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Mixed-Integer Convex Optimization for DC
Microgrid Droop Control

Rabih A. Jabr

Abstract—Droop control is a viable method for the operation of
island DC microgrids in a decentralized architecture. This paper
presents a mixed-integer conic optimization formulation for the
design of generator droop control, comprising the parameters of
a piecewise linear droop curve. The mixed-integer formulation
originates from a stochastic optimization framework that considers
several operating scenarios for finding the optimal design. The
convexity of the mixed-integer problem continuous relaxation gives
global optimality guarantees for the design problem. The paper
presents computational results using a tight polyhedral approx-
imation of the conic program, leading to a mixed-integer linear
programming (MILP) problem that is solved using a state-of-the-
art commercial solver. The results from the proposed approach are
contrasted with both a classic linear droop control design and a
recent piecewise linear formulation. The Monte-Carlo simulation
results quantify the extent to which the MILP solution is superior in
reducing voltage violations and power loss, and the degree to which
the loss is close to that from a conic optimal power flow solution.

Index Terms—DC microgrids, droop control, optimization
methods, power-sharing, voltage control.

1. INTRODUCTION

HE proliferation of distributed energy sources, electronic

loads, and energy storage systems has progressed the
research and development of DC microgrids. The DC micro-
grids offer a natural interface coupled with more straightfor-
ward control for power components typically operated with DC
power. Compared to their AC counterparts, DC microgrids also
enjoy higher reliability and efficiency [1], [2]. Microgrids can
generally work in either grid-connected or island modes, with
the island mode posing significant control challenges [3]. The
island mode of operation pertains to various applications, such as
avionics, automotive, marine, and rural distribution system elec-
trification. Droop control forms one of the simplest approaches
for the DC microgrid’s operation, leading to a stable operation in
a decentralized communication architecture. However, it suffers
from problems related to uneven power-sharing, poor voltage
regulation, and difficulties associated with tuning the controllers
to consider the effect of branch resistances. This paper aims to
overcome the above disadvantages through a stochastic opti-
mization formulation that optimizes both the controller droop

Manuscriptreceived December 28, 2020; revised March 27,2021 and May 11,
2021; accepted May 23, 2021. Date of publication May 25, 2021; date of current
version October 20, 2021. Paper no. TPWRS-02121-2020. (Corresponding
author: Rabih A. Jabr.)

The author is with the Department of Electrical and Computer Engineering,
American University of Beirut Riad EIl- Solh/, Beirut 1107 2020, Lebanon
(e-mail: rabih.jabr @aub.edu.lb).

Digital Object Identifier 10.1109/TPWRS.2021.3083678

, Fellow, IEEE

constants and nominal voltage setpoints. The stochastic op-
timization formulation is a mixed-integer second-order cone
program, and its solution yields globally optimal solutions.

A. Control Levels and Architectures

The control approaches in DC microgrids can be classified
based on the control layer and the control architecture [3], [4].
The control levels are three and their control functionalities
and time scales separate them into primary, secondary, and
tertiary. The primary layer is concerned with the field devices
and operates at the fastest time scale; it is based on the droop
method that is implemented using the virtual output resistance
to damp the distributed generator output voltage with increasing
load [5]-[9]. The secondary layer operates at the microgrid
level and works on a slower time scale; it mainly sets the
reference voltage for primary control to maintain the electrical
quantities within the microgrid’s acceptable levels. The tertiary
level applies to grid-level variables in multi-microgrids and aims
to determine the microgrid’s interaction with the neighboring
microgrids and the external electrical network. Ref. [3] considers
economic dispatch as part of secondary control, as long as it
optimizes a single microgrid operation; this classification leaves
tertiary control to the grid level variables. Therefore, in islanded
microgrids, the applicable control levels are the primary and
secondary.

