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Abstract—Recently, machine learning yield models for inte-
grated circuit (IC) have gained widespread prominence in the
EDA community, and are very promising in terms of emulat-
ing memory design functionality and thereby speeding up circuit
simulation-based variance reduction methods. A main challenge
that arises in this area is a class imbalance that occurs naturally
due to the high targeted manufacturing yield. Thus, the imbal-
anced nature of the sampled memory datasets can compromise
the model performance. In this work, we attain deep insights
into the memory classification problem for modeling rare fail
events in the context of importance sampling-based yield anal-
ysis. We propose a comprehensive and computationally efficient
method that addresses the joint considerations of the best com-
bination of relevant features and class balance ratios, which are
key for classifier generalization capability. The methodology relies
on synthetic minority over-sampling techniques to enforce the
minority class while probing for the best data balance ratio in
conjunction with an iterative L1-SVM-based approach that qual-
ifies as an approximation to the L0-norm regularization for the
best feature subset selection. We compare the proposed method-
ology against standalone L1-SVM solutions, unbalanced L0-norm
approximation as well as an algorithmic data balancing method
in the context of yield estimation methodology. The methodol-
ogy is shown to result in high fidelity classifiers as demonstrated
when analyzing the yield of a 14-nm FinFET SRAM cross-section
with speedup of 179× for the importance sampling simulations
compared to pure circuit simulation-based approaches and an
average error of 0.19 σ .

Index Terms—Data Balancing, importance sampling, regu-
larization, support vector machine (SVM), synthetic minority
over-sampling technique (SMOTE), yield.

I. INTRODUCTION

WHILE aggressive technology scaling has been a major
driver behind the semiconductor industry, it has exac-

erbated the process, voltage, and temperature variations for
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nano-scale technologies. The unavoidable uncertainties that
arise result in adverse effects on the circuit performance
and functionality [1]. Specifically, this is very true for dense
memory arrays that utilize the smallest devices on the chip and
thus tend to be most sensitive to these variations. With mil-
lions of cells in an array, designers enforce tight constraints
on cell fail probabilities with requirements of less than one-
part-per-million fails. Capturing these fail probabilities with
high-fidelity is an indispensable part of the design cycle.

Monte Carlo analysis is traditionally used as a statistical
means to estimate design failure probabilities. However, the
Monte Carlo simulation method is not practical for estimat-
ing such rare fail probabilities as it would require millions
of SPICE simulations to capture a single failing point [2].
It is therefore critical to develop fast and reliable statistical
methods for the purposes of rare event estimation. Several
methodologies have been proposed to speed up memory rare
event estimation. These include methods that involve devel-
oping statistical models for the SRAM read and write DC
noise margin [3]. Mukhopadhyay et al. [4] developed models
for the SRAM cell read and write access times distributions.
Singhee and Rutenbar [2] proposed Statistical Blockade as a
fast statistical methodology that relies on extreme value theory
to sample and model the tail distribution probabilities. Circuit-
simulation-based importance sampling methods [5], [6], [7],
[8] that capture the cell dynamic margins are popular variance
reduction techniques that were developed to efficiently acceler-
ate Monte Carlo simulations for rare fail estimation of SRAM
cell dynamic margins. By biasing the sampling toward the
critical fail region, importance sampling methods offer several
orders of magnitude speedup over traditional Monte Carlo [5].
Accurately estimating rare memory fail probabilities is a
challenging task that is closely related to machine learning.
Recently, machine learning techniques gained major interest in
the area of memory design to develop accurate and fast yield
models for memory design yield enhancement [9]. Often func-
tional fails translate into discontinuities in the design metric
space. In [10], we proposed a regularized logistic regression-
based framework with ordered feature selection (OFS) to
capture the binary nature of the SRAM fail mechanisms.
Indeed, machine learning has become a vital tool for modeling
process variation effects and accurate yield estimation. This
area, nevertheless, faces several challenges due to the rare fail
event nature of the array yield estimation problem [11]. One
such challenge is identified as the class imbalance problem.
In fact, a class imbalance is a classical problem which is
dominant in many real-world scenarios, such as anomaly
detection, email fraud detection, and computer intrusion detec-
tion. Often, “real” datasets are imbalanced and are dominated
by a group of “normal” sample points existing along with
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a small group of minority “abnormal” sample points [12].
Since most conventional machine learning techniques postu-
late balanced data distributions, their performances may not be
necessarily optimal when the dataset used is imbalanced [13].
Particularly, the aspect of rarity is inherent to the SRAM
cell fail mechanisms. This naturally results in data imbalance
where the abnormal sample points are fail sample points, and
misclassifying them as normal can impact the accuracy of
the yield estimate. This is especially true for methodologies,
such as [10] and [14] that rely on thresholding or the clas-
sifier model outcome to compute the fail probabilities of the
importance sample points which hinge on and around the fail
boundary. Thus, it is crucial to address the issue of data imbal-
ance [15] and properly model the failure boundary for accurate
statistical analysis of memory designs.

Support vector machine (SVM) is a popular supervised
machine learning methodology that is well known for its effi-
ciency, prediction accuracy, and robustness [16]. SVMs have
been very effective in dealing with balanced datasets, and it
has been shown that they do not perform “too badly for mod-
erately skewed data sets” compared to other machine learning
algorithms [17]. SVM could lead to “suboptimal results” when
dealing with imbalanced datasets [18]. There are many reasons
why SVMs are still affected by class imbalance. Particularly,
due to the sparseness of the minority class sample, the low
presence of minority examples makes them appear further
from the ideal class boundary than the majority ones. In an
effort to reduce misclassification, and due to class imbalance,
the model may result in a separating hyperplane that is highly
skewed toward the minority class, and this may in turn lead
to low performance on minority sample points. It has been
experimentally demonstrated [19] that the ratio of the major-
ity to minority support vectors becomes also imbalanced in
an imbalanced dataset. Therefore, a test sample point lying
close to the boundary will be surrounded by more majority
support vectors. Hence, the model is more likely to classify a
boundary point as a majority point particularly for nonsepara-
ble boundary cases [19], [20]. Other perspectives, though, have
been debated. Akbani et al. [17] stated that the coefficients of
the minority support vector may be inherently larger reducing
to some extent the effect of the data imbalance on the SVM
model. To alleviate the data imbalance problems for classi-
fiers in general and SVMs in particular [18], two forms of
solutions were carved: 1) algorithmic methods, also known as
implicit methods and 2) data handling methods, also known
as explicit methods. At the algorithmic level, solutions include
adjusting the misclassification costs using different weights
for the different classes so as to reverse the data imbalance,
such as [21] and “different error cost method” in [22]. The
latter aims to avoid any boundary skewness toward the minor-
ity sample points. Alternatively at the algorithmic level, the
data imbalance problem can be formulated as an anomaly
detection problem. Hence, one-class learning methods [23]
can be invoked to train a one-class classifier on the majority
data set alone, thereby treating the minority sample points as
outliers. Such approaches are especially useful when minority
data points are highly under represented, or do not follow a
specific structure and appear as noisy instances. In some sce-
narios, minority data points may be used to build the one-class
SVM model. Kowalczyk and Raskutti [24] set the majority
class cost to zero in the dual error cost approach to build the
latter model. The downside is that one-class SVM discards
all information about the other class, and it is thus recom-
mended to use ensemble models that include the one-class on
minority and one-class on majority. Alternatively, a two-step

