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A B S T R A C T   

In recent years, concerns about global warming have encouraged researchers to incorporate optimization 
techniques into the design of energy-efficient buildings. Designing a building with energy consumption in mind, 
design teams should apply the appropriate considerations at the early architectural conceptual design stage. 
Furthermore, constructing buildings that are energy-efficient results in using less natural resources to cool 
buildings. Since the impact of solar radiation is a key factor in building energy, reducing insolation (incident 
solar radiation) is critical for energy-efficient buildings. To alleviate the energy concerns in energy-efficient 
buildings, this paper proposes an optimization approach to study energy-efficient building form that mini
mizes insolation while preserving the required total built area. Furthermore, a software system is built with the 
optimization in the back end and a user interface for experimenting with different design parameters and 
visualizing the resulting building form. The tool can be used by architectural design teams to design energy- 
efficient buildings. Due to the large number of design variables in a building and the nonlinear constrained 
characteristics, the optimization uses the computationally efficient Penalty Successive Linear Programming 
(PSLP) technique. PSLP is used to solve the large nonlinear optimization problem via a sequence of Linear 
Programs (LPs) to generate the optimized building form with low computational expense. The optimization and 
software system are illustrated using real scenarios from several countries while considering different building 
laws. A complete validation process is undertaken using the CPLEX and MATLAB software. Results show that the 
optimization tool provides up to 48% less insolation while still meeting different site and building constraints.   

1. Introduction 

Our world is facing several serious energy-related challenges in 
different sectors, and this has already raised concerns about the asso
ciated dangerous environmental impacts. The world’s population is 
growing and this is leading to a significant increase in the use of energy 
sources. In addition, the economical development which is taking place 
in several developing countries increases the energy demand which is 
associated with the economic growth. Therefore, the world is nowadays 
confronted with an energy crisis which requires establishing different 
strategies, plans and policies to reduce energy consumption and find 
energy sources to satisfy the needs of the world, its growing population 
and its economical growth [1]. 

The building industry is one of the vital elements contributing to any 
economy because it has a critical impact on the environment. Further
more, the building sector represents almost 40% of the total global en
ergy consumption [2]. In most developed countries, heating, ventilation 

and air-conditioning (HVAC) systems consume almost 50% of the total 
energy used in commercial buildings [3]. This is why architectural 
design and construction that is respectful of its environment has gained 
importance over the recent years. The trend is to develop architectural 
design approaches so that projects are harmonious with their environ
ment, thus reducing dependence on energy for heating and cooling and 
for rendering spaces more comfortable [4]. Given the current growth of 
the world’s population and the consequent need for more buildings, 
energy-efficient designs have become the focus of interest [5]. 

The amount of incident solar radiation (insolation) that strike 
buildings’ facades is one of the main factors that increase the space 
cooling demands, thus increasing the energy demands. In addition, the 
form of a building and its location define the amount of solar energy that 
is received [6]. A poorly designed building will get affected by direct 
solar radiations that result in heating internal spaces during hot sunny 
days. To ensure environmentally sensitive human settlement in hot 
areas, the issue of building form should be addressed because the 
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available methods in the literature solve building optimization problems 
using many time consuming sequential simulations due to the large 
number of optimization variables and design constraints [7]. 

In response, this paper proposes an optimization approach for 
buildings to save energy and reduce insolation based on Penalty Suc
cessive Linear Programming (PSLP). PSLP is an optimization method 
which has shown promising potential when compared to other optimi
zation algorithms in terms of performance and computational cost. The 
proposed PSLP method inherits the advantages of the SLP (Successive 
Linear Programming) method. Unlike most other optimization methods, 
SLP does not require that the starting point should be a feasible point. 
SLP is solved as a series of Linear Programming (LP) problems; therefore, 
it does not rely on random search direction compared to other gradient 
descent-based methods [8]. 

PSLP is significantly more robust than SLP and at least as efficient. 
Another main advantage of PSLP in such problems is its ability to solve 
the optimization problem in a time saving frame due to being compu
tationally efficient. Furthermore, the proposed approach solves the 
problem in a time saving methodology in which the problem is formu
lated such that the number of linear design constraints is much larger 
than the number of non-linear constraints. The approach presented in 
this paper is to be used during a building’s concept design phase which is 
the appropriate stage where the maximum benefits in terms of energy 
efficiency can be achieved. 

Moreover, this paper considers the building form parameters as the 
optimization variables and the insolation on the building form as an 
objective function for the optimization problem. A software system is 
built enabling a design team to experiment with different settings. The 
system includes a back end engine with the optimization and a user 
interface that easily displays the effects of different design parameters 
on the amount of insolation on the building. The proposed approach 
conducts a systematic and effective optimization process while taking 
into consideration the different design parameters and using algorithms 
that can solve real-life problems. The significance of this approach lies in 
its adaptability and fast response that can help design teams gain a firm 
grasp of the relationship between building form and insolation at the 
early design stage of building performance. This study is particularly 
addressing the warm/hot regions where there are high rates of urbani
zation [9]. 

The rest of this article is organized as follows. First, the existing 
literature is reviewed and compared to the proposed approach. Then, 
the methodology adopted in this study is presented. Finally, a discussion 
addresses the selected results of experiments with different scenarios 
while presenting the software system and the visualization interface. 

2. Related work 

There is a lot of research that aims to increase the energy-efficiency 
of buildings all over the world. Some approaches address building 
orientation to decrease the amount of absorbed solar energy, integrate 
window shading devices to improve the shading capacity, address 
building construction materials that reduce energy consumption or look 
at the optimization of components in buildings. These are further 
detailed below. 

