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For each pair of positive integers n, d, we construct a complex
@’(n) of modules over the bi-graded polynomial ring R =
Zlz1,...,x4,{tm}], where M roams over all monomials of
degree 2n — 2 in {w1,...,z4}. The complex G'(n) has the
following universal property. Let P be the polynomial ring
K[z1,...,24), where k is a field, and let I} (k) be the set of
homogeneous ideals I in P, which are generated by forms of
degree n, and for which P/I is an Artinian Gorenstein algebra
with a linear resolution. If I is an ideal from ]Iki](k)7 then
there exists a homomorphism R — P, so that P ®z G'(n) is
a minimal homogeneous resolution of P/I by free P-modules.
The construction of G/ (n) is equivariant and explicit. We give
the differentials of G/(n) as well as the modules. On the other
hand, the homology of (E’(n) is unknown as are the properties
of the modules that comprise G’ '(n). Nonetheless, there is an
ideal T of Rand ‘an element § of Rso that IR5 is a Gorenstein
ideal of Ra and G/ (n)s is a resolution of Rs/IRs by projective
Rs-modules,

The complex G’(n) is obtained from a less complicated
complex @(n) which is built directly, and in a polynomial
manner, from the coefficients of a generic Macaulay inverse
system @. Furthermore, I is the ideal of R determined
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Resolutions by &. The modules of @(n) are Schur and Weyl modules
corresponding to hooks. The complex G(n) is bi-homogeneous
and every entry of every matrix in G(n) is a monomial.

If m1,...,my is a list of the monomials in x1, ..., x4 of degree

n—1, then § is the determinant of the N X N matrix (tm,m,)-

The previously listed results exhibit a flat family of k-algebras
; [l g.y.

parameterized by I (k):

k:[{tM}]é — <%)5. (%)

Every algebra P/I, with I € ]I[,ft](k), is a fiber of (x). We
simultaneously resolve all of these algebras P/I.

The natural action of GL4(k) on P induces an action of
GL4(k) on s (k) We prove that if d = 3, n > 3, and the
characteristic of k is zero, then ]I[Tii ](k:) decomposes into at

least four disjoint, non-empty orbits under this group action.
© 2014 Elsevier Inc. All rights reserved.
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0. Introduction

Fix a pair of positive integers d and n. We create a ring R and a complex G/(n) of
R-modules with the following universal property. Let P = k[z1,...,xq] be a polynomial
ring in d variables over the field k and let I be a grade d Gorenstein ideal in P which is
generated by homogeneous forms of degree n. If the resolution of P/ I by free P-modules
is (Gorenstein) linear, then there exists a ring homomorphism (;5 R — P such that P® i
G’ (n) is a minimal homogeneous resolution of P/I by free P-modules. Our construction
is coordinate free.

We briefly describe our construction, many more details will be given later. Let U be
a free Abelian group of rank d. The ring Ris equal to

Sym% (Uo Sym5 U),
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and the complex G’(n) has the form

v w w ' T ~
0=Y = Xgo1p 285 3 Xy o, By Kooy x Koo s X0 L3R,

where X, ,, is a submodule of R ®7 /\p U ®y Sym U and Y is a free R-module of rank
one. The Z-module homomorphism ¥ : U — R is inclusion; v Sym?U — R is the
Z-algebra homomorphism induced by ¥; and

os? : R®y NoU — Ry /\IZ)_lU

is the Koszul complex map induced by V.

If one chooses a basis x1,...,z4 for the free Abelian group U and a basis {tas}, for
the free Abelian group Symgn_Q, as M roams over all monomials in x1, ..., x4 of degree
2n — 2, then one may think of R as the polynomial ring Z[x1, ..., x4, {tr}]. There is a
distinguished element § = det(t,,, m]) of E where mq,...,my is a list of the monomials
in x1,...,zq of degree n — 1. The R5 modules (X, )5 are projective and the complex
G’ (n)s is a resolution of Rs / I. R,;, where IRj is a grade d Gorenstein ideal in Rs.

Let P be a standard graded polynomial ring k[z1,...,x4] over a field k, and I be
a homogeneous ideal of P so that the quotient ring P/I is Artinian and Gorenstein.
Recall that P/I is said to have a (Gorenstein) linear resolution over P if the minimal
homogeneous resolution of P/I by free P-modules has the form

0= P(-2n—d+2) - P(-n—d+2)P1 ... 5 P(-n—j+1)F - ..
— P(—n—1)" = P(—n)?* = P,

for some positive integer n. (The Betti numbers 3;, with 1 < j < d—1, may be computed
using the Herzog-Kiihl formulas [20].) The hypothesis that P/I is Gorenstein forces the
entries in the first and last matrices in the minimal homogeneous resolution to have the
same degree; all of the entries of the other matrices are linear forms. If k is a field and
d and n are positive integers, then let HL? ](k) be the following set of ideals:

I is a homogeneous, grade d, Gorenstein ideal
M9 (k) = { I'|of P = k[z1,...,x4) with a linear resolution, . (0.1)
and [ is generated by forms of degree n

If [ is in ]Igfl](k:), then the socle degree of P/I is 2n — 2 and the Hilbert Function of P/I
is

dimg[P/1]; = dimg[P]; = dimg[P/I]ap—o9—; for 0 <i<n—1. (0.2)

Tony Iarrobino [22] initiated the use of the word “compressed” to describe the rings
of (0.2). Among all Artinian Gorenstein k-algebras with the specified embedding codi-
mension and the specified socle degree, these have the largest total length. (The set of
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Artinian Gorenstein algebras with a linear resolution is a proper subset of the set of
compressed Artinian Gorenstein algebras.)

We consider the following questions and projects.
Project 0.3. Parameterize the elements of i (k), and their resolutions, in a reasonable
manner.

Project 0.4. The group GL4 k acts on the set ka](k) (by way of the action of GLg k on
the vector space with basis z1, ..., z4). Decompose I (k) into disjoint orbits under this
group action.

Project 0.5. (This is a different way to say Project 0.4.) Classify all graded, Artinian,
Gorenstein, k-algebras with linear resolutions, of embedding codimension d and socle
degree 2n — 2.

Question 0.6. If the complete answer to (0.4) and (0.5) is elusive, maybe one can answer:
How many classes are there?

Question 0.7. If the complete answer to (0.6) is elusive, maybe one can answer: Is there
more than one class?

Question 0.7 is already interesting when d = 3. According to Buchsbaum and Eisenbud
[8], every grade three Gorenstein ideal is generated by the maximal order Pfaffians of
an odd sized alternating matrix X. We consider such ideals when each entry of X is a
linear form from P = k[z,y, z]. Let k be a fixed field and n be a fixed positive integer.
Consider

Xisa (2n+1) x (2n + 1) alternating matrix of linear
X, (k) = ¢ X |forms from P = k[z,y, 2] such that the ideal generated ». (0.8)
by the maximal order Pfaffians of X has grade 3

If X is in X,,(k), then the ideal generated by the maximal order Pfaffians of X is in
s (k). Buchsbaum and Eisenbud exhibited an element H,, € X,,(k) for all n. The first
two matrices H,, are

0 =z 0 0 =z

0 x -z 0 Y z 0
H=|-z 0 y and Hy=| 0 -y 0 =z O (0.9)

—z -y 0 0 —2 —2x 0 y

-z 0 0 -y O

One follows the same pattern to build all of the rest of the H,,.

Question 0.7, when d = 3 is: Can every element of X,,(k) be put in the form of H,, after
row and column operations and linear change of variables?
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The present paper contains a complete solution to Project 0.3, a complete answer to
Question 0.7 when d = 3, and a partial answer to Question 0.6 when d = 3. We remain
very interested in Projects 0.4 and 0.5.

To parameterize the elements of ]ILfl ](k:), we use Macaulay inverse systems. View the
polynomial ring P = k[z1,...,x4] as the symmetric algebra Sym’f U, where U is the
k-vector space with basis x1,...,24. The divided power algebra D¥(U*) is a module
over the polynomial ring Sym® U. (See Section 1.3.) Let I be a grade d Gorenstein
ideal in Sym¥ U. One application of Macaulay’s Theorem (see Theorem 1.4) is that the
annihilator of I in D¥(U*) is a cyclic Sym¥ U-module, denoted ann I, and called the
Macaulay inverse system of I. If [ is in i (k), then the Macaulay inverse system of [ is
generated by an element ¢ of D% ,(U*). In Corollary 1.13 we identify an open subset
of the affine space D¥, _,(U*) which parameterizes I ](k:)

As an intermediate step toward our solution of Project 0.3, we exhibit a complex
@(n) that depends only on the positive integer n. The complex @(n) is built over the
bi-graded polynomial ring

L1,y 2ds {tM

where the variables z; each have degree (1,0) and the variables ¢); each have degree
(0,1). Each element ¢ € D% _,(U*) induces a Z[x1, ..., z4)-algebra homomorphism o
R = klx1, ..., x4 = P, with ¢(ta) = ¢(M). In practice, ¢ = 3 7oy M* in DE _,(U*),
where M varies over the monomials of P = Sym¥(U) of degree 2n — 2, and {M*} is the
basis for DX, (U*) which is dual to {M}. The map ¢ : R — P, which is induced by ¢,
sends the variable t;; to 7p7, which is an element of the field k.

R=7 : (0.10)

M is a monomial in {z1,...,z4}
of degree 2n — 2

Theorem 0.11. Fiz n and G(n) as described in (0.10). Let my, ..., my be a list of the
monomials in x1,...,xq of degree n — 1.

(a) If & is the determinant of the N x N matriz T' = (tym,m,), then the localization G(n)s
1s a resolution of a Gorenstein ring Rs/fég by free Rs-modules.

(b) Let k be a field, P be the polynomial ring k[x1,...,z4], and U be the k-vector space
with basis x1,...,xq. If I = ann ¢ is an element of ]Igf](k) and P is an f%-algebm by
way of (;AS, then P ®g @(n) is a resolution of P/I by free P-modules.

(c) Some of the features of G(n) are (1) it is bi-graded; (2) there is one G(n) for each n;
and (3) every entry of every matriz in G(n) is a monomial.

Parts (a) and (b) of Theorem 0.11 are established in Corollaries 4.16 and 4.22, respec-
tively; the bi-graded Betti numbers of ((N}(n) are exhibited in Remark 4.3; assertion (c.3)
is Theorem 5.2.

Feature (c.2) is interesting because, even when d is only 3, there are at least 4 disjoint
families of minimal resolutions; see Theorem 0.14; but G(n) specializes to all of these
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families. Feature (c.3) is interesting because, for example, the matrix which presents
I = ann ¢ is monomial and linear. Often the matrix that presents a module is more
important than the generators of the module. One uses the presentation of M to compute
F(M) for any right exact functor F' and any module. One uses the presentation to
compute Symy M, and Sym, I is the first step toward studying the blow-up algebras —
in particular the Rees algebra — associated to I. We have an uncomplicated presenting
matrix!

On the other hand, P ®5 @(n) is not minimal. The final step in our solution of
Project 0.3 is the complex G’(n) which is described at the beginning of the Introduction
and takes place in Section 6.

An alternate phrasing of Theorem 0.11 is also given in Corollary 4.22 where we exhibit
a flat family of k-algebras parameterized by i ](k):

k @z R > . (4.26)
3

k[{tm}]; — < 7

Every algebra k[xi,...,24]/I, with I € ]IL?](k:), is a fiber of (4.26). We simultaneously
resolve all of these algebras k[z1,...,z4]/1.

In order to provide some insight into the structure of the complex @(n), we next de-
scribe the complex P ® 5 @(n), where the polynomial ring P = k[z1,...,z4] = Sym* U,
the Macaulay inverse system ¢ € D% ,(U*), and the Z[z1, ..., x4]-algebra homomor-
phism (;AS : R — P have all been fixed. (In this discussion, U is the vector space over k

with basis z1,...,24.) The complex P ®3 G(n) is the mapping cone of

0 - Lg1pn — -+ = Lin — Loy, - P
{ { {
0 — P®k/\iU - Kgin-o2o — -+ — Kipo — Kon-o,
(0.12)

where the top complex of (0.12) is a resolution of P/J™ by free P-modules for J =
(z1,...,24), and the bottom complex of (0.12) is a resolution of the canonical mod-
ule of P/J”_1 by free P-modules. The P-modules L;, and K;,_2 are contained in
P ®y /\;c U @k Sym® U and P @, /\; U ®y DE_,(U*), respectively; and the vertical map
Lin — Ko is induced by the map p¢ : Sym® U — D¥_,(U*) which sends the element
y of Sym® U to u,(¢) in D¥_,(U*). The top complex of (0.12) is a well-known com-
plex; it is called L! (%) in [7, Cor. 3.2] (see also [32, Thm. 2.1]), where ¥ : P ®3 U — P
is the map given by multiplication in P. Of course, the bottom complex of (0.12) is
+_1(¥), P). The properties of mapping cones automatically yield
that P ® 5 G(n), which is the mapping cone of (0.12), is a resolution. The interesting
step involves calculating the zeroth homology of this complex; see the proof of Theo-

isomorphic to Homp (L.

rem 4.7.
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The bi-graded complex @(n) is very similar to the graded complex P® 5 @(n) Indeed,
we can use the double complex (0.12) to indicate the bi-degrees and the bi-homogeneous
Betti number in G(n). Recall the bi-degrees of the variables of R from (0.10): the x;
have bi-degree (1,0) and the ¢,; have bi-degree (0,1). The top complex of (0.12) only
involves the z; (even in the bi-homogeneous construction). The matrix on the far right
has bi-homogeneous entries of degree (n,0); the other matrices in the top complex have
bi-homogeneous entries of degree (1,0). The bottom complex of (0.12) also only involves
the z; (even in the bi-homogeneous construction). The matrix on the far left has bi-
homogeneous entries of degree (n—1,0); the other matrices in the bottom complex have
bi-homogeneous entries of degree (1,0). The vertical maps in the bi-homogeneous con-
struction have bi-homogeneous entries of degree (0, 1). There are many ways to compute
the Betti numbers in (0.12) (hence in G(n)). A formula is given in the Buchsbaum-—
Eisenbud paper [7]; the L’s and K’s are Schur modules and Weyl modules, respectively,
and one can use combinatorial techniques to calculate the ranks; or one can use the
Herzog-Kiihl formula [20]. Our answer is given in Remark 4.3.

We denote the top complex of (0.12) by (¥, n) and the bottom complex by K(¥, n—1),
where, again, ¥ : P ®, U — P is multiplication in P. Our discussion of the complexes
L and K is contained in Section 2. If one replaces L(¥,n) and K(¥,n — 1) in (0.12)
by L(¥,n + p) and K(¥,n — 1 — p), respectively, for some positive integer p, then the
mapping cone of the resulting double complex is a resolution P/J*I. The ideal J*I is a
“truncation” of I in the sense that J*I is equal to I>,4,; in other words, JI is generated
by all elements in I of degree at least n+ p. Our construction works for 0 < p < n—2. On
the other hand, p < n —2 is not a restrictive constraint because I>, = J" for 2n -1 < r,
since the socle degree of P/I is 2n — 2, and (¥, r) is a resolution of P/J".

We now turn our attention to Questions 0.7 and 0.6, when d = 3; namely “How many
orbits does X, (k) have under the action of GLaj,+1k x GL3k?” If n = 2, then it is
well-known (and not particularly hard to see) that X, (k) has only one class; see, for
example, Observation 7.1. Indeed, Iy consists of those ideals in k[z,y, z] which define
homogeneous Gorenstein rings of minimal multiplicity. The n = 2 case causes one to
consider multiplication tables, which is one of the key ideas in our work. The n = 2 case
also reminds us of the resolutions of Kurt Behnke [1,2] and Eisenbud, Riemenschneider,
and Schreyer [16].

Fix integers n and p with 3 <n and 0 < p < 3, let

3 linearly independent linear forms
18, (k) = A T €1¥)(k) | €1,...,¢, in Py with ¢,... (% in T 5. (0.13)
and P p + 1 such forms

It is clear that I\ (k) is the disjoint union of Ui:o ]IE’]#(k:) and each Hg,]u(k) is closed
under the action of GLg,+1 k X GL3 k.
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Theorem 0.14. If n > 3 and the characteristic of k is zero, then Hglu(k) s non-empty
for 0 < p < 3. In particular, if n > 3, then X,,(k) has at least four non-empty, disjoint
orbits in the sense of Project 0.4.

The proof of Theorem 0.14 is carried out in Section 7. To prove the result, we exhibit
an element of Hlf’y]#(k) for each p. It turns out that the ideal BE,, generated by the
maximal order Pfaffians of the Buchsbaum-Eisenbud matrix H,, of (0.9), is in i (k);

n,2

Jn,nfl = (xnvyn’ Zn) : (.’E +y+ Z)n_l

(3]
n,3

for BE,, we produce ideals in ]IE’]O(I:) and ]IE’]1 (k). We do not claim that every ideal in

is in I;’;(k); and by modifying a homogeneous generator of the Macaulay inverse system
Hgy]ﬂ(k) may be converted into any other ideal in ]IE’,]#(k:) by using GLa, 11 k x GL3 k. So,
Projects 0.4 and 0.5 are far from resolved, even when d = 3.

There are at least two motivations for these projects. First of all, the ideals J, 1
arise naturally in the study of the Weak Lefschetz Property (WLP) for monomial com-
plete intersections in characteristic p. Let k be an infinite field and A be a standard
graded Artinian k-algebra. The ring A has the WLP if, for every general linear form
¢, multiplication by ¢ from [A]; to [A];+1 is a map of maximal rank for all ¢. (That is,
each of these maps is either injective or surjective.) Stanley [33] used the hard Lefschetz
Theorem from Algebraic Geometry to show that, if k is the field of complex numbers,
then every monomial complete intersection has the WLP. Alternate proofs of Stanley’s
Theorem, requiring only that k have characteristic zero, and using techniques from other
branches of mathematics, may be found in [30] and [19]. The story is much different in
positive characteristic. Let A(k,m,n) = k[x1,...,x,]/(2],...,z), where k is an infi-
nite field of positive characteristic p. If m = 3, then Brenner and Kaid [6] have identified
all n, as a function of p, for which A has the WLP. For a given prime p, there are intervals
of n for which A(k,3,n) has the WLP and the position of these intervals is related to
the Hilbert—-Kunz multiplicity of the Fermat ring k[z,y, z]/(x™ + y™ + 2™) as studied by
Han [18] and Monsky [29]. If n = 4, then it is shown in [24] that A(k,4,n) rarely has
the WLP and only for discrete values of n. Furthermore, the following statement holds.

Observation 0.15. Let k be an infinite field and, for each pair of positive integers (a,b),
let Jup be the ideal (z,y?, 2%) : (x +y+ 2)° of klx,y, 2]. If Jon1 € ]If](k:) or Jpnt1 €
1% (k), then A(k,4,n) has the WLP.

For a complete, up-to-date, history of the WLP see [28].