The control architectures refer to the control approach’s com-
munication aspects and fall under three structures: decentralized,
distributed, and centralized. The decentralized approach is com-
munication free, i.e., the controllers do not share information
but rather interact with the network through their output voltage
and current. The distributed control uses information that is ex-
changed between the local controllers; the limited observation of
the system, in this case, requires approaches such as primal-dual
decomposition [10] or cooperative control schemes employing
the consensus algorithm [11] coupled with average voltage and
current sharing [12]. The centralized control uses decisions taken
ata central point and communicated to the distributed generation
local controllers. The centralized control can be applied at the
primary control level, allowing the communication of voltage
adjustment signals to the control modules via a communication
network. The optimal voltage levels in this context are best com-
puted using second-order cone programming as it is associated
with guarantees on convergence and solution quality [13], [14].
The supervisory control solution, however, requires a relatively
high bandwidth communication link.
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1) Droop Control: Amongst the above control levels and ar-
chitectures, the primary control with a decentralized communi-
cation structure is highly reliable as it depends only on local vari-
ables, making it robust against communication malfunctions.
Primary control based on the classical droop method has well-
documented limitations on the trade-off between voltage regula-
tion and power-sharing [4]. Solutions to enhance droop control
have been proposed, and they center around either nonlinear
droop control or adaptive droop control. Nonlinear droop control
modulates the droop resistance in the function of the DC output
current to solve the trade-off in conventional droop methods;
variations employing a piecewise linear function have been also
proposed [15]-[17]. The corresponding voltage-current charac-
teristic functions are typically implemented in the controller at
the installation time, giving rise to plug and play capability.
Adaptive droop control methods aim to achieve simultaneous
voltage regulation improvements and power-sharing by dynamic
adjustments of the droop constant; the droop modification can be
achieved via decentralized [18]—[21] or distributed control [11],
[12], [22]. The droop coefficients can also be computed periodi-
cally by making explicit use of the network’s voltage sensitivity
matrix through centralized and distributed methods [23], [24]. A
recent centralized genetic algorithm approach optimizes droop
constants together with the network reconfiguration switch
statuses [25].

B. Scope of This Work

The droop piecewise linear formation strategy is a novel
communication-free way of adjusting the droop constant and
nominal voltage level over the loading range through a pre-
computed voltage-current terminal characteristic [17]. While
giving results better than classical droop, the voltage-current
curve computation in [17] does not explicitly account for the
network model. At the other extreme, the supervisory control
optimal power flow (OPF) [13], [14] entirely accounts for the
network condition in real-time, but its practical implementation
is challenging from a communication requirement perspective.

The proposed method is a centralized mixed-integer optimiza-
tion framework for computing the droop control parameters.
Once calculated, the droop control parameters are communi-
cated to the droop controllers that interact together via the
network but continue to operate in a communication-free mode.
The proposal is viewed as a compromise methodology between
the communication-free method in [17] and the centralized OPF
global solution [13], [14], applicable to microgrids operating in
islanded mode. In addition to the nominal voltage, the design
method considers the output resistance in droop control as
another control variable that changes over a segregated range of
current intervals. The piecewise droop control current-voltage
curve specification (nominal voltage and droop constants) for
each of the controllers are computed in a coordinated way using
offline optimization for day-ahead scheduling. The computation
is based on multi-scenario stochastic optimization that accounts
for the network’s operation using the conic model in [13], [14].
The coordinated design is achieved through a mixed-integer
conic programming (MICP) formulation and is reformulated
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into a mixed-integer linear programming (MILP) problem for
which more efficient global solvers exist. The computed voltage-
current curves are installed in the local controllers via centralized
control on a slow time scale, while the distributed generation
controllers continue to operate in a decentralized manner. Based
on the application, the optimization of the voltage-current curves
can be carried out faster than day-ahead scheduling or at a much
slower pace on a seasonal basis. The distributed generation
controller settings, when updated at a languid pace, can be
installed manually. The proposed approach, therefore, brings
into droop control attributes of network optimization.

C. Paper Organization

The rest of this paper is organized as follows. Section II
reviews the droop control method and its integration with the
conic DC power flow; this reflects the effect of droop controller
settings on the network state. Section III presents the droop con-
troller design method via MICP for a single load scenario, and
Section IV extends the formulation to the multi-scenario case
via stochastic optimization. Section I'V also presents the formu-
lation for designing a segregated droop control voltage-current
function. Numerical results are given in Section V and contrasted
with the classical droop method, the piecewise linear formula-
tion of [17], and the centralized OPF global solution [13], [14].
The paper is concluded in Section VI.

