate
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the training speed and improve the denoising performance.
Besides, batch normalization has been shown to offer some
merits for residual learning, such as alleviating internal covari-
ate shift problem in [23], [34].

2) Offline Training of the DnCNN: During offline training
of the DnCNN, the dataset of Cq[k], Vk and G[k], VE is gen-
erated based on the realistic Raymobtime dataset for mmWave
frequency selective channel environment. With the mmWave
channel amplitude in (17) and the correlation of the received
signals and the measurement matrix in (16), the training data
of Cu[k] and G[k] can be obtained. In particular, the process
to obtain Cq[k] and GIk| involves the following four steps:
i) generation of channel matrices based on the mmWave
channel model from the Raymobtime dataset ii) obtaining
Gk] based on (17); iii) computing the whitened received
signal vector y, [k] VEk; and iv) acquiring the amplitudes of
the correlation vector c[k] as per (15) and transforming it into
a matrix form Cq[k] as per (16).

3) Online Deployment of the DnCNN: During the online
deployment of the DL-CS-CE, we obtain the measured
received signal y,[k] from the realistic mmWave channel
environments. We compute Cq[k] based on (16), which is
then fed to the offline-trained DnCNN. Then, the trained
DnCNN would predict G[k], from which we can estimate
the supports of AV[k]. An interesting and noteworthy issue
is that we can feed the trained DnCNN a subset K, of
K subcarriers of the amplitudes of the correlation matrices
Ca[k], to eventually estimate the support of AY[k], since as
shown in Section II-B1 AY[k] have the same support for
all k. In particular, the support can be estimated if a small
number of subcarriers K, < K is used instead. This will
eliminate the need for computing C,[k] for all subcarriers and
eventually reduce the overall computational complexity at the
cost of a negligible performance degradation. By leveraging
from triangle inequality, ||y[k]||3 < [[®h[K]||3 + ||nc[k]||3,
such that the K, selected signals are expected to exhibit
the strongest channel response. Therefore, the K, subcarriers
having largest £3-norm will be exploited to derive an estimate
of the support of the already defined sparse channel matrix
AVkl, k=0,...., K — 1.

B. Algorithm 1: DL-CS-CE

The state-of-the-art sparse channel estimation schemes [11,
and references therein] depend on greedy algorithms to detect
the supports sequentially, which naturally yield suboptimal
solutions. This motivated us to exploit the neural networks
to estimate all supports simultaneously rather than sequen-
tially. In addition, the proposed DL-CS-CE algorithm exploits
the common support between the different channel matrices
associated with different subcarriers. Since the DL-CS-CE
processes OFDM signals simultaneously received from K
subcarriers, the amount of obtained information is K times
larger than a single carrier system [11]. Accordingly, exploit-
ing common supports across multiple carriers increases the
likelihood of estimating AoA/AoD, or equivalently the support
of channel. The algorithmic implementation of the proposed
DL-CS-CE solution is presented in Algorithm 1. After initial-
ization steps between lines 1-3 and the computation of the
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Algorithm 1 DL-CS-CE

Input: y[k], ®, ¥, Ar, AR, K, €

1.y, [k — D, *y[k] VEk

cr[k] — vy, [k] VE

: Ta K« {Q)}

Y, — D;*®¥

: KK < FIND STRONGEST SUBCARRIERS (y[k])
: glk] — ESTIMATE AMPLITUDES (Y73, r[k], K)
: H[k] < RECONSTRUCT CHANNEL (g[k])

return H[k]
8: procedure FIND STRONGEST SUBCARRIERS(Y[])

9: fori=1:K,do

K = K U arg max ||y[k]||2
e

10: end for
return C

11: end procedure
12: procedure ESTIMATE AMPLITUDES(Y,, r[k], K)

13: clk] — YXur[k], k€ K // as per (15)
14: Cqlk] « vec2mat(|c[k]|, [Gy, Gt]) // as per (16)

A Online .
15 Glk] v Calk] // I[c.f. Fig. 3.b]

16:  glk] < vec(Gl[k]) // as per (19)
return g[k|, Vk € K

17: end procedure
18: procedure RECONSTRUCT CHANNEL(g[k], Vk)

19:  MSE « oo

20 11

21: I < INDEXSORTDESCEND (Y, . |g[K])
22:  while MSE > ¢ & i < GG, do

23: T — T UI() T

2 €k (10l 1) vl VR
250 rlk] ey k] =[], 5 (K], VR
26: MSE — g ST e [k r[]
27: 1—1+1

28:  end while
29: L« i // Estimate # paths [c.f. Section III-D]
30: ﬁv[k] «— as per (23).
310 vec{A"[k]} — h'[K]
3. vec{H[k]} — (Ar ® Ag)vec{A"[k]}.
return H[k|
33: end procedure

whitened equivalent observation matrix in line 4, DL-CS-CE
is structured based on three main procedures:

o Estimation of the channel amplitudes by using an
offline-trained DnCNN,

o Sorting the estimated channel amplitudes in descending
order to select the supports of dominant entries,

o Reconstruction of the channel according to the selected
indices,

which are explained in the sequel.
1) Strongest Subcarriers Selection: This procedure is rep-
resented in lines 8-11 of Algorithm 1, where the algorithm
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TABLE II

AVERAGE SIZE OF ESTIMATED SUPPORT L, = \’f’|

SNR | —15dB | —10dB | —5dB | —0dB | 5dB
L 4 5 9 12 15

iteratively finds a subset U € K containing the K, strongest
subcarriers which are expected to exhibit the strongest channel
response as explained in Section III-A3.