Also, there is much recent work concerning the equations that define the Rees algebra
of ideals which are primary to the maximal ideal; see, for example, [9,13,14,21]. The
driving force behind this work is the desire to understand the singularities of parame-
terized curves or surfaces; see [5,10-12,31] and especially [14]. One of the key steps in
[14] is the decomposition of the space of balanced Hilbert-Burch matrices into disjoint
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orbits under the action of GL3 k x GLg k. The present paper includes a preliminary step
toward obtaining a comparable decomposition of the space of syzygy matrices for the
set of linearly presented grade three Gorenstein ideals.

1. Terminology, notation, and preliminary results

This section contains preliminary material. It is divided into four subsections: Mis-
cellaneous information, Pfaffian conventions, Divided power structures, and Macaulay
inverse systems.

1.1. Miscellaneous information

In this paper, k is always a field. Unless otherwise noted, the polynomial ring
k[x1,...,x4] is assumed to be a standard graded k-algebra; that is, each variable has de-
gree one. For each graded module M we use [M]; to denote the homogeneous component
of M of degree 1.

If « is a real number then |a] is the round down of «; that is |«] is equal to the
integer n with n < o <n+ 1. We use Z and Q to represent the ring of integers and the
field of rational numbers, respectively.

Recall that if A, B, and C are R-modules, then the R-module homomorphism
F : A®r B — C is a perfect pairing if the induced R-module homomorphisms
A — Hompg(B,C) and B — Hompg(A,C), which are given by a — F(a ® _) and
b— F(_®YM), are isomorphisms.

If V is a free R-module, then

A ARV = ARV @r ARV (1.1)
is the usual co-multiplication map in the exterior algebra. In particular, the component
A:AGV = ARV @r A% 'V of (1.1) sends

a
vy A Av, to Z(—l)”lvi@vl/\...@wn/\va,
i=1

for vy,...,v, € V.
Let k be a field and A = P,,;[A]; be a graded Artinian k-algebra, with [4]o = k
and maximal ideal my = P, ,;[A4];. The socle of A is the k-vector space

O:AmA:{a€A|amA:0}.

The Artinian ring A is Gorenstein if the socle of A has dimension one. In this case, the
degree of a generator of the socle of A is called the socle degree of A. If A is a graded
Artinian Gorenstein k-algebra with socle degree s, then the multiplication map

[A]; ®k [A]s—i — [A]s
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is a perfect pairing for 0 < i < s. The homogeneous ideal I of the polynomial ring P =
klxy,...,24) is a grade d Gorenstein ideal if P/I is an Artinian Gorenstein k-algebra.

Let R be an arbitrary commutative Noetherian ring. The grade of a proper ideal I in R
is the length of a maximal R-sequence contained in I. The ideal I is called perfect if the
grade of I is equal to the projective dimension of R/I as an R-module. (The inequality
grade I < proj. dim. R/I always holds.) An ideal I of grade g is a Gorenstein ideal if T
is perfect and Ext%(R/I, R) is a cyclic R/I-module.

If D is a double complex:

|

v ——> Doy —— D11 —— Dg;

I

wor—— Dag —— Dy g — Do,
then T(D) is the total complex of D. The modules of T(D) are

with T(D); = @, ,—; Da.p- The maps of T(D) are the maps of D with the signs adjusted.
If S is a statement, then we define

1 if S is true
S) = 1.2
x(5) {0 if S is false. (12)

1.2. Pfaffian conventions

An alternating matrix is a square skew-symmetric matrix whose entries on the main
diagonal are zero. Fix an alternating n x n matrix Z, with entries (2; ;). The Pfaffian of
Z, denoted Pf(Z), is a square root of a determinant of Z. We recall that Pf(Z) =0 if n
is odd, and Pf(Z) = 212 if n = 2. If a4, ..., a, are integers between 1 and n, then we let
o(ay,...,as) be zero if there is some repetition among the indices aq, ..., as, and if the
indices ay, ..., as are distinct, then o(ay, ..., as) is the sign of the permutation that puts
the indices into ascending order. Let Z,, . ,. denote o(ai,...,as) times the Pfaffian of
the matrix obtained by deleting rows and columns ag,...,as from Z. We recall that
Pf(Z) may be computed along any row or down any column; that is,

Zj(_l)i+j+12i,jzi,j7 with i fixed

Pi(Z) = L
@) {Zi(_l)l+j+1zi,jzi7j, with j fixed.
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1.3. Divided power structures

Let V be a free module of finite rank over the commutative Noetherian ring R. Form
the polynomial ring

Sym (V) = P Sym/ (V)
0<r

and the divided power R-algebra

DE(V*) =EPpDE(V),
o<r

where the functor * is equal to Homg(_, R). Each graded component SymZ (V) of

SymZ (V) and DE(V*) of DE(V*) is a free module of finite rank over R. The rules

for a divided power algebra are recorded in [17, Section 7] or [15, Appendix 2]. (In prac-

tice these rules say that w(® behaves like w®/(a!) would behave if a! were a unit in R.)

One makes DE(V*) become a Sym? V-module by decreeing that each element vy of V'

acts like a divided power derivation on DE(V*). That is, v (wga)) = vy (wy) -wia_l), vy

of a product follows the product rule from calculus, and, once one knows how V acts on
DE(V*), then one knows how all of SymZ V acts on DE(V*).

In a similar manner one makes SymZ V become a module over the divided power

R-algebra DE(V*). If w; is in DE(V*), then w; is a derivation on Sym% V', and w§a>
1

al

acts on SymZV exactly like w{ would act if a! were a unit in R. The R-algebra

DE(V*) is generated by elements of the form wﬁ“), with w; € V*; once one knows how
these elements act on SymZ V| then one knows how every element of DE(V*) acts on
SymZ V.

The above actions are defined in a coordinate free manner. It makes sense to see what
happens when one picks bases. Let z1,...,24 be a basis for V and x7,...,z); be the
corresponding dual basis for V*. (We have x}(x;) is equal to the Kronecker delta 0, ;.)

The above rules show that
2t .. gl (ﬁ(bﬂ . .mz(bw) - x*{(bl—al) . ..xz(bd—ad) c D§ bos 0l (vV*)

and

where z} = 0 and m:(r) = 0 whenever r < 0. Notice in particular, that if > a; = > b;,
then

w e (@) and ai® a0 (o)
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are both equal to

{1 if a; = b; for all j
0 otherwise.

In particular, SymaR V and DE(V*) are naturally dual to one another.
We make use of the dual of the natural evaluation map

ev; : DJR(V*) ®Rr Syme — R.

Indeed, ev; (1) is a well-defined coordinate-free element of Symf‘(V) @rDI(V*). If {A;}
and {A’} are a pair of dual bases for the free modules Syrnf V and Df(V*), then
evi(l) =) A;® A} € Sym (V) @r D (V). (1.3)

(3

1.4. Macaulay inverse systems

Theorem 1.4. (See Macaulay, [26].) Let U be a vector space of dimension d over the
field k. Then there exists a one-to-one correspondence between the set of non-zero ho-
mogeneous grade d Gorenstein ideals of Sym’f U and the set of non-zero homogeneous
cyclic submodules of D¥(U*):

homogeneous grade d Gorenstein non-zero homogeneous cyclic
ideals of Sym® U submodules of DE(U*)

If I is an ideal from the set on the left, then the corresponding submodule of D¥(U*) is
annl = {w € D’f(U*) ’ rw =0 in Df(U*), for allr in I},

and if M is a homogeneous cyclic submodule from the set on the right, then the corre-
sponding ideal is

ann(M) = {r € Sym* U | 7M =0 in D§(U*)}.

k
Furthermore, the socle degree of Symf’U is equal to the degree of a homogeneous generator

of ann I.

Definition. In the language of Theorem 1.4, the homogeneous cyclic submodule ann(7)
of D¥(U*) is the Macaulay inverse system of the grade d Gorenstein ideal I of Sym* U.

The outline of a Proof of Theorem 1.4. Let P denote Sym'f U and * denote k-dual.
Let I be an ideal from the set on the left and let s be the socle degree of P/I. Fix
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an isomorphism [P/I], == k. Define w € D¥(U*) = Homyg(Sym®(U),k) to be the
homomorphism w : Sym®(U) — k which is the composition

Sym®(U) = P, — [P/1], =5 k.

The definition of w shows that [P]; Nannw = [I]s. The ring P/I is Gorenstein so
multiplication [P/I]; @ [P/I]s—i — [P/I]s is a perfect pairing for all ¢. It follows that
ann(w) = I.

Now let w be a non-zero element of D¥(U*) and let I = ann(w). The homomorphism
w : Sym® U — k is non-zero; so the vector space [P/I], has dimension 1 and this vector
space is contained in the socle of P/I. On the other hand, if r is a homogeneous element
of P with r ¢ I and degr < s, then the hypothesis rw # 0 guarantees that there is a
homogeneous element 1’ of P with r'r € Py and r'rw # 0. In particular, 7 is not in the
socle of P/I. Thus, the socle of P/I has dimension one and P/I is Gorenstein. 0O

Let I be a fixed homogeneous grade d Gorenstein ideal in
P =k[xy,...,zq4) = Sym* U,

where U is the d-dimensional vector space @?:1 kz;, and let ¢ € D*(U*) be a homoge-
neous generator for the Macaulay inverse system of I. Proposition 1.8 gives many ways
to test if T is in I/ (k). We are particularly interested in tests that involve ¢. First of all,
Proposition 1.8 shows that ¢ must be in D% _,(U*). The other condition that ¢ must
satisfy involves a map pi_l or a matrix Ty. These notions are defined whenever ¢ is a
homogeneous element of DE(V*) of even degree, R is a commutative Noetherian ring,
and V is a free R-module of finite rank.

Definition 1.5. Let R be a commutative Noetherian ring, V' be a free R-module of finite
rank d, and ¢ be an element of DE (V*), for some positive integer e.

(1) For each integer 4, with 0 < i < 2e, define the homomorphism
p{ :Sym['V — DE_ (V)

by p? (v;) = vi(¢), for all v; € SymZ V.

(2) Fix a basis z1,...,24 for V. Let N = (e+¢:71) and my,...,my be a list of the
monomials of degree e in Symf V. Define T} to be the N x N matrix Ty = [¢p(m;m;)];
that is, the entry of Ty in row 7 and column j is the element ¢(m;m;) of R.

Remarks 1.6. (1) The matrix T} is the matrix for p¢ with respect to the basis m1, ..., my
for SymZ V and the dual basis m?, ..., m% for DE(V*).
(2) The entries of T}, are the coefficients of ¢ as an element of D (V*). Let v

equal (2622171). If My,...,M, is a list of the monomials of degree 2e in Symg‘eV
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and My,..., M} is the basis for D& _,(V*) which is dual to My,..., M,, then ¢ =
> O(M;) - M. Of course, each entry of T} is a coefficient of ¢ because each m;m; is
equal to some M.

(3) The element detTy of R is known as the “determinant of the symmetric bilinear
form”

SymZV x SymfvV — R,

which sends (ve,v.) to ¢(vevl). A change of basis for V' changes det Ty, by a unit of R.
However, in practice, we only use det T, up to unit. In particular, the phrases “provided
det Ty is a unit of R” and “R localized at the element detT” are meaningful even in a
coordinate-free context.

Example 1.7. Let BEs be the ideal of k[z,y, z] which is generated by the maximal order
Pfaffians of the matrix Hs from (0.9). We have BEy = (22,42, 2, yz, 2y + 2?) and the
Macaulay inverse system for BEs is generated by ¢ = z*y* — )1t my =x, Mo =Y,
mg = z, then

01 0
Ty = | olyz) o(u*) oyz)| =1 0 0
00 -1

Proposition 1.8. Let k be a field, I be a homogeneous, grade d, Gorenstein ideal in
P = Kk[zy1,...,24], U be the d-dimensional vector space [P];, and ¢ € DE(U*) be a ho-
mogeneous generator for the Macaulay inverse system of I. Then the following statements
are equivalent:

(1) I s in I (K),
(2) the minimal homogeneous resolution of P/I by free P-modules has the form

0— P(—2n—d+2) = P(—n—d+2)% — ... = P(—n — 1)’ — P(—n)"* — P,

with

ﬁ‘_2n+d—2 n+d—-2\/n+d—1i—-2
T on4i—1 i—1 n—1 ’

for1<i<d-1,

(3) all of the minimal generators of I have degree n and the socle of P/I has degree
2n — 2,

(4) [Iln=1 =0 and [P/I]2p,—1 =0,

(5) ¢ € DE._,(U*) and the homomorphism p?_, : Sym* | U — DF_(U*) of Defini-
tion 1.5 is an isomorphism, and

(6) ¢ € Dk, _,(U*) and the (deIQ) X (ngfIz) matriz Ty of Definition 1.5 is invertible.
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Remark. The Betti numbers 3;, from (2), also are equal to

5 = d+n—1\/i+n—2 B d4+n—-2\/(d—i+n—2
T \n+i—1 i—1 i—1 d—i ’

for 1 <i < d—1. The present formulation is given in Theorem 6.15. A quick calculation
shows that the two formulations are equal.

Proof of Proposition 1.8. (1) = (2). The fact that P/I has a linear resolution is part of
d]

the definition of I\" (k). The Betti number f; comes from the Herzog—Kiihl formula [20].
(2) = (1). One can read from (2) that I is generated by forms of degree n and that P/l
has a linear resolution. Thus, 7 is in I\ (k), as defined in (0.1).

(2) = (3). One can read from (2) that I is generated by forms of degree n. Further-
more, the socle degree of P/I is b + a(P), where a(P) is the a-invariant of P and b
is the “back twist” in the P-free resolution of P/I. (This observation is well-known. It
amounts to computing Torf; (P/I,k) in each component; see, for example, the proof of
[23, Prop. 1.5].) In the present situation, b = 2n + d — 2 and a(P) = —d; so the socle
degree of P/I is 2n — 2.

(3) = (4). Statement (3) asserts that [I]; = 0 for i <n—1and [P/I]; =0 for 2n—1 <.
(4) = (2). Let A: 0 - 43 - -+ - Ay - Ay - P — P/I — 0 be a minimal
homogeneous resolution of P/I by free P-modules. Write Ay = @,.; P(—i)?¢. This
resolution is self-dual; so, in particular, Ay = P(—b) for some twist b. As above, it
follows that the socle degree of P/I is equal to b — d. In the present situation, the socle
degree of P/I is 2n — 2 — ¢ for some non-negative integer ¢; so b = 2n — 2 +d — q. The
hypothesis I,,_; = 0 ensures that

B1: =0, whenever i <n— 1. (1.9)
Duality forces
Ba-1;=0 forn—1+d—q<j. (1.10)
The fact that the resolution A is minimal ensures that
if Bg; # 0 for some 1 < ¢, then there exists ¢ < j — 1 with 8,1 ; # 0. (1.11)
One may iterate the idea of (1.11) to see that
if Bq—1,; # 0, then there exists ¢ < j +2 — d with 31 ; # 0. (1.12)

Suppose B4—1,; # 0. On the one hand, j <n—2+4d—¢ by (1.10) and on the other hand,
according to (1.12), there exits ¢ with ¢ < j +2—d and $1,; # 0. Apply (1.9) to see that
n < 4. Thus,
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n<i<j+2—-d<n—q<mn;
hence, ¢ =0, i =mn, and j =n + d — 2. At this point, we have shown that

Ad - P(_(Qn -2 + d)), Ad,l = P(_(n + d _ 2))ﬂd—1,n+d_2, and
A= P(_n)ﬂl,n’

with B4-1n+d—2 = Bin-

We study ¢ ; for 2 < ¢ < d—2. Apply (1.11) to A repeatedly to see that 8, ; = 0 for
j <n+£¢—2. The ideal T is Gorenstein and A is a minimal resolution of P/I; therefore,
the complex A*(—2n — d + 2) is isomorphic to A,

Bab = Barpy  whenever a+a' =dand b+ =2n+d—2,

and (¢ ; is non-zero only for j = n 4+ ¢ — 1. One computes the Betti numbers of A by
using the Herzog—Kiihl formula [20] for the Betti numbers in a pure resolution.

(3) = (5). The ring P/I is graded and Gorenstein with socle degree 2n — 2; hence,
multiplication gives a perfect pairing [P/I],—1 ®k [P/I]n—1 — [P/I]2n—2. Statement (3)
gives [I],,_1 = 0; hence, [P/I],_; is equal to [P],_; = Sym® | U. Statement (3) also
gives that the socle degree of P/T is 2n — 2; thus, Theorem 1.4 yields that the function
[P/I]an—2 — k, which sends the class of @z,—3 in [P/I]an—2 to ¢(ug,—2) in k, is an
isomorphism. (We viewed wuz,_2 as an element of Sym§n72 U and Uz, 3 as the image of
Uzn—2 in [P/I]ap—2.) Thus, statement (3) ensures that the homomorphism

which is given by u,—1 ® ul,_; — ¢(up—1ul,_;), is a perfect pairing. It follows that
the homomorphism Sym¥ | U — D¥ | (U*), which is given by u,_1 — u,_1(¢), is an
isomorphism.

(5) = (4). Apply Theorem 1.4 to ¢ € D5 _,(U*) to see that the socle degree of P/I is
2n — 2; and therefore, [P/I]2,_1 = 0. If v,_; € Sym* | U is in I, then v,_,(¢) is the
zero element of D¥ | (U*); thus statement (5) guarantees that v, _; is zero in Sym* | U
and [I]n—l =0.

(5) < (6). It is clear that these statements are equivalent because Ty is the matrix for
p?_; see Remark 1.6(1). O

The following statement is an immediate consequence of Proposition 1.8; no further
proof is necessary.

Corollary 1.13. Let U be a d-dimensional vector space over the field k and n be a positive
integer. If ¢ is a homogeneous element of DE(U*), then ann¢ € ]ILfl](k:) if and only if
deg ¢ = 2n — 2 and det Ty, # 0. In particular, the open subset
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O = D%, _,(U*) \ {the variety defined by detT; = 0}
of Dk, _,(U*) parameterizes ]Igfl](k:),

Remark 1.14. We emphasize that, in the language of Corollary 1.13, D¥ ,(U*) is a
2n+d—3
i

space, then D§n+d_3(U*) can be identified with affine v-space: the point (a4, ...,a,) in

vector space of dimension v = ( ) and, once a basis {b;} is chosen for this vector

affine space corresponds to the element 3" a;b; of D, _,(U*). Under this identification,
"+d_2) in the coordinates

d—1
of affine v-space; see Remark 1.6(2). Thus, Corollary 1.13 parameterizes i (k) using an

det Ty corresponds to a homogeneous polynomial of degree (
open subset of v-space. The open subset is the complement of a hypersurface.

One further consequence of Proposition 1.8 is the following generalization of the set
of ideals T/ (k).

Definition 1.15. Let Ry be a commutative Noetherian ring, U be a non-zero free
Ro-module of finite rank and n be a positive integer. Define I,,(Ro,U) to be the fol-
lowing set of ideals in P = Sym?‘0 U:

L,(Ro,U) = {ann¢ | ¢ € D?ﬁ’_Q(U*) and det Ty is a unit in Ry }.

