Geotech Geol Eng (2020) 38:6623-6639
https://doi.org/10.1007/s10706-020-01459-3

)

Check for
updates

ORIGINAL PAPER

Importance of Lower-Bound Shear Strengths
in the Reliability of Spatially Random Clayey Slopes

Shadi S. Najjar @ - Salah Sadek - Zeina Farah

Received: 14 October 2019/ Accepted: 6 July 2020/ Published online: 16 July 2020

© Springer Nature Switzerland AG 2020

Abstract The random finite element method is used
to investigate the effect of including a lower-bound
shear strength on the reliability of undrained slopes.
The lower bound is represented by the remolded
undrained shear strength, which is determined using
information about the sensitivity of the clay. This
lower-bound strength is used to truncate the left-hand
tail of the undrained strength probability distribution.
Results indicate that for clayey slopes, the probability
of failure is reduced when the lower-bound strength is
incorporated in the random field. This reduction
allows for reducing the design factor of safety while
maintaining the same risk level in the slope design.

Keywords RFEM - Slopes - Probability of failure -
Clay - Reliability

1 Introduction

Slope stability analyses are still attracting interest in
both academia and practice (Griffiths and Marquez
2007). The stability of a soil slope is traditionally
evaluated by adopting a deterministic approach based

S. S. Najjar (X)) - S. Sadek - Z. Farah

Department of Civil and Environmental Engineering,
American University of Beirut, PO. Box 11-0236,
1107-2020 Riad El-Solh, Beirut, Lebanon

e-mail: sn06@aub.edu.lb

on a target global factor of safety that is calculated
either through limit equilibrium methods or finite
element analyses. Due to uncertainties that affect the
risk of slope failures, recent studies have attempted to
solve slope stability problems using reliability theory.
Important steps were taken by several researchers (Li
and Lumb 1987; Christian et al. 1994; Malkawi et al.
2000; El-Ramly et al. 2002; Low 2003; Babu and
Mukesh 2004; Chow 2007) to investigate the effects of
spatial variability in soil properties on the stability of
slopes using random field theory and the limit
equilibrium method (LEM). A major drawback of
the LEM is that it requires a priori assumption of the
shape and location of the failure surface.

Recently, the random finite element method (RFEM)
has been adopted to quantify the effect of spatial
variability in soil properties on the risk of failure of
slopes (Griffiths and Fenton 2000, 2004, 2008; Griffiths
et al. 2007; Fenton et al. 2013; Huang et al. 2013;
Griffiths and Yu 2015; Zue et al. 2015,2017; Yang et al.
2017; Jha and Ching 2013). The random finite element
method (RFEM) combines nonlinear finite-element
methods with random field generation techniques to
quantify the effect of spatial variability in soil proper-
ties on the risk of failure of slopes. The RFEM does not
predetermine the shape nor the location of the failure
plane and is capable of accounting for the soil spatial
variability effect by taking into account the spatial
correlation structure of the soil and averaging along the
failure surface.
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In slope stability problems involving clayey slopes,
the uncertainty in the undrained shear strength of the
clay generally governs the probability of failure of the
slope. In most of the published work where reliability
analyses were conducted for undrained slopes, the
uncertainty in the undrained shear strength was
modeled using conventional lognormal distributions.
The left hand tail of a lognormal distribution (which
governs the probability of failure of the slope) is
mathematically bounded by a minimum shear strength
value of zero. It could be argued that for clays with
relatively low sensitivities, the undrained shear
strength will always have a minimum non-zero value
that is represented by the fully remolded undrained
shear strength. For deposits of clay with high spatial
variabilities (typical coefficients of variation between
0.3 and 0.5), the left hand tail of a conventional
lognormal distribution is incapable of incorporating
the presence of a non-zero lower-bound shear strength
and may not constitute a realistic model of the
uncertainty in the undrained shear strength. A more
realistic probability distribution with the capability of
incorporating a physical lower-bound value of shear
strength may result in more reliable estimates of the
risk of failure of an undrained slope.

Gilbert et al. (2005) and Najjar and Gilbert (2009)
adopted a lognormal distribution that is truncated at a
lower-bound value to model the uncertainties in the
factor of safety of a drained clayey slope and in the
capacity of deep foundations in sands and clays,
respectively. A truncated lognormal distribution is
convenient because the parameters describing the
distribution are the same as those of the non-truncated
distribution with the addition of one extra parameter,
the lower-bound value. Valle et al. (2012, 2014)
incorporated the concept of a lower-bound capacity
in modeling the reliability of an offshore pipeline that
is subject to upheaval buckling. Along the same lines,
Kahiel et al. (2017a, b) incorporated a lower-bound
strength in the probability model of the undrained
strength in a reliability analysis targeting the design of
footings supported on clays that were reinforced with
stone columns. The importance of incorporating a
lower-bound strength in reliability problems involving
deep and shallow foundations was also reported in
Reddy and Stuedlein (2017a, b) and Stuedlein (2017).
In all of the aforementioned studies, it was found that
the incorporation of a realistic, physical lower bound
in the model describing the uncertainty in
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strength/capacity or a factor of safety could result in
significant reductions in the probability of failure of a
geotechnical structure and would increase the relia-
bility of the design.

The objective of this paper is to investigate the
effectiveness of introducing a lower bound in the
probabilistic model describing the uncertainty in the
undrained shear strength of clay in slope stability
analyses based on the RFEM. The lower bound will be
represented by the remolded undrained strength of the
clay, which could be determined using information
about the sensitivity of the clay. The RFEM will be
utilized to quantify the probability of failure of
undrained slopes that are designed with different
deterministic factors of safety with and without a
lower-bound shear strength. The importance of
including a lower-bound strength on the design factor
of safety needed to achieve a given target reliability
level will also be investigated. The RFEM will be
conducted for the case of a homogeneous slope (large
correlation length) and the case of a spatially random
slope with variable horizontal and vertical correlation
structures. For each case considered, analyses will be
conducted for coefficients of variation (COV) of 0.3
and 0.5 in the undrained strength and deterministic
factors of safety ranging from 1.15 to 2.0.