approach can be adopted and the classifier threshold must be
tuned using both minority and majority classes [23]. Active
learning methods that iteratively identify the closest instances
to the separating hyperplane among unused training sample
points were further proposed in [25]. Several methods have
also been proposed to reduce SVM sensitivity to data imbal-
ance by modifying the underlying kernel functions. These
include class boundary alignment methods [26] and margin
calibration methods [27]. Finally, fuzzy SVM methods [28]
were introduced to address the problem of class imbalance in
the presence of true outliers and noise at the algorithmic level.
Other implicit methods include tuning the boundary to remove
the bias toward majority [29] and a 2-D surface solution that
efficiently searches for the optimal solution among a family of
regularized solutions with variable weights for the imbalanced
dataset cost functions [30]. Data handling methods, on the
other hand, focus on balancing the ratio between the minority
and majority sample points. Thus, they modify the imbalanced
data ratios set by utilizing resampling methods [15]. Recently,
there have been several advances in data handling schemes
for machine learning applications [12], [20], [31], [32]. These
include random oversampling approaches, random undersam-
pling approaches, and synthetic sample point generation such
as the synthetic minority over-sampling technique (SMOTE).
Batuwita and Palade [33] proposed performing oversampling
over the critical subset of features for enhanced accuracy.
To solve the imbalance problem in SVMs, Lin et al. [34]
relied on generating ensemble models. Each of these mod-
els is derived by creating multiple datasets from the original
majority data set, with or without replacement, to match the
size of the minority set; a verdict among the ensemble models
outcomes is computed using methods such as majority voting.
Other boosting methods have also been used in an ensemble
context for learning with class imbalance [11], [35]. While
some practitioners advocate for perfectly balanced class dis-
tributions, some still believe that the natural balance should
be used. Others [36], [37], [38] propose probing for the best
class balance stating that the classifier accuracy hinges on
the underlying data. Finally, support cluster machines were
proposed [39] as an iterative explicit approach that employs
a procedure of clustering and shrinking to separate support
vectors from nonsupport vector sample points.

Concurrently researchers continue to advocate and stress
for the need for Lp-norm regularization for classifier accuracy
particularly in the presence of imbalanced datasets empha-
sizing that these methods have to be used in conjunction
with data balancing approaches [40], [41], [42]. Specifically,
Chawla [40] and Forman [43] emphasized that for real-world
datasets having the high skew level in the class distribution,
with the class of interest being relatively rare, it is necessary
to select features that lead to a higher separability between
the two classes. Thus, in order to accurately capture the skew
in the class distribution feature selection-based methodolo-
gies need to be applied. Zheng et al. [44] proposed a feature
selection framework that rely on the modified filter method.
Weston et al. [41] demonstrated effectiveness of L1-norm
and/or L2-norm regularization for SVM accuracy. L0-norm
approximations were introduced as efficient feature selection
methods for SVMs [45].

In this article, targeting to speed up SRAM yield estimation
problem, we propose a fast importance sampling yield analysis
methodology for memory yield estimation whose simulation
engine employs efficient and accurate learning models in the
presence of imbalanced datasets. The methodology targets
SVM classification as a popular and efficient machine-learning
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technique. It relies on 1) SMOTE to enforce the minority class
sample points in its effort to probe for the best data balance
ratio (BBR) and 2) OFS as an approximation to the L0-norm
regularization. The latter is implemented through a bi-level
optimization formulation where the outer loop employs OFS
wrapped around an inner L1-SVM loop for enhanced model
capabilities. Specifically, our contributions are as follows.

1) At the core of the methodology lies a data balancing
scheme with varying balance ratio to handle the class
imbalance problem due to the typically low proportion of
minority fails in memory design problems. This allows
for identifying the Best Balance Ratio among a set of
ratios ranging between the natural and fully balanced
dataset distribution for enhanced classifier generaliza-
tion capabilities, thereby not ruling out the naturally
occurring class distribution in accordance with literature.

2) We revise the OFS approach [10] in the context of SVM.
We reformulate it as an approximation to the other-
wise nonconvex SVM L0-norm regularization that aims
to identify the relevant SVM features for the respective
imbalanced datasets with the different adjusted balance
ratios. For this, we build upon a semi-smooth Newton
coordinate descent L1-SVM solution engine [46] to iter-
atively identify the relevant features for a given dataset.
While the L1-SVM is often performed as a relaxation
to the L0-norm in terms of augmenting the optimization
constraints, we demonstrate enhanced accuracy for our
L0-norm approximation.

3) We study an implicit 2-D surface solution methodol-
ogy targeting imbalanced datasets classification [30] that
employs adjusting the classifier learning algorithms to
better recognize the minority class. The methodology
identifies the optimal cost function weights for the SVM
classes as determined among a derived family of solu-
tions. We rely on this approach as our reference implicit
data balancing methodology and critically evaluate its
classification and balancing capabilities compared to the
proposed explicit approach.

4) We study the yield of state-of-the-art industrial 14-nm
FinFET SRAM design. We compare our proposed
BBR-OFS methodology to the L1-SVM approach, OFS
on the natural distribution, and the implicit approach.
Our results demonstrate that BBR-OFS outperforms
other methods in terms of accuracy while maintain-
ing significant improvement in terms of the run-
time efficiency compared to pure circuit simulation-
based approach. This is manifested both at the model
prediction and yield estimation levels.

This article is organized as follows. Section II presents a
background review on Monte Carlo, importance sampling,
and the basics of SVMs. Section III presents the proposed
Best Balance Ratio OFS methodology. Section IV presents
the results and analysis of the proposed methodology when
applied to the yield estimation of memory designs. Finally,
Section V presents the conclusions.

II. BACKGROUND

In this section, we provide a quick overview of Monte Carlo
and importance sampling methods. We also present a review
of SVM and loss function regularization.

A. Monte Carlo and Importance Sampling

A cell with a probability of failure Pf , is perceived as a
Bernoulli trial and the memory array size, Ncells represents

the number of trials. The yield of an array, in the absence of
any redundancy, can thus be calculated as follows:

Yield = (
1− Pf

)Ncells . (1)

Typically, however the design tolerates a few failing cells
due to the presence of redundancy. Hence, given r redundant
columns and assuming that the faulty cells occur in different
columns, the array yield can be computed as follows [2]:

Yieldredund =
r∑

k=1

(NcellsCk
) ∗ Pk

f ∗
(
1− Pf

)Ncells−k
. (2)

For a design characterized by the process variation parame-
ters x and a performance evaluation function fi(x), the Monte
Carlo estimate for Pf in (3) can be approximated by (4) as the
expected value of the indicator function (5) as stated by the
law of large numbers [47]. N is the random sample size

Pf =
∫

R
pdf(x)dx =

∫
I(x)pdf(x)dx = E(I(x)) (3)

P̂f = 1

N

N∑

i=1

I(xi) (4)

I(x) =
{

0, if fi(x) ≤ f 0
i

1, otherwise.
(5)

Importance sampling gained widespread attention as a vari-
ance reduction method to improve the accuracy of the Monte
Carlo simulation [5]. It distorts the natural distribution pdf(x),
to generate more sample points in the region of interest. The
unbiased probability of fail is derived according to (6); pdfIS(x)
represents the importance sampling distribution

∫
f (x)pdf(x)dx =

∫
f (x)

pdf(x)

pdfIS(x)
pdfIS(x)dx (6)

P̂f = 1

M

M∑

i=1

I(x)
pdf(xi)

pdfIS(xi)
. (7)

Finding the proper pdfIS(x) is critical for variance reduction.
We rely on the approach in [5] that employs a uniform sam-
pling phase to determine the recommended shift for pdfIS(x)
which is used for generating the importance sample points.