We see from Proposition 1.8 that if U is a vector space of dimension d over a field k,
then the sets of ideals I,,(Ry,U) and ]I%l](k:) are equal. Corollary 4.22, which is our
solution to Project 0.3, is phrased in terms of I,,(Rg, U).

2. The complexes L(¥, n) and K(&, n)

The following data is in effect throughout this section.

Data 2.1. Let V be a non-zero free module of rank d over the commutative Noetherian
ring R.

Let ¥ : V — R be an R-module homomorphism and n be a fixed positive integer.
In Theorem 2.12 we describe a complexes (¥, n) and K(¥, n), dual to one another, so
that L(¥,n) resolves R/(im %)™ whenever the image of ¥ has grade d. Our description
of these complexes is very explicit and coordinate free. We use our explicit descriptions
in the proof of Theorem 4.7. Of course, the complexes of Buchsbaum and Eisenbud in
[7] resolve R/(im¥)™; so, in some sense, our complex L(¥,n) “is in” [7]. Our proof of
the exactness of L(¥,n) and K(¥,n) is self-contained, very explicit, and, as far as we
can tell, different from the proof found in [7].
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Retain Data 2.1 and let a and b be integers. Define the R-module homomorphisms

K}l/’b ' ARV ®@p Symf'V — /\?{1‘/ ®r Symp, V  and
nyy: A&V @r DE(VF) = N3 'V @r DE (V) (2.2)

to be the compositions

ALV @r SymfV 2EL AYIY @ V ®@p SymfTV
Lomult %_1‘/ ®r SymbRH V  and
ALV ®@r DE(V*) 225 NGV @p V @r DE(V?)

1®module-action

L@moduleaction , Ay @p DE L (V*),
respectively; and define the R-modules
Lib(V) = ker /ixb and Klfb(V) = ker n;/’b.

(In the future, we will often write x and n in place of K}l/:b and nxb.) The R-modules
LE,(V) and K2, (V) have been used by many authors in many contexts. In particular,
they are studied extensively in [7]; although our indexing conventions are different than
the conventions of [7]; that is,

the module we call Lﬁb(V) is called Ly (V) in [7].
The complex
K]V —
0= ALV @p Symf , V —2=4s AV @g Symf® ;. V

v v
Rd—1,b—d+1 Ko b—2

NV
/\%V ®r Symjt | V —1 /\%V ®r SymgtV — 0,

which is a homogeneous strand of an acyclic Koszul complex, is split exact for all positive
integers b; hence, Lfib(V) is a projective R-module. In fact, Lﬁb(V) is a free R-module

rankp LE, (V) = (‘Hb_ 1) <a+b_ 1); (2.3)

of rank

a+b a
see [7, Prop. 2.5]. The perfect pairing
(/\“RV ®p Symi® V) ®R (/\;I{“V ®R D,?(V*)) — /\‘f%V,
which is given by

(00 ®vp) @ (Bg—q @ wp) — vp(wp) - O A bi—q,
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induces a perfect pairing
d
Lib(v) ® K(?—a—l,b—l(v) = Ar(V). (2.4)
The indices in (2.4) are correct because the dual of the presentation

v
Rati1,b—1

KV
WPV @R Symfl, V —S ANCHWY @p Symf, V — LR (V) =0

is
0 LE(V) = (AR V @rSymf, V) > (AF?V @rSymf, V)
which is isomorphic to
0— Kéiafl,bfl(v) QR /\;l{V* - ( Czl%_a_lv ®R Dl?—l(v*)) QR A?%V*
= (N @R DI, (V7)) @r ARV

Remark 2.5. The modules Lib(V) and Kﬁb(V) may also be thought of as the Schur
modules Ly (V) and Weyl modules K (V*) which correspond to certain hooks A. We use
the notation of Examples 2.1.3.h and 2.1.17.h in Weyman [34] to see that the module
we call Lﬁb(V) is also the Schur module L4 1,10-1)(V) and the module we call K2, (V)
is also K£+1’1d_a_1)(V*) ® /\dV, where K(I;_le_a_l)(V*) is a Weyl module. We pursue
this line of reasoning in Section 5.

Definition 2.6. Let V' be a non-zero free module of rank d over the commutative Noethe-
rian ring R, n be a positive integer, and ¥ : V' — R be an R-module homomorphism. We
define the complexes

L(@,n):0— LE () K=l ko (v)

Kos? ®1 Kos? ®1 %
o= By 2= 8L ol (V) L5 R, and

d os?
K@,n):0— ARV — K{f—l,n—l(v) R Kf—z,nq(v)

Kos? ®1 Kos? ®1 R
- Kot (V)

which appear in Theorems 2.12 and 4.7.
The ordinary Koszul complex associated to ¥ is

0 — /\%V Kos? /\delv Kos? o Kos? /\?—EV Kos? /\}QV Kos? R, (27)
where for each index 4, Kos? is the composition

AV 25 Vor \Na'VEES Rop N 'V = ARV



S. El Khoury, A.R. Kustin / Journal of Algebra 420 (2014) 402—474 421

(The co-multiplication map A is discussed in (1.1).) The maps of (2.2) combine with the
maps Kos? to form double complexes

Kos? ®1 a Kos? ®1 a— Kos? ®1
ALV ®g Symi' V “V @r Symg V
. B} (2.8)
Kos? ®1 a—1 Kos? ®1 a—2 Kos? @1
: R V®RSym§+1V R V®RSymf+1V
K K
and
n n
Kos? ®1 a R " Kos? ®1 a—1 R " Kos? ®1
o NV @r Dy (V*) ————— N\ VRrDy(V*) —— -
7 n (2.9)
Kos? ®1 a—1 R « Kos? ®1 a—2 R « Kos?¥ ®1
——— AN Ver D (V) —— AR Ver Dl (V¥) — -+
n n

Most of the complex L(¥,n) is induced by the double complex (2.8). (Keep in mind that
Lffm(V), which is equal to ker(x : /\‘}i% V ®@rSymZV — /\?{1 V®r Symf_|r1 V), is zero.)
It remains to describe the right-most map from L{f, (V) = SymZ (V) to R. According to
the definition of symmetric algebra, the R-module homomorphism ¥ : V' — R induces
an R-algebra homomorphism Sym? (V) — R. We denote this algebra homomorphism
by ¥. Most of the complex K(¥,n) is induced by the double complex (2.9). It remains
to describe the left most map:

ALY = ALV @p R 2255 ALY @p SymPV @ DE(V)
HontOrl, ALV @ R@p DE(V*) = ARV @ DE(V¥) D KR (V)
(2.10)

where ev,, : DE(V*) @p Symf V — R is the natural evaluation map, see (1.3).
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Example 2.11. Retain the notation and hypotheses of Definition 2.6. The complex K(¥&, 1)
is equal to the ordinary Koszul complex (2.7) and the complex (¥, 1) is isomorphic to
the ordinary Koszul complex (2.7) by way of the isomorphism

00— A%V ALV 22 AV
0—— LB (V) — ... — LI, (V) —2— R

Complexes “K(¥,0)” and “L(¥,0)” have not been defined. The recipe of Definition 2.6
would produce

0= ARV =0

for K(¥,0) and

0 — /\(ji{lv Kos” o Kos” /\%V Kos” /\}%V Kos” /\(})%V 1R
for (¥, 0); neither of these objects is very satisfactory.

Theorem 2.12. (See Buchsbaum—Eisenbud [7, Thim. 3.1].) Let V' be a non-zero free module
of rank d over the commutative Noetherian ring R, n be a positive integer, ¥ :V — R
be an R-module homomorphism, and J be the image of ¥. Let L(¥,n) and K(¥,n) be
the complexes of Definition 2.6. Then, the following statements hold.

(1) The complezes K(¥,n) and [Homp(L(¥,n), R) ®p N V][—d] are isomorphic, where
“—d)” describes a shift in homological degree.

(2) If the ideal J has grade at least d, then L(¥,n) is a resolution of R/J™ by free
R-modules and K(¥,n) is a resolution of ExtG(R/J"™, R) by free R-modules,

(3) If R is a graded ring and ¥ is homogeneous homomorphism with V equal to R(—1)%,
then IL(¥, n) is the homogeneous linear complex

0= R(—n—d+1)P" — R(—n —d +2)P-1 - ...
— R(-n—1)" - R(-n)"" - R,

with B; = (971 ("), for 1 < i < d.
Proof. Most of the proof of assertion (1) is contained in (2.4). One can use (2.3) to
prove (3); or one can prove (2) and then appeal to the Herzog-Kiihl formula [20]. We
focus on the proof of (2). Assume that J has grade d. We first show that K(¥,n) is
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0 0 0 0
+ + 4 +

0 — 0 — Kgmn—1 — — K2,n—1 — Kl,n—l — KO,n—l
4 + + +

0 — 0 —  Ddn-1 - — D2 pn-1 = Din-1 — Don-1
4 + 1 +
0 — 0 — de(,2 — Dd—l,n—z — . — Dl,n—2 — DO,n—2 — 0
0 — 0 — Dg 1 - . . . — Di1 — Dg1 — 0 0
+ + + +
0 — Dgo — Dg_10 — - . . — Dg.o — 0 — 0
4 + 4 + +
0 0 0 0 9

Fig. 2.13. The double complex D which is used in the proof of Theorem 2.12 to show that K(¥,n) is a
resolution for 1 < n. The modules D, ; and Kq,; represent A\, V ®r DI (V™) and Kﬁb(V), respectively.
The maps are given in (2.9).

a resolution. Let K’ be the sub-complex of K(¥,n) which is obtained by deleting the
left-most non-trivial module /\dR V. We prove that
0 ifl1<j<d—2
. " — - -
H; (K') {A%V i1 (2.14)

and that the image of the map /\% V — KdR—l,n—l? which is given in (2.10), is exactly
equal to Hy—1(K').

Consider the double complex I which is obtained from (2.9) by keeping the modules
ARV ®@g DE(V*) for b < n — 1, and adjoining the row of kernels

0= Ki' (V)= = K, (V) = 0.

Keep in mind that each Kﬁnq(v) is the kernel at the top of a column of our truncation
of (2.9). In other words, the maps

Ka,n—l
incl
ARV ®r Dy (V¥)

n

“1V @p DE (V)

form an exact sequence for each a. We have recorded a picture of D in Fig. 2.13, where
D, represents A, V ®@g DFY(V*) and K, ;, represents Kffb(V). Index D so that the total

complex T(D) has the module Z;:ll Dy, ; in position 0.
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Each column of D, except for the left-most non-trivial column, is exact. The hypothesis
that J has grade d guarantees that the rows of D, with the exception of the top-most
non-trivial row, have homology concentrated in the position of the module Dy .. We
consider two sub-complexes I’ and D" of D. Let D’ be the sub-complex of D which is
obtained by deleting the left-most non-trivial column and D" be the sub-complex which
is obtained by deleting the top-most non-trivial row. Observe that D/D’ is the left-most
non-trivial column of D; hence,

0 itj4d
N
T(D/D)j{pd@—/\iv if j = d.

Observe also that D/D” is the top-most non-trivial row of I; so, in particular,
K—l,n—l =0 fOI‘j =0

Kj—l,n—l for 1 S] S d = K;'—l
Kgn-1=kerngn—1=0 forj=d+1

T(D/D")

i=

and T(D/D") = K'[—1]. In light of (2.14), we show that K(¥, n) is a resolution by showing
that

H;(T(D/D")) = {3\%‘/ i?ifﬁd_l (2.15)

and showing that the isomorphism /\;l% V — Hy(T(D/D")) is given by (2.10).
Every column of IV is split exact; so, the total complex of D', denoted T(D’), is also
split exact. The short exact sequence of total complexes
0— T(D') - T(D) - T(D/D') =0
yields that He(T(D)) ~ He(T(D/D')). Thus,

H; (T(D)) =~ {3\%‘/ E i Z; (2.16)

furthermore, the isomorphism of (2.16), when j = d, is obtained by lifting each element
fin \"V = Dy back to a cycle in T(D). Recall the canonical map

evi: R = Sym[ (V) @g DF (V*),
as described in (1.3). Observe that (1@ ¥ @ 1)(d ® evj(1)) is an element of

ALV ®r DE(V*) = Dy;.
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It is easy to see that there exists signs o; € {1, —1} so that

Yo (1o e1)(feevi(l)
0<j

is the unique cycle in (2.9) which lifts § € Dy o. The complex D is obtained by truncating
the complex (2.9) and then adjoining a row of kernels. We conclude that the isomorphism
of (2.16), when j = d, is given by

n—1

0= o;-(1eal)(0eevi(l)+o, n(1@¥e1)(0@ev,(1), (2.17)
=0

for 0 € AG(V).

The rows of D" all have homology concentrated in position Dy .; and therefore, the
homology of T(D") is concentrated in the position 0. The long exact sequence of homology
which corresponds to the short exact sequence of complexes

0— T(D") - T(D) — T(D/D") =0
yields that

H;(T(D)) ~ H; (T(D/D")) for 2 < j. (2.18)
We apply (2.16) to conclude that

0 if2<j<d-—1
0 0/) = { Qi

furthermore, the composition

ALY 1 1 (T(D)) 2225 Hy (T(D/D"))

sends 6 in /\%V to
on (10T ®1)(0®evi(l))) € Ka—1,0-1 = T(D/D"),.
The constant o, € {1, —1} is irrelevant. The map
0 n((1o¥el)(foevi(l)))

is exactly the map of (2.10). We have accomplished both objectives from (2.15); hence,
we have shown that K(¥,n) is a resolution.

We use the same style of argument to show that IL(¥,n) is a resolution. Let E be the
double complex (2.8) truncated to include ARV ®p Symf V for 0 < b < n — 1 with
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0 0 0 0 0 0 0 0

+ + + + + + + +

0 — 0 0 — E;o — E4.10 — . — E;og — Eyo — O
+ + + + + +

0o — 0o — Eg — Eig.1 — - E,; — Ey, — 0 — 0
0o — 0 — Egpn_2 — — Esn_o — Ei,o — Ej,_» — 0
+ + + + + +

0 — Ein g Eq1nn — — Ein,o1 — Eono1 — 0 0
+ + + 4 + +

0 — Ly — Ly 2, — — Lg — 0 — 0 0
+ + + + + +

0 0 0 0 0 0

Fig. 2.19. The double complex E which is used in the proof of Theorem 2.12 to show that L(¥,n) is a
resolution for 1 < n. The modules E,, and L, represent A%V ®r Sym? V and Lﬁb(V)7 respectively.
The maps are given in (2.8).

a row of cokernels adjoined. We have recorded a picture of E in Fig. 2.19 where E,;
represents A% V @g Symg' V and L, j represents L, (V). We index E so that T(E) is
the module Zg;ol Eo @ Lo, Define the sub-complexes E’ and E” of E with E’ equal to
the right-most non-trivial column of E and E” equal to the bottom-most non-trivial row
of E. Every column of E/E’ is exact; so, He(T(E/E’)) = 0 and the long exact sequence
of homology associated to the short exact sequences of complexes

0— T(E') = T(E) — T(E/E') = 0
yields that

i (r®) = m(r(e) = {120

Furthermore, the long exact sequence of homology yields that the isomorphism
Ho(T(E)) — R is induced by the map that sends the cycle

Zzb € T(E)O to zg € R, (220)
b=0

where 2z, € Egp for 0 <b<n—1and z, € L(Ifn(V) = /\%V ® Symf;2 V.

The rows of E/E” have homology concentrated in position Ejy .. It follows that
H;(T(E/E”)) = 0 for 1 < i. The long exact sequence of homology associated to the
short exact sequences of complexes

0 — T(E") - T(E) —» T(E/E") =0
yields that

H;(T(E")) =0 forl<;i (2.21)
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and that the natural map
Ho(T(E"”)) — Ho(T(E)) is an injection. (2.22)

The map (2.22) sends the class of a cycle z, from L, (V) = T(E")o to the class of the
corresponding cycle in T(E). If

n
2 =[]0 € LE,(V) = ARV @r SymfJ V, with £; in V,
=1

then one lift of z, to T(E) is Y_,"_, £z, with
2o =W(lyyq - lp) by Ly € Eyp for0<b<n—1.

Combine (2.21), (2.22), and (2.20) to conclude that the augmented complex

T(E") £ R
is a resolution. This resolution is precisely equal to L(¥,n). O
3. The generators

Observation 3.9 is an important step in the present paper. In Definition 4.4 we in-
troduce a family of complexes G(x). It is immediately clear that these complexes are
resolutions. The main theorem of the paper is Theorem 4.7 which identifies the zeroth
homology of the resolutions G(x). The proof of Theorem 4.7 relies on Observation 3.9.

Data 3.1. Let R be a commutative Noetherian ring, V' be a free R-module of rank d, n
be a positive integer, @ be an element of DI _,(V*), ann® be the ideal

ann® = {0 € SymZ v | 6(®)=0¢€ DE(V*)}
of the R-algebra Symf‘ V, and
Pffl : Symgﬂ V= Dr?fl(V*) (3.2)
be the R-module homomorphism defined by
Pr—1(vn—1) = va—1(®),

for v,—1 € Symff_l V. Assume that pf_; is an isomorphism. For each integer i, let
[ann @]; represent ann® N Sym? V. Define ¢, : DE [ (V*) = Sym% |V to be the
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inverse of p®_,. In particular,
[an,l(wn,l)](é) =w,_1 and @(vn,1 [Un,l(wn,l)]) = Up—1(Wn—1) (3.3)
for all w,_; € DE [ (V*) and v,_; € Sym”? | V.
In Observation 3.9 we identify a set of generators for ann @.

Observation 3.4. Adopt Data 3.1 and let p be an integer with 0 < p < n — 1. Then the
following statements hold.

(1) The R-module homomorphism & : Symf”n_2 V' — R induces an isomorphism

Sym2Rn72V ~R

[ann @], o
(2) The pairing
Sym[ , ,V®gSym) ,,,V =R, (3.5)
which is given by
Vn—1—p ® Vn—14p = (Vn—1-pUn—14,)(P),
induces a perfect pairing

Symf’_Hp %4

Symfflfp V ®R — R

[ann @], 14,

(3) If x1,...,24 is a basis for V, then the elements
{x/fonl(x»{(aﬁp)m;(aa .. .xz«l(ad)> ‘ Zai =n—-1-p, 0< ai} (3.6)

of Sym5_1+p V' are dual to the monomial basis

Zaizn—l—p}
i

ay a2 aq
{xl m2 ...xd

of Symfﬁlfp V under the pairing (3.5).

