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ABSTRACT ARTICLE HISTORY
In this paper, a fully implicit method for the discretization of the diffusion Received 5 January 2017
term is presented in the context of the cell-centered finite volume method. Accepted 27 April 2017

The newly developed fully implicit method is denoted by the modified
implicit nonlinear diffusion (MIND) scheme. The method is used to solve
several isotropic and anisotropic diffusion problems in two-dimensional
domains covered with structured (quadrilateral elements) and unstructured
(triangular elements) grid systems. The comparison of generated results with
similar ones obtained using the semi-implicit scheme demonstrates the
superior robustness and accuracy of the MIND scheme and its good
convergence characteristics for all types of meshes.

Introduction

The cell-centered finite volume method (FVM) is one of the most popular numerical techniques in
computational fluid dynamics (CFD) [1-3]. In fact, the leading commercial CFD packages [4-6] and
the majority of open source CFD codes [7, 8] use the FVM for the discretization of their equations.
This popularity is due to several properties, which include conservativeness (i.e., conservation of
quantities is enforced for coarse and fine meshes alike), the ability to define biased discretization
profiles (very useful for the treatment of convection), and the capacity to work with two- and
three-dimensional elements of any polygonal shape without the need for shape functions [9].

Despite these desirable attributes, the widely adopted approach for the discretization of the
diffusion term in the FVM, denoted here by the semi-implicit (SI) approach [10-18], breaks down
in terms of implicitness on nonorthogonal meshes and/or for anisotropic diffusion coeftficients.
This is due to the discretization approach followed in the semi-implicit method, wherein the diffusion
flux is split into an implicit (aligned, orthogonal) and an explicit (nonorthogonal, cross-diffusion)
component. In the resulting discretized system of equations, the implicit part is added to the
coefficient matrix on the left-hand side, while the explicit part is added to the source vector on the
right-hand side. This approach allows for an accurate resolution of the diffusion term at the cost
of an increase in the number of iterations to convergence and in certain cases to oscillations or
divergence in the solution process.

Even though several fully implicit schemes for the discretization of the anisotropic diffusion term
in the context of the FVM have been developed [19-23], the fully implicit approach is still not popular
within the CFD community. This is due to the complexities associated with its implementation,
especially in unstructured grid systems, and because many of the developed techniques fail to enforce
the discrete maximum/minimum principle (DMP) [24-26], thereby not justifying the added
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Nomenclature
C main grid point at an element centroid T,T',T vectors equal to S—E, 8 — E, and S —E,
dcr vector joining the two points C and F respectively
dcr magnitude of dcg \% cell volume
ecr unit vector in the direction of dcg
E,E.E  distance vectors in the direction of dcg Greek symbols

¢ general variable

EE.E itude of E, E/, and E, tivel
) magnitude o an respectively 8¢, O averaging factors

F neighbor of element C
f faceg 3¢,0r  averaging factors satisfying Eq. (13)
o 0 tati 1

] diffusion flux rotation angie

K diffusion coefficient tensor Subscripts

ko kv, diffusion coefficients b refers to boundary

Ng, Nr location used in the calculation of the non- C refers to main grid point
orthogonal part of Jc and J, respectively f refers to element face

Q source term in conservation equation F refers to the F grid point

S, S, S surface and modified surface vectors oo refers to free stream value

s,8.8 magnitude of S, 8, and s Superscripts

n t unit vector in the direction of §' and T, P P

) T refers to the transpose of a vector

respectively —

refers to an interpolated value

intricacies. The DMP states that no new minima or maxima should arise in the solution of simple
elliptic or parabolic problems. This property is crucial to numerical schemes in certain applications
where, for example, negative values are simply not physical. A somewhat similar constraint applies to
the treatment of the convection term denoted by the convection boundedness criterion [27, 28].

As mentioned above, numerous studies related to the discretization of the anisotropic diffusion term
have appeared in the literature. Liu et al. [29] reported on two finite volume-based methods for the
discretization of the diffusion term designated by the direct (a 13-point scheme) and the balance-point
(a nine-point scheme) methods. Umansky et al. [30] discussed the construction of a finite-difference
scheme for a strongly anisotropic diffusion equation on a misaligned grid and performed a quantitative
assessment of the numerical error for several test cases. Truscott and Turner [31] investigated the
accuracy of the control-volume finite-element method for simulating strongly anisotropic diffusion
problems and demonstrated that the use of a Gauss—Green gradient reconstruction technique greatly
improves the accuracy of predictions over the classical finite-element shape function technique.
Aavatsmark [32] and Aavatsmark et al. [33] developed a consistent finite-volume flux approximation
in heterogeneous media with discontinuous piecewise constant anisotropic diffusion tensors. Manzini
and Putti [34] discussed the mesh-locking issue encountered in solving anisotropic diffusion problems.
Moreover, the diffusion schemes developed in [35-39] satisfy the monotonicity condition, which is a
simplified version of the DMP ensuring positivity of the solution. On the other hand, diffusion schemes
satisfying the DMP are scarce and include the ones reported in [40, 41].

In this paper, a modification to the nonlinear two-flux diffusion method of Lipnikov et al. [42] is
designed and generalized to yield a fully implicit diffusion scheme that is simpler to implement and
with lower overhead. While the Lipnikov et al. scheme [42] satisfies only the monotonicity condition
by guaranteeing solution non-negativity, results obtained for all problems considered in this work
indicate that the newly developed discretization scheme satisfies the DMP. It is worth noting that
DMP-preserving schemes apply to a special set of variables that are not allowed to change sign. This
requirement is not as restrictive as it appears since absolute temperature and pressure, turbulence
kinetic energy, turbulent eddy dissipation, turbulence eddy frequency, mass fractions of species,
and volume fractions for example all do satisfy this condition.

