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Abstract Borisov and Gunnells observed in 2001 that certain linear relations between
products of two holomorphic weight 1 Eisenstein series had the same structure as the
relations between periods of modular forms; a similar phenomenon exists in higher
weights. We give a conceptual reason for this observation in arbitrary weight. This
involves an unconventional way of expanding the Rankin—Selberg convolution of a
cusp form with an Eisenstein series. We also prove a partial result towards understand-
ing the action of a Hecke operator on a product of two Eisenstein series.

Mathematics Subject Classification 11F67 - 11F11

1 Introduction

Let N > 3. In a series of articles [1-3], L. Borisov and P. Gunnells introduced the
concept of a toric modular form on I'1 (N), defined in terms of lattices and polytopes.
They proved that toric modular forms were polynomials in certain Eisenstein series of
weight 1, and identified the cuspidal part of the algebra generated by these polynomials
in weight 1 Eisenstein series: the cuspidal part contained everything in weights > 3,
and contained precisely the span of Hecke eigenforms in weight 2 with nontrivial
central L-value.

In [4], the first named author of this article investigated a different way of producing
modular forms on I"' (V) coming from Laurent expansions of elliptic functions and the
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moduli problem of elliptic curves with N-torsion, and showed that this also led to a
ring of modular forms generated by Eisenstein series of weight 1. In full level I'(N),
this ring contains every modular form of weight 2 and above.

In both approaches, a key fact underlying the proofs is an identity between products
of pairs of Eisenstein series. For weight 1 Eisenstein series, this identity states that if
A+pn+v=0,then E| 1 E, + E1 ,E1v+ E1vE1,5 € &, the space of weight 2
Eisenstein series. (The precise definition of the Eisenstein series is given below, in (1.1)
and (1.2).) By Remark 3.12 of [2], this relation is parallel to Manin’s three-term relation
[see (1.7) below] between modular symbols. For Eisenstein series of higher weight,
the analogous result is in Section 6 of [3].

The parallelism between Manin’s relations on modular symbols on one hand, and
linear relations between products of pairs of Eisenstein series on the other hand,
was extended and codified by Pagol in [7]. But this parallelism still remained an
experimental observation, despite the feeling that it was not just coincidental.

In this article, we explain this parallelism conceptually, based on an interest-
ing expression that we derive in Proposition 2.5 for the Petersson inner product
(f, Ey Em,ﬂ) between a cusp form f of weight k = ¢ 4 m, and a product of two
Eisenstein series. Our result expresses the inner product in terms of pairings between
f and certain modular symbols (i.e., in terms of periods of f). This makes the con-
nection with relations between modular symbols transparent, and gives a direct way
to understand the above parallelism, which we describe in Theorem 2.8; the resulting
identity, however, can include nonholomorphic Eisenstein series, due to the presence
of terms like E» ; in various products. In Sect. 3, we translate the identity of Theo-
rem 2.8 to the setting of holomorphic Eisenstein series, so that every Eisenstein series
of weight 2 appears as a difference, as in £, — E; ,. We also make the connec-
tion with the results of [7] and with classical identities involving elliptic functions.
Finally, in Sect. 4, we include a partial result related to the Hecke action; Section 7
of [2,3] in fact shows that their homomorphism from the space of modular symbols
to the cuspidal space of toric modular forms respects the Hecke action (the fact that
the homomorphism is well-defined in the first place is due to the parallelism with the
Manin relations). We do not know whether the methods there extend to I"(V). What
we are able to accomplish in this article is to follow a proof in Section 4 of [4] that
yields good behavior of only certain traces from higher level I'(N M) to I'(N). That
result, combined with a certain “subtle symmetry” in the space of weight 1 Eisenstein
series on I'(V), was sufficient to deduce the result for all traces in weights 2 and 3
in [4], but would need an extra idea in order to work for higher weights.

It is reasonable to expect that ( J EerEn. M) should be related to periods of f. For
instance, if f is a newform of weight &, then as is well known from Theorem 2 and
equation (4.3) of [8], for many choices of Dirichlet characters i, x2 and integers
£ 4+ m = k, it is possible to find suitable Eisenstein series Gy € &, G, € &y
for which (f, G¢G,,) = L, f ® x1)L(m, f ® x2). This is the usual method of
Rankin—Selberg, which involves unfolding the integral along the sum of one Eisenstein
series, while using the Fourier (g-) expansions of f and the second Eisenstein series.
Moreover, the special values of the twisted L-function of f can be expressed as
periods. However, there is no way for such an identity to hold for arbitrary f that is
not a Hecke eigenform: most notably, the inner product ( f, G¢G,) is linearin f, while
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the product L(¢, f ® x1)L(m, f ® x2) of special values is quadratic in f. Instead, we
unfold the inner product along the simultaneous sums of both Eisenstein series, and
obtain an infinite sum of integrals of the form fH f@(az+b) ez +d)myk dnz.
These integrals have already been related to periods of f, by work of H. Cohen as
cited in pp. 204-205 of [5]. In our setting, we actually need to evaluate the result after
replacing (az+b) "¢ by (az+b)"¢|az + b|~*, and similarly for (cz+d) ™" this is due
to convergence issues with the Eisenstein series. We do not believe that the integral
has been carried out in precisely this form before, and hope that the computation will
be of independent interest.

We speculate that the parallelism between the structure of the Manin relations and
the structure of some relations between Eisenstein series might lead to a different
way to produce spaces of modular forms, once a space of modular symbols has been
computed.

