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Abstract— This article proposes a forecasting-aided medium-
voltage (MV) distribution system state estimation (SE) method
using a robust ensemble Kalman filter (REnKF). In the proposed
solution, low-voltage (LV) measurements at the LV side of
secondary substations are used together with the mathematical
model of the MV/LV substations to derive new equivalent MV
measurements. This yields the improvement of measurement
redundancy and robustness of the REnKF to bad data and
unknown system process noise. Specifically, we rely on the tempo-
ral correlations of the constructed innovation vector as well as the
projection statistics (PS) to detect and modify the measurement
error covariance matrix. Furthermore, the system process noise
covariance matrix is updated adaptively to mitigate the impacts
of uncertainties ON-state forecasting and measurement filtering.
Extensive comparisons have been carried out with both the
traditional EnKF and other SE formulations under balanced
and unbalanced distribution system conditions. The results reveal
that our proposed REnKF is able to obtain accurate SE results
under various operation conditions, including the presence of
intermittent renewable energy sources, bad data, and system
unbalance.

Index Terms— Adaptive system model, bad data, distribution
system, ensemble Kalman filter (EnKF), robust estimation, state
estimation (SE), low-voltage (LV) measurement.

I. INTRODUCTION

RELIABLE and accurate nodal voltage magnitudes and
angles play an important role in modern distribution

system monitoring, optimization, and control [1]–[3].

Manuscript received June 27, 2019; revised August 18, 2019; accepted
September 28, 2019. Date of publication October 10, 2019; date of current
version June 9, 2020. This work was supported by the National Key Research
and Development Program of China under Grant 2018YFB0904500, and in
part by the University Graduate Research and Innovation Projects of Jiangsu
Province under Grant KYCX18_0545. The Associate Editor coordinating
the review process was Dr. Carlo Muscas. (Corresponding author:
Manyun Huang.)

M. Huang, Z. Wei, and G. Sun are with the College of Energy and
Electrical Engineering, Hohai University, Nanjing 210098, China (e-mail:
hmy_hhu@yeah.net; wzn_nj@263.net; hhusunguoqiang@163.com).

J. Zhao is with the Department of Electrical and Computer
Engineering, Mississippi State University, Starkville, MS 39759 USA
(e-mail:junbo@ece.msstate.edu).

R. A. Jabr is with the Department of Electrical and Computer Engineer-
ing, American University of Beirut, Beirut 1107 2020, Lebanon (e-mail:
rabih.jabr@aub.edu.lb).

M. Pau is with the Institute for Automation of Complex Power
Systems, RWTH Aachen University, 52062 Aachen, Germany (e-mail:
mpau@eonerc.rwth-aachen.de).

Color versions of one or more of the figures in this article are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TIM.2019.2945743

State estimation (SE) is a fundamental tool employed in
distribution management systems to identify the current
operating states. A number of snapshot-based SE approaches
have been proposed, including a single snapshot-based SE
using the weighted least-squares (WLS) method [4]–[6]
and multiple snapshots-based SE using Kalman
filters [7]–[10].

The WLS has been widely used assuming that the mea-
surement redundancy is high and the measurements are of
good quality. However, this is difficult to achieve in practical
distribution system [5]. To address the observability issue,
pseudomeasurements were advocated [6]. The low precision
of pseudomeasurements has, however, a significant impact on
the accuracy of the distribution system SE results. In terms
of forecasting-aided SE approaches, the challenge is how
to model the state prediction model and perform the SE
with a limited number of measurements [7]–[10]. In [7],
a historical data-driven unscented Kalman filter (UKF) was
proposed while in [8], the forecasted power injection mea-
surements were used together with the particle filter for
SE. However, these approaches still suffer from the limited
accuracy of the available system measurements. Meanwhile,
a sequential discrete Kalman filter [9] and an ensemble
Kalman filter (EnKF) [10] were developed using measure-
ments from the phasor measurement units (PMUs). However,
they lack robustness to bad data and unknown system process
noise.

The recent integration of smart meters and PMUs in modern
electric power distribution systems allows the development
of more advanced online load flow calculators and state
estimators [11]–[16]. For example, the high-quality PMU
measurements can be used with the traditional measure-
ments for system monitoring [16]. In addition, there are
some pilot projects for using pure PMU-based linear SE
for distribution system, see [17]. However, the number of
installed PMUs is usually insufficient for distribution system
full observability due to communication infrastructure issues
and economic reasons. By contrast, a large number of smart
meters have been installed in low-voltage (LV) distribution
systems worldwide [18]. To this end, some studies have
exploited the smart meter data of the LV distribution sys-
tems to improve SE performance. For example, Al-Wakeel
et al. [19] proposed to extract information from both historical
and real-time smart meters for the medium-voltage (MV)
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distribution system SE using an iteratively reweighted least-
squares state estimator. Chen et al. [20] investigated the
impact of smart meter data aggregation on the SE of MV
distribution systems. Liao et al. [21] used historical smart
meter data to estimate the topology of distribution systems.
However, the data quality issues associated with smart meters
have not been addressed and there is still a grand chal-
lenge of how to combine smart meter and traditional mea-
surements effectively for improving SE accuracy. Further-
more, the inherent temporal correlations among the nodal
voltage magnitudes and angles have not been thoroughly
considered to enhance the distribution system measurement
redundancy.