Proof. Assertion (1) is a special case of (2); (2) is an immediate consequence of (3); and
(3) is obvious. O



S. El Khoury, A.R. Kustin / Journal of Algebra 420 (2014) 402—474 429

Remarks 3.7. (1) If C\,_14, is the R-submodule of SymfﬁHP V' which is generated by
the elements of (3.6), then Observation 3.4 shows that Cj,_14, is a free R-module with
basis (3.6) and Symfil +p V may be decomposed as the direct sum of two R-submodules:

Symﬁtlﬂ) V =[ann®|,_ 14, ® Cr_14p-

(2) If 0 < p < n —1, then Observation 3.4 shows that

R
Py 1, Symy’ ., V=D, (V)

is surjective. (Recall the definition of pf from Definition 1.5.) The R-module DJF ;_ (V*)

is free; so there exists an R-module homomorphism
R R
Un—l—p : Dn—l—t (V*) - Symn—l-‘,-p 14

which is a splitting map for p2_; +p; thus, in particular, the composition

D
DE | (v*) Ztes gymft v Prtie, DR (v (3.8)
is the identity map on DF | p(V*). The map o,_1 has been previously defined, in
Data 3.1, in a coordinate-free manner. The maps o,_1—,, for 1 < p <n — 1, depend on
the choice of a basis.
(3) For each p with 0 < p < n —1, let ap_1_, : Kf’n_l_p(V) — Symfﬂ)v be the
composition

R 1®on—-1—p R multiplication R
Kl,nflfp(v) V ®r Symnfler 14 Symn+p ‘/7

,}L%er V. Notice that A[n+ p] is defined to

be an R-module. This R-module is independent of the choice of coordinates when p = 0,

and let A[n+ p| be the image of a,,—1_, in Sym
and depends on the choice of coordinate when 1 < p <n — 1.

Observation 3.9. Adopt Data 3.1 and the notation of Remarks 3.7. The following state-
ments hold.

(1) If0 < p < n—1, then the R-module A[n+p| is contained in the R-module [ann @], ,.
(2) The ideal ann® of SymZ (V) is generated by [ann @],,.

(3) The R-modules A[n] and [annP|,, are equal.

(4) Let W : V — R be an R-module homomorphism and ¥ : SymZ(V) — R be the
R-algebra homomorphism induced by . If I and J are the ideals I = @\(ann d) and
J = @(V) of R, then the following statements hold for all non-negative integers p,
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(a) ¥(annd N Sym§+p V) is equal to the ideal JPI of R, and
(b) a generating set for the ideal J°I may be obtained in a polynomial manner from

the images of the maps
U:V >R and &:Symi ,V >R

Proof. We first prove (1). A typical element of Aln + p| has the form a,_1_,(@), where
O=>,li@w isin K{',_;_, with {; €V, w; € D} (V*), and ), £;(w;) = 0. The

n—1—p
map o,—1—, sends O to >, ;- 01— p(w;); and therefore, (3.8) yields that

[an—1-,(0)](2) = Zéi([an—l—p(wi)] (@) = Z&(wi) =0,

and (1) is established.

We prove (2) and (3) simultaneously. Let Z be the ideal of SymZ V' which is generated
by A[n], and let [Z]; be the R-module Z N Sym}® V for each 4. It is clear that 7 is generated
by [Z],; and assertion (1) shows that [Z], C [ann@],; hence, Z C ann P. We prove that
Z =ann.

Both ideals Z and ann @ are homogeneous; so it suffices to prove the equality [Z]; =
[ann @]; for one degree i at a time. It is clear that [Z]; is zero for i < n — 1. On the other
hand, if v; is an element of [ann ®]; for some i < n — 1, and z is a basis element of V,
then 2"~ '~%y; € kerp? | = 0. But 2”1~ is a regular element in Sym? V;sowv; =0.

We identify a few critical elements of [Z],. Let z1,...,24 be a basis for V' and let
ai,-..,aq be non-negative integers. Observe that
Ti0n_ 1 (ajf(al) .. ,xr(ai+1) .. ,x;(aj) .. ,xz(an)) (3.10)
2001 (x>1k(a1) . x;(ai) . x;&(aﬂ-l) .. ,x:l(an,)) ’
is an element of [Z],, for any pair ¢ # j when > ,a; =n — 2, and
20— (25 g o)) (3.11)

is an element of [Z],, whenever a; =0 and ) ,ay =n — 1.
Fix an integer p with 0 < p < n — 1. We prove that [ann®|,_14, C [Z],—14,. Recall

the R-submodule C},_14, of Sym® | +, V and the direct sum decomposition
Sym§—1+p V =[lanmn @y 14, Cro14p
from Remark 3.7. Use the fact that

on_1:DE | (V*) — Sym” |V
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is an isomorphism of free R-modules to see that ¢, 1(DF (V*)) = Sym® , V; and
hence, Symf V.o, 1(DE (V) = Symfﬁlﬂg V. We next show that

Sym§—1+p Vv g [I]n—l-‘rp + Cn—1+p- (312)

Fix non-negative integers Ay, ..., Ag and ay,...,aq, with >, A; = p and ), a; equal to
n — 1. Let “=" mean congruent mod Z. Apply (3.10) and (3.11) repeatedly to see that

it (2 ) g
ghi-aighatagds x?don,l(azg(aﬁ“‘) gy = if a; < Ay
. a A if a; < A;, for
B x1141+a1 xZA a; -~-x§dan,1(x*1‘(a1+a") .. .x;k(O) . m;(dd)) = { Sonie . 7&“1
_ _ - if A; <ay
x‘ljUnfl(xﬁf(al A1+p)$§(a2 A2 "T:l(ad Ad)) € Cn-14p { for ;H—i Z
(3.13)

Thus, (3.12) holds and
Sym§71+p V C [I}nfler + Cnfler - [ann @}nfprp (&) Cnfprp = Sym§71+p V.
It follows that

Tln-14p + Cn-14p = [an@ly_14p + Cno1gp,  [ann P14, N Croiyy =0,
and  [Z]n—14p C [ann @|y—14p;
and therefore, [Z],_14, = [ann @], _14,.
Finally, we consider i > 2n — 2. It is clear that [ann ®]; = Sym” V and, if one makes

the calculation analogous to (3.13), then it is not possible for the bottom case to occur,
so [Z]; is also equal to SymZ V.

(4.a) One consequence of (2) is that the R sub-modules

[ann @], 4, [ann @], - Symf’ V and [annd], - (Sym{% V)p (3.14)

of Symf +,V are equal. The R-algebra homomorphism ¥ carries this R-module to the
ideal ¥(Jann @), ,) = ¥([ann @],,) - ¥ ((SymT V)?) = I.J? of R.

(4.b) We will identify a set polynomials {p,} in Z[{X1,..., X4}, {tm}], where
M roam over the monomials of degree 2n — 2 in d variables. (3.15)

We have already picked a basis x1,...,x4 for V. If M is a monomial from (3.15), then
let M|z represent the corresponding element of Sym%, , V; we think of “M|z” as “M
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evaluated at x1,...,24.” We will choose the p, so that the set of p,, with X; evaluated
at ¥(z;) and tys evaluated at &(M|x), generates JPI.

Our proof of (2) shows that [ann @], is generated by the elements of (3.10) and (3 11).
Thus, (3.14) shows that J*I is generated by v applied to the elements of (Sym1 V)P
times the elements of (3.10) and (3.11).

Recall from Remark 1.6 that the matrix of the map p¢_; of (3.2) is Ty = [®(m;m;)],
where my,...,my is a list of the monomials of degree n — 1 in x1,...,z4. Each entry
in the matrix Ty is @(M|:E) for some M from (3.15). The matrix Tg is invertible over
R by the hypothesis that pf_ 1 is an isomorphism; thus, det T is a unit in R and the
T tT Adj(Tg), where Adj(Ts) is the classical adjoint of Tg.
The classical adjoint of T is built in a polynomial manner from the entires of Tg; the

. . -1
matrix for 0,1 is T~ =

classical adjoint of Ty is the matrix for the map (det 7)o, —1; and the map (det Te)o,—1
differs from the map 0,1 by a unit of R — this unit does not affect the ideal generated
by the image. Thus, the ideal J*I is generated by the elements

= (et Tp)o, g (zr(@) .o grlaitl) o p(ag) g (an)
7 (x1,...,24)° z;(det Tyg)o 1(x1(a1) xz*(ai) *g(ci“) xz (an)) ,
—xj(deths)Un,l(l‘l X -..;I;j J Sz )
for i # j and Ze ag = n — 2, together with the elements

o~

U ((21,...,2q) zi(det Tg)o_ (a3 -k *))),

n

with a; = 0 and )", a; = n — 1. Each of these elements of R is built in a polynomial
manner from {¥(z;)} U{®(M|z)}. O

4. The main theorem

Data 4.1. Counsider the data (R, V,n,¥,®), where R is a commutative Noetherian ring,
V is a non-zero free R-module of finite rank, n is a positive integer, ¥ : V. — R is an
R-module homomorphism, and @ is an element of D£,_,(V*). Let d be the rank of V,
¥ : Symf (V) = R be the R-algebra homomorphism induced by ¥, and I and J be the
ideals I = @(ann d) and J = @(V) of R. For each integer i with 0 < i < 2n — 2, let pf :
SymV — DE ., .(V*) be the R-module homomorphism defined by p®(v;) = v;(®),
for v; € Sym}* V.

In this section we produce a family of complexes G(R, V, n, ¥, ®; 1), one for each integer
r with 0 < r < 2n — 2. The main result is Theorem 4.7, where we prove that if the grade
of J is at least d and p?_; is an isomorphism, then each complex G(R,V,n,¥, &;r) is a
resolution and the complexes G(R,V,n,¥,®;n — 1) and G(R, V,n,¥,P;n) both resolve
R/I.

Corollaries 4.16 and 4.22 are applications of Theorem 4.7. Corollary 4.16 treats the
generic resolution @(r) and Corollary 4.22 specializes the generic resolution in order to
accomplish Project 0.3. Section 5 and the beginning of Example 6.21 give examples of G.
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Recall the complexes L and K from Definition 2.6.

Observation 4.2. Adopt Data 4.1 and let r be an integer with 1 < r < 2n — 2. Then the
R-module homomorphism p? : Symf(V) — D& 5 (V*) induces a map of complexes

E(R,V,n,¥,®;r) : L(W,r) = KW,2n — 1 — r)[—1]

as described:

0—— Ldfl,r e Ll,r LO,T R
J 1®pr 1®pr 1®pr
d

0 —= ARV — Ki—12n—2-r — - — Kion—2-r — Koon—2-r,

where Lay, and Ko represent LY, (V) and K (V), respectively.
Proof. The proof is straightforward and short. 0O

Remark 4.3. If the ring R is bi-graded and the R-homomorphisms

2n+d—3

@:R(-1,004 5 R and &:R(0,-1)07T) 5 R

are bi-homogeneous, then the double complex FE(R,V,n,¥,®;r) of Observation 4.2 is
bi-homogeneous. The entries of the matrix Ly, — R have degree (r,0); the entries
of the matrices Ly, — Ly,—1 and Kyon_2—r — Ky_19n—2-, have degree (1,0); the
entries of the matrices for 1 ® p? have degree (0,1); and the entries of the matrix
/\éV — Kg_12n—2-, have degree (2n — 1 — r,0). The ranks of L,; and K, j are
given in (2.3) and (2.4). (See, also, (5.8).) The double complex E(R,V,n,¥, ®;r) is
bi-homogeneous with

Loy = R(=r — a,0)(=5 D707

Ka72n_2_r _ R(_,r _ a, _1)(d,+2na—2—7‘) (2n+dd_—13_—a7‘—a)

ARV = R(=2n —d + 2, —1)".
Definition 4.4. Adopt Data 4.1 and let r be an integer with 1 <r <2n —2. Let
G(R,V,n,¥,®;r) be the total complex of the double complex E(R,V,n,¥, d;r), from
Observation 4.2, with R & K£2n_2_7, in position 0.

Observation 4.5. Adopt Data 4.1 and let v be an integer with 1 < r < 2n — 2 and
G(R,V,n, ¥, ®;r) be the complex of Definition 4.4. Then the complexes

G(R,V,n,¥,®;r) and [HomR(G(R, V,n,W,®;2n —1—71),R) ®r /\dv} [—d]

of Definition 4.4 are isomorphic, where “|—d]” describes a shift in homological degree.
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Proof. Apply assertion (1) of Theorem 2.12. O

Observation 4.6. Adopt Data 4.1 and let v be an integer with 1 < r < 2n — 2. If J has
grade at least d, then the complex G(R,V,n,¥,®;r) of Definition 4.4 is a resolution.

Proof. Apply assertion (2) of Theorem 2.12 to see that the complexes
L(W,r) and K(¥,2n—1-7r)

have homology concentrated in position zero, then use the long exact sequence of homol-
ogy associated to a mapping cone to conclude that G(R, V,n, ¥, ®;r) also has homology
concentrated in position zero. O

Theorem 4.7. Adopt Data 4.1. Assume that J is a proper ideal with grade at least d and
Py Symf (V) — fol(V*)

is an isomorphism. For each index r, with 1 < r < 2n—2, let G(r) represent the complex
G(R,V,n, ¥, ®;r), of Definition 4.4. The following statements hold.

(1) Each of the ideals JPI, with 0 < p < n — 2, is a perfect, grade d, ideal of R.

(2) The ideal I is a perfect, grade d, Gorenstein ideal of R.

(3) The complex G(n+p) is a resolution of R/JPI by free R-modules, for 0 < p < n—2.
(4) The complexes G(n) and G(n — 1) both resolve R/I = Ext&(R/I, R).

(5) The complex G(n—1— p) is a resolution of Ext&(R/J?I, R) by free R-modules, for
0<p<n—-2.

Remark. We are primarily interested in the resolution G(n + p) of R/JPI when p = 0.
The argument which produces this resolution of R/J*I for p = 0 also resolves R/JPI
for 0 < p < mn — 2. The ideal J?I is a “truncation” of I.

Proof of Theorem 4.7. First notice that the ideals I and J of R have the same radical.
Recall that [ = ¥(ann @) and J = ¥(V). It is clear that, as ideals of SymZ(V),

(ann @) C (Symft V) and (Symginf1 V) C (ann®).
It follows that
T = (@(V))*" T = W (Symf, (V) € ¥ (ann()) C U(V) = J;
and therefore, J2*~1 C T C J.In particular,

the ideals J and J”I have the same grade for all non-negative integers p.  (4.8)

The hypothesis that d < grade J also guarantees that d < grade J*I, for 0 < p.
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We saw in Observation 4.6 that G(r) is a resolution for every integer r between 1 and
2n — 2. The heart of the argument is the proof that

R/I ifA=0

R/JAMM if1<A<n-—1. (49)

Ho(G(n—1+ X)) = {
We assume (4.9) for the time-being and complete the proof. Assertion (3) and the part
of assertion (4) that G(n) and G(n — 1) both resolve R/I follow immediately from (4.9).

Fix an index p, with 0 < p < n — 2. We have exhibited that G(n + p) is a free resolution
of R/JPI of length d; thus,

d < grade JI < the projective dimension of the R-module R/J’I < d,

and JPI is a perfect, grade d, ideal of R. Assertion (1) is established and
Homp (G(n + p), R) — Ext}(R/J?I,R) — 0

is a resolution. Observation 4.5 yields assertion (5). We know from (4) that G(n — 1)
resolves R/I and from (5) that G(n — 1) resolves ExtG(R/I, R). Tt follows that R/I =
Ext%(R/I, R), and the proof of (2) and (4) are complete.

We now prove (4.9). Write G for G(n — 1 + X). We compute Ho(G). (The same ideas
appear again in the proof of Lemma 6.16.) The homology Ho(G) is defined to be the
cokernel of

L(I)zn71+)\(v) [ (plj; 0 ] R
’ Dr_14x ¥Y®L
> —_— 2
Kfnflf)\(v) K(fnflf)\(v)'

Recall that L&n_H)\(V) =Sym |,V and K(}fn_l_A = DE | | (V*). Recall, also, the
splitting map

On—1-X* D’f—l—k(v*) - Sym§_1+>‘ 4

of Remark 3.7(2). We decompose L§n71+A(V) = Symﬁ_H_)\ V as

ker pf_H_)\ @imop_1-x
and we employ the isomorphism

@ @
kerpy, 445 [éo 01 A] kerpy, 14\

o S i - = Lin 142 (V)

~

K(I)’?nflf)\(v) im oy, 1
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to see that Hy(G) is the cokernel of

kerpf_H_)\
(&) [lf/ @oan,l,A 0 } R
Ké%,n—l—k(v) 2 - vel D
@ Kfl)’?n—l—)\(v)'
KlR,n—l—}\(V)

Row and column operations yield that Ho(G) is the cokernel of
v 0 —Q'/\oon_l_A o (T®1)

. 4.1

[ 0 1 0 (4.10)

It is not difficult to see that the diagram

v % On—1—X
Kﬁnka(v) — Dr?fk)\(v ) —— Symf_1+,\ Vv

1®0n1>\l @j

1 v
VerSymi vV —— s smf v —" R

commutes. The clockwise composition from Kfn_l_ 1(V) to R is the map in the up-
per right-hand corner of (4.10), up to sign. The counter-clockwise composition from
K \(V)to Sym[, \ V is called a,—1— (see Remark 3.7(3)) and the image of a,—1-x
is called A[n + A]. It follows that

Hy(G) = &
o 7( ker(p?_ . \))+ T(Aln+ )

Use Observation 3.9 to see that

~ -~ 0 it A=0,
B (ker(p 1)) = P (o loio) = { Sy 0 onen

@(A[n +A]) = U(ann @) = I if A=0, and
7 7

Thus, (4.9) holds and the proof is complete. O

The complexes of Definition 4.4 can be built generically. (When we consider generic
data, there would be no loss of generality if we had written “Z” every where we have
written “Ry” because, the generic objects constructed over Z would become generic
objects constructed over Ry once we applied the base change Ry ®z _ .)
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Definition 4.11. Consider (Ry,U,n), where Ry is a commutative Noetherian ring, U is
a free RO module of rank d, and n is a p051tlve integer. We define the genemc ring
R = R(Ry,U,n), the generic ideals I = I(Ry,U,n) and J = J(Ro,U,n) of R, and,
for each integer r with 1 < r < 2n — 2, the generic complex G(RO,U n;r). View U &
Sym% 5 U as a bi-graded free Ro-module, where the elements of U have degree (1,0)
and the elements of Sym4° , U have degree (0,1). Let R be the bi-graded Ro-algebra
SymZ (U @ Symzn 2 U). Define the Ro-module inclusion homomorphisms iy : U — R
and 4y : SymX U — R by

U—U®0=[R)u10 CR and Symi° ,U — 0®Symi ,U = [R]o C R,

respectively. Let V' be the free R-module V = R ®p, U and define ¥ : V — R and
D Symgn_2 V — R to be the R-module homomorphisms

174 _ E ®R0 U 1®11 R ®R0 E multiplication ]’% and

R o) 1®1 = multiplication (4'12)
Sym2n72 V=R ®R0 Sym —2 U—% R ®Ro R —mM— R7

respectlvely Let ¥ Sym ( ) — R be the E—algebra homomorphism induced by ¥, T and
J be the ideals I = ¥(ann @) and J = ¥(V) of R. For each integer r with 1 < r < 2n—2,
define (G}(RO7 U,n;r) to be the complex G(R,V,n, ¥, ®;r) of Definition 4.4.

