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We use Brownian dynamics simulations and analytical theory to compare two prominent types of
single molecule transitions. One is the adsorption transition of a loop (a chain with two ends bound to
an attractive substrate) driven by an attraction parameter ε and the other is the loop-stretch transition in
a chain with one end attached to a repulsive substrate, driven by an external end-force F applied to the
free end. Specifically, we compare the behavior of the respective order parameters of the transitions,
i.e., the mean number of surface contacts in the case of the adsorption transition and the mean position
of the chain end in the case of the loop-stretch transition. Close to the transition points, both the static
behavior and the dynamic behavior of chains with different length N are very well described by a
scaling ansatz with the scaling parameters (ε � ε∗)Nφ (adsorption transition) and (F � F

∗

)Nν (loop-
stretch transition), respectively, where φ is the crossover exponent of the adsorption transition and ν
is the Flory exponent. We show that both the loop-stretch and the loop adsorption transitions provide
an exceptional opportunity to construct explicit analytical expressions for the crossover functions
which perfectly describe all simulation results on static properties in the finite-size scaling regime.
Explicit crossover functions are based on the ansatz for the analytical form of the order parameter
distributions at the respective transition points. In contrast to the close similarity in equilibrium
static behavior, the dynamic relaxation at the two transitions shows qualitative differences, especially
in the strongly ordered regimes. This is attributed to the fact that the surface contact dynamics in
a strongly adsorbed chain is governed by local processes, whereas the end height relaxation of a
strongly stretched chain involves the full spectrum of Rouse modes. Published by AIP Publishing.
https://doi.org/10.1063/1.5013346

I. INTRODUCTION

Grafted polymers have attracted great attention in the
past few decades due to their potential applications in surface
modification, functional surface manufacturing, or sensors.1–6

At the level of single molecules, chain adsorption and chain
stretching are among the most prominent fundamental pro-
cesses.7 For example, the adsorption of polymers at interfaces
can significantly modify interfacial properties such as the fric-
tion coefficient.8 On the other hand, tension-induced stretching
is used in modern micromanipulation experiments to charac-
terize the elastic properties of biological molecules such as
DNA or proteins.9–11 Thus, studying the physics of these two
processes is of basic interest.

In previous work,12,13 two of us have pointed out a
fundamental analogy between the adsorption transition and
the loop-stretch transition of single end-grafted ideal chains.

a)qish@uni-mainz.de

The adsorption transition in the absence of external force
(F = 0) has been studied intensively for many decades.14,15

It is driven by the competition between the effective repul-
sion imposed by a hard substrate and an additional attractive
interaction with monomers. The effective repulsion is due
to the loss of configurational entropy associated with each
contact of the chain with the impenetrable substrate. If the
attractive interaction is weaker than the entropic repulsion, the
tethered chain avoids touching neutral surfaces and assumes
a coiled “mushroom” configuration. As soon as the attrac-
tive energy exceeds a certain value ε∗ and overcomes the
entropic loss, the chain starts adsorbing onto the substrate.
For chains of infinite length, ε = ε∗ turns out to be a critical
point. The fraction of monomers in contact with the substrate
plays the role of the order parameter conjugated to the control
parameter ε.

The loop-stretch transition can be observed when a con-
stant force is applied to the free chain end along the normal
direction while the other end is grafted to the substrate. Now,
the system is characterized by yet another order parameter

0021-9606/2018/148(4)/044903/13/$30.00 148, 044903-1 Published by AIP Publishing.
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conjugated to the end force, F: it has the meaning of the chain
stretching and is given by the free end height, Z, divided by
the chain contour length.13,16–19 On strongly attractive sur-
faces, the stretching force drives a sharp transition known as
mechanical desorption which turns out to be first order in the
infinite chain length limit. Whereas this transition has been
studied quite extensively,20–23 the situation when the grafting
surface is weakly attractive or purely repulsive has received
much less attention. Here, one can still identify a force-driven
transition in the infinite chain limit16 (Fig. 1, left arrow).
Depending on the sign of the normal force there appear two
types of chain conformations. Namely, the stretching order
parameter tends to zero when the chain end is pressed onto
the substrate (negative force pointing towards the substrate)
or tends to a finite non-zero limit when the force points away
from the substrate.

At infinite chain length N →∞, the interplay of the loop-
stretch transition and the adsorption transitions leads to a phase
diagram in the F–ε plane which is schematically sketched in
Fig. 1:13 Two lines of second order transition, correspond-
ing to loop-stretch transitions and adsorption transitions, meet
at a bicritical point, which is also the end point of a line of
first order transitions between the zipped and unzipped states
on strongly attractive surfaces. Since a standard discussion of
the adsorption transition does not include any end force, this
bicritical point is implicitly identified with the regular critical
adsorption point.

For an ideal continuum Gaussian chain in the presence
of a normal end force and a surface pseudopotential (which
could change from attraction to repulsion), one can establish
a formally exact symmetry between the effects of the force
and the surface potential.12,13 It follows from this symmetry
that for a given chain length, N, the functional dependence of
the average height of the free end, 〈Z〉, on the external force,
F, in the loop-stretch transition (at ε = 0) is the same as the
dependence of the average number of adsorbed segments, 〈m〉,
on the adsorption strength, ε, in the adsorption transition (at

FIG. 1. Schematic sketch of phase diagram for chains of infinite length in
the plane of external end force F and adsorption parameter ε, showing the
two transitions investigated in the present work: the loop-stretch transition
(left blue arrow, pointing upwards) and the adsorption transition (right blue
arrow, pointing to the right). The transition points are chosen such that they
are far from the bicritical point at (F∗, ε∗). Therefore, the adsorption transi-
tion is studied in the presence of a negative end force. The order parameter
characterizing the loop-end transition is the distance of the chain end from
the surface. The order parameter of the desorption-adsorption transition is the
number of chain contacts with the surface (number of red dots).

F = 0). In the infinite chain limit, it is known that the free
energy for the adsorption of a loop is identical to that of a
chain.24 In both transitions, finite-size effects are described
by ideal crossover indices (both equal to 1/2) and the same
crossover function. The critical behavior at both transitions can
be evaluated within a Landau expansion and is characterized
by mean field critical exponents.12

Real chains in good solvent are swollen and the crit-
ical behavior in the above transitions changes. The expo-
nent characterizing the extension of a chain as a function of
chain length N changes from ν = 1/2 for random walk to
the Flory exponent ν = 0.588 for self-avoiding walks.14,25

In the vicinity of the adsorption transition, an independent
crossover exponent φ15 comes into play, which characterizes
the scaling of the number of contacts with N right at the crit-
ical point. This exponent is not relevant for the loop-stretch
transition. Therefore, one no longer has an exact quantita-
tive correspondence. At a qualitative level, however, one still
expects the loop adsorption transition and the loop-stretch tran-
sition of real grafted chains to share similar thermodynamic
features.

The situation is different when looking at dynamics. Crit-
ical singularities in thermodynamic fluctuations are typically
associated with critical slowing down, and this is also expected
here. Beyond that, however, the kinetic behavior of the two
microscopic observables Z and m with respect to F and ε
should be considerably different. The observable Z charac-
terizing the loop-stretch transition fluctuates as a result of
cooperative motion of monomers involving a full spectrum
of Rouse modes, whereas the observable m characterizing
the adsorption-desorption transition fluctuates due to weakly
correlated formation and destruction of monomer contacts sep-
arated by large contour length distances. Thus one expects
qualitative differences in the dynamic behavior at the two
transitions.