To address these challenges, this article proposes a
forecasting-aided MV distribution system SE method. It yields
the following contributions.

1) The robust ensemble Kalman filter (REnKF) is first
developed to deal with bad data and further extended to
integrate the adaptive process noise covariance matrix to
mitigate the impacts of uncertainties on state forecasting
and state filtering.

2) Instead of relying on low-precision pseudomeasurements
for improving the measurement redundancy, we pro-
pose to extend the approaches in [11] and [22] for
distribution system SE, where smart meter measure-
ments taken at the LV side of secondary substations
are used together with the mathematical model of the
MV/LV substation to derive new equivalent MV mea-
surements. These derived power measurements from
these smart meters have higher accuracy than the
pseudomeasurements from short-term load or renewable
energy power forecasts. They are also cheaper than
installing new measurement instruments at the MV
system [22].

3) We show that the consideration of temporal correlations
among the nodal voltage magnitudes and angles enables
more accurate state estimates and better robustness
against bad data. Specifically, we rely on the temporal
correlations of the constructed innovation vector as
well as the projection statistics (PS) to detect bad data
and modify the measurement error covariance matrix.
We also show that due to the use of pseudomeasurements
with large uncertainties, the normalized residual (NR)
statistical test may fail to work in the distribution
system SE.

4) Extensive comparisons have been carried out with other
SE alternatives under balanced and unbalanced MV
distribution systems. The results reveal that our proposed
REnKF is able to obtain accurate SE results under var-
ious operation conditions. It also validates the benefits
of installing smart meter devices at the LV side of the
MV/LV substations.

The remainder of this article is organized as follows:
Section II describes the distribution system SE problem formu-
lation, including the conventional static SE and the forecasting-
aided SE. In Section III, the proposed REnKF framework is
presented. The results are shown in Section IV to demonstrate

the effectiveness and robustness of the proposed REnKF, and
finally, Section V concludes this article.

II. DISTRIBUTION STATE ESTIMATION

PROBLEM FORMULATION

We first describe the formulation of conventional static SE
using WLS. Then, its associated challenges are discussed, fol-
lowed by the development of forecasting-aided SE considering
the model of the MV/LV substation.

A. Conventional Static SE Formulation

The general measurement model for distribution systems
can be expressed as follows:

z = h(x) + v (1)

where x is a 2n×1 system state vector, i.e., voltage magnitudes
and angles of n nodes, z is a m × 1 measurement vector, h(·)
represents the vector of measurement functions, and v is a
m × 1 measurement noise vector; it is usually assumed to be
Gaussian white noise with covariance matrix R = diag{σ 2

1 ,
σ 2

2 , . . . , σ 2
m}, where σi is the standard deviation of the i th

measurement error.
In the WLS method, the normal equations are used to find

the iteration solution as shown in the following equation:
[G(x j )]�x j+1 = HT (x j )R−1[z − h(x j )] (2)

where �x j+1 = x j+1– x j is the update of the system state
vector at iteration j , HT (x j ) = ∂h (x j )/∂ x j is a m × 2n
measurement Jacobian matrix, and G(x j ) = HT (x j ) R−1

H(x j ) is a 2n × 2n gain matrix. The final solution is obtained
when the absolute value of �x j+1 is smaller than a preset
threshold.

Due to the limited number of real-time measurements in
the distribution system, pseudomeasurements are typically
added to increase the measurement redundancy. However, their
weights are challenging to tune in practice. When moving to
the lower voltage levels of the electrical system, it becomes
more and more difficult to obtain accurate forecasts for the
pseudomeasurement (due to the larger role played by the
random behavior of single customers) and this automatically
affects the accuracy of the achievable predictions. Therefore,
very large uncertainties have to be used for those pseudomea-
surements, which in the end degrade also the accuracy of
the state estimator. To address this issue, a forecasting-aided
SE based on LV smart meter measurements is advocated and
discussed in Section II-B.