II. DROOP CONTROL IN DC POWER FLOW

Power flow analysis is a practicable tool for designing a droop
control strategy that gives the desired voltage regulation and
power-sharing while considering the DC power network behav-
ior. The power flow model allows adjusting the virtual resistance
value, i.e., the droop constant, and the voltage reference when
included within an optimization framework. Subsection II-A
presents the droop control model, and Subsection II-B describes
its integration in a conic power flow program.

A. Droop Control

The distributed generators in islanded DC microgrids include
power electronic converters that generally operate in voltage
control mode. The converter sets the voltage reference such that
the generator appears as a voltage source whose output voltage
droops with the current increase, thus allowing autonomous
sharing of the system load. For a distributed generator with
its local controller at node ¢, the output generator voltage is
expressed as:

‘/i:VOi_RDiIiai:]-wuang (D

where V); is the output voltage reference at no load (nominal
voltage), R p; is the virtual resistance (droop constant), /; is the
output current, and n, is the number of generators.

B. Conic DC Power Flow

The conic relaxation for the power flow problem was initially
proposed for AC networks using the bus injection model [26]
and later extended to the branch flow model [27]. The relaxation
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is advantageous in an optimization context as it gives global opti-
mality guarantees. References [13], [14] showed that both forms
of the conic relaxation apply to DC networks and presented con-
ditions for the conic relaxation to be exact. Consider a network
having n nodes, where nodes 1, . . ., n, have distributed genera-
tion connections and nodes ng + 1,...,n have constant power
loads. For each generatornode i (i = 1, ..., ng), afictitious node
(n +1) is created to which the reference voltage source Vp; is
connected, and the fictitious node is connected to the generator
node via the virtual resistance R p; (equal to r;(,, ;) using double
subscript notation for i = 1,...,ng4). The assumption that the
node can have either distributed generation or demand is used
to simplify the mathematical presentation by node partitioning.
However, the overall design methodology can readily handle
nodes with both distributed generation and demand. According
to [2], operating the DC microgrid with a positive droop constant
makes the system more stable and damped. Verifying stability
is a step that the designer can perform offline.

From a computational perspective, the branch flow model
for power flow has better numerical stability; it accounts for
the droop controllers in island mode using the following conic
program. The loss minimization objective is chosen to make the
conic constraints binding at the optimal solution [13]:

min z”: Z

rijlij (2)
i=1 jENL(i)UNG(i)
subject to
Y Pyj=0,i=1,...,n, (3)
JEN(4)
> Pj+Ppi=0,i=ng+1,...,n )
JEN(9)
vili; > P, i=1,...n, j € Np(i) U Ng(i) 5)
P@“FPji:?”ij&'j,iil,...,n,jENL(i) (6)
/Ui_vj:’rij(Pij_Pji)7 7;:1,...,n7j€NL(Z.)
(7
Pij -‘eri:’l“ijzij, 1=1,...,n, jEN(;(i) (8)
V; — Uy :’I"ij(Pijfpji), Z':].,...7T7J, j GNg(’L)
)
v >0,i=1,....n (10)
vi=Vg,i=n+1,....,n+n, (11)
l;;>0,i=1,...,n, j € Np(i) UNg(i) (12)
where:
e /;; is the squared value of the current in branch 77,
® N(i) is the set of nodes from the set {1,...,n+ny}
connected to node ¢ by a branch 75,
® Ng(i)isthe setof nodes fromtheset{n +1,...,n+ny}

connected to node ¢ by a branch 77,

e N (i) isthe set of nodes from the set {1, . ..,
to node ¢ by a branch ¢ such that 57 > i,

® Pp, is the constant power load at node ¢,

n} connected
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® P;; is the branch power flow from node ¢ to node j,
® 1y; is the resistance of the branch connecting nodes 7 and
7, and
e 1, is the squared value of the voltage at node 1.
Eq. (5) is a rotated quadratic cone. By introducing variables
as in (13) it becomes equivalent to the quadratic cone in (14):

vty v — Ay
K 2 Y 2

(«2)* + P2

Eq. (14) can be approximated by a set of linear inequalities
using the polyhedral formulation as initially presented in [28]
and summarized in the Appendix of [29]. The accuracy of the
approximation can be made arbitrarily high by choice of an
input tuning parameter. With the polyhedral approximation [29],
the DC power flow problem with droop controllers can be
obtained using a commercial linear programming solver. The
polyhedral formulation is more advantageous in problems with
discrete variables. Current global solvers employing branch-
and-cut technology tend to be much more efficient for MILP
than MICP. MILP is more beneficial in terms of the simplex
method’s warm-start capability than the interior-point one in
MICP; the cuts are also better developed for MILP.