The purpose of the present paper is to present a sys-
tematic comparison of the loop-stretch transition and the
desorption-adsorption transition, both with respect to static
behavior and dynamic behavior. We employ Brownian dynam-
ics (BD) simulations to investigate the thermodynamic behav-
ior and kinetic behavior of a single polymer chain grafted
onto an impenetrable substrate in the vicinity of the transi-
tions. To avoid multicritical crossover phenomena, the spe-
cific transition points in the F–ε plane are chosen such that
they are far from the bicritical point (see Fig. 1). Hence, we
study the loop-stretch transition at ε = 0 and the desorption-
adsorption transition at strongly negative F, i.e. the adsorp-
tion of a loop. The simulations are complemented by theo-
retical considerations. Our results confirm and quantify the
similarity in the thermodynamic behavior at the two tran-
sitions and demonstrate the differences in the relaxation
dynamics.

This paper is organized in the following way. In Sec. II,
the model system and BD scheme are briefly described. Sec-
tion III presents the analytical theory as well as dynamic sim-
ulation results for the loop-stretch and adsorption transitions.
Both static and dynamic properties are discussed in detail.
Section IV summaries the present work. Finally, an Appendix
gives some detailed formulations about the BD scheme.
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II. MODEL AND METHODS

We consider a polymer chain of N beads connected by
Gaussian elastic springs inside an L × L × H box. Through-
out this paper, we express all lengths in unit of the statistical
segment length a, energies in unit of kBT, and times in unit
of ζ0a2, where ζ0 is the friction coefficient for each bead.
We further use L = 4

√
N and H = N and implement periodic

boundary conditions in the x and y directions and impene-
trable boundaries in the z direction. One end of the chain
is anchored on the impenetrable surface at z = 0. To model
the stretching process, an external force F, the direction of
which is normal to the surface, is applied to the free end
of the chain. To model the adsorption process, an additional
short-range monomer-surface interaction is introduced via a
surface potential −εUa (r) with Ua(r) = min(1, 3/2 − z) (for
z < 3/2). The strength of adsorption ε corresponds to the
energy gain if a monomer is in contact with the substrate. The
non-bonded interactions between segments are described by
a coarse-grained soft potential, which depends on the local
number density of segments and is evaluated on a grid in
the spirit of the particle-to-mesh approach26–28 with grid size
b = 1. The parameter b can be interpreted as a coarse-graining
length. The total Hamiltonian is then given by

Hs =
3
2

N∑
j=2

(Rj − Rj-1)2 +
v

2

∑
α

ρ̂2
α − F Z1 − ε

N−1∑
j=1

Ua(Zj),

(1)

where Rj denotes the location of the jth bead, Z j denotes the
corresponding z-component (with ZN = 0), α runs over all
grid points, and ρ̂α denotes the local density at the grid point
α. Specifically, ρ̂α is determined from the particle positions
Rj using the Cloud-in-Cells (CICs) assignment scheme,29 with
cloud/cell size b and the z-components of the vertices located at
z = 0.5 + n (n ∈ N0). To simplify the notation for the coordinate
of the free end which is one of the main quantities of interest,
in the rest of the paper, we drop the subscript: Z1 ≡ Z.

The excluded volume parameter v is set to v = 1 such that
the grafted polymer is in a good (implicit) solvent. The bead
positions evolve according to the equations of over-damped
Brownian dynamics, i.e.,

Ṙj = −∂H/∂Rj +
√

2f r, (2)

where f r is an uncorrelated Gaussian random force with mean
zero and variance 〈f rα(t)f rβ(t ′)〉 = δαβδ(t � t ′) (α, β = x, y, z).
The time step for integrating the dynamics equations is chosen
as ∆t = 0.005. For details of the BD simulation scheme, we
refer to the Appendix.

The Hamiltonian (1) is used to simulate the stretching
process by setting ε = 0 and varying F and to simulate the
adsorption process by setting F = �2 and varying ε. Statistics
are performed for the order parameters of the two processes,
i.e., Z for the chain stretching case and the number of adsorbed
segments m for the chain adsorption case. Here, m is defined as
the number of segments that experience the surface adsorption
potential, i.e., the number of segments with a distance less
than d = 1 from the surface. The stretching degree ξ and the
fraction of adsorbed segments θ are defined as Z/N and m/N,
respectively.

III. RESULTS AND DISCUSSION
A. Characterization of the phase transitions

We begin with characterizing the thermodynamic prop-
erties by examining the behavior of order parameters and
fluctuations. The degree of stretching ξ = Z/N serves as the
order parameter in the loop-stretch problem, where Z is the
distance between the free end and the substrate. Accordingly,
the order parameter in the problem of chain adsorption is the
fraction of adsorbed segments θ = m/N, where m is the number
of adsorbed segments.

The adsorption of a single chain with excluded volume
effects (in the force free case F = 0) has a long history of
exploration. Monte Carlo (MC) and MD simulations were used
for both lattice and off-lattice models. Two difficult problems
have to be tackled: The accurate determination of the critical
point, where several methods were proposed and tested, and
the evaluation of the near-critical behavior in the framework
of the crossover scaling hypothesis. By comparison, the loop-
stretch transition happens to be much more straightforward;
this may be a reason why it was never studied in detail by
simulations. On the other hand, we will show below that it has
the advantage of admitting an analytical solution.

Figures 2(a) and 2(b) show the ensemble averages 〈ξ〉
and 〈θ〉 as a function of the applied force F and the adsorp-
tion strength ε, respectively. In both cases, the order parameter
is a continuous function of the control variable, with an ini-
tial slowly increasing part followed by a rapidly increasing
region. As the chain length increases, it can be seen that the
crossover between these two regions narrows. Albeit hard to
achieve numerically, it can be expected that in the infinite
chain limit N → ∞, the slope becomes discontinuous at a
threshold point indicating a continuous phase transition in both
cases.18

The critical force value F∗ = 0 for the loop-stretch tran-
sition can be conjectured intuitively. In the infinite chain limit

FIG. 2. (a) Average stretching degree 〈ξ〉 as a function
of stretching force F for the loop-stretch transition at ε
= 0 and (b) average fraction of adsorbed segments 〈θ〉 as a
function of adsorption strength ε for the adsorption tran-
sition at F = �2 for three chain lengths N = 100, 200, 400
as indicated. Black dashed lines show the extrapolation
to the infinite chain limit N →∞.
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FIG. 3. Second order Binder cumulants (a) for the loop-
stretch transition at ε = 0 and (b) for the adsorption
transition at F =�2. The curves for different chain lengths
N intersect at the critical point.