2) Amplitude Estimation: As depicted in Fig. 3, the
lines 13 and 14 of Algorithm 1 first compute the correlation
vector as per (15) and then create the DnCNN input C,[k]
by putting correlation vectors into a matrix form as per (16),
respectively. In line 15, the offline trained DnCNN is used as
the kernel of the channel amplitude estimation to obtain the
DnCNN output G[k:] of size G, x Gy, which is the estimate of
G k] given in (17). It is worth noting that we only use a subset
IC of the correlation matrices Co[k] Vk € K as an input to the
DnCNN. In line 16, the output channel amplitude estimation
matrix G[k] is then vectorized into the following GG, x 1
vector form

g(k] = vec(Glk]), VkeK (19)

where the indices of the maximum amplitudes of g[k| will be
exploited for support detection.

3) Multicarrier Channel Reconstruction: This procedure
corresponds to the last block depicted in the last stage of
the block diagram in Fig.3.b. It detects supports by iteratively
updating residual until the MSE falls below a predetermined
threshold, e. After initialization steps in lines 19 and 20,
line 19 first sums the amplitudes of predicted g[k| over the
subcarriers k£ € IC as the supports are the same for all k [c.f.
Section II-B1]. Then, INDEXSORTDESCEND function sorts
the sum vector in descending order and return corresponding
index set Z, |Z| = G,G;. Thereafter, the while loop between
lines 22 and 28 follows the below steps until the termination
condition is satisfied:

Line 23 updates the detected support set T by adding the
i" element of ordered index set Z. Then, line 24 projects the
input signal y,, [k] Vk onto the subspace given by the detected

h
support 7 using Weighted Least-Squares (WLS) ([TW]: T) ,

which is followed by residual update and MSE computation
in lines 25 and 26, respectively. It is also worth noting

that ([Tw]zj)T corresponds to a WLS estimator, with the
corresponding weights given by the inverse noise covariance
matrix. Lastly, line 26 increments the loop index ¢ for the next
iteration. The final value of i = |7| provides us with one of
the key parameters: L, the estimate of the sufficient number of
paths that guarantees MSE > ¢, i.e., L. Thereby, it is closely
tied with the choice of €, which will be explained in details
in Section III-D. We should also note that the while loop is
terminated by the MSE > € condition almost all the time since
GG, > L as shown in Table 1.3

3This assumption holds since mmWave channels are known to have limited
number of paths.
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Fig. 3.

After estimating the indices of the channel supports where
they represent the indices of AoA and AoD pairs for each path,
we use them to reconstruct the channel based on the virtual
channel model representation. Since the support of sparse
channel vectors is already represented by 7T, the measurement
matrix can now be defined as [Y] 5 € CMLxL guch that
[Y]. # = [®¥]. 7. Hence, the received signal model for the

©

k™ subcarrier can be rewritten as

ylk] = [X]. 7 &[k] + Ac[k],
c (CML,;xl

(20)

where n[k] represents the residual noise after
estimating the channel support and £[k] € C*1 is the vector
containing the channel gains to be estimated after sparse
recovery. If the support estimation is accurate enough, n.[k]
will be approximately similar to the post-combining noise
vector n¢[k] [11]. It is important to remark that the indices
obtained by the trained DnCNN may be different from the
actual channel support. In this case, the support detected T
may also be different from the actual support. Likewise, the
channel gains to be estimated é[k‘] can also be different from
actual vector, £[k] = vec{diag{ A[k]}}.

The mathematical model in (20) is usually considered as
the General Linear Model (GLM), where the solution of &[k]
for real parameters is provided in [42]. For the case with
complex-valued parameters, the solution is straightforward and
given by

&= (01700 T)7) (YL G, @D

which can be further reduced to

t
€k = (Il 7) yalh] (22)

Therefore, £[k] is considered as the Minimum Variance
Unbiased (MVU) estimator for the complex parameter vector
&lk], k=0,..., K — 1. Hence, it is unbiased and attains the

G[k]

Calculate Loss

Update Weights

Multicarrier
Channel

Reconstruction

Block diagram of the DL-CS-CE Scheme: offline training and online deployment.

Cramér-Rao Lower Bound (CRLB) if the support is correctly
estimated [11].%
Once all the supports are detected, line 29 computes the

sparse channel vector h [k] where its non-zero elements are
obtained according to

Kz = (10ul) yalk]

Finally, knowing that Vec{Av}[k] =h [k], line 32 recon-
structs the channel based on (8) as follows

~V

[h (23)

vec{H[k]} = (A1 ® Ag) vec{A"[k]}. (24)

C. Algorithm 2: Refined DL-CS-CE

The sparsity of h'[k] can be impaired by channel power
leakage caused by the limited resolution of the chosen dic-
tionary matrices [44]. Therefore, even though the DL-CS-CE
provides reasonable AoD/AoA estimates, the adopted vir-
tual quantized dictionary matrices may not obtain the exact
AoDs/Ao0As, that lie in the off-grid regions of the dictionary
in reality. In this section, we combat this issue by developing
a method to obtain more accurate AoDs/AoAs. This new
procedure is called refined DL-CS-CE and improves NMSE
performance of Algorithm 1 (DL-CS-CE) while reducing
the incurring computational complexity at the same time.
The refined DL-CS-CE presents a refined extension of the
DL-CS-CE approach where we first obtain a coarse estimate
of the supports from the output of the DnCNN (as done in
Algorithm 1). Then, we improve the estimates using developed
refining steps, which are explained next.