In what follows, the diffusion equation is first presented followed by a review of the widely adopted
semi-implicit discretization scheme. Then the two-flux nonlinear diffusion discretization scheme of
Lipnikov et al. [42] is explained using a more approachable notation than in the original paper, setting
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the ground for presenting the modified implicit nonlinear diffusion (MIND) scheme. Finally several test
problems are solved to evaluate the performance and accuracy of the MIND scheme for several mesh sizes.

Governing equation

The diffusion equation considered in this work can be written as

- V- (KV9) = Q (1)
N—— ~~
Diffusion term  Source term

where ¢, K, and Q represent the dependent variable, the diffusion coefficient tensor, and the source
term, respectively. Equation (1) is solved numerically over a domain D of boundary oD and subject to
one or more boundary conditions of the Dirichlet, von Neumann, Robin, or symmetry type. The
discretization procedure follows the FVM [1-3, 9] in which the domain is subdivided into several
nonoverlapping elements. The source term is evaluated by assuming the value of the dependent
variable at the element centroid to represent the average value over the element volume. The
discretization of the diffusion term, the subject of this article, is detailed in the following sections.

Semi-Implicit discretization scheme

In this section, a brief review of the semi-implicit treatment for the discretization of the diffusion
operator with anisotropic coefficients is presented; for additional details the reader is referred to
references [13-18]. Considering an anisotropic diffusion problem with no discontinuity in the
heterogeneous coefficient tensor K, the discretization is performed by first reformulating the
operation order as follows [10] (Figure 1a):

K Vo8 = Vo, (K]S =~V - 2)

where Sy is the surface vector and S} is a modified surface vector.
Then the discretization proceeds by linearizing the diffusion term along the component of S}
aligned with the CF direction and treating the remainder explicitly, leading to

/ / / v\ (d)F B ¢C) /
Vay - S = Vs B+ Vay - (S~ Bf) = IO,
1
implicit
5 K (3)
+V T =L g ——L e+ Vb, - T
explicit
Siady
F
< E,
(@) (b)

Figure 1. (a) The surface vector S and the modified surface vector S;; (b) Decomposing the nonorthogonal diffusion component
using the largest linearization vector.
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The vector §; can be decomposed in several ways [13]. However, as reported by Demirdzic
[13], the optimal approach is to maximize the linearized term (Figure 1b) with E} and T}
computed as

S S
;o f Y f oL €cr oy
B et T= gt =Y ("f e eCF> = Tity (4)

where n, ecr, and #; are unit vectors in the direction of S}, CF, and T}, respectively.

Nonlinear two-flux approximation scheme

The nonlinear two-flux approximation scheme was originally formulated by Le Potier [43] to allow
for a consistent resolution of diffusion transport in porous media. The scheme was further developed
[40] to ensure satisfaction of the minimum/maximum principle for low-quality meshes and/or highly
anisotropic diffusion. The nonlinear two-flux discretization scheme presented in this paper is based
on the scheme of Lipnikov et al. [42]. In Lipnikov’s method, the diffusion flux is computed using a
directional gradient discretization for the nonorthogonal part. As illustrated in Figure 2, the diffusion
flux at face f (Figure 2a) can be computed in two different ways using a directional gradient
defined either in terms of C and N¢ (Figure 2b) or in terms of F and Nr (Figure 2¢). The resulting
two expressions for the diffusion flux are given by

- I E; T}

Jo =V 8 =V (E} + T}) = d_ch(d)F —¢c) + ?ﬁc (dne — dc) (5)
L E 7

Je =V -8 =Voy- (Ef + Tf) = dor (dc — dp) + i, (b, — Pr) (6)

(@) (b) (c)

(d) (e) ()

Figure 2. (a) The nonorthogonal gradient stencil; (b) the nonorthogonal gradient stencil resolved from the owner cell C; (c) the
nonorthogonal gradient stencil resolved from the neighbor cell F; (d) the nonlinear diffusion stencil; (e) the semi-implicit discretiza-
tion; and (f) the modified nonlinear diffusion stencil.
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It should be noted that the surface vector used in the calculation of the flux Jr is opposite to that
used in the calculation of ], i.e.,

s} =-S (7)

Using the above two expressions, the flux at the centroid f of the face in the two flux approximation
scheme is computed as

E T;
V- S} = dcJc — OpJr = O¢ [d—CfF(d)F - ¢c) + dc; (dne — d)c)]
3 y : (8)
E T
— 88 |55 (dc = ) + 2 (dn, — )
dcr

dFN]:

where §¢c and O are averaging factors to be defined but that sum to 1, and S} and §} are the equivalent
surface vectors decomposed into

S, =E+T, §=E+T, (9)

Equation (8) can be rearranged and rewritten as
/ ~/ =~/

-8 = e+ (=) | 0
! der " \dor o,

5 E; s E T
f dCF “\dee dCN

-/ (10)

Ty
e + 8¢ —— ¢NC — O oS
Nc dFNl-‘

den,

Note that generally
~/ ~/
E#-E T;#-T; (11)

At this point arithmetic averaging can be used with the factors 8¢ and 8g set to 0.5, or defined in
terms of the mesh geometry as

dsr g

bc=—"— Op=—-—2—
c dcf + dfp F de + dfF

(12)

In this case, the terms involving ¢y and ¢y, are treated explicitly.
In the work of Lipnikov et al. [42], these two terms are eliminated using a special averaging that
satisfies the relations

=~/

Ty
by =0 (13)
FNg

gi
dc+0p =1 8c— by, — Ok
dene

With the neighboring values simplified, the diffusion expression becomes fully implicit and can be
written as

E’ E} TJL E"’ E} Tf’
T — |8p -+ 14
V- S; [8 Cdn + Op <dCF+dFNF>‘|¢F l& dCF+8 (dCF+dCN(;>]¢C (14)

where now d¢, and d}, are solutions to Eq. (13).
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Computing T and T

In Eq. (13), T' (and T') is first computed by looping over the neighbors of C (and F) and selecting the
neighbor Nc for C (and Ny for F) that satisfies the following two conditions:
1. The dot product ecx. - #' (and epy, - #') should be the smallest possible, i.e., dcon, should be the
closest to bem/g normal to §’ (the same 1s true for dpn, and s ).
2. Since §' = —§, the dot products ez, - 7’ and dcy, - dex, should be negative.
These requirements ensure that the selected points will be the farthest apart, thus allowing for
better approximation of the cross gradient.