B. Forecasting-Aided SE Formulation

The general form of a forecasting-aided SE for distribution
systems can be written as follows:

xk = f (xk−1) + wk (3)

zk = h(xk) + vk (4)

where xk = [V1,k V2,k . . . Vn,kθ1,kθ2,k . . . θn,k ]T is the state
vector consisting of nodal voltage magnitudes and angles,
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Fig. 1. Schematic illustrating the MV/LV substation model.

zk = [z1,kz2,k . . . zm,k]T is the measurement vector, f (·) rep-
resents the state transition function relating xk to xk−1, and wk

and vk represent system process noise and measurement noise,
respectively. They are assumed to be with zero means and
covariance matrices Qk and Rk , respectively. The forecasting-
aided SE involves a forecast and a filtering procedure to
track the stochastic variations of distribution system state
variables.

Problem Statement: The pseudomeasurements are usually
required for distribution system observability, and the precision
of pseudomeasurements limits the estimation accuracy. Instead
of leveraging pseudomeasurements, we propose to derive
measurements from smart meters that are installed mainly
at the LV side of MV/LV substations [11], [22]. Note that
such smart meter installation is being promoted in cities
of China and, in the simulations, a realistic example of a
distribution network with this measurement configuration will
be considered. In particular, we treat each MV/LV substa-
tion as a node of the MV network as illustrated in Fig. 1.
As the LV side of the substation is usually measured by a
smart meter, equivalent active and reactive load powers at
the MV side of the node have to be derived. It should be
noted that the derived power measurements from smart meters
have higher accuracy than the pseudomeasurements from load
or renewable energy power injection forecasts. In addition,
thanks to the widespread installation of smart meter devices,
a large number of such derived equivalent power measure-
ments can be obtained, yielding a significantly improved mea-
surement redundancy. This allows us to improve estimation
accuracy as well as design robust estimators against bad
data.

To be specific, it can be seen from Fig. 1 that the equivalent
active and reactive load powers at the MV side of node i (Pi,k

and Qi,k ) at time k can be calculated via the formula from
[11] and [22]

Pi,k = P low
i,k + Pno,i + Pshort,i

(∣∣Slow
i,k

∣∣/Srate,i
)2 (5)

Qi,k = Qlow
i,k + Qno,i + Qshort,i

(∣∣Slow
i,k

∣∣/Srate,i
)2 (6)

where Slow
i,k = P low

i,k + j Qlow
i,k is the real-time complex load

power of LV customers measured by smart meter, Pno,i

and Qno,i are the no-load active and reactive power losses,
respectively, Pshort,i and Qshort,i are the short-circuit active
and reactive power losses, respectively, and Srate,i is the rated
apparent power of the MV/LV substation at node i . The stan-

dard deviation of the derived equivalent power measurements
(σPi,k and σQi,k) can be obtained according to the measurement
uncertainty propagation rules, yielding

σ 2
Pi,k

=
(

∂ Pi,k

∂ P low
i,k

)2

σ 2
P low

i,k
+

(
∂ Pi,k

∂ Qlow
i,k

)2

σ 2
Q low

i,k
(7)

σ 2
Qi,k

=
(

∂ Qi,k

∂ P low
i,k

)2

σ 2
P low

i,k
+

(
∂ Qi,k

∂ Qlow
i,k

)2

σ 2
Q low

i,k
(8)

where σ low
Pi,k and σ low

Qi,k are the standard deviations of the real-
time power measurements at the LV side obtained by the smart
meters; they are derived from the data sheets of the smart meter
devices provided by the corresponding manufacturer.

In this article, the formulations of (5) and (6) are used to
derive equivalent active and reactive power injections with
the assumption that smart meter data are available at the
LV side. Note that the MV/LV substation model described
in (5) and (6) is built for three-phase balanced distribution
systems. In unbalanced conditions, the real-time load powers
at the LV side are obtained from the three phases, i.e., {P low

i,k ,
Qlow

i,k }a,b,c, and the aforementioned formulations work fine for
the transformer with the same connection at the MV and
LV sides (e.g., star to star). If there are other transformer
connections, e.g., delta to star, the three-phase transformer
model can be built as the equivalent admittance matrix and
core loss block by the approach in [23].

To solve the above forecasting-aided SE problem, the well-
known extended Kalman filter (EKF) can be used. Specifically,
the EKF relies on the first-order Taylor series expansion, which
may yield unreliable results in the presence of strong system
nonlinearity. To address this issue, the UKF that approximates
the mean and covariance via the unscented transformation is
advocated. Both approaches have recently been applied to
power systems in [24] and [25], respectively. To achieve a
better estimation accuracy for the nonlinear system having
strong nonlinearity, the EnKF has been developed in [10] and
[26] at the expense of additional computational efforts. As the
distribution system model is nonlinear, a REnKF that has
the capability of dealing with bad data and unknown system
process noises is developed next.