13)

&
Y

(14)

III. MICP FOR DROOP CONTROLLER DESIGN:
SINGLE-SCENARIO CASE

The conic program is Subsection II-B allows solving the
power flow problem for given parameters of the generator con-
trollers (Viy; and R p;). This section extends the conic power flow
program to design the droop controllers, initially under one load
scenario. To allow for finding a global solution that leverages the
convexity of the conic power flow, the virtual resistance Rp;

is chosen from a discrete set {R'), ..., R%) . RI™} and
the no-load voltage is continuous in a range between the rated
value V“thEd (corresponding to 1 per-unit) and a pre-specified
maximum value of V;;***. The choice from the set of virtual

resistances is linked to binary variables a (k: =1,...,m),
where m is the number of possible ch01ces for the v1rtual
resistance Rp; (referred to as 7;; in the MICP formulation),
and al(f) = 0 signifies the choice of the k' virtual resistance.
If the virtual resistance is modeled as a continuous variable,
the continuous relaxation will be non-convex, and that would
preclude the use of MICP to obtain a global solution.

The virtual resistance is replaced in the objective function by
a small value r;» > for instance, at 10% of the minimum branch
resistance in the network, because it does not consume power.
The nonzero value for r;; is required to have an exact relaxation,
i.e., an optimal solution with binding conic constraints. The
MICP formulation is:

mlnz Z rijilij + Z Z lij (15)

i=1 jeNL () i=1 jeNg (i)

subject to equations (3), (4), (5), (6), (7), and:
(‘/;IIlin)Q S v; S (V;maX)Q7 i = 1’ cm (16)
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( rated (Vrnax) 7i:n—|—1,...,n+n9 (17)

) <
0< 0 g([maX)2,i:1 .1, j € Np(i) UNg(i) (18)

M(k)— (k) <P +le_ o (k)g < M(k)+ (k)

lij ij eij Qg
i=1,...,n,j€Ng@@), k=1,....,m (19)
k k k)+ (k
M’L()Zj) £)<U _’UJ_Tfj)(Pij_Pj')<M'52]) (j)
i=1,...,n,j€Ng@), k=1,....m (20)
Sal) =m—1,i=1,...,n, j € Ng(i) 1)
k=1
o e{0,1},i=1,...,n, j € Na(i), k=1,...,m (22)

The power-sharing among generators is indirectly accounted
for by limiting the generator currents in prespecified ranges,
as in (18). The constants MK(Z)_, Mé(f]ﬁ)'k, Mﬁfj , and MT()fH
above are known as the big-M parameters; Subsectlon II-A
discusses their computation in terms of the problem’s input
parameters. The above optimization problem can be solved
to global optimality using a commercial solver for MICP or
MILP with polyhedral approximations replacing the quadratic
cones [29].

A. Determination of the Big-M Parameters

Using the minimum values for the big-M parameters facil-
itates the branch-and-cut search of MICP/MILP and reduces
potential ill-conditioning difficulties. The procedure below de-
scribes determining the minimum values for the big-M parame-
ters for each possible choice of virtual resistance R(Dk.)

. » referred
to as rgf) below.

Consider Eq. (19) and assume that P;; + Pj; — r;*j&j is zero
with the virtual resistance value r;; = R7,;. The net value within
the bounds is:

(k
AZ'LJ)

k ¥ k
Pij + Pji — Tz(j )KU = (Tij — Tl(j)> élj (23)
Given that the value of 77; is not known before the optimization
process is complete, the lower and upper big-M parameter values

are best chosen as:

M) = (rP =) (1) 4)
M = (rf =) (1) 25)

Similarly, for Eq. (20), the net value within bounds is (26),
and the corresponding limits are computed as (27)-(28), knowing
that the voltage at the source is higher than the output in droop
operation:

(26)

IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 36, NO. 6, NOVEMBER 2021

(k)
M) = ((Vm‘“) (%’;-la"f)( r(””) (27)

L)

' T,(k)
Mif]) ((Vvimm) (Vmax) ) ( (1)> (28)