Using the superscript r for referring to the refining phase,
we consider higher resolution refining dictionary matrices

4This is considered as Cramér-Rao Lower Bound of a Genie-aided estima-
tion problem, in which the estimator knows the location of the nonzero taps
i.e., 7, as if a Genie has aided the estimator with the location of the taps [43].

Authorized licensed use limited to: American University of Beirut. Downloaded on April 09,2024 at 08:10:07 UTC from IEEE Xplore. Restrictions apply.



ABDALLAH et al.: DEEP LEARNING-BASED FREQUENCY-SELECTIVE CHANNEL ESTIMATION

Algorithm 2 Refined DL-CS-CE

Input: y[k], ®, ¥, Ay, Ag, A%, A%, K,

1: yo [k — D y[k] Vk

cr[k] — vy, [k] VE

: Ta K~ {Q)}

®, =D,

¥ — (Ar® Ag) // For Detection

Y, — D, *®W¥

U = (AL ® AL) // For Refining

Y, — D, *®¥"

: KK < FIND STRONGEST SUBCARRIERS (y[k])
. g|k] < ESTIMATE AMPLITUDES (Y3, r[k], K)
11: H[k] — RECONSTRUCT CHANNEL & REFINE(g[k])

return H[k]
12: procedure FIND STRONGEST SUBCARRIERS(y[%])

13:  Lines 9-10 in Algorithm 1

14: end procedure
15: procedure ESTIMATE AMPLITUDES(Y .,

16:  Lines 13-16 in Algorithm 1

17: end procedure
18: procedure RECONSTRUCT CHANNEL & REFINE(g[k])

19: T < INDEXSORTDESCEND (3, . |g[k]|)
20:  MSE « oo

R A U R

—_
=]

r[k], K)

21: 71

22:  while MSE > ¢ & i < GG, do

23: [iS0a, 1%,p] < ind2sub([Gy, G¢], Z(i))
24: T « REFINE (i%.,,i%0p)

s () vkl vk

26: rlk] < yy [kl = [Y ] 7 E[K], VK

27: MSE — S e k] [k]

28: 1—1+1

29:  end while
300 L «—i // Estimate # paths [c.f. Section III-D]
31: h' [k] < as per (23) but using [Y},]. 5 instead
32: vec{A [k]} —h [k]
33 vec{H[k k]} — ©* vec{A [k]}.
return H[k|
34: end procedure
35: procedure REFINE(iS ,,i% )
36: i, < as per in (25)
37: ihep < as per (26)
38: il,a " < as per (28)
39:  ih,p" < as per (26) by using i} ,* instead of i},
40:  j* « sub2ind([G}, Gi], [ihon™s Thop ™))
41: T—TuU 7"
return 7
42: end procedure

A}, and A% with grid sizes G and G, respectively. Based
on these notations, the refined DL-CS-CE summarized in
Algorithm 2 follows the same implementation as that of
Algorithm 1 except some technical differences during the
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channel reconstruction stage, on which we focus our attention
in the sequel.

Multicarrier Channel Reconstruction and Refinement: The
while loop between lines 22 and 29 refines the path compo-
nents by iterative projections. In line 23, the detected support
Z(4) is first transformed into column and row indices of a
G, x Gy matrix representing the indices (i,,,i%,p) of the
detected AoAs and AoDs in the original lower resolution
dictionary matrices AR and AT, respectively. In line 24,
a multi-resolution fine-tuning method is applied to enhance
the resolution of the detected AoAs and AoDs. The refining
procedure consists of two steps as shown between lines 36 and
39 of Algorithm 2. In what follows, these steps are explained
based on the column index set notation ()i, where K €
{A, D} represents arrival or departure, and q € {d,r} refer to
detection or refinement, respectively.

1) The first step starts with line 36 which refine the angle
components with the highest number of antennas. For
instance, let’s assume that N, > N;. By increasing the
resolution of ¢; to GY > G, the maximum projec-
tion along the refined receiving array steering matrix
A%, while the corresponding AoD 91 is fixed, can be
expressed as

ihoa = AIg Max [Z ‘([va]:,g,),d)* yw[k]” , (25
v ke

K]

where Y% is an ML, x G*G; matrix such that Y =
®y(Ar ® Ap), and [Ty] , is an ML x G}
sub-matrix with the column index set defined as Qpa =
{idp @ 1%,p-G"}; iS.p corresponds to the index of
the previously detected AoD before refining. Then,
line 37 continues with the remaining angle by increasing
the resolution of 9l to Gf > G. Similar to (25), the
maximum projection along the refined transmit array
steering matrix A, while the corresponding obtained
refined AoA ¢Sl is fixed, can be expressed as

onDfarg max [Z ‘(Tr QA.) yw[k]‘

ke

where Y3, is an ML, x G:G} matrix such that
T, =2 (ArT®Ar) and [YXy]. o, is an ML, x Gy
sub-matrix with the column index set defined as

Qar ={0: GIGi — 1} mod G} + -

(26)

i

27)

Here, i,,, is the index of the refined AoA obtained
from (25).