Notation

In the rest of the introduction, we fix notation and recall various standard facts.
We first recall the definition of the Eisenstein series on I' = I'(N). This works
for any level N > 1, although at various places we assume N > 3, to avoid the

minor inconvenience of having (_01 _01) belong to I'. The Eisenstein series will be

parametrized by an element A = (A1, A2) € N —172: in fact, only the image of A in
Q?/Z? matters, but the level definitely depends on the denominator of A. We then
define as usual an Eisenstein series of weight £ > 1 by

Eopz.s)= >, (az+b) ‘laz+b"*y/% (1.1)

(a.b)=> (mod Z2)
(a,b)#(0,0)

Asusual, z = x +iy € H, the complex upper half plane. The series in (1.1) converges
absolutely for Re s 4+ £ > 2, and has an analytic continuation for all s € C. It is well
known that, in fact, I'((s/2) + £) E¢.»(z, s) is an entire function of s; see for example
Theorem 9.7 of [9] (note that s there corresponds to s/2 here). We write

E¢ ) (z) = Eg (2, 0). (1.2)

The Eisenstein series of (1.2) are holomorphic functions of z except when £ = 2,
in which case they have the form Ej ;(z) = —my~ '+ holomorphic function. Thus
E> ;. — Ezy, is actually a holomorphic function of z. In general, we have used the
notation & above to refer to the space of (holomorphic) forms in the span of all Ey ;,
as A varies in N ' Z?; the holomorphy is automatic except in weight 2.

For precision, we normalize the action of an element y = (‘Cl Z) e GL2,R)T on

a function f : H — C so that it factors through PG L(2), or more accurately through
GL(2,R)"/Z0, where Z° = R™* is the connected component of the identity in the

@ Springer



168 K. Khuri-Makdisi, W. Raji

center Z of GL(2, R):

(fleY) @) = fyz)(cz +d) ™ (det y)*/2. (1.3)

Thus, for example, an element f € Sk, the space of holomorphic cusp forms of
weight k and level N, will satisfy flry = f for all y € I'(N); similarly for &.
However, we will frequently need to use this notation for all sorts of functions f
on H, and the matrix y can have any positive determinant in many occasions below.

We also distinguish notation for various pairings. For f, g transforming with the
same weight k under a congruence subgroup I', the Petersson inner product is

(f.e)r = / f(@g@)y" dyz (1.4)
zeF

whenever the integral converges, where F is a fundamental domain for I"'\'’H, and the
GL(2, R) T -invariant measure on H is as usual dyz = y~>dxdy, withz = x +iy. As
usual, the spaces S and & are orthogonal with respect to the Petersson inner product.

In the above definition, unlike the beginning of the introduction, we have included
a subscript I' in the Petersson inner product. This is so as to accentuate the difference
between the Petersson inner product and the full integral over H, which makes several
appearances in this article:

(fL8)n = / f(2)g@y* dyz. (1.5)
zeH

Finally, we define the period pairing for f € S and P(z) a polynomial of degree
< w, where we always write w = k — 2:

[f (@), P(z2)] = /—o f@)P(2)dz. (1.6)

The Manin relations, which follow from the Cauchy integral theorem, state that

[f, P14+ [flko, Pl-wol=0, [f, P1+[flkt, Pl-wt]l+ [flkt% P|l-yt?1=0,

(1.7

0 -1 0 1
() (). a®
The Manin relations are usually stated in terms of an identity between symbols, as
in [6] for example, but we will only need the period pairing with cusp forms in this

article.

where

2 Main computation

Let £,m > 1 such that £ +m = k. Take A, u € N~1Z2, and take a weight k cusp
form f € Sg(I') where we fix the notation I' = T"(N). Our goal in this section is to
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relate the Petersson inner product ( @), Eey (2, D) Em (2, ﬁ))r to periods of f. As
a first step, we study the integrals that arise when we expand the Eisenstein series.

Definition 2.1 Let ¢, m, k, p, g be as above (in particular, £ + m = k), and take a
cusp form f € S.Leta, b, c,d € Z and write M = (Z Z) (The matrix M is allowed

to be singular.) Let S C H be a measurable subset—typically, § is either H or a
fundamental domain for a congruence subgroup. We then define

Im.s, fempgk = 1Ims,f

=/ Sf(z)(aZ-l—b)’elaz+b|’P(cZ+d)””|cz—f-dl"fyp/”‘f/%kdﬁz, 2.1
S

whenever the integral converges absolutely.

Two particular values of the matrix M will play a prominent role in what follows:

1 0 0 1
(0 1), Nz(l 0). 2.2)

The names stand for “identity” and “negative determinant”, respectively.

z

Proposition 2.2 The integrals 1y s,y have the following properties:

(1) Fory € GL(2,R)™, we have
Iny.s.p = (dety) " PHTORL, o . 2.3)

() If M =T, then

II,H,f — ifnszfp/zfq/er

I'k 2 2—1 o0
» Tk+p/2+4q/ )/ Fliy)y™\mpIzval2 gy,
0

T(p/2+OT(q/2+m) [ —
2.4)
In the special case p = q = s, this yields
I'(k —1
Iy =it tmobo O D e )

T(s/2+ OT(s/2 +m)
B) If M = N, then

k—pjr—q2 Lk+p/2+4q/2-1) [

G ) €—1+p/2—q/2d .
T2+ 0Tz em o ! @ y

(2.6)

Inm, = i"m2”

In the special case p = q = s, this yields

k=2 o—k—s+2 Ck+s—1)

_ -1
F(s/2+z)r(s/2+m)[f,( . 2.7)

IN,'H,f =i
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Proof Statement (1) is straightforward, and statements (2) and (3) are equivalent.
We therefore prove statement (2). Due to analytic continuation, it suffices to prove
identity (2.4) under the assumption that Re ¢ > Re p > 0. Let us first show that the
integral in I7 3¢, s converges absolutely under this assumption; later on, in Remark 2.3,
we will in fact show that we have absolute convergence under the weaker condition
Re p,Reg > 0. This will imply that (2.5) is meaningful for Res > 0, and will
complete the proof.