B. Compact Form

To simplify the upcoming section’s presentation, define the
following vectors of variables and the demand vector Pp:
o (= [fij re=1,...,n, j € NL(')UN(;(')]

® Ppr=[Pj;:i=1,...,n,j € Np(i) UNg(i)]

. PTF:[Pji:izlw-'vna]6NL()UNG(Z)]

e v=[v;:i=1,...,n]

* y=[ii=n+1...,n+ng

-af[gy i=1,...,n, j€Ng(i), k=1,...,m]

o Pp= [PDZ.Z—ng—kl,...m]
The MICP droop controller design problem employing one
load scenario can be now placed in a compact form:

min C (¢) (29)
subject to
F (¢, Ppr, Prp,v, Pp) <0 (30)
H (¢, Ppr, Prr,v,v0,a) <0 (31)
a€{0,1} (32)

The partitioning of constraints is such that the equations in
F (Egs. (3), (4), (5), (6), (7), (16), and (18)) involve only the
network variables, and the equations in H (Egs. (17), (19), (20),
and (21)) include both network variables and the droop controller
settings. The objective in (29) corresponds to (15), and (32)
defines the binary variables (22).

IV. STOCHASTIC MICP FOR DROOP CONTROLLER DESIGN:
MULTI-SCENARIO CASE

Better performance of the droop controllers is obtained by
coordinating their design with multiple snapshots of the system,
given by different load scenarios. Some of the renewable energy
sources (at nodes ng + 1,...,n) that inject an undetermined
amount of power into the network can have their power modeled
as a negative load and included as part of the load scenarios.
The scenario approach can then account for the uncertainty
in the effective load pattern and the correlation between the
effective load values. Consider . scenarios of load vectors P(S)
each having a probability of occurrence ps (s =1,. nsc)
The optimization formulation minimizes the expected value
of the power loss subject to the droop controller and network
constraints satisfied for all the considered scenarios:

Nsc

min}" p,C (£<S>) 33)
s=1
subject to
F (09, PR, PR, PR ) 0,5 =1, e (34
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H (9. P Prp o t0,0) S0 5 =1 me (9

nSC

ae{0,1} (36)

The objective terms in (33) and the constraints in (34)-(35)
are repeated over the different scenarios, where the superscript
s distinguishes the vectors of variables and demands in the
different snapshots of the system. Eq. (35) involves the repeated
variables, but the droop controllers’ design settings (vg and )
are coupling variables that remain the same over the scenarios.

A. Piecewise-Linear Droop Formulation

Given the multiple scenarios for loading the network in the
formulation in Section IV above, it is possible to design a segre-
gated droop control law where each interval ¢ of current variation
can have a potentially different virtual resistance value from

the set {r 2 (k)

i i e Z } Let the interval of generator

current variation be divided into the segments (37), and associate
with each segment a binary variable 5£;’S) t=1,...,Neg,
s=1,...,ns), where n., is the number of current segments.
The segment’s choice corresponds to its binary variable set to 0,
with the remaining binary variables at 1 (c.f. Eq. (43)).

(1) = < (1) 63

(t,s)
/Bij

2
(1) < < (1)

(37)

ij

(nseg—1) 2 s (nseg) (Nseg,s)
(57 = (5

The limits of the exterior current segments are Ii(f ) =0

and I(?"“g)
alf?)
{r (1)

= I**. In this context, the binary variables

choose the virtual resistance r;; value from the set
(k) P

Tij'seeesTij seees ”
binary variables ,B ple the operating current interval ¢ for a
load scenario s. The result is that the MICP formulatlon below
determines the virtual resistance value (rgj) when a( =0)
that is used when the current is in a given segment (segment t
when Bgf’s) = 0) for scenario s. The value of r;; in each current
segment is a droop control coefficient that is independent of the
actual operating scenario.