2) The second step: In line 38, after removing the angle
uncertainty caused by the detection phase, we can pro-
ceed to repeat the same step by substituting all angles
with their corresponding refined angles. The maximum
projection along the refined received array is given by

Thop = arg max [Z K Qm) yw[k]” , (28)
where Qp = {#ip : th,p-Gr}, and 4} . corresponds to
the index obtained from the previous step in (26).
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Similarly in line 39, i}, ,* is now obtained using equation (26)
but by substituting i}, in (27) with the obtained },,* (the
result from equation (28)). Next, line 40 transforms the row
and column indices [i4 5", th,p"] into a linear index j*. The
refining procedure lastly updates the refined support estimation
set T by admitting index j7* into T.

D. Estimation of the Sufficient Number of Paths

After estimating the channel amplitudes using the trained
DnCNN, it is necessary to determine the sufficient support
indices representing the number of paths needed to reconstruct
the channel. An important metric to estimate the sufficient
number of channel paths is the residual computed in our
algorithms at the i iteration, which is given by

e [k] =y, [k] = (X5, 7 €K, Vk, 29)

where 7 is obtained either from the output of the
trained DnCNN (7 = 7 U Z(i) such that 7 =
INDEXSORTDESCEND (>, o |g[K]|), as per steps 21 and
23 in the proposed DL-CS-CE Algorithm 1) or from the
refining step 7 = REFINE (i%,,,7%,p) in the proposed refined
DL-CS-CE (as per step 24 in Algorithm 2). Hence, the residual
is computed based on different metrics than that in [11].

To solve this detection problem, some prior information
is needed to compare the received signals y[k] with the
reconstructed signals Xeec[k] = [T]:jé [k]. For instance, the
noise variance is assumed to be known at the receiver in which
the receiver can accurately estimate the noise variance before
the training stage takes place. Hence, the received signal y[k]
can be approximately modeled as y[k] & Xec[k] + nc[k], since
Xrec[K] is an estimate of the mean of y[k].

Moreover, using the classical maximum likelihood
estimator, the estimation of the noise variance can be
formulated using the widely known Maximum-Likelihood
estimation problem [11], [42]. The log likelihood function of
y L(Y, Xrec, 02) is given by

L(Y, %ee; 0%) = ~KML,Inmo? — Indet{Cy}
1 K—-1
(y[k] - )A(rec [k])* C;,l (y[k] - )A(rec [k]) ’

o2
k=0

where y = vec{y[0],...,y[K — 1]} represents the complete

received signal, Xee = vec{Xpec[0], ..., Xwec[K — 1]} is the

complete reconstructed signal. Knowing that the ML estimator

of the noise variance is formulated as follows o2y =

arg max L(y, Xrec, 02), a closed form expression of the ML
2

ag
estimate of the noise variance can be obtained by taking partial
derivative with respect to o where L(y, Xrec, 02)/d0? = 0.
Hence, o2y is given by

. 1 K—1 R . B R
o2vL = KML. Z (Y[k] - Xrec[k]) Cw1 (y[k] - Xrec[k])
o
= r [k] r[k] , (30)
KML, Py

where the ML, x 1 vector r[k] £ y,[k] — Dy, *Xc matches
the residual expression obtained in Algorithm 1 (Step 26) and
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Algorithm 2 (Step 27) that depends on the detected supports
from the trained DnCNN and the refining steps. One can note
that r[k] can also be expressed as r[k] = (Inr, — P)y, k],
where P € CMLxxMLx represents the projection matrix given
by P = [TW]Tf [Xy]. +. Therefore, the halting criterion to
determine whether a sufficient number of paths has already
been detected is the noise variance. The detection process is
achieved when the estimated noise variance becomes equal to
the true noise variance of the received signal by setting € to
o2 in (11).

Therefore, for a sufficient number of iterations, L sufficient
paths are expected to be detected as those L paths correspond
to the dominant L entries of > kex INVIE]L.

IV. CONVERGENCE AND COMPLEXITY ANALYSIS
In this section, we analyze the convergence of the proposed
algorithms to a local optimum, which is then followed by their
step-by-step computational complexity analysis.

A. Convergence Analysis

We assume that the dictionary sizes G, and G, are large
enough’ to have coarsely quantized AoAs/AoDs are accurately
estimated. For the sake of simplicity, we build the convergence
analysis based on the notation for Algorithm 1 to analyze the
convergence, which is also applicable for Algorithm 2. In order
to insure convergence to a local optimum, the energy of the
residual computed at the i 4+ 1™ iteration should be strictly
smaller than that of the previous i iteration, i.e.,

IR < FORIE, k=0, K =1 (1)

Noting that the residual computation in compressive sensing
approaches (OMP and its variant for SW-OMP in [11]) and
the proposed algorithms are different in the sense that they
depend on the support estimated, but they follow the same
criteria to guarantee convergence.