Remark 4.13. Continue with the notation and hypotheses of Definition 4.11. Suppose
that U has basis x1,...,24. In this case, we may view R as the bi-graded polynomial
ring R = Ro[z1,...,%4, {tar}], where

M roams over all monomials of degree 2n — 2 in {z1,...,24}. (4.14)

The variables x; have bi-degree (1,0) and each variable ¢y has bi-degree (0, 1). The map
@:Symf V- R from (4.12) is the same as the element

Moty e @223 € Rog, DIY U = DE _,(V*), (4.15)
(4.14)

where * in U* means Ryp-dual and * in V* means R-dual.
Our first application of Theorem 4.7 is to the generic situation.

Corollary 4.16. Consider the data (Ro, U, n), where Ry is a commutative Noetherian ring,
U is a free Ro-module of positive rank d, n is a positive integers. Let R= R(Ro, U,n),
I = I(Ry,U,n), J = J(Ro,U,n), and for each integer r, with 1 < r < 2n—2, G(r) =
G(Ro, U,n;r), be the generic ring, ideals, and complexes of Definition 4.11, and let & be
det Ty for the R-module & of (4.12). The following statements hold.
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(1) Each of the ideals JPIRl;, with 0 < p<n—2,isa perfect grade d, ideal of Rs.

(2) The ideal IR5 s a perfect, grade d, Gorenstein ideal of Rs.

(3) The complex G(n + p)s is a resolution of RJ/J”IR,S by free Rs-modules, for 0 <
p<n-—2.

(4) The complezes G(n)s and G(n — 1)5 both are resolutions of

Rs/IRs = Ext%5(§5/7R57 Rs)

by free Rs-modules.
(5) The complex G(n—1—p)s is a resolution of Ext®(Rs/J?IRs, Rs) by free Rs-modules,
for0<p<n-2.

Remark 4.17. The sense in which “0 = detTg” is coordinate-free is explained in Re-
mark 1.6(3). In the language of Remark 4.13, if my,...,my is a list of the monomials of
degree n—1in 1, .. s Td, then 9 is equal to det(t mim; ) Each t,,,,m; is an indeterminate
of the polynomial ring R from (4.14).

Proof of Corollary 4.16. We apply Theorem 4.7. In the language of Remark 4.13, the
ring R is the polynomial ring Rg[x1, ..., 24, {tar}] and the ideal J is generated by the
variables x1, ..., xq; thus, J is a proper ideal of grade d. Furthermore, the map

p_ Sym 1 Vs — D (V(;*)

is invertible because its determinant is the unit §; see Definition 1.5 and Remark 1.6(1).
The hypotheses of Theorem 4.7 are satisfied. The conclusions follow. 0O

Our second application of Theorem 4.7 is to the study of the ideals in the set I, (Ro, U)
of Definition 1.15. Fix the data (Ro, U, n), where Ry is a commutative Noetherian ring,
U is a free Rp-module of positive rank d, and n is a positive integer. Let E, f, and @(n),;,
be the generic ring, ideal, and resolution created for the data (Ro, U, n) as described in
Definition 4.11 and Corollary 4.16. Let P be the polynomial ring P = Symf‘0 U and
I = ann ¢ be an ideal in P from the set I,,(Rg, U); so, in particular, ¢ € Df;‘;’_z(U*) and
det T} (as described in Definition 1.5) is a unit of Ry. We prove in Corollary 4.22 that ¢
naturally induces a P-algebra homomorphism g/zS\ : R — P so that

(1) ¢(I) =1, and
(2) P®z G(n)s is a resolution of P/I by free P-modules.

We first give the coordinate-free, official, description of qg The map $ exists for any
¢ € D (U *). The condition that det T} is a unit in Ry is not needed until we establish
properties of ng The rings P and R are defined to be

P=Sym® U and R = Sym[o (U@Symgn 2 U);
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thus, R is also equal to
R= Sym? (P @R, Symm 9 U)

The element ¢ of DX ,(U*) IS an Ry-module homomorphism Sym° , U — Ry; there-
fore ¢ induces a P-module homomorphism

1®¢:P®pg, Symi? ,U — P®g, Ry =P

and, according to the defining property of symmetric algebra, 1 ® ¢ induces a P-algebra
homomorphism

1@¢: R=Sym? (P ®p, Symby?_,U) — P, (4.18)

which we abbreviate as ¢ : R — P. In practice, R = P[{ta}] for indeterminates ¢, as
described in (4.14) and ¢ is the P-algebra homomorphism

¢: R=P[{ty}] = P, with ¢(tar) = ¢(M) € Ro. (4.19)

Notice that the element ¢ of DX ,(U*) has the form

$= > o eari ™2y @) e DI U, (4.20)
(4.14)

for some elements 77 in Ry. Apply ¢ to the monomial M from (4.14) to see that
T = ¢(M). Tt follows that if & € R®Ro DI (U*) is the element of (4.15) and (4.12),
and P is an R—algebra by way of ¢> R— P, then

P®y® isequalto 1®¢€ P ®p, D ,(U*). (4.21)

Corollary 4.22. Fiz (Ry,U,n), where Ry is a commutative Noetherian m'ng, U isa free
RO module of posztwe rank d, and n is a positive integer. Let R = R(RO,U n) I =

(RO,U n), J = J(Ro,U,n), and, for each integer v with 1 < r < 2n — 2, G(r) =
G(RU,U,TL,T') be the generic ring, ideals, and complexes of Definition 4.11. Let § be
the element detTg in R as described in Definition 4.11 and Remark 4.17, P be the
polynomial ring P = SymZ° U, and J be the ideal (Sym{%"(U)) of P. Let I = ann ¢ be an
ideal of P from the set 1,,(Ro,U) of Definition 1.15 with ¢ € D2R£72(U*) and detTy a
unit of Ry. View P as an E—algebm by way of the P-algebra homomorphism 5: R—P
of (4.18) and (4.19). The following statements hold.

(1) The ideals gg(jpf) and JPI of P are equal, for all non-negative integers p.
(2) The compler P @5 G(n + p)s is a resolution of P/JPI by free P-modules, for 0 <
p<n-—2.
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(3) The complex P®§((~}(n—1—p)5 is a resolution of Exth(P/J1, P) by free P-modules,
for0<p<n-—2.
(4) The complexes P @5 G(n)s and P @5 G(n — 1)s both resolve

P/I = Ext%&(P/I, P).

(5) Each of the ideals JPI, with 0 < p < n — 2, is a perfect, grade d, ideal of P.
(6) The ideal I is a perfect, grade d, Gorenstein ideal of P.
(7) Each of the natural ring homomorphisms

R
il Sy ,0), ~ (5) (423)

for 0 < p<n-—2is flat.

Remark 4.24. In the language of Remark 4.13 the ring homomorphism (4.23) is

Roffea], — ((Felmezedidl) | (425)

In particular, when p = 0 and Ry = k is a field, then

k[{tm}] 5 — <§>6 (4.26)

is a flat family of k-algebras parameterized by s (k) in the sense that every algebra
klxy,...,xq)/I, with I € Hg](k), is a fiber of (4.26).

Proof of Corollary 4.22. The element @ of DQn o(R®p, U) is defined in (4.12). Recall
from (4.21) that PRz P =1®¢in PRg DI, (U*). One consequence is that ¢ carries
the element & of R to the unit det Ty of Ro, therefore, qf) R— P automatlcally induces a
well-defined P-algebra homomorphism ¢ Rs — P. The complexes G( )s are resolutions
by Corollary 4.16. The complexes P ® G( )s are resolutions by Theorem 4.7 because
the two hypotheses of Theorem 4.7 are satisfied. The first hypothesis concerns the grade
of the ideal ¢(.J). We see that ¢(J) is equal to the ideal .J of P and that this ideal has
grade at least d. (Indeed, when one uses the language of Remark 4.13, J is the ideal
(z1,...,24) in the polynomial ring P = Rg[z1,...,z4].) The second hypothesis concerns
the element det Tp®ﬁ¢ of P. We have already observed that P ® FP=11® ¢. It follows
that det Tp® _ is equal to the unit det Ty of P.

We use the language of Remark 4.13 and (4.20) to prove (1 ) Let p be a non-negative
integer. We saw in Observation 3.9(4b) that the ideal JPT of R is built in a polynomial
manner from the data {z;} U {ta} and that the ideal J*TI of P is built using the same
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polynomials from the data {z;} U {rasr}. The P-algebra homomorphism ¢: R — P
carries tp; to Tar. Thus, (Z(fpf) = JPI and (1) is established. Assertions (2)—(6) now
follow immediately from Theorem 4.7.

Assertion (7) is essentially obvious. Fix p, with 0 < p < n — 2. We use the language
of Remark 4.13. To prove that (4.25) is flat, it suffices to prove the result locally and
therefore, according to the local criterion for flatness, (see, for example, [27, Thm. 49]
or [15, Thm. 6.8]) it suffices to prove that

A B
TOI'A <—, T) = 0, 4.27
"\pd’ oI 427

where A = Ro[{tar}]p, B = Ro[{x:}, {ta}]g, B is a prime ideal of Ro[{z;}, {tas}] which
contains J*I and does not contain 8, and p = Ro[{tar}] NP. Apply Theorem 4.7 to

A
1 B GO+ o), (4.28)

which is the complex G(n + p) built over the field piA with Macaulay inverse system

piA DRy @. The Macaulay inverse system still induces an isomorphism from Sym,,_; to

D,,_; (because a ring homomorphism cannot send a unit to zero), and the image of J
in B is still a proper ideal (recall, from the proof of Theorem 4.7, that J and I have the
same radical) of grade at least d. Thus, (4.28) is a resolution and (4.27) holds. O

5. Examples of the resolution (N}(n)

In Theorem 5.2 we prove that the complex @(7‘) is a monomial complex. To do this
we introduce the standard bases for the Schur and Weyl modules that we call L, 4
and K ,. In Example 5.15, we use these bases to exhibit the matrices of @(T), when
d = n = r = 3. The matrices of G(r), when d = 3 and n = r = 2 are given at the
beginning of Example 6.21.

Data 5.1. Consider (Ry, U, n), where Ry is a commutative Noetherian ring, U is a free
Ryp-module of rank d, and n is a positive integer. Let R= ]?{(Ro, U,n), I= I~(Ro, U,n),
J = j(RO,U, n), and @(r) = (AGir(RO,U7 n;r), for 1 < r < 2n — 2, be the generic ring,
the generic ideals, and the generic complexes of Definition 4.11. Write L, , and K, ,
for LFoU and KU, respectively. Let @ be the element of R ®p, DEo_,(U*) which

is described in (4.12) and (4.15), and let & be the element det Ty of R as described in
Corollary 4.16 and Remark 4.17.

Theorem 5.2. Adopt Data 5.1. Then one can choose bases for the free modules of @(r)
so every entry of every matriz is a signed monomial.
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Proof. Let z1,...,24 be a basis for U and think of R as the polynomial ring
Rolz1,...,24,{tar}] as described in Remark 4.13. We see from Definition 4.4 that G(r)
is the mapping cone of

ﬁ@R” Lg_1,r, - ... = ﬁ@;{“ Ly, - ... = I§®R“ Lo, -~ R
R ®r, /\(112“ U — R®gr, Ka—12n-2-r — ... — RQ®gr Kpon-2-r — ... — R®g, Koan_2-r-
(5.3)
The top complex in the above diagram is a minimal resolution of R/(x1,...,24)"

by free R-modules and the bottom complex is the dual of a minimal resolution of
E/(ml, ..., 2q)?" 717" Both of these complexes are naturally monomial complexes. We
will use well-understood bases for each of the modules; and therefore, it will not be dif-
ficult to demonstrate that the matrices for the horizontal maps have monomial entries.
(We consider the horizontal maps at the end of the proof.) The interesting part of the
proof involves the vertical maps.

Let w =1 A--- A xq be the basis for /\31%0 U. There are standard bases for L, , and
K, ;. We will define these bases and make a few remarks. More details may be found
in Remark 2.5, [34], [4, Sect. III.1], and elsewhere. These bases are usually exhibited as
tableau; our tableau are simply hooks, so we will simply record the information without
distinguishing between the row and the column. The basis for L, 4 is

aisa < <apyr,
lap |bis by <--- <bg_1, and (5.4)
ay < b

and the basis for K, is

aisa; < <ag—p-1,

k'a;b bis bl S S bq+1, and 5 (55)
b1 < aq
where
fa;b = H((Eal N Ng ) @Tpy v et qu_l) S prq - /\%OU @Ry Symf" U and
kap = n( (2}, /\---/\xzd_p_l)(w) ®x’{(ﬁ1) . -xz(ﬁd)) € Kpq € Ng,U ®r, Dfo (U*),
for
b=(1,...,1,2,...,2,....d,...,d), with > Bi=q+1. (5.6)
1 2 d

The maps ~ and 7 are defined in (2.2). To show that (5.4) is a basis for L,, , one can verify
that (5.4) contains rank L, , elements (see (2.3)) and that (5.4) spans /Q(/\%—:l U ®r,



S. El Khoury, A.R. Kustin / Journal of Algebra 420 (2014) 402—474 443

Symfﬂl ) = Ly q. The assertion about spanning is obvious. Indeed, if X = z,, A--- A

+1 R .
Tappy @Tpy ** Tp,_; € /\117;,10 U ®rg, Squ_“1 U witha; < - <apg1, b1 <+ <bgq, but

by < ai, then
0= Khk(xp, NTay N+ Ng, | @ Ty, - Tp,_,)
= k(X) + a linear combination of elements of (5.4) with coefficients from {+1,—1}.

(5.7)

In a similar manner, one shows that (5.5) is a basis for K, , by showing that (5.5)
contains

rank K, o(U) = (d;q) <d+ a ;p - 1) (5.8)

elements (we used (2.3) and (2.4) to compute this number) and if

X=(z; A~ /\xéd_p_l)(w) ®1:f(51) e J:Z(ﬁd’) € /\nglU @R, Dfﬁl (U*)
with a1 < -+ < ag—p—1, b1 < -+ < byqq for (by,...,bg41) given in (5.6), but a; < by,
then
0— m((zg, A Aag, )W) @ lele(ﬂbl) Cee x(’;(ﬁd)) ifa; <b;
m((ah, A Aah,  )w) @ap, Pt a0y e = by

= 1n(X) + a linear combination of elements of (5.5) with coefficients from {+1, —1}.

(5.9)
The critical calculation involves a careful analysis of (5.9).

Claim 5.10. Fiz positive integers P, Q, and a1 < --- < ap, with P<d—1, Q < 2n — 2,
and ap < d. Let f1, ..., Bq vary over all choices of non-negative integers with > 5; = Q.
We claim that when all elements of the form

n((zh, A Az )(w)@xf(ﬁl)...xz(ﬂd)) (5.11)

ai ap

are written in terms of the basis elements {kqp} of Ka—p—1.0-1, as given in (5.5), then
any given basis element kq.p appears at most once.

Proof. Consider S, ..., 4, with > 8; = Q. Let by be the least index with Sy, # 0.

If by < a1, then the expression (5.11) is the basis element kqp for

aequaltoa; <---<ap and bequalto by,...,b,---,d,...,d. (5.12)
—_——— ———
Boby Ba
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If a1 < by, then the expression (5.11) involves the basis elements kq.p for:

a equal to j,as,...,ap written in strictly ascending order | a; < j
b equal to a1,b1,...,b1,...4,...,4,---,d,...,d and . (5.13)
——— — ——
Boy Bi—1 Ba 1< ﬂj

Now one notices that given kq.p as described in (5.12) or (5.13), one can recreate the
unique d-tuple (f1, ..., B4) so that (5.11) involves the basis element kq.p. This completes
the proof of Claim 5.10. O

We show that the matrix for the vertical map
1 ®p? : E QR var — E QR Kp,Zn—Q—r

has monomial entries. (In fact, each non-zero entry in the matrix is plus or minus a
variable from R.) In this calculation, 0 <p <d—1and 1 <r <2n — 2. Let

0= kK(xay A NTay,, ®x11...:cgd)

be a basis element in L, ,; so, in particular, a; < --- < ap41 and > B; =r — 1. (Let b;
be the least index with 85, # 0. The inequality a; < b; also holds; but this inequality
will play no role in the present calculation.) It is easy to see that

(19p%) or—no(10pl ).
Recall that

C C
? = Z twlcl'-‘asgdxi( 1)"'332( d)7
ZCi:2n72

where the sum is taken over all non-integers C1,...Cy with Y C; = 2n — 2. Of course,

tpr is a monomial (indeed, even a variable) in R for all monomials M = z$* ~'~J,‘dcd of

degree 2n — 2. It follows that

(10p?)(0) = (12 P?) (k(Ta, A+ Azq,,, @t ---207))
(1 ®p‘f_1) (:Cal A Ny, @ z?l . xgd))
Tay N NZgyy ® (mfl xgd)(@))

«(C1— P (Ce
:n(mal/\--./\waMl@ Z tfln.zgd%( 1=A1) L g(Ca ﬂd)>

> Ci=2n-2
0<Ci—B;

_ x(c1) x(ca)
= g txfﬁclmwngrcdn(xal AN Ng,, T LTy ),
> ei=2n—1-r
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where the most recent sum is taken over all non-negative integers ¢y, ...,cq with > ¢; =
2n—1—r. Let A; <--- < Ag_p_1 be the complement of a1 < --- < apy1 in {1,...,d}.
Observe that

Tay Ao Ny, = :I:(m";h Ao /\xzdipil)(w)

We have shown that the vertical map 1 ® p? sends the basis vector £ to a sum of terms
of the form

monomial - n( (2%, A+ Ay ) (w) ®x”1‘(cl) Ca ~x2(cd)), (5.14)

d—p—1
with A;,...Ag_p_1 fixed and ¢4, ..., ¢4 allowed to vary under the constraint that ) ¢;
is fixed. Claim 5.10 shows that when the elements of (5.14) are written in terms of the
basis {kqb} of K, 2n—2—r, then any given basis element kg appears at most once. In
other words, the vertical map is a monomial map: each non-zero entry in the resulting
matrix is plus or minus a variable.