2 Probabilistic Model for Undrained Shear
Strength

The probabilistic model adopted in this study assumes
that the undrained shear strength S, of the clay is the
main source of uncertainty in the slope stability
analysis. For the conventional case where the lower-
bound shear strength is assumed to be zero, a
lognormal distribution that is in line with the model
adopted by Griffiths and Fenton (2000) is utilized in
the RFEM to describe the random field. The proba-
bility density function of the lognormal distribution is
given by:

1 1 (InS, — s )2
S)=——exp| —= [ ———*
f( ) V 27'CSMG[”5“ P ( 2 ( Oins,
(1)

In Eq. 1, the standard deviation and mean of the
equivalent normal distribution are:
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where [ig, and Gg, are the mean and standard deviation
of the undrained shear strength. The lower bound
undrained shear strength was introduced to the statis-
tics of the problem by truncating the left-hand tail of
the undrained shear strength probability distribution
for the spatially variable soil. This concept aims at
reducing the likelihood of obtaining unrealistically
small undrained shear strength values in the random
finite element analysis. The lower-bound undrained
shear strength was represented by the remolded
undrained strength and assumed to be equal to the
mean of the undrained shear strength (undisturbed
clay) divided by the sensitivity of the clay, which is
defined as the ratio of the undisturbed undrained shear
strength to the remolded undrained shear strength for
the same water content. The sensitivity was taken to be
between 1.5 and 4.0 (clays of relatively low sensitiv-
ity). Conventional and truncated lognormal distribu-
tions for the case with a mean S, of 100 kPa, a COV of
0.5, and a sensitivity of 2.0 (remolded S, = 50 kPa) is
presented in Fig. la.

3 Random Finite Element Method

The software used to calculate the probability of
failure of undrained slopes is Rslope 2D which was
written by Professors Griffiths and Fenton in 2012.
The software is capable of computing the probability
of failure of slopes using the RFEM. The probability of
slope failure is computed using Monte Carlo Simula-
tions. For every simulation, each of the mesh elements
is assigned a property from the probability distribution
selected at the input phase. The probabilistic input
includes the mathematical parameters of the proba-
bility distribution of the soil parameters (S, in this
paper) in addition to the spatial correlation structure of
the undrained strength. All parameters are assumed to
be defined at the point level. While statistics at this
resolution are obviously impossible to measure in
practice, they represent a fundamental baseline of the
inherent soil variability which can be corrected
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Fig. 1 a Conventional and truncated lognormal probability
distributions for S,, b comparison between the truncated
lognormal distribution and the 4-parameter bounded distribution

through local averaging to take the sample size into
account. The selected correlation function in the
RFEM software is the Markovian correlation function
which is exponentially decaying. Detailed information
regarding the RFEM as implemented in Rslope 2D is
reported in Griffiths and Fenton (2000).

Rslope 2D has three built-in probability distribution
types that could be assigned to the different soil
properties. These include the conventional normal and
lognormal probability distributions in addition to a
more general four-parameter distribution that is
bounded in an interval [a b] (Griffiths and Fenton
2004). The distribution is based on a transformation
(Eq. 4) from a standard normally distributed random
variable G, into a random variable X that is bounded
on the interval a to b such that:

G
X:a+1/2(b—a)<l+tanh(m+;—>) (4)
Y[
where m, s, a and b are the location, scale, lower bound
and upper bound parameters, respectively. The prob-
ability density function of the bounded distribution of
X is:
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V(b —a)
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Since Rslope 2D does not incorporate a truncated
lognormal distribution in its formulation, the 4-pa-
rameter bounded distribution presented in Eqgs. 4 and 5
was used to model the uncertainty represented by the
truncated distribution. This was achieved by calibrat-
ing the 4-parameters of the bounded distribution to
produce a PDF that matches that of the corresponding
truncated lognormal distribution. The calibration was
conducted in Excel through the Solver tool that allows
for solving the optimization problem in which the 4
parameters of the bounded distributions were
obtained. To illustrate the effectiveness of the 4-pa-
rameter bounded distribution in modeling the left hand
tail of the truncated lognormal distribution, the two
distributions (cumulative distribution functions, CDF)
were plotted on Fig. 1b for the case involving a mean
Su of 100 kPa, a COV of 0.5, and a sensitivity of 2.0
(remolded lower bound shear strength LB = 50 kPa).
Also plotted on the same figure is the corresponding
conventional lognormal distribution (with no lower
bound strength). Results on Fig. 1b show that accurate
representations of the truncated lognormal distribution
could be obtained using the 4-parameter bounded
distribution in Rslope 2D. The four parameters that are
required to model the truncated lognormal distribution
are presented on Fig. 1b. These parameters were
obtained using the optimization Solver in Excel for all
the cases analyzed in this study by minimizing the sum
of the square error between the bounded distribution
and the corresponding truncated lognormal
distribution.

fx(x) =
(5)

4 Slope Geometry and Parameters

The base case problem that is studied in this paper is a
clayey slope having a height of 20 m and a run/rise
ratio of 2 which is equivalent to 26.6°. Figure 2a
shows the dimensions of the slope labeled on the mesh
generated by the RFEM Software. It should be noted
that this slope is identical to the one studied by
Griffiths and Fenton (2000). The parameters that were
varied in the analysis are: (1) the mean of the
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undrained shear strength (to control the mean factor
of safety of the slope), (2) the coefficient of variation
of the undrained shear strength, (3) the sensitivity of
the clay (to control the lower-bound S,), and (4) the
correlation structure representing the spatial variabil-
ity in the undrained shear strength (homogenous slope
vs. spatially variable slope).