The residual for a given iteration i is expressed as r(¥) [k] =
(Inz, — PW)y,[k], where P() € CME-*ML: corresponds
to a projection matrix given by P £ [Y,] 5 [TW]TTW
and 7 represent the chosen detected supports at the ™
iteration of Algorithms 1 and 2. It is worth mentioning that
the residual r(¥[k] is the vector resulting from projecting
y.[k] onto the subspace orthogonal to the column space
of [Yy]. 7. Consequently, the condition in (31) is equiv-
alent to [Pty [K]||3 > ||[P@y,[K]||3 where P(H+D) =
[ 70 (Ol pesne ]| x [l 70 [Tl pesn- ], and
pltD* is the estimate for the support index found during the
i + 1™ iteration, such that plitD* ¢ T

By using the formula for the inverse of a 2 x 2 block matrix
(from Appendix 8B in [42]), the projection matrix P(*1) can
be recursively written as a function of P() as

pi+D
(IML,;—P(”) [Ywl. gty [Tw]iﬁuH)* (IJ\ILY_P(O)
[Tw]iﬁ(i+l)* (]:]\IL,r _P(Z)) [Tw];’ﬁ(wm* ’

APG+1)

(32)

SThis assumption holds for large enough values of M and K [6].
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TABLE III
ONLINE COMPUTATIONAL COMPLEXITY OF ALGORITHM 1

Operation Complexity

Kp X clk] = Yirlk] O(Kp(GrGy)MLy,)
Estimation using DnCNN (34)

max Yy 0 (K] O(Ky(GiGr) L)

(K) x xi—[k]:([ W), T) | | 0@i2L.M + L?)

Yulk
Elk
[

(K) x rlk]=yy [k] - [ ],f (k] O(KL:ML)

MSE = mz r*[k]r[k] O(KL, ML)

Overall O(K,(G:Gy)M L)
TABLE IV

ONLINE COMPUTATIONAL COMPLEXITY OF ALGORITHM 2

Operation Complexity

Kp X c[k] = Xirlk] O(Kp(GrGy)MLy)
Estimation using DnCNN (34) A
max ) yex [hVIK]| O(Kp(GiGr) L)
arg max [Zkelc ‘([rsv]:,ﬂ)* yw[k}Hi O(KpML:GEL)
arg max [Syepe [((Th),0) wlH]], | OUMLGEE)
() x xp k) = (103, 1) yulk] O(2L2L, M + L3)
(K) x r[k] =yulkl - [T 1. T&[k] O(KL:ML)
MSE = gt S v [K]r[k] O(KL, ML)
Overall O(KpML:GLL)

with AP+ ¢ CMLrxMLy j5 another projection matrix that
considers the relation between the projections at the i and
i + 1™ iterations. The equation in (32) can be easily shown to
fulfill the orthogonality principle, i.e., PUtDAPG+D = 0.
Then, [|[P0+Dy_[K]||3 = can be expressed as

[Py, [K]]3 = IIP(f)yw[k] + AP““)_yw[k]II%
= |[POy, [K]|I5 + [JAPT Dy [K]]3, (33)

which satisfies the triangle equality. Moreover, AP(+1) g
idempotent [42] in which, using straight-forward linear alge-
braic manipulations, it is easy to show that AP(+1

(AP“‘H))Q. Hence, the eigen values of APUTD are either
0 or 1, thereby, |[PUHDy [k]||3 > ||P®My,[K]||3. Since the
condition is satisfied, the proposed algorithms are therefore
guaranteed to converge to a local optimum. Moreover, Table II
shows the average number of sufficient iterations |7 | = L for a
range of SNR values. The results in the table confirms that the
proposed support detection method using the trained DnCNN
needs few iterations to converge.

B. Computational Analysis

The computational complexity for Algorithm 1 and
Algorithm 2 are provided in Table III and Table IV, respec-
tively. For comparison purposes, the overall computational
complexity of SW-OMP [11] benchmark is also provided in
Table V. Since some steps can be performed before running
the channel estimation algorithms, we will distinguish between
online and offline operations. For instance, the matrices Yy, =
D, *Y, Cy, Dy, Tf‘V, and Y}, can be computed offline before
explicit channel estimation.
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TABLE V
ONLINE COMPUTATIONAL COMPLEXITY OF SW-OMP [11]

Operation Overall Complexity
For grid size dict. matrices GGt O(K(GrGt)Mer/)
For grid size dict. matrices GLG} | O(K(GLG)ML.L)

Besides, the computational complexity of the proposed
DnCNN arises from both online deployment and offline train-
ing. Although the online complexity is easier to compute,
the offline training complexity is still an open issue due
to a more involved implementation of the backpropagation
process during training [45]. Therefore, we only consider the
complexity of the online deployment which is based on simple
matrix-vector multiplications.

For a deep neural network with L convolutional lay-
ers [46], the total time complexity of is given by

Lc
o (Z D;DD;UD@bgwb;%gg%g{) (34)

=1

where Dg), DZ(,I) and Dgl) are the convolutional kernel dimen-
sions, by and b(l) are the dimensions of the /™ convolutional
layer output; and c( ) is the number of filters in the /™ layer.
We should also note that DL enjoys the advantages of graphics
processing units (GPUs) and parallel processing, and hence,
the overall time complexity is dominated by the analytical
operations performed in the proposed algorithms.