Modified implicit nonlinear diffusion scheme

In the Lipnikov method, the search procedure is time-consuming and while for isotropic coefficients the
search can be performed once and its results stored for later use, in the case of anisotropic coefficients
the search has to be performed for each variable. Furthermore, for solution-dependent anisotropic coet-
ficients the search has to be repeated, at the end of any iteration, for each of the relevant variables. In
addition for many element configurations, especially for tetragonal, prismatic, and pyramidal elements
the selected neighbors can still be at undesirable locations. As shown in Figure 2(d), with the nonlinear
two-flux approximation scheme the directions of T} and T, are respectively defined by the directions of
the lines connecting the centroids of cells C and F with the selected neighboring element centroids N¢
and Ng. This can result in T} and Tf having very different values, which can be detrimental to the
quality of the cross-diffusion term especially in three-dimensional calculations where the two vectors
do not lie necessarily in the same plane. In a semi-implicit discretization (Figure 2e), the direction of
the nonorthogonal component would be governed by the relation between S; and d;.

Work on addressing these issues resulted in the MIND scheme, which shares many of the
characteristics of the Lipnikov et al. scheme [42], while addressing some of its shortcomings. In
the MIND method, the cross nodes Nc and Ny are constructed as virtual points in a similar way
as with high-resolution convection schemes [44-46] on unstructured grids [47]. This results in a
method that does not require a neighbor search, is simple to implement, and allows for a straight-
forward handling of inter-block interfaces [48, 49].

It should be noted that the MIND scheme proposed in the present work does not account for
piecewise-constant discontinuous tensors in a consistent way. The method may be extended by recon-
structing gradient from harmonic averaging points [50], which may necessitate reconstructing the
gradient for each component independently. This is currently under consideration.

With MIND, the nodes N¢ and N shown in Figure 2(f) are reconstructed and the ¢y, and ¢y,
values are computed using the gradients at C and F, respectively, as

dne = Oc + Ve -done  On, = p + Vo - dix, (15)

The vectors dcn, and dgy, define the directions of T} and T}, respectively, with their magnitudes
related to length scales of the elements. Thus the virtual cross-diftusion points can be defined such that

~/
T} and T have equal magnitudes but opposite directions, i.e., the virtual nodes are constructed such that

=~/

/o v r /
S =E+T;,=-8 E=-E T;=-T (16)
leading to the following discretized diffusion flux:

_ (e —dc)
Cder

E/ iy E/ y y Tf’ (17)
= (- L+ oL +9 +4 B S .
( Lo dm) b - ( el ><I>c L et
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Again the weight factors are computed to obey relations similar to Eq. (13) yielding

N /((bN dn ) N /(d)N N )
8. — F C + F 8‘ — C C + F 1 8
¢ dex, dene  deng F dene dene  deng (18)

Substituting Eq. (18) in Eq. (17), the final form of the fully linearized diffusion flux is obtained as

- E Ox.T! E, Oxe T,
Vo, oS =L+ ¢’/ B L 19
d)f f <dCF d)Nc den;: + ¢Np dene O dcr d)chFNF + d)NFdCNC ¢c (19)

With this treatment, a fully implicit discretization of the diffusion term is obtained.

Satisfying the DMP

Experimentation with the MIND scheme revealed that satisfaction of the DMP is dependent on the
type of elements used (quadrilateral or triangular), the quality and size of mesh, and the method
adopted for calculating the gradient (Gaussian or least square). This is not surprising as the value
of the constructed cross node ¢y, or ¢y, (i.e., Eq. (15)) heavily depends on the quality of the cell
gradient used for its construction. Therefore, to guarantee fulfillment of the DMP, the gradient used
in the calculation of ¢y, or ¢y, should be controlled by limiting its value, as it is usually done in the
discretization of the convection term when using HR schemes [44-47]. Following this approach and
denoting the limiter by y, Eq. (15) is modified to

Oy = Oc +VcVhe -done  On, = Op + UV - din; (20)

The limiter adopted in this study is the one suggested by Venkatakrishnan [51, 52] and is given by

a(B® +€2) + 202
B + 202 4 aff + €2

\l/—l

T o

(1)

The expressions for a and  for the calculation of ¢y are defined as

if >0

if <0 (22)

d)max - (bC
o = — =
d)NC ¢C B { (bmin - d)C
where ¢ax and ¢y, are the maximum and minimum ¢ values at the C element and its immediate
neighbors (¢y, can be calculated in a similar way). The value of the variable ¢ is computed as [53]

&= 8/(¢max _ d)min) (23)

As suggested by Zang [53], €' is a positive number less than 0.2 (a value of 0 is used in this work),
while ¢$™* and ¢™" are the maximum and minimum values of ¢ over the entire domain. Following
this approach, the DMP is fully satisfied.

Treatment at a boundary face

A boundary element has at least one boundary face, which coincides with the domain border where
boundary conditions are applied. In solving diffusion problems, the following four types of boundary
conditions are commonly encountered [9]: (i) a specified value of the unknown variable (Dirichlet
condition); (ii) a specified flux (von Neumann condition); (iii) a constitutive equation relating the
unknown variable to the flux at the boundary (Robin condition); and (iv) a symmetry condition
applicable along a symmetry plane.
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Denoting by C the centroid of a boundary element and by b the centroid of its boundary face
whose modified surface vector is §; (Figure 3), then the discretization of the boundary flux for the
different boundary condition types is as detailed next.