For the “homogeneous” slopes, a correlation length
of 1000 m was used in both the lateral and vertical
directions. For the spatially random slopes, the lateral
and vertical correlation lengths were varied to model
different correlation structures. The sensitivity of the
clay was varied from infinity (base case with no lower-
bound shear strength) to 4.0, 3.0, 2.5, 2.25, 2.0, 1.75,
and 1.5. The coefficient of variation of S,, was taken as
either 0.5 or 0.3 to represent cases of large and average
variability levels, respectively. Finally, the mean
undrained shear strength of the slope was varied to
represent slope factors of safety ranging from 1.15 to
2.0 in the deterministic analysis.

The required number of Monte Carlo simulations
depended on the expected magnitude of the probabil-
ity of failure and varied based on the combination of
slope and soil properties. For cases were the calculated
probability of failure was large (generally small
factors of safety, large COVs, no or small lower-
bound shear strength, and homogeneous slopes), the
required number of simulations was relatively small
(around 1000 simulations). The required number of
simulations increased for cases involving larger fac-
tors of safety, larger lower-bound shear strength
values (low clay sensitivities), and for the smaller
COVs. In some extreme cases, more than 2,000,000
simulations were conducted to ensure an adequate
level of confidence in the results of the simulations.
The number of realizations N where selected to
achieve 95% confidence in the calculated probabilities
of failure with a 10% error in the calculated proba-
bility. For a 95% confidence level, the number of
simulations is calculated from Eq. 6 as:

=55

where z = 1.96 for a 95% confidence level, E is the
desired precision in the estimate of the probability of
failure, p. Since the reliability analyses that were
conducted in this study involved different magnitudes
of the probability of failure, and since the probability
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Fig. 2 Geometry of slopes used in the RFEM: a Run/Rise = 2, b Run/Rise = 1

of failure was not known in advance, a preliminary
analysis was conducted in Rslope 2S using 10,000
simulations to provide a first guess of the probability
of failure. This preliminary estimate of the probability
of failure was then used as input in Eq. 6 to yield the
required number of simulations in the Monte Carlo
analysis for that particular case.

It should be noted that the remolded undrained
shear strength was assumed to be deterministic in the
analyses conducted in this paper. This assumption is
made to limit the scope and simplify the probabilistic
model, although it is expected that the remolded
undrained shear strength is also an uncertain param-
eter. Najjar and Gilbert (2009) reported that uncer-
tainties in lower-bound shear strength values that are
based on the remolded strength are expected to be
small relative to uncertainties in the expected/undis-
turbed strength since the remolded strength is
expected to be less sensitive to variability in the
depositional environment, in-situ soil structure, and
sampling and testing techniques. As a result, lower-
bound strength values may be estimated with a higher
degree of confidence compared to undisturbed
strengths. Najjar and Gilbert (2009) illustrated this
concept by analyzing the variability in shear strength
results from offshore boreholes. The results indicated
that vertical and horizontal variations in the remolded
strength are lower than those in the undisturbed
strength and can be represented by a coefficient of
variation of about 0.1. This small level of uncertainty
will not appreciably reduce the impact of lower-bound
strengths on the reliability.

5 Results and Discussion

5.1 Case of Homogeneous Slopes

The random finite element method was utilized to
quantify the probability of failure of homogeneous

undrained slopes (1000 m correlation length) that are
designed with different deterministic factors of safety
with and without a lower-bound undrained shear
strength. For each case, the analysis was repeated for a
coefficient of variation (COV) of 0.3 and 0.5 in the
undrained shear strength and deterministic factors of
safety ranging from 1.15 to 2.0. Clay sensitivity was
considered between 1.5 and 3.5. Figure 3 shows the
results of these analyses.

An analysis of the results indicates that (1) for the
conventional case where no lower-bound shear
strength is included in the analysis (sensitivity = inf),
as the factor of safety increases from 1.15 to 2.0, the
probability of failure decreases (as expected) from
38.2 to 1.4% for COV = 0.3 and from 59.4 to 10% for
COV = 0.5, (2) for the cases where lower-bound shear
strengths that are a function of the sensitivity of the
clay are incorporated in the analysis, the probability of
failure decreases as the sensitivity of the soil
decreases, and (3) the effect of incorporating the
lower-bound S, on the probability of failure becomes
more significant as the factor of safety increases and as
the COV of S, increases.

A more detailed analysis shows that for the
relatively smaller safety factors (less than 1.5), no
effect of the lower-bound strength was evident except
for cases with sensitivities that are less than 2.0. For
cases with higher factors of safety (greater than 1.5),
the lower-bound strength started to have an impact on
the probability of failure at sensitivities as high as 3.0.
Consider the case where the factor of safety is equal to
1.75 and the COV = 0.3. The curves on Fig. 3a
indicate that the probability of failure decreases from
4.2% (no lower bound) to 2% for the case with a lower
bound defined by a sensitivity of 2.5. The probability
of failure decreases further to 0.74% for the case with a
sensitivity of 2. Similar reductions are observed for the
case of a COV of 0.5 whereby the probability of failure
decreases from 17.4% for the case with no lower
bound to 12.4% and 4.0% for cases with sensitivities
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Fig. 3 Effect of sensitivity of clay on the probability of failure of “Homogeneous” clayey slopes a COV (Su) = 0.3 and b COV

(Su) = 0.5

of 2.5 and 2.0, respectively. These results indicate that
the effect of the lower bound increases for higher
COVs and for higher factors of safety.

5.2 Case of Spatially Variable Slopes

The assumption that the spatial variability model of
the undrained shear strength can be expressed by a
homogeneous field is not realistic. Phoon and Kul-
hawy (1999) report that the undrained shear strength
of clays can be described by spatially random fields
that are characterized by vertical and horizontal
correlation distances that range between &, of
0.8-6.1 m (mean ~ 2.5m) and J, of 20-70 m
(mean ~ 45 m). As a result, the probabilities of
failure that were calculated assuming a homogeneous
isotropic field with very large correlation lengths may
not be realistic. In this section, the reliability of the
example slope is assessed assuming a realistic random
field for S,.