Note that the complexity given in [11] is per iteration, where
the computations will be repeated for a total of L iterations that
is why we multiply the overall complexity from [11] with L.
Hence, the overall complexity of SW-OMP is approximately
O(K(G,Gy)ML,L), whereas the complexity of the proposed
DL-CS-CE is O(K,(G,Gt)ML,) such that K, is a fraction
of K subcarriers. We note that the complexity of DL-CS-CE is
not multiplied by L, since the supports are detected in one-shot
from the output of the DnCNN. Consequently, the overall
complexity of DL-CS-CE is lower than that of SW-OMP.
Furthermore, the same applies for the refined DL-CS-CE
approach of overall complexity O(K,ML,G:L) in which
we use higher resolution dictionary matrices where the grid
sizes are much higher than the grid sizes used in DL-CS-CE
(GY > G, and G} > G;). The complexity of the refined
DL-CS-CE is still lower than that of SW-OMP where the
complexity becomes O(K(GLG{)ML,L) after considering
the same higher resolution dictionary matrices for the sake
of fair comparison.

In addition, if we increase the resolution of these dictionary
matrices in Algorithm 1 (DL-CS-CE), the complexity order,
which is in the order of O(K,(G,Gy)M L, ), will also increase.
For example, if the resolution of dictionary matrices are
increased from G, = 2N,/G; = 2N; to G, = G} =
8N,/(Gf = Gy = 8Ny, the complexity order of Algorithm 1
(DL-CS-CE) becomes O(K,(GLG;)ML,). On the other hand,
the complexity order of Algorithm 2 (refined DL-CS-CE) is
O(K,GiML,L). For the same set of parameters, complexity
order of Algorithm 2 is less than Algorithm 1 by a factor of
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G%. = %M knowing that 8 N; > L, since the number of paths

(L) are known to be limited in mmWave systems (from the
sparsity nature).

In Section V-E, we compare the computation times of the
proposed methods with that of SW-OMP.

V. SIMULATION RESULTS

This section evaluates the performance of the proposed
algorithms and compares empirical results with benchmark
frequency-domain channel estimation algorithms, including
SW-OMP [11]. The results are obtained through extensive
Monte Carlo simulations to evaluate the average normalized
mean squared error (NMSE), and the ergodic rate as a function
of SNR and the number of training frames M. The simulations
are performed based on realistic channel realizations from
Raymobtime channel datasets.

The main parameters used for system configuration are as
follows. The phase-shifters used in both the transmitter and the

receiver are assumed to have N quantization bits, so that the

entries of the training vectors fém), w[(rm), m=12,....,.M

N,
are drawn from the set A = <0, ;T”Q,...,%}.
The number of quantization bits is set to No = 2. The

band-limiting filter p,.(¢) is assumed to be a raised-cosine
filter with roll-off factor of 0.8.

The DnCNN adopted in this work has Lc = 3 convolutional
layers. The first convolutional layer uses c&;, = 64 different
3 x 3 x 1 filters. The succeeding convolutional layer uses
64 different 3 x 3 x 64 filters. The final convolutional layer
uses one separate 3 X 3 x 64 filter. Moreover, we divide the
dataset into the training set and the validation set randomly,
where the size of the training set is 70 % of the total set and
the validation set is the other 30 %. We adopt the adaptive
moment estimation (Adam) optimizer to train the DnCNN.
The DnCNN is trained for 10 epochs, where 256 mini-batches
are utilized in each epoch. The learning rate is set to 0.01. The
training process terminates when the validation accuracy does
not improve in ten consecutive iterations.

Unless stated explicitly otherwise, the default system para-
meters used throughout the experimental simulations are sum-
marized in Table VI, where U(-,-) represents the uniform
distribution.

A. DnCNN Convergence and Network Architecture

In Fig. 4a, we plot the progression of the loss versus the
number of training iterations, and show how the loss changes
with different learning rates. Fig. 4a verifies the model’s
convergence and generality by showing that validation and
training losses converge and match well. Moreover, it is worth
noting that setting the learning rate to 0.01 is the best option
as it guarantees the lowest loss value with a relatively high
convergence speed.

In Fig. 4b, we plot the training loss progression for different
network architectures, i.e., we compare the performance for
different L depths of convolutional layers. It can be seen that
using Lo = 3 provides the optimal performance in terms of
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TABLE VI
SIMULATION PARAMETERS

Parameter Value
Total size of dataset 10,000
Total number of subcarriers (K) 16
Subset number of subcarriers (K,) K/4
Operating frequency 60 GHz
Number of TX (RX) antennas N¢ (IV;) 16(64)
Number of TX (RX) RF chains L¢ (Ly) 2(4)
Grid size of TX (RX) detecting

dictionary steering vectors Gy (G.) 2Ny (2N;)
Grid size of TX (RX) refining

dictionary steering vectors G; (Gy) 8N¢(8N:)
Channel paths L 16
Number of delay taps of the channel N 16
Distribution of AoAs/AoDs U0, )

T T T T T

T T T T
o Validation set, Learning rate=0.01
— Training set, Learning rate=0.01
—+— Validation set, Learning rate=0.001
— — Training set, Learning rate=0.001 [
—A— Validation set, Learning rate=0.1
— Training set, Learning rate=0.1

Loss
(6,1
&
L
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Training lterations

(a)
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T T
Training set, Lc = 3
-------- Training set, Lo = 7
— — Training set, Lo = 15|

PERNING \\ - [N
N’ TN
| ] T T T T
0 200 400 600 800 1000 1200 1400 1600 1800 2000
Training lterations
(®)

Fig. 4. (a) Training loss versus validation loss performance for a selection
of Learning rates with number of layers Depth L& = 3, and (b) training loss
performance for varying number of layers Lo = {3,7,15} with learning
rate = 0.01.

convergence and training loss. When we increased the hidden
layers, the model learned more parameters than needed to
solve the problem.