III. PROPOSED ROBUST ENSEMBLE KALMAN FILTER

The proposed REnKF includes four main procedures: state
forecasting, measurement filtering, erroneous measurements
data detection, as well as state forecasting model adjustment.
They are described in detail below. Note that, to the best of
authors’ knowledge, this is the first time that the REnKF is
developed for power system distribution system SE.

In the following, all the procedures for the REnKF are
presented for an equivalent single-phase model of the grid.
In the distribution system, however, unbalanced conditions
commonly occur, and this calls for the development of a three-
phase model. The presented procedure for the REnKF can be
easily adapted to the three-phase scenario, and the state vector
x becomes a 6n×1 vector composed of the three-phase voltage
magnitudes and angles of the n nodes, and the measurement
vector z consists of m multiphase measurements (i.e., for each
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measurement point the meter provides the per-phase values of
the measured quantities). The resulting measurement function
vector h(·) for the three-phase model can be found in [27].

A. Ensemble Kalman Filter

The conventional EnKF employs a collection of state vec-
tors, named an ensemble, to solve a recursive filter problem
[10], [26]. In the first step, the distribution system states at
time k are processed with the EnKF, which provides two
functionalities: state forecasting and measurement filtering.
Given the estimated state vector x̂k−1 and its covariance
matrix Pk−1 at time k − 1, the ensemble of forecasted states
{x̂i

k|k−1}q
i=1 at time k can be expressed as follows:

x̂i
k|k−1 = x̂i

k−1 + wi
k (9)

where q is the chosen number of ensembles and superscript i
indicates the i th ensemble. Then, the forecasted states x̂k|k−1
and their covariance matrix Pk|k−1 can be derived as follows:

x̂k|k−1 = 1

q

q∑
i=1

x̂i
k|k−1 (10)

Pk|k−1 = 1

q − 1

q∑
i=1

(
x̂i

k|k−1 − x̂k|k−1
)(

x̂i
k|k−1 − x̂k|k−1

)T
.

(11)

After state predictions, the ensembles of the prediction
measurements {ẑi

k|k−1}q
i=1 can be evaluated at x̂i

k|k−1 based
on the following nonlinear measurement function:
ẑi

k|k−1 = h
(
x̂i

k|k−1

)
(12)

ẑk|k−1 = 1

q

q∑
i=1

ẑi
k|k−1 (13)

Pxz
k|k−1 = 1

q − 1

q∑
i=1

(
x̂i

k|k−1 − x̂k|k−1
)(

ẑi
k|k−1 − ẑk|k−1

)T (14)

Pzz
k|k−1 = 1

q − 1

q∑
i=1

(
ẑi

k|k−1 − ẑk|k−1
)(

ẑi
k|k−1 − ẑk|k−1

)T + Rk

(15)

Kk = Pxz
k|k−1

(
Pzz

k|k−1

)−1 (16)

where ẑk|k−1 is the predicted measurement vector and Kk is
a 2n × m gain matrix calculated by the covariance matrices
Pxz

k|k−1 and Pzz
k|k−1. Finally, the measurement vector zk is used

together with the forecasted information to get the filtered
states as follows:

x̂i
k = x̂i

k|k−1 + Kk
(
zk − ẑi

k|k−1

)
(17)

x̂k = 1

q

q∑
i=1

x̂i
k (18)

Pk = 1

q − 1

q∑
i=1

(
x̂i

k − x̂k
)(

x̂i
k − x̂k

)T
(19)

where x̂k is the estimated state vector at time k with its
covariance matrix Pk .

B. Bad Data Detection and Measurement Error Covariance
Matrix Modification

In the aforementioned measurement filtering stage, the prob-
ability distribution of vk is assumed to be a Gaussian distribu-
tion with variance matrix Rk = diag{σ1,k

2, σ2,k
2, . . . , σm,k

2},
where σi,k is the standard deviation of measurement zi,k .
In practice, the received measurements in a distribution system
may be biased due to a number of reasons, such as com-
munication noise, measurement device deviation, and gross
measurement errors. As a result, the measurement uncertainty
assumptions no longer hold, yielding biased state estimates.
To address that, we propose to leverage PS for the identifica-
tion of bad measurements and then modify the measurement
error covariance matrix accordingly.

As discussed in Section II-A, the distribution system states
vary according to the changes in the load and renewable
energy injections. The latter is dependent heavily on weather
conditions and show strong correlations in similar geographic
areas. Therefore, there exist correlations between the fore-
casted and received online measurements. In other words,
the measurement innovation vectors should be consistent in the
absence of bad data. Motivated by this, we propose to apply
the PS to the following matrix Mk for bad data detection:

Mk = [zk − ẑk|k−1, zk−1 − ẑk−1|k−2] (20)

where zk − ẑk|k−1 and zk−1 − ẑk−1|k−2 are the innovation
vectors at time k and k −1, respectively. Then, a measurement
zi,k is declared to be erroneous if

PSi,k > bi (21)

where PSi,k is the PS value associated with measurement zi,k .
The mathematical expression of how PS values are calculated
can be found in [28]. The detection threshold bi of zi,k is set to
be χ2

2,0.975 as the PS values follow a chi-squared distribution
with two degrees of freedom. To reduce the negative impact
of outliers on the estimation results, the standard deviation of
an identified outlier zi,k is modified as

σ 2
i,k = max{1, (PSi,k /di )

2} (22)

where parameter di is set to 1.5 and the modified σ 2
i,k is

employed to obtain a new measurement error covariance
matrix Rk . The measurement filtering is then conducted again
with the revised Rk to obtain the final estimation results.