In order to investigate the impact of a realistic
random field of Su on the reliability, the same slope
(Fig. 2) was analyzed in RSlope2D by adopting an
anisotropic random field with a horizontal correlation
length (8,) and a vertical correlation length (3,) that
are equal to 40 m and 2 m, respectively. These values
are in line with the average correlation lengths that
were reported in Phoon and Kulhawy (1999). The
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reliability calculations were made assuming different
design factors of safety for S, COVs of 0.3 and 0.5.
The resulting probabilities of failure are presented in
Fig. 4 together with the results obtained for the
homogeneous case.

Results of Fig. 4 show that for both the homoge-
neous and spatially variable (SV) cases, the probabil-
ity of failure decreases with the increase of FS which is
a behavior that was already explained previously.
However, results show a major difference in the
magnitude of this decrease whereby the probability of
failure in the case of spatially variable slopes
decreases dramatically with small increases in the
factor of safety. As an example, the probability of
failure for a COV of 0.3 decreases from 15.9 to 0.2%
as the factor of safety increases slightly from 1.15 to
1.30. A similar significant reduction in the probability
of failure (from 70 to 3.7%) is witnessed for the case of
a COV = 0.5 as the factor of safety increases from
1.15 to 1.45. For any given factor of safety, a
comparison between the probabilities of failure cal-
culated for the random field and the homogeneous
slope indicates that pf of the spatially random field is
always lower than the pf of the homogeneous slope.

The significant reductions in the probability of
failure for the case of a spatially random field with
relatively small correlation distances is attributed to
variance reduction that occurs due to spatial averaging
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along the failure plane and which is not present in the
case of a “homogenous” slope. This variance reduc-
tion reduces the uncertainty in the undrained shear
strength resulting in significant reductions in the
number of failure cases in the Monte Carlo simula-
tions, especially for cases with larger FS. This
indicates that the inclusion of spatial correlation and
local averaging leads to smaller probabilities of
failure. Thus, simplified probabilistic analyses that
assume fully correlated random fields of S, might lead
to conservative estimates of the probability of failure.
The effect is more pronounced at lower factors of
safety or at higher COVs.

From a reliability-based design perspective, the
results on Fig. 4 could be used to back-calculate the
design factor of safety that is required to achieve a
given target level of reliability for the slope design.
For example, consider the case where a probability of
failure of 5% is targeted. Based on the results of Fig. 4,
the required factor of safety would have to be equal to
1.72 (COV =0.3) and 24 (COV =0.5) for the
homogeneous slope assumption. For the more realistic
anisotropic random field option, the required factors of
safety are reduced to 1.2 and 1.42, respectively. These
results are important since they point to the importance
of realistically modeling the random field of S, in the
design of undrained clayey slopes.

The effect of incorporating a lower-bound
undrained shear strength in the stochastic model of

the random field of S, is investigated in Fig. 5. The
anisotropic random field adopted in the previous
section was used with the addition of a lower-bound
shear strength that is dictated by sensitivities ranging
from 1.5 to 4.0. With the incorporation of a lower-
bound shear strength in the spatially random field,
results on Fig. 5 indicate that the probability of failure
is highly sensitive to the presence of the lower bound.
This is reflected in the sharp reductions that are
observed in the probability of failure for all factors of
safety even at high values of sensitivity. For illustra-
tion, consider the case with a factor of safety of 1.3.
Results on Fig. 5a with a COV of 0.3 reflect a 4.5 fold
reduction in the probability of failure for clay with a
sensitivity of 2.25 and two orders of magnitude
reduction in the probability of failure for the case
with a lower-bound shear strength that is given by a
sensitivity of 1.75. Similar observations are made in
Fig. 5b for a COV of 0.5 in the undrained shear
strength whereby the probability of failure for the case
with an FS of 1.3 exhibits a fivefold reduction in the
probability of failure (from 24.6% for the case with no
lower bound to 4.6%) for clay with a sensitivity of
2.25, and more than two orders of magnitude reduction
in the probability of failure (from 24.6 to 0.04%) for
the case with a lower-bound shear strength that is
given by a sensitivity of 1.75.

The above results are important since they indicate
that the incorporation of a physical lower-bound shear
strength that is based on the remolded shear strength of
a clay could have a significant impact on the reliability
of a slope, particularly for spatially variable slopes
with realistic correlation lengths in the lateral and
vertical directions (see Fig. 5). The truncation of the
probability distribution of the undrained shear strength
by the lower-bound strength reduces the uncertainty in
the Monte Carlo simulations by eliminating unrealis-
tically low shear strength values that are theoretically
lower than the lower-bound shear strength. This
reduces the number of cases that fail in the Monte
Carlo simulations thus reducing the probability of
failure of the slope. It could thus be concluded that
incorporating a lower-bound shear strength in the
reliability analysis of an undrained slope by truncating
the distribution of Su at the lower tail is analogous (in
its effect) to reducing the total uncertainty in the
undrained shear strength via spatial averaging.

An effort was also made to investigate the effect of
the lower bound on the failure mechanism in the slope.
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Fig. 5 Probabilities of failure resulting at various sensitivities for different FS and COVs—Spatially Variable Case

The analysis did not point however to any level of
correlation between the failure mechanism and the
incorporation of the lower bound. The reason why the
lower bound has a significant effect on the reliability is
that the incorporation of the lower bound reduces the
likelihood of getting very low shear strength values
along the critical failure surfaces. The incorporation of
the lower bound does not affect the observed failure
mechanism for any given design factor of safety, slope
geometry, and spatial correlating structure of the
undrained shear strength.