B. Review of SVM

SVM was introduced by Vapnik [48]. SVM is a determin-
istic supervised machine learning method for binary classifi-
cation. The applications of SVM include face detection, text
and hypertext categorization, and bioinformatics [49]. It carries
rigorous theoretical advantages and promising computational
performance merits in terms of: the ability to be generalized
well, and the ability to efficiently find global and nonlinear
solutions by relying on the “kernel trick” [16]. For the purpose
of understanding and explaining the SVM classifier, we denote
the training dataset consisting of n sample points {(xi, yi);
i = 1, 2, 3, . . . , n} where xi ∈ R

d is a d-dimensional input
feature vector and yi ∈ {−1, 1} is the corresponding output.
The objective of the SVM is to construct an optimal separat-
ing hyperplane in the input space between the two classes such
that all vectors on one side of the hyperplane belong to the
same class as illustrated in Fig. 1 while maintaining a maxi-
mal distance to the closest points or vectors. The solution of
the SVM is independent of the number of sample points but
dependent on the support vectors which are the input vectors
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Fig. 1. 2-D illustration of an SVM separating boundary. Support vectors are
sample points closest to the boundary.

closest to the hyperplane [50]. If the dataset is linearly sep-
arable, the SVM solves for the discriminant function of the
separating hyperplane that satisfies yi(w · xi + b) > 0, where
w is a d-dimensional vector and b is a constant representing
the hyperplane parameters; yi (w · xi + b) is the functional
margin of the ith training point. A large functional margin
reflects good generalizability [51]. The goal is to maximize
the minimum margin (8); γi is the ith sample point (xi,yi)
normalized geometric margin

max miniγi = yi

((
w
||w||

)
· xi + b

||w||
)

. (8)

It follows that maximizing the margin is equivalent to minimiz-
ing the weights. The linear SVM can thus be reformulated as
a convex objective function (9). Note that (1/‖|w||) represents
the distance from the support vectors to the hyperplane

minimize
1

2
||w||2 (9)

s.t. yi (w · xi + b) ≥ 1 for i ∈ 1, 2, . . . , n. (10)

Equation (9) can be solved by using traditional quadratic pro-
gramming. Often, solutions are derived more efficiently from
the dual form employing Lagrange multipliers. When the
data is linearly separable, the SVM aims at structural risk
minimization and finds the optimal hyperplane that maximizes
the sum of the distances to the nearest positive and negative
training sample points [52].

When data is not linearly separable, nonlinear SVMs are
employed or slack variables are introduced to the optimization
to allow some data points to be within the margin. The problem
is reformulated as follows:

min
w,ξ

1

2
||w||2 + C

n∑

i=1

ξi (11)

s.t. yi(w · xi + b) ≥ 1− ξi ξi ≥ 0 ∀i (12)

ξi is the slack variable that relaxes the margin constraint.
This gives way to the 2-norm soft margin SVM classifier
where C is a penalty parameter to attain a balance between
maintaining ||w||2 small and ensuring a good functional mar-
gin for most sample points. Hastie et al. [53] adopted an
alternative form that sets λ ∼= (1/C) and (12) can be rewritten
as follows:

min
w,ξ

λ

2
||w||2 +

n∑

i=1

ξi. (13)

λ is a regularization parameter and (13) balances model
complexity and goodness of fit. The Lagrange primal becomes

Lp :
n∑

i=1

ξi + λ

2
||w||2 +

n∑

i=1

αi(1− yif (xi))−
n∑

i=1

γiξi (14)

where αi ≥ 0 and γi ≥ 0 are the Lagrange multipliers. The
system is solved by setting the derivatives to zero along with
the Karush–Kuhn–Tucker (KKT) conditions

δLp

δw
= 0,

δLp

δξ
= 0 (15)

αi(1− yi − ξi) = 0, γiξi = 0. (16)

Finally, SVMs can also handle nonlinear problems by mapping
the original input vectors to a higher dimensional space to
solve for the separating hyperplane. This can be performed by
explicitly relying on feature mapping functions, x̂i = φ(xi),
or kernel functions, K(xi, xj) ∈ R

d×d, that satisfy the mercer
criterion to implicitly perform the mapping [48].

III. PROPOSED BEST BALANCE RATIO ORDERED FEATURE
SELECTION METHOD

In this section, we introduce the proposed framework
for efficient statistical analysis and modeling for importance
sampling-based rare event estimation. Fig. 2 presents the flow
diagram of the overall methodology. The methodology relies
on importance sampling as its fast Monte Carlo yield estima-
tion engine [5]. To speedup the simulations, at the core of
the methodology lies a classification approach that incorpo-
rates data balancing along with feature selection for enhanced
accuracy in the event of imbalanced datasets. Specifically, the
methodology relies on scouting for the best balance ratios in a
bi-level optimization approximation to L0-norm regularization
to enhance prediction capability and reduce simulation cost.
For the L0-norm approximation, we employ OFS as a wrapper
around a fast-newton method-based L1-SVM method to guide
the model building. We then implement a general framework
that identifies the best class balancing ratio in the context of
the SVM L0-norm approximation.

A. Ordered Feature Selection

Feature selection is critical for “generalization”
performance, challenging the curse of dimensionality,
and even lowering the time needed to train a model [54].
Particularly, for SVMs, irrelevant features and noise may
jeopardize the accuracy, convergence, and efficiency of the
classifier [41]. Traditionally, algorithms with feature selection
address two rivalling objectives: 1) maximizing the goodness
of fit and 2) minimizing the number of variables [54]. Feature
selection methods lie in three main categories: 1) the wrapper;
2) the filter; and 3) embedded methods [54]. Methods, such as
the wrapper method, however, can be expensive. Alternatively,
embedded methods where feature selection is embedded as
part of the training algorithm can be used. They are typically
more accurate than filter methods and are less prone to
overfitting. Traditionally, embedded methods that rely on
Lp-norm regularization, p ∈ {1, 2} have been employed [55],
where the SVM problem in (13) can be reformulated to a
“Loss + Penalty criterion” of the form

min
f∈H

n∑

i=1

L(yi, f (xi))+ λJ(f ). (17)
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Fig. 2. Methodology flow diagram for the proposed framework.

Algorithm 1 OFS
Input

X: Input Features
Y: Output Data

Output
�OFS: OFS Resultant ranked feature subset
CVEOFS: Minimum cross validation error
1: function L1-SVM(X,Y)
2: Find SVM solution path ω(λ) over λ ∈ [0, λlarge)

3: Find λmin | CVEmin = min(CVE(λk)) ∀ λk

4: return ω(λmin), CVEmin

5: end function
6: function OFS(X,Y)

Initialization
7: CVEOFS = maxNum;
8: �OFS = {}
9: Find Solution over all Features X

10: ωF(λmin
F ) = L1-SVM(X, Y)

11: Sort the {ωF(λmin
F ) 
= 0} model parameters

12: IdxF , | ωsort(i) = ωF(λmin
F , IdxF(i)) ∀ ωF 
= 0

13: j = 1
14: while j < min(size(IdxF, maxNumFeat) do
15: �j ← X(IdxF(1 : j))
16: [λmin

j , CVEmin
j ] = L1− SVM(�j, Y)

17: if CVEmin
j < CVEOFS then

18: CVEOFS = CVEmin
j

19: �OFS = �j
20: end if
21: j = j+ 1
22: end while
23: return �OFS, CVEOFS
24: end function