Dirichlet boundary condition

Along a Dirichlet boundary (Figure 3a), the value of the dependent variable ¢}, is known while the
flux is unknown and should be expressed in terms of ¢¢. Following a Rhie-Chow-like interpolation
[9], the gradient at the boundary face is written as

Voy =V, + (d)bdc b _ g, - er> ech (24)

where V¢, represents the value of V¢, obtained by interpolation and ec, a unit vector in the direc-
tion of Cb. Using Eq. (24) and setting interpolated values at the face equal to values at the centroid of
the boundary element (i.e, C), the diffusion flux at the boundary face becomes

Vo, -8, = Ve - S, + <¢deb¢C V¢C~er> e - S,
B, (25)

E, Ty E; Ty
= +
d)b d (I)NL dCN (dcb dCNL)(bC

The underlined term is treated explicitly. Since ¢}, is known, the only explicit part is the one
involving ¢y,.

Von Neumann boundary condition

For this boundary condition (Figure 3b), usually the flux per unit area (Flux,,) is specified. In the
context of a FVM, this is a natural condition not requiring any specific treatment and its total value
(FluxyS) is directly added as a source in the discretized equation. The value of the dependent variable

Flux,
specified

)

h..9.

specified

(©)

Figure 3. Boundary element with a boundary face subjected to (a) Dirichlet, (b) von Neumann, (c) Robin, and (d) symmetry boundary
condition.
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at the boundary, needed in calculating the gradient at the centroid of the boundary element, is
computed iteratively from Eq. (25) as

E, Ty
d)b = |:FlquSb + (d = dCNC> d)c d)NC d

} dop (26)

Robin boundary condition

For this condition (Figure 3¢), information at the boundary is specified through a convection transfer
coefficient h., and a free stream value of the dependent variable ¢... The constitutive equation is
derived by setting the convection flux at the boundary face equal to the diffusion flux and is given by

Flux, Sy, = ¢de + One T (E Ty )d)c o0 (Poe — D) Sb (27)

dene dey  dene

Equation (27) yields the following expression for ¢y, :

E/ T/ T/ E/
Oy = |:<dCb +dCNL) Oc + hoo P So — Pne dex }/(d_Cb—’—h Sb) (28)

Substituting the value of ¢}, back in Eq. (27), the discretized flux at the face is obtained as

E E
ood)ooSb d_:, I T]; - E{_) T{)

% hooSp
; 1——f Ve — (— + ) — ¢ (29)
BopheS dove \ Byps ) \do doend) Boyns,

dcb

Vo, -8, =

where the underlined term is treated explicitly.

Symmetry boundary condition

Since along symmetry boundary the normal flux of ¢ is zero (Figure 3d), a symmetry boundary
condition is equivalent to a Von Neumann boundary condition with a zero flux. Thus the boundary
flux is dropped from the discretized equation, while the value of ¢, is computed from Eq. (26) with
Flux;, set to zero.

Test problems

To evaluate the performance and accuracy of the MIND scheme, a set of test problems involving a
combination of nonorthogonal meshes and anisotropic coefficients are used. The MIND scheme is
first validated and compared to the semi-implicit diffusion scheme on highly nonorthogonal grids
with isotropic diffusion and then on two test problems involving anisotropic diffusion for grids of
different skewness and density. The generated solutions are used to evaluate the robustness and
accuracy of the MIND scheme for both quadrilateral and triangular elements. The fourth test case
is used to demonstrate that the MIND scheme satisfies the DMP property. The last problem shows
the correctness of the suggested treatment for the various boundary condition types. For all results
reported in this paper, computations were continued until the maximum residual in the domain
dropped below 10~*

Test 1: Isotropic diffusion in a highly nonorthogonal domain

In this first test, a simple isotropic diffusion validation problem is used to compare the accuracy of
the MIND scheme with the semi-implicit implementation. A schematic of the physical domain is
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displayed in Figure 4(a), with Dirichlet boundary conditions set on all boundaries and equal to

db=x+y+xy (30)

The exact solution is also given by Eq. (30). The problem is solved using quadrilateral elements
with grid systems of sizes 26, 28, 2'0, 2'%, 2'% 2'6 and 2'® cells. The variations of the maximum
and RMS errors with grid density for solutions generated using the MIND and SI schemes are
displayed in Figure 4(b). The maximum and RMS errors are defined as

N 2
Z(d)i,exact - (bi,numerical)

N 4
=1
Errorpax = N{ﬁx|¢i,exact - (bi‘numerical’ EITOIRMS = 1 N (31)

where N is the total number of elements used. As shown in Figure 6(b), the maximum and RMS
errors generated using both schemes decrease with increasing mesh density and are almost identical
indicating that MIND is as accurate as the SI scheme. Moreover, the variations of the maximum
and RMS errors with number of elements presented in Figure 6(b), indicate that the solution is
almost second-order accurate. This can be confirmed by noticing that N (the grid size) can be written
as N = L*/Ax’, where L is the side of a square having the same area as the original domain and Ax” the
average element area. Substituting in the equations shown in Figure 6(b) leads to Error,,,, « Ax!o4?
and RMS o Ax"¥%.

107

A
=
55
10*
[ ——+—— RMS error - MIND scheme
| —--—&—--— RMS error - SI scheme
| ——=—— Maximum error - MIND scheme
[ ——o—-— Maximum error - SI scheme
Sl il Ll
10 7 3 4 5
10 10 10 10
Grid Size
(b)

Figure 4. (a) Physical situation and (b) variation of RMS and maximum errors with a grid size using the MIND and SI schemes for
the validation test case. Note: MIND, modified implicit nonlinear diffusion; SI, semi-implicit.
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Test 2: Steady conduction with anisotropic coefficients

The second problem was devised by Keyhani and Polehn [54]. The physical situation, depicted in
Figure 5(a) along with the boundary conditions, represents a square domain of side 1 with an ortho-
tropic material having a nonzero conduction in the -direction (i.e., kg # 0) and a zero conduction
in the n-direction (i.e., k;, = 0). The solution is one dimensional in the § direction. In the (x, y)
coordinate system, the solution is two dimensional and is reported in [32, 54].

