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a b s t r a c t 

We consider a variant of the economic order quantity (EOQ) model. Mainly, we assume 

that demand occurs at random, one unit at a time, and is characterized by independent 

and identically distributed times between two demand epochs. We also assume that the 

ordering policy is characterized by ordering the same amount whenever the inventory 

level drops to zero, and a demand occurs. Surprisingly, we show that the optimal order 

quantity that minimizes the expected inventory cost follows the familiar EOQ formula. 
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1. Introduction and background 

The EOQ model is one of the most popular inventory systems, especially in academic studies; see, for example, Silver

et al. [12] , and Zipkin [15] , for reviews. While some authors defend the applicability of the EOQ model in practice, e.g.,

Osteryoung et al. [8] and Silver [11] , others criticize its applicability, e.g., Jones [6] and Selen and Wood [10] . 

One of main assumptions of the EOQ model is that the demand is deterministic and stationary. As such, the EOQ is often

recommended for environments with a steady and predictable demand. In the probabilistic demand environment, the EOQ

is sometimes used to approximate the order quantity in the continuous review inventory system, ( r, Q ), in what is referred

to as the “probabilitized” EOQ model, e.g. Taha [13] . In this model, the demand rate is utilized instead of the deterministic

demand in the classical EOQ, and the order quantity is then determined from the well-known square root formula. The

reorder point is then determined taking into account shortage costs (typically based on backorders) or required service

levels. 

The literature indicates that the error from the probabilitized EOQ approach is minimal with respect to the computa-

tionally demanding approach of determining the ( r, Q ) policy optimally. For example, Zheng [14] finds that while the EOQ

underestimates the optimal order quantity, its usage leads to a relative error which is below 12.5% (increase in expected

cost), when the reorder point is sequentially found in an optimal manner. Axsäter [2] improves on this bound and argues

that the error is below 11.8%. Gallego [5] demonstrates further error reduction, down to 6.07%, if 
√ 

2 EOQ is utilized as the

order quantity. An interesting and practically-oriented related work is by Alstrøm [1] who utilizes EOQ for the ( r, Q ) order

quantity, under normally distributed lead time demand, and determines the reorder point based on a service level constraint

on the percentage of demand met from on-hand inventory. Alstrøm [1] proposes simple approximate approaches to deter-

mine the service-based reorder point which depends on the ratio of EOQ to the lead time demand standard deviation. Some

of these approaches are based on approximating the Normal distribution loss function. 1 The error, again with respect to an
∗ Corresponding author. 
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1 This loss function is given by E(k ) = 

∫ ∞ 
k (z − k ) f (z) dz where f ( z ) is the normal distribution density function. 
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Fig. 1. Typical profile of the inventory level over time. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

optimal computationally-intensive approach, is numerically shown to be small, within 5% over a large number of instances.

A recent work by Braglia et al. [3] utilizes an approximation of the normal loss function, similar to Alstrøm [1] , to deter-

mine both the reorder point and order quantity. Interestingly, some expressions similar to the EOQ appear in Braglia et al.

[3] approximation of the order quantity. 

In this note, we show that the “probabilitized” EOQ in fact holds exactly in a stochastic demand environment under two

key assumptions (i) the stochastic process generating demand is renewal, and can be characterized by independent and

identically distributed (iid) times between two demand epochs, and (ii) the ordering lead time is zero. The interested reader

is referred to Appendix 1 for a brief background on renewal processes. Assumption (i) requires that demand occurs one unit

at a time, which is a widely acceptable assumption in most inventory systems. Assumption (ii), on having no lead time, is

often adopted for the classic EOQ model. Note that Assumption (ii) implies that the inventory system will experience no

shortage as an order is placed and received instantaneously when the inventory level hits zero, and a demand occurs. The

cost structure is assumed to be composed of a linear holding cost and a fixed ordering cost, as in the classic setting. 

To our knowledge, the optimality of the EOQ under stochastic demand generated by a renewal process has not been

demonstrated in the literature. Two attempts in this direction are by Chen [4] and Haneveld and Teunter [7] , who argue

that a “probabilitized” EOQ is optimal when demand is generated from a Poisson process. In addition to being limited to the

Poisson demand case, Chen [4] derives the EOQ formula by differentiating over the inventory cycle duration, which, under

stochastic demand, is a random variable. This approach, we believe, is not accurate. Haneveld and Teunter’s [7] approach

is rigorous and relies on the fact that the distribution of demand occurrence times have a Gamma distribution under the

Poisson demand process. In contrast to Chen [4] and Haneveld and Teunter [7] , our proof on the validity of the probabilitized

EOQ is derived for any renewal demand process, and is not limited to the Poisson case. In addition, our approach is based

on a rigorous mathematical analysis. Specifically, we derive the expected cost per unit time, based on the renewal reward

theorem, as a function of the order quantity. We then find the optimal order quantity that minimizes the expected cost per

unit time. 