L(yi, f (xi)) is a loss function, and f (x) is an arbitrary function
in some Hilbert space HK , and J(f ) is a norm in a Reproducing
Kernel Hilbert Space of functions to measure the “roughness”

of f in Hk [56]. Works, such as [57] and [58] cited that L1-
norm was sufficient to reduce a decent number of variable
weights to zero, and least angle regression shrinkage (LARS)-
and least absolute shrinkage and selection operator (LASSO)-
SVM solvers have been proposed [46], [59]. Weston et al. [41]
and Chan et al. [45] proposed L0-norm approximations for
improved feature selection and enhanced modeling capability.
Weston et al. [41] proposed an approximate iterative approach
reminiscent of backward elimination. Chan et al. [45] enforced
the L0-norm approximation by replacing it by a weaker non-
convex constraint involving the L1-norm and L2-norm. Herein,
we propose to enforce the best finite set of features � and
accordingly the L0-norm approximation by jointly optimizing
the following problem:

min
�∈F

min
w

n∑

i=1

L(yi, f (xi))+ λ||w||1 (18)

where L(y, f (x)) is the huberized hinge loss function described
in (19) [60]. f (x) = wx + b, and y ∈ {−1, 1} and h(x) =
sign(f (x)) is the decision rule used to determine the classifi-
cation criterion. F is the feature set and � represents a feature
subset in F. Rather than exhaustively searching for the best
subset �, we base the outer optimization on an OFS approach
similar to [10] as illustrated in Algorithm 1. The methodol-
ogy initially starts by solving for an L1-SVM path, ωF(λ),
over the whole feature set F [61]. Since the regularization
parameter λ affects the SVM model parameters tuning over
the solution path, we pick the solution ωF(λmin

F ) correspond-
ing to the lowest cross-validation error. As such, we define an
ordered index set, IdxF that represents the features in F sorted
in decreasing order based on their respective model parame-
ters, ωF(λmin

F ). This ordered index qualifies as an embedded
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rank metric. In fact, it has been known that although shrink-
age methods, such as LARS and LASSO are not “full-fledged”
wrapper methods, these methods are often perceived as semi-
wrapper methods with the ability to order features based on
their significance [59]. The algorithm then iteratively builds
the best feature set, �OFS by adding at each iteration the next
feature according to IdxF , and solving for the L1-SVM path
on the new feature set in a forward selection manner. At each
iteration, the best solution along the path is chosen by rely-
ing on k-fold cross-validation [62]. The best-ordered feature
subset and model for our data is determined as the ordered
subset with the lowest cross-validation error (CVE) among all
subsets. The OFS flow is then applied to the dataset subject to
different balancing ratios to determine the best balance ratio
and feature subset combination.

For our purposes, to obtain the L1-SVM solution path, we
adopt an LASSO-based sparse SVM approach that relies on
a semi-smooth newton coordinate algorithm [46], [61] to effi-
ciently solve a huberized hinge loss-based regularization. In
fact, it has been shown that reducing the solution complex-
ity relies on identifying the proper loss function [63]. While
the hinge Loss function L(yif (xi)) = [1 − yif (xi))]+ can be
used in (17), it has been shown that the Huberized Hinge loss
function in (19), which is almost quadratic, is preferred due to
its differentiability. This reduces the computational cost and at
the same time maintains linearity similar to the hinge loss for
negative margins to prevent outliers from affecting the model

LHH
s (yif (xi)) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0, yif (xi) > 1
(1− yif (xi))

2

2δ
, 1− δ < yif (xi) ≤ 1

1− yif (xi)− δ

2
, yif (xi) ≤ 1− δ.

(19)

The solution path w(λ) is thus piece-wise linear in λ, and the
piece-wise linearity “hinges” on the following sample point set
partitions associated with LHH [64] that stem from the defi-
nition of the loss function (19), i.e., sets 1, 2, and 3 below.
The Elbow partition thus represents points that are on the mar-
gin (nonbound support vectors), the left partition holds sample
points that lie inside the margin (bound support vectors) and
the right partition contains the points that lie outside the mar-
gin. The solution also hinges on the active feature set ν ∈ �
that is also function of λ.

1) Right: R = {i | yif (xi) > 1}.
2) Elbow: E = {i | 1− δ ≤ yif (xi) ≤ 1}.
3) Left: L = {i | yif (xi) ≤ 1− δ}.
4) Active Features Set: ν|{j : wj 
= 0}.
Hence, the solution path according to the KKT conditions

starts by adopting a large λ value and proceeds to decrease
λ gradually until we reach an event pertaining to a training
point hitting E, set of points qualifying as support vectors,
or a feature leaving ν, the set of active features with nonzero
coefficients. Such events incur a “kink” in the solution and the
derivatives of the parameters with respect to λ will change. In
between events, the solution for ω is linear in λ.

B. Synthetic Minority Oversampling-Based Data Balancing
Approach for BBR-OFS

As discussed earlier, imbalanced classification is one of
the most challenging problems encountered in the field of
machine learning and has been prevalent in several fields. A
dataset is defined as imbalanced when the two classes are
not equally represented [65]. Imbalanced datasets have been

shown to compromise the predictive capabilities of the model.
For SVM class prediction, it has been demonstrated as dis-
cussed earlier that the boundary may be too skewed toward
the minority sample points in the event of imbalanced datasets
and a point close to minority may be classified as majority.
Hence, the weakness of the soft margin can be a cause for
the performance loss [17]. In an extreme scenario for imbal-
anced datasets, smaller C = (1/λ) values, i.e., smaller penalty
on the slack variable in (13), may result in increasing the
margin and causing the SVM to assign all points as major-
ity points. This results in sacrificing the minority points as
a consequence of relaxing the margin with the only error to
be accounted for being the few minority sample points that
are missed. Hence, SVM may in some scenarios not general-
ize well when addressing imbalanced datasets. To handle the
imbalance, researchers have proposed to rely on resampling
the datasets (oversampling or undersampling) to reduce the
rarity of minority sample points prior to building the classifier.
They also recommended to employ in conjunction with data
balancing Lp-norm regularization along with appropriate eval-
uation metrics such as cross validation [66], [67], [68]. Albisua
et al. [37] showed that the ideal class distribution is not nec-
essarily the fully balanced distribution and as such attempt
to find a class distribution that improves the generalization
capability of the classifier. The authors further demonstrate
that the results can be enhanced should intelligent resampling
techniques be used. In fact, Weiss and Provost [36] showed
that the ideal class distribution depends a lot on the learning
algorithm used for enhancing the modeling capability. SMOTE
is a popular data balancing method shown to improve the
model predictive capability in SVMs [65]. In particular, it has
been shown to outperform other sampling methods and the
quality improvement was measured by different model qual-
ity indicators [15]. While simple random undersampling is
computationally efficient, it may result in potentially losing
information thereby resulting in data becoming noisy and/or
biased [11]. In fact, an increase in the undersampling rate can
result in an increase in the false positive (FP) rate as demon-
strated in [12]. On the other hand, simple oversampling may
result in overfitting due to a large number of identical minor-
ity sample points [11]. SMOTE overcomes this problem by
creating new nonreplicated synthetic minority points thereby
enhancing the performance capability of the classifier.

Herein, we employ SMOTE as the resampling technique in
our pursuit for the best data balance ratio-based OFS SVM
model in Section III-C. We also compare our approach with
an algorithmic-based balancing approach for SVMs that is
discussed in Section III-D.