Solutions are obtained here for a diffusion tensor in the (x, y) coordinate system given by

ke ky 1/4  —/3/4
kyx kyi S\ —V3/4 3/4 (32)

The domain is discretized using both quadrilateral (structured grid) and triangular elements
(unstructured grid). For the structured grid method, the problem is solved for seven mesh densities
with values of 2°, 2%, 2!, 2'%, 2, 2'°, and 2'® quadrilateral elements using Shestakov-type grids [55].
For each mesh size, the skewness factor a was varied between 0.5 and 0.325, with the value 0.5
resulting in an orthogonal Cartesian grid. Examples of the mesh systems used are displayed in
Figure 5 for a grid with size of 2'> elements and for values of a equal to 0.45 (Figure 5b), 0.4
(Figure 5¢), 0.35 (Figure 5d), and 0.325 (Figure 5e). As shown, the grid skewness increases as a
decreases. Solutions are obtained using both the MIND and the SI schemes.

The effect of grid skewness on the accuracy of the MIND scheme is demonstrated in Figure 6 by
comparing, on the densest grid, the ¢-contours generated numerically with similar ones obtained
from the exact solution for different values of the skewness factor a. As shown in Figures 6(a)-6
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Figure 5. (a) Physical situation and boundary conditions for anisotropic diffusion in a square domain with an orthotropic material;
(b—e) Shestakov-type grid systems using 2'2 elements with (b) a = 0.45, (c) a = 0.4, (d) a = 0.35, and (e) a = 0.325.
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Figure 6. Comparison of d-contours generated numerically on a grid with size of 2'® elements with similar ones obtained from
the exact solution for (a) a = 0.45, (b) a =0.40, (c) a =0.35, and (d) a = 0.325.

(d), for oo = 0.45,0.4,0.35, and 0.325, respectively, both solutions are on top of each other with the
effect of grid skewness being almost nonexisting.

In solving the problem, no under-relaxation was required with the MIND scheme except on the
densest grid for a =0.325. On the other hand, to promote convergence with the SI scheme under-
relaxation was used for many of the cases with the value of the under-relaxation factor decreasing
as the grid density increases and/or the skewness factor decreases. In fact, it was not possible to reduce
the residuals below 3.8 x 10~ with the SI scheme on the densest grid for a = 0.325. This behavior of
the SI scheme is due to the explicit treatment of the nonorthogonal part of the diffusion flux whose
contribution to the total flux increases as the grid skewness increases.

The robustness and higher rate of convergence of the MIND scheme are demonstrated through
the residual history plots presented in Figure 7. For a skewness factor a = 0.4, plots show the
reduction in the maximum absolute residuals [9] with iteration on grids with sizes of 212 (Figure 7a),
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Figure 7. Reduction of residuals with iterations for the numerical solution of anisotropic diffusion in a square domain with an
orthotropic material using the MIND and SI schemes over Shestakov-type grid systems of skewness factor a = 0.4 and with sizes
of (@) 2% (b) 2", () 2", and (d) 2'® quadrilateral elements. Note: MIND, modified implicit nonlinear diffusion; SI, semi-implicit.

2'* (Figure 7b), 2'® (Figure 7c), and 2'® (Figure 7d). For all grid sizes, the MIND scheme requires
lower number of iterations to reach convergence than the SI scheme. As shown, the difference in
the required number of iterations between the two schemes increases as the grid size increases.

The maximum and RMS errors for all cases studied with MIND and the SI schemes, which are
computed according to Eq. (31), are displayed in Figures 8(a) and 8(b), respectively. As shown, results
are plotted as a function of the grid size for different values of a. As expected, both the RMS
(Figure 8a) and maximum (Figure 8b) errors decrease with increasing grid density. For this problem,
the effect of increasing grid skewness is seen to have a favorable effect at low grid density, where the
maximum and RMS errors are seen to decrease with decreasing a. This is attributed to accidently
having more grid points concentrated in important regions of the domain where higher gradients
exist. This advantage fade away as the grid density increases indicating that enough points are
clustered in these regions even with a uniform grid (i.e., for o = 0.5). Consistently, the MIND scheme
is seen to be more accurate than the SI scheme for all values of o used with the difference in error
between the two schemes decreasing as the grid size increases. This better performance of the
MIND scheme is more apparent with the maximum error shown in Figure 8(b) than the RMS error
presented in Figure 8(a).
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Figure 8. Variation of (a) RMS and (b) maximum errors with a grid size for different values of a using the MIND and Sl schemes
for anisotropic diffusion in a square domain with an orthotropic material. Note: MIND, modified implicit nonlinear diffusion; SI, semi-
implicit.

Results generated using unstructured grids are presented in Figures 9 and 10. Again the problem is

solved using both the MIND and SI schemes for different mesh systems with sizes of 10, 3 x 10
5 x 10% 10° 2 x 10% and 3 x 10° triangular elements. An illustrative mesh network used is depicted

|

/“ ///K
[LL0) L (

)

(@) (b)

Figure 9. (a) Unstructured grid network with triangular elements; Comparison of ¢-contours obtained from the exact solution
with similar ones generated numerically using the MIND scheme for grid systems with sizes of (b) 10* elements, (c) 5 x 10*
elements, (d) 10° elements, and (e) 3 x 10° elements. Note: MIND, modified implicit nonlinear diffusion.
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Figure 10. Reduction of residuals with iterations for the numerical solution of anisotropic diffusion in a square domain with an
orthotropic material using the MIND and SI schemes over unstructured grid systems with sizes of (a) 3 x 10%, (b) 5 x 10% (¢) 10°,
and (d) 2 x 10° triangular elements. Note: MIND, modified implicit nonlinear diffusion; SI, semi-implicit.

in Figure 9(a). Comparisons of ¢-contours obtained numerically using the MIND scheme with
similar ones obtained from the exact solution are depicted in Figures 9(b)-9(e) for grids with sizes
of 10% 5 x 10% 10° and 3 x 10° triangular elements, respectively. As can be inferred from the plots,
the numerical solution is very close to the exact solution even for the coarse grid (Figure 9b) with
its accuracy increasing as the mesh size increases (Figures 9¢ and 9d) to fall almost on top of the
analytical solution for the densest grid network used (Figure 9e).