As promised, we now consider the horizontal maps. The maps

R ®ry Lo — Ro and R QR /\dU S R® Ki 12n-2r

merely list all of the monomials in 1, ..., z4 of degree r and degree 2n—1—r, respectively.
The map R ®g, Ly, = R®g, Lp—1,» sends the basis element

lap = K(Tay N+ NTq,, @Tp, - - Tp,_,)

of L, (with a1 < --+ < apg1, by < -+ < by, and a1 < by) to A+ B, with A =
Tay  K(Tay N N2y, @ Ty, -y, ) and

p+1
B = Z(_l)i+1xai . ﬁ(xal A A fa\i N NEay,, @y, - .bel)
=2

The sum B is already written in terms of basis elements of L, ,. If necessary, one can

use the technique of (5.7) to write A in terms of basis elements. It is not difficult to see

that the basis elements needed for A are distinct from the basis elements used in B.
Finally, we consider the map R® Rro Kpr — R® Ro Kp—1,r applied to the basis element

Faw =n((al, Ao Aah, @) @ap®) )

ad—p—1

of pr with a1 < --- < ad—p—1, by <--- < br+1, and b; < ay for

b1y isbran) = (Lo 1,200 2 0 d, ).
—— N — N —
B1 B2 Ba
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The basis element kq;p is sent to A + B with

A:me((x;‘/\le/\-~-

i<by

B:me((mf/\le/\-~-

bi1<i

ANx

Nzx

: )(w)@x’{(ﬁl)n..

ad—p—1

o wea

ag—p_1

_xz(ﬂd))

_x(’;(ﬁd)).

The sum B is already written in terms of basis elements of K,_;,. One can use the

technique of (5.9) to write A in terms of basis elements. It is not difficult to see that the

basis elements needed for A are distinct from the basis elements used in B. O

Example 5.15. Adopt Data 5.1 with d = 3. Let x, y, z be a basis for the free Ry-module U.
We exhibit the resolution G(3) = G(Ry, U, 3;3) over R = Rylz,y, 2, {tm}], as M roams
over the fifteen monomials of degree 4 in x, y, z. The resolution G(3) is the mapping cone

of

0 — E@Ro L273 — E@Ro L1,3

I

1

1

— §®R0 L073 — E

!

0 — E@RU/\%OU — §®R0K2,1 — §®R0K1,1 — ]A:L;@ROKO,L

We record the matrices using the bases lq. and kq.p of (5.4) and (5.5):

Los
012,311
012,312
12313
012,322
012323
012333

Li3
1201
12,2
01213
012,22
012,23
01933
ly3:1,1
l1351,2
013513
U1 352,92
01323
01333
l33:2.9
ly3:03
l33:33

Los
11
lia,2
i3
l12,2
li23
l133
l9.2.9
la:2.3
l33
0333

Ky
k211
ko1 2
ko.1,3
k31,1
k31,2
k313
k32,2
k323

Ko
k2,311
k2,3:1,2

k23.1.3

We identify x; with x, x5 with y, and z3 with z. We take x A y A z to be the basis for
/\r};0 U. The resolution G(3) then is the mapping cone of
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0
(=7

with hy = [® 22y z,0y% ayz,222,9° 2 2,y22,2° |,

- hs
— R(-5,0)5 ———

V3 l V2 J V1 J
h h h}

0 —— R(~7,—1) —— R(-5,—1)5 —— R(—4,—1)® —— R(—3,-1)3

—y O 0 0 0 0 —z O 0 0 0 0 0 0 0 7
z -y 0 0 0 0 0 -z O 0 0 0 0 0 0
0 0 —y O 0 0 T 0 —2 0 0 0 0 0 0
0 x 0 -y O 0 0 0 0 —z 0 0 0 0 0
ho — 0 0 T 0 —y O 0 x 0 0 —=2 0 0 0 0
2o o 0 O O -y O O « 0 0O —z 0 0 0"
0 0 0 x 0 0 0 0 0 0 0 0 —=2 0 0
0 0 0 0 x 0 0 0 0 x 0 0 y —z 0
0 0 0 0 0 x 0 0 0 0 T 0 0 Yy  —z
L 0 0 0 0 0 0 0 0 0 0 0 x 0 0 Yy |
[z 0 0 0 0 0
0 z 0 0 0 0
-z 0 z 0 0 0
0 0 0 z 0 0
0 -z 0 0 z 0
0 0 —z 0 0 z
—y 0 0 0 0 0
hs=1|x -y O 0 0 0o |,
0 0 —y 0 0 0
0 T 0 —y O 0
0 0 T 0 -y O
0O 0 0 0 0 -y
0 0 0 T 0 0
0 0 0 0 T 0
0 0 0 0 0 |
—tpa —tz3y —tgs,  —tp2yz —lgzyr  —lg2a2 —lpys —lay2r —lpyez —lges
v = _tw3y —tmzy2 —tzzyz —twya —tzyzz —tmyzz —ty4 —tye.z —tyzzz —tyz3
—tps,  —la2yr  —Tg2x2 —lpy2. —laya2 —tpes —lysy  —tyzaz —tyus —1,a
vy is
r oo 0 0 0 0 0 —t,a —tu3, —t.3 —tiouo —tia —tiooo —tos —too —t. .o
0 0 0 0 0 0 —t,3, —t,2,0 ~tuo, —t.s —too —t, .o —t.g —t_ —to.o
0 0 0 0 0 0 —tu3, —tgoo,. —tpo.o —tio —t.. .o —t .3 —t3  —to.o —t 3
tpd  ty3y, te3, t,2,2 tpa o tipa O 0 0 0 0 0 —tuun. —ty2 o3
te3y w22 tp2yn fp3 Tau2. thn O 0 0 0 0 0 —ty3, 2.2 —t .3
ty3, th2y. te2.2 too  to o tog 0 0 0 0 0 0 —toaa —t .3 —tg
te2y2 tpu8 tou2, tya ty3, t2.2 tia, o2, to 20tz t2.2 yz3 0 0 0
_tz2yz tzyzz Lzyzz ty3z ty2,z2 tyz?’ 12,2 zyz2 ty23 ty222 tyz?’ taa 0 0 0

447

- ha - Ry -
R(—4,0)1 —— R(-3,0)1 —— R
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[ tpa tasy  tass la2gz lp2gs tp2se |
tasy  tazy2 a2y Tpys  Toy2e  toye?
. — to3,  Ta2ye a2z Tgy2s loyz2  loss
T | tzye tays tepe by tyss tyese |
tozye try2z Tryz2z g3z ty2z2 Ty
L ta2z2 tpyz2 Tpas Ty2z2 tys tre |
-z 0 x y —x 0 0 0
hi=10 -2 0 0 y 0 —z 0 |,
0 0 —2 0 0 y 0 -z
ry —x 0 0 0 0 T
0Oy 0 —x 0 O [ 22 ]
0 O 0 —x O xy
z 0 —z 0 0 0 Tz
hly = and hj =
210 2 0 0 -z o | ™ y?
0 O z 0 0 —x Yz
0 O 0 z -y 0 | 22 |
L0 0 0 0 z -yl

6. The minimal resolution

In Theorem 6.15 we turn the resolution P® 5 G(r)s of assertion (2) from Corollary 4.22
into a minimal resolution (when P is a polynomial ring over a field). Our calculations
are made at the level of ﬁ; and, when r = n, our calculations are coordinate-free. The
explicit resolution G/(2)s with d =3 and n = r = 2 is recorded as Example 6.21.

Data 6.1. Consider (Ry, U, n,r), where Ry is a commutative Noetherian ring, U is a free
Rp-module of rank d, n is a positive integer, and r is an integer with n < r < 2n — 2.
Let R = ﬁ(Ro,U, n), I= T(Ro, U,n), J = j(RO, U,n), and @(r) = @(RO,U,n;r) be the
generic ring, the generic ideals, and the generic complexes of Definition 4.11. Write L, 4
and K, for LU and K[9U, respectively. Let & be the element of R &g, Dio_,(U*)
which is described in (4.12) and (4.15), & be the element detTp of R as described
in Corollary 4.16 and Remark 4.17, & : R ®Rpr, U — R be the multiplication map of
(4.12) and 7:R ® R, Symf U — R be the E—algebra map induced by the R-module
homomorphism R ® rRo U — R.

Retain Data 6.1. Apply Rs ® 5 _ to the double complex (5.3) to obtain the double
complex

Rs ®R, Lo, — Rs
+

— Rs ®r, Ko2n-2-r-

Rs ®r, La—1,r - ... = Rs ®Rr, Lp,r - ... =

~ - 1 -
Rs Qr, /\dR“ U — RsQ®r, Ka—1,2n-2-7 — — Rs Qr, Kpon—2-r —

(6.2)
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We know from assertion (3) of Corollary 4.16 that the mapping cone of (6.2) is the
resolution G(r)s of Rs/J" "I by free Rs-modules. In this section we show that each of
the vertical maps

ﬁg @R LPJ“
Lo \ (6.3)
EJ ®R0 Kp,2n—2—r
in (6.2) splits and we split each of these vertical maps from @(r)g thereby producing a
smaller resolution G’(r)s of Rs/J" "IRs.

The R-module homomorphisms which constitute G’(r) are introduced in Defini-
tion 6.14. The modules X, , which form the bulk of G’(r) may be found in Definition 6.6.
Most of the maps of G'(r) are induced by maps of the form “Kos””; these maps are shown
to be legitimate in Observation 6.8. The final ingredient, a map called £,, may be found

in Definition 6.9 and in Remarks 6.11. The properties of (@’(r), and especially G/ (r)s,
are established in Theorem 6.15.

Claim 6.4. Adopt Data 6.1. For each index p, with 0 < p < d — 1, the R; -module homo-
morphism (6.3) is surjective.

Proof. Observe first that the diagram

E,s QRo /\%ngU QR, S)/'In;}’,%_o1 U % E,s QR /\:}DQOU QR, Symf‘o U

1®Pf,1 l 1®pfl (6.5)

- N~
Rs ®ry Ny 'U @y Dipe 1 (U") —— Rs @ry Nip,U @5y Daro_ . (U”)

commutes. The parameter r — 1 is guaranteed to be at least n — 1; so Remark 3.7(2)
ensures that the vertical maps in (6.5) are surjective. The domain of (6.3) is the image
of k in (6.5), and the target of (6.3) is the image of  in (6.5). O

Definition 6.6. Adopt Data 6.1. For each index p, with 0 < p < d—1, define the R-module
Xp,r to be the kernel of

E @Ry LP;T

1®p7 J

-Z’% ®R0 Kp,2n72fr~
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Remarks 6.7. 1. Notice that the R-module Xp,r is defined in a coordinate-free manner.
2. The Ro-module K 2,—2_, is free; so it follows, from Claim 6.4, that (X,,)s is a
projective Rs-module of rank:

rank L, U —rank K, o0p,—2_,U.

Formulas for these ranks are given in (2.3) and (5.8).
3. The module X;_1, is equal to zero because the diagram

§®Ro /\dROU Q R, Symfﬂl Uu—"4 E@RO /\nglU QRg Symf" U

1®py_, l: 1®Pfl

- n o~
R@r, Nr,U ®ro D32, (U*) —— R@r, A3, U @y D325 (U)
commutes.
Observation 6.8. Adopt Data 6.1. Then the map
= = -1
Kos” : R@p, Nj U = R®gr, N, U,
from (2.6), induces an R-module homomorphism Kos? : Xpr = Xp—1,r-

Proof. The cube

AP @8, ul N ©8
Kos? Kos?
P;{) /\p—l ®S7‘ u /\p—2 ®S7‘+1
[1’?‘11
n _
N’ ®Dap_s_r AN @Dgy 3y Pl
Kos? pf Kos?
_ n —
/\p ! ®D2n—2—r /\p 2 ®D2n—3—r

commutes, where * A* @S, represents E@ Ro Ny U @R, Symy® U and “\” ®Dy” repre-
sents R®@r, N\, U ®r, D(U*). The R-module X, is the set of elements in the back,
left, top module which are sent to 0 in the back face of the cube. The elements of X, .
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are sent to elements in the front, left, top module which go to zero in the front face of
the cube. Such elements are in X,_;,. O

A snake-like map £, : R @R, /\j.i%0 U—R ®Rry Ld—2,r from the module on the bottom
left of (5.3) to the second (from the left) non-zero module on the top complex of (5.3)
plays a very important role in the complex G (r). Recall that for each index i, with
n—1<1i<2n—2, the R-module homomorphism

pf : E(s @R, Symf‘" U — ]?{5 QR Dg;]_?_i(U*)
is a surjection. A splitting map
Ton—2—i: Rs Or, D§£_2_i(U*) — Rs ®p, Sym’ U

has been named in Remark 3.7(2). Careful examination of Remark 3.7(2) shows that the
only denominator that occurs in the map o9,_o_; is d; so, in fact,

009,—2_; : R QR D2R7S727i (U*) — E XR, Symf“ U
is an R-module homomorphism.
Definition 6.9. Retain Data 6.1. Define the map
£, R XR, /\%OU — E ®Ry Lig—2,r

to be the following composition of R-module homomorphisms:

~ Kos? ~
R®p, Lg—1,, ——————— R®R, Lg—2,.
~ d o
R ®r, /\ROU @R, Sym, 2y U
1810803m_1_r (6.10)
R 4 U ®p, DFo U*
®R0 /\RO ®R0 2n717r( )

—1 | ~

n ~

~ 4 (2.10)  ~
R®pr, Ng, U ———— R®Ry, Ki-1,2n-2-r

Remarks 6.11. 1. It is clear from the definition of £, that the image of £, is actually
contained in Xg_o ,. Indeed, Xg_s , is the kernel of the vertical map in (5.3) emanating
from R ®p, Lg—2,, and (5.3) is a map of complexes.
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2. In practice,
£,:R®p, /\%OU — Xg_2r
does not really involve =% because the map (2.10) is the composition
R®r, Np,U @Ry Ro 222 R@p, N, U @r, Syms®_,_, U ®g, Dyo_,_ (U*)
TR @R /\(JiaoU DR, D1 (U*) 5 R®p, /\dROU ®ro Dt 5, (U, (6.12)

-1

so there is no reason to compute n~! o 7. The map ev* is described in (1.3).

3. It is important to notice that £, can be made an equivariant map because o, _1 is
the uniquely determined inverse of

1 : Rs ®g, Sym® U — Rs @g, DF, (U*);

furthermore, £,, can be defined over Rina polynomial and equivariant manner by using
the classical adjoint of p?_; in place of its inverse. We do not know an equivariant
description of £; for n +1 < i < 2n — 2. An equivariant description of the classical
adjoint in the present situation is a little tricky; so we will record the notion completely
at this point. Usually, we will be a little cavalier on this issue. An interested reader
should always think of the domain of £, as

Eon, Ni,U @ro (A2 (D2, (U*)))®2. (6.13)
The classical adjoint of p?_, : Sym™ U — D (U*) is the map
Adj(p?_,) : D, (U*) @, ( oy (Symy© U))®2 — Sym[®, U,
with
[Ad ()] (w1 © €1 @ 02) = [ (A" 7'PE ") (wanr(61)) | (62),

for w,_, € D (U*) and ©; € /\tOp(Sym 0, U), where “top” is equal to the rank of
Sym 1 U. That is, “top” is equal to (”+d 2). One easily checks that

n—1

P 1 ([Adj(Ph_1) ] (wn-1 © 01 © O0y)) = [(/\mppf 1)( )} (O2) - wp—1

([Adi(P2 )] (PF-1)" (wn-1) © 62 © 62)) = | (APE1)(61)](B2) - s

for u, 1 € Sym™ U. Thus, Adj(p_,) o p?_, : Sym™ U — Symf° U and
p2_, o Adj(p?_,) : DI (U*) — Do (U*) are “both equal to multiplication by the
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9

determinant of p? ,”, once one picks a basis element for the rank one free module

AP (Symfo, U).

Definition 6.14. Adopt Data 6.1. Let @/(7") be the following sequence of R-modules and
R-module homomorphisms:

Xa—1,r (Koe? o] v Y Y R
Kos? ¢ , , , ~
0— ® AR s Kooy RS Xgg, RSy K L X ES R
~ d
R ®pg, /\ROU

Of course, according to Remark 6.7(3), G/(n) is equal to

~ d L. ' v v > ~
0= R®p, A U =" Xa—om ~2— Xg g 2 ... 255 X, 25 R

(The modification of (6.13) should be applied if one wants G'(n) to be one hundred
percent equivariant.)

Theorem 6.15. Adopt Data 6.1.

(1) The R-module homomorphisms G'(r) of Definition 6.14 form a complex.

(2) The complex @’(7‘)5 is a resolution of Ea/jr_"fég by projective Rs-modules.

(3) If k is a field and an Ry-algebra, P is the polynomial ring Sym® U, I = ann ¢ is an
ideal of the set 1,(k,U) of Definition 1.15, J is the ideal of P generated by Sym’f U,
and P is an E—algebm by way of

E%k@ROE&P,

where ¢ : k ®R, R — P is the P-algebra homomorphism of (4.18) and (4.19), then
PRg @’(r)g is a minimal homogeneous resolution of P/J""1 by free P-modules.

(4) In the situation of (3), withr =n, P®yG'(n)s is an equivariant minimal homoge-
neous resolution of P/I by free P-modules.

(5) In the situation of (3), the graded Betti numbers of P/J"~"1 are described by

P(—r —d+1)P
0— ® — P(—r —d+2)Pa-1 - ...
P(—2n —d+2)

— P(—r—1)"2 — P(—r) = P,

with B; = (Zli”l:i) (”1212) - (d+2in:1“2) (d+2"d7f;i72). In particular, the strand with

the exponents labeled by B; is linear.

Proof. Assertion (1) is clear from the construction of G(r). The point of this assertion is
that G'(r) is a well-defined complex over R. It is clear from Lemma 6.16 that G'(r)s is a
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well-defined complex over G/(r)s; but in fact, we carefully defined G'(r) to actually be a
complex over E, without any denominators. Assertion (2) is a consequence of Lemma 6.16
applied to the resolution G(r)s of Rs/J" "IRs, as found in Corollary 4.16. Claim 6.4
establishes that the vertical maps of (6.2) are surjective. The targets of these maps are
free; hence the maps split and the hypotheses of Lemma 6.16 are satisfied.

(3) and (5). We know from (2) that the complex P®p5 G/(r)s is a homogeneous resolution
of P/J" ™I by free P-modules. One readily reads that the graded Betti numbers of this
complex are given in (5); see also Remark 6.7(2). We conclude that P ® g G/(r) is a
minimal resolution.

(4) All of the maps and modules of G (r) are obviously equivariant, except, possibly, £,.
We have explained in Remark 6.11(3) how to make £, become an equivariant map. 0O

Lemma 6.16. Let R be a commutative Noetherian ring and let

h ha— h h
0 T, — Ty, — 5 21— T,
’UdJ Ule UlJ (6.17)
R, hy_ 4 hly_s R}
O%Bd%Bdfl %Bdfzé...%Bo

be a map of compleres of R-modules. Suppose that for each i, with 0 < i < d — 1,
o;: B; = Ti41 is an R-module homomorphism which splits v;y1 : T;11 — B; in the sense
that the composition v;11 o 0; is the identity map on B;. Then the following statements
hold.

(1) The R-module homomorphisms

ker vg
0— & [va haoa-rohy] ker vg_1 iz,
Bq
D3y Yer vy L2 ker vy 24 T (6.18)

form a complex.
(2) There is a quasi-isomorphism from the total complex of (6.17) to the complex (6.18).