2.1. Orientation 

Numerous studies address the orientation of a building in order to 
minimize the incident solar radiation on it. Abanda and Byers [10] 
investigate the impact of building orientation on the amount of 
consumed energy in small-scale construction, and the authors accord
ingly assess how the building information modelling (BIM) can be used 
to facilitate the construction process. Porritt et al. [11] prove that 
changing the orientation of the building can lead up to 100% increase in 
the number of overheating degree hours. Chwiduk et al. [12] propose 
designing a building under solar radiation in Polish conditions with an 

azimuth angle of 15∘ in order to maximize the energy gain. Other studies 
find a relation between the area of the ground plan of a building and the 
orientation. The work of Morrissey et al. [13] shows that buildings with 
small ground plans give better thermal performance when changing 
their orientation compared to buildings with larger dimensions. 

2.2. Shading 

Many researchers have proposed and studied the effect of using 
shading devices to reduce energy demands in buildings. Shading on the 
building façade highly controls the amount of solar radiation that is 
being received by a building. Some researchers propose using passive 
shading mechanism [14]. Ortiz et al. [15] propose choosing passive 
measures for the renovation of residential buildings in Spain based on a 
cost optimal method. Another approach in the Netherlands presents the 
use of exterior solar shading as a measure to reduce the number of 
overheating hours [16]. However, these shading devices reduce the 
availability of daylight and they are not adaptable since they are often 
designed to remain fixed in their position [17,18]. 

Furthermore, another shading approach that is proposed by some 
researchers is the self shading where the building can shade itself 
without the need of external devices. For example, a building form that 
maximizes self shading is the inverted pyramid [19]. However, such 
designs are sometimes associated with other unwanted features such as a 
large roof area that is receiving direct solar radiation. In addition, 
depending on the location, these designs require having huge windows 
so that enough daylight can be received. 

2.3. Insulation material 

Insulating a building from heat gains by integrating the appropriate 
construction materials is a method to improve energy efficiency in res
idential, commercial and other buildings. Insulation materials possess 
the characteristic of high thermal resistance thus decreasing the rate of 
heat flow in the building envelope [20]. There are numerous research 
studies that find the optimal thickness of this insulation material based 
on the location of the building [20,21]. However, relying on insulation 
material to make a building more energy-efficient does not imply that 
the building has an optimal form and orientation and, in addition, the 
integration of such material would result in increased construction costs. 
Moreover, most buildings specify synthetic insulation materials that are 
manufactured using fossil fuels, a finite natural resource. 

2.4. Building optimization 

The design of climate responsive buildings has several trade-offs to 
consider such as achieving high levels of performance in terms of energy 
and carbon emissions while taking into account the reasonable con
struction costs. Therefore, there are conflicting objectives that require 
the application of computational methods of design optimization [22, 
23]. To optimize the form of the building, Ordonez et al. propose varying 
the number of floors using a steady-state model to minimize the 
embodied energy of a building [24]. Wetter and Polak [25] optimize the 
trade-off between window sizes using a set of differential equations. 
Other studies utilize a multi-objective optimization to find the building 
envelope that optimizes the life cycle environmental performance in 
office buildings [26]. Although these studies provide interesting insight 
regarding the performance of building components, their optimization 
approach remains limited because the studied buildings maintain a 
rectangular building form which may not be the most efficient. In 
addition, some studies explore the appropriate roof design and scale of 
buildings to find the most cost efficient strategy that optimizes the 
building versus neighborhood level [27–29]. 
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2.5. Comparison 

The climate responsive building design which aims at saving energy 
in buildings is currently among the most studied research topics [30]. 
Even though numerous research papers related to the design of 
energy-efficient buildings have been published in recent years, the 
literature still requires a holistic solution that takes all design constraints 
into consideration and that allows its implementation by a design team 
consisting of architects, engineers and other experts. Most of the existing 
studies propose solutions that may not be cost effective, holistically 
ecological or computationally efficient solutions. Despite the increasing 
interest in reducing the energy demands of buildings, to the authors’ 
knowledge, non of the previous research has proposed a comprehensive 
study investigating the generation of an optimized energy-efficient 
building form that responds to solar characteristics in hot climate areas. 

3. Energy-efficient building forms 

In hot areas, the optimal building form is required to minimize the 
solar energy being absorbed by the building. In this study, the optimi
zation process of buildings considers the rectangular mesh building as an 
initial given to find the optimal building form that receives reduced 
insolation and decreases cooling energy demands. The approach is based 
on a required built up area, allowable building dimensions, location of 
the building and the degree of incident solar radiation on the site at 
different times of the year. In addition, this approach takes into 
consideration the spatial characteristics where the ceiling height can be 
chosen based on the occupant’s preferences. The system description and 
parameters for building optimization are presented in Section 3.1. Then, 
the optimization problem is formulated in Section 3.2 with over
shadowing in Section 3.3, and the proposed solution based on PSLP is 
described in Section 3.4. 

3.1. Problem description and parameters 

In this section, the problem description and the definition of the 
parameters used to describe the solar radiations and the buildings are 
presented. The parameters used in the optimization formulation are 
listed in Table 1. 

3.1.1. Solar radiation parameters 
The solar radiation received by a building is the energy absorbed by 

the entire volume of the building and measured in Watts per unit area 
(W=m2). In this study, cloud-cover is not taken into consideration 
because the considered geographical regions between 15� N and 35� N 
are characterized by clear sky conditions [31]. 

Let R be the number of different solar radiation samples generated 
during different times of the day. The position of the sun during a 
particular time of the day is determined by two azimuth and elevation 
angles relative to the specific site location of the building. The elevation 
angle is the angle at which an observer on earth can see the sun as 
illustrated in Fig. 1. For example, the elevation angle is defined to be 
zero at sunset and sunrise where the sun is by the horizon. The azimuth 
angle is the angle measured from the horizontal component of the solar 
ray and the south direction as shown in Fig. 1. Given the date and time, 
the position of the sun can be defined by the azimuth and the elevation 
angles relative to the location of the geographic area. From the azimuth 
and elevation coordinates, the sun’s direction vector S!r (r ¼ 1;2;…;R) 
can be computed based on three cartesian coordinates sx

r ; s
y
r ; sz

r [32]. 
The intensity of the rth (r ¼ 1; 2; …; R) incident radiation on the 

building is related to extra-terrestrial solar radiation density of 1353 W/ 
m2 which represents the intensity of the solar radiation hitting one 
square meter of the Earth and is also called the solar constant. However, 
during its passage through the atmosphere, some solar radiation gets 
absorbed and scattered. Therefore, the adjusted solar radiation on earth 

in then estimated by 0.7 ⋅ 1353 W/m2 where the 0.7 factor represents 
the approximately 70% of the incoming radiation that will pass through 
the atmosphere. 

In addition, solar rays are affected by the thickness of the atmosphere 
that they pass through. Hence, for every unit of solar radiation, the air 
mass coefficient m for the rth radiation represents the ratio of actual 
passage of sun’s beam to the passage it would have if the sun were 
overhead. The air mass can be computed as follows [33]: 

mr ¼
1
szr
¼

1
cosð90∘ � βÞ

(1) 

The solar irradiance (W/m2) is the intensity of solar radiation on the 
specific location of the building. It is represented as the direct radiative 
energy after accounting for the attenuation through the atmosphere and 
is calculated using an empirical expression [34] as follows: 

Ir ¼ 1353⋅0:7m0:678
r ​ ​ ​ ​ ​ ​ ​ W

.
m2 (2)  

where the 0.678 factor is the air mass correction factor proposed by 
Meinel et al. [35]. Each unit of solar radiation r is represented by a tuple 
of two parameters f S!r; Irg. 

Table 1 
Table of parameters.  

Groups Notation Description 

Sets R Number of samples of solar radiations 
T Number of triangles in the mesh 
N Total number of vertices 
F Total number of floors 
Nf  Number of vertices in floor f 

Parameters S!r  
Sun’s direction vector of radiation sample r 

sx
r ; s

y
r ; sz

r  Three cartesian coordinates composing vector S!r  

mr  Air mass coefficient for the rth radiation  
Ir  Intensity of solar radiation r 

V!t  
Normal vector pointing outside triangle t 

Vx
t ;V

y
t ;Vz

t  Three cartesian coordinates composing vector V!t  

v!t1 , v!t2  
Vectors representing triangle t 

p Vertex 
hf  Height of floor f 
α Maximum percentage of total area 
σ PSLP penalty factor 
tol  PSLP tolerance factor 
D Step bound of PSLP trust region 

Optimization 
values 

Etotal  Total energy absorbed by the building 
etr  Amount of energy absorbed by triangle t cause by 

solar radiation r 
Variables w  Vector of all variables 

X Set of coordinates x 
Y Set of coordinates y 
Z Set of coordinates z 

Subscripts r solar radiation 
t triangle in the building mesh  

Fig. 1. Solar elevation angle β and solar azimuth angle α that describe the sun- 
earth geometry. 
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3.1.2. Building representation and parameters 
The building is represented using parametrization by meshing the 

building surface so that it is allowed to take free forms and is not 
restricted to conventional vertical façade and horizontal roof. First a 
mesh of triangular panels representing the envelope of the building 
which receives the solar radiation is defined. A mesh of triangles is used 
because triangles are always planar surfaces and triangular meshes 
provide maximum flexibility [36]. Each triangle is defined by three 
vertices whose 3D coordinates (x, y, and z) represent the optimization 
variables. Assuming that T represents the number of triangles repre
senting the envelope of the building, and as per Euler’s formula, the 
number of vertices is N ¼ T

2 [37]; hence, the number of variables is 3⋅ N 
accounting for three coordinates for each vertex in 3D space. These 
variables represent the coordinates of the building; thus, they represent 
the optimization variables of the problem and they can be placed in a 
vector w whose dimension is (1 � 3⋅N) as follows: 

w ¼ ðx1…xN y1…yN z1…zNÞ ¼ ðX Y ZÞ (3)  

3.1.3. Amount of solar radiation on triangles 
For each triangle t of the T total number of triangles, the normal 

vector V!t which is pointing to the outside of the building envelope (t ¼
1;2; …; T) is computed. Let v!t1 and v!t2 be two co-planar vectors in 
triangle t; hence, the cross product of these two vectors gives the normal 
vector V!t as shown in Fig. 2. 

V!t ¼ v!t1 � v!t2 (4) 

The vector v!t1 is defined by three coordinates ðvx
t1 ; v

y
t1 ; v

z
t1 Þ and the 

vector v!t2 is defined by three coordinates ðvx
t2 ;v

y
t2 ;v

z
t2 Þ. Hence, the cross 

product of the two vectors can be expanded to: 

V!t ¼ v!t1 � v!t2 ¼
�
vyt1v

z
t2 � v

z
t1v

y
t2

�
i!þ

�
vzt1v

x
t2 � v

x
t1v

z
t2

�
j!

þ
�
vxt1v

y
t2 � v

y
t1v

x
t2

�
k! (5) 

In terms of the coordinates of vertices, three vertices exist in triangle 
t as shown in Fig. 2; namely, p1;p2;p3. Thus, the vector v!t1 pointing from 
p1 to p2 has the following coordinates: 

vxt1 ¼ px2 � p
x
1

vyt1 ¼ py2 � p
y
1

vzt1 ¼ pz2 � p
z
1

(6) 

Hence, the coordinates of the vector pointing towards the sun can be 
further expanded for N ¼ 3 vertices as follows: 

Vx
t ¼

XN� 1

i¼1

�
pyi p

z
iþ1 � p

z
i p

y
iþ1
�
þ pyNp

z
1 � p

y
1p

z
N

Vy
t ¼

XN� 1

i¼1

�
pzi p

x
iþ1 � p

x
i p

z
iþ1

�
þ pzNp

x
1 � p

z
1p

x
N

Vz
t ¼

XN� 1

i¼1

�
pxi p

y
iþ1 � p

y
i p

x
iþ1

�
þ pxNp

y
1 � p

x
1p

y
N

(7)  

V!t describes the tilt in the angle of the triangle based on its position on 
the building form. Let etr be the amount of solar energy received by a 
single triangle t caused by radiation r where t ¼ 1; 2;…; T. Hence, to 
estimate the amount of solar energy, the previously obtained solar 
irradiance (Ir) has to be adjusted based on the angle between the two 
vectors S!r and V!t. The solar energy (in Watts-hour Wh) is computed as: 

etr ¼ IrðV
!

t⋅ S
!

rÞ ¼ Irðð v!t1 � v!t2 Þ⋅ S
!

rÞ

¼ Ir
�
sxrV

x
t þ s

y
rV

y
t þ s

z
rV

z
t

� (8) 

This amount of energy is, for a particular time, defined by the solar 
radiation r; it is proportional to the dot product between the vector 
pointing to the sun S!r and the normal of a triangle V!t , only when the 
dot product is positive. 

3.2. Mathematical optimization formulation 

The objective function that needs to be minimized is the total inso
lation, given by the total solar radiation received by a building located 
on a specific site during a certain period of time. Hence, the above 
calculation is repeated for all the solar rays at different times of the day 
over all the requested days. Hence, the objective function first computes 
the received solar radiation on each triangle of the mesh, then it sums up 
the solar radiation received by all the triangles to obtain the total solar 
energy received by the building. The objective function is defined as a 
function of the vector w which holds all the coordinates of the building 
as follows: 

f ðwÞ¼Etotal ¼
XT

t¼1

XR

r¼1
etr (9) 

However, reducing incident solar radiation is not the only goal when 
designing environmentally-friendly buildings [23]. Therefore, the en
ergy performance of the building should be optimized while considering 
other architectural and construction constraints. The optimization 
problem under study has four main constraints. 

Constraint 1: The proposed approach considers one aspect of occu
pant comfort represented by spatial configuration. For example, a 
low ceiling height can reduce the quality of a space. Hence, the 
height of the points that are forming the vertices of each floor to 
avoid having tilted ceilings is fixed. This constraint gives a discrete 
value to the vector Z which holds all the z coordinates of the vertices. 
Let F be the total number of floors in the building. Hence, the first NF 
vertices in the formulation of vector w correspond to the vertices 
forming the first floor. 

znf ¼ hf ​ 8n 2 N ​ and ​ 8f 2 F (10)  

where hf is the height of the f th floor and f ¼ 1; 2;…;F. The height of the 
building is defined as per the total requested area, the required number 
of floors by the user, and the building law that specifies the height of the 
ceiling in buildings. This constraint is a linear equality constraint. 

Constraint 2: The sum of the total built up areas of the building 
should be fixed to a predefined value A. This value is defined by the 
total area given by the sum of the areas of each floor. Hence, each Fig. 2. The points composing triangle t and the vectors for this triangle.  
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floor is treated as a polygon to find its own area using the Shoelace 
Formula. The Shoelace Formula, also known as Gauss’s Area For
mula, is a mathematical algorithm that determines the area of a 
polygon based on the x, y coordinates of the triangles surrounding 
the polygon [38,39]. Using the Shoelace Formula, the total area of 
the building is: 

1
2
XF

f¼1

XNf � 1

nf¼1

�
�
�xnf ynfþ1þ xNf y1 � ynf xnfþ1 � x1yNf

�
�
�¼A (11)  

where Nf is the number of vertices in floor f. Assuming equal number of 
vertices in each floor, Nf can be calculated as Nf ¼

N
ðFþ1Þ. Hence, this 

constraint is a nonlinear equality constraint. 

Constraint 3: To avoid having a disproportional distribution of areas 
per floor whereby some floors may be too large and others too small 
to be usable, a constraint on the maximum percentage (α) of total 
area that each floor can occupy is added. 

1
2
XNf � 1

nf¼1

�
�
�xnf ynfþ1þ xNf y1 � ynf xnfþ1 � x1yNf

�
�
��A⋅α ​ 8f 2 F (12)   

Constraint 4: The terrain area, or site limit, of the building needs to 
be bounded to a pre-specified set of dimensions by the user. The 
terrain area and (x,y) coordinates cannot exceed the pre-specified 
boundary limits. These limits depend on the site’s area on which a 
building is studied in addition to other restrictions such as adjacent 
buildings. This constraint forms the upper and lower limits of the 
possible variables in the optimization problem, as follows: 

xmin � xn � xmax 8n 2 N
ymin � yn � ymax 8n 2 N:

(13) 

Hence, the energy-efficient building optimization problem can be 
formulated as follows: 

Objective: 

min
X;Y;Z

X

t¼1

T X

r¼1

R

etr ¼
X

t¼1

T X

r¼1

R

Ir
�
sxrV

x
t þ s

y
rV

y
t þ s

z
rV

z
t

�
(14) 

Subject to: 

znf ¼ hf 8n 2 N and 8f 2 F (15)  

1
2
X

f¼1

F X

nf¼1

Nf �
�
�xnf ynfþ1þ xNf y1 � ynf xnfþ1 � x1yNf

�
�
�¼A (16)  

1
2
X

nf¼1

Nf �
�
�xnf ynfþ1þ xNf y1 � ynf xnfþ1 � x1yNf

�
�
��A⋅α 8f 2 F (17)  

xmin� xn � xmax 8n 2 N (18)  

ymin� yn � ymax 8n 2 N (19) 

The framework of the system is illustrated in Fig. 3. In addition, the 
figure shows the iterative process of running the optimization until the 
building design team is satisfied with the output building form. This 
illustrates how easily the computationally efficient proposed approach 
can be redone for different initial parameters. 

3.3. Overshadowing 

The surrounding context of a building can affect its optimal form. 
Therefore, this approach allows the integration of surrounding buildings 
as components that affect the insolation received by the building under 
study. Rapid urbanization will require addressing how adjacent build
ings are impacted by solar radiation, particularly as cities become 
denser. Hence, another scope of the proposed approach is to optimize 
the form of a building in an urban context while taking into consider
ation the shadows cast on the target building. The cast shadow is 
computed by tracing the solar rays from the envelope of the building 

Fig. 3. The framework to optimize the building form to reduce insolation.  
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back to the sun and checking whether it intersects any neighboring 
building. 

The above formulation is updated when considering shading so that 
the direction vector S!r of each solar ray r (r ¼ 1; 2;…;R) and from each 
triangle t in the building mesh is traced back to check whether an 
intersection with surrounding buildings occurs. This requires updating 
the objective function as follows: 

f ðwÞ¼Etotal¼
XT

t¼1

XR

r¼1
etr ​ ​ ​ 8r2R ​ and ​ 8t2T ​ such ​ that

: ​ ðV!t ⋅ S!rÞ \ ðsurrounding ​ objectÞ¼∅ (20)  

3.4. Penalty Successive Linear Programming (PSLP) proposed solution 

In finding the building form that receives the least amount of inso
lation, it is generally necessary to model not only the mesh of the 
building but also the different parameters as defined in Eq. (10), the 
terrain area of the building defined in Eq. (13), as well as the con
struction constraints and the total built up area defined in Eq. (11) and 
Eq. (12). Note that without the Shoelace area constraint formula (con
straints 2 and 3), the problem would simply be a linear problem which 
can be solved efficiently. When all these factors are combined, the 
problem often introduces nonlinear relationships. However, given the 
Shoelace area constraint, the Penalty Successive Linear Programming 
(PSLP), the latest generation of successive use of linear programs, is 
used. 

The proposed solution is based on PSLP framework that forms an 
improvement over standard SLP procedures because it has been proven 
to admit a convergence proof for non-linearly constrained problems of 
general form [40,41]. In addition, several studies show that PSLP gives 
better solutions and reduce the computational efforts when compared to 
weighted least squares (WLS) [42] or Genetic Algorithm (GA) or Ant 
Colony Optimization (ACO) [43]. The PSLP is ideal in this case, as the 
nonlinearity is limited to Eq. (11) and Eq. (12) that involve products of 
variables. Ref. [44] has demonstrated the success of PSLP on problems 
having constraints of similar type. Furthermore, PSLP is supported by 
computational performance on non-linear problems similar to the dis
cussed problem in this paper [41]. 

3.4.1. Exact penalty function 
The optimization of building form to reduce insolation can be placed 

in the general non-linear programming format: 

minimize f ðwÞ (21)  

subject to hðwÞ¼ 0; (22)  

gðwÞ � 0: (23)  

where w defines the set of coordinates for the mesh of triangles defined 
previously. 

An exact penalty function method which is introduced in Ref. [45] is 
used to solve this problem. This method appends the equality and 
inequality constraints to the cost function which represents the amount 
of solar radiation, giving rise to an unconstrained optimization problem. 
The exact penalty function corresponding to Eq. (21) is: 

φðw; σÞ¼ f ðwÞ þ σ
�
�
�
�hðwÞ; gþðwÞ

�
�
�
�

1 (24)  

where σ which is a positive scalar that defines the penalty factor of 
constraints with respect to the original objective function fðwÞ, gþðwÞ ¼
maxðg;0Þ takes only the positive non-equality constraints, and 

�
�
�
�:
�
�j1 is 

the L1-norm. The penalty function in Eq. (24) is defined as exact because 
for a sufficiently large σ, the local solutions of Eq. (21) will be equivalent 
to local solutions of Eq. (24) [46]. 

In the formulation, the Shoelace area constraint formula in con

straints (2) and (3) is what makes the problem non-linear; therefore, all 
other linear constraints (Aw � c) should be considered in a linear con
strained penalty (LCP) problem as follows: 

minimize φðw; σÞ (25)  

subject ​ to Aw � c: (26)  

3.4.2. PSLP algorithm 
In PSLP, the nonlinear constraints are added to the objective function 

and multiplied by a penalty factor. Furthermore, the outcome of each 
iteration is an interim solution starting from the current solution. PSLP 
attempts to solve the problem by first linearizing its objective function 
using first order Taylor series approximations for all the non-linear 
variables. Furthermore, the PSLP solves the penalty problem of LCP, 
Eq. (24) using trust-region strategy where the non-linear functions move 
within a trust region defined by the step bounds D that restrict the 
amount of change. Define δxn and δyn as the amount of change at each 
iteration in the x coordinate and y coordinate respectively. Hence, the 
step bounds Dn are adjusted at each iteration and they restrict the 
changes in the non-linear variables: 

� Dnx � δxn � Dnx (27)  

� Dny � δyn � Dny (28) 

The objective function is defined in Eq. (24). The quality of the final 
optimized building depends significantly on the initial building. 
Therefore, the initial triangles that form the mesh of the starting 
building are arranged in such a way that starts with a conventional 
rectangular building. The PSLP solver is called iteratively to solve a 
linear equation as shown in Fig. 3 until a stopping criteria is met. Hence, 
the PSLP algorithm proceeds as described below and illustrated in the 
flowchart in Fig. 4. 

Fig. 4. Flowchart of the PSLP algorithm.  
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� Step 0: Initialization: Choose positive values for σ and tol, and choose 
starting values for the original form of the building which is the 
conventional rectangular form. Choose starting values for the step 
bounds Dn. The user defines the parameters for the bounding region 
of the building’s site area.  
� Step 1: Compute the first order Taylor series approximation for all 

the non-linear variables to obtain a linearized subproblem.  
� Step 2: Solve the linear problem obtained to get an interim result. 

Update the solution. 
� Step 3: If the stopping criterion is met, terminate. The stopping cri

terion is met when: 

jobjectiveðnewÞ � objectiveðoldÞj< tol� ð1þ jobjectiveðoldÞjÞ (29)  

over all three consecutive iterations where the objective function is 
defined in Eq. (24).  

� Step 4: For all n 2 N, the step bounds have to be updated based on 
different amplification and reduction factors as follows: 
If the interim solution (δxn or δyn) has changed sign from the last 
iteration, set the corresponding Dn←Dn

2 
If the interim solution (δxn or δyn) is equal to Dn for three consecutive 
iterations, set the corresponding Dn←2Dn 

If the interim solution (δxn or δyn) is equal to � Dn for three consec
utive iterations, set the corresponding Dn←Dn

2  
� Step 5: Set the initial building form of the next iteration to be the 

solution of the current iteration, and return to Step 1. 

4. Software system for interface and visualization 

4.1. Setup and platform 

To solve this PSLP problem, a commercial optimization tool is used. 
There exists several highly specialized optimization commercial soft
ware tools in the market; the IBM ILOG CPLEX Optimization Studio 
(CPLEX) [47] is considered to be among the most-widely used optimi
zation software package [48]. CPLEX is employed because of the high 
accuracy in solving optimization problems. From a commercial 
perspective, CPLEX is the standard solver in several supply-chain ap
plications and industry leaders such as SAP and Oracle. 

For this study, MATLAB is used as an interface program running on a 
PC with Intel Core i7-6850K CPU and 32 GB of RAM. MATLAB [49] is 
used because of the need for efficient data processing, simulations and 
optimization. Several programs may interface with the CPLEX envi
ronment through a callable library of functions [42]. The objective 

Fig. 5. The Graphical User Interface (GUI) of the spatial optimization framework. The interface takes as input the geographical location of the building in addition to 
the different building constraints depending on the building laws of the country. The application will internally solve the optimization problem to automatically 
derive the optimal form of the building. 
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function and constraint matrices are created in MATLAB and then the 
IBM ILOG CPLEX connector is used to interface between MATLAB and 
CPLEX. Starting from an initial conventional building form, CPLEX 
solves the LP at each run. At every run, CPLEX can efficiently 
re-optimize the LP where small changes are made to the LP data of the 
previous run; this is achieved by using the previous solution as a hot 
start. 

4.2. Graphical user interface (GUI) and visualization 

In order to build an optimization system that can be easily used by 
architectural design teams, a graphical user interface (GUI) is devel
oped. For this study, a system with the optimization in the back end and 
a user interface for experimenting with different design parameter op
tions and visualizing the resulting building form is created. The GUI 
makes user interaction easier and more effective allowing the user to 
visualize results for post processing. Fig. 5 shows the user interface. The 
user inputs different requested information that is received by the 
optimization problem to find the optimal form of the building. 

As shown in Fig. 5, the user specifies the desired length and width to 
define the dimensions of the base of the building. In addition, the user 
inputs the number of floors and the height of the ceiling from the floor. 
The length, width and number of floors define the dimensions of the 
initial conventional rectangular building and specify the total built up 
area of the building which should be maintained after the optimization 
process. The granularity reflects the length of the programming unit 
which affects the smoothness of the edges in the building. Higher 
granularity means faster computations and less smooth edges. The user 
is also requested to input the boundary limitations which can be speci
fied based on the area of the site. The constraint on the maximum area of 
each floor defined as α is by default specified to be (1þ 1

F) where F is the 
number of floors. 

Since the intensity of solar radiation and angles differ based on the 
geographical location of the building, the user is requested to input the 
target region specified by the longitude and latitude measured in de
grees. Furthermore, the insolation is highly affected by the time frame; 
hence, the user is asked to input the start and end dates. Using the re
gion’s coordinates and time frame, the sun path formula proposed by 
Duffie et al. [34] is used to generate different samples of the solar rays at 
hour intervals during the day. Regarding the optimization parameters, 
the penalty parameter σ is set to 100000, the tolerance tol is set to 0.01 
and each of the step bounds Dn is initialized to 0.5. 

5. Evaluation of optimized building forms using real cases 

In order to assess the performance of the optimized building form 
that this paper proposes, several experiments are done to show the 
performance improvement in different scenarios; thus proving the 
adaptability of the proposed approach in reducing insolation. For the 
simulations performed below, the date of August 5 is maintained unless 
defined otherwise. The main criterion used to evaluate is the amount of 
incident solar radiation on a building form relative to a non-optimized 
form. 

5.1. Form change with optimization 

The Mediterranean area (33.5� N location within the Mediterranean) 
is chosen due to the expected increase of urban population in this region 
[50]. Most of the Mediterranean countries as well as regions around this 
latitude have extended hot summer days and some of these countries 
meet only 60% of the demand in electricity [50]. Rapid urbanization 
will allow more funding and investments in environmentally-friendly 
innovations. 

The form of the building considerably affects the amount of insola
tion it receives. Therefore, in this experiment, how the building form 

changes based on the optimization while still being acceptable for 
construction is illustrated. In this experiment, the geographical location 
is defined to be in the Mediterranean at a latitude of 33.5� N and the time 
frame is defined to be the fifth day of August. 

Fig. 6 shows how the conventional rectangular building form 
changes after optimization. The optimized form is tilted towards the 
south to shade itself because at 33.5� in the Northern Hemisphere and at 
the fifth day of August at noon, the sun has an altitude angle of 80�. 
Furthermore, the roof in the building has the largest portion of the direct 
incident solar radiation especially when the sun is at the high altitude. In 
the optimized building, the form has a pointed roof so that the area of 
the roof is minimized thus increasing the building form’s energy effi
ciency due to the reduced insolation. Fig. 6 also shows the site limit 
defined by the boundaries of the allowable site dimensions. Both the 
initial and optimized forms have the same built up area which in this 
case is 1728 meters2 (12 meters� 12 meters� 12 floors in the conven
tional building form). 

5.2. Varying the number of floors 

For the same location, the optimization was performed for different 
number of floors. In this part of the study, the number of floors is varied 
while the initial ground floor plan is fixed. Fig. 7 shows the performance 
comparison of the different scenarios considered. The plotted percent
age improvement calculates the difference in the amount of insolation 
compared to the conventional rectangular building with the same 
number of floors. The figure also shows the exact amounts of initial and 
optimized insolation levels. 

The figure shows that increasing the number of floors while keeping 
the initial ground floor plan fixed increases the percentage improve
ment, which represents the amount of the total reduction in insolation 
(measured in KW) between the optimum final building and the initial 
rectangular building. The percentage improvement reaches a maximum 
value beyond which increasing the number of floors will not show 
noticeable change. This result is interesting since it shows that the 
proportion of vertical dimensions versus the horizontal building foot
print dimension affects the percentage improvement due to the reduc
tion of insolation. The percentage improvement is a function of the ratio 
of horizontal surfaces receiving insolation from high solar altitudes 
(around noon) and the vertical surfaces receiving the insolation from the 
lower angles (beforenoon and afternoon). 

In addition, the figure includes a comparison table which captures 
the surface area (measured in m2) of the initial rectangular building and 
the optimized building. Increasing the number of floors decreases the 
ratio of initial to final surface area. Furthermore, the initial building 
forms have a volume to surface area ratio (V/A) ranging from 2.4 (for a 
height of four floors) to 2.9 (for a height of 28 floors). 

5.3. Varying the latitude 

To achieve a more comprehensive understanding related to the de
gree of impact that reducing insolation has on a building form, the same 
initial building form is optimized at different latitudes. Fig. 8 shows the 
variation of the improvement at latitudes ranging from 0� to 48� North. 
At these latitudes, the climate, in general, and insolation, in particular, 
result in hot summers and extended hot/warm climate for extended 
months over a year. The benefit of reducing insolation results in the 
reduction of cooling loads. 

The figure shows that the percentage improvement is highest at the 
latitudes of 0� and 48� North. An important consideration relating to the 
different latitudes is the combined altitude and azimuth of the sun’s 
position with respect to a location on earth. It is worthy to note how the 
angles at sunrise and sunset as well as the altitude at noon change 
depending on location, time of day and time of year. For example at 
latitude 33.5� N, the highest altitude is achieved in June 21 at noon and 
the lowest altitude at noon happens in December. Thus, the earth 
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receives different amounts of solar radiation at the different latitudes. 
The percentage improvement in insolation drops until it reaches its 
minimum at 24� where the solar radiation is perpendicular to the hor
izontal surfaces [51]. This is due to the fact that the Earth’s tilt during 
the summer solstice is approximately 23.5�. As for the surface area, the 
ratio of the initial over the final surface area is at its maximum around 
the tropic of cancer with 24� N. In other words, the final surface area is 
minimum around the tropic of cancer. 

5.4. Varying the initial form 

The initial form of the building can significantly alter the final 
optimized form and the extent of improvement in insolation reduction. 
Therefore, in this part of the study, several initial building forms that all 
have the same built up area are considered. Fig. 9 presents the optimi
zation results for four initial building forms that each has a built up area 
of 1728 meters2; however, the footprint and the number of floors differs 

Fig. 6. Form change with optimization.  

Fig. 7. The optimum buildings using PSLP-based optimization while varying the number of floors for a building in the Mediterranean geographical area. The figure 
shows how the percentage improvement compared to conventional rectangular building increases as the number of floors increases and it then saturates. 
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Fig. 8. The optimum building forms and their specifications at different latitudes of 0� (Uganda), 8� (Ethiopia), 16� (Sudan), 24� (Egypt), 32� (Lebanon), 40�

(Turkey) and 48� (Ukraine). 

Fig. 9. The effect of the form with which the optimization is initiated on the optimum final form and the amount of optimization in the insolation compared to the 
conventional rectangular initial form. The results show that the more the horizontal dimensions of the building, the more solar radiation it will receive. The building 
have the same habitable area of 1728 m2. 
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for each initial building form. The figure shows that the optimal initial 
form of the building has a footprint of 12 meters by 12 meters and has a 
height of 12 floors (with a 3 meters height of each floor). The results 
display that for the same built up area, the optimal form of the building 
is the one with least horizontal surfaces since these surfaces receive the 
most intense insolation during the noon hours of the simulated day. 
Regarding the surface area, the ratio of initial to final surface area in
creases as the building’s footprint becomes larger. 

5.5. Extended summer period 

In this part of the study, the aim is to show the reduction in insolation 
over all the summer period at a latitude of 33.5� North. The extended 
period ranges from June 21 till September 21. Optimizing the building 
over this extended period of time leads to an improvement of 35%. 
Hence, the percentage improvement in insolation drops from 41% when 
considering only one day during the month of August to 35% when 
considering the full summer period. This is due to the fact that at a 
latitude of 33.5� North, the amount of insolation that strikes the build
ing’s facades is the strongest during the day in August and, thus, the 
efficiency of the optimization for that particular case is greatest. 

5.6. Optimization on August 5 and solar gains on December 12 

Another simulation comparing the insolation levels received by the 
same optimized form during the hot summer day (August) and a cold 
winter day (December) presents an interesting result: on the winter day 
(December 12), the optimized form which was optimized to reduce 
insolation during summer (August) receives about 20% more insolation 
than the corresponding conventional rectangular form. This adds a very 
interesting dimension to the study because the optimized form is actu
ally more efficient on the hot day (August) as well as on the cold day 
(December). Therefore, during the winter season (December), the opti
mized building will feel warmer than the building with the conventional 
rectangular form; therefore, the need for heating system will also be 
reduced. Fig. 10 shows the insolation for both buildings with conven
tional form and the optimized form on two days of the year: August 5 
and December 12. The figure shows that the optimized form has 40% 
reduction in insolation during the day in August and 20% increase in 
insolation during the day in December compared to the conventional 
rectangular form. This means that the optimized building form benefits 
from the solar gain that results from the low solar altitude angle during 
the winter month of December. 

5.7. Overshadowing from buildings in an urban area 

With the current rapid rate of urbanization, most buildings in an 
urban context are regularly shaded by other buildings. Therefore, in this 
part of the study, the aim is to optimize the form of the target building 
while taking into consideration the surrounding buildings. This 
approach would help rapidly developing urban contexts by defining the 
form of new buildings so that they receive less insolation, and conse
quently, improve environmental conditions by reducing reliance on 
energy and improving comfort. The simulation proposed in this study 
would allow real estate developers and design teams to develop and 
design buildings that take into consideration the surrounding urban 
area. Fig. 11a shows the isometric view of the output building which is 
shaded by an existing rectangular building. The building with the rect
angular form is to the West of the optimized building. Fig. 11b shows the 
change in the percentage improvement when an existing building is 
overshadowed by another adjacent building. 

The results in Fig. 11b show that the percentage of improvement is 
higher when the building benefits from the shadow cast on it by the 
surrounding buildings, thus reducing the amount of incident solar ra
diation. It is worth noting that both buildings in Fig. 11a have the same 
number of floors. The results of Section 5.2 show that increasing the 
number of floors will improve the performance of the building in terms 
of reducing the amount of insolation. However, having such high-rise 
buildings in an urban context may shade other buildings. The impact 
of such building layout needs to be addressed during the winter season 
(December) in order to assess if this overshadowing is associated with 
higher heating loads. 

5.8. Computational aspects 

The optimization methods that calculate the optimized building form 
should be efficient in terms of computational time. In this study, the 
proposed approach reaches an optimum solution in a minimal typical 
time of 200 s after an average of 30 linear iterations running on a PC 
with Intel Core i7-6850K CPU and 32 GB of RAM. The PSLP algorithm, 
used in several real-world industrial applications [44], converges 
simultaneously within few iterations, and has shown to be ideal in this 
problem because most of the design constraints are linear and nonline
arity is limited to the equations of the Shoelace Formula. 

6. Limitations and future work 

The main aim of the paper is to guide and support the design team’s 
thinking process during the early stages of design so that building forms 
that are considered at the early design phases are more responsive to 
climate. Therefore, the proposed approach focuses on optimizing the 
building form prior to developing and defining other strategies. 

In this respect, the study assumes that the envelope is made of a 
uniform material whereby the focus is on the transformation of the form 
that is optimized. This methodology invites design teams to start with an 
optimized form and then define other climate related strategies and 
construction materials that further enhance the form’s sustainable 
dimension and response to climate. This would result in compounded 
improvement. 

Future work includes complementing the current work with different 
approaches, associating the optimized building forms to the variation of 
the respective Volume to Area (V/A) ratios and reducing the penetration 
of incident solar radiation into interior spaces. 

In addition to optimizing the building form, it will be interesting to 
address other issues such as the nature of construction materials, 
defining insulation location and thickness as well as designing windows 
that have optimal sizes, proportions and shading. For example, given 
that the building envelope is made of different transparent and opaque 
components and materials, future work can address the building form by 
assessing the area of the building envelope which absorbs a significant 

Fig. 10. The behavior of the optimized form during the winter season 
(December) and during the summer season (August). 
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amount of heat thus resulting in higher cooling loads. This would also 
allow the integration and optimization of the optical and thermos- 
physical properties of building components. 

Finally, building on the proposed evaluation that is done by 
comparing an optimized form to a reference form with the same built-up 
area, it should be possible to evaluate the building forms based on 
Volume to Area (V/A) ratio by analyzing further the variation of the 
volume and its consequence on the building envelope. Moreover, the 
optimization of buildings can be further enhanced by reducing the 
penetration of incident solar radiation into interior spaces due to con
struction materials, window to wall ratios and occupancy patterns. Not 
only that but an enhanced version of this work will optimize a group of 
buildings to help contexts with rapid urbanization, reduce energy de
mand and thus improve the environmental aspects of these regions. 

7. Conclusion 

This paper presents an optimization platform and a building simu
lation tool that helps assess amounts of incident solar radiation and that 
can be applied in early stages of building design. An optimization so
lution and software are proposed to generate an optimized building form 
that receives significantly reduced insolation subject to maintaining the 
same built up area (that is usually defined by the building law exploi
tation factors), in a hot region. The proposed approach uses Penalty 
Successive Linear Programming (PSLP) to solve the non-linear con
straints that appear when formulating the optimization problem. The 
results prove the system to be robust, efficient and accurate creating 
diverse configurations of building forms having reduced insolation. 
Different experimental case studies show that the optimization tool 
provides up to 48% less insolation in contexts where summer days are 
hot. This will minimize the energy required to cool the indoor spaces 
during long hot summer days. 
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