N → ∞ at F = 0, the average stretching order parameter of
the mushroom conformation 〈Z〉/N ∼ Nν�1 tends to zero. The
surface potential is short-ranged and has no direct relevance
as long as it is non-adsorbing. In the same limit, the elastic-
ity of the mushroom vanishes. Hence an arbitrary small (but
N–independent) positive end force would produce a nonzero
strain. We conclude that the mushroom state at F = 0 is, indeed,
a critical state. A more formal rigorous way to locate crit-
ical points from the numerical data is the Binder cumulant
method.30 We use the 2nd order cumulants and determine
the critical point as the intersection point of the curves for
σ2(O)/〈O〉2 for different chain lengths N, where O is the rel-
evant order parameter (O = Z and O = m, respectively) and
the variance σ2(O) = 〈O2〉 � 〈O〉2 quantifies its fluctuations.
The corresponding numerical results, displayed in Fig. 3, give
ε∗ = 0.42 ± 0.01 and F∗ = 0. We notice that the latter result is
consistent with the recent studies of self-avoiding walks under
stretching.20,21

Next we study the behavior of the order parameter and
the fluctuations σ2 as a function of the control parameter, i.e.,
the conjugate parameter that drives the transition—the force
F in the case of the loop-stretch transition and the adsorption
strength ε in the case of the adsorption transition. The results
are shown and compared to each other in Fig. 4. Parts (a) and
(c) refer to the loop-stretch transition (at ε = 0) and show the
chain end position 〈Z〉 andσ2(Z), respectively, as a function of
the stretching force F. Parts (c) and (d) refer to the adsorption
transition (at F = �2) and show the number of contacts m and

σ2(m) as a function of the adsorption strength ε. Qualitatively,
the curves for the order parameter and its fluctuations show the
same behavior. Far below the transition, which corresponds in
the loop-stretch case to the loop regime where the direction of
F points to the substrate (i.e., negative F values), and in the
adsorption case to the regime where the adsorption strength
ε is small, the values for the averaged order parameter and
its fluctuations coincide for different chain lengths. As the
critical point is approached (F = F∗ or ε = ε∗, respectively),
they increase and become strongly chain length dependent.
After crossing the critical point, the order parameter continues
to increase, whereas the fluctuations reach a maximum and
then decrease again slowly.

Table I shows the scaling of the quantities under consid-
eration with respect to the chain length N far below the critical
point, at the critical point, and above the critical point. Below
the critical point, the quantities do not depend on N and scale
with the exponent 0. Far above the critical point, they increase
linearly with the chain length, i.e., they scale with the exponent
1. At the critical point, the scaling is nontrivial and the expo-
nents differ from each other. In the case of the loop-stretch
transition, the scaling of the order parameter Z with chain
length roughly corresponds to the Flory exponent ν = 0.59,31

as one would expect for a force-free single chain in a good sol-
vent, and the scaling exponent of the fluctuations is twice that
number, 2ν = 1.18. The order parameter m of the adsorption
transition also scales algebraically with the chain length at the
transition point but with a different exponent φ ≈ 0.52 which

FIG. 4. Non-normalized order parameters 〈Z〉 (average
distance between chain end and surface) and 〈m〉 (number
of monomer contacts with the surface) [(a) and (b)] and
the corresponding fluctuations σ2 [(c) and (d)] as func-
tions of the conjugate variables F (force applied to the
chain end) and ε (adsorption strength) for the loop-stretch
transition [(a) and (c)] and the adsorption transition [(b)
and (d)] with chain lengths N as indicated. Dashed black
lines in [(c) and (d)] correspond to a fit of the data forσ2

below the transition (F < F∗ and ε < ε∗, respectively)
to an inverse quadratic law.
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TABLE I. Scaling exponents for the quantities in Fig. 4 with chain length N
far below the transition (F = �2.6 � F∗ = 0 and ε = �2.0 �ε∗ = 0.42), at the
transition (F = F∗ = 0.00 and ε = ε∗ = 0.42), and far above the transition (F
= 1.6 � F∗ and ε = 4.0 �ε∗).

Below At Above

〈Z1〉 0 ± 0.002 0.59 ± 0.03 1 ± 0.001
〈m〉 0 ± 0.001 0.52 ± 0.01 1.005 ± 0.003
σ2(Z1) 0.01 ± 0.01 1.18 ± 0.02 0.98 ± 0.03
σ2(m) 0 ± 0.002 1.06 ± 0.01 1 ± 0.01

is approaching 0.5. This exponent will be discussed further
below. The scaling exponent characterizing the fluctuations of
m is again twice as high, 2φ ≈ 1.06.

Even though the order parameter and the fluctuations
show the same qualitative behavior at the transition, there
are quantitative differences: As we have seen above, the crit-
ical exponents that characterize the scaling of characteristic
quantities with chain length at the transition points are differ-
ent. Moreover, the comparison of Figs. 4(c) and 4(d) suggests
that the fluctuations of the order parameter decay much more
rapidly above the transition in the case of the adsorption tran-
sition than in the case of the loop-stretch transition. Below
the transition, however, the behavior of σ2 at both transitions
seems to agree even quantitatively. In both cases, it can be fit-
ted nicely by an inverse quadratic law, σ2(Z) ∼ |F � F∗|�2 and
σ2(m) ∼ |ε � ε∗|�2, and it diverges at the critical point in the
infinite chain limit N →∞.

It is convenient at this point to discuss separately the near-
critical behavior, which will be addressed in Subsection III B in
the framework of a finite-size scaling theory, and the behavior
far away from the critical point. The latter is best understood
in terms of thermal “excitations” above the limiting states,
which are treated as “ground states.” We first identify the four
different “ground states” of our system, akin to the cartoons in
Fig. 1 but taken to zero-temperature limit.

(1) F fixed, ε → �∞: Mushroom state with no surface
contacts (m = 0).

(2) F fixed, ε→ +∞: Fully adsorbed state, m = N.
(3) F → �∞, ε = 0: Loop state with Z = 0.
(4) F → +∞, ε = 0: Fully stretched state, Z = N. This limit

cannot be explored in our simulations because of the
nature of the model, which does not incorporate finite
extensibility.

As long as the excitations are independent modes that
can be treated within harmonic approximation, one can apply
the equipartition theorem 〈∆E〉 = n

2 , where n is the number
of independent excitation modes and ∆E = H − E0 is the
deviation of the energy from the “ground state energy.”

In the extreme cases (1) and (2), the only contribution to
the energy comes from the surface contacts (〈∆E〉 ∼ ε〈m〉).
In case (1), excitations correspond to isolated contacts bring-
ing positive energy. Since the repulsive contacts are domi-
nated by short subchains originating at the grafting point, the
effective number of relevant degrees of freedom is indepen-
dent of the chain length. In case (2), excitations are associ-
ated with local desorption events that can appear along the
whole chain; hence, n is proportional to the chain length N.

This yields immediately 〈m〉 ∼ |ε|�1 in case (1) and 〈m〉 ∼ N
� N |ε|�1 in case (2). Differentiation with respect to the con-
trol parameter ε results in σ2(m) ∼ |ε|�2 and σ2(m) ∼ N |ε|�2,
respectively.

Similarly, in cases (3) and (4), the energy is brought by the
external end-force: 〈∆E〉 ∼ F〈Z〉. The excitations are associ-
ated with local vertical motions of the pressed end in the loop
case (3) and with the full spectrum of elastic modes in the
stretched case (4). Hence the number of modes that contribute
to the energy is chain length independent in case (3) and n ∼
N in case (4). One obtains 〈Z〉 ∼ |F |�1 and σ2(Z) ∼ ∂〈Z〉/∂F
∼ |F |�2 in case (3) and 〈Z〉 ∼ N � N |F |�1, σ2(Z) ∼ N |F |�2 in
case (4).