C. State Forecasting Model Adjustment

Similar to the measurement noise assumption, the system
process noise wk is normally assumed to be white Gaussian
with covariance matrix Qk . Note that Qk is generally assumed
to be a constant [8]–[10]. However, as the system operating
conditions vary continously, the identified state transition
model may induce biases if they are kept constant. In fact,
the system process noise should be updated from time to time
to compensate for the model inadequacy. Motivated by that this
article proposes to adopt a signal processing technique [29] for
system process noise covariance matrix updating. Note that the
application of [29] for power system estimation has not been
done before. Our efforts lie in integrating this technique to
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Fig. 2. Actual MV distribution system in China.

the developed REnKF framework with more adaptiveness of
dealing with unknown system process noise. Specifically, let
us define the deviation between the forecasted states and the
estimation states as follows:

ξk = x̂k − x̂k|k−1 (23)

where ξ k is a 2n × 1 forecasted deviation vector at time k.
Then, for a given time horizon T , the relationship between
ξ k and the covariance matrix of wk is shown in the following
equation:

ξ̄k = T − 1

T
ξ̄k−1 + 1

T
ξk (24)

�Qk = 1

T − 1
(ξk − ξ̄k)(ξk − ξ̄k)

T

− 1

T
(Pk|k−1 − Qk−1 − Pk) (25)

Qk = T − 1

T
Qk−1 + �Qk . (26)

Here, ξ̄ k is the mean value of ξ i from k − T + 1 to k, and
�Qk is the correction term of Qk . The benefits of updating Qk

include the tracking of system states continuously as well as
improved forecasting capability of the states at the next time.

IV. SIMULATION AND RESULTS

In this section, the proposed REnKF is first tested in an
actual MV distribution system located at Jiangsu province
in China. The selected MV distribution system is displayed
in Fig. 2, where smart meters are installed at the LV side of
each MV/LV substation. It is composed of a main substation
with an HV/MV transformer, 20 nodes and 19 branches
with three MV user stations and 12 MV/LV substations with
LV consumers. The parameters of all branches and MV/LV
transformers are given in the Appendix. In the simulations,
the system states are updated every 15 min for 24 h (96 time
instants) via the distribution system SE, since the refresh rate
of the LV smart meter data for the actual grid is expected to be
15 min. All simulations were performed on a PC with an Intel
Core i5-5200U CPU, 8 GB of RAM, and the calculations are
conducted in a MATLAB R2014a environment. The reference
operating conditions of the distribution system are obtained
from the load flow calculations based on the Newton–Raphson
method.

Specifically, the conventional measurements at the MV
system are the voltage magnitude measurements of node 1,
the power injection measurements of nodes 4, 10, and 19,
and the power flow measurements of branches 1-2, 3-4, and
13-14. The LV measurements derived from the smart meters
in the proposed approach are the load active and reactive
power measurements provided at the LV side of each MV/LV
substation (nodes 5, 6, 7, 8, 9, 11, 12, 14, 15, 16, 17, and 18).
It is worth noting that different measurement technologies,
like those employed at the MV and the LV level, could
be characterized by different reporting rates. In this case,
the meters with the slowest refresh rate are the bottleneck for
the reporting rate of the SE algorithm itself. Moreover, time
synchronization issues could also arise. Time synchronization
should be possibly ensured among the meters to guarantee the
collection of measurement data referred to the same instant of
time. This can be potentially obtained (with different levels
of synchronization accuracy) using dedicated synchronization
protocols, like the Precision Time Protocol (PTP) [30]. When
the time synchronization cannot be guaranteed, instead, ad hoc
solutions like the one proposed in [31] can be implemented to
consider the additional uncertainty brought by the time delays.