To show that I7 74 ; converges absolutely for Req > Rep > 0, note that,
uniformly in x, y*/?| f(z)| is bounded as y — 0 and decreases exponentially as
y — oo. Integrating the absolute value first over x (with the substitution x = y§)
and then over y shows that sufficient conditions for convergence are Re p + £ > 1
and Req — Re p + k — 2¢ > 0. The right hand side of (2.4), on the other hand, is
holomorphic for 2k +Re p +Re g — 2 > 0, since the Mellin transform of f is entire,
as usual, using exponential decay of f(iy) as y — 0O through real values of y.

We can now evaluate the original integral for I7 7 ;. Make again the substitution
x = y&, soz =iy(l —i&) and dyyz = y~'dydé&. This yields

o0
Izp =it /&E R<1+is>—‘f|1+is|—" / Fliy(1 —ig))y P/2ral2m=1 gy g,
S y

(2.8)
In the inner integral over y, we can substitute u = y(1 — i) and shift the contour of u
so that # goes from 0 to 400 along real values. (This uses the estimates on yk/ 2] f @
mentioned above, as well as the assumption Re g > Re p. A related alternative way
istoexpand f(z) = Y,- cue™H7 for some H depending on the width of the cusp at
00, bearing in mind that the ¢, grow at worst like a power of .) Our desired result (2.4)
then boils down to evaluating

/ (14571 - ié)_’S dé, wherea =p/2+4¢, B=q/2+m. (29)
£eR

This (standard) integral can be evaluated for Re p, Reg > 0 by considering the
following function and its Fourier transform A (u) = ft or 1(0) exp(—2mitu) dt:

=27t 4b—1 if 0 R
woy=1¢"" U7 ) = @r + i) T ®),  (2.10)
0 otherwise,

as well as the fact that the Fourier transform preserves the L inner product:

/ he (hg(t) dt = / fla(u)fzg(u)du. 2.11)
teR ueR

Putting all this together completes the proof, except for the comment on convergence
for Re p, Re g > 0, which we deal with in the following remark. O
Remark 2.3 In this remark, we show by a more careful analysis that the integral in

Iz 1, r converges absolutely when Re p + £,Req + m > 2. This will follow, as
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we shall see, from the assertion that the inner product ( @), Ee (2, D) Em,u(z, c‘]))r
converges absolutely in this range of (p, g), even after one replaces the sums in the
Eisenstein series Ey j, E;;, ;, by sums over the absolute values of their terms. This good
convergence of the integral of the sums will justify all our subsequent manipulations
in Proposition 2.5.

Let us first explain why good behavior of (f, E¢ Ep,,) implies the same for
I7 74, 5. Let F C 'H be afundamental domain for I' = I' (V). (The following implicitly
-1 0
0 —1
We can decompose the integral for [ into I7 3, f = > crvy 2y 7. f = 22, Iy 7.1
where we used (2.3) in the last step, as well as the fact that f transforms under I' (V).
Putting absolute values into all the sums gives the following expression as a bound for

Iz 1,5

assumes that N > 3, so that ( ) ¢ I'; otherwise, a minor change fixes the proof.)

/ |f(Z)| Z |aZ +b|—ll—Rep|CZ +d|—m—Requep/2+Req/2+k d’)—{z
€ (a b)
Y=\cd
(2.12)

In this bound, the choice of y = (i Z) € I['(N) in the sum runs over a proper

subset of all {(a, b,c,d) € Z* | (a,b) # (0,0) # (c,d)}, so we see that we can
(wastefully) bound this by including all the other (a, b, ¢, d) terms in the sum. This
yields (an absolute value version of) the integral of f against the product E; oEy 0.
For the application to Proposition 2.5, we will show convergence more generally for
the integral of f against E¢ 3 Eyy jy.

We thus want to study convergence of the expression (2.12) when (lj Z) ranges

over the larger set X, , of elements where (a, b) = A mod 72, (c,d) = p mod 72,
and (a,b) # (0,0) # (c,d) (see (2.13) below). We note that the fundamen-
tal domain F is contained in a finite union of translates (under GL(2, Q)™) of
Siegel domains of the form S¢ = {z | |x|] < C, y > C~!} for some C > 0.
Using (2.3), we see that it is sufficient to show good convergence of (2.12), with
F replaced by Sc, where for each translate we replace both the cusp form f and
the Eisenstein series by translates, so f, A, © may be slightly different for each of
these finitely many integrals over Sc. However, it is standard that for z € Sc, there
exists a constant K (depending only on C, and independent of z or (a, b)) for which
laz + b| > Klai + b|; a similar remark holds for (¢, d). Hence the above integral
can be compared to the product of >" /., lai + b|~EReP|ci 4+ |7 Req with
cd EXn

the integral [, ¢ |f(2)] yRep/24Req/24k g, - The sum converges as usual as soon as
Re p + ¢,Req + m > 2, and the integral converges because f is a cusp form.

Definition 2.4 Let A = (A1, A2), u = (i1, u2) € N~'Z?. We define the following
sets of matrices:
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Xiw=fr= (0 ) erm@

(a,b) = Amod Z?, (c,d) = pmod Z*, (a,b) # (0,0) # (c, d)]

X;M ={M e X, , |detM > 0}
X):M ={MeX,,|dtM <0}
XY, ={M e X, , |detM =0} (2.13)

We will occasionally write X3 .o refer to any of the above, where e can be the empty
string or one of +, —, 0. The group I' = I'(N) acts on any of these sets by right
multiplication: if M € X;,u and y € I', then My € X;’M. We also denote

Y2, = X3 /T = any setof representatives for the I'-orbitson X7 . (2.14)

Note that the sets Xg’ u and Yf’ ,, may be empty. Roughly speaking, nonemptiness
requires A and j to be parallel vectors modulo Z2.