6 Sensitivity of the Slope Reliability
to the Random Field of S,

In this section, the sensitivity of the probability of
failure to the vertical and horizontal correlation
lengths is investigated. In the sensitivity analysis, the
normalized vertical correlation distance ©, (defined as
the ratio of the vertical correlation length oy to the
height of the slope H) was varied from 0.1 to 1.0, while
the horizontal correlation distance dx was varied from
20 to 100 m. These ranges are expected to be
indicative of the variation of practical correlation
distances for the undrained shear strength of clays in
geotechnical practice (Phoon and Kulhawy 1999;
Fenton et al. 2013). It should be noted that for the
example clay slope that was adopted in this study
(slope height = 20 m), the range of normalized
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vertical correlation lengths corresponds to actual
correlation distances of 2—-20 m.

Since the main objective of this study is to
investigate the impact of incorporating a lower bound
shear strength on the reliability, a set of reliability
analyses were conducted whereby lower bounds that
are associated with different clay sensitivities were
included as part of the random field. These analyses
were aimed at investigating whether the impact of the
lower bound on the reliability is sensitive to the
assumed correlation lengths. Finally, the analyses that
are conducted in this section are repeated for the case
of a slope with a 1:1 angle of inclination rather than a
2:1 angle. The objective of this set of analyses is to
quantify any impact that the slope angle could have on
the reliability of the slope for the same design factor of
safety and random field properties. It is expected that
the slope angle could have an impact on the reliability
since it may affect the location of the potential failure
surface which defines the level of variance reduction
exhibited in different random fields.

6.1 Case of 2:1 Clayey Slopes

6.1.1 Effect of Correlation Length: Case of No Lower
Bound

The 2:1 slope (26.7° slope angle) presented in Fig. 2 is
further analyzed in order to illustrate the sensitivity of
the reliability of the slope to the spatial variability of
S, for the conventional case that does not include a



Geotech Geol Eng (2020) 38:6623-6639

6631

lower-bound shear strength. In the analysis, the
horizontal correlation length is fixed at d, = 40 m
while the vertical correlation length is varied from 2 to
20 m. The sensitivity of the probability of failure to
the assumed vertical correlation distance is presented
in Fig. 6 for the case involving a COV §,, of 0.5 and for
different assumed factors of safety.

Results on Fig. 6 indicate that the vertical correla-
tion distance could have a significant impact on the
probability of failure, particularly for larger factors of
safety. For example, the probability of failure for a
typical design factor of safety of 1.5 decreases from
20% for a large ©, of 1.0 to a value as low as 2% for
the case with a ©, of 0.1. This order of magnitude
decrease in the probability of failure as ©, decreases
from 1.0 to 0.1 is a direct result of variance reduction
in the undrained shear strength due to averaging along
the failure surfaces. It should be noted that for the
particular case of the slope analyzed in this study
(H = 20 m), the normalized vertical correlation dis-
tance ©, is more likely to be between 0.1 and 0.3
(marked in red in Fig. 6), since the likely range of
correlation distances for S, is between 2 and 6 m
(Phoon and Kulhawy 1999).
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Fig. 6 Probability of failure versus design factor of safety for
different vertical correlation lengths

6.1.2 Effect of Correlation Length: With Lower
Bound

To investigate the impact of incorporating a lower-
bound shear strength in the different S, random fields,
the probability of failure of the 2:1 slope was
calculated for design factors of safety of 1.3 and 1.5
assuming clay with sensitivities ranging from 1.5 to
4.0. A clay with a sensitivity as large as 4.0 is expected
to have a relatively small remolded strength, yielding
lower-bound values that are too small to have an
impact on the reliability of the slope. On the other
hand, the left hand tails of the probability distribution
of §, for clays with sensitivities that are close to 1.5
will be significantly truncated due to the presence of
the lower bound leading to increased reliability levels
(smaller probabilities of failure) for the slopes under
consideration.

The calculated probabilities of failure are presented
in Fig. 7. As expected, results indicate that the
probability of failure of the slope decreases as the
sensitivity of the clay decreases. Irrespective of the
factor of safety, as the vertical correlation length is
decreased, the effect of the lower bound seems to
become more pronounced. Consider the example of
FS = 1.3. Ata sensitivity equal to 3, the case of 0, = 1
(6, =20 m) resulted in a probability of failure of
34.8% compared to 23.9% for the case of 0, = 0.15
(6, = 3 m). If the sensitivity is decreased further to a
value of 1.75, p; decreases slightly to a value of 7.4%
at O, = 1 compared to a very significant decrease to
0.19% at 0, = 0.15. Finally, a comparison between
Fig. 7a (FS = 1.3) and b (FS = 1.5) indicates that the
positive effect of the lower-bound shear strength on
the reliability is exhibited at larger sensitivities for the
case of FS = 1.5, irrespective of the correlation length
adopted.

The effect of the horizontal correlation length 0, is
investigated in Fig. 8 for the 2:1 slope assuming a
constant O, = 0.1 while varying 6, from 20 to 100 m.
Results are shown for the case of a COV S, of 0.5 and
for factors of safety of 1.3 and 1.5. Results on Fig. 8
for FS = 1.3 indicate that the probability of failure is
significantly affected by the presence of the lower-
bound irrespective of the assumed horizontal correla-
tion distance. In fact, results show that the relationship
between the probability of failure and the sensitivity of
the clay is not significantly affected by the adopted
horizontal correlation length. For the case of FS = 1.5,
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Fig. 7 Probability of failure versus sensitivity of clay for different vertical correlation lengths
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Fig. 8 Probability of failure versus sensitivity of clay for different horizontal correlation lengths

the relationship between p; and clay sensitivity seems
to be more affected by variations in d,, where higher
probabilities of failure were observed for higher
horizontal correlation distances. However, a compar-
ison between Figs. 7 and 8 indicates with certainty that
the vertical correlation length governs the probability
of failure.