Proof. Assertion (1) is obvious as soon as one observes that h;(kerv;) is contained in
ker v;_1. We prove assertion (2). (We follow ideas used in the proof of Theorem 4.7.) Let
(M, ms4) be the mapping cone of (6.17). Fix ¢ with 1 <14 < d. Observe that m; : M; —
Mi—l is

T; [h7 0,} T 1
o Tl g (6.19)
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Take advantage of the direct sum decomposition T; = ker v; @ im o;_1, which is induced

by the equation
0= (1 — 0;—19° ’Uz)(g) + (Ui—l o ’Ui)(e),

for all 6 in T; to write (6.19) in the form

ker Vi (1—oi—20v;_1)oh; (1—o;_20v;—_1)oh; O ker Vi—1
o;_20v;_10h; 0;_20v;_10h; 0

| D { 2 X 1 2 o 1 _h;:| . @

1M ao; 1 1M o;_2
53] @D
B; B;_4

ker v; {]g hi—f’i—]i/h;fﬂ”i 8 ‘| ker v;_1

0;_20h;_,0v;

X @ 0 Vg ' —h: . @
mao;_q 1 o;—o
S >
B; B; 1

Use the isomorphisms ¢; : B; — imo; and vj4q : imo; — B, to see that (6.19) is
isomorphic to Fig. 6.20. This calculation works for 1 < i < d—1, but it must be modified
for @ = d, because in the isomorphism of Fig. 6.20, the image of h; 1 0 0; — 0;_1 o h} is
contained in ker v;, provided i < d — 1, since vg41 © 04 is not defined (or is zero); but it
certainly is not the identity map on By. The modification when i = d is

ker V4 hg hgooq_1—oq_20hl_; O ker Vd—1
S 0 hy_y 0 o)
0 1 —hy
Bg_1 By-2
® @
By By
10 o 10 —(hgooq—1—0a—20hy_,)
’
~| o1 -n, =llo1 ~ha-
00 1 00 1
ker vg hq 0 hgoog_10h) kervg—y
@ 01 o .
By, Bg_2
e S>)
By By_1.

It is now clear that (6.18) is obtained from M by splitting off the extraneous sum-
mands. O
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h h;i—oc; _sh 0v;00;_1 0

ker v; 0 v;_ 100, 50h;_jov;00,_; O kerv;_1

@ 0 V001 —h) @
Bi_1 Bi_2

® D

B; Bi_1

h h; h;00;_1—0;_s0h}_, 0 h
ker v; 0 R, 0 ker v;_1

5] 0 1 —h 52
Bi_1 Bi—2

2} D

B; Bi_1

10 —(hi4100;—0;_10h!) 10 —(h;o0;,_1—0;_20h)_})
~ [0 1 —n/ } ~ {0 1 —h_,
00 1 00 1
h; 00

ker v; [ 00 0} kerv; 1

& 010 D
Bi_1 Bi_2

53} D

B; Bi_1.

Fig. 6.20. A complex isomorphic to (6.19). This complex is used in the proof of Lemma 6.16.

Example 6.21. Adopt Data 6.1 with Ry = Z, d = 3, and n = r = 2. In this example
we record and explain the generic resolution G/(2 )s of Theorem 6.15 when (d,n,r) =
(3,2,2). Theorem 6.15 only promlses a resolution by prOJectlve R,; modules; however,
in fact, this is a resolution by free R5 modules. Recall that R is the polynomial ring
R= Zlx,y, 2, tp2 by, tezsy ty2, by, to2], T is the matrix

ty2 toy oz
T= |tz tye ty.
te, ty, ty2

9

and § = detT'. Let @ be the classical adjoint of T. We note for future reference that @
is a symmetric matrix and

TQ = QT = d1s,

where I, represents the r x r identity matrix. Define the elements A1, Aa, A3 of R by

x )\1
[)‘17)\27)‘3] = [xvyaz]Q or Q Yyl = )\2
z )\3

View Rs as a graded ring where z,y, z all have degree one and the t’s have degree zero.
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Claim 6.22. The generic resolution G'(2)s is equal to

0 — Rs(—5) -2+ Rs(—3)° 2+ Rs(—~2)° > R,
with

dy = dg = [—t,ew); + 622 —ty2 Ay + 8y? —ty.xA +0yz  xXo xA3], (6.23)

and dg is the alternating matrix which is obtaining by completing:

0 —z2Q23 —xQ33 —Tty2 Q1,3 —aty. Q3,1 + 0y

* 0 Q22 rty. Q21 — 62 wt2Q2 1

* * 0 wty Qa1 — xt2Qa1 + 0y xt,2Q31 — xty.Q21 — 62
* * * 0 »TQ%J

* * * * 0

(6.24)

Remark. We write di to mean the transpose of the matrix d3. In the present formulation,
the matrix d; is equal to — times the row vector of signed maximal order Pfaffians of ds.

Proof of Claim 6.22. The resolution G’ (2)s is obtained using our techniques as described
in Example 5.15. The resolution G(2) is the mapping cone of

0 — ﬁ &Kz L2,2 — E &Kz L1_’2 — E X7z LO’Q — E

I b 4 \
0 - RozNU — RezK,y — R K19 — R®zKop.

We record the matrices of G(2) using the bases lap and kqp of (5.4) and (5.5):

Lo Lis Lo2 Kapo Kip Kop
lio3n i1l ko ko kagsa
li232 lio2 lia ko k3o

b33 li23 lis k.3 k3o

liza L2 (625)
132 L3

l133 {33

ly.3:2

U333

We identify z; with x, x5 with y, and z3 with z. We take w = x A y A z to be the basis
for A\ U. The resolution G(2) then is the mapping cone of
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~ hs ~ ho ~ h1 ~
0 —— R(—4)> —— R(-3)® —— R(-2) —— R

I

with
[—y O 0 —z O 0 0 0
z —y 0 0 —z O 0 0
0 0 -y = 0 —=2 0 0
hy — [22 2 2 By —
1 [Z‘ y XY, T2, Y, Yz, 2 ] 2 0 T 0 0 0 0 . 0 y
0 0 T 0 T 0 Yy —z
| 0 0 0 0 0 T 0 Y |
[z 0 07
0 z 0
—x 0 z
- 0 0
hy=| Y ,
z -y 0
0 0 —y
0 T 0
L O 0 T |
U1 = [t$2ﬁt$y7t£2aty27ty27tz2 ]a
0 0 00—ty —tpy —ts —ty2 —ly.
Vg = tIQ tzy tmz 0 0 0 7tyz 7t22 s V3 = T,
toy tyz ty: tes byt 0 0
y —x 0 x
Wy=[-z y —=x], hy=|z 0 -z |, and By=|y
0 =z —y z

According to Definition 6.14, the resolution G/(2)s has the form

~ 2 = ~
0 — Rs ©z NoU 225 (X1 2)5 B2 (X02)5 L Rs.

The key step in this proof is that we are able to identify bases for (Xp2)s = (kervi)s
and (X; 2)s = (kervg)s. Indeed, the matrices

0

0

J1: [Cg Ig:| and JQZ 0

o o

0
Q
0

fon

are invertible over Eg; it is easy to read the kernels of the matrices
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nJi=[6 0 0 t,e t,. teo] and
0000 —6 0 0 —te —t,.

vada= |8 0 0 0 0 0 —t,, —to|;
0 6 0 0 0 6 0 0

and, in particular, we conclude that (X 2)s and (Xi2)s are both free Rs-modules and
the columns of

_tz2Q*71 _ty2Q*71 _tyzQ*,l Q*72 Q*,S

0 1) 0 0 0

B = 2
0 0 5 0 0 and (6.26)
0 0 0 0 0

Q*,S 0 Q*,Q tyzQ*,l tz2Q*,1

B/ _ 0 6(2) )2 % 3 yztsQ 1 yzOQ ,1 (627)
0 0 0 0 6

represent bases for (Xg2)s and (X 2)s, respectively. (We write Q.. ; to represent column
j of the matrix @.) In other words, we have proven that

3 3
g1 = —lz2 Z Qj1ly; +0ls3  go=—ty Z Qj1l1;5 + 0la;o

j=1 Jj=1

3 3
93 = —ty: D Quiliy+0loy  gi=y Qjali,
j=1 j=1

3
95 = EQj,:sfl;j and
=1

3 3 3 3
"= E Qjsli;  v2=— E Qjeliz; 3= E Qj2l1,2;5 — E Qj,301,3;
=1 =1 =1 =1

3 3
Ya =Ty Z Qj1l12;5 — b2 Z Qj1l1,3,5 + 6l 3.2

i=1 i=1
3 3
Y5 =ty Qiiliag —ty= > Qilisy +0lags
=1 i=1

are bases for the free Rg-modules (Xo,2)s and (X7 2)s, respectively. There is no difficulty

~ ~ ~ ~ ~

in seeing that [¥(g1),%(g2),%(g3),¥(94),¥(gs)] is equal to the matrix d; from (6.23).
Indeed, for example,
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3
W(g) =¥ <—fz2 Z Qj1l1; + 543;3)

=1

3
= —t,2 Z Qjﬂf(n(x ® x;)) + Jf(n(z ® z))

3 3
= —t, Z Qﬂucl(a:xj) + 5@(22) = —t,2x (ajj Z Qj,1> + 622

j=1 j=1

= —t,2x)\ + 022,

as expected, where, as always, we write = for x1, y for zs, and z for xs3.

We next calculate the matrix for § Kos? : (X1,2)s = (Xo,2)s with respect to the bases
{91,---,95} and {71,...,75}. Use the fact that £o.; = £1,2 to see that the column vector
for

3 3
SKos” (11) =8 QjsKos” (£125) =6 Qjalalay — yluy),

Jj=1 Jj=1

with respect to the basis for L o in (6.25), is

—yQ13
—yYQ2,3 + Q13
5 —yQ33
$Q2,3
Q33

0

Recall the matrix B of (6.26) which expresses the basis of (X¢2)s in terms of the basis
for Ly 2. We claim that

*le,g

0
—yQ23 + Q13
—y@3,3 Q2
B Ys, - B 2Qs.3 . (6.28)
Q2,3
Q33 w2 Qs
0 ’ xtyle,B - 69

Once (6.28) is established, then one reads that

dKos” (71) = 0g1 + 2Q2,392 + 2Q3,393 + 2t,2Q1 394 + (xt,.Q1.3 — 6Y)gs,

as expected. The main trick in the calculation of (6.28) involves the coefficient of z in
the top three rows. On the right side, this coefficient is
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0
Q23
[—1.2Qu1 —12Qu1 —ty:Qu1 Qu2 Qi3] | Q33
ty2 Q1,3
tyle,iS
[ *tyz Q2,3 - tyzQB,B 0 7ty2 _tyz
=Q ty2 Q1,3 =Q |t O 0 | Q3
L ty.Q1,3 ty. 0 0
tay 0 0 tey typ Ly
Q[ |t 0 0|=|0 0 0]]Qus
ty» 0 0 0 0 0
0 0 0 0 0
=16 0 0|Quz—Q|0|=1]6Qi3].
0 0 0 0 0

which is equal to the coefficient of  in the top three rows on the left side of (6.28). When
Kos” (72), Kos” (73), Kos” (74), and Kos? (y5) are written in terms of the basis for Lg 2,
then the result is the columns of

2Q1,2 —yQ1,2+2Q1,3 —Yly2Q1,1+2t,2Q11 =yt 2Q1,1+2ty.Q1,1
2Q2,2 zQ1,2—YQ2,2+2Q2,3 @ty:Q1,1—YlyQ21+21,2Q21 2t,2Q11—yt,2Q2,1+2ty2Q2,1
2Q3,2—2Q1,2 —YQ3,2—2Q1,3+2Q3,3 —Yty:Q3,1—2t,2Q1,1+2t,2Q3,1 —yt_2Q3,1— 0ty Q1,1+2ty-Q3,1
0 Q2 2 Tty Q2,1 —26 zt_2Q21
—zQ2 2 0 wty.Qs,1—xt, 2 Q2,1+yd xt,2Q31—Tty. Q21082
—zQ3,2 —zQ3,3 —xt,2Qs3,1 —xty,.Q3,1+0y

Calculations similar to the one we just made show that d times the above matrix is equal

to
—xQ2,3 —xQ3,3 —xt,2Q1,3 —xty-Q3,1+0y
0 Q2,2 Tty Q2,1—02 rt 2Q21
B —xQ2,2 0 ztyngyl—mty2Q2,1+5y ztz2Q3Y1—xtyzQ2Y1—Jz
—@tyzQ1,2+28 —wly.Qs,1+xt,2Q2,1—6y 0 afol
—xt 2Q21 —xt 2Q3,1+wty.Q2,1+082 —inl 0

and therefore the matrix dy from (6.24) is the matrix for §Kos? : (X12)s = (Xo,2)s,
with respect to the bases {g1,...,95} and {~1,...,75}.

We use (6.10) and (6.12) to compute £5(w) for w =z Ay Az € AjU. Thus, £(w) =
(Kos” ok)(0) for

6 :x®w®6(p?)71(x*) +y®w®5(p?)71(y*) +z®w®5(p‘f)fl(z*)

S E@Z /\%U ®z U.

The map §(p?)~!:U* — R ®; U is given by the classical adjoint Q of T+
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5(1’?)_1 (%) = Quaz + Q21y + Q3.1 2,
5(1’ )71 (y*) = Q127 + Q22y + @322, and

5(1’?)71 (2) = Q32 + Q2,3y + Q3,37

=

so, @ is equal to

TQwW® Q12+ Q21y + @3,12) (xQ1,1+yQi2 +2Q13) - (W)
FyQw® (Qr27 + Q22U+ Q322) = ¢ +HxQ21 +yQ22+ 2Q23) - (WD Y)
+2 @ w® (Q1,37 + Q2,3y + Q3,32) +H(@Q31 +yQ32+ 2Q33) - (w® 2)

=M (WRz)+ A (WRY) + A3 (W 2).

The composition Kos? ok is equal to ko Kos?:

R®yz Loo B R®z L
| |
ﬁ@z/\%U@zU % ﬁ@z/\%U@Z U.
It follows that
Low) =X+ (ko Kos”)(w®x) + Aa - (ko Kos”)(w®y) + As - (ko Kos”) (w ® 2).
Recall that
(KJOKOSW)(UJ®$) =z-kynz@z)—y-klzNzz)+z -k AyQx)
and that
KynhzQz)=r(@A2QYy) — k(@ AYy®2) =Ll132 — {123

Thus,

xA (b1 30 — l2;3) —yAiliga +2Ail 20
Lo(w) = +x Aol 30 —yAoli 3.0 +2A201 2.2
+xA3023:3 —yA3ly,3;3 +2A3l1 23

When d£2(w) is written in terms of the basis for Lg 2, we obtain the matrix on the left
side of (6.29). The right most factor in (6.29) is the matrix we have called ds. The proof
is complete as soon as we verify
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A 0
La)=2) o[
D gl

P ML =8| L tux 6.29
7y{iz}+m[)\1} - T ’ ( . )

0

N Ao 1')\3,
. Ag]
where B’ is the matrix of (6.27) which expresses the basis v1,...,75 of (X1,2)s in terms
of the basis £12.1,...,¢2,3,3 of L1 2 as given in (6.25).

We verify (6.29). The bottom two rows are obvious. The top three rows of the right
side of (6.29) is equal to

6yz - I'Altyz = 51 + SQ, with

l’)\QtyZ + l’)\thZ T
Q
822 — xAit,2

0 ty, t,2 [z 0
Si=2Q |-ty 0 0 |Q|y and S =0Q | yz
—t,2 0 0 z 22

Observe that S; = 51 + 57 with

te., 0 O T 0 0 O T 0
Si=2Q | —ty. 0 0|Q|y|=2|0 0 0[{Q|y|= 0 , and
—t,2 0 O z -6 0 0 z —xd)\

0 0 0 0
Thus,
A1
SY + 85 =28 | Ao
A3

and the top three rows of the right side of (6.29) are

0 A1
ST+ (87 +8,) = 0 +20 | X2 |,
71’5)\1 )\3

and this is equal to the top three rows of the left side of (6.29). Rows 4, 5, and 6 of (6.29)
are treated in the same manner. 0O
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7. Non-empty disjoint sets of orbits

We now turn to Projects 0.4-0.7 when d = 3. That is, we identify non-empty disjoint
subsets of ]IE’](k) which are closed under the action of GLa,11 k x GL3 k.

Let k be a field and P be the polynomial ring P = k[z,y, z]. We first record the
action of the group GLa,, 41 k X GL3 k on the sets i (k) and X, (k) from (0.8). If A is an
invertible (2n+1) x (2n+ 1) matrix with entries from k and « is an automorphism of the
three-dimensional vector space U = [P, then (A, «) € GLapt1 k x GLg k carries the
matrix X = (z; ;) of X,,(k) to the matrix A(a(x;;))A™"! in X, (k). If [ € ]IE](k), then
I is generated by the maximal order Pfaffians of some X in X, (k) and (A, «) carries [
to the ideal generated by the maximal order Pfaffians of (A, «) of X. Notice that the
subgroup GLay, 11 k X 1 of GLa, 11 k x GL3 k moves the elements of X, (k), but acts like
the identity on ]I[;?](k).

Throughout the present section we are interested in n > 3. Indeed, if n = 2, then the
orbit structure of I (k) is not very interesting.

Observation 7.1. If k is a field of characteristic not equal to 2 which is closed under
the taking of square root, then H[;’](k:) consists of exactly one orbit under the action of
1 x GL3 k.

Proof. Let (¢) be the Macaulay Inverse system for some ideal I in I[[23] (k). Observe that
the matrix

represents a non-degenerate symmetric bilinear form on the three vector space U, whose
basis is x, y, z. It is well-known, see for example Thm. XIV.3.1 on p. 358 in [25], and easy
to see, that one can choose a new basis for U so that the matrix for Ty, in the new basis,
is the matrix of Example 1.7. Thus, under a linear change of variables, ann(¢) becomes
equal to the ideal BE,. Actually, the standard theorem from linear algebra converts Ty
into a diagonal matrix. Our hypothesis about square roots converts the non-degenerate
diagonal matrix into an identity matrix and (z,y,2) — (Ly—jly, %, V/—12) con-
verts the identity matrix to

0
0. O
-1

o = O
S O =

For each pair of integers n and p, with 1 <n and 0 < pu < 3, recall the set

with £7,...,¢" in I and # p + 1 such forms

(g7t

1%, (k) = {I e I¥(k)

J linearly independent linear forms ¢y,...,¢, in P; }
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of (0.13). It is clear that ]IE](k:) is the disjoint union of Ui:o Hglu(k) and each ]IEJM(k:) is
closed under the action of GLg, 11 k x GL3 k.

Theorem 7.2. If n > 3 and the characteristic of k is zero, then I[E’,]ﬂ(k) is non-empty for
0<p<3.