} in each current segment ¢, while the

Nse
min Y p,C (g(s)) (38)
s=1
subject to
F (Z(s)a P}(T"gj)’v Pj(“ivl,v(s); P[(;)) S 07 §= ]-7 <o Nse (39)

H' (600, P}, P v g, 0, 8,7) <0

s=1,...,n5 (40)

5905
a€{0,1}, pe{0,1} D
where
a= [al(?’t) ci=1,...,n, j € Ng(i)
E=1,...,m, t=1,... Ny
B=[B5i=1,...m. j € No(i)
t=1,..., N6, s=1,..., 0]
7= [0 = Or (aff, 857 i =1, i, € Noli)
E=1,....om,t=1,...,Ngeq, s=1,...,n4]
The constraints in (40) are formed by the equations:
(Voriated)2 <w; < (Vm"‘x) ,i=n+1,...,n+n,
(42)
(min,s) (s) (max,s)
Gy sty = by
Nseg
(min,s) (t—1) (t,s)
;=3 (Iij ) (1 Bij )
t=1
(maxs) _ N (7(0)? (t.9)
f = 35 0 )
t=1
=1, ,n,jENg(i),Szl, y Nsc
(43)
(S) max 2
0< 65 < (I5™)
i=1,...,n,J €NL(i), s=1,...,ng
(44)
M0 < pe) 4 pl) 0t
(k)+ (k,t,s)
< Méz] zg
i=1,...,n, j € Ng(i)
E=1,....m,t=1,...,Ngeq, s=1,..., N4
(45)
(k)= (k,t,s) (s) (k) (s) (s)
Mvij ij Sv v — (P sz‘ )
(k)+ (k.t,s)
Mvz] z]
Zzla 77’L,j€NG(Z)
E=1,....m,t=1,... Ngeq, s=1,..., Ny
(46)
m
S el =
k=1
i=1,...,n,7€Ng(i), t=1,...,N5y (47)

Nseg

B
; y

= Ngeg — 1
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t=1,...,n,7 € Ng(i),s=1,...,ng

(48)

The limits EZ(.;.nin’s) and él(»;na“) in (43) are substituted out of

the problem. The big-M constraints (45)-(46) in the formula-

. . . . . k
tion are inactive whenever the virtual resistance value rl(j)

the current interval ¢ is not chosen (ozg-“’t) = 1) or when the

corresponding current interval is not selected for the given load
scenario s (B (t,5) _ 1). The “OR function” is implemented as
(kstys) _
1] -

in

follows in terms of its binary input variables, i.e., 7,
OR( (k t) 5(75 é))_

0<y" <1

(t9) 5 4 (k t)

’72]
(k t,s)

ﬂ(t »5)

(k, (k1)

" < a4
i=1,...

k=1,...,

, 1, ] € NG(Z)

m, t=1,...,Nseg, s=1,...,Ngc 49)

In related work on optimizing droop parameters, [30] opti-
mizes the “reactive power versus voltage magnitude” straight-
line relation in a Volt/VAr control framework; it uses a pre-
specified gain and a linear network model, giving rise to a
quadratic program that offers the design. Ref. [31] models
multi-microgrids and aims to determine the optimal microgrid’s
interaction with the neighboring microgrids via the alternating
direction method of multipliers (ADMM) and robust optimiza-
tion. Each microgrid receives participation factors, based on
which the droop coefficients are computed starting from the
classical droop setting method. Therefore, [30], [31] do not
consider explicit optimization of the droop coefficients. The
manuscript’s main contribution is the proposed formulation for
designing the droop controllers in the multi-scenario case with
the exact nonlinear network model. The formulation allows
optimizing the piecewise linear droop curve (subsection IV-A)
in a framework that ascertains global optimality. The power
systems literature does not report such a formulation.

V. NUMERICAL RESULTS

The methods proposed in Section IV for stochastic optimiza-
tion of droop controllers were programmed in Matlab, and the
conic constraints were turned into their polyhedral form with a
tuning parameter of 12 (c.f. the Appendix in [29]). CPLEX [32]
was used to solve the resulting mixed-integer linear programs
with the relative tolerance gap at the default value of 0.01%.
The numerical tests were carried out on three DC microgrids
from the literature operating in island mode and having 6 [7],
21 [8], and 70 [9] nodes. Table I shows the test networks’ main
parameters, and the complete data sets employed in this study are
available for download from [33]. The last two columns in Table I
represent the minimum and maximum variation of each node’s
load as a percentage of the nominal value; the loads are assumed
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TABLE I
TEST SYSTEM DATA