Griffiths et al. (2009) attribute the smaller proba-
bilities of failure that were observed for cases with
smaller correlation lengths to the fact that relatively
smaller correlation lengths of S, lead to weak and
strong zones of soil that vary rapidly over short
distances of the slope. In these cases, the preferred
failure mechanism tends to be global and occupies
wider zones of the soil field, leading to significant
variance reduction along the failure zones due to
averaging. On the other hand, as the correlation
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lengths increase, the failure mechanism is attracted to
“local pockets” of weak soil and occurs on a reduced
width. If the failure mechanism occurs locally, it has
more opportunities to fail at different locations along
the slope length which naturally leads to higher ps.
Figure 9a, b show failure mechanisms associated with
two cases of smaller (J, = 40 m, 6, = 2 m) and larger
(6, = 100 m, 6, = 2 m) correlation lengths of S,,. The
failure surface traverses a wider zone of the soil slope
for the case of lower correlation distances (Fig. 9a)
and a much shorter and localized failure surface for the
case of high correlation lengths (Fig. 9b).

6.2 Case of 1:1 Slope

In the previous analyses, a 2H:1V slope was used as a
basis for studying the impact of the lower-bound shear
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Fig. 9 Failure mechanism for the case of a 6x = 40 m and b dx = 100 m for dy = 2 m, FS = 1.3 and COV = 0.5

strength and the correlation distances on the reliabil-
ity. In the analyses, the factor of safety was varied by
varying the mean of the undrained shear strength of the
slope while keeping the geometric characteristics
fixed (H = 20 m, slope is 2:1). From a deterministic
design perspective, the factor of safety of an undrained
slope is dependent on the undrained shear strength and
unit weight of the clay, in addition to the angle and
height of the slope. As a result, the same factor of
safety could be obtained for two different slope angles
by changing the value of the undrained shear strength,
despite the fact that the two critical failure surfaces for
the two slopes will be different.

From a reliability-based design perspective, it is
hypothesized that the probability of failure of two
slopes that are designed with different angles of
inclination but have the same factor of safety could be
different. The hypothesis is based on the fact that
although the two slopes have similar factors of safety,
they may have failure surfaces of different lengths and
orientations. As a result, it is expected that if the two
slopes are analyzed in the context of the RFEM, even
if identical correlation distances are assigned to the
two slopes, the resulting probability of failure could be
different due to the different magnitudes of variance
reduction along the different failure surfaces. As a
result, the findings of the previous sections which were
based on a slope angle of 2:1 might not be generalized
to any other slope orientation even if the slopes are
designed to the same factor of safety.

To test the above hypothesis, the reliability anal-
yses that were conducted in the previous section were
repeated for the case of a slope angle of 1:1 (i.e.
45° instead of 26°). Figure 2b shows the geometry of
the 45° slope. The height of the slope is maintained at
20 m and the unit weight is maintained at 20 kN/m".
The mean undrained shear strength was computed for
every factor of safety considered in the first set of
analyses. As mentioned above, the main objective
behind conducting the same analyses on another slope
angle was to investigate the likelihood of obtaining the

same probabilities of failure when considering the
same factors of safety.

6.2.1 Case of No Lower-Bound Strength

The variations of the probability of failure of the slope
with the design factor of safety is presented on Fig. 10
for the 1:1 slope and the 2:1 slope for comparison.
Results are presented for the case of a COV of S, of
0.5, a typical horizontal correlation distance of 40 m,
and a variable normalized vertical correlation distance
0, without incorporating the lower-bound shear
strength in the analysis.

As expected, results confirm the hypothesis that the
probability of failure of a spatially random clayey
slope is affected by the angle of inclination of the slope
even for the same factor of safety. The steeper slope
angle resulted in higher probabilities of failure for the
same factor of safety. For instance, at an FS = 1.5 and
0y = 0.1, the 2:1 slope yields a failure probability of
1.7% while the 1:1 slope yields a slightly higher
probability of failure of 4.3%. As the factor of safety
increases, the difference in the probabilities recorded
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Fig. 10 Probability of failure versus FS of for vertical
correlation lengths for slope angles of 26.7° and 45°
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for the different slope angles increases. For the same
example of O, = 0.1, as FS increases to 1.7, the pf
values become 0.05% and 0.23% for the 26.7 and 45°
slopes, respectively. It should be noted that as the
vertical correlation distance increases, the calculated
probabilities failure become less sensitive to the angle
of the slope provided that the factor of safety is held
constant.

The sensitivity of the probability of failure to the
angle of inclination of the slope could be attributed to
the averaging effect that occurs along the critical slip
surface and the associated variance reduction that
governs the probability of failure. It is well known that
for any given correlation distance, the larger the length
of the surface on which failure is occurring, the higher
the effect of variance reduction on the uncertainty in
the resulting factor of safety (Vanmarcke 1977). For
the shallower 2:1 slope, the length of the failure
surface for the deterministic case could be estimated to
be around 122 m, while the length of the failure
surface in the 1:1 slope was around 104 m. The 2:1
slope angle is hypothesized to have resulted in lower
probabilities of failure due to the higher variance
reduction due to averaging along its relatively longer
failure surfaces.

6.2.2 Case with Lower-Bound Strength

The analysis is repeated for the cases where the lower-
bound strength is included in the random field of S,.
The analysis is conducted for the case of the 1:1 slope
angle and the resulting probabilities of failure assum-
ing clay sensitivities ranging from 1.5 to 4 and design
factors of safety of 1.3, 1.4 and 1.5 are presented with
the results obtained from the shallower 2:1 slope in
Fig. 11. The results on Fig. 11 pertain to a COV = 0.5
for S, and correlation lengths of (a) J, = 40 m and
0,=0.1, (b) 6,=40m and 6, =0.15m, (c) I,
=100m and 0,=0.1 and (d) 6,=40m and
0, = 1.0.