The MV and LV measurements used in the simulations
were considered as synchronized, and they were corrupted
by adding random noises to simulate only the measurement
uncertainties arising due to the accuracy of the components
in the measurement chain (sensors and measurement devices).
For MV measurements, the added noise of voltage magnitude
measurements was assumed to be Gaussian white noise with
a 0.5% accuracy level, while those of the power injection
and power flow measurements were assumed to be Gaussian
white noise with a 1% accuracy level (as in [32]). The added
noise of the LV measurements was assumed to be Gaussian
white noise with a 3% accuracy level (as in [33]). In addition,
the zero injection powers of nodes 2, 3, 13, and 20 were
taken into consideration (with large weights, as they are
perfect measurements). Pseudomeasurements obtained through
short-term load forecasting are usually used by distribution
system SE, and they have much lower accuracy than the real-
time measurements [6], [13]. In this article, they are used
for performance comparison purposes and it is assumed that
their errors follow Gaussian probability distributions with 30%
standard deviations.

As the main term of comparison, two other methods were
tested, namely: 1) traditional WLS: only MV measurements,
the zero injections, and pseudomeasurements of LV load
powers are used. In addition, the NR statistical test was used
to detect bad data and 2) traditional EnKF: employs the same
measurement set as the traditional WLS. The initial conditions
of EnKF and REnKF are defined as follows: x0 is set based on
load flow calculations; the diagonal elements of P0 are 10−6,
and q is 600 so as to achieve a good tradeoff between
computational speed and accuracy [10]. T parameter of the
REnKF is set to be 50 time instants based on the assumption
that the covariance of wk changes slowly in this time horizon.
The latter usually holds true in practice as the process noise
statistics do not change frequently. Note that T can be tuned
in advance via offline tests under different scenarios.
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Fig. 3. MAE of node voltage magnitudes for the forecasted states by the
proposed REnKF with different values of diag{Q0} or diag{Q}.

The performances of these methods are, respectively, evalu-
ated in terms of nodal voltage magnitude and the voltage angle
based on the mean absolute error (MAE) [34]

MAEV
k = 1

2n

2n∑
i=1

∣∣V̂ est
i,k − V true

i,k

∣∣ (27)

MAEθ
k = 1

2n

2n∑
i=1

∣∣θ̂ est
i,k − θ true

i,k

∣∣ (28)

where V̂ est
i,k and V true

i,k are, respectively, the estimated and true
voltage magnitudes of node i , and θ̂ est

i,k and θ true
i,k are the esti-

mated and true voltage angles of node i at time k, respectively;
V true

i,k and θ true i,k are from load flow calculations.

A. Sensitivity Analysis to System Parameter Qk

We first conduct a sensitivity analysis of the proposed
REnKF to the system parameter Qk . To this end, the probabil-
ity distribution of wk is assumed to be a Gaussian distribution,
i.e., wk : N(0, Qk). On the basis of the prior knowledge,
the diagonal elements of Qk are set to be constant values in
many Kalman filters [8]–[10]. Consequently, the use of rela-
tively small values will yield estimation results predominantly
determined by the forecasted states, while the use of relatively
large values will provide estimation results that are affected
by the real-time measurements. Accordingly, the sensitivity
of the proposed method to Qk was evaluated based on four
representative parameter settings: the time-variant Qk in (26)
with its initial value diag{Q0} = 10−5; the time-variant Qk

in (26) with its initial value diag{Q0} = 10−4; a constant Q
with diag{Q} = 10−5; a constant Q with diag{Q} = 10−4.
The MAE values for the predicted and estimated states of all
node voltage magnitudes over the 24-h simulation period are
shown in Figs. 3 and 4, respectively.

From Fig. 3, we note that the proposed method with large
constant Q obtains the worst results. Meanwhile, the state
forecasting model with the time-variant Qk maintains a high
accuracy despite the value of the initial parameter settings.
Similar trends are observed in Fig. 4. As expected, the accu-
racy of the estimated states is affected by the performance
of the state forecasting. Again, we note that the MAE values

Fig. 4. MAE of node voltage magnitudes for the state estimates by the
proposed REnKF with different values of diag{Q0} or diag{Q}.

Fig. 5. MAE for estimation results obtained by the different methods with
different accuracy levels of pseudomeasurements.

for the estimated states with the two time-variant Qk para-
meters are nearly the same. These results indicate that the
procedure for adjusting Qk in the proposed REnKF not only
can correct inappropriate parameter settings but also ensure
that the forecasting and estimation errors lie within reasonable
limits. Accordingly, the time-variant Qk with its initial value
of diag{Q0} = 10−5 is selected as the system parameter in
the following tests.

B. Accuracy and Robustness Analysis

To assess the REnKF performance in comparison with other
approaches under the same conditions, the MAEs obtained by
three methods with different accuracy levels of pseudomea-
surements are shown in Fig. 5. As expected, the worse the
accuracy level of the pseudomeasurements, the larger are
the MAE estimation results. In addition, it is found that the
REnKF performs better than EnKF and WLS with the same
level of pseudomeasurements accuracy. This is due to the
adaptive updating of system process noise covariance matrix
in the REnKF. These results also point at the importance of
using derived power measurements from smart meters for SE
performance improvement.