B. Static critical behavior: Theoretical analysis

The loop-stretch transition has the advantage of allowing
a very detailed analytical description of the partition function.
We start by summarizing the known results for various parti-
tion functions which are naturally formulated in the language
of lattice models with well-defined discrete configurations.
Since the near-critical behavior of the order parameters is uni-
versal, we can eventually apply the theory to our off-lattice
simulations. First recall that for a free random walk on a lat-
tice, the total number of distinct walks for N steps is given
by

Q(N) = ωN , (3)

where ω is the lattice coordination number (e.g., ω = 6 for a
cubic lattice). However, for self-avoiding walks of N steps, the
total number of walks is smaller and asymptotically obeys the
law

Q(N) = ω̃N Nγ−1, (4)

where the “connectivity constant” ω̃ < ω depends on the
dimensionality and the lattice type and the exponent γ in the
“enhancement factor” Nγ�1 depends only on the dimension-
ality. In three dimensional lattices, one has γ ≈ 7/6.14

We consider a real chain, modeled as a self-avoiding walk,
which is constrained in half space (z > 0) with the one end
segment placed at the plane (i.e., at z = 1), and define Q1 as the
number of walks which starts from the plane and Q11 as the
number of walks which terminates at the plane. It is reasonable
to assume a similar N dependence,32 i.e.,

Q1(N) = ω̃N Nγ1−1, and Q11(N) = ω̃N Nγ11−1. (5)

The values of γ1 and γ11 have been evaluated both by com-
puter simulations and theories.33–36 According to the recent
numerical results from Grassberger and Clisby et al., we take
γ1 ≈ 0.68 and γ11 ≈ �0.39.37–39

The form of the probability density distribution for the
height of the free end was conjectured by Fisher,40

P(Z , N) =
A
Z0

(
Z
Z0

)θ
exp


−B

(
Z
Z0

)δ , (6)

where Z0 = 〈Z〉 = bNν is the mean end height in the absence of
the force, b is a model-dependent prefactor, and the coefficients
A and B must be chosen such that P(Z) satisfies the normal-
ization conditions ∫

∞
0 P(Z)dZ = 1 and ∫

∞
0 dZ Z P(Z) = Z0,

i.e.,
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A =
δ

Γ
(

1+θ
δ

) 

Γ
(

2+θ
δ

)
Γ
(

1+θ
δ

) 
1+θ

, B =



Γ
(

2+θ
δ

)
Γ
(

1+θ
δ

) 
δ

. (7)

The exponents δ can be derived from scaling arguments, giving
δ = 1

1−ν ,14 and the exponent θ follows from the relation

Q11 = Q1 P(Z = 1), (8)

which gives

Nγ11−1 = Nγ1−1Z−1−θ
0 ∼ Nγ1−1−ν−νθ , (9)

and hence37

θ =
γ1 − γ11 − ν

ν
' 0.8. (10)

The coefficients A and B in the distribution function P(Z, N)
are completely defined by two critical indices δ and θ with
numerical values of A ≈ 1.18 and B ≈ 0.503. These results
hold for force-free chains that are end-grafted onto a purely
repulsive surface (F = 0 and ε = 0).

Structurally, the form of P(Z, N) is a natural generalization
of the free end probability for an ideal Gaussian chain near an
impenetrable plane with “absorbing” boundary conditions.41

Although the chain end distribution is a common object in
polymer theory, one should also recognize that in the context
of the loop-stretch transition, P(Z, N) has the meaning of the
order parameter distribution for a finite system at a critical
point.

Based on Eq. (6), we express the partition function of a
chain subject to an end force F in the force ensemble as

QF(F, N) = Q1(N)
∫ ∞

0
dZ P(Z; N) eF Z = Q1(N) ΨF(FZ0),

(11)
with

ΨF(x) = A
∫ ∞

0
dt tθ exp

[
− Btδ + xt

]
(12)

and x = FZ0. Hence QF has exactly the form assumed in the
crossover scaling hypothesis

QF(F, N) = QF(F∗) ΨF(bFNν), (13)

where F∗ = 0 defines the critical point, ΨF is the crossover
function which contains all information about the static behav-
ior of the system, and ν acts as a crossover exponent. This is a
unique case when the crossover function is not just postulated
but can be constructed explicitly.

From the analysis of Eq. (12), one can deduce three
regimes of crossover behavior. In the limit of x � �1, the
second term in the exponent in Eq. (12) dominates,

ΨF(x) ∼ (−x)−θ−1. (14)

In the vicinity of the transition point, at x ≈ 0, we can expand
ext , which leads to

ΨF(x) = 1 + x + c2 x2 + · · · , (15)

where the coefficient with the linear term equals 1 by normal-
ization conditions and

c2 =
Γ
(

1+θ
δ

)
Γ
(

3+θ
δ

)
2
(
Γ
(

2+θ
δ

))2
. (16)

Numerically, c2 ≈ 0.63.

In the large force limit x � 1, the integrand in Eq. (12)
becomes very sharp, and we can carry out a saddle point

approximation about the saddle point tc =
( x

Bδ

) 1
δ−1 , giving

ΨF(x) ∼ exp(Cx1/ν), (17)

where C = ν
( 1−ν

B

) 1−ν
ν = 0.51. Together, we obtain

lnΨF(x) ≈




−(1 + θ) ln(−x), x � −1

x + (c2 −
1
2 )x2, |x | � 1

Cx1/ν , x � 1

. (18)

We note that in the pre-transitional regime not only the loga-
rithmic shape itself but also the numerical prefactor (1 + θ) is
predicted to be model-independent. The shape of the crossover
function lnΨF(x) is shown in Fig. 5 together with the two
main asymptotics. In the stretching regime, the logarithm of
the exact crossover function differs from the asymptotic branch
by a constant shift which does not affect the behavior of the
observables.

Knowing the crossover function ΨF(x), the asymptotic
behavior of the average height can be evaluated according to
〈Z〉 = ∂ lnΨF (FNν )

∂F , which leads to

〈Z〉 ∼




1
F∗−F , x � −1

Nν , |x | � 1

N(F − F∗)
1−ν
ν , x � 1

. (19)

Similarly, the asymptotic behavior of the height fluctuations is

given by σ2(Z) = 〈Z2〉 − 〈Z〉2 = ∂2 lnΨF (FNν )
∂F2 , leading to

σ2(Z) ∼




1
(F−F∗)2 , x � −1

N2ν , |x | � 1

N(F − F∗)
1−2ν
ν , x � 1

. (20)

All theoretical predictions are in good agreement with the
simulation data presented in Subsection III A, Figs. 4(a) and
4(c). A more detailed comparison will follow below.

Next we consider the desorption-adsorption transition. A
finite-size scaling hypothesis for the partition function Qε(ε,
N) of the adsorbing chain in the vicinity of the critical point,
similar to Eq. (13), was proposed on the basis of the polymer-
magnetic analogy,15,37,42–44

Qε(ε, N) = Qε(ε∗, N) Ψε
[
(ε − ε∗)Nφ] , (21)

FIG. 5. Logarithm of the crossover function of the loop-stretch transition
together with two asymptotic curves for the loop regime (1) and the stretch
regime (2).
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where φ is the crossover exponent for critical adsorption, which
has been discussed extensively in the literature.15,37,42–44

According to recent extensive lattice simulations, the value of
the crossover exponent φ is given by φ = 0.483 ± 0.003.37,44

At chain lengths comparable to the ones used in the present
study, one typically observes higher apparent exponent close
to φ = 0.5.44

The crossover function Ψε(x) gives the average contact

number 〈m〉 = ∂ lnΨε ((ε−ε∗)Nφ )
∂ε . Traditionally, the asymptotic

behavior ofΨε(x), where x = (ε � ε∗)Nφ is reconstructed from
the expected asymptotic behavior of 〈m〉.

• In the fully developed adsorption regime x � 1, the
number of adsorbed monomers is proportional to N, m
∼ N. Hence, one should have ln(Ψε(x)) ∼ x1/φ in this
limit.