The results on Fig. 11 indicate that for all the
correlation cases adopted, the 1:1 slope (45° angle)
shows higher probabilities of failure compared to the
2:1 slope (26.7° angle) for any fixed factor of safety.
The difference in the probabilities of failure is found to
be the highest for cases with the less correlated S,
structure (6, =40 m and O, = 0.1) and the largest
design factor of safety of 1.5. On the other hand, the
smallest differences are for highly correlated S,
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structures (J, =40 m and 0O, = 1.0) and the lowest
factors of safety. More importantly, the difference in
the calculated probabilities of failure for the two
slopes tends to become significant as the clay sensi-
tivity decreases. For example, for the case of (J,.
=40 m and 0, = 0.1) and the largest design factor of
safety of 1.5, the probability of failure for the case of a
sensitivity of 4.0 increases slightly from 1.0 to 2.5%
when the slope angle is increased from 2:1 to 1:1. On
the other hand, the probability of failure increases by
almost an order of magnitude (0.01-0.1%) for the case
of a clay sensitivity of 2.25 and a more correlated Su
structures (6, = 40 m and 0, = 1.0).

7 Effect of Lower-Bound Strength on Slope Design

The results indicate that the probability of failure of an
undrained clayey slope is expected to be affected by
the design factor of safety, the properties of the
random field of S, (COV, 0y, and 3,), the sensitivity of
the clay, and the geometry of the slope. It is thus
anticipated that different factors of safety will be
required to yield a target level of reliability in the
design of the slope.

In this section, an attempt is made to investigate the
impact of the lower-bound shear strength on the
required factors of safety that would result in target
probabilities of failure for spatially random clayey
slopes for the case where the COV of S, is equal to 0.5.
Required factors of safety are calculated for a practical
target probability of failure of 1%. The sensitivity of
the resulting factors of safety to the assumed target
probability of failure, vertical and horizontal correla-
tion distances and inclination of the slope is investi-
gated. The required factors of safety were calculated
by utilizing the results of the previous reliability
analyses in addition to several additional runs which
were required to supplement the existing data to be
able to produce the recommended design curves.

7.1 Required Factors of Safety for 2:1 Slope
and Target pr of 1%

The factors of safety that are required to achieve a
target probability of failure of 1% for the 2:1 slope for
cases where the random field of S, is defined by an
average horizontal correlation distance of 40 m were
calculated and plotted in Fig. 12a for different
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Fig. 11 Probabilities of failure versus sensitivities for 1:1 and 2:1 slope angles and FS = 1.3, 1.4 and 1.5 a 6x = 40 m and 8y = 2 m,
b 0x =40 m and 3y = 3 m, ¢ 6x = 100 m and 8y = 2 m and d 6x = 40 m and 3y = 20 m

normalized vertical correlation lengths. The results
were plotted in the form of curves that relate the
required factor of safety to the clay sensitivity for a
fixed vertical correlation length. These curves allow
the user to select the design factor of safety needed to
achieve slope designs with a probability of failure of
1% given information regarding the vertical correla-
tion length and the sensitivity of the clay.

Results on Fig. 12a indicate that design factors of
safety in the range of 1.5 (0, = 0.1) to 1.9 (0, = 0.5)

are required to achieve the desired reliability level for
cases involving clays of relatively high sensitivity,
where the impact of the lower-bound shear strength on
the reliability is expected to be minimal. More
importantly, results indicate that the required factor
of safety decreases as the sensitivity of the clay
decreases. For example, for a typical normalized
vertical correlation distance of 0, = 0.1, the required
factor of safety decreases from about 1.5 for the case
where the sensitivity of the clay is high (~ 5.0) to a
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Fig. 12 Required FS versus sensitivity for 2:1 slope with a 6x = 40 m and b ®y = 0.1 (target pf of 1%)

value of 1.3 for the case with a typical clay sensitivity
of 2.0. For more correlated random fields of S,
(example O, = 0.5), a more significant reduction in the
required FS is observed with FS values decreasing
from 1.9 to 1.5 as the clay sensitivity is decreased from
around 5.0-2.0.

The above results point to the importance of
including a lower-bound shear strength that is based
on the clay sensitivity in the slope stability design
problem. Information about the sensitivity of a clay
can be obtained using simple and inexpensive field or
laboratory tests (ex. field vane, torvane, minivane, and
triaxial tests) or even from correlations with other
index properties (ex. the liquidity index). By including
the remolded undrained shear strength of the clay as a
lower-bound for the uncertainty in S, reduced factors
of safety could be adopted in the design of a slope
without sacrificing any additional risk. In other words,
for a given slope design, slopes with steeper angle or
larger heights could be adopted while maintaining the
target reliability level for the slope design.

The analysis presented in Fig. 12a was repeated for
the cases where the vertical correlation distance was
fixed at O, = 0.1 while varying the horizontal corre-
lation distance from Sy = 30-100 m. The resulting
design factors of safety that would yield the target
probability of failure of 1% are presented in Fig. 12b.
Compared to the results of Fig. 12a where the vertical
correlation length was varied, it could be observed that
the required factor of safety on Fig. 12b is not
sensitive to the horizontal correlation distance as
much as it was for the vertical correlation distance. For
example, for the case of clays with relatively high
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sensitivities (minimal lower-bound effect), the
required FS is shown to vary in the narrow range of
1.5-1.55 as the horizontal correlation distance is
varied from 30 to 100 m. This range of FS is much
smaller than the range of 1.5-1.9 which was observed
for the case where the vertical correlation distance was
varied between 2 and 10 m.

As was the case in Fig. 12a, results in Fig. 12b also
point to the important role that the lower bound could
play in decreasing the required factor of safety. In fact,
it could be concluded from the data that factors of
safety as small as 1.3 could be used to achieve the
desired reliability level if the clay has a sensitivity in
the order of 2.0. This observation is unaffected by the
value of the horizontal correlation distance adopted in
the design (see Fig. 12b).