Proposition 2.5 Let £, m, k, p, q, f be as above, and write £ =1 +0',m =1 +m’
so that £ +m’' = w = k — 2. Assume that the level N satisfies N > 3 (this is minor;
otherwise, one needs an extra factor of 2 arising from the presence of —Z € I'). Then
the following identity holds for Re p + £,Re q +m > 2, and each integral Iy 74,y
in the sum below converges absolutely, as does the sum itself:

(@ Eepn@ PV Em D)y

= > (detM)y"PHEORI L i D (et M)y
MeY;M MeY:,)L
(2.15)

In case p = g = s with Res + min(¢, m) > 2, the value of this expression is

(f(@ Eg 3@ ) Emu (@ 9))p = i"727" Gy g e ()
D I e VY N C S R N G2 D e VI N
Mey;", Mey,,
(2.16)
where
Cs+w+1)
C(s/2+ 0 +D0(s/2+m' +1)
Note for future use that G, ¢ (0) = (Zf) = (w,).

m

Gy, o' (s) = (2.17)

Proof The assertions regarding convergence follow from redoing the proof that we
are about to present with absolute values everywhere, and invoking the arguments in
Remark 2.3. We leave the details to the reader, and proceed with the actual computation.
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This uses a standard unfolding argument to evaluate the inner product. Let F be a
fundamental domain for I'. From the disjoint union X, , = X;f M UX, M U Xg o We
obtain

(f@. ErG P Emp @) =T +T~+T%  T°= > Iyr;. (2.18)

MEX:,;L

For any M in the above sum, write I'yy = {y € I' | My = M} for the stabilizer of
M.If M € XT U X, then I'y; = {Z}, but elements of X have nontrivial stabilizers
that are parabolic subgroups. Write F), for a fundamental domain of I"j;\’H. Then,
using part (1) of Proposition 2.2, the invariance of f under I', and the fact that I s, ¢
is countably additive in S, we obtain as usual

T® = Z Iy 7y, r (foree{+,—,0})
MeYA'_M .
- Z Iy, r  (onlyfore e {+, —}).
MeYA'_M

From the above and another use of Proposition 2.2(1), we obtain that T is equal to
the first term on the right hand side of (2.15). With a little more work, we obtain that
T~ is equal to the second term on the right hand side of (2.15); the point is that we
have a bijection M € X:’A —~ NM e X, that descends to a similar bijection from
Y oY,

It remains to show that 7 = 0. In principle, this can be shown directly by showing
that the sum of the terms coming from singular M in the product E¢ 3 (z, P) Em, ;. (2, )
is an Eisenstein series; indeed, det M = 0 occurs precisely when (¢, d) = (ka, kb)
for some x # 0, and in that case we essentially obtain a sum over (a, b) of (az +
b)~¢"™|az 4 b|~P~4, including some annoyance from factors involving «. We prefer
to argue instead using the stabilizer I"jy, in the style of “negligible orbits” appearing
in the Rankin—Selberg method on higher rank groups.

For M €Y. f’ u We have det M = 0; however, both rows of M are nonzero, hence
their span is a one-dimensional Q-rational subspace of Q. This subspace contains a
primitive integral vector (¢’, d’) € Z*> with ged(c’, d’) = 1. Choose a’, b’ € Z so that
y = (f; Z/,) € SL(2,7); then

0 &

M = My, where My = (O 5
2

) , forsomed;, 8 € N™'Z —{0}. (2.20)

(In fact, the ith row of M is (8;c’, 8;d"), and §; is essentially the gcd of the entries of
that row.) Using the fact that y normalizes I, we obtain that
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VFMV_1=FMOO={((1) ]\]’t) ’ tGZ},

It is then a simple matter to conclude from the cuspidality of f that

]M,]'—M,f = ]MOOV‘FMoovf‘kV71 = O (222)

This concludes the proof of (2.15). Invoking parts (2) and (3) of Proposition 2.2 now
yields (2.16). O

We now use the Manin relations between the period symbols in (2.16) to deduce
relations between the Eisenstein series. The relations involving o follow easily from
the facts that £, _; = (—I)ZEZ’ » and that powers of z transform nicely under . We
state them for the record; they are trivial to see directly (the reader is encouraged to
make the connection with the reasoning in Theorems 2.8 or (2.27) below):

Ep 10 ) Em 1,09 + (=D Byt 4 (2.9 Epgr, (2,5 = 0. (223)

The relations involving t are the interesting ones. However, if we immediately
apply 7 to the powers of z and insist on expanding all polynomials we encounter
into linear combinations of powers of z, the computation becomes messy. A better
way is to use wth powers of linear polynomials; linear combinations of these give all
polynomials of degree < w. The following elementary observation gives the (nice)
behavior of such wth powers under 7, and as a side benefit highlights the fact that t
has order 3.

Lemma 2.6 Leta,b,c € Csatisfya+ b+ c=0. Then
(—az +b)"|_pt = (=bz+ )", (—az+b)"|_pt* = (—cz+a)’. (2.24)

The binomial coefficients in the expansion of (—az + b)" also echo the values of
Gy.o.m'(0), especially since we eventually want to evaluate the Eisenstein series at
s = 0. We therefore introduce the following notation for various linear combinations
of Eisenstein series.

Definition 2.7 Fix the value of w = k —2 > 0. Fora,b € C, A, u € N~'Z2, and
s € C, define the antiholomorphic function of a, b, s (and “weight k” function of
z € 'H) using the functions G, ¢’ of (2.17):

w _N—1—pr=—m’ _ _
Lijap@ )= (2,)(Gw,e’,m’(s)) @' b" Ev 1,2, 5) Em 1, (2. 5).