Furthermore, two different scenarios of erroneous measure-
ments are considered to test the robustness of each method,
including: 1) the active and reactive load power measurements
at the LV side of node 11 are multiplied by −10 during the
40th to 45th time instants and 2) the power flow measurements
at branch 1-2 are multiplied by 3 during the 40th–45th
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TABLE I

COMPARISON RESULTS OBTAINED BY DIFFERENT METHODS
WITH ERRONEOUS MEASUREMENT IN SCENARIO 1

TABLE II

COMPARISON RESULTS OBTAINED BY DIFFERENT METHODS

WITH ERRONEOUS MEASUREMENT IN SCENARIO 2

Fig. 6. Estimated values of power consumption at node 11 obtained by
the WLS + NR (blue line), the traditional EnKF (green), the REnKF with
pseudomeasurements (black), and the proposed REnKF with smart meters
(red).

time instants. For the sake of fairness in the comparison,
the proposed REnKF that uses the same measurement set
as the traditional WLS, namely, REnKF + pseudo, is tested.
The average MAE estimation results of the four methods are
presented in Tables I and II. In addition, the estimated active
power injections at node 11 and power flow at branch 1-2 are
displayed in Figs. 6 and 7 for illustrations.

As shown in Tables I and II, the proposed REnKF is able to
effectively detect bad data and suppress their influences thanks
to the strategic use of PS and the modification of the measure-
ment error covariance matrix. By contrast, both the WLS and
EnKF are sensitive to bad data, yielding biased state estimates.
As expected, the proposed REnKF shows better robustness
owing to the use of LV measurements when compared with
the REnKF using the low-precision pseudomeasurements. It is
worth pointing out that in scenario 1, the performance of the
WLS, EnKF, and REnKF + pseudomethods are not affected
as the incorrect measurements from the considered substation
are not leveraged. While in scenario 2, once the online MV

Fig. 7. Estimated values of power flow at branch 1-2 obtained by the
traditional WLS + NR (blue line), the traditional EnKF (green), the REnKF
with pseudomeasurements (black), and the proposed REnKF with smart
meters (red).

Fig. 8. Computational performance of three methods under two measurement
scenarios.

measurements are contaminated, both the WLS and EnKF are
unable to handle it. It is interesting that the NR test typically
handles well noninteracting and nonconforming bad data given
a good level of measurement redundancy. However, this is
not the case here as the measurement redundancy for both
the WLS and EnKF is low. Furthermore, the pseudomea-
surements are with large uncertainties that significantly affect
the effectiveness of the NR test. As a result, it can be
seen from Fig. 7 that although WLS is used together with
the NR test, the bad data are not detected effectively. The
REnKF + pseudo proved to perform better than both the WLS
and EnKF with the aid of the bad data detection method.
Thanks to the enhanced measurement redundancy given by
the derived equivalent power measurements from LV smart
meters and the use of PS, the proposed REnKF provides the
best results and proves that the bad data can be effectively
suppressed, yielding only slightly biased estimation results.

C. Computational Performance

The computational performance of each method is assessed
in this section. Fig. 8 shows the computing times of the pro-
posed REnKF along with the traditional WLS with NR and the
traditional EnKF under the two measurement scenarios. It can
be observed from Fig. 8 that the computational efficiency of
the traditional WLS with NR and the traditional EnKF are
slightly higher than that of the proposed REnKF. The latter
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Fig. 9. VUF magnitude for the modified IEEE-123 bus systems.

ensures better estimation results and higher robustness at the
expense of a small increase in the computation time. It is also
shown that the proposed REnKF requires no more than 0.8 s
on average to obtain the SE results at each time instant, and
the maximum execution time is within 1 s under erroneous
measurement scenario. Accordingly, the occurrence of erro-
neous measurement data has little impact on the computing
time. Therefore, if the refresh rate of smart meters becomes
faster, i.e., a few minutes, the proposed REnKF can update the
system states at a quicker time scale. We would also like to
emphasize that the requirement of SE results is different for
different applications. For example, 15-min interval for the
optimal power flow (OPF) and voltage-var controls may be
sufficient while it may not be appropriate for real-time appli-
cations. If the distribution system is observable by SCADA
measurements with updating rate 2–5 s, the proposed approach
can be easily extended to achieve the real-time monitoring
capability.