• The crossover function is analytic at the transition point
x = 0; therefore, it can be Taylor expanded for |x| � 1
giving Ψε(x) as Ψε(x) = 1 + c′1x + c′2x2 + · · · .

• For strong enough repulsion x � �1, very few
monomers are contacting the substrate; therefore, 〈m〉
should be independent of N. In this limit, d ln(Ψε(x))/dx
should thus scale like 1/x, hence ln(Ψε(x)) ∼ ln(�x).

With these consideration, we summarize the asymptotic
expressions of Ψε(x) as

lnΨε(x) ∼




ln(−x), x � −1

c′1x + c′2x2, |x | � 1

x1/φ x � 1,

(22)

and obtain for the average contact number

〈m〉 ∼




1
ε∗−ε , x � −1

Nφ , |x | � 1

N(ε − ε∗)
1−φ
φ , x � 1

. (23)

The fluctuations of m are calculated as σ2(m) = 〈m2〉 − 〈m〉2

=
∂2 lnΨε ((ε−ε∗)Nφ )

∂ε2 , yielding

σ2(m) ∼




1
(ε∗−ε)2 , x � −1

N2φ , |x | � 1

N(ε − εc)
1−2φ
φ , x � 1

, (24)

which is in qualitative agreement with Figs. 4(c) and 4(d) if
one assumes φ = 0.52.

Earlier we have seen that this type of asymptotic behavior
of the crossover function follows naturally from its connec-
tion to a specific shape of the probability density for the order

parameter at the transition point. Thus we propose a Fisher-
type conjecture; see Eq. (6) for the distribution of the number
of contacts at the critical adsorption point,

P(m, N) =
A′

m0

(
m
m0

)θ′
exp


−B′

(
m
m0

) 1
1−φ 

. (25)

Here m0 = 〈m〉 = b′Nφ is the average number of contacts at
the critical point, b′ is a model-dependent prefactor, index δ′

is related to the crossover exponent as δ′ = (1 � φ)�1, and θ ′

is yet another exponent describing the probabilities of chain
conformations with very few contacts at critical conditions
ε = ε∗. The coefficients A′ and B′ are determined by nor-
malization and expressed in terms of the exponents θ ′ and δ′

according to Eq. (7).
Following the discussion around Eqs. (8)–(10), we write

Q11 = Q11c P(m = 1), (26)

where
Q11c(N) = ω̃N Nγ11c−1 (27)

is the partition function of the loop at the critical adsorp-
tion point and γ11c is the corresponding surface exponent.
Numerically, γ11c ≈ 0.707.37 Equation (26) leads to

θ ′ =
γ11c − γ11 − φ

φ
' 1.1 (28)

in full analogy to Eq. (10). We test the conjectures (6) and (25)
by comparing them with the corresponding order parameter
distributions at the respective critical conditions as obtained
from the simulations. The results are shown in Fig. 6. If plotted
as a function of the relevant scaling variable, Z/Z0, and m/m0,
the theoretical predictions as well as the distribution functions
for different chain lengths obtained from simulations collapse
almost perfectly. Note that theoretical conjectures contain no
fitting parameters at all.

From Eq. (25), we can construct the adsorption crossover
function Ψε(x) according to Eq. (12) with proper replacement
of the parameters, leading to a similar form

Ψε(x) = A′
∫ ∞

0
dt tθ

′

exp
[
− B′tδ

′

+ xt
]
, (29)

where x = (ε � ε∗)m0 = b′(ε � ε∗)Nφ . According to this
equation, the differences between the equilibrium near-critical
behavior at the loop-stretch and the loop adsorption transitions
for large chain lengths, N →∞, can thus be traced back to the
differences in the pair of exponents, of which one (θ, θ ′) shows
up directly in the amplitude of the pre-transitional branch.
The post-transitional growth of the order parameter is directly
affected by the crossover exponents, ν and φ, respectively,

FIG. 6. Rescaled order parameter distribution at the crit-
ical point for the loop-stretch transition (a) (at ε = 0) and
the adsorption transition (b) (at F =�2) for different chain
lengths as indicated, compared to the predictions of the
theoretical conjectures Eq. (6) with exponents θ = 0.8 and
ν = 0.58 in (a) and Eq. (25) with exponents θ′ = 1.1 and
φ = 0.52 in (b).
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and indirectly (through the coefficients B) by the value of the
θ exponent. Interestingly, the crossover exponents are rather
close numerically, while the other pair differs more consider-
ably. We shall see, though, that the width of the near-critical
scaling region in terms of the respective control parameters (F
and ε) is dramatically smaller for the loop adsorption.

C. Simulation results in the finite-size
scaling framework

According to the analysis developed in Subsection III B
for the loop-stretch transition, the results for 〈Z〉 and σ2(Z)
can also be written in a scaling form,

〈Z〉 = Nν f̂Z ((F − F∗)Nν),

σ2(Z) = N2ν f̂σ2
Z
((F − F∗)Nν),

(30)

where the scaling functions f̂Z (x) ∝ d lnΨF(x)/dx and f̂σ2
Z
(x)

∝ d2 lnΨF(x)/dx2 show asymptotic scaling behavior f̂ (x)
∼ (±x)α± for large±x� 1 with exponentsα

�

=�1 andα+ = 1/ν
� 1 ≈ 0.7 for f̂Z and α

�

= �2, α+ = 1/ν � 2 ≈ �0.3 for f̂σ2
Z
. This

implies that the curves of 〈Z〉 and σ2(Z) for different chain
lengths N should collapse if we plot 〈Z〉N�ν and σ2(Z)N�2ν

as a function of the scaling variable x ∼ (F � F∗)Nν . The
rescaled data are displayed in Figs. 7(a) and 7(c) together with
theoretical curves evaluated from the explicit crossover func-
tion of Eq. (12) with the numerical value b = 0.66 taken from
simulations. Indeed, the data collapse nicely and are in perfect
agreement with the theoretical curves.

In the same vein, the data of Figs. 4(c) and 4(d) should
collapse onto one curve if one plots 〈m〉N�φ and σ2(m)N�2φ

as a function of the scaling variable x = (ε � ε∗)Nφ . More
specifically, the results (23) and (24) can be rewritten in a
scaling form,

〈m〉 = Nφ f̂m((ε − ε∗)Nφ),

σ2(m) = N2φ f̂σ2
m

((ε − ε∗)Nφ),
(31)

where the scaling functions f̂m(x) ∝ d lnΨε(x)/dx and f̂σ2
m

(x)

∝ d2 lnΨε(x)/dx2 show asymptotic scaling behavior f̂ (x)

∼ (±x)α± for large ±x � 1 with α
�

= �1 and α+ = 1/φ � 1
≈ 1 for f̂m and α

�

= �2, α+ = 1/φ � 2 ≈ 0. for f̂σ2
m

. The rescaled
data are shown in Figs. 7(b) and 7(d), together with the theo-
retical curve derived from Eq. (29) with the numerical value
b′ = 1.85 taken from simulations. Even though φ has been
adjusted to optimize the collapse, the data collapse is not
nearly as good as in the case of the loop-stretch transition.
The best collapse is obtained for φ = 0.52, which is consistent
with the scaling suggested by Fig. 6 and close to the literature
value, φ ≈ 0.483.37,44 In the near-critical regime, the theoreti-
cal curves obtained from the conjectured explicit form of the
crossover function, Eq. (29), compare well with the simulation
data.