U +m'=w
¢ ,m'>0

(2.25)
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The above function is anti-meromorphic in s, and in fact is anti-holomorphic for all
s € Csince I'(s/2 4+ €) E¢ 5.(z, s) is entire. In particular, we have

—f—17m—1
Lipab@0) = D> @ "0 Epx()Enu(2). (2.26)

C+m=k
L,m>1

We note here an easy symmetry in L with respect to either exchanging A and p or
changing their sign(s):

LA,M,a,b(Za 5) = Lu,k,b,a (z,5) = _L—A,u,—a,b(z7 s). (2.27)

We are ready to state our main result.

Theorem 2.8 Fix k and w, as before. Let A, 1,V € N—172 satisfy A+ u +v =
(0,0) mod Z?, and let a,b,c € C satisfy a + b + ¢ = 0. Then for all cusp forms
f € Sp(), and for all s, we have

(f(z)a Lk,ﬂ,a,b(za s) + Lu,u,b,c(Za s) + Lv,k,c,a(zv s))r =0. (2.28)

In particular, taking s = 0, we obtain that the following expression is orthogonal to
all cusp forms f € Sk(I'):

_yp_1-m—1
Z ClZ lbm EZ,A(Z)Em,;L(Z)

L+m=k
L,m=>1

1y
+ Z b " E () Emn,(2)
k

l+m=
L,m=>1

+ > a2 En i 2)- (2.29)

L+m=k
,m>1

Proof Ttisenough for us to prove (2.28) when Re s > 2. By taking linear combinations
of (2.16), we obtain the following identity

(f(Z), L pab(zs S))F
_ iwn27w75[ S (et M) M T, (<bz + )]

+
MEYLM

+ D et My M (—az + b))
Mey;

A

— W ws [S(,\, 1, (=bz + )", T) + S(u, », (—az +b)", I)]. (2.30)

@ Springer



176 K. Khuri-Makdisi, W. Raji

Here we temporarily introduce the notation

S, B, P(),0) = D (etM)*?[fluM g, P)]. (23D

MeY

A similar identity to (2.32) holds for the inner products of f with L, , p cand Ly ; ¢ 4.
All these identities share the common factor i¥727%~%, which we can ignore since
our goal is to show that the sum is zero.

The Manin relations (1.7), combined with (2.24), imply that

S, p, (=bz+a)", I) + S(u, A, (—az +b)*, 1)
+8S, w, (—az+), 1)+ S, A, (=bz+ )", 1)
+ SCy (=2 + D)7, ) + S, Ay (—cz + @), 72)
=0. (2.32)

We now claim that
S()"7 M, (_aZ + c)w9 T) = S(V, )"7 (_aZ + C)wa I)v
S(H’v )\'7 (—bZ + C)wv T) - S(Ua M, (—bZ + C)w7I)v

SO, 1, (—ez +b)", T3 = S(u, v, (—cz + )", D),
S(y ks (—ez +a)?, 72) = S(h, v, (—cz + ), T).

(2.33)

To prove this claim, we observe that the first two identities in (2.33) follow easily
from the fact that M — t~!'M is a determinant-preserving bijection from Y(;T p to
Y; « Whenever {«, 8, ¥} = {A, u, v}. Similarly, the last two identities hold because
M + t72M is a determinant-preserving bijection from YJ to Y, .

The above claim, combined with (2.30) and (2.32), éasily irﬁplies the desired
result (2.28), thereby completing our proof. Note that we “diagonally” combine terms
from the second and third lines of (2.32) to obtain the inner products with L,y p ¢
and Ly ) ¢c.q- O

3 Relation to holomorphic Eisenstein series

Our result in Theorem 2.8 says that the expression (2.29) is orthogonal to all cusp
forms. Since this is true for arbitrary choices of a and b (with ¢ = —a — b), we can
expand everything into a polynomial in a and b, and obtain an expression for the
coefficient of each term a’b/; each such expression will be orthogonal to Sy (T).

It is tempting to conclude that these expressions must therefore be Eisenstein series
on I'. However the non-holomorphic weight 2 Eisenstein series, such as E3 ;, cause
problems. We will therefore take linear combinations, so as to obtain holomorphic
modular forms orthogonal to all holomorphic cusp forms; these new expressions will
be genuine holomorphic Eisenstein series.
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We introduce the following lighter notation for Eisenstein series in this section:

Ay=E1n, By=Ex,, Cyo=1E;3), D;,=E,,
Z, =Er 1, Yi=Er2,. 3.D

We recall that E, ) = (—1)‘5Eg, 1, SO the expressions A, and C, are odd functions
of A, and in particular A9 = 0 = Cy; similarly, B, and D, are even functions of A.
We also remark that any difference B) (z) — B, (z) is a holomorphic function of z. In
particular, as is classical, By — By is equal to the value of the Weierstrass gp-function
(see for example (3.5) in [4], as well as the proof of Proposition 2.4 in that article):

By (z) — Bo(2) = (22 Lz + Z2), 7 = A1z + Ag. (3.2)

In the notation of (3.1), Theorem 2.8 then states the following, after replacing a, b, ¢
with their complex conjugates. Recall that A + 1 4+ v = OmodZ?.

a¥Z Ay +a® 'bY; B, 4 - +ab" ' B Y, + bV A Z,
+b"Zu Ay + b (—a = B)Y, By + -+ b(—a — )" "' BuY, + (—a — b)Y A, Z,
+(—a—b)ZyAs+ (—a—b)""laYyBy + -+ (—a — b)a" " 'B,Y, + aV A, Z,
€ S (Mt (3.3)

Before discussing the general situation, we work out the identities for some small
weights directly, and relate them to elliptic functions.