1) Synthetic Minority Over-Sampling Technique: The syn-
thetic minority over-sampling technique, also known as
SMOTE, is a flexible informed data oversampling technique
that was introduced in [12] in order to address a class imbal-
ance in binary classification problems consisting of a majority
class and a minority class. It aims at increasing the minority
sample points by artificially generating synthetic data points
in the “feature space” rather than in the “data space” belong-
ing to the minority class. In its effort to properly represent
the minority, some assimilated SMOTE to be very much like
distortion-based regularization methods [69].

SMOTE generates nonreplicated minority sample points to
change the bias of the learner. Based on the desired percentage
oversampling, SMOTE selects all or a subset of minority sam-
ple points, Xmin. For each sample point Xi ∈ Xmin, a number of
new synthetic minority points is generated based on a prede-
termined oversampling rate using Xi and one of its k minority
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Algorithm 2 Smote Pseudo Code (Adapted From [12])

1: procedure SMOTE(Xmin, N, k) {Returns N
100 ∗ T xsyn sample points}

{Xmin is the set of the T minority sample points to be smoted}
2: if N < 100 then
3: Randomize the T sample points
4: T = (N/100) ∗ T
5: N = 100
6: end if
7: N = (int)(N/100)

8: Xsyn = {}
9: for i = 1 to T do

10: find k nearest minority neighbor points {Xnn}i for the ith sample
point

11: Xsyn ← Xsyn ∪ GenerateSamplePoints(N, i, {Xnn}i)
12: end for
13: end procedure

14: function GENERATESAMPLEPOINTS(N, i, {Xnn}i)
15: while N 
= 0 do
16: Randomly choose one of the k nearest neighbor points Xj ∈
{Xnn}i,

17: count++;
18: for l = 1 to numFeatures do
19: Randomly choose δ ∈ (0, 1)

20: Generate Psyn[count][l] = Xj[l] + δ*(Xj[l] - Xi[l])
21: end for
22: Set N = N - 1
23: end while
24: return Psyn
25: end function

Fig. 3. Synthetic sample point generation (golden triangle) or a specific
minority sample point (bold line) using SMOTE.

nearest neighbors, Xnni (see Fig. 3). To generate the synthetic
sample point, the differences between the specific attributes
of the sample point under consideration and those of one of
its randomly chosen nearest neighbor, Xj ∈ Xnni , are com-
puted. The differences are then multiplied by random numbers
δ ∈ [0, 1] and added to the reference sample point attributes.
Hence, for each attribute, the following holds:

Psyn[attr] = Xj[attr]+ δ ∗ (
Xj[attr]− Xi[attr]

)
. (20)

The random point attributes are allocated along line seg-
ments between the sample point and its nearest neighbor. If
the oversampling ratio is larger than 100%, multiple neighbors
will be used to generate synthetic points from a given minority
sample point according to the SMOTE Algorithm 2 [12]. The
runtime complexity for SMOTE is O(n2

f ); for each minority
point, the cost to find the k-nearest neighbors is O(nf log2 k),
and the time to determine the synthetic sample point is
O(1) [70]. Finally, it is worth noting that safe SMOTE meth-
ods were introduced in [71] to account for neighboring points
from other classes and minimize class overlap.

C. BBR-OFS Framework for Yield Estimation Methodology

The dual optimization in (18) along with the search for the
best data balancing ratio comprises the core circuit modeling
engine for the proposed yield estimation framework of Fig. 2.
Together, they approximate a multilevel optimization that can
best be described in

min
βj

min
�∈F

min
w

n∑

i=1

L(yi, f (xi))+ λ||w||1 (21)

where βj represents a varying data balancing ratio as presented
in pseudo code of Algorithm 3 that summarizes the flow of the
proposed modeling and yield estimation framework. Thus, the
βj ranges are determined from Phase 1 of importance sam-
pling as follows. The importance sampling yield estimation
methodology encompasses two phases: a first uniform sam-
pling phase to determine the center of gravity of fails which
comprises the shift center for the distribution in the second
importance sampling phase. Similar to [10], our objective is
to leverage the circuit simulations performed in the first phase
to build a model that can be employed to eliminate the need
for circuit simulations in the following phase. For Phase 1,
referred to hereon as the model building phase, the original
data is preprocessed and the dataset is analyzed to determine
the level of imbalance ρ = (nf /np), where nf is the number
of failing (minority) sample points and np is the number of
passing (majority) sample points. An assorted set of minor-
ity oversampling ratios, ρ ≤ βj ≤ 1, spanning the range
between the natural raw ratio ρ and the fully balanced one is
determined. We rely on SMOTE to generate synthetic sample
points corresponding to these ratios. For each resulting dataset
with a specific balance ratio, OFS is employed as discussed
in Section III-A resulting in multiple models for the different
balance ratios. Among these models, the model correspond-
ing to the lowest CVE is adopted. This model thus comprises
the BBR-OFS model that employs the critical set of features
and minority oversampling ratio that enhance the model and as
such enable efficient and accurate yield estimation. In Phase 2,
importance sample points generated using the center of grav-
ity of fails as determined in Phase 1 are evaluated and their
respective performance metric is derived using the BBR-OFS
model. The yield estimate is then derived (7). Maintaing high
model fidelity is important especially when using the frame-
work as a comparator among several high-sigma yield design
points which can be otherwise a challenging requirement.

D. Note on Implicit 2-D Solution Surface Algorithm for
Weighted SVM (2DWSVM)

In classical SVM the data points are treated equally, how-
ever in certain scenarios this may not be optimal and applying
certain weights to the data points can improve the accuracy of
the model. Lin et al. [21] introduced the concept of weighted
SVM (WSVM) where the cost function employs a weight
parameter πi to assign different weights to the different classes.
The formulation in (17) can be rewritten as (22), and the
Lagrange primal for the hinge loss becomes (23)

min
f∈H

n∑

i=1

πiL(yi, f (xi))+ λJ(f ) (22)

Lp =
n∑

i=1

πiξi + λ

2
||ω|| +

n∑

i=1

αi(1− yif (xi))−
n∑

i=1

γiξi

(23)
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Algorithm 3 Yield Estimation Methodology
Input

Puni: Process variation parameters for uniform sampling
Funi: Performance metric vector

Output
σIS: Importance sampling yield estimate based on evaluating

response for PMIS

Phase 1 – BBR-OFS Model Building

1: Preprocess Data: Generate polynomial and interaction terms using
Hermite functions gi [75]

2: Xn = Xuni−μXuni
σXuni

3: Yuni = (Funi > f0) f0 represents fail criterion
4: Xnmin = {Xn|(Yuni == 1)} minority set

5: Let ρ = nf

np
= size(Xnmin )

size(Xn)−size(Xnmin )
raw ratio

6: β ∈ [ρ : 0.1 : 1] β = 1 fully balanced ratio
7: for j = 1 : size(β) do
8: Xnj = {Xn∪ SMOTE (Xnmin ,

βj
ρ − 1, k = 5)}

9: Yunij = {Yuni∪ Ones((
βj
ρ − 1)*nf )}

10: [�OFS, CVEOFS]βj = OFS(Xnj , Yunij )

11: end for
12: βbbr |CVEOFSβbbr

= min(CVEOFSβj
)

13: �BBR−OFS = �OFSβbbr

14: ωBBR−OFS =
{

ωOFSβbbr
, ∀Xn ∈ �BBR−OFS

0, ∀Xn 
∈ �BBR−OFS

Phase 2 - Model Prediction and Yield Estimation

15: μCOG = mean(
Puni∗Yuni

nf
) //Center of Gravity of Fails

16: PMIS ← Generate process variation importance sample points around
μCOG

17: XMIS = {gi(PMIS)}
18: XnMIS =

XMIS−μXuni
σXuni

19: YMIS ← EvalSVM(XnMIS , ωBBR−OFS)

20: Calculate σIS Yield according to (7)

where weight πi = π for the majority class points (yi = −1)
and πi = 1 − π for the minority class points (yi = 1). 0 ≤
αi ≤ π and γi ≥ 0 are the Lagrange multipliers. Similar to
Section III-A, the algorithm hinges on the elbow partition,
the left partition, and the right partition. α = 0 implies a
point in the right disjoint set, and α = π implies a point
in the left disjoint set. For a fixed π value, the standard λ-
path algorithm [56] can be employed. A π -path algorithm was
also developed to efficiently determine π solutions for fixed
λ values [73].