Figure 10 compares the performance of the MIND scheme with the SI scheme by plotting, for
both schemes, the reduction in residuals with iterations for grids with sizes of 3 x 10* (Figure 10a),
5% 10* (Figure 10b), 10° (Figure 10c¢), and 2 x 10° (Figure 10d) triangular elements. Except for
the coarsest grid (i.e., Figure 10a), the rate of convergence of the MIND scheme is higher than
the rate of convergence of the SI scheme requiring lower number of iterations to reach the desired
level of convergence. Whereas no under-relaxation is required for convergence with the MIND
scheme, it is essential with the SI scheme. It is the combined effects of under-relaxation and
explicit treatment of the nonorthogonal term that slows down the rate of convergence of the SI
scheme.
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Figure 11. (a) Physical situation and boundary conditions for anisotropic diffusion in a square domain with a distributed source
term; (b)-(e) Comparison of ¢-contours generated numerically for an anisotropic ratio of 10’ (e=10")ona grid with size of 28
elements with similar ones obtained from the exact solution for (a) a = 0.45, (b) a = 0.40, (c) a = 0.35, and (d) a = 0.325 for the
anisotropic conduction with a distributed source term problem.

Test 3: Anisotropic conduction with a distributed source term

This case was used by several researchers [10, 35, 36, 40] for testing their discretization procedures to
the locking problem and is used here for the same purpose. A schematic of the physical domain is
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depicted in Figure 11(a) and represents a square of side 0.5. The conservation equation governing the
problem is given by Eq. (1) with the expressions for both K and Q displayed in Figure 11(a). The
problem is solved subject to the following Dirichlet boundary condition applied on all boundaries:

(33)

The analytical solution for the problem is also given by Eq. (33). Again predictions are generated
on structured and unstructured grid systems using quadrilateral and triangular elements, respectively.

The same structured grid systems used in the previous problem are used here, i.e., Shestakov-type grids
[55] with sizes of 2%, 28, 2!, 22, 24 2'6 and 2'® quadrilateral elements and for each grid size five mesh
systems of different skewness. Solutions are obtained for two values of the parameter ¢ set to 10> and
10~7. The anisotropic ratios for these two cases are 10° and 107, respectively. Results are presented in
Figures 11-13. A comparison of the ¢-contours generated numerically using the MIND scheme for
€ =107 (ie., the largest anisotropic ratio) on the densest grid system with similar ones obtained from
the exact solution is presented in Figure 11(b) for o = 0.45, Figure 11(c) for o = 0.4, Figure 11(d) for
o = 0.35, and Figure 11(e) for oo = 0.325. As shown, in all cases both solutions fall on top of each other.
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Figure 12. Reduction of residuals with iterations for the numerical solution of anisotropic diffusion in a square domain with a
distributed source term using the MIND and S| schemes (e = 10°) over Shestakov-type grid systems of size 2'® quadrilateral
elements and for a skewness factor with the value of (a) a = 0.45, (b) a = 0.4, (c) a = 0.35, and (d) a = 0.325. Note: MIND, modified
implicit nonlinear diffusion; SI, semi-implicit.
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The effect of grid skewness on the convergence rate of both schemes is presented in Figure 12 for a
grid with size of 2'® quadrilateral elements. Residuals are presented for grid systems with skewness
factor values of 0.45 (Figure 12a), 0.40 (Figure 12b), 0.35 (Figure 12c), and 0.325 (Figure 12d). The
higher convergence rate of the newly developed MIND scheme in comparison with the SI scheme
is clear with its performance being by far better at low values of the skewness factor. For a = 0.35
and 0.325, residuals for the SI scheme are presented for the first 30,000 iterations only (Figures 12¢
and 12d), since over a million iterations are required for convergence to be reached. On the
other hand, convergence with the MIND scheme is obtained in 1,500 iterations for o = 0.35 and
5,500 iterations for a = 0.325.

The RMS and maximum solution errors for all cases studied using both the MIND and SI schemes
are presented in Figure 13 for both values of € considered. The RMS errors are displayed in Figures 13
(a) and 13(c) and the maximum errors in Figures 13(b) and 13(d). The trend of results is similar for
both values of € and indicates that the RMS and maximum errors decrease with increasing grid
density and/or decreasing grid skewness. Numerical errors associated with both schemes are very
close to each other confirming the accuracy of the newly developed MIND scheme. Depending on

107
5
5 £
e L e
& 5 10
g.. -E- - Scheme a .
4 g - e MIND D325
= |, ——— &1 0325
— —s— — MIND 033
1wk " sl 0.35
F —.—v—.— MIND 0.40
i ) 0.40
. MIND 0.45
- ———— I 0.45 T~
. MIND  0.50 ———s—-— MIND 0.50 T
b e e s 0 i e i " .
) SR O ol R L B | IO AR i ol o
10? 10° 10* 10° 10? 10° 10* 10°
Grid Size Grid Size
(b)
10°
10.7
107 |
i l.
5 £
b = q0°
= 404 g
2 F ———— MmD 0325 Xy, TN “~— S
= G ) ]
e I o s 0325 i C :%:? B
- — —a— - MmD 035 S =
— —a— — 81 035 e i
10%k ——r—-- MIND 0.40 ) 10
f ——v—=s1 o0 Ty
F — —+—— MIND 045
[ ———— @1 pas
mw—m MIND 0.50
qotbalOin S0 Ll P P i e
10° 10° 10 10° 10° 10° 10" 10°
Grid Size Grid Size
(©) (d)

Figure 13. Variation of RMS (a, ¢) and maximum (b, d) errors with a grid size for different values of a and for € values of 1073 (g, b)
and 1077 (¢, d) using the MIND and SI schemes for anisotropic diffusion in a square domain with a distributed sources term.
Note: MIND, modified implicit nonlinear diffusion; SI, semi-implicit.
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the case solved, the numerical error resulting from the MIND scheme may be either slightly lower or
slightly higher than the one resulting from the SI scheme with no clear trend.