However, at some distance from the transition, the curves
for different N do not collapse and the asymptotic behavior
of the curves does not reproduce the theoretically predicted
slopes for the chain lengths under consideration. The main
reason for these deviations is that the near-critical behav-
ior at adsorption is apparently restricted to a rather narrow
range of the adsorption parameter ε near ε∗. For stronger
adsorption, saturation effects start suppressing the power-
law growth of the contact numbers which leads to a cor-
responding decrease in their fluctuations. This phenomenon
falls outside the crossover ansatz; deviations, however, can-
not be seen at the level of the probability density of Fig. 6
as they pertain to the far-off tail at large values of the order
parameter.

D. Dynamical behavior

After studying the static critical behavior, we turn our
attention to the dynamic behavior of the order parameters.
Relaxation of the free end for a chain grafted to a repulsive
surface was never studied in the context of the loop-stretch
transition. As for the relaxation of the number of contacts,
it was evaluated only at the critical point of adsorption in
Ref. 43. We calculate the autocorrelation function of the
two order parameters, i.e., CZ (t) = 〈Z(t)Z(0)〉−〈Z〉2

σ2(Z)
and Cm(t)

=
〈m(t)m(0)〉−〈m〉2

σ2(m)
, from which the characteristic relaxation

FIG. 7. Same data as in Fig. 4, rescaled as suggested
by Eqs. (30) [(a) and (c)] and (31) [(b) and (d)]. Lower
branch indicates the regime below the critical point (F
< F∗ = 0 and ε < ε∗ = 0.42, respectively), and upper
branch indicates the regime above the critical point (F >
F∗ and ε > ε∗, respectively). Black solid lines represent
the predictions of the explicit crossover functions. Dashed
lines show asymptotically expected slopes far from the
transition if one assumes that the order parameters and
their fluctuations scale like N0 in the lower branch and
like N1 in the upper branch.
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times τ(Z) = ∫
∞

0 dt CZ (t) and τ(m) = ∫
∞

0 dt Cm(t) can be
evaluated. The results are presented in Fig. 8.

Below the phase transition, for negative forces or non-
adsorbing surfaces, respectively, the relaxation times show a
similar behavior at the two transitions. They are almost inde-
pendent of chain length and increase as the critical point is
approached. Close to the critical point, they become strongly
chain length dependent and develop a maximum, which would
diverge in the limit N → ∞. (Note that the maximum in the
case of the loop-stretch transition is much less prominent but
still exists.) Above the transition, however, the curves in Figs.
8(a) and 8(b) are markedly different. In stretched chains, the
relaxation times remain large and still depend strongly on the
chain length, whereas in adsorbed chains far above the adsorp-
tion point, they drop down again and become roughly chain
length independent. This is also apparent from Table II, which
shows the scaling of τ with the chain length τ ∼ Nα, far from
the transition and at the transition. Far below the transition, one
has α = 0 both for the loop-stretch and the adsorption transi-
tion. At the transition, the scaling exponent α is nontrivial and
close to 2 in both cases. Far above the transition, one recovers
α = 0 in the adsorption case, whereas α settles at α = 2 in the
loop-stretch case.

To quantify the global relaxation in the case of the loop-
stretch transition, one can introduce an effective longitudinal
diffusion coefficient D, which characterizes the motion of an
“equivalent” single particle in a harmonic potential chosen
such that the variance σ2(Z) is the same. From the theory
of Brownian motion, the effective diffusion constant can be
estimated by D = σ2(Z)

2τ(Z) .45 The results for D are presented in

Fig. 9(a). Here, the variance σ2(Z) is obtained directly from
the trajectory of the free end, and the relaxation time τ(Z) is
calculated from the autocorrelation functions. Below the loop-
stretch transition, for negative forces F, D decreases as the
transition is approached. In the transitional regime as well as
for the stretched coil, the diffusion coefficient roughly recovers
the Rouse scaling law for a free draining chain D ∼N�1. Since
the inverse diffusion constant, 1/D, corresponds to a friction,
one can conclude that all chain monomers contribute to the
effective friction of stretched chains, whereas only a fraction
contributes for chains with ends pressed towards the surface.
Over all, however, the variations of D are relatively small.
The effective diffusion constant does not change by orders of
magnitude.

In the case of the adsorption transition, an analysis in
terms of an effective diffusion constant (and corresponding
friction) is less straightforward. However, one can imagine the
relaxation process as a sequence of more or less correlated

TABLE II. Scaling exponents α for the N-dependence τ ∼ Nα of the two
relaxation times τ(Z) and τ(m) in Fig. 8 far below the transition (F = �2.6 �
F∗ and ε = �2.0 � ε∗), at the transition (F = F∗ = 0.00 and ε = ε∗ = 0.42),
and far above the transition (F = 1.6 � F∗ and ε = 4.0 � ε∗).

Below At Above

τ(Z) 0.07 ± 0.06 2.18 ± 0.12 1.86 ± 0.14
τ(m) 0.02 ± 0.01 2.05 ± 0.03 0.03 ± 0.01

monomer adsorption/desorption events. Each event changes
the number of contacts by ±1. Taking this as an uncorrelated
random walk along the m axis with t0 as the time per single
step, we obtain for the mean-square displacement as a func-
tion of time 〈(∆m)2〉(t) = t/t0. Hence, the relaxation time scales
as τ(m) ∼ t0σ

2(m), and the ratio σ2(m)/τ(m) has the mean-
ing of the effective frequency t−1

0 of the adsorption-desorption
steps. The fact that at strong adsorption, this frequency is
proportional to N, see Fig. 9(b), which means that the steps
happen independently at different locations along the chain
and are, indeed, weakly correlated. In the near-critical region,
these steps appear to be strongly correlated leading a very low
effective frequency ∼N�1. At strong repulsion, the frequency
increases again since the correlations are now limited to a fairly
small part of the chain adjacent to the grafting point. Overall
the variation of frequency t−1

0 in the adsorption transition is
much stronger than that of the diffusion coefficient D in the
loop-stretch transition and shows a non-monotonic behavior.

In the static case, we had established a formal anal-
ogy between the adsorption and the loop-stretch transition in
Sec. III B. It was based on the same form of the probability dis-
tributions for the order parameter at the critical point leading to
the crossover functions ΨF and Ψε [Eqs. (18) and (22)] of the
same structure. However, the underlying Hamiltonian does not
have this symmetry. The Hamiltonian of a strongly stretched
end-grafted chain at ε = 0 can be approximated by that of an
ideal free stretched chain; all monomer-monomer correlations
and their relaxation are determined by the normal modes, and
the relaxation mechanism is essentially diffusive. The fact that
the relaxation time τ(Z) scales as τ ∼N2 for strongly stretched
chains indicates a typical Rouse behavior.25 The case of a
strongly adsorbed chain at F = 0 is quite different since both
the attractive and the repulsive part of the surface interaction
play essential roles. Diagonalization of the Hamiltonian is not
possible. Pair correlation functions for monomers separated
by a large contour distance (larger than the adsorption blob
size) are suppressed, and thus large-scale relaxations do not
contribute to the time correlation function of the monomer-
surface contact number, 〈m(0)m(t)〉.

FIG. 8. Characteristic relaxation times of the order
parameter Z (chain end position), τ(Z), and m (number
of monomer contacts with the surface), τ(m), as func-
tions of the respective control parameters F (force applied
to the chain end) and ε (adsorption strength) (a) at the
loop-stretch transition (ε = 0) and (b) at the loop adsorp-
tion transition (F = �2) and different chain lengths as
indicated.
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FIG. 9. (a) Effective diffusion coefficient D
= σ2(Z)/2τ(Z) of the chain end as a function of
applied force F. (b) shows the corresponding quantity
for m, which has the meaning of the effective frequency
of monomer adsorption-desorption events.