Shin et al. [30] demonstrated that the solution surface is
jointly piecewise linear in (λ, π) pair so long that no event
happens. An event pertains to a nonsupport vector becoming a
support vector or vice versa. Thus, they propose a 2-D solution
surface that efficiently computes the entire solution surface in
the 2-D (λ, π) space. As λ and π change the sets change
and the solutions are continuous. The methodology relies on
recursively identifying subregions or polygons, Surfl defined
by their respective vertices vl

r = (λr, πr), r = 1, 2, . . . , nv
where nv signifies the number of vertices as determined by
the constraints that prevent an event from happening. The
method [30] then exploits the piecewise linearity of the solu-
tion to extend the solution until the whole solution surface
space is covered. The solution is finer in regions where the
solution is complex and coarser otherwise. In addition to the
computational efficiency, this offers an advantage over a uni-
form grid-based solution surface. The methodology can be
best summarized as follows. First, we introduce some basic
definitions.

1) A point pml = (λl, π l) is associated with the
corresponding model parameters and partitions {θ l, El,
Ll, and Rl}.

2) The maximal polygon Surfl around pml is the set of
points (λ, π) ∈ Surfl such that no event occurs. Hence,
within the polygon, the partitions E = El, L = Ll, and
R = Rl remain the same and θ can be derived as a linear
function of (θ l, λ− λl, π − π l).

3) {C} represents the set of linear constraints in (λ, π)
space, defined for the different sample points to deter-
mine Surfl around pml such that no event occurs; an
example of an event, as discussed earlier, is for a sam-
ple point i ∈ El to violate the constraint θi < πi, or for
i ∈ Ll to violate the constraint yi ∗ f (xi) < 1.

4) Vertices vl
r = (λl

r, π
l
r) of Surfl, r ∈ [1, nv], are

determined by finding the intersection points of the
constraints that satisfy all the constraints. These can
be identified efficiently due to dominance of some
constraints.

The algorithm starts with an initial point pm0 = (λ0, π0);
π0 is derived from the ratio of minorities to the total number
of sample points; λ0 is calculated from π0 and the kernel func-
tion (linear in our case) as is the case for θ0 and E0 [30]. R0

is the empty set and L0 is the set of sample points not in E0.
Based on this initial point, the algorithm identifies an initial
Surf0 and vertices {v0

r }= {(λ0
r , π

0
r )} along with the respective

model parameters for each vertex via interpolation. To build
the surface grid, the algorithm iterates as follows. For each pair
of adjacent vertices, it finds midpoints pml

r and constructs new
surfaces around these midpoints. First, it determines for each
midpoint its respective θ values through interpolation based on
its initial surface and updates its respective partitions based
on the edge which the midpoint violates. It then relies on
the resultant model parameters and updated partitions to con-
struct a new set of constraints and determine the respective
new polygon and vertices. This continues until the complete
surface is covered (boundaries arrived at). Hence, the steps
can be defined as follows.

1) Given: Input(k) = {pml(k)
1,1;· · · ; pml(k)

1,r1
;· · · ; pml(k)

Jk,1
;· · · ;

pml(k)
Jk,rJk

} represents the set of midpoints obtained at

iteration k and their respective solution sets {λl, π l, θ l,
El, Ll, Rl}(k)

. .
2) For the jth midpoint pml ∈ Input(k).

a) Define Surfl around the midpoint by finding the
respective vertices vl

r, r ∈ [1, nv] based on the
respective midpoint constraints.

b) Update θ l
r solutions at the different vertices, and

save outj = {{vl
r, θ l

r}}r=1 : nv .
c) Find the new midpoints for Surfl, update the parti-

tions at each midpoint, and interpolate the solution
for the parameters. Accordingly set a new input
inj = {pml+1}r=1 : nv with their respective {λl+1,
π l+1, θ l+1, El+1, Ll+1, Rl+1}r=1 : nv .

3) output(k) =⋃
j outj.

4) input(k+1) =⋃
j inj; remove revisited midpoints.

5) Go to step 1 unless input is empty (surface covered).

IV. RESULTS AND ANALYSIS

A. Experimental Setup

We evaluate the performance and assess the merits of the
proposed BBR-OFS methodology in the context of state-
of-the-art 14-nm FinFET SRAM design with write assist
circuitry [74]. Fig. 4(b) presents an illustration of writing a “0”

Authorized licensed use limited to: American University of Beirut. Downloaded on March 27,2024 at 09:36:05 UTC from IEEE Xplore.  Restrictions apply. 



1750 IEEE TRANSACTIONS ON COMPUTER-AIDED DESIGN OF INTEGRATED CIRCUITS AND SYSTEMS, VOL. 42, NO. 6, JUNE 2023

Fig. 4. (a) Schematic of an SRAM cross-section with wordline driver and
supply boost. (b) SRAM write operation.

to the right node of the SRAM cell. It is possible, due to pro-
cess variations, that the cell pullup device becomes strong, and
the pass gate becomes weak, thereby leading to a slower write
mechanism and in some rare scenarios a writeability fail. We
thus define writeability to be the ability to flip the contents of
the SRAM cell. In FinFET SRAM designs, writeability suffers
in minimum-sized cells due to the quantization effect. Hence,
boost and write assist circuitry similar to the one illustrated
in Fig. 4(a) are employed to enhance the yield. They enable
selectively boosting the supply voltage for the SRAM cell and
part of the peripheral logic during low voltage operation. This
enhances the yield while maintaining low power operation.
Negative bitline boosting can further assist the cell write mech-
anism by increasing the voltage swing between the true and
complement bitlines (LBL and RBL) [74]. For purposes of our
analysis, Vdd is swept over the range [0.35–0.45 V] for the
design with and without boosted write assist for a total of ten
experiments whose yield ranges from 2–7 σ . We apply vari-
ability to SRAM cell transistors and the critical path devices
resulting in a 45-feature vector after generating interaction and
second-order polynomial terms [72]. The circuit simulation-
based analysis for the different experiments corroborates
well with the hardware demonstrating the advantages of the
boost.

B. Performance Evaluation: Robustness and Compactness

We compare the performance of the proposed BBR-OFS
methodology to the traditional L1-regularized SVM solutions,
OFS using the unbalanced datasets, as well as implicitly bal-
anced 2-D solution surface WSVM methodology. Our golden
reference is the pure circuit simulation-based approach. For

Fig. 5. Cross validation error versus λ for one L1-SVM path.

all our experiments, different data balancing ratios were
employed, and the BBR-OFS model is used to estimate
the yield. The first set of results aims at evaluating the
performance of the model. The second set of results aims at
evaluating the overall performance of the proposed methodol-
ogy in the context of yield analysis. Finally, we report on the
run-time savings for the proposed methodology. Hereon, we
adopt the following terminology.