For unstructured grids, results generated with the MIND and SI schemes are displayed in
Figures 14 and 15 for £ = 1077, Six grid systems with sizes of 10% 3 x 10% 5 x 10% 10, 2 x 10°,
and 3 x 10° triangular elements are used, exemplified by the grid shown in Figure 14(a). A compari-
son of ¢-contours predicted using the MIND scheme with similar ones obtained from the exact
solution are depicted in Figures 14(b)-14(e) for grids with sizes of 10% 5 x 10% 10° and 3 x 10°
triangular elements, respectively. For all grid sizes, numerical solutions are very close to the analytical
ones with their accuracy increasing as the mesh size increases and both solutions are almost identical
on the densest grid used.

The higher rate of convergence of the MIND scheme as compared to the SI scheme can be inferred
from the plots displayed in Figure 15. Results show the reduction in residuals with iteration for solu-
tions obtained with the MIND and SI schemes using grids with sizes of 3 x 10* (Figure 15a), 5 x 10*
(Figure 15b), 10° (Figure 15¢), and 2 x 10° (Figure 15d) triangular elements. As shown, the rate of
convergence of the MIND scheme is always higher than the rate of convergence of the SI scheme
for the same reasons stated earlier. As shown, the solution is fully bounded satistying the DMP.

Test 4: Anisotropic conduction in a hollow cylinder

A schematic of the physical domain is shown in Figure 16(a). The domain is circular in shape of
diameter 1 with a central circular hole of diameter 1/15. A similar problem of square hollow duct
was studied in [56] to evaluate the boundedness of the discretization procedure. The anisotropic

Figure 14. (a) Unstructured grid network with triangular elements; Comparison of ¢-contours obtained from the exact solution
with similar ones generated numerically using the MIND scheme for grid systems with sizes of (b) 10* elements, (c) 5 x 10*
elements, (d) 10° elements, and (e) 3 x 10° elements. Note: MIND, modified implicit nonlinear diffusion.
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Figure 15. Reduction of residuals with iterations for the numerical solution of anisotropic diffusion in a square domain with a
distributed source term using the MIND and SI schemes over unstructured grid systems with sizes of (a) 3 x 10%, (b) 5 x 104
(¢) 10°, and (d) 2 x 10° triangular elements. Note: MIND, modified implicit nonlinear diffusion; SI, semi-implicit.

conductivity tensor is obtained by rotation of the diagonal diffusion tensor (k,,=1, kg =c¢,
ke = ke = 0) through an angle 8 and is given by

Ko — cos?(0) + &sin?(0) (1 — €)sin(0) cos(0) (34)
() =\ (1 — ) sin(0) cos(0)  sin?(0) + & cos?(0)

The problem is solved for ¢ = 100 and 6 = —n/6 while enforcing a Dirichlet condition of ¢y =1
on the outer boundaries and ¢,,.x = 3 on the inner boundaries. Two sets of results (with and without
limiting the values of ¢y_ and ¢y, ) over four grid densities with values of 2'%, 2'*, 2'°, and 2'® quadri-
lateral elements for structured grid are generated. An illustrative grid network is depicted in Figure 16
(b). No analytical solution is available for the problem, but its lower limit is ¢ = ¢ and its upper
limit is ¢ = ¢max and is used here to check whether the DMP is satisfied. The ¢-contours over the
domain generated using the MIND scheme with and without limiting the values of ¢y and ¢y,
are compared in Figures 16(c)-16(f) for the various grid systems used. The minimum and maximum
predicted ¢ values over the domain with each grid size are also displayed. As shown, for grid densities



526 M. DARWISH ET AL.

$lxy)=1

R;=0.033333

plxy)=3

— — — — MIND without limiter (0.984867,3) — — — — MIND without limiter (0.997227.3)
MIND with limiter (1.3) —  MIND with limiter (1.3)

— — — — MIND without limiter (1.3) — — — — MIND without limiter (1.3}
MIND with limiter (1.3) ———————— MIND with limiter (1,3)
(e) f)

Figure 16. (a) Physical situation and boundary conditions for the anisotropic conduction in a hollow cylinder problem; (b) an
illustrative grid network with quadrilateral elements used; (c—f) comparison of ¢-contours generated numerically using the MIND
scheme with and without a limiter for € = 100 over grid systems with sizes of (c) 2'%, (d) 2'%, (e) 2, and () 2'® quadrilateral
elements. Note: MIND, modified implicit nonlinear diffusion.

with sizes of 212 (Figure 16¢) and oM (Figure 16d) elements, the solution does not satisfy the DMP
unless the values of ¢y and ¢y, are limited. On the other hand, for denser grids with values of
2'° (Figure 16e) and 2'° (Figure 16f) elements, the DMP is satisfied with and without the use of a
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limiter. Therefore, by limiting the values of ¢y and ¢y, the DMP is always satisfied. Further it
should be clarified that results were also generated for different values of ¢, and ¢, with the
difference between them reaching a value as high as 10° and in all cases the DMP was found to be
always satisfied. These results are not shown for compactness. The effect of using a limiter on the
¢ field can be inferred from the comparison of the contour plots presented in Figures 16(a)-16(d).
Contours are very close to each other with the ones obtained when the limiter is activated being
slightly more diffusive especially in the region where the value of ¢ is close to its lowest value
(i.e., close to 1). The difference decreases as the grid density increases. This effect is similar to false
diffusion associated with the use of upwind-biased convection schemes.