FIG. 10. Same data as in Fig. 8 rescaled according to Eq.
(32) with γZ ≈ 1 + 2ν (a) and Eq. (33) with γm = 2.05
(b). The lower branch in (a) and the upper branch in (b)
correspond to the regime below the transition, and the
upper branch in (a) and the lower branch in (b) correspond
to the regime above the transition.

To further analyze the dynamic scaling behavior of the
order parameters of the loop-stretch and adsorption transition,
we again make a scaling ansatz, similar to (30) and (31),

τ(Z) = NγZ f̂τZ [(F − F∗)Nν], (32)

τ(m) = Nγm f̂τm [(ε − ε∗)Nφ]. (33)

For free chains, the characteristic relaxation time of the end-to-
end distance is expected to scale as τ ∼ N1+2ν (in the absence
of hydrodynamics).25 It seems reasonable to assume that this
exponent also sets the exponent γZ in Eq. (32), i.e., one expects
γZ = 1 + 2ν = 2.18. Indeed, this exponent is compatible with
the scaling of τ with chain length at the loop-stretch transi-
tion (Table II), and Fig. 10(a) demonstrates that the data of
Fig. 8(a) for different chain lengths collapse nicely onto one
curve if they are rescaled as suggested by Eq. (32) with this
exponent. For large negative F (strongly pressed chain ends),
the relaxation of Z is dominated by local processes close to the
end monomer and expected to be independent of the total chain
length (see also Table II). Thus one expects the scaling function
f̂τZ to scale as f̂τZ (x) ∼ x−1/ν−2 ∼ x−3.7, which is roughly com-
patible with the data in Fig. 10(a) (lower branch). For large
positive F (strongly stretched chain), the effective diffusion
constant scales as D ∼ 1/N as discussed above; hence, f̂τZ (x)
must show the same scaling behavior with x than f̂σ2(Z)(x),
f̂τZ ∼ x1/ν−2 ∼ x−0.3, which is also compatible with Fig. 10(a)
(upper branch).

Since τ ∼N1+2ν sets a characteristic time scale for grafted
chains in general, one might expect that it also characterizes
the relaxation time of the adsorption process,43 which would
imply γm = γZ = 2.18. However, the simulation data for τ(m)
at different chain lengths do not collapse if they are rescaled
with that exponent (data not shown). Moreover, right at the
transition, τ(m) was found to scale with N with the exponent
2.05± 0.03 (see Table II), which suggests γm ≈ 2.05. Rescaling
the data with this exponent, one obtains good data collapse [see
Fig. 10(b)]. Far from the transition, the relaxation time is found
to be chain length independent both for ε � ε∗ and ε � ε∗,
which implies that the scaling function f̂τ(m) should scale as

N−γm/φ ∼ N−3.9. Figure 10(b) indicates that f̂τ(m)(x) indeed
approaches this scaling for very large arguments |x|.

It is clear that even within the error, γm is still smaller
than 1 + 2ν which is expected to be the only characteristic time
scale for grafted chains. We do not have a good explanation for
this observed difference. At the adsorption critical point, the
dynamics should be fully coupled, which precludes two dif-
ferent global relaxation times with a different N scaling. On
the other hand, Fig. 8 shows that the characteristic time scales
τ(Z) and τ(m) are quite different even at the same state point
(F = 0, ε = 0). Previous authors have also reported discrepan-
cies in the quality of the dynamic scaling of τ(Z) and τ(m).43

It seems conceivable that the coupling of the dynamics of the
order parameters Z and m is weak such that the slower relax-
ation time (with scaling NγZ ) only dominates in the limit of
very long chains.

IV. SUMMARY

To summarize, we have investigated the critical behavior
of the loop-stretch transition of end-grafted chains on neutral
substrates by Brownian dynamics simulations and compared
it with the critical behavior at the adsorption transition of a
loop. Loop adsorption was chosen to avoid possible complica-
tions due to multicritical phenomena in the standard adsorption
transition of a single grafted chain.

We describe the loop-stretch transition in terms of the
order parameter 〈Z〉, the average height of the free end, and the
adsorption transition in terms of the order parameter 〈m〉, the
average number of adsorbed segments. Both the analytical the-
ory and the numerical results suggest that the thermodynamic
behavior of these two order parameters is formally identical,
with the same scaling with chain length, if one replaces the
crossover exponent φ in the adsorption transition by the Flory
exponent ν in the loop-stretch transition and the crossover vari-
able x = (ε � ε∗)Nφ (in the adsorption transition) by x = (F �

F∗)Nν (in the loop-stretch transition) [cf. Eqs. (18) and (22)].
We show that both transitions provide a rare opportunity to

study in detail a continuous phase transition with the crossover
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behavior characterized by two non-trivial critical exponents
with an explicit analytical form of the crossover function. This
exceptional situation is made possible by a Fisher ansatz40

proposed for the distribution of the free end position for
a chain end-grafted to a non-adsorbing surface. Recognizing
this as the order parameter distribution at the critical point
of the loop-stretch transition, we extend the ansatz to cover
the loop adsorption transition as well. In both cases, the order
parameter distribution is characterized by a pair of indices, one
of which is strictly defined by the relevant crossover exponent
(ν or φ), while the other is also related to a pair of the partition
function surface exponents (γ1, γ11) or (γ11c, γ11), respec-
tively. No fitting parameters are involved in the scaling form of
the order parameter distribution function. An explicit crossover
function follows from the Boltzmann re-weighting of the order
parameter distribution and provides excellent agreement with
the simulation results within the near-critical domain.

On the other hand, the dynamic relaxation behavior of
the two order parameters shows significant differences espe-
cially above the transition. While the relaxation behavior for Z
above the loop-stretch transition shows a typical Rouse behav-
ior with relaxation times scaling as τ(Z) ∼ N2, the relaxation
time for m decays rapidly above the adsorption transition and
becomes essentially independent of the chain length far from
the critical point, i.e., the adsorption dynamics is local as in an
Ising model. Right at the critical point, critical slowing down
is observed in both cases. The dynamic critical behavior at
the adsorption transition is compatible with a scaling ansatz
with crossover variable x = (ε � ε∗)Nφ; however, the scaling
exponent γ right at the transition (τ(m)|ε∗ ∼ Nγ) is smaller
than the theoretically expected value γ = 1 + 2ν. Likewise,
the dynamic critical behavior at the loop-stretch transition is
described very well by a scaling ansatz with crossover variable
x = (F � F∗)Nν , and in this case, the scaling exponent takes
the expected value, γ = 1 + 2ν.

To our best knowledge, the critical behavior of non-ideal
chains at the loop-stretch transition has been investigated for
the first time in the present work. Based on a conjecture
by Fisher, we have derived an analytical expression for the
crossover function in the scaling hypothesis for the behavior
at finite N, which is in excellent quantitative agreement with
our simulation data. We have generalized the Fisher conjec-
ture to be applied to the order parameter distribution of the
loop adsorption transition and demonstrated that it provides
an excellent description of the near-critical scaling regime.
We believe that this approach could be further extended to
cover continuous transitions provided the order parameter is
non-negative and interfacial phenomena do not interfere in the
ordered state. Coil-globule transition in a flexible chain could
be a tentative candidate belonging to this class.