1) L1-SVMρ: Refers to the best solution along the LASSO
regularized SVM solution path [46]. The subscript refers
to employing the natural distribution ratio ρ, of the
minority to majority sample points for a given dataset.
The original set of features is employed, and sparsity is
solely enforced via LASSO regularization.

2) OFSρ: Employs OFS that iteratively calls L1-SVM solu-
tions to identify the best feature set on the natural
datasets; i.e., no data balancing is employed.

3) BBR-OFS: Refers to the proposed best balance ratio
OFS methodology. OFS is employed with different
data balancing ratios, ρ ≤ β ≤ 1. Data balancing is
performed using SMOTE.

4) 2DWSVM: The algorithmic approach proposed in [75] is
employed to manage data balancing implicitly through
a 2-D (λ, π) solution surface, where π is a weight that
emphasizes the minority points in the cost function.

Due to the nature of the importance sampling methodology,
each experiment is associated with preprocessed datasets cor-
responding to the two phases of importance sampling: 1) a
uniform sampling dataset Puni and 2) an importance sam-
pling data PMIS set. The model building phase employs the
uniform dataset, and the yield estimation Phase 2 employs
the importance sampling dataset. As such, we rely on the
uniform dataset for model building. To maintain a moderate
overhead for the Lp-norm regularizations, we employ 5-fold
cross-validation to compute the CVE. We rely on CVE as a
holistic metric to provide an unbiased evaluation of differ-
ent classifier models and balancing ratios during this phase.
We evaluate the performance of the model in terms of the
yield estimation using the importance sampling dataset which
counts as the test data for our purposes. Fig. 5 presents the
CVE error as function of λ for an example L1-SVM solu-
tion path demonstrating the pair (λmin, CVEmin) for one of
the experiment. For purposes of our analysis, BBR-OFS relies
on the L1-SVM path in the search for best-ordered feature sets
and balance ratios βj.

Fig. 6 presents example CVEmin values for the fully bal-
anced and raw uniform sampling datasets for the different
experiments when their respective ordered features sets are
employed near the optimal �BBR−OFS solutions. The impact of
SMOTE and feature selection on CVEmin is evident. However,
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Fig. 6. CVEmin for the different experiments for the fully balanced and raw
ratios for the uniform sampling datasets.

Fig. 7. Variable reduction for the proposed BBR-OFS models is higher than
that of L1-SVMρ , i.e., L1-SVM on raw data and L1-SVMβ , i.e., L1-SVM on
the different balanced datasets.

while in some scenarios SMOTE helped improve CVEmin with
the lowest CVE dropping close to 2%, in other scenarios, the
raw dataset performed better. Indeed our results, as will be
demonstrated later, show that the proper balancing ratio com-
bined with OFS help improve the accuracy thereby enhancing
model robustness and improving the prediction at the model
building and yield estimation phases.

Fig. 7 presents the percent variable reduction for the
proposed BBR-OFS and L1-SVMρ . It also presents the vari-
able reduction for L1-SVMβ i

j
, where L1-SVM is applied

without OFS to different balancing ratios, β i
j ∈ (ρi, 1];

i ∈ [1, 10] is the experiment number. We note 32.5% aver-
age variable reduction for L1-SVMρ , 46.7% for L1-SVMβ i

j
solutions, and 71.5% reduction for the proposed BBR-OFS.
The proper balancing ratio together with OFS help remove
irrelevant features and enable a sparse solution to minimize
overfitting.

C. Performance Evaluation: BBR-OFS AUC and ROC

To demonstrate the efficacy of our BBR-OFS solutions, we
evaluate their respective receiver operating characteristic curve
(ROC) curves. In addition to CVE, the area under the ROC
curve (AUC) has also been used as a metric to assess the
classifier performance for imbalanced datasets [76]. It is estab-
lished that AUC does not favor one class over the other; it is
not biased to the majority class and can be used to compare
the classification performance for imbalanced datasets.

For a classifier, there are four possible scenarios: 1) a true
positive (TP) representing a correctly predicted minority point;
2) an FP for an incorrectly predicted minority point; 3) a
true negative (TN) for a correctly predicted majority; and 4) a

Fig. 8. ROC curves (for TPR ∈ [0.5–1] and FPR ∈ [0–0.4]) for an example
raw dataset indicate improved AUC value for the OFSρ solution compared to
L1-SVM. AUC values for the OFS iterations are also presented.

false negative (FN) for an incorrectly predicted majority. The
ROC curve depicts the tradeoff between the TP rate (TPR), or
sensitivity, and the FP rate (FPR), or specificity [77]

TPR = TP

TP+ FN
; FPR = FP

FP+ TN
. (24)

AUC can be viewed as the probability of correctly ranking the
class “minority”–“majority” sample point pairs. It averages the
score of a minority sample point having a higher probability
than a majority sample point for all between-class pairs. It is
viewed as a rank statistic that can be computed according to
the Mann–Whitney–Wilcoxen test (MWW) in (25) without the
need for building the ROC curve [78]

AUC = 1

nf np

np∑

i=1

nf∑

j=1

I
(

f
(
x+i

)
> f

(
x−j

))
(25)

where I(f (x+i ) > f (x−j )) is the indicator function that evaluates
to one when the embedded inequality holds. For our purposes,
TPR corresponds to detecting fail sample points accurately,
and a high TPR is critical for the yield estimate not being
too optimistic. A high FPR is not desired as it results in a
pessimistic yield estimate, especially that FP’s can be close
to the fail boundary. Thus, the higher the AUC the better are
the results, and the ideal AUC value is 100%. A 50% AUC
value indicates that the classifier has bad predictability that
is equivalent to that of tossing a coin. For purposes of our
analysis, we rely on the ranking of the observations based on
the scores (not only the pass/fail labels) to calculate the AUC
according to MWW. Thus, we rank each event, i.e., fail point,
with respect to other nonevents, passing points, to compute the
AUC according to (25) and construct the ROC curves accord-
ingly. Fig. 8 presents the ROC curves for the OFS applied
to the raw data for one experiment. It is clear that the AUC
for the OFSρ solution is better than that for the L1-SVMρ

solution. Its AUC values are 99.8% for the OFSρ and 97.9%
for L1-SVMρ . The figure also depicts the ROCs for several
solutions obtained from the iterations of the OFS. It is clear,
that with the same underlying dataset, OFSρ achieved better
performance than the standard L1-SVM method.