Weight k = 2: Here w = 0 and we have A A, + A A, + AyA) € Szl. This
expression is already holomorphic, and is hence a holomorphic Eisenstein series of
weight 2. This result appears in Borisov—Gunnells (Propositions 3.7 and 3.8 of [2])
and is reproved as equation (4.10) of [4]. An important special case is when u = 0
and v = —A. We then have A, = 0 and A, = —A,;, and conclude that A% is a
holomorphic Eisenstein series (actually, this fact was used in proving the more general
result in [2] and [4]). Combining these, we see that under our standing assumption
A+u4+v=0 modZ2, the expression (A + A, + Ay)lisa holomorphic weight 2
Eisenstein series. Let us assume that moreover A, i, v are all nonzero, and choose
specific representatives modulo Z? for which A + u +v = 0. Let ¢ and g denote
the standard Weierstrass elliptic functions with respect to the lattice Zz + Z; then our
assertion about (A + A, + A,)? is in fact a consequence of the classical identity
(€(z2) + ¢(z) + £ (z0))? = ©(22) + © (z4) + © (z0). For a recent treatment, see for
example equation (3.8) and Corollary 3.13 of [4], as well as the treatment in [7].

Weight k = 3: When w = 1, we obtain from (3.3) that aB; A, + bA; B, +
bB,A, + (—a — D)A,B, + (—a — b)B, A, + aA,B) € S3L. The coefficient of
a says that ByA, — A B, — ByA, + A,B), € S3l. The coefficient of b gives an
equivalent identity upon exchanging the roles of A and ©. We also note the identity
arising from the special case u = 0, v = —A, which implies that A, B) € S3L. (The
other case, u = —A,v = 0, also implies this fact, since the terms A, By cancel,
this phenomenon is specific to weight 3.) Thus any nonholomorphic product A By, is
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congruent modulo 83l to the holomorphic modular form A, (B,, — B;). Combining this
with our previous assertion implies that (A + A, + A,)(B;, — B,) is a holomorphic
weight 3 Eisenstein series; it is in fact equal to C, — C,,. In the context of our remark
for weight 2, this is the classical identity

@)+ @)+ L@@ @) — P @) = =27 (9'@) — 9/ (W) (4

See also [4], Introduction and Eq. (4.39).

Weight k = 4: The coefficient of a? in (3.3) shows that CA +A,C,+CLA;, —
B, B; + A, C), € Si; the coefficient of b? yields the same, upon exchanging A and .
Moreover, the coefficient of ab is B; B, — B, B, +2A,C, +2C,A; — B,B; € S‘f.
By taking the special case u© = 0, v = —A, we deduce from either assertion above that
2A,C) + BA2 € Sj‘ (once again, terms with By cancel). On the other hand, the special
case v = 0, u = —A yields AyCy + BoBy. € Sj and B? — 2B; By € S;-. (This last
fact can alternatively be deduced from the previously computed elements of S, j‘. Note
also that specializing to A = 0, v = —pu yields no new elements of Sj.) We deduce in
particular that B? = AgCp = 0 mod Si; this can also be seen because Bg is invariant
under the full group SL»(Z), whence the inner product of Bg with any cusp form f
on I is essentially the inner product with the trace trgL(z’Z) feSs(SLQ,Z)) =0.

It follows that (B) — Bp)? = B)% —2B; By + Bg € Sj‘, a fact that can be seen directly
from the classical identity 6D; = " (z3) = 6 (z3.)> — 30Dy.

To wrap up the case of weight k = 4, we construct holomorphic modular forms
that are congruent (modulo Sj) to the nonholomorphic products of the form By B,.
One way to do this is to write By B, = (B;, — By) (B, — Bo) + B; By + B, By — Bg =
(By. — By)(By, — By) — A,.C;, — A, C,,(+0). Using this congruence, we obtain from
the coefficients of a? and ab in the previous paragraph the statement that the following
two expressions are holomorphic Eisenstein series of weight 4: (Ay + A, + A,)(C; +
Cy) — (B — Bo)(By, — Bo) and (B, — Bo)(By — Bo) — (B — Bo)(By, — Bo) —
(B, — Bo)(By, — Bp) +2(Ay + A, + A))C,. We leave it to the reader to verify that it
would have sufficed to prove that either one of the above expressions was an Eisenstein
series (for all permutations of (A, i, v)) in order to deduce the same about the other
expression.

The situation for general weight k: Here we shall content ourselves with showing
that every potentially nonholomorphic term in (3.3), such as ¥, B, can be modified
by an appropriate element of S,ﬁ- to obtain a holomorphic form. To do this, consider
the coefficient of a® in (3.3) in the special case u = 0, v = —A. This coefficient is

Z,Ap + (—=1)Y AgZ_;. [both these terms are zero]

+(=DYZ5 A+ DYV B 4+ (DB Y+ AL Z
= —(Z) Ay + VB 4+ BYy + A Z;) € St (3.5)
After dividing by —2, we obtain that B, Y, is congruent modulo SkL to a holomorphic
expression in terms of the other products such as A Z; . This allows us to rewrite any

general product such as Y; B, as Yy (B, — B)) + B,Y) = Y, (B, — B;)+ something
holomorphic. The careful reader will note that our discussion above seems to be
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restricted to k > 5, because we implicitly assumed that the terms Y, By and B, Y,
were distinct; moreover, when k = 4, the Y's are actually Bs, and By (B, — B;) is
not holomorphic. However, it turns out upon more careful investigation that the above
technique still works for 2 < k < 4, and in any case, we have already written down
explicit formulas for these small weights.