In the remainder of this note, we present our model and derive our main result on the validity of the probabilitized EOQ

under stochastic and renewal demand in Section 2 . We then present conclusions and possible ideas for future research in

Section 3. 

2. Model and main result 

Our model follows the assumptions of the classical EOQ model, except for the demand, which is considered to be gener-

ated from a renewal stochastic process. Consider a retailer managing the inventory of a single product over an infinite plan-

ning horizon. Customers’ demand for the product is generated from a renewal process and occurs one unit at a time. The

times between two consecutive demands, A 1 , A 2 , …, are iid with mean E[ A ]. The cost of holding inventory is h ($/unit/year).

When the inventory level reaches zero, and a demand occurs, a new order of size Q is placed. This order is delivered in-

stantaneously, and incurs a fixed cost of K ($/order). Fig. 1 presents the typical behavior of the inventory level over time. 

In this system, the inventory cycle duration, T , is a random variable, and is given by 

T = 

Q ∑ 

i =1 

A i . (1) 

In addition, the holding cost per cycle is also a random variable, and is given by 

H(Q ) = h 

Q−1 ∑ 

i =1 

i A i . (2) 
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Eqs. (1) and (2) are based on the discrete demand assumption that we make, and can be understood by examining

the profile of the inventory level over time of our model, as presented in Fig. 1 . Note that in this system the inventory

cycle starts with no inventory on-hand. Then, when a customer arrives and demands one unit of the product, an order is

placed. It can be easily understood why such order-at-zero-inventory and on-demand-arrival policy is optimal. For example,

stocking-up at the beginning of a cycle, when the inventory level reaches zero is sub-optimal as an unnecessary holding

cost is incurred at the beginning of the cycle. 

With the cost per cycle being C ( Q ) = K + H ( Q ), the expected cost per year is given from the renewal reward theorem, e.g.

Ross [9] , as 

C u (Q ) = 

E[ C(Q )] 

E[ T ] 
= 

K + E[ H(Q )] 

E[ T ] 
, (3)

where from (1) and (2) , E [ T ] = QE [ A ] and 

E[ H(Q )] = h 

( 

Q−1 ∑ 

i =1 

i 

) 

E[ A ] = h 

(Q − 1) Q 

2 

E[ A ] . 

Then, from (3) the annual cost is given by 

C u (Q ) = 

K 

Q E[ A ] 
+ 

h (Q − 1) 

2 

. (4)

We next present our main result. 

Theorem 1. Let D̄ = 1 /E[ A ] , be the annual demand rate. Then, the optimal order quantity and the corresponding minimum

average annual cost are respectively given by 

Q 

∗ = 

√ 

2 K ̄D 
h 

, 

C ∗u = 

√ 

2 K ̄D h − h 
2 
. 

Proof. It can be easily shown, by differentiating ( 4 ), that C u ( Q ) is convex. Then, solving the first-order optimality condition,
d C u (Q ) 

dQ 
= 0 , gives the optimal order quantity Q 

∗. Replacing in ( 4 ) gives the optimal cost C u 
∗. �

Theorem 1 indicates that the EOQ formula holds, even when the demand is stochastic, and generated by a renewal

process, with the average demand replacing the deterministic demand in the celebrated square root formula. The expected

annual cost expression in Theorem 1 is also very similar to that of the classic EOQ, with a correction term ( −h /2) reflecting

the discrete nature of the demand. 

3. Conclusions 

In this note, we show that a variant of the EOQ formula, known sometimes as the probabilitized EOQ, holds if the de-

mand in the classic EOQ model is assumed to be generated from a renewal stochastic process. This variant involves utilizing

the average demand per unit time (year) instead of the deterministic demand. This further testifies to the robustness of the

EOQ model, in terms of insensitivity to the input parameters. While the standard literature (e.g., [15] ) establishes that the

model is not too sensitive to estimates of cost parameters, this note further shows that the model is completely insensitive

to demand variability. This is encouraging for practical applications of the EOQ model. In particular, this note implies that

managers facing random demand can confidently utilize the EOQ as their order quantity if the delivery lead time is short

and can be ignored (e.g. in overnight deliveries). 

When the lead time is long, and cannot be ignored, one still needs to appeal to classic stochastic inventory models.