Remark. We do not claim that every ideal in ]IE’,]M(k:) may be converted into any other
ideal in I}, (k) by using GLans1 k x GLs k.

Proof of Theorem 7.2. In Definition 7.12 we introduce ideals I, ,(k) for p equal to 0,
1, and 2. The ideals I, ,(k) are shown to be in HE](k) in Proposition 7.13 and to be in
HE”]H(IC) in Proposition 7.14. In Proposition 7.24 we exhibit an ideal J,, ,—1, which is in
Hf,]s(k)' (]

The ideal I, will be defined to be equal to the Buchsbaum-Eisenbud ideal BE,,
of Definition 7.3. To prove Theorem 7.2, we first show that when the hypotheses of
Theorem 7.2 are in effect, then BE,, is in ]I[S"]Q(k). It is clear that z™ and y™ are in
BE,,. One needs only to show that if ¢ is a linear form, then ¢" is in BE, only if
{ is a multiple of = or y. We identify homogeneous generators for the ideal BE,, in
Proposition 7.6 and the Macaulay inverse system (¢,) for BE, in Proposition 7.10.
These calculations work over any field. We complete the proof that BE,, is in ]IE’]z(k) in
Proposition 7.14 by solving the equation £ (¢, ) = 0; this part of the proof is sensitive to
the characteristic of k. In Definition 7.12 we modify ¢,, twice producing ¢, , for u =0
and p = 1; we set ¢y, 2 = ¢p; and we define I,, ,, to be ann(¢,, ,,). In Proposition 7.13, we
prove that the Gorenstein ideals I,, o and I, ; are linearly presented by studying how the
determinant of Ty, isrelated to det Ty, . In Proposition 7.14 we show that I, , € Hg,]u(k)
by solving the equation ¢"*(¢,, ) = 0, as £ roams over the linear forms of k[z,y, z]. We

(3]
n,3

ideas from the study of the Weak Lefschetz property to see that the Gorenstein ideal
Jnm—1 = (@, y", 2") : (x +y+ 2)" ! is linearly presented and is generated in degree n

do not know how to modify ¢,, to produce an element of I"";(k); however, we can use

(these calculations are very sensitive to the characteristic of k); hence is in 1 ](k:) It is
clear that ™, y™, and 2" all are in J,, ,—1; hence, J;,, p—1 is in H£L37]3(k).

We first study the alternating matrices introduced by Buchsbaum and Eisenbud in
Section 6 of [8]. (Our indexing is slightly different than the indexing of [8]: the matrix

that is called Hapy1 in [8] is called H,(x,y, z) in the present paper.)

Definition 7.3. Let x,y, z be elements of a ring R. For each positive integer n, we define
the (2n+1) x (2n+ 1) alternating matrix H,(x,y, z). The non-zero entries of H,(x,y, z)
above the main diagonal are

r ifiisoddand j=i4+1
(Hn(x,y,z))w. =<y ifiisevenand j=1+1
z ifj=2n4+2-—1.



466 S. El Khoury, A.R. Kustin / Journal of Algebra 420 (2014) 402—474

When P is the ring k[x,y, 2], for some field k, then we let BE,, denote the ideal of P
which is generated by the maximal order Pfaffians of H,(z,y, z). In other words, BE,,
is generated by {B; | 1 <i < 2n + 1} where B; is the Pfaffian of the 2n x 2n submatrix
of B = H,(z,y, z) which is obtained by deleting row and column i. We call the matrix
H,(z,y,z) a Buchsbaum—Eisenbud matrix and the ideal BE,, a Buchsbaum-Eisenbud
ideal.

Example 7.4. The first few Buchsbaum—Eisenbud matrices H; = Hi(z,y,2) and Hy =
Hs(x,y, z) are given in (0.9). When n = 1, then By = y, By = z, and B = . When
n =2, then By = y?, By = vz, B3 = 2y + 22, By = yz, and By = 2.

In Proposition 7.6 we explicitly identify the maximal order Pfaffians of the Buchsbaum
Eisenbud matrices. Our first step is to express the Pfaffians of one of these matrices in
terms of the Pfaffians of smaller matrices of the same form. Recall our Pfaffian conven-
tions from Section 1.2

Lemma 7.5. Let x, y, and z be elements of a ring P and n > 3 be an integer. If B =
Hn('r7ya Z)7 b= H’n—l(ya z, Z); and b = Hn—Q(x7ya Z)7 then

By = ybop—_1, By = zby, B; = xyl;i_z +2zbi—1 for3<i<2n-—1,
Ba,, = zbap—1, and Bany1 = xby.

Proof. Throughout this proof we use the fact that b is the submatrix of B obtained by
deleting the first and last rows and columns. Expand the Pfaffians along the last column
to obtain

By = yBi2nant+1 = Ybon—1 and By, = 2B1 2n,2n+1 = 2b2pn—1.

Expand the rest of the Pfaffians along the first row: By = 2Bj 22541 = 2b1, Bont1 =
xB1,2.2n4+1 = xb1, and for all ¢ with 3 <7 < 2n —1,

B =xB1 2+ 2B1i2n+1 = TYB1,2i2n,2n+1 + 2815 2n41

= xybr i 1901+ 2bi_1 = xybi_o + 2bi_1. O

Proposition 7.6. If x, y, and z are elements of a ring P and n is a positive integer, then
the ideal generated by the mazimal order Pfaffians of the matriz Hy,(x,y, z) is generated

by
{isnss | 1<i<n}U{sa}U{y'susi|1<i<n},
where s; = ZJLZ:/(?J (i;j)xjyjzi—m'

Example 7.7. The first few s; are so = 1, 57 = 2, 59 = 22 4+ 2y, and s3 = 25 + 2zy2.



S. El Khoury, A.R. Kustin / Journal of Algebra 420 (2014) 402—474 467

Proof of Proposition 7.6. Let B = H,,(z,y, z). We prove the result by showing that the
maximal order Pfaffians of B are given by
ynJrlfiS_

_1 if 7 is even
and Bgn_;'_g_i = St
:L.nJrlfz

si—1 if 4 is odd,

B — aHl=ig, 1 if i is even
y" 1 7is, 1 if i is odd

(7.8)

for 1 <i < n+1. We establish (7.8) by induction on n. If n is 1 or 2, then Examples 7.4
and 7.7 show that (7.8) holds. Henceforth, we assume 3 < n and we apply Lemma 7.5
with b = H,_1(y,x,z) and b = H,,_5(z,y, z). Induction gives

By =ybop_1 =y -y L, By =2by = z-2"7 !, Bop = 2bop_1 = z-y" ', and
BQ7L+1 = xbl =X l‘nil.

Now suppose 3 <1i <n+ 1. If 7 is odd, then

B; = ayb;_s + 2b;_1
= wy(y”“ I8 3) + Z(ynﬂ'ﬂsi_g) by induction

"H*i(xysi_g + 28i-2)

=Y
and Boy 19— = "1 (zys;_3 + 28;_2). If i is even, then
n+17i(

By = 2" " (xys;_3 + zs;_2) and Banio_i =1y TYSi—3 + 28i_2).

We complete the proof by showing that
TYSa—1 + 280 = Sa+1 (7.9)
for all @ with 1 < a < n — 1. Indeed, we see that xys,_1 + 254 is equal to

L2z L3]

1 ;
oy Z (oz . >x]yjz°‘ - 2g+zz< j3> Jyyd 502

L(x;lJ . .
_ (Oz - 1 - ])mj+1yj+lza12j n (a - 3>xyyyza+1 2j
° J
-0

J

<.
(=)
<~

Q
-

L23]

— Z (Oéj) ijaJrl 2]_|_
j—1

fa
VR
Q
.|
<

)xjyjza+12j T Za+1.

<.
—

<.
Il

Notice that |25+ ] = [§] + x, where

[0 ifaiseven
X= 1 if « is odd;
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and therefore, xys,_1 + 254 is equal to

L5] . L5] .
Yol FH gyl 4 Z ((;: i)azjyjzo‘“_zj + Z <a J_ J)xjyjza“_Qj 4 o t!
=

j=1

A e i K?_D N <@;j>:|xjyjza+1—2j+za+l

J=1

A I <a+1'j>xjyjza+12j e
, j
j=1

Lo3t) atl—i\ .. ‘
= Z ( ; j>x]yjza+1—2] = Sl
j=0

We have established (7.9); therefore the proof is complete. O

Proposition 7.10. Let n be a positive integer, k be a field, U be a vector space of dimension
three over k with basis x,y, z, P be the polynomial ring P = Sym®(U) = k[z,y, 2], and
BE,, be the Buchsbaum—Fisenbud ideal. Then the Macaulay inverse system for BE, is
the P-submodule of D¥(U*) which is generated by

n—1
by = Z(_l)icix*(n—l—z)y*(n—l—z)z*(Qz) c Dgn_Q (U*),
=0
1

where ¢; is the ith Catalan number ¢; = z+_1(2;)

Note. The first few ¢’s are
¢1 — 1’ ¢2 _ $*y* _ Z*(Z), and ¢3 _ x*(2)y*(2) _ x*y*z*@) + 2Z*(4)

Proof. The ideal BE,, is presented by the matrix H,(z,y, z), which has homogeneous
linear entries. It follows that the socle degree of BE,, is 2n — 2; and therefore Macaulay’s
Theorem guarantees that annBE,, is a homogeneous cyclic P-submodule of Do (U*)
generated by an element of Ds,_o(U*). As a consequence, any non-zero element of
degree 2n — 2 in ann BE,, is a generator of ann BE,,. To prove the result, it suffices to
show that ¢, € ann BE,. In light of Proposition 7.6, it suffices to show that 2" %s;(¢,)
and y"'s;(¢,) are zero for 0 < i < n. The expressions s; and ¢,, are both symmetric in
x and y; consequently, it suffices to show that 2" %s;(¢,) = 0 for 0 < i < n. We compute

n—1
Inil(qf)n) _ xnfi ( Z(1)kckx*(n—l—k)y*(n—l—k)z*(Qk))

k=0
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-
|
—

(_l)kckx*(i*lfk)y*(nflfk)z*@k).

=~
Il

0

It follows that
s; (xn—z‘(bn) _ Z (Z — ])ck(_1)km*(i—l—k—j)y*(n—l—k—j)z*(Qk—i+2j)7
J
where the sum is taken over all pairs (k, j) which satisfy:
1

ogjng, 0<k<i—-1, 0<i—1-k—j, and 0<2k—i+2j

Replace k with i — 1 — ¢ — j to obtain

152 13, .
—i i—1— [ j «(0) s« (L+n—i) _s(i—2—
Si(xn d’n) = E (- Z[E ( j])(l)jci—l—f—j]$ (z)y (=) x(i-2-26)
£=0 §j=0

The sum inside the brackets is zero due to Bennett’s identity [3]:

L

o3
—

(1Y ey (mjj) 0 (7.11)

j=0
when m and n are positive integers with 2n < m. The proof of (7.11) that is given in [3] is
based on generating functions. The power series expansion for F/(z) = (1—+/1 — 42)/(22)

F(z

. o0 . Z . m m—-n : . . .
is >,~ciz* and the coefficient 2"z in the power series expansion of =) 18

equal to the left side of (7.11). O
Definition 7.12. Let n be a positive integer, k be a field, U be a vector space of dimension

three over k with basis ,, z, P be the polynomial ring P = Sym¥(U) = k[z, v, z], and
1t be one of the integers 0, 1, or 2. Define ¢, ,, is the element

n—1
G = Z(_l)icix*(n—l—i)y*(n—l—i)z*(%) +x(p < 1)x*(2n—2) +2x(p = O)y*(Qn—2)
=0

of D5, _,U* and define I, , to be the ideal I,, , = ann(¢, ,,) of P.

Remark. The symbol x is defined in (1.2). In particular,

bnz = bn, bn1t :¢n+m*(2n—2)7 and ¢ :¢n+$*(2n—2) +2y*(2n—2)7

for ¢, as defined in Proposition 7.10. It is a consequence of Proposition 7.10, that
BE, = n,2-
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Proposition 7.13. If k is a field, n is a positive integer, and u is equal to 0, 1, or 2, then
the ideal I, , of Definition 7.12 is in the set H[T?](k) of (0.8).

Proof. Recall, from Definition 1.5, that Ty, , is the N x N matrix (¢p, ,(mim;)), where
N = (”;rl) and {m;} is a basis for Sym® |, U. Let m; = 2"~ and my = y"~'. Observe
that the matrix Tj, , has the form

M 0
Td’n,u = ( OM MI) )

where M, is the 2 x 2 matrix with entries (¢, (m;m;)) and (¢n,.(mim;)), respectively,
with 1 <4,j < 2. A quick calculation yields that

0 1 1 1 1 1
Mg—(l 0), M1—<1 0), and MO_(l 2)

The construction of the ideal BE,, = I, » puts this ideal in HL? ] (k); and therefore, accord-
ing to Proposition 1.8, det Ty, , # 0; hence, det M’ # 0. It is clear that both matrices
My and M; have non-zero determinant and therefore detTy, , # 0, for u equal to 0
and 1. It follows from Proposition 1.8 that I, o and I,, ; are both in ]I,[f’](k:). ]

Proposition 7.14. Let k be a field of characteristic zero, n > 3 be a positive integer,
equal 0, 1, or 2, and I,,,, € P be the ideal of Definition 7.12. If { = ax + By + vz is an
arbitrary linear form in P, with o, B, and 7y in k, then

a=v=0 or f=v=0 whenpu=2
tmel,, <= a=7=0 when =1 (7.15)
a=0=7=0 when p = 0.

In particular, the ideal I, ,, is in the set HE’}#(kz) of (0.13).

Example. The hypothesis n > 3 in Proposition 7.14 is necessary. Indeed, if k is the field
Q[v2], then 22, y?, and (= +y + v/22)? all are in the ideal BE,.

Proof of Proposition 7.14. We proved in Proposition 7.13 that I, , is in ]IE] (k), which
is the disjoint union U?:o Hf]z(k) To prove that I, , is in HE,]u(k), it suffices to establish

(7.15). The direction (<«=) of (7.15) is obvious. We prove (=). Fix ¢ with ¢" € I, ,.
We first assume that 4 < n. One calculates
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n—1
Z Z(_l)ici< n )aaﬂb,ycx*(n—l—i—a)y*(n—l—i—b)z*(Qi—c)

e (d)"’/‘) Y atbte=n i=0 a,b,c

+x(p < l)anx*(an) +2x(p = O)ﬂ"y*(”ﬂ).

Recall that the binomial coefficient (a’; C) is zero if any of the parameters a, b, or c is
negative. Each coefficient of £" (¢, ,) is zero; so, in particular:

the coefficient of in £"(¢,, ) is

22 0=p""2(naB - (5)7*) +x(u < 1)a (7.16)
y =) 0= a"2(naf - (3)72) + 2x(u = 0)5" (7.17)
0 0= S0 (1€t i iizigan) @™ TR

= (—=1)""te,_17" + afik, for some integer  in k (7.18)
2O 0= 20 - (1, ) 0f) (7.19)
2y T 0= - (g a)etr + ()e7R) (7:20)

The hypothesis 4 < n ensures that the 5 listed elements of D¥_,U* are distinct.
We first show that

afy=0. (7.21)

Indeed, if all three constants are non-zero, then we may combine (7.19) and (7.20) to see
that (af3,7?) is a point in the intersection

S (n _ n _o(™\y2 _ n n\ o
oa(M)y - (), ) oD (2 o ()

However the only intersection point is (0,0). Thus, in every case, at least one of the
constants «, 3, or v must be zero and (7.21) is established.
Next we show that

v =0. (7.22)
Indeed, (7.21) ensures that at least one of the constants are zero. Furthermore, we may
apply (7.18) to see that if &« = 0 or 8 = 0, then + is also zero. We conclude that (7.22)
holds.
Now that (7.22) holds, we apply (7.20) again to see that

af =0. (7.23)

The proof is complete if p = 2.



472 S. El Khoury, A.R. Kustin / Journal of Algebra 420 (2014) 402—474

We now focus on = 1. We have shown that 0 = v = of. If § =0, then apply (7.16)
to conclude o = 0. Thus a must be zero if 4 = 1 and the proof is complete in this case.

Finally, we assume that ¢ = 0. We have shown that (7.22) and (7.23) hold. If oo = 0,
then (7.17) yields that § is also zero. If 5 = 0, then (7.16) yields that « is also zero.
Thus all three constants are zero and the proof is complete in this case.

Now we treat the case n = 3. The argument is similar. Each coefficient of ¢3(¢3 ) is
zero; so, in particular:

the coefficient of in £*(¢3,,) is

2+ 0=3ap*—3687y* +x(p <1)a? (7.16")
y 0= 3028 — 3a7? + 2x(u = 0)3° (7.17")
72 0= —6afy+27°. (7.18)

As before, we first establish (7.21). If p is 1 or 2, then an easy argument yields that
every simultaneous solution of (7.17") and (7.18’) is also a solution of (7.21). If u = 0,
then one can show that every simultaneous solution of (7.16"), (7.17’) and (7.18’) is also
a solution of (7.21). One now uses (7.18") to show that (7.22) holds.

If 1 < p, then (7.23) follows from (7.17'), which now is 0 = 3a28 since v = 0. If u = 0,
then one can use (7.16') and (7.17"), which now are 0 = 3a3% + o and 0 = 32?8 + 233
to conclude (7.23). Thus, (7.23) holds in all cases. The proof is complete when p = 2.

To complete the proof when u = 1, we use (7.16"), together with (7.22) and (7.23),
to see that & = v = 0. To complete the proof when p = 0, we use (7.16") and (7.17")
together with (7.22) and (7.23), to see that a = 8 =~v=0. O

We could not modify the generator of the Macaulay inverse system ¢, of the
3 (k); however the ideal

Buchsbaum-Eisenbud ideal BE,, to produce an element of I,

Jn,nfl = (xn7 yn7 zn) : (JI +y+ Z)n_la

which arises in the study of the Weak Lefschetz Property (see, for example, Observa-
tion 0.15) is in Hgi]:;(k) when k has characteristic zero.

Proposition 7.24. Let n be a positive integer, k be a field, P be the polynomial ring
klx,y, 2], and Jyn—1 be the ideal (z",y",2") : (x +y+ 2)"~ ! of P. If the characteristic
of k is zero, then J, n—1 s in ]Igi]g(k).

Proof. It is clear that J,, ,,_1 contains 2™, y", and 2". We apply Proposition 1.8 to show
that J,, ,—1 isin ]L[f](k). It suffices to show that [Pla,—1 C Jy p—1 and [Jp n—1]n—1 is equal
to 0. It is clear that [P]s,—2 C (z",y", 2™); and therefore [P]a,—1 C Jp n—1. Furthermore,
n,n—1

Theorem 5 in [30] guarantees that the minimal generator degree of gy 1S at least n;
and therefore, [J,, n—1]n—1 =0. O
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Example. A quick calculation shows that
Jl,O = (.T,y,Z) and J2,1 = (I279272’2a2(x—y)ay(37—Z))~
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