D. Adaptability Analysis Under Unbalanced Conditions

The proposed REnKF is also applied in the modified IEEE
123-bus system with intermittent renewable energy sources,
whose data set is available in [35]. A 750-kW wind turbine
and a 600-kW solar photovoltaic are connected to bus 96 and
bus 33, respectively, as shown in the Appendix. Fig. 9 shows
the magnitude of voltage unbalance factor (VUF) [27] for the
modified IEEE 123-bus system. It is worth noting that the
grid also contains single-phase and two-phase laterals, thus
providing a relevant scenario for testing the proposed method
under unbalanced conditions. Here, MV measurements are
power flow measurements, whose added noise is assumed
to be Gaussian with a 1% accuracy level, and the LV mea-
surements include load power injection measurements, whose
added noise is assumed to be Gaussian with a 3% accuracy
level (as in [32] and [33]). All the measurements used here
are from each phase of the modified IEEE 123-bus system.
Two different measurement scenarios were considered: 1) no
erroneous measurement data and 2) the active and reactive
power flow measurements of branch 3-9, at phase A, are
multiplied by −3 during the 40th–45th time instants.

As a comparison, four alternative approaches have been
tested on the modified IEEE 123-bus system: 1) the tradi-
tional WLS + NR; 2) the EnKF; 3) the well-known EKF

Fig. 10. Estimation results obtained by different methods under two
measurement scenarios.

Fig. 11. Computational performance comparison of different methods under
two measurement scenarios.

implemented with the aid of the bad data detection and the
model adjustment techniques presented in Section III-B and
III-C, called here REKF; and 4) the UKF also implemented
with the assistance of the bad data detection and the model
adjustment techniques presented in Section III-B and III-C,
namely, RUKF. Note that the number of sigma points for the
UKF is 2nx+ 1, which is recommended in [7] and [25]. For
the sake of a fair comparison, these alternative approaches
use the same MV and LV measurement sets as the proposed
REnKF. The absolute estimation errors and the computing
times over the 24-h simulation period (96 time instants)
under two measurement scenarios are, respectively, shown
in Figs. 10 and 11.

In Fig. 10, it can be observed that the WLS + NR and the
EnKF perform well under the normal measurement condition,
but yield significant estimation errors in the presence of erro-
neous measurements. The other three robust filters, i.e., REKF,
RUKF, and REnKF, show stable performance regardless of the
presence of erroneous measurements. However, the proposed
REnKF still outperforms the REKF and the RUKF. This result
thus demonstrates the validity of the proposed REnKF for
unbalanced distribution systems with intermittent renewable
energy sources. As for the computing time of each approach
(see Fig. 11), it inevitably increases when the size of the
distribution grid grows, thus leading to larger execution times
with respect to the results shown in Section IV-C. It is worth
noting that the computational performance of the RUKF and
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Fig. 12. Active power flow injection at the HV/MV station.

REnKF are, respectively, affected by the number of sigma
points and ensembles. Although the number of sigma points
is larger than that of the ensembles, the estimation accuracy
of the RUKF is lower than that of the proposed REnKF (see
Figs. 10 and 11). Therefore, it could be concluded that the
proposed REnKF has better performance than the RUKF in
terms of estimation accuracy and computational efficiency.
At the same time, it is possible to observe that the computing
time of the proposed REnKF is larger than that of the WLS +
NR and REKF, but it is still within 11 s. This is acceptable as
the SE for distribution systems is typically updated every few
minutes. For very large-scale distribution systems, a distributed
implementation or the use of parallel computing techniques
can be useful to further decrease the computation time and to
allow achieving the real-time monitoring of the grid. This is
a research direction that we plan to pursue in the near future.

V. CONCLUSION

In this article, a robust forecasting-aided MV distribution
system SE method based on REnKF is proposed. To improve
the measurement redundancy, the LV measurements obtained
from smart meter devices are used together with the mathemat-
ical model of MV/LV substation to derive new equivalent MV
measurements. These equivalent measurements have higher
precision than the widely used pseudomeasurements, yield-
ing the improvement of estimation accuracy. The temporal
correlation-based innovation matrix is developed to allow the
detection of bad data via PS. The system process noise covari-
ance matrix is updated adaptively to mitigate the impacts of
uncertainties ON-state forecasting and state filtering. Extensive
comparisons carried out on an actual and a benchmark test
system show that our proposed REnKF is able to obtain
accurate SE results under various operation conditions, such as
the presence of bad data, unknown noise statistics, and system
unbalance.

APPENDIX

The parameters of the actual MV distribution system shown
in Fig. 2 are provided in Tables III and IV. The rated voltage
and apparent power are 12.66 kV and 10 MV, respectively.
Fig. 12 shows the daily variation of total power flow injected
in the feeder by the HV/MV station, and the topology of the
modified 123-bus system is shown in Fig. 13.

Fig. 13. Topology of the modified 123-bus system.

TABLE III

MV/LV SUBSTATION PARAMETERS OF ACTUAL
MV DISTRIBUTION SYSTEM

TABLE IV

LIEN PARAMETERS OF ACTUAL MV DISTRIBUTION SYSTEM
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