7.2 Effect of Target Reliability Level
on the Required Factors of Safety

To illustrate the impact of the target reliability level on
the required factors of safety, cases where a probabil-
ity of failure of 5% is targeted were analyzed for the
2:1 slope for the realistic case of 6, =40 m. The
required factors of safety for cases involving normal-
ized vertical correlation distances of 0.15 and 0.50
were determined and plotted on Fig. 13 together with
associated results pertaining to the cases where the
lower probability of failure of 1% was targeted. As
expected, results indicate that lower factors of safety
are needed to ensure slope designs with probabilities
of failure of 5%. For the case of clays with high
sensitivity (minimal lower bound effect), the required
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factors of safety decrease from 1.9 to 1.7 (for
0, = 0.15) and from 1.6 to 1.5 (for 0, = 0.5) as the
target probability of failure is increased from 1 to 5%.
For cases with relatively lower clay sensitivities (ex.
sensitivity = 2.0), the reduction in the magnitude of
the required factor of safety for higher probabilities of
failure (ps = 5%) becomes less. It is worth noting that
even for a relatively high target probability of failure
of 5%, the required factor of safety is observed to be
very sensitive to the assumed value of the clay
sensitivity, with significant possible reductions in the
required factor of safety due to the incorporation of a
relatively high lower-bound shear strength (low sen-
sitivity) in the reliability problem.

7.3 Effect of Slope Angle on the Required Factors
of Safety

Since the probability of failure of a slope was shown to
be slightly sensitive to the adopted slope angle,
required factors of safety were determined and com-
pared for the 2:1 slope and the 1:1 slope in Fig. 14. In
Fig. 14a, required factors of safety are shown for a
fixed 6, of 40 m, for the two cases with a vertical
normalized correlation distance 0, of 0.1 and 0.25. In
Fig. 14b, similar results are presented for the case with
afixed 0, = 0.1 and dx of 40 and 100 m. All results are
shown for the case with COV of S, = 0.5.

Results on Fig. 14a indicate that the slope angle has
a slight effect on the required factor of safety,
particularly for cases involving clays of high sensitiv-
ity (greater than 3.0) where the required factor of
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Fig. 13 Required factors of safety versus sensitivity for 2:1
slope with 6x = 40 m and COV = 0.5 (design charts for target
probabilities of failure of 1% and 5%)

safety is found to increase by an increment of 0.1
(1.5-1.6for 0, = 0.1 and 1.7-1.8 for 0, = 0.25) for the
steeper 1:1 slope. The differences in the required
factors of safety become less as the clay sensitivity
decreases to about 2 where the difference between the
required factors of safety in the two slopes becomes
small, particularly for the higher 0, of 0.25. Similar
results are observed in Fig. 14b where the horizontal
correlation distance is increased from 40 to 100 m,
with relatively small differences being observed in the
required factors of safety, particularly for high sensi-
tivity levels.

8 Conclusions

The RFEM was utilized in this study to investigate the
effectiveness of incorporating a physical lower-bound
shear strength in the probability model describing the
uncertainty in the undrained shear strength of a clayey
slope. The basis for the existence of the lower bound
shear strength is the fact that the remolded undrained
shear strength of a clay constitutes the minimum
possible value of strength for that particular clay. The
remolded strength is reflected in the sensitivity of the
clay which generally varies from 1.5 to 4 in clays of
low to average sensitivity.

In addition, RFEM analyses were performed to
investigate the sensitivity of the reliability of the slope
to the random field characterizing the spatial variabil-
ity of S,. Typical ranges of the correlation length were
considered while mapping anisotropic fields to the
generated mesh. The anisotropy was represented by
horizontal correlation lengths ranging from 20 to
100 m and vertical correlation lengths ranging from 2
to 20 m. Results of the reliability analysis in which the
mean, COV and correlation lengths of the undrained
shear strength in addition to the sensitivity of the clay
were varied lead to the following major conclusions:

1 For the example undrained slope problem that was
utilized in this paper, slopes that are spatially
variable have a smaller probability of failure
compared to slopes that are homogeneous, assum-
ing a given design factor of safety. As the
correlation distances decrease, the probabilities
of failure of the slope were also found to decrease.
This result is expected given the spatial averaging
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Fig. 14 Required factors of safety versus sensitivity for 1:1 and 2:1 slopes with a 6x = 40 m and b 6y = 0.1

and variance reduction that are expected to occur
in the spatially variable slope.

2 The incorporation of a lower-bound shear strength
in the reliability analysis could have a significant
effect on the risk of failure of the slope. The effect
is confined to reducing the probability of failure
and is more significant in cases involving spatially
random soils with relatively higher factors of
safety and higher COVs of Su. The reduction in
the probability of failure increases as the sensi-
tivity of the clay decreases and could reach orders
of magnitude for sensitivities in the order of 1.5.
This reduction in the probability of failure in the
presence of a lower-bound shear strength is
attributed to eliminating unrealistically low shear
strength values that are theoretically lower than
the lower-bound shear strength.

3 The geometry effect was analyzed by changing the
slope angle. It could be concluded that for the
same factor of safety, the increase in the slope
angle leads to slightly higher probabilities of
failure and this can be attributed to the averaging
effect that occurs along the critical slip surface.
Smaller lengths of the failure surface were
obtained for the steeper slope angle, leading to
smaller variance reduction in the COV character-
izing the average undrained shear strength.

4 More importantly, it could be concluded that for a
given target reliability level, the required factor of
safety of a slope could be reduced as the lower-
bound shear strength is incorporated in the relia-
bility analysis. Since remolded undrained shear
strength data could be easily collected/inferred for
clay in any given project, the reduction in the
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required factor of safety is possible at a very minor
added cost to the project.

It should be noted that in all the analyses conducted in
this research study, the only source of uncertainty that
was incorporated in the analysis was the uncertainty in
the undrained shear strength S,. In addition, no effort
was made to incorporate the effect of the model
uncertainty in the reliability analysis. The model
uncertainty is always present in geotechnical engi-
neering problems and is expected to add to the total
uncertainty in the slope stability predictions. Combin-
ing model uncertainty and uncertainty due to spatial
variability in soil properties is the subject of another
research study that is currently being implemented at
the American University of Beirut.
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