ACKNOWLEDGMENTS

This work has been supported by the German Science
Foundation (DFG) within the Graduate School of Excel-
lence Materials Science in Mainz (MAINZ), Grant No. Schm
985/13-2, Grant No. NNIO-a 17-53-1213, and the SFB TRR
146 (project C1). D.Y. acknowledges financial support from
the National Natural Science Foundation of China (NSFC)

Nos. 21374011 and 21434001. Simulations were carried out
on the computer cluster Mogon at JGU Mainz.

APPENDIX: BROWNIAN DYNAMICS SCHEME

In this Appendix, we describe the simulation method in
detail. We adopt the over-damped Brownian dynamics to prop-
agate the system [see Eq. (2)]. The system Hamiltonian is
composed by two parts, i.e.,H = H0+HI, whereH0 represents
the contribution from the chain connection, while HI is the
interaction part. To be more general, we write the interaction
part as a continuous integral

HI =
v

2

∫
dr ρ̂2(r) − ε

∫
drUa(r) ρ̂(r), (A1)

where the first term on the right-hand side describes the
excluded volume interaction, while the second term is adsorp-
tion energy. The above Hamiltonian corresponds to the system
with pure adsorption; in the following, we focus mainly on the
adsorption system. In the case of pure stretching, one could
directly add the stretching force to the first bead and remove
the adsorption force. The density operator at present can be
defined as a delta function ρ̂(r) =

∑
j δ(r − Rj), where the

bead index j runs over all beads. By performing the derivative
and using the chain rule, we obtain

∂H
∂Rj
= 3(2Rj − Rj+1 − Rj−1) +

∂

∂Rj

[
v ρ̂ − εUa

]
, (A2)

where j is valid for any intermediate beads. The first bead
j = 1 is only connected to the second bead, while for the last
bead j = N, it is always fixed at the grafting point. By intro-
ducing a potential ω̂ ≡ v ρ̂− εUa, the BD equation for the first
bead is written as

dR1

dt
= 3(R2 − R1) −

∂ω̂(R1)
∂R1

+
√

2f r , (A3)

for the bead j = N, dRN
dt = 0, for any bead 1 < j < N,

dRj

dt
= 3(Rj+1 + Rj-1 − 2Rj) −

∂ω̂(Rj)

∂Rj
+
√

2f r . (A4)

In order to proceed, we need an explicit expression for the
potential derivative. Since the potential is directly determined
by the bead density, the evaluation of its derivative is coupled to
the way of assignment of particle-to-mesh density. In practice,
we divide the simulation box uniformly into nx·ny·nz cells. All
the quantities are defined at the center of each cell, and we call
these center points as mesh points. Each cell has a volume of
∆V = lx·ly·lz. In the simulation, we chose lx = ly = lz = a,
meaning that each cell has a unit volume. Therefore the mesh
points are located at x = 0.5 + mlx, y = 0.5 + nly, and z = 0.5 +
olz, where the integers m ∈ [0, nx � 1], n ∈ [0, ny � 1], o ∈ [0,
nz � 1]. Fractions of a bead are assigned to its neighbouring
mesh points according to the predefined assignment function
g(r) depending only on the distance between the particle and
mesh point. Rather than choosing g as a delta function in the
continuum case, in practice, g has a finite width playing the
role of a smear function (or coarse-graining function).

In terms of this assignment function, the density operator
can be written as ρ̂(rg) = 1

∆V

∑
j g(|Rj−rg |), where rg denotes
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the position of the gth mesh point. Now we can write HI in a
discretized form

HI =
v

2
∆V

∑
g

ρ̂2(rg) − ∆Vε
∑

g

Ua(rg) ρ̂(rg), (A5)

which is equivalent to the corresponding interaction energy in
Eq. (1) as ∆V = 1. Then the derivative of HI can be performed
to get

∂HI

∂Rj
=
∂ω̂

∂Rj
=

∑
g

ω̂(rg)
∂

∂Rj
g(|Rj − rg |). (A6)

To perform the derivative of the assignment function, we need
its explicit expression. For such a purpose, we consider the
mesh in which Rj is located. There are totally eight vertexes
for the mesh, and let i, j, k denote the indices along x, y,
z directions, respectively. This means that i = 0, j = 0, and
k = 0 mark the vertex number 0 with coordinate (0, 0, 0); i = 0, j
= 0, k = 1 is the vertex number 1 with coordinate (0, 0, lz);
i = 0, j = 1, k = 0 is the vertex number 2 with coordinate (0, ly,
0); and so on until i = 1, j = 1, k = 1 is the vertex number 7 with
coordinate (lx, ly, lz). Within this mesh, the jth bead is located
at Rj = (X, Y, Z). There are several choices for the assignment
function. The lowest order scheme is to assign each bead to its
nearest mesh point, and this is called the nearest-grid scheme.
Here we use a higher order scheme, which assigns a fraction
of bead to each of its eight nearest mesh points. The fraction
assigned to a given vertex is proportional to the volume of a
rectangle whose diagonal is the line connecting the particle
position and the mesh point on the opposite side of the mesh
cell. With the precise arrangement of vertexes, the assignment
function for each vertex can be written as

g(Rj − rg) =
(lx − |rgx − X |)(ly − |rgy − Y |)(lz − |rgz − Z |)

lxlylz
,

(A7)

where g ranges from 0 to 7, rgα is the α component of rg.
Performing the derivative of the assigning function directly,
we obtain

∂ω̂

∂Rjx
=
ω̂(r4) − ω̂(r0)

lx

(ly − Y )(lz − Z)

lylz

+
ω̂(r5) − ω̂(r1)

lx

(ly − Y )Z

lylz

+
ω̂(r6) − ω̂(r2)

lx

Y (lz − Z)
lylz

+
ω̂(r7) − ω̂(r3)

lx

YZ
lylz

,

(A8)

∂ω̂

∂Rjy
=
ω̂(r2) − ω̂(r0)

ly

(lx − X)(lz − Z)
lxlz

+
ω̂(r6) − ω̂(r4)

ly

X(lz − Z)
lxlz

+
ω̂(r3) − ω̂(r1)

ly

(lx − X)Z
lxlz

+
ω̂(r7) − ω̂(r5)

ly

XZ
lxlz

, (A9)

and
∂ω̂

∂Rjz
=
ω̂(r1) − ω̂(r0)

lz

(lx − X)(ly − Y )

lxly

+
ω̂(r5) − ω̂(r4)

lz

X(ly − Y )

lxly

+
ω̂(r3) − ω̂(r2)

lz

(lx − X)Y
lxly

+
ω̂(r7) − ω̂(r6)

lz

XY
lxly

.

(A10)

Inserting the above expressions to the BD equation gives the
final form which we use in our BD simulations.

We close with two remarks. First, a bead located at z
≤ 0.5 contributes density only to the 4 nearest mesh points
due to the impenetrable boundary condition. This indicates
that any bead at z < 0.5 acts as if it were at z = 0.5. Sec-
ond, the adsorption potential is usually defined as a square-
well potential with the well depth �ε and well width the
segmental length a (a ≡ 1 is the unit length). This means
that Ua(z) = 1 for z < 1, and zero otherwise. In the present
case, however, we introduce an assignment function to dis-
tribute density to the nearest mesh points, which means that
a bead can still feel the force even it is at a location with z
> 1. Considering the specific form of the assignment func-
tion, the apparent potential imposed on a bead should be
regulated as Ua(r) = min(1, 3/2 � z) for z < 3/2, and zero
otherwise.
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