The cleanest way to find holomorphic relations in all weights is to do so on the
level of (3.3), instead of teasing out each coefficient of a’b/ separately. The result is
even better expressed on the level of a generating series, in which setting it becomes
a different proof of the main result in [7] (see most notably the top of p. 16). We
shall go back to writing the result in terms of @, b, ¢ where a + b 4+ ¢ = 0, instead of
substituting ¢ = —a — b.

Theorem 3.1 Take k, w, A, i, v, a, b, c, be as in Theorem 2.8. Then the following
expression is a holomorphic Eisenstein series of weight k:

(A + AL +A)@"Zy+b"Z, +c"Z))
+ (aBy +bBy 4 cB) (@ 'Y + V7Y, + ¢y
+..
+ @7 + b7, 4 7Y aBs 4+ BBy + ¢B))
+ @ Z +bYZy 4 ¢ Z)(Ax + Ay + Ay). (3.6)

Assume furthermore that |a|, |b|, |c| are sufficiently small. Define power series
F,(a) = A, +aB, +a2CA+~-~ , similarly for F, (b), F\(c). 3.7

Then (3.6) says that the power series expansion of (Fy(a) + F,(b) + F, () ina
neighborhood of zero in the hyperplane a + b + ¢ = 0 has as its degree w term a
holomorphic Eisenstein series of weight w + 2. In the special case when A, i, v are
all nonzero modulo Z* and satisfy » + . + v = 0 (not just congruence modulo Z2),
we can see this from the fact ( [7], Theorem 3.1 and Observation 4.2.5) that

Fi(a)+ Fu (D) + Fu(c) = ¢(zn —a) + §(z — b) + §(zy —©),
(Fy(a) + Fu(b) + Fy(©)* = 9@ —a) + 9 (zu —b) + 9 2y — ©)
=B, + B, + B, — 3By +2(aC; +bCy, +cC,)
+3(@*Dy +b*Dy + D) + - - (3.8)

In other words, in this special case, the expression in (3.6) is equal to the holomor-
phic Eisenstein series (w 4+ 1)(a" Ey42,3 + bY Ey42, 4 + ¢V Eyy2,y) when w > 1.
For the case w = 0, the value is E; ; + E» ; + Ez,, — 3E> 0.

Remark 3.2 The case where one or three of A, u, v are zero modulo 72 is also proved

in [7], Proof of Theorem 0.1 (pp. 15-17), and one can obtain in principle explicit
values for the expression of (3.6) for those cases as well.
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Proof of Theorem 3.1 We originally obtained the first assertion as the result of taking
twice the expression in (3.3) and replacing each possibly nonholomorphic term such as
Y B,, by something holomorphic congruent to it modulo S, -, as described in the discus-
sion following (3.5). But now that we have found the expression (3.6), the easiest way
to show that it is orthogonal to all cusp forms is to expand each line of (3.6) into nine
terms, which we index by the ordered pairs {(A, A), (A, ), (A, V), (i, A), ..., (v, V)}.
The sum of all terms corresponding to (i, A), (v, u), and (A, v) is equal to the expres-
sionin (3.3), which belongs to S,f-. Similarly, the terms corresponding to (A, ), (i, v),
and (v, 1) add up to arearrangement of (3.3) (read each row of (3.3) from right to left).
We are left with the sums of terms corresponding to each of (A, A), (i, n), and (v, v),
each of which yields a multiple of an expression like (3.5). Thus we obtain that (3.6)
is orthogonal to all holomorphic cusp forms. To see that it is holomorphic (and hence
an Eisenstein series), it suffices to observe that the only potentially nonholomorphic
part of (3.6) comes from the expression

aBy+bB, +cB, =aB)+bB, +(—a—b)B, = a(B;, — B,)+b(B, — B,), (3.9)

which is holomorphic, after all.

As for the second assertion, namely (3.8), it boils down in light of (3.4) to verifying
(i) the series expansion in terms of (a, b, ¢) near 0 of the holomorphic function ¢ (z, —
a) + ¢(zu — b) + ¢(zy — ¢), and (ii) the holomorphic series expansion g (z) — a) =
B). — Bo+2aCj +3a%D; +- - - . The expansion (ii) is a straightforward application of
Taylor’s theorem; since ¢’ = g, we deduce (i), possibly up to a constant, by integration.
It remains to observe that Ay + A, + A, = {(z;) + ¢(zy) + ¢(zy), which follows
from Corollary 3.13 of [4]. O

4 Partial results on Hecke operators

In this final section, we prove a result that is related to taking the trace of a product
Ey 3 Ep, . of two Eisenstein series from a higher level I'(N M) to a lower level I"(M).
This is also related to the question of how Hecke operators act on a product of two
Eisenstein series. The results we obtain are somewhat indirect, but of interest; they
generalize both the statement and proof of Proposition 4.6 and the first half of Propo-
sition 4.11 in [4], which basically deal with the cases £ = 1 and m € {1, 2} of the
general result in this section.

As mentioned in [4], most particularly Proposition 4.6 there, a key case of such a
trace is to be able to express the sum

> EtsirEmp-se 1)
reN—1722/72

as a suitable linear combination of products of Eisenstein series. Here A, u € M~'Z2,
and S € Z; without loss of generality, 0 < S < N. The expression 7 € N~1Z2/Z?
means that T = (71, 72) ranges over any set of representatives of these cosets: for
example, 71, 75 can vary independently in {0, 1/N, 2/N, ..., (N —1)/N}. Thus our

@ Springer



Periods of modular forms and identities. .. 181

notation (A, u, T, N, M, §) here corresponds to (A, B, T, n, £, s) in Proposition 4.6
of [4]. Note that each individual term Ey 3 . E,, ;,—s; can have level up to M N, but
the sum transforms according to I' (M). Our main result is that the sum in (4.1) can be
written (up to elements orthogonal to cusp forms) in terms of a linear combination of
products of two Eisenstein series on the lower level M, each product being of the form
Eé,quME’ﬁJHW’ with (p, g, r, s) taking the role of (a, b, ¢, d) from our earlier
article.