B. Comparison of the Normalized Mean Squared Errors

One of the key performance metrics for the channel esti-
mate H[k] is the NMSE, which is expressed for a given
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Fig. 5. The NMSE vs. SNR for the DL-CS-CE, the refined DL-CS-CE, and

the SW-OMP (N = 16, N; = 64, K = 16).

realization as
K—1 1
Do IHIK] — HIK]|[:
K—1 :
Yk—o IIHIE]|[E
The NMSE is considered our baseline metric to compute

the proposed algorithms’ performance and will be averaged
over many channel realizations. While the DnCNN is used

NMSE =

(35)
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to detect the supports of the channel matrices, the CRLB
gives the lower bound when the supports are perfectly known.
Therefore, it is necessary to compare the NMSE performance
of the proposed approaches against CRLB to see how close
is the support detection from the target supports. Accordingly,
the normalized CRLB (NCRLB), from which the supports are
perfectly estimated [11], is also provided as a benchmark to
compare each algorithm’s average performance with the lowest
achievable NMSE.

We compare the average NMSE versus SNR obtained for
the different channel estimation algorithms in Figs. 5 for a
practical SNR range of —15dB to 5dB and three different
lengths of training frames M = {100,80,60}. It is worth
noting that the choice of the SNR range is based on the
fact that the expected SNR typically ranges between —20 dB
and 0dB in mmWave communication systems. Using a large
number of training frames M increases performance at the
cost of both higher overhead and computational complexity
since the complexity of estimating the support, and channel
gains grows linearly with L, M.

In Fig. 5, DL-CS-CE with refining performs the best,
achieving NMSE values very close to the NCRLB (around
1dB gap). The performance difference between SW-OMP
and proposed algorithms is noticeable, which comes from the
fact that SW-OMP estimates the mmWave channel dominant
entries sequentially rather than at a single shot. The DL-CS-CE
obviously deliver an NMSE lower than that of SW-OMP by
—3dB. The refined DL-CS-CE achieves even lower NMSE
values below —10dB especially for low SNR values such as
SNR = —15dB whereas SW-OMP with higher resolution
grid sizes achieves NMSE around —3dB and —4dB for
SNR = —15dB.

In Fig. 7a, we compare the NMSE of the DL-CS-CE
with G, = 2N, and Gy = 2N; and the refined DL-CS-CE
with refining grid sizes GY = {2N,4N,,8N,,16N,} and
GY = {2N; 4Ny, 8Ny, 16 Ny }. Tt is obvious from Fig. 7a that
setting the dictionary sizes to twice the number of antennas
at transmitter and receiver is not enough to estimate the
exact AoDs/AoAs that lie in the off grid regions of the
dictionary. At this very point, the refining method introduced
in Algorithm 2 is shown to greatly enhance the NMSE
performance especially for the low SNR regime, at the cost of
increased computational complexity as the refining resolution
increases as shown in Table IV. Hence, a trade-off exists
between attaining good NMSE performance and keeping the
computational complexity order low. However, even with the
proposed refining approach, the complexity remains lower
than that of SW-OMP for the same high resolution dictionary
matrices by at least two orders of magnitude. For instance,
by taking M = 100, K, = K/4,G{ = 8Ny, and G; = 8N,
the complexity order of SW-OMP is O(K(G:G{)ML,L) =
0(6.7 x 10°), while the complexity order of the refined
DL-CS-CE is O(K,G*ML,L) = O(1.3 x 107).

In Fig. 6, we compare the proposed channel estimation
algorithms with SIMGW-OMP from [13] for M = 80, K =
64, K, = 16,L, = 4,Ly = 4,Ny = 32, N, = 32. The
proposed refined DL-CS-CE approach provides an NMSE
performance superior to SIMGW-OMP, especially at the low
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Fig. 6. NMSE performance for M = 80, K = 64, K, = 16, Ly = 4, Lt =
4, Ny = 32, Ny = 32.

SNR regime (SNR < 0 dB). Therefore, the refined DL-CS-CE
is especially more suitable for mmWave systems, where the
expected SNR typically ranges between —20dB and 0dB.
Moreover, Fig. 7a hows the NMSE performance of
Algorithm 1 and 2 under different refining resolutions G} =
{2N, 4N, ,8N,,16N,}, G = {2N;,4N;, 8Ny, 16N }. It is
worth noting that Algorithm 2 is an extension of Algorithm 1
with an extra refining applied for more accurate AoA/AoD
estimation. It is shown in Fig. 7a that as the refining resolution
increases (i.e., G} >2N,, G > 2Ny), the NMSE performance
is enhanced. Therefore, Algorithm 1 (DL-CS-CE) provides
a coarse estimate of the AoAs/AoDs by just relying on the
output of the DnCNN and low resolution dictionary matrices.
On the other hand, Algorithm 2 (refined DL-CS-CE) presents
a refined performance that accounts for the continuous nature
of the AoAs and AoDs to provide better NMSE performance,
especially in the low SNR regime (i.e., SNR < 0dB).