[ Net. [ nodes [ generators [ lines | min load [%] [ max load [%] |
bus6 6 3 5 -50 50
bus21 21 8 20 -50 50
bus70 70 20 86 -40 40

to be uniformly distributed in their intervals of variation. The
stochastic optimization solutions used five scenarios where the
loads conform and are equally spaced in their variation intervals.
The probability of each loading scenario is 0.2. In practice, the
load scenarios can be obtained from historical data, in which
case the frequency of occurrence gives rise to the probability
values. Each generator’s virtual resistance was allowed to vary
in a discrete set of 20 equally spaced values, i.e., m = 20.
The maximum value in the set is equal to the resistance in
the second interval of the piecewise linear formation in [17].
The set comprises 20 resistance values equally spaced between
the maximum value divided by 20 and the maximum resistance
value. The following methods were compared:

SO-1: The stochastic optimization method in Section IV with
one current segment in the droop controller (n.g = 1).
The stochastic optimization method in Section I'V with
two equal current segments in the droop controller
(nseg =2).

The classical linear droop control scheme as described
in Section II-A of [17].

The piecewise linear formation of the droop strategy
as described in Section III of [17] with 1.y = 2.

The centralized optimal power flow solution based on
the conic formulation [13], [14].

The following four indices were used for contrasting the
methods using a Monte-Carlo simulation with a given number
of scenarios:

PLOSS-av:

SO-2:

CLD:
PLF:

OPF:

The power loss in the network averaged over the
scenarios. The value reported is in percent [%]
and reflects the increase relative to the conic OPF
solution.

The number of nodes with voltage limit viola-
tions averaged over the scenarios.

The maximum value of the total voltage limit
violation at all nodes (in per-unit [pu]) observed
over the scenarios.

The largest value of the maximum voltage limit
violation at a node (in [pu]) observed over the
scenarios.

The Monte-Carlo simulation indices were evaluated at each
loading scenario using a current injection power flow similar
to the Z-bus method described in [34]. A provision is made to
switch constant voltage source nodes to constant current nodes
whenever the distributed generator current exceeds its rating.

NV-av:

TVV-max:

MV V-max:

A. Stochastic MICP With One Current Segment

Table II compares the proposed method SO-1 with CLD,
PLF, and OPF using in-sample analysis, i.e., the same five
scenarios employed in the SO-1 design (available from [33]).
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TABLE II
MONTE-CARLO SIMULATION (IN-SAMPLE ANALYSIS): COMPARISON AMONGST
SO-1, CLD, AND PLF WITH PLOSS AS PERCENTAGE INCREASE W.R.T. OPF

[ Index | Net. [ SO-1 | CLD | PLF |
PLOSS | bus6 2.25 20.97 20.40
av bus21 2.95 43.48 33.75
[%] bus70 0.75 17.24 15.58
NV bus6 0.00 1.60 1.40
av bus21 0.00 2.20 0.80
bus70 0.00 36.20 31.00
TVV bus6 | 0.0000 | 0.1019 | 0.1018
max bus21 | 0.0000 | 0.0484 | 0.0201
[pu] bus70 | 0.0000 | 2.1233 | 1.6566
MVV bus6 | 0.0000 | 0.0300 | 0.0299
max bus21 | 0.0000 | 0.0143 | 0.0095
[pu] bus70 | 0.0000 | 0.0712 | 0.0613
TABLE IIT

MONTE-CARLO SIMULATION (OUT-OF-SAMPLE ANALYSIS - 100 000 TRIALS):
COMPARISON AMONGST SO-1, CLD, AND PLF WITH PLOSS AS PERCENTAGE
INCREASE W.R.T. OPF

[ Index [ Net. [ SO-1 [ CLD [ PLF ]
PLOSS bus6 2.99 18.20 16.76
av bus21 4.21 43.76 26.62
[%] bus70 0.79 15.84 13.07
NV bus6 0.00 1.14 0.23
av bus21 0.00 0.39 0.02
bus70 0.00 40.00 36.04
TVV bus6 0.0000 | 0.0922 | 0.0839
max bus21 | 0.0000 | 0.0278 | 0.0145
[pu] bus70 | 0.0000 | 1.3065 | 0.9283
MVV bus6 0.0000 | 0.0280 | 0.0264
max bus21 | 0.0000 | 0.0114 | 0.0075
[pu] bus70 | 0.0000 | 0.0512 | 0.0397