What this note establishes, is that some approximations of the optimal inventory policy for stochastic inventory systems are

exact in the limit, when the lead time is close to zero. This applies, for example, to the probabilitized EOQ heuristic for the

continuous review, ( r, Q ) system (e.g. [1,2] , and [13] ). With our results in this note, managers can be more reassured of the

quality of these ( r, Q ) approximations as they hold exactly in the special case of no lead time. 

In future research, one may utilize our limited result to develop refined approximations for stochastic inventory systems

with non-zero lead times. A good starting point is to amend the existing ( r, Q ) approximation to ensure that the order

quantity converges to the EOQ when the lead time approaches zero. 

Appendix 1. A brief explanation of demand following a renewal process 

Assume demand occurs one unit at a time at random with A i being the time between consecutive demands, as in this

paper. Assume further that the random variable A 1 , A 2 , …, A i , …, are iid, as in this paper also. The demand counting process

at time t > 0, D ( t ), is the number of demand arrivals occurring by time t . Then, the stochastic process D ( t ) is called a renewal

process because the A , i = 1, 2, …, are iid. 
i 
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The implication of this in practice is that the rate (frequency) of past demands does not affect future demand. For ex-

ample, if demand was high (low) yesterday, it will not be necessarily high (low) today. The demand in a time interval (e.g.,

today) is independent of the demand in past time intervals (e.g. yesterday and the day before). 

Formally, the stochastic process D ( t ) is linked to A i , i = 1, 2, …, as follows. Letting 

S n = 

n ∑ 

i =1 

A i , 

be the time of occurrence of the n th demand, then 

D (t) = max { n | S n ≤ t} . 
More details on renewal processes can be found in Ross [9] . 

References 

[1] P. Alstrøm , Numerical computation of inventory policies, based on the EOQ/ σ x value for order-point systems, Int. J. Product. Econ. 71 (2001) 235–245 .

[2] S. Axsäter , Using the deterministic EOQ formula in stochastic inventory control, Manag. Sci. 42 (1996) 830–834 . 

[3] M. Braglia , D. Castellano , M. Gallo , An Approximated closed-form minimum-cost solution to the (r, q) policy with complete backordering and further
developments, Appl. Math. Model. 40 (2016) 8406–8423 . 

[4] Y.-C. Chen , A probabilistic approach for traditional EOQ model, J. Inf. Opt. Sci. 24 (2003) 249–253 . 
[5] G. Gallego , New bounds and heuristics for (Q, r) policies, Manag. Sci. 44 (1998) 219–233 . 

[6] D.J. Jones , JIT & the EOQ model: odd couple no more!, Manag. Account. 72 (1991) 54–57 . 
[7] W.K. Klein Haneveld , R.H. Teunter , Effects of discounting and demand rate variability on the EOQ, Int. J. Product. Econ. 54 (1998) 173–192 . 

[8] J.S. Osteryoung , E. Nosari , D.E. McCarty , W.J. Reinhar , Use of the EOQ model for inventory analysis, Product. Invent. Manag. 27 (1986) 39–46 . 
[9] S.M. Ross , Stochastic Processes, Wiley, 1996 . 

[10] W.J. Selen , W.R. Wood , Inventory cost definition in an EOQ model application, Product. Invent. Manag. 28 (1987) 44–47 . 

[11] E.A. Silver , Establishing the reorder quantity when the amount received is uncertain, INFOR 14 (1986) 32–39 . 
[12] E.A. Silver , D.F. Pyke , R. Peterson , Inventory Management and Production Planning and Scheduling, Wiley, 1998 . 

[13] H.A. Taha , Operations Research – An Introduction, Pearson Prentice Hall, 2007 . 
[14] Y.S. Zheng , On properties of stochastic inventory systems, Manag. Sci. 38 (1992) 87–103 . 

[15] P.H. Zipkin , Foundations of Inventory Managemen, McGraw-Hill, 20 0 0 . 

http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0001
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0001
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0002
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0002
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0003
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0003
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0003
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0003
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0004
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0004
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0005
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0005
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0006
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0006
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0007
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0007
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0007
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0008
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0008
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0008
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0008
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0008
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0009
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0009
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0010
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0010
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0010
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0011
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0011
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0012
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0012
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0012
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0012
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0013
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0013
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0014
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0014
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0015
http://refhub.elsevier.com/S0307-904X(16)30679-5/sbref0015

	EOQ holds under stochastic demand, a technical note
	1 Introduction and background
	2 Model and main result
	3 Conclusions
	Appendix 1 A brief explanation of demand following a renewal process
	 References