Fig. 9 presents the AUC values for the BBR-OFS solution
when OFS is applied to the different balancing ratios. The
figure thus presents the AUC values for the OFS iterations
for two groups which overlap in some cases: 1) best solution
group: OFS solutions where each dataset is balanced by its
respective best balance ratio as obtained from the BBR-OFS
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Fig. 9. AUC for the BBR-OFS solution is high compared to the raw dataset
solutions and the other solutions employing the same data balancing ratio
with varying feature sets. AUC values obtained using MWW [78].

solution and 2) the raw dataset OFS solutions including L1-
SVMρ . We report for the BBR-OFS solutions an average AUC
value of 99.6% (using MWW), an average TPR of 98.1%, and
FPR of 5.3% (latter two relying on SVM margin), compared to
Best Solution Group overall average of AUC of around 99.4%,
TPR of 97.8%, and FPR of 9.7%. For the raw data group,
AUC averaged around 94.2%, and the TPR and FPR aver-
aged 86.7% and 14.6%, respectively. Note for our BBR-OFS
solutions, only one experiment favored a fully balanced solu-
tion, five favored an intermediate balancing ratio and four sets
favored the raw distribution OFS solution. For the raw datasets,
we observe AUC values fluctuate in some cases lower than
70% for the L1-SVMρ solution (not shown here). Clearly, OFS
along with optimal balancing ratio help shrink this uncertainty
and attain better predictive accuracy-based. BBR-OFS solu-
tions often ranked highest among its group with the balanced
datasets demonstrating tighter AUC ranges. As discussed ear-
lier, we view AUC as the probability of the ability of a model
to correctly rank the classes. Thus, the figure clearly illustrates
the advantage of BBR-OFS in enhancing the AUC values and
hence the generalization capability of the classifier.

D. Implicit Versus Explicit Data Balance Ratios: “2-D
WSVM”

For the SMOTE data balancing, we varied βj ∈ [ρ, 1]. The
2DWSVM approach explores the (λ, π) 2-D solution surface
to address the data imbalance and enable efficient exploration
of the piecweise linear parameter solutions in the (λ, π) space.
We ran the same datasets through the 2DWSVM approach and
identified the best solution pair. Fig. 10 presents the raw ratio
ρ compared to the best solution π -adjusted ratio as in (26)
where the majority are weighted by π and the minority by
(1 − π). We note that the best solution-adjusted ratio in the
solution space was always close to one, and the respective π
value is close to the raw distribution. The best solution CVE
ranged between 6% and 25% with an average of 18% for the
different experiments, and the CVE error was highest for the
datasets with very low (nf /np) ratios

(
nf

np

)

πadj

= (1− π) ∗ nf

π ∗ np
. (26)

E. Yield Estimation and Runtime

The methodology relies on the importance sampling-based
approach in [5] to estimate the yield. Hence, we utilize

Fig. 10. 2DWSVM π -Adjusted ratio for the best solution.

TABLE I
PHASE II SPEEDUP AND RUNTIME IN SECONDS

the importance sample point response estimates along with
importance sampling distribution characteristics to compute
the unbiased probability estimates. We compare the results to
those obtained using the golden classical circuit simulation-
based importance sampling approach in [5]. Hence, for each
dataset, we computed the rare event failure probability Pf for
the specific failure criteria using Phase 2 performance metric
values. We represented Pf by its equivalent σ value

σ = φ−1(1− Pf
)

(27)

where φ is the standard normal cumulative density func-
tion. Herein, we compare the accuracy and the efficiency
of the proposed BBR-OFS methodology for rare fail event
estimation. Our reference is the pure circuit simulation-
based approach. The BBR-OFS-based yield estimate outper-
formed the other model-based estimations as emphasized in
Figs. 11 and 12 below. Fig. 11 presents the absolute value of
yield error |σerr| which is the difference of the yield sigma
value between that obtained from the pure circuit simulation-
based approach σref, and that obtained by relying on the
different models for predicting the circuit performance σhat.
The implicit 2DWSVM demonstrated the highest error as
was expected based on what was reported earlier in terms
of CVE values. OFSρ outperformed L1-SVMρ for the yield
estimate inline to what has been demonstrated in terms of
the AUC-ROC analysis for the model prediction capability.
Finally, BBR-OFS also demonstrated both improved average
and worst-case error yield sigma errors compared to OFSρ .
Fig. 12 presents the yield estimates for the BBR-OFS, OFS,
and L1-SVMρ solutions compared to the golden reference [5].
For further validation, it includes additional experiments of
similar setup using predictive technology models [79], [80].
We report on average an error in the yield sigma estimate of
around 0.19 for BBR-OFS with maximum error below 0.5 σ .
This is compared to an average sigma error of 0.34 and 0.44
for the OFSρ and L1-SVMρ with a maximum error of 1.5 σ for
both. This clearly highlights the advantages of data balancing
together with OFS.

1) Runtime: From the perspective of runtime complex-
ity, the explicit methods offered clear speedup advantages
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Fig. 11. Yield error, |σerr| = |σhat − σref|, where σref is the yield for the
pure-circuit simulation-based approach. σhat is the yield corresponding to the
model-based importance sample points evaluation for the different approaches.

Fig. 12. Scatter yield plot for pure circuit simulation-based importance
sampling approach (golden) [5], versus BBR-OFS, OFS, and L1-SVMρ for the
above described above industrial design experiments along with few additional
data points of similar experimental setup that rely on ptm [79].

as compared to the pure circuit simulation-based importance
sampling approach [5] (see Table I) by eliminating the need
for circuit simulations in the importance sampling phase. The
model building was performed on the uniform dataset which
comprised upto ∼2000 data points for the balanced datasets
depending on the raw balance ratio. The yield estimation was
performed on close to 1000 importance sample points on a
large memory cross-section. Model building in R and SPICE
simulations were performed on a 4-GHz IBM Power7 core
processor machine. The BBR-OFS methodology demonstrated
∼ 179× speedup for Phase 2 simulations thereby enabling sig-
nificant speedup compared to the pure circuit simulation-based
approach which is much needed when simulating large cross-
sections. Speedup for L1-SVM and OFSρ is also presented and
is demonstrated to be higher for Phase 2 simulations due to
the fact that BBR-OFS involves searching for the best balance
ratios and that SMOTE enlarges the training datasets. As such,
for L1-SVM we report 0.65 s of runtime for the model build-
ing (fitting) using R compared to 19 s for OFSρ and 150 s
for the BBR-OFS. Hence, OFSρ offers an intermediate solu-
tion in terms of on average comparable accuracy to BBR-OFS
and model building costs. Nevertheless, considering the overall
runtime breakdown that consists of the cost for uniform sam-
pling Phase 1 simulations, and the model building and model
evaluations for Phase 2, the model building overhead in BBR-
OFS is small and can be justified. This is especially true given
that it demonstrated a tighter yield error spread compared
to the other methods. Finally, the implicit 2DWSVM-based
approach lagged from a runtime perspective due to the cost of

the model-building phase which seemed to suffer in terms of
the number of sample points and due to the 2-D space explo-
rations. We also note that the model evaluations cost for all
methods was a fraction of a second. In conclusion, we observe
that, our proposed BBR-OFS approach presents advantages
both in terms of yield accuracy and runtime efficiency in
relation to the classical pure-circuit simulation rare-event esti-
mation importance sampling-based approach [5], and, as such,
to other similar classical rare event simulators of comparable
efficiency to [5], such as [81] and [82].

V. CONCLUSION

We proposed a best balance ratio OFS methodology that
aims at boosting classifier performance in the context of data
imbalance aware rare fail event estimation. We tackle the OFS
problem as a two-level optimization framework approxima-
tion to the L0-norm regularization. We rely on SMOTE as a
popular data balancing method in the ML paradigm for prob-
ing for the best balance ratio. We investigate the accuracy
and performance tradeoffs of the proposed methodology when
estimating the yield of an industrial 14-nm FinFET SRAM
design. Our results demonstrate that BBR-OFS outperforms
other methods and offers an accurate estimate of the memory
yield with an average error of 0.19 σ for the yield estimate
and runtime improvement of 179× compared to the pure-
circuit simulation-based approach. As part of future work, we
plan to explore the feasibility of SMOTE as a potential aid to
importance sample point generation.
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