C. Comparisons for the Probability of Successful Support
Estimation for L Paths

In Fig. 7b, we compare the successful support detection
probability versus SNR for the proposed DnCNN-based ampli-
tude estimation and that of SW-OMP. It can be seen that
the proposed DnCNN outperforms SW-OMP over the whole
SNR range as the trained DnCNN can efficiently denoise
the correlated input image and obtain a sparse matrix of the
channel amplitudes. From this denoised sparse matrix, the
indices of the supports (i.e., dominant entries of the obtained
sparse matrix) are detected. Moreover, we show that when we
set K, < K, the support detection is not affected, since as
shown in Section II-B1 A[k] have the same support for all
k. Therefore, we can reduce computational complexity since
there is no need to compute the correlation step (given in (15)
for all subcarriers. Thus, a smaller subset of subcarriers can
also provide a high probability of correct support detection.

D. Spectral Efficiency Comparison

Another key performance metric is the spectral efficiency,
which is computed by assuming fully-digital precoding
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TABLE VII
AVERAGE RUNNING TIME FOR M = 100 AND SNR = —5dB

Algorithm Run time [seconds]
DL-CS-CE Gy = 2N, and Gy = 2Ny 0.144
Refined DL-CS-CE G} = 2N, and G} = 2Ny 0.201
Refined DL-CS-CE G} = 8N; and G} = 8Ny 0.464
SW-OMP for grids Gy = 2N, and Gy = 2Ny 0.25
SW-OMP for grids Gy = 8N, and Gy = 8Ny 0.97

and combining. In this way, using estimates for the /N

dominant left and right singular vectors of the channel

estimate gives K parallel effective channels Hx[k] =
*

[U[k]} e HIk] {V[k]} e Accordingly, the average spec-
tral efficiency can be expressed as
K—1 N,
1 : SNR 9
R=- ;O ;:jllogg (1 + =y An(Henlk) > . (6)

with A, (He[k]), n = 1,..., Ny the eigenvalues of each
effective channel Heg[k].

In Fig. 7c, we show the achievable spectral efficiency as
a function of the SNR for the different channel estimation
algorithms. The proposed DL-CS-CE approach provides at
least 3.6% performance improvement over the SW-OMP.
The refined DL-CS-CE provides near-optimal achievable rates
with at least 12.6% performance improvement over the other
schemes. The spectral efficiency gap of the different schemes
is smaller than that of the NMSE gap, since the NMSE
performance is much more sensitive to the success rate of the
sparse recovery. However, the spectral efficiency performance
is determined by the beamforming gain and is less sensitive
to the success rate of the sparse recovery.

In Fig. 7d, we show the achievable spectral efficiency as a
function of different training lengths for the proposed schemes
under different SNRs. We observe that using M > 40 frames
does not significantly improve performance, which leverages
the robustness of the two proposed approaches. Simulations
also show that near-optimal achievable rates can be achieved
by using a reasonable number of frames, i.e., 60 < M < 100.
Therefore, with the proposed schemes, we can save in training
overhead.

E. Time Complexity Analysis

Table VII shows online estimation stage computational
times of the proposed frameworks and SW-OMP [11].
SW-OMP is the slowest to solve the inherent optimization
problem, especially for high-resolution dictionary matrices.
The running time of the DL-CS-CE without refining exhibits
shorter computational times than the SW-OMP algorithm.
However, for fair comparison when refining is applied,
we compare the running time of the refined DL-CS-CE with
higher resolution SW-OMP where G, = G = 8N, and
Gy = G} = 8Ny, and it is shown that the refined DL-CS-CE
takes less time to perform the channel estimation. Hence,
we conclude that the proposed DL-CS-CE frameworks are
computationally efficient and tolerant, especially for higher
resolution dictionary matrices.
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Fig. 7.

(a) The NMSE vs. SNR for the DL-CS-CE and the refined DL-CS-CE under different refining grid sizes of G} and G} (M = 100), (b) probability

of successfully detecting the supports vs. SNR for the DL-CS-CE, the refined DL-CS-CE, and the SW-OMP (M = 100), (c) spectral efficiency vs. SNR
(M = 100), and (d) spectral efficiency vs. M training lengths (SNR = {—15,0dB}).

VI. CONCLUSION

In this work, two DL-CS-based frequency-selective channel
estimation approaches for mmWave wideband communication
systems under hybrid architectures have been proposed. The
developed algorithms are based on joint-sparse recovery to
exploit information on the common basis shared for every
subcarrier. Compared to the state-of-the-art channel estimation
techniques that estimate supports iteratively, the proposed solu-
tions reduce computational complexity and estimation error by
detecting all supports simultaneously. Simulation results have
shown that the DL-CS-CE and the refined DL-CS-CE schemes
have better channel estimation performance than existing
schemes using a reasonably small training length and low
complexity order. It has also been shown that a small number
of subcarriers are sufficient for successful support detection
during the deep learning prediction phase. Thus, the proposed
schemes are able to attain good NMSE performance with
low computational complexity. For furture work, we intend to
extend the proposed approaches and use DnCNN for support
estimation for cascaded channels in reconfigurable intelligent
surfaces aided mmWave MIMO systems.
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