It turns out to be simpler to state the result using the linear combinations

L j,a,b(z,s) from (2.25), where a,b € C are arbitrary parameters; then, taking
the coefficient of Ee_lgm_l in any such expression below gives us the value of (4.1).

Proposition 4.1 Fix k > 2 and w = k — 2 as usual. Let (A, u,t, N, M, S) be as
in the preceding discussion. Then there exist finitely many matrices (p i q,-) € My (Z)

rpos;
and constants ¢; € Z, all depending only on N and S but not on any other parameters,

such that we have a congruence modulo S/g' of the form:

— ns+l
Z Litr.u—stab =N 2 ,ciLPi)\+(1il/v’Vi)\+SiMypia‘i’(ﬁbsria‘l’sib' 4.2)
teN-172/72 i

The s in N*t1 above is the complex parameter in the Eisenstein series; we mainly

care about the case s = 0. The matrices (‘f’ il’) all satisfy
1 l

det (lr’" ‘s’f) =N, pi — Sqi = ri — Ssi = 0 mod N. (4.3)
1 1

Proof In the above sum, the value of S matters only modulo N, so, as already
noted, we may assume that 0 < § < N. The proof is then by induction on S,
and follows closely the technique of Proposition 4.6 in [4]. The base case S = 0
is easy to dispose of, since the definition of Eisenstein series immediately implies that
> cen-1z2/z2 Etote(2,5) = N**Ey ni(z,5). This implies that

> Ligrpas(@9) =N Ly ynas(zs). (4.4)
TeN—1722/72

So here there is only one matrix, (p q) = (N 0).
rs 01

Thenextcase, S = 1,usestherelation Ly ji—7,4,6(2, $)+Ly—z,—5—pb,—a—b(2, 5)
+ L s patr,—a—b,a(z,s) = 0mod Sit, which is essentially (2.28). Adding up over
all 7, and using (4.4), we obtain

_ A7s+1
Z Lk+r,u—r,a,b = NS+ (_LNM,—A—M,Nb,—a—b - L—)»—M,N)L,—a—b,Na)~
reN—1722/72
4.5)
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Thus the matrices are (f i ‘S” ) = (—01 ivl) , (7\,] _01). Note that the second term above
is the result of combining (4.4) with (2.27).

For larger S, we transform the sum involving St into one involving just 7, at the
expense of introducing a sum over o € S~'Z?/Z?; this uses (4.4), with S instead of

N, as follows. (Using —o instead of o is more convenient for later.)

Z LA—H,u—Sr,a,b = Z S_S_l Z L}\,—‘r‘[,/,L/S—‘L’—U,a,b/S'
teN-1722/72 teN-172/72 0eS—172/72
(4.6)
At this point, we can carry out the sum over 7 first, using (4.5). The result is congruent
(mod SkL) to

(N/$)*! Z (=L Nu/S—No,—r—u/S+0.Nb/S,—a—b/S — L—p—p/S+o,Nr.—a—b/S,Na)-
ces—172/22
4.7

We first address the sum over o of the second L in the above expression. Taking
into account the factor (N/S)**1, this yields —N*F'L_g; _,, n1.—sa—b Na; the corre-

sponding matrix is (f Z) = (;VS I)l
in (4.7). This sum is of the same type as our original sum over t, but with the roles of N
and S reversed. However, the term No can be replaced by N'o, where N’ = NmodS.
Since N’ < S, we can use induction to conclude that this last sum, combined with the

external factor (N/S)**1, is congruent (mod Skl) to an expression of the form

). We next deal with the sum over o of the first L

T gitl g R
(N/SY™ -8 ZclLﬁ,-x+é,-ﬁfix+s,-ﬁ,ﬁ,-(Nb/s>+q,-<—a—b/s>,f,-(Nb/s>+f,-<—a—b/sw

1

4.8)
where A = N w/S and 1 = —A — u/S; moreover, for each i in the sum, we
have det (f’ z’) = Sand —N'p; + ¢ = —N'f; +§ = 0Omod S. Now each

Pl

term above in the sum over i can be rewritten in terms of the original A, u as

pi ai\ _ (—4i (PiN —4i)/S :
L pistgipripctsip. piatgib.riatsip> Where (ri Si) = (_51' (7N —3$)/8 ) We leave it to

the reader to check that these matrices are integral and that they satisfy (4.3). Our
proof by induction is now complete. O

Corollary 4.2 Consider a sum as in (4.1), except that if £ = 2 or m = 2 we replace
every nonholomorphic expression such as E» )., wherever it appears, with the holo-
morphic expression E~‘2,)L+-[ = E3 341 — E20. Then the resulting sum is a holomorphic
modular form, and is congruent (modulo holomorphic Eisenstein series) to a linear
combination of products of two holomorphic Eisenstein series of level M.

Proof Write each 15"2 as a difference of two E»’s, and take the sum over T of
each product using the result of Proposition 4.1. (Sums such as > E3 34t E2 0 or
> E20Em u—sr, which only involve 7 in one factor, are easy to simplify.) This
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involves taking coefficients of some monomials like a'b" in the result of the previous
proposition. This shows that the final answer, which is holomorphic, is congruent mod-
ulo S,f- to some linear combination of products of pairs of (possibly nonholomorphic,
if weight 2) Eisenstein series of level M. But now modify the result by suitable com-
binations of expressions like (3.5) to obtain a new holomorphic expression, expressed
in terms of level M, that is congruent to our desired sum modulo S,ﬁ-. Then the differ-
ence between our original desired sum and the new holomorphic expression is both
holomorphic and orthogonal to cusp forms, so must be in the desired Eisