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INTRODUCTION

Let Im(n) denote the number of partitiuns of n intc parts
less than or equal to m, and let ;.'l:{nJ denote the number ¢f partitions
of n into parts not divisible by k.

The object of this thesis ig to study properties of some
restricted partitions of n, particularly-i[m(n)and ;?k'(n).

In chapter 1, the main definitions and theorems aboui the
fum.tionrm(n) are stated,

Chapter 2 deals with results cbt:ained from table I for values
of.’rm(n) constructed for different values of m and n, This table
appears in chapter 5. 1In this chapter, we define new fun tluns an: state
and prove some results obtained from this table, These fun ficns are
defined for either varrying n and fixed m or for fixed n and varrying
me At the end of the chapter, some congruence properties {or Tm(n) are
obtained and proved,

Chapter 3 is denoted for finding formulas for T:{n) and Tra(nJ
and an approximation for Tm(n) as n-»pe, Some results about T‘;(n)
are obtained from table I, Finally, some of the results sizted in
Chapter 2 are proved here using a different method,

Thanigasalam [5] gave some congruence properties for ,"t(n).
In chapter 4, we find a general formula for finding values of ‘..k(")
with the restriction that [f] < &,

Table II of chapter 5 includes values of p:(n) wih n € @
and m £ 16,

()



CHAPTER I
PRELIMINARIES

1.1 Definition:
A PARTITICN of a nonnecative inteser n is a ranrecentation of
as a sum of positive integers alled summande or parts of thez sartitien.
The order of the summands is irrelevant,
1.2 Examples
The partitions of 5 are:
5,4+ 1, 342, 3+1+1, 242+ 1,2+1+1-
and L1+ L1+ 1+ 1+ 1, Their number is seven,
1,3 Definition:
The function p(n) will denote the number of partiticns of 1,
Thus p(5) = 7.
1.4 Definition:
The funution-ffm(n) will denote the number of partitions of n
inte parts less than or equal to m,
We define Wp(n) = 1 if n=0 and M (n) =0 17 ne o,
For example ]Ta(b) ® 5 since the number of partitions of o ints -arts

not larger than 3 are given by:

342, 3+141, 2+2+1, 241 +1+1

and
1+1+1+1+1,

1.5 Ihecrem:
(1) T, (n) = p(n) if nam

w )

n
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e funstion p(n) will cencte tne rumber tf part] % 44 e
s T

tiont

: fun-‘tlahjtn(r.) will dencte the number of part!ifons of n
less than or equal to m,

define Waln) = & 31 nee sMya)eu 1 n&ls

3 71'3(5) ® % since the musber of partiticns of Int: Tarts

than 3 are given by

-

3+2, 3+1+1, 242+1, 24141

1+132]1%]+4],;

1) 1“'("-) v g(n) If




= 2

(ii) -ﬂ;(n) «p(n) for allnxs u,
Proof:

(i) Let n<gm, ThenTm(n), the number of partitions of n
into parts not larger than m, is the same as the number of partitions
of n dinto parts not larger than n itself since no partition could
contain a part lar‘g:r than n, Thus -m‘(n) --n;(nl = p(n),

(ii) It is clear Lhat'ﬂ;n(n) -Tn(n) for all m= n, But
-n-n(n) = p(n), Hencch(n) %p(n) for all n> 0, The following
theorem is stated here for convenience as it will be used repeatedly

in this chapter, The proof is given in [l] .

1,6 Theorem:

ZT(n)q" ‘IT -fr" ll< 1.

=l
1.7 Theorem:
-n-m(n) -T;(n-m) +1£_l(n), namal,
We give three proofs for this theorem,
Proof No, 1

Using Theorem 1,6,

%m(niq" - T 2, lal< 1,

J=1 1“‘!"

We need only to show that:

é"f,(n-m) +'l=_l(n)} " = jl(

1

el cenree (1)
1-gf " |
The left hand side of (1) is equal to:

2 > n
IF ﬂﬂ wn(n_m)']n*m+ %’ m_ltn)q L ] l‘l{‘-l SEEssNEERERERN (2)



The first addend in (2) is:

qmﬂr(n-mlqn M e ﬂ“(nzw(n-m)'ln "
E-ﬂ (n=m)q" "), lal<1,

- d"( Z‘ﬂ”(n-m)q“ T ) AT err ) e T -1)

n-m-O

- Zl;n(n-m)f{“".; 0, \ale1

nem=(

Now (2) reduces to:

K Zﬂ'(n-m)q" . Zf NO L I P

n=nm={)

m m=1
- 1 .
2 :Il_ 1= X ?L 1-q ' e

L q 1
(1=9) (=) ey (1=q™) (1 = QU=?) (1=4%) .. (="}
ot 1=q" . 1
(1=-9) (1=62) ,, . (1=q™) Q=) (=) (1=4) , , o (1=q")
."’.‘.
= 1
— < 1,
-ll 1 - qjl ‘ql
Therefor%

Zﬁr(n)]q 'm—m(n-ml ‘\'1£_1(n)] qn. ‘q'd.l,
n=0)

Equating coefficients of q" in both sides; we get

W) =T, -m 4T ),



Proof No, 2:

This follows some suggestions given in [4]

Either a given partition of n does not contain m as a
summand; in which case it will contain summands not larger than m-1,
and the partition will be counted (exactly once) by ﬂ;_l(n), i.e, the
number of such partitions is jrm-l(“)' These are the partitions of n
into parts less than m or less than or equal to m-1,

Or else, the partition contains m and then it is of the form
n -I]+ A ¥ sees +ar1' My lsaji- My

J =12, By ssee T
Here a4 a4 T is a partition of n=m into parts less
than or equal to m, To each of the Tm(n-m) such partitions of n-m
into perts less than or equal to m, there corresponds exactly one
partition of n containing m as 8 summand; namely, LR PT P oL
1,8 Illustration:

To illustrate the above proof, let n = T, m = 3 and find

11'3(7).

T3(7) is the sum of the numbers of partition in the
following two sets of partitions:
(i) Those partitions of 7 that do not contain 3 as a summand,
and hence contain only parts less than 3 i,e, less thin or equal to 2,
These partitions are counted by -"-2(7) which are:
242421
242 41 41 +1
241414141 ¢+ 1
l1+1 4141414+ 141



Thus .}rzt'a’) =4,

(ii) Those partitions of T thst gontain 3 as a part,

These aro counted Ly 1;(4) which are:

3 4 841

I 4+ 241 41

I+ 2 42

3 4+ 1414141
Thus JU,(7-3) = T0g0a) = 4,
Therefore No(7) =T ,(7) +TMy(7-3) = 4 44 = 8,

Finally we use the graph method to give an alternative
proof:
Proof No, 3:

A partition of n can be represented geometrically, If
n=2a4 834 ,,4s 48, is a partition, we can arrange the
summands a; in such a way that

a) 282 833 ... > 8.
Then the graph of this partition is the array of points having aj
points in the top row, a, in the next row, and so on down to 8,

in the bottom row, r4]

The graphical representations of the partitions of 5 are:

5 4 41 3¢2 I+1+1
.l...’ L I , LI ’ L
- . . Ll
242 41 N 2414141 1 #1 14 141
d



b=

So to prove Theorem 1,7,we divide the partitions of n into
two classes,

(i) Those that do not have m as @& summand, They are the
partitions of n into parts less than m i,e, less than or
equal to m=]1,

The graphical representations of these partitions are:

—py =] e — M=
® 8 === 8 @ » L I » SR 15 e @ i .
I ® .0 . ']
. & . 5

These partitions have rows containing a maximum of m-1 dots,
The sum of all dots in each graph is n, Thus these are the
partitions of n into parts less than or equal to m-1, Their
number is _’Ll(n).

(ii) Those that contain m as a summand, These are
represented by partitions, where in each, the top row has m dots,
The other rows are merely the partitions of n-m into parts not larger

than m, The graphical representations of these partitions are:

T — D0 — T —

e e ... e . @ ... 00 $ cse= o te .ona.m
e . ..00 L IR L

3 : nom

* . t e

These are exactly the partitions of (n-m) into parts less than or
equal to m adding a top row of m dots to each partition, Their
number is "‘;(n-n).

The previous theorem (1J9) can be generalized in two ways,

These are stated as theorems 1,9 and 1,10,



1,9 Theorem:

Trm(n) -"rm.](n) +.Tml(n-m3 +Tm_l(n-2m)+ e
+Trm_l(ﬂ'h|") +Tﬂ1(“-(k Q'.l)l'ﬂ) ssasesnanaan (3)

where k > 0 and n m;_l,[’z].
Proof:
The proof is by the method of mathematical induction on k,

(i) Statement (3) is true for k = 1, since
T =T )+ T tnem) +T(n-2m) vvaens ()
The last two addends in the right-hand side of (4) are:
Tm_,l(n-m} +1;(n-2m) --n-m(n-m) (by theorem 1.7),

Thus (4) reduces to:
Tm(n) = .)1;-1(") -l-‘x:“(n-m) which is true by theorem 1,7,
(ii) Assume that statement (3) is true for k = a where a
is an integer a 31, and prove that it is true for k = a4 1, So

let

7‘;{11) -Trm_l(n) +Tc’_1(n-m) +TC_1(:1-2H'.)+ PR

+-Lr_-l(n—am) +1‘;‘(“-(a+l)m) LR R (5)

be M true; and let us show that

T =TC ) & T ynem) §T ey 20+ e
-+ m_lfn- (a=1)m) *W;(ﬂ-(a +2)m) ansasnnens (6)

is true,



- B
Consider the last term in (5), By theorem 1,7,
T, n-tawe ) = N (n=(a +1)m) 1 (n=(a 4= D = 1)

= T e adm) # (0 = (o 2000,

Therefore (5) reduces to:

T, = T ) T =) T (n-20) 4+ oo

m=1

+T_l(n-m) +-n;_1(n-(a 4 l)rr')'fT",(n-(s -+ 2)r),

and this is exactly statement (6),
But since statement (5) is true, then statement (6) is trie,

Before stating the next theorem we recall that for every real
number r, Er] denotes the greatest integer less than or equal to r,

1,10 Theorem:

T, 0 =T ) 4T e AT (ne2m) 4+ oaep Ty rmem) o (D)

where r= [.'l]
m

Proof:

By Theorem 1,9, statement (7) is true for all values of
r 5[%], since n=rm > U,
For r )[?“.-] . We have

™ ?{.:.] m, m32l,

Hence n = rm&n -[".;] m

But [-‘-‘-]g D, Hence
m m

[

and n-Iﬂ}mén- 1. mgo
m m



Thus n - rm & 0O, and hence

Tm_l(n-r;n} = 0,

Now using theorem 1,7 and the follewing definition and lemma 1,12, we
can give a constructive proof for theorem 1.6,
1.11 Definition:

e

pefine the function Fm(q) as:

F, (1) -ﬁ-f!;(n)q", \q\.g L Yl]
n=(

1.12 Lemma:
Fm(q) = q!‘ﬂ Fm('])"’" Fﬂbl(.‘)jl ’f“ 1,
Proof: 0o
() = Z,T,r(n) . Julel
n=y
By theorem 1,9 o
F () = Z’E(n-ﬂi *T,_llrﬁ} 'y e,
n=(0
%) bo
= ZK‘(n-m)ﬂ"-’r.Z -xm__ltn)qn. lalel  ..o. (@)
n=g¢ n=y '

The second term in the right-hand side of (8) is F__,(n). The first

term of the right hand side of (8) equals

vo
qm Zm(n-m)‘fl-m SRABEBERERESEEREARERRERS (9)
n=(

By ehangi.n‘g the summation limits, (9) can be written as

Z_;T(;(n-m) [

n=-m=(
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This charge in 'tgm summation limlts in permissible since

ZT (n-m)q""" = i-,r(n-m) - +_:_5:TC(n-m)q’"""
n=m={ n={
i.e n=m

Z,’lT(n-m)q“ T T nae ) FT-1)

n=m=0

(<)
= Zj;(n-m)qn""' 4+ 0,
n=m=y
Thus (9) reduces to
"‘Z"T =)™ = " F (W, by def/ 1, 18,
n=m=0

Therefore Fm(q) = q" Fm(q)+ ey (e

Now having wbis lemma, we can give an alternate proof for

i)
theorem 1,6 (i,e. ZT(h)qn = 1 Aale).
n=g " :)1]; l-qJ' \ k

Alternate Proof for Theorem 1,6

By definition 1,11,
(-]

ST = F (.

n=)
By lemma 1,12
Iv‘m(q) = q" Fola) a4 Py ()
Grouping similar coeficients of Fm(q} in both sides given:

(1-q0 F (@ =F_,(n),

and
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Fr..1tq)
Efntrl) = -3 " ‘ql‘l

1
8 —— F__.(q)
1= m=1

= 1 1 3

—_— e B sl

(g "1 1T

= ! k == 1
(e~ -g™D) Q=)

1
. . F‘U(nl.

(= (1=0""1),..(1=q)

<
But  F(q) = Z-K;)(n)q“ = 1, Hence
n={

m

F() .‘n“_l_ . lale1; and
j=1 1-qj



CHAPTER 11

RESULTS CONCDUDED FRON TABLE I

AND THEIR CORRESPONDING PROUUFS

In Chapter V of this thesis we give a table for values of

Tm(“) with n,m &40, The results of this Chapter sre sugoesltid

by coreful consideration of that tahle,

of these results are also given in this chapter,

The following table is exgracted from Table 1 of Chapter V,

Proofs ead illustrations

n m () n m ;ﬂ_-m(n}
0 2 1 13 2 T
1 2 L 14 2 8
2 2 2 15 2 8
3 2 2 16 2 9
4 2 3 17 2 9
5 2 3 18 2 10
6 2 4 19 2 10
7 2 4 20 2 11
8 2 5 21 2 11
9 2 5 22 2 12
10 2 6 23 2 12
11 2 6 24 2 13
12 2 T 25 2 13

- 12 -




- 13-
we observe; from the previous tablej the following result,
2,1 RESULT 1 (R-1)

Let n be a nonnegative integer and m = 2, then
'1[2(11) = 1+[%], where[%] denotes the greatest integer of -'2‘..

By theorem 1,10,

T ) =X [ ) T (nem) +T, 1("'2'“)'*""*'1r 1(n-[ ]m)'

Lettina m = 2, we get
T, = Ty + T oem +T0 -2m 4 AT o= [5] 2

= ] -+ 1 =+ 1+-vc+l
N

Since the number ofjterms starting from -ﬂ;(n-n‘) up to the

end is [%].

The following table is extracted from table I,

n m Tm(n) INCR= n m 'r;_,(nJ INCR=
EASE EASE

2 3 2 2 3 52 8

4 3 4 : 24 3 61 9

6 3 7 a 26 3 70 9

8 3 10 . 28 3 80 10
10 3 14 4 30 3 %0 1
12 3 19 S 32 3 ;2 11
14 3 24 S 34 3 114 12
16 3 30 6 36 3 127 13
18 3 34 ' 38 3 140 13
20 3 a4 2 40 3 154 14
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From the above table,we observe that for n even positive integer and
m= 3, " (n) increases at a certain rate, This observation is

m
recorded by the following result,

2.2 RESULT 11 (R-11):

Let n be an even positive integer and m = 3, and let

Y(n,n-2) '7(3(11) -"cj(n-Z). Then
(i) viok, 6k=2) = Y(6k + 2, 6k) = 2K + 1  and

(ii) Y(bk + 4, 6k + 2) = 2k + 2
where k is a positive integer,
Proof:

The proofs of (i) and (ii) are based on theorem 1,10,

T, = Ty (m)4 X e+ T (a-2ed+ ., +7I,;_1(n-[%].n).
But
Y(6iazg6k)= Ty (6ks2) =T, (6K),
Then

7 >
'ﬂ'stm-z) = 1 ers2) + T cok-1) +Th6k-0) + ..o +7Tz(ok+z-[_ 52 »

« 1 +[5ktd] .6_k-1] [a]
1+):2 #1413 +,..+1+2.....--.(l)

In (1), 1 appears 1 +[%]- 1+ 2k times,

Thus (1) becomes

6k+2 bk=1 2
1+ 2k +[—2—] ¥ Ez_]+ .aiy +{§l

and
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Tcek) <TG (66> +T ok + T (o) L.s + T ""'E"kj] 3)

- 6k 6k=3 Hk=6 0
A _3]“ 1 +T__"2]+ 1*{’2—‘}\»... +1 +[5] veenes (2)

In (2) 1 appears 1+ gk =1+ 2k times,
Therefore

Y(6k + 2, 6k) = 1 +2k terrs

s i) B BT
o (4 [“'3] Jese] - o (8]

—_——y terms &

a1l +2k4+ (3k+ 1)4(3k = 1) + (3k = 2) + ... + 1
-1 - 2k - (3k) “-3+2 - 3k+3 = se0e0 =0
=0 - 1 + 1 + 1 * oeeess 1

——% 1 + 2k 4trms4——mMmM8M

= 1+ 2K,

1t remains to show that Y(6k, 6k-2) = 1 + 2k,

By the same theorem and statement (2):

- bk 6k-3 bk=6 ']
T 4600 =1 +[ 2]+ 1 +[__.._2 ]+ 1 +[.-..-—2 ]+ vee ¥ 1 +[2:|
=142+ ] "“"3 ["""’] {2]

Now:

T (6k=2) -‘ll"{bk-z) +—n;(6k-5)+I2(6k-8) + oes +M,(6k=2- "; 2] 3

. sk-zl Yk-s} [c,k-a 1
1+Y_-.--2 #1 4|85y 4|00 +1..+1+2'_\...(3)

In (3), 1 appears 1 +Y_§.‘!§-_2_1 =]1+4+2k=-1=2k times,
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Therefore; Y(6k, 6k = 2) =
ok, | 6x=3 |, | ek=6 9
1+ 2k + ___]+[2 ]4-\:2 ]+ ...-{21
‘_l
1 - _6k-2_gL—5_6k-B 1
1 -2 -\ 1‘2 ]\: 2]+"'+‘._2]

+ \;1+2k terms &—
=142k+3k+3k=-2+3k=-3+ {%]H,
-2% = 3k+l-3k+3-3k+4-.““_+[_21_]

L 3

Rk terms £

=] + 2k, although we have an extra term in the first
line since that term is O,

(ii) Yk + 4, 6k +2) = K (6k + 4) =T ok + 2,
Take ‘I('a(ak + 4)

= 0, okt Jl'z(ekm 0, (6k-1) + ... +T(;(6k va- | L@

w} 4 Y ok+1 (725 N P +1]
l+{z 1 2 + 1+ 2 . 1 2 |*

In (4), 1 appears 1 +[9'%]- 1+2k+ 1 =2k + 2 tines

Therefore

T, (oktd) = 2 + 2k + Tokea |+ | 6kiL |4i6k=) o 4L,
3 3 . 2 2 2

From (1), we have

; ok2 ) 4 [6k-1 P
T, eks2) = 1+ 2 +‘; 2:]{2 :l+ +B}

Thus Y(6k + 4, 6k +2) =
m—-) 2k + 2 termsg
24+ 2 +3k+2+3k+3k-l+.......+2+[:l,-]

2] = %%k = 3%k =-1=3k+) =3+2+ 500~2=1

et ——egp 2k + 1 terms £ —
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= 14+ 2k+1 =2k+2

2;3 I1llustration:

For k = 5, find the values of

(i) Y(6k, 6k - 2) (ii)  YB6k + 2, 6k) (iii) v(6k+d, &k+2).

(i) Y(6k, 6k=2) = Y(30, 28) = 2(5) +1 =11,

From the table above we find

Y(30, 28) «’Tl;(w) -T20) = 91 - B0 = 11
(ii) Y(6k + 2, 6k) = Y(32, 30) = 2(5) + 1 =11,
From the table,

v(ad, 30) = My2) -T,030) = 102 - 91 = 11,

(111) Y(6k + 4, 6k + 2) = Y(34, 32) = 2(5) + 2 = 12,

From the table,

¥3a, 32) =N, 30 W@ = ng- oz =12,

The following table gives values ij(-w(ﬂ) where n is
an odd positive integer and m = 3, The value of increase in the
value of]fk(n). corresponding to the increase in the value of n,

is indicated,
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n ™ ™ INCRE= n m I (n) INCR=
ASE " EASE

1 3 1 21 3 .

3 3 3 : 23 3 56 O

5 3 5 2 25 3 65

7 a 8 3 27 3 75 W

9 3 12 ! 29 3 ps 10
11 3 16 4 31 3 o M
13 3 21 5 33 3 w8 12
15 3 27 o 35 3 120 B
17 3 3 6 37 3 By 1B
19 3 40 7 39 3 ur ¥

e observe from the ahove tahle that-)(;fn) increases at a certain

rate, This increase is recorded by the following result,

2.4 RESULT 111 (R-111):

Let
Then
(i)
and
(ii)
Proof:
The

n be an odd positive integer and

Y(n,n = 2) ='-,rs(n) -1(;(n - 2).

m= 3, and let

Y(6k = 3, 6k - 5) = yf6k=-1, 6k=-3) = 2K,

Y(6k+1, 6k-1) = 2K + 1,

proof of (i)

and (ii)

Y(6k-3, 6k=5) =1[‘(6k-3) -‘[;tbk-s).
T cok-3) “My6k-3) +Myeok-6) + von + T (k-3 E’-g;é] .3)

-1+ [e] [__6&-6} 9]
l-l-{2 + 1+ 2 ...+l+2 see

k is a positive integer,

is also based on theorem 1,10,

(5)
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In (5), 1 appears 1 +Y_i§—'3-]- 1+ 2k - 1= 2K times,

Therefore 3(()!(-.'!)

6k=3 6k=b 0
= {"2—3 +\-_—z—1* *[z]-
Now
TG k-5 =T, (5x-5) -»')I;(-sk-ﬁ) +oeee 1 (6k- {%‘—])

- o
-1 +I‘-’-‘,;-—"]+ 1 +[¥]+ < os 1+['IZ]' (6)

In (6), 1 appears 1 +Y_%-‘é_]= 1+2k=2=2k~-1 tires,
Thus: Y(6k-3, 6k=5) =

e 2k  Lerrs &€—

-l 2k - 1 terms&—
= 1 + fk-1 = 2k,

1t remains to show that Y(6k-1; 6k-3) = 2k, ve
follow exactly the same procedure as above to obtain:

Y(6k - 1, 6k = 3) =

—_— 1 4+ (2k = 1) Terms &—m—o—voe

2k + 3k -1 + %k -2 + sesae + [‘%]"‘[%’]
-2k - 32 -3k +3 .t [§]+E1
317]2

_3 1+ (2k =~ 1) terms

l + l + R RN R LR LR N + 1 + 1

u 1+2k~-1 = 2k,
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(ii) From the ahove, we get
Yok + 1, 6k = 1) W (6k + 1) <T0;(6k=1)

=1+ 2k terms<

= 1+ 2k + 3k + 3k-1 ++[%]+[%]

- 2k = 3k 413K + 2= .eeen —[%]
42k terms e

- 2K igrms

= 1 + 1+ 1+ e ]

= 1 * 2k,
2,5 1llustration:
For k = 4, find the values of

(i) Y(6k-3, 6k=5), (ii) y(6k-1, 6k-3) and (iii)

(1)  Y(6k-3, 6k=5) = Y(21, 19) = 2(4) =8,
From the table,
v(21, 19) =W,21) -T(19) = 48 - 40 =
(ii) Y(6k=1, 6k - 3) = Y(23, 21) = 2(4) = B,
From the table,

v(23, 20 =T 23) -TMy2) = 56 - 48 = 0,

(iii) v(6k + 1, 6k=1) = Y(2§, 23) = 2(4) +1 =9,

From the table,

12§, 23) = W(25) X 5(23) = 65 - 56 = 9,

Y(6k+1, 6k=1),

.,
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in the foregoing discussion,m® was fixed snd n vas increased,
Functions were defined to trace the difference hetween two consecutive
values of'ﬂ;(n) based on some testrictions,

The remainder of this chapter will be devoted to studying
the changes of T (n) as n is fixed and m varries and to
giving some congruence propertées for W (b,

The following discussion includes two cases:

@ N m-Tm G T =T g,

The reader is urged to refer to table l of Chapter V
especially while studying the illustrations,

Now we are ready to state the first result,
2.6 RESULT 1V (R-LV)

If n&2(m-~-1) and

xn,m) =W ) =T _,(n), then

X(n,m) = T (n-m) +1r n=mtl)

:~+l[
= Pln-m) + P(n-m+1),

Proof: Xn,m) = Tm(n) -Tm_z(n)

=T nem) + T () =T, (m)
=T (n-m) +7 (nertD) + T () =T (n)
m m=1 m=2 m=2
(By repeated application of theaorem 1,9)

""’m(n"m) +1rm_1(|l—lﬂ + 1) secnvscnsssses (7



But if n &2(m-1), then

n&2m-=-2 and

n-m+2 & m which irplies that

men = m,
Therefore we can change m to oa-m in the first term of (—togive

(P toqive
the right-hand side ofA‘I[n_m(h-m) since if n<£ m then
',rm(n) ='l;(n) = p(n) (Theorem 1.5).
Furthermore, (r=1) in the second term of the right=hand side

of (T) is to be changed to n-rm¥ 1 since if

man =m+ 2, then

m=1xn-mnt+ 1 and therefore

I ey (n=rt]) ”7rn_,.-+: (h-m+ 1),

Thus _
Xin,m =1tm(n) -T{'m_z(n}

"'n-n_m(ﬂ—m) + -)rn_!.ﬁ.] (n=mtl)

which is equal to

p(n-m) + Fpln-m+l),

The importance of the above and the following results arises
from the fact that we can get information about Trw(“) from the
function p(n) without using the recurrsion formulae for'l'['“‘(n).
2,7 Illustration:

—_—

Find (1) xQ10, 10) (11) x(31, 26)
(1) x(18, 10) = p(18-10) + p(18 - 10 + 1)

= p(B) + plq) =22 + 30 = 52,



From table 18,
x(18,10) = 340 - 280 = 52,

(ii) 1(31, 26) = p(31-26) + p(31-26+1)
= p(5) +p(6) =7 + 11 = 18,
From table 1%

X(31, 26) = 6930 - 6912 = 183

The climax of this chapter is represented by the following
result which is a generalization of the previous one
2.8 RESULT V (R=V):

LetS$ be a positive integer and n & 2(m-8+1), and let

(n,m,8 =) N, _gn,

Then
t(n,m,s) = pln=m) + pln=rtl) + p(n=r#2) + .., + pln-mts-1),
Froof:
X(n,m,s) =1r“,(n) =T )
By repeated application of theorem 1,7, we get
X(n,m,8) =T (nem) FT0,_ () IC, ()
=T nem) +K g o) STt <TC_ o)
- 'Tm‘ﬂ-'ﬂ)“rm_l("-r*ﬂ)*Tm_z(ﬂ""""'ﬂ*‘ P
'FIE__._}z(n-Ms) AT gy r=mts=1) A gtm) =T (0) uvnnnnanas (B,
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Since ng 2m - 2s + 2, then
2m - 2s i n =2 sressEEsssssseNERERA T BaS t())

Adding - m+ s + 1 to both sides, we obtain

2r-em=25s+s+l=En-m+s-2+1

or
“'"’5"‘12.“""‘"’5" 1. R LT (10)

Therefore we can replace m = § + 1 in"m_s“(n-rﬁs—l) by

n-m+s~1 toobtain X, _4s-1 (n=mts=1) = pln-ms+l),
Add 1 to both sides of (10) to get
m=s4+22n-m+s=-1+1=n=m+s,
The general term of (0) is ki(ti) where
ki-l = ki +1 and 11_1 =t =1
So if we have k; =ty for some i say:
kj =m=-s+1 and t; =n-ms-1, then
ky + LD, ty +1
or
ki_lé 1*_1 +2 3‘1_1 and so on,
Therefore each k; can by replaced by correspoending t; and (8) reduces to
Xnymys) T pln=m) +TC o (nent D) ouw + T (nerrts=1)

or equivalently:

f(n,m,s) = p(n-m) + pla=mtl) + ,,, + pln-mts=1),

2.9 1llustration:
Find (1) x(18, 12, 4) and (ii) x(27, 20, 6)

(1) x(18, 12, 1) <N a8 - a8

L ki b ety 4 wfON & AfQ) = 11415422430 = PR
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From the tablc:—lrn(la) TC,(18) = 366 - 208 = 78

(i1) 121, 20, 6) =T, 20 -7, 020
= p(T) + p(8) + p(9) + p(10) # p(11) + p(12)
=15+ 22+ 30 +42 + 56 + 77

= 242,

From the table:
TCpp2m = Tp4(27)= 2880 - 2738 = 242,
Following are some congruence propertiss u'-Trﬂ(.).

it was shown bv 5, Ramannjan[?3:lthnt:

(1) 1f n

4(rmod §), then p(n) = Olmod 5), and

(ii) If n

= G{mod 7), then pin) = O(mod 7).

Examining the table forJ[,(n), we observe the following

results,

2;10 RESULT Vi (R- VI)

(1) If n= 4(mod 5), then'lrn_-((n) = U(wod 3),
T po12tm

1rn~11(“) = g(mod 5),

0(mod 5), and

(31)  1f n = 5mod T) then [ _,(n) = Olmod 7),

Proof:
(i) (p-v) - 2,8 will be used in proofing the above results,
(R - V) states that: If n€ 2(m-s+l1) then

T o = Wogln) = plo-m) + pln=mk1)4p(n-mi2)+ ..+ plo-mts=1),
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Replace m by n and (p=s) bv (n=T)to get:

T (n) =T _o(n) = p0) + p(1) + p(2) + .00 + p(6)
n n=T

=1+1+2+3+5+7+ 11 =230,
Therefore Tn(n) -N,.7(n) = 30, But T, @) = plud,
Thus  plu)d -I_Tf, ) =30 or Tn-'r = p(n) = 30,
But if n = 4(mod 5) then p(n) = O(wod 5) and 30 = J(mod 3),

Therefore I

n) = 0(mod 3),
n=-7

ase N Lyate) = pn) = p(0) - p(1) - p(2) = p(3) - p(4)

p(5) = pl&) = p(7) = p(@) = pl2) - p)
p(11)

195

= pin)

= Dlwod 3)a

Also jrn_n = p(n) = pl0) = ¥p(1) = L..as = p(16)
= p(n) = 915
= 0(mod 5).

Proof (ii):
T, g0 = pa) = p(@) = p(1) = p(@) - p(3)
=pn) -1-1-2-3
= pln) - 7
But if n = 5(mod T) then p(n) = 0(mod T)

and  TC g =(n) = Olmod T),
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2,12 illustration:
(i) Let n = 34, then
(p) n-7T=28, From table I, we have
T, 000 = 12280 = 0(rod 5),

(b) n =12 =34 -~ 12 = 22, From the table, we have

22('34} = 12118 = O(mod 5)
(c) n =17 =34 - 1T ., From the table, we have

-F;T (34) = 11395 = O(mod 5),

(ii) Let n = 4U = 5(mod 7), then n - 4 = 36 and from the

table Tf%(-du) = 37331 = 0(mod T),



CHAPTER 111

FoRMULAS FOR T, (n) AND TU;(n), NORE RESULTS
aBoirr JC 4(n) AND AN APPROXINATION T0°JU,(n)

Grosswald t2]posed problems for finding the values of'ﬂ'z(n)
and ']ra(n) by using the method of pariial fractions. This ehapter
includes the above mentioned problems, proofs of results obtained
in chapter two and an approximation for the value ufo,Jn) for m
fixed and n=g@e .

Problem 1, Obtain 2 value l’or—l'rz{n

Theorem 1,6 states that T (n) o -'[T...._ \l<l
n=y j=l J=iw

pefine  Fplx) as:

2
Fa(x) = —L— LT(n)x . Ixl<n,

j=1 1 = x‘ n=(

Falx) = ——-—-w)—
f (1=2%) {1-x")

Decompose Fa(x) into partial fractions:

Fa(x) L - 3 o b & B + L
2 = 2 S 3
{1=2) (1-%2) (1=x)=(14x) (1-x) (1-x) 1+ x
. _1/4 12 1/4
+ + .
1 =-x 1=x) (1 +x

Now, replacing eachs simple fractiom by its Taylor saries

we obtain:

-29 -
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Fplx) = %{1+1+> +\i'-+_,_+,\l+...}
‘i.i +2x 4+ 0x% + Ax” 4 .+ (b1 4 -“}
+4liI-X+x2"x3+iool('l}ﬂxn"."'}

1t xt 2%+ 2% 4 ... +i }‘-m(-n")a, —;-(n+l)} M+

From the above, we observe that the value of Fa(x)

depends on whether n is even or odd,

(i) Let n bhe even, Then

Falx) = 1+ x +2x% + 2x3 4 ,,, + l+l+§il_}x“+
4 4 2 LR
=1+ x4 22 2 4., +{%+ l}x" + s
Therefore;
2
Fa(x) = T -1— Z‘T(n)x =14+x+2x%+,,,+ G "+ ...
J=1 jxJ n=0
Equating coefficients on both sides, We get
= 1
Tz(n) 3 + 1,
(ii) Let n be ofd. Then
P00 = 1+ xmdtad e 4l Lemnloy
4 1 "2

=1+ x+2x% + 23+ ,,, +{£‘-§l}x"+

Therefore
'y (x) = i’l x" = 1+ x b2 F x4, +{ERLEN,
n=0 2

in general, we find that

m(n) =[§]+ I, whers-[g.]is the greatest integer of %.
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Problem 2:

Treat F3(x) = ——-—L—————--‘-3 in the seme wav 2§ thx)

£1=x) {132 (16

was treated in the previous problem; hence obtain a formula EufTrgin),

Fglx) = ...._1__0 ==
(1=x) (1=57) (1=x

Decorpose Falx) dntu paciin! fractions:

Fx) =S+ B 4O 9 D +BXE 0 m
3 I (1207 (103 Db

After simplifyiny and equating the numerators of Lot sides

we get:
A -]L' ’n.._.lT- =.!.
e = =3
1 ~ 1 2
D - L= ==
-6. I gi F 9

Now replace each simple [raction by its Taylor series, The Teylor

series for the fractions in (1) are:

rl';.l+x+x2+oo----- +xn+.-.
1 2 n
_2’1 + 2x + 3’( + Ry = (n+1)x i e
(1=x)
! el 4, +"'”2 L R
(1-x)
’._“‘Lx'l-x-ihxz-xa.'.'.l' +(-l)nxn+ocuc
To find the Taylor series for —lesa . we note that 1 + x + x2 =
X2t x+1
and hénce 1 l-X  Therefore the Taylor series for the
Hxt x2 1 -x
1

fraction is given by:

14xtx?

1-x°

1 - x
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(- Q+x3+x0+ 0 +xm+ .0

e
= (1 - x) xom
m=0

= i (x3" - x3TH])

m=0

= 1-x+x3-x4+x6-x7+.....+x"-xn+l

+ LR Y

if n_is a multiple of 3,

Now grouping the terms of equation (1), we obtain Fs(x) =

%il - x4+ x2 - xS+ wenss + (=17 X" 4+ ....} srsnedl >
"‘%il+x+xa+......+x"+..... ?- erren €2 P
+4 fl + 2+ B 4 e+ (FDX 4 L } a8 B
+.é. {1 + 3% 6% + euees +.L".‘tlﬂ2!ﬂlxn + .."’ sevan €l ¥
+-{1~5 {x B R R L wes * T4, ..}[«'J)

(if n is a nultiple of 3)
+%—{] axtxd e x4 x0 - xT 4 X" .My ,,,}(h)

(if n is a multiple of 3),

e note that since Fa(x) contains (-1)", then its value depends on
whether n is even or odd, Alse we have a condition in< 5> andg 6
that n is a multiple of three. Hence the value of Fg(x) depends
on whether is congruent to 0,1,2,3,4 or 5(mod 6), Therefore we
have the following cases:
CASE 1: Let n = O(mod 6), and hence

(-1)" in € 1% becomes 1, no x" in<5> and the coefficient
of x" i,e, 'Tra(n) is found by:
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=l 17 4 .l. 1 + + 2
Mg =1 + L+ b + L) + 2,
P
"t —(n+1) (n+3)

‘hich is the least integer larger than 1_2 (n+1)(n+5),

denota by LlLs ..ll..i(nﬂ) (n+5)}.

3.1 Illustration: Find J{ 4(30),

T 7 L 35) = 9]
a0 =L + LD Gs)

= L 15 =
LH"IZ (3])(dal} 91,
From table I,
60 =
CASE 2: Let n = 3(mod 6), and hence (-1)" in £ 1S becomes =1
andT4(n) is found by:
= - 17 l_ +1) (n+ 2
7{' (n) 1+g (n#1) + .3 (n#1) (n42) + 2

1)
= .1 W+ (n+5)
1z2 T " _
which is LlL?i—z +1) (n+ s}
3.2 Llustration: Find J[,(33)

T3(33) LIL {1—{n+l)(n+s).}

i

Ln.{ (34)(33)} = 108
from table 1, T[,(33) = 10,

CASE 3: Let n = 2(mod 6) or n = 4(mod 6), and hence (-1)" in <1>

becomes 1 in both cases,



- 34 -
CASE 3i: If n= 2(mod 6), then x" appears in <82 as negatlve, and
Tain) is found bys
1,17 1.1 L
o) = &+ 55 - § + 40+ (et} (m2)
A

2

Lo+ 1)(n+9)

[

which 1s L.ll.{%(n +1)(n + 9)}.
3,3 Illustration: Find Tl'3(32)

T3(32) = 1.11.{-{—2(33)(31)} = 10Z,
Erom table I, 1(3(32) = 102,

CASE 3ii: Let n = 4(moc 6) and hence x" appears in both <3> and <€>
a6 positive in <5> and negative in <62, and T(_3(n) is found bys

2
TWm =244l +5-5+qzln+ 1)n+0)

=&+ 4x(n+ (0 +9)

L
which is Lll.{lz(ml)(ms)}.
3.4 Illustration: Find J(,(34)

T (34) = Linfiz(30)(a9)] = 114,

From table I,

T,(34) = 114,

GASE 4t Let

n e 1{mod 6) or n= 5(mod 6).

GASE ai: If n= l(med 6), then (-1)" in <1> becomes -l, x" appears

in <5> as pesitive, x" sppears in €6> as negative andjrs(n) is found by:



T« -4+ Bed -4 4y oo

= ds(m1)(m5),
3.5 Illustration: Find -,"3(31)
1 ~
T (31) = 5(32)(36) = 96,

From table 1, L 4(3) = 96.
CASE 4ii: 1f n = 3(mod 6), then (-1)™ in <1> becomes -1, «" appears

ine 5% as positive, x" does not appear in <€> , and 'ﬂ',,(n) is found byt
T,n) = -

= %E(n +1) (n+ 5).

ol

17 1 .1 5
+ez =5+ l.2(n+1)(n-r 5)

3.6 Illugtration: Find [ 4(39)
1 -
T ,(39) = 45(3)(%0) = 120,
From table I, ']ra(?»ﬁ) = 120.
Now we can sumerize these results as follows:

I5(m1) (ms) £f ne=1 or 5(md 6) and

T ) = i
m.{-ﬁ(nﬂ) (mb)} otherwlse
where L1L denotes the "Least integer larger than ",...(2).

The importance of the above formulae lies in the fact that
TQ(“) and Tra(n) can be found for any given positive integer m, in
sddition to their use in giving constructive procfs for some of the
results obtained in chapter two, Following are some of these results

together with their proofs,
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Proof of (R-11):
(1)  ¥(ek, 6k-2) ='713(6k) - T, (6k-2) = ¥(6k-2, 6k)
Since 6k = O(mod 6) and 6k-2 & 4(mod 6), hence by (2) we have

Y{6k,6k-2) LlL{ J5(6k+1)(6k+5)] - LiL{ =(€k-1) (6k+3)}

LlafTi(ack‘ + 36k + 6)} - LIL{J5(36k“r12k-3]
= AP+ +L- A -k
= 2k +1

v(osdy, ek) = T (exs2) oM - Ty (6)

and if

then
6k+2 = 2(mod €) and 6k = O{mod 6)

implies
y(6k+2, €k) = LLL{ (6k+3)(6k+7)} - { (6%+1) (Ek+5)}

32+ 5k + 2= 32 - 3k - 1

"

- 2%+ 1,
(11) v(6k+4, 6k+2) = T 4(6k+4) -T3(eu+z)

LIL{}5(6k+5) (6k+9)] - LlL{ =(6k+3) (01) }

32+ Tk + 4 - K2 - Bk - 2

= 2k + 2,

proof of (R-111)
(1) Y(6k-3, 6k-5) = Y(6k-1, €k-3) = Zk.
6k-3 = 3(mod 6); 6k-5 = l(mod 6).
Therefore
v(6k-3, 6k-5) = T;(6k-3) - T0,(6k-5)
Ll;{lz(ék 2)(6k+2)} - (bk-d)(ﬁk)
= % - 31:2 + 2k
= 7k,

"
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Also 6k-1 = 5(mod 6) and 6k-3 & 3(mod €), then
¥(6k-1, 6k-3) = Tp(6K)(6k+d) - K
- 3%+ 2% - K% = ke
(31)  v(6k+l, 6k-1) ='ll’3(6k+1) - T, (6k-1)
1 . 2 .
= p(6ke2) (6k+6) - 3k° - 2%

= 3k“+ak+ 1 - 3k° -2k

= 2k + 1,
The following table is extracted from table I. It cives values

of‘r(“‘n) where n 1s an odd integer

v T DS Sogmed g Naws oo
1 1 21 1w 4
3 3 & 1 23 150 * 5
5 ¢ 0 2 25 185 > 5
7 1 2 2 21 225 ® 5
9 18 L 2 29 270 = &
n oz 3 3 a aa Ot 6
13 0® 1 3 a3 3w ! 6
15 54 s 3 3 aa1 O3 7
17 12 18 4 a7 su© 7
B % 22 i % ey - B

and m= 4, Also the amount of the incrdase in the value of J{_(n)

corresponding to the increase in the valde of n is recorded,

Computed also, is the amount of the increase in the increase of T ,(n).
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The following result summerizes the above table,

3.7 RESULT - VII (R-VII):

Let n be an odd positive integer and m = 4, anc

6(n, w2) = T,(n) = T (n-2).

Then k

(1) G(6k+l, 6k-1) = 3 5,1 + (k + 1), eeces {2)

(i1) G(6k+3, 6k+l) = 3 51‘: 1+ 2(k+1) 5 esne- (4)
i=1

and lk

(1i1) G(eg+s, 6k+3) = 3 Z 14 3(k*l)y casnes (%)

i=1
where k is a positive integer,

Proot:

(1) The proof is by the method of mathematical indu.tion on k.

(1) Statement (3) is true for k = 1, sinces
1
G(7,5) = 3 [i+(141)=3+2=09,
i=1
From table I, G(7,5) = T(7) - T,(5) =11 -6=5

(2) Assume that statement (3) is true for k = r, and show that it is
true for k = r + 1,

i,e., show that

r+l
Gle(r+1)+1, 6(x+1)-1) = 3 2 1 + (r+2)
i=1
= ;L;—'tll{2 + x'] + r+ 2
2
& 2" + 1l + 1 E (3')

‘£
Now



- 35 -
Gle(r+l)+l, 6(r+l)-1) = Gl6r+7, 61+3)
= 'Ird(érﬂ) - JU,(6r+5).
By repeated appliwvation of theorem l.1C,
= Jo(ex47) = Wyl6rts
+ Myler+3

.I.‘......OIIII..I..‘I ((‘)
we find that the sum in boxes is =-G(6r+l, 6r-1) since G(6r+l,Er-1) =
T (6r+1) - TO,(6x-1)
=7l_,;(caz+1) - T,(6x-1)
+)T;(6:-3) - T, (6x-5)

. .
But the statement was assumed to be true for k =7, i.€

I
G(er+l, 6r-1) = 3371+ (r+l)
i=1

then
-G(6r+l,6r=1) = - -3-’—&51—11 -r -1

Now there remain two parts:

(1) Tlerm) - Mylerss) and (11) K (ersa).
(1) ]-(3(6:+7) - 1'3(6:+5)
=T 5(6(z+1)+1) -'Ia(a(m)-u

= 2(r#l) + 1= 2r + 3 by (R-1I1).



and

(1) Ty(erva) = muffzlerva)(ense)] by (2
- uwfds(aer” + 720 + 32)}
= 3r:2 + 6r + 3.

Therefore (&) reduces to:

olelz+1)+1, e(rﬂ)-l): —@I%*—l-l sp-142r4 3% +6r+ 3,

2
=_3_:_;_|-:_1_l£___"_'__£Q which is (3'),

£
and hence

G(6k+l, Ek-1) = 3 ?;1 + (k+l).
(ii) To prove statement (4), the same method used in proéfing (3) will
be used,

(1) Statement is true for k =1, since
1
Gly, 7) = 3. 51 +2(2) = T,
i=1
From table 1, G(9, 7) = T,(%) “W(7) =16 - 11 =T,
(2) Assume that (4) is true for k = rj show that it is true for k = r+l,
r+
{.e, show that G(&(z+l) + 3, 6(r+1)+1) :2’:} i+ 2(r2) ox
=1
2 A
G(6(x+1)+3, 6(r+1)+1) = -3-’-—1-1-22—11— vessens (4Y)
o(6(z+1)+3, 6(r+1)+1) = W,(er+9) - T, (6x+7)
=T 5lex+9) T, (ex+7)
+ Tylex+a) -'K:(br-ra)

+ T (6x+1) -1;(5:4)
+ Tstsr-s) -'!I;(er-s)

L -
- -
. -
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B {13(6”9) - 13(6“”)} * Ta(ﬁf"f)) - G(6r+3, &r+l)

= T(6(r+2)-3) - Ty (6(r+2)-5) * Tpler+e) (r+10)-3 ,:.5 1-28-2,

- o(r42) + w2+ br 45 - ML op g ‘
9—‘3-"—525-‘—"—13 which is (4').

Thus k
G(6k+3, tk+l) = 3 25 1 + 2(ktl).
i=1

(ii1) (1) Statement (5) is true for k= 1, since

Glek+s, 6k+3) = G(11,%) = 3 ‘531 4 3(141) =

From table 1, 6(11,9) = T,(11) - T (9) 7 - 18 = 4.

(2) Assume that () is true for kerj shopfhat it is true for k = r+l,
i,e. show that G(6(r+1)+5, 6(x+l)43) = 3 Zi + 3{r+2) or shew that
i=1
Gl6(r+L)+o, 6(r+l)+3) = %(rﬂ)(rﬂ) + 3(r+2)
2
'SL':—%EEJ-& smssssssusaEEn (U')
Now

6(6(r+1)35, 6(r+1)43) = T (6r+11) - 0 (6r49)

= T (6r+1l) -113(6:%)
+ TI'3(er+7) - ,(ex+5)
+ 1‘3(61-*'3) -Ta(erﬂ)
+ T (6r-1) - T, (6x-3)

- L4
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={ W,(6r+1l) -T;(f:xﬂi)} + T (6r47) - Gler+s, 6r+3)
={ ,(6(x+2)-1 -T(6(r+2)-3)} + -ll-a(br*"t)(ér*l’z)
- Bi.li « 3(x+2)
i e
= 2(r+2) + ar‘ + lor + 8 - ér(r+l) - 3r -6

2
8T A 15r A 1B hihis (9Y)

-

2
Therefore G(6k+5, 6k+3) = 3 ?k:l\i + 3(k + 1)
=
3,8 Illustration: Let k = 6, Find the values of
(1) oG(6k+1,6k-1), (1i) G(6k+3, 6k+l) and (i11) olcwis,
(1) ©(6k+l, &k-1) = G(37,35) = 35:.11 + (6+1)
i=

= 3(142+3HarSH6) + 7 = 3(21) + 7 = TC.

From the table,

6(37,35) = W,(37) - ,(39) = 511 - 441 = T0.
(ii) G(6k+3, 6k+l) = ©(39,37) = 3%1 + 2(6 + 1)
= 3(2l) + 14 = TT.
From the table,
6(39, 37) = TC,(39) =W, (a7) = 568 - 511 = 7T,
(111) G(6k+5) 6k+3) = G(41, 39) = 312611 + 3(6+1)
= 3(21) + 21 = 84,
From the table,

o(a1,39) = T,(a1) - TW(a9) = 672 - 566 = Ea.

ikt3).
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Grosswald [1] posed the following problem for finging an & roximation
for ’I'm(n) where m is fixec and ne—p oet
nm-l 1
T (n) = Sigmgyr O+ o))
where we say that f(N) = C(g(N)) 4f there exists a constant K such

that |#(N)| < K a(N).

To show this, consider the fun.tlon

Fo(x) = L A e
k=l 1l-x
A Az’ P

“1-_-;" (1'35“‘ t 55 LR l x;“ LR

m -k
- z ﬁk(l'x) * sesee
k=1

_ 1
where Am it

How the function f(x) = E can be written as a Taylor

(1-x)
series where:
f(O) = ]
£ (x) = k(1-x)"%1, £'(0) = k

#(x) = k(1) (1-x)"57%,  £(0) = k(k+1)
?

£0) () = k(kH)een (K41)euaSktn-1) (1-x) 5", M (0) = k(K1) eue(kin-1),

Therefore
2
f(x) = 1+ kx + Eigfilﬁ- + EL!:%%&EiZl W
k k+l){k+2 k+n- ol
nd o

The coefficient of x" is:
Mmh!g-_&ﬂ!".‘k-m-“ o Aot =1), (ntk-2 - mrkk=k=

n nd



Therefore

“_x)—kgi 1) (n+2 22 imte=2) (it
=0 s

o
» k o DaDallgayn 1
= ZO, Ce,pn * with Ce,n —-'T;:ﬂ-:— (1+0(3))

Since 2 o

k-2
k~1 B.n B.n
mtl) (nt2 k-1 n 1 I3
3 :J“(-k“-‘fl v e Y TenE e Y T

k-1
1 1 1
= {roye [+ By ) +8,00) + wee + 8, (00)]

-

Now let g(n) = Bl(# + Bz(#) # ans ¥ Bk(#)

B, B
= L -2 3
alB) * p *ees ¥ 7]
e &
= L)
el
thus g(n) = C(-ﬁ),
and k-1

v il 1
%,n = Tenyy [+ 06
Now summing over k, one finds the summands

m
JSAk(l-x)"‘ of F(x) contribute
k=1

m nm—l 1
kglAk Ck,n = mi(m-1)1 1+ O(F))
to the co-efficient of xn.

1t remains to show that the contribution of the neglected

fractions of Fm(x) is at most O{nm'z);
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These neglected fractions can be expressed ast

g, (x) " 35(x) 2" . g,(x)

oj(x)  oi(x) o g1(x)

where the highest power of x that occurs in the set [gltx),...,gr(x)}
is .m-2, and the highest power of x that occurs in the set

m=1
{gi(x)’ ey 9;(:)] is x .

Hence the contribution of the neglected fractions is at

most Otnm'z).



CHAPTER 1V

A FORMULA FOR A CERTAIN RESTRICTED PARTITICN

4.1 Definition

Let p': (n) dencte the number of partitions of n into parts
not divisible by k, where k 2 2 is a civen natural number,
THANIGASALAM [5] proved that:
;t(mk +') & O(mod k), m = 0,1,2,,,. 1if B(mk +‘ ) = 0(mod 1) and
conversely, where k 2 2, and any integer satisfyinc © < f Lk-1,
The aim of this chapter is to find a formula for u'::(n), with
some restrictions cn n, from which table II of chapter V, _r*:__(n] is
constructed,

A study of the function ;;t(n) suggests the followino result,

4.2 RESULT VLI (R-VIIL)®
For k22 and n any natural number:
(1) 1f n<k, then py(n) = pln).
(11) 1f n 2k, and [{] = 1 , then
(a) pt(n) = p(n) - p(n-k), for (- 1,

(6) (o) = pln) - ;E-k) - pln-2k), forf = 2,

4 () d(m) = pln)

pln-rk)
r=]

+ (-3)p(s) + d -a)p(s+k) + (-5)p(s12k)

#

(A-6)p(s+3k) + (A-7)p(stax)+-7)n(st5x),

- B -
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for 3 £ f_(_ 8 and n= s(mod k) s = 0,1,2,404yk-1, and such that

' =4 ’ ‘ > i
f-1= ] N
2] 3 q <i .
Before giving a detalled proof for the above resuli, we
illustrate its application by numerical examples,
4,3 Jllustration

Find the values of:

*
VA (1) p},(13) (111) pgl1a)  (iv) fa).
(1) since 13 < 18, then applying (i), we get

f1g(13) = p(13) = 101,

(11) since [32] =1, then applying (11) (a), we cet
pfzua) = p(13) - p(1) = 100.
(111) since [42] = 2, then applying (11) (b), we get

P(13) = p(13) - p(7) - p(1)
= 10l - 15 -1
= 85,
(iv) Since [%2] = &, then applying (i1) (c), we cet
*
po(13) = p(13) - il.p(.l:i-?.r)
T=

+ 3p(1) + 2p(3) + p(5) + (7).
p(13)-p(11)=p(9)-p(7)-p(5)-p(3)-p(1)

+p(7)+p(5)+2p(3)+3p(1)
= p(13)-p(11)-p(9) +p(3) +2p(1)
=101 -5 -0 +3 +Z

:m.
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Now, we give the procf of the result,

(i) ;:(n) js defined as the number of partitions of n into
parts not divisible by k. Thus, if k > n, then no partition of n
could contain a part that is divisible by k. Therefore the number of
partitions of n into parts not divisible by k would be the number
of partitions of n without any restriction which is p(n).

(it) (a) 1f [-E] =X= 1, then the partitions of n intc parts
not divisible by k would be the partitions of n excludirg those that
contain a multiple of k, Hence we have only one multiple of Lk which
is k itself, The number of partiticns that contain k ic p(n-k),
Therefore a:(n) = p(n) - p(n-k).

(b) 1f [%] - c= 2, then the partitions of n may contain k
or 2k only, So these must be excluded from p(n). The mmber of those
that contain k 1is p(n-k). The number of those that contain 2k
#s p(n-2k). Therefore &:(n) = p(n) - p{n-k) - p(n-2k).

(c) In this part, we will prove the case for 9 = £y
since all other cases can be treated similarly.

The following table summerizes the proof,



= # =
The partitions that contain multiples of k.

multiples of The number cf | ADD TC THEM THE CVERLAPPED PARTITIONS
kinn Partitions to

be subtracted
k -p(n-k) snsassunanaald)
2k -p(n-2k) + p(n-3k) veses(2)
3k -p(n=3k) + pn=4k)+p(n-5k)+p(n-6k) dadvs )
ax -p(n-4k) +p(n-5k)+p(n-6k)42p(n=7k ) +p(n-8%) ve (4)
Sk -p(n-5k) 4p(n=6k)+ p(n=Tk) + Zp(n-Bk)  seedl®)
6k -p(n-6k) +p(n-Tk) + p(n-8k) a——y L)
Tk -p{n-Bk) seasesssssssall)
€k =p(n-8k)

We subtract from p(h), the number of those partitions that
contain k; 2k, seey Bk which are p(n-k), p(n-2k),.e.,p(n-ck)
respectively,

But there are some partitions that were subtracted more than
once, S0 they have tc be added.

In (1) we subtracted the number of those that contain & which
is p(n-k). No overlapping here,

In (2), those that contain 2k were subtracted which is
p(n-8k). But some of those that contain 2k also contain X, which
were subtracted in (1). So, we have to add them. These are the
partitions that contain 2k and k. Thedr number is p(n-3k).

In (3), those that contain 3k were subtracted whi h is
p(n=-3k). But also, some of them contain either k or 2k or both,
So these have to be added. Their number is p(n-4k), p(n-5&) and

p(n-6k) respectively and so on to get the final result in the table,
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“

Hence the general formula for pt(n), if [E] = 8, i
=

Ao = pla) - X3 p(a-sk)

r=1
+ op{n=Bk)+4p(n-Tk)+3p(n-6k)
+ 2p(n~5k)+p(n-2k)+p(n-3k).

1f nz s(mod k), 8 =0,1,2,,s0ayk=1, then

ph(n) =p(n) - 2 p(n-rk)

r=1

+ (1-3)p(s)+d -a)pUs+i)+(f-5)p( s42k)

+ d-6)p(sraryrtl-yp(avan) (7)o 15k).

Note that for any 35? £ 8, we have (l—i) = 1 if Q =i whi’.e! -i=0
1t L<l for 3¢ 1< 7. scnesetives

Table 11 for Values of pt(n) was constructed using the result
stated in this chapter,

Finally, we give an illustration to show some congruence properties
of p:(n)-
4,4 Illustration

(i) Let n= 24, k=5, Then p(n) & O(mod 5) as it was
proved by Ramanujan [3].

From the table, p’;(za) = 950 = O(mod 5).

(ii) Let n= 33, k=7, Then p(n) = Cfmed 7).

From the table, n,,(sa) = 7217 & O(med 7).

This is consistent with the congruence properties of pk(n)

given by Thanigasalam [5] in the beginning of this chapter,



CHAFTER
TABLES

This Chapter consists of two tables:

(1) le It This tasble gives values for Trn[n) where n,m are

positive integers less than or egual to 40,

(2) Iable II: This table gives values for ;':t(n) where n £ 40,
n '
k <16 and [§] < €.

-5 -
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1c

14
16
19
21
24

33
7

e
48
52
26
61
63
T
75

83

91

96
102
106
114
120
127
133
140
147
154

6
9
11

1
i

23

34

a7
54
64
72
b4
94
108
120
136
150
169
165

225
249
276
2917
321
351
37%
411
441
478
511
551
568
632

10
13
1€
23

37
a7
57

84
1cl
119
141
164
192
221
255
291
332
an
427
480
540
603
674
748
B3l
918

1014
1115
1226
1342
1469
1602
1747

11
14

26

44
56
71

11c
136
163
159
235
282
33l
391
404
932
612

g1l

431
1057
1206
1360
1540
1729
1945
2172
2432
2702

3331

15
z1

2t

44
65
g2
105
131
164

248

436
522
ele
733

1009
1175
1367
1579
1824
2093
2400
2730
220

4011
4526
5102
5731
6430

116
146
186
230
268

434
525
638
764
91y

1297
1527
1801
2104
2462
2857
kkig)
3626
4417

5612
6630
7564
5B
9749

157

7651

10156
11648
13338

iC

11

76

Y9
131
169
219
<78
355
445

795

B63
1060
1303
1566
1530
2331
6812

4035
4B0Z
5708
6751
7972
9373
11004
12866
15021
17475
20296

100
133
172
224
285

460
562
725
905
1116
1380
1686
2063
2503
036
3656
4401
5262
6290
7476
BETT
1049
12384
14552
17084
19976
23334

101
134
174
227

373
471
597
747
935

1158

1436

1763

3210
3852
4691

6761
5073
9624
11424
13542
15966
18847
22142
25971

135
172
A
293
ATE

7o

b [

957
1188
1478
1819
2241
2138
3345
057
4900
Szu
7139
8551
10232
12166

14499

17176
20325
23961
28212

15

17¢
230
255

483
619

972|
1210|
1508
1861|
2297
2815
3446
4192

6158
7434
8932

10715,

12801
15272
18148
21535

0073

16

17

297
384
4ge
623
785
9%0
1236
1545
1913
2369
2913
3579
4370
5332
6469
7841
9459
11395
13671
16380
19551
23203
27684
32839

1€

385

625

768

995
1243
1556
1928
2391
2943
3621
4426

6570
7976
9635

11626

12966

16365

28472
33834

19

22 23
254 1255
1573 1574
1954 1956
2429 2432
2998 3003
3699 3706
4535 4546
55569 5574
e ok
10004 10046
12115 2171
. 1461l 46€8
17604 7705
g 1129 21264
25507
270 X1
36126 36423

TABLE 1
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1958
2436
AO0E
3714
4358
5592
6823
8319
10058
12243
14786
17638
21442
25743
30812
36830

26

2436

3416
4561
8597
6630
83310
10113
12265
14816
178EQ

913
36965

010
g
4563
5600
6838
8337
10124
12260
14838
17910
21540
25876
A09%9%0
37066

ans
4564
5602

8342
1131
12291
14853
17932
21570
25918

37143

4565
5603
6640
£345
10136
12298
14664
17497
21592

3lces
37159

5604

684l

8347
1013%
1203
14871
1795¢
21607
25970
31118
37241

6842

8346
10141
12306
14676
17565
21618
25969
all<0
37271

8349

10142

14879
17970

21625

25996
31155

- 31293

33

10143
12379
14881
17973
21630
26003
31166
37308

34

12310
14882
17975
21633
26008
31173
37319

3

L4863
17970
21635

26011 ¢

3117¢
37326

36

17977
21636
26013
3116l
37331

37

21637
26018
31183
37334

2E015
3l1e4
37336

31185
37337

3733
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14
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27
37
49
65
85
111
143
184
234
297
374
470
586
729
902
1113
1367
1674
2042
2485
3013

3645
3917
5288
6344
7595

119
153
199
252
324
406
515
642
804
994
1236
1517
1869
2262
2791
3387

4118
4970
6006
7217
8673

NN e
SNCF-‘I!H-JLF(.-JMOC

53
72
94

124
161
208
266
341
431
545
684
856

1064

1322

1631

2009

2464

3014

3672

4467
5411
6542
7888
9489

~N g W N D

11
15
22
29
41
54
74
96

128
165
216
275
354
447
569
712
£96

1113

1388

1712

2117

2595

3186

3882

4735
5739
6959
8392
1012

9070 10374 11383 12150
10811 12411 13632 14582
12854 14780 16280 17429
15256 17601 19409 20823
18068 20883 23088 24789
21362 24766 27438 29494

10

11
15
22

41
55
75
98

130

169

220

282

363

460

584

735

923

1151

1435

1775

2194

2698

3311

4045

4935
5994
7270
8787
10600
12749
15310
18330
21912
26130
31107

TABLE 11
S ¥

4165

11
2
3
5
7

11

15
22
K ¢
42
55
76
99
132
171
224
286
370
466
597
730
945
1176
1471
1818
2253
2772
3410

~N O W NN

11
15
22
30
42
56

76
100
133
173
226
290
374
475
605
762

960.

1199
1497
1855
2299
2831
3482
4261

5092
6185
7515
9085
10978
13207
15884
19025
22774
27170
32388

5208
6337
7693
9321
11266
13572
16325
19578
23444
27999
33369

13

11
15
22

42

56

77
100
134
174
228
292
378
479
612
770
972
1213
1519
188l
2334
2873
3540
4330
5302
6450
7648
9501
11496
13851
16680
20006
23980
28648
34193

14 15 16
2 2 2

3 3 3

5 5 5

7 7 7

11 11 11

15 15 15

22 22 22

0 0 0

42 42 a2

B6 56 56

77 77 77
100 101 1ol
13¢ 135 135
175 175 176
229 230 230
294 295 296
380 382 383
463 485 487
616 620 622
777 781 185
980 987 991
1225 1233 1240
1533 1545 1553
1902 1916 1928
2359 2380 2394
2009 2933 2954
3562 3617 3641
4388 4430 4464
5371 5427 5466
6542 6610 - 6666
7959 8050 8117
9646 9755 9845
11672 11815 11923
14076 14249 14390
16953 17174 17345
20352 20620 20838
24396 24738 25002
29171 29580 29915
34625 35338 35741
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