Plots in Figure 17 indicate that, for the various grid densities, using a limiter has a positive impact
on the rate of convergence, reducing the number of iterations required to decrease the residuals to a
desired level. This reduction is seen to be nearly independent of the grid size used (compare plots in
Figures 17(a)-17(d)).

Solutions are generated also using unstructured grid networks with sizes of 10°, 4 x 107,
15 x 10%, and 65 x 10° triangular elements and results are reported in Figure 18. An illustration
of the unstructured grid network used is depicted in Figure 18(a). The problem is solved for an
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Figure 17. Reduction of residuals with iterations for the numerical solution of conduction in a hollow cylinder problem with
€ =100 using the MIND scheme with and without a limiter over Cartesian grid systems with sizes of (a) 2'%, (b) 2'%, () 2'%, and
(d) 2'® quadrilateral elements. Note: MIND, modified implicit nonlinear diffusion.



528 M. DARWISH ET AL.

——a—— Stucheme
i MIND schome

Residuals

o ' % \-‘\ ]
107 - \\ \\ 10" — \t\ A\"\
1ol + L B 10° __A_A_LL__A__I_L__L_J_A__L____LL

50 100 1 200 50 100 150 200 250 300 350
Tteration Tteration
(c)

——8—— 5lucheme
b MIND scheme

e
i: \ \\T
§_|_._._._L__._._|_\l.__|_._‘ L il 1 \\l S . LA
(e) (o 1)

Figure 18. (a) Unstructured grid network with triangular elements; (b) Comparison of ¢-contours for the anisotropic conduction in
a hollow cylinder problem (¢ = 100) generated numerically on a grid with the size of 1.5 x 10* triangular elements with similar
ones obtained also numerically on a grid with the size of 6.5 x 10* triangular elements; Reduction of residuals with iterations using
the MIND and SI schemes over unstructured grid systems with sizes of (c) 10, (d) 4 x 103, (e) 1.5 x 10* and (A 6.5 x 10 triangular
elements. Note: MIND, modified implicit nonlinear diffusion; SI, semi-implicit.

anisotropic ratio with value of 1/100. The densest grid solution obtained with the MIND scheme is
considered to represent the exact solution with which other numerical solutions generated on
coarser grids are compared. Such comparison is displayed in Figure 18(b) for a mesh with size
of 15 x 10® triangular elements. As shown, solution approaches the exact one as the grid size
increases. Again the convergence history plots presented in Figures 18(c)-18(f) confirm once
more the higher rate of convergence of the MIND scheme in comparison with the SI scheme
for all grid sizes used. Predictions obtained using the MIND scheme with the gradient calculated
through the least squares method were found to satisfy the DMP for all grid sizes without the need
for using a limiter.
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Test 5: Anisotropic conduction with point sources

The purpose of the problem is to check the validity of the suggested treatment for the various bound-
ary condition types. The physical situation is depicted in Figure 19(a) and represents the conduction
of a property ¢ in a square domain of side L = 10. The domain is made of material with a diffusion

coefficient tensor K given by
7.7 —2.078
K= (—2.078 10.1 )

The problem is solved for the distribution of ¢ over the domain in the presence of point sources at
the five locations shown in Figure 19(a). Two types of boundary conditions are used. In both, the lower
and upper walls are maintained at ¢ = 273 and ¢ = 373, respectively. The difference in boundary con-
ditions is along the side walls, where either a von Neumann condition with zero flux along the west and
east walls is used or a mixed/Robin-type condition is applied with ¢.. =600 and h.. = 20 along the
west wall and ¢.. =300 and h.. = 10 along the east wall. Results are generated using both the MIND
and SI schemes on seven different grid sizes with values of 2°, 2%, 2'°, 2'2, 2", 26, and 2'® quadrilateral
elements. For all grids, predictions obtained with both schemes are on top of each other. Maps of con-
tour lines generated with both schemes on the densest grid are compared in Figures 19(b) and 19(c) for
the von Neumann and Robin-type boundary condition, respectively. As shown, results generated with
the MIND and SI scheme are indistinguishable confirming again the correctness of the MIND
scheme. This is further revealed by the comparison of the fluxes presented in Figures 19(d)-19(f).
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Figure 19. (a) Physical situation and boundary conditions for the heterogeneous anisotropic conduction with a point sources
problem; ¢-contours for the case of (b) Von Neumann and (c) Robin-type boundary condition; (d) variation of fluxes along the
top and bottom walls for the case of Von Neumann condition with zero flux along the left and right vertical walls of the domain;

variation of fluxes along (e) the left and right vertical walls and (f) the top and bottom walls for the case of Robin-type boundary
condition along the left and right vertical walls of the domain.
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In Figure 19(d), the fluxes along the lower and upper horizontal wall for the von Neumann condition
case are displayed. As shown, fluxes obtained with both schemes are on top of each other. The same is
also true for the fluxes along the vertical side walls and horizontal bottom and top walls obtained with
the Robin condition and presented in Figures 19(e) and 19(f), respectively. This confirms the correct
treatment of the various types of boundary conditions applicable to the diffusion term with the MIND
scheme.

Closing remarks

A fully implicit method for the discretization of the diffusion operator was developed that allows for a
robust, accurate, and fully implicit treatment resulting in good convergence characteristics for all
types of meshes. The method was implemented in the context of a structured and an unstructured
cell-centered FVM using quadrilateral and triangular elements, respectively. Isotropic and anisotropic
diffusion test problems were solved through the newly developed MIND scheme, and predictions
were compared with similar ones generated using the semi-implicit discretization scheme. The results
obtained demonstrated the accuracy, higher convergence rate, and boundedness of the MIND
scheme. The fully implicit discretization feature of the method is expected to be of high benefit in
the discretization of the pressure equation in pressure-based coupled flow solvers, which is a research
topic currently under consideration.
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