The results show that droop controllers designed using SO-1
give an average loss within 3% of the centralized conic OPF
solution and without any voltage violations. The indices from
the CLD and PLF designs are higher, with PLF expectedly giving
better results than CLD. Table III provides a similar comparison
using out-of-sample analysis, specifically with 100 000 load
profiles randomly sampled from the uniform load distributions.
In this more practical evaluation, the average power loss index
from SO-1 varies from 0.79% to 4.21%, while the CLD and
PLF designed controllers give significantly higher loss values.
Unlike CLD and PLF, SO-1 also does not show any voltage
violations. The CLD and PLF voltage violation indices are
higher for the in-sample (Table II) than for the out-of-sample
analysis (Table III) because, for in-sample analysis, they account
for violating the lower voltage limit at maximum concurrent
loading of all nodes. In fact, TVV-max and MV V-max exactly
correspond to violating the lower voltage limit at the maximum
load.

B. Stochastic MICP With Two Current Segments

The SO-2 designs, i.e., with two equal current segments per
distributed generator, improved performance compared to SO-1.
The SO-2 designs did not exhibit voltage limit violations when
evaluated using the same scenarios in Tables II and III, and they
further reduced power loss but to different extents. Table IV
shows the increase in power loss relative to the OPF solution

5907

TABLE IV
MONTE-CARLO SIMULATION (IN-SAMPLE AND OUT-OF-SAMPLE ANALYSIS
‘WITH 100 000 TRIALS): COMPARISON OF PLOSS FROM SO-1 AND SO-2 AS
PERCENTAGE INCREASE W.R.T. OPF

[ [ In-Sample [ Out-of Sample |
Net. SO-1  SO-2 | SO-1 SO-2
bus6 2.25 1.81 2.99 2.60
bus21 2.95 1.83 4.21 2.59
bus70 | 0.75 0.74 0.79 0.79

TABLE V

CPLEX SOLUTION TIME (IN SECONDS) FOR SO-1 AND SO-2

[ Net. | SO-1 | 502 |

bus6 0.8 4.7
bus21 | 48.6 589.1
bus70 | 66.3 | 2098.0

from both in-sample and out-of-sample analysis; the maximum
difference as compared to Tables II and III is 1.62%. Although
PLF (nscy = 2) showed significant improvement relative to
CLD (ngeg = 1), this was not mirrored between SO-2 and
SO-1 because the design parameters from SO-1 were already
optimized for each network. Therefore, the results confirm the
utility of employing MICP to tune the generator voltage-current
characteristics, having the generic form in [17], to account for
the network data.

Table V shows the CPLEX computing time for solving the
MILP SO-1 and SO-2 formulations. The numerical experiments
were performed on a MacBook Pro with a 2.9 GHz Intel Core
15 processor and a memory of 8 GB 2133 MHz. The solution
time limit depends on the specific application. Based on the use,
the optimization of the voltage-current curves occurs at a time
scale faster than day-ahead scheduling or a much slower speed
on a seasonal basis. If there is a strict time limit, one can use the
feature in state-of-the-art MILP software (such as CPLEX) that
allows obtaining a sub-optimal solution within the time limit.
As SO-1 gives good enough results and is superior to competing
methods in [17], the SO-1 solution can be adopted whenever
SO-2 proves to be challenging for the solver or deemed complex
for implementation. The SO-1 solution time is slightly more than
one minute for the largest network, making it adequate even if the
update occurs as often as every 5 to 15 minutes. The periodicity
value between 5 and 15 minutes is typically quoted for central-
ized Volt/VAr Control in AC distribution networks [35]. The
development in solver technology of MICP/MILP is underway
in the optimization software industry, thus opening the door for
improved performance on challenging problem instances in the
future.

VI. CONCLUSION

The paper presented a stochastic mixed-integer conic pro-
gramming formulation to design droop controllers in island
DC microgrids. The formulation can consider the design of
piecewise linear droop functions over adjacent current segments;
it essentially optimizes the voltage-current curves’ parameters,
whose general format appears in a recent piecewise linear for-
mation of the droop strategy [17]. The stochastic optimization
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designs were compared with the classical linear droop method
and the piecewise linear droop strategy [17], and the power loss
was gauged against a centralized OPF conic solution [13], [14].
The methods were evaluated on three DC microgrids from the
power systems literature. The results showed that while the
stochastic optimization formulations give better performance
than similar competing methods, optimization even with one
droop constant per generator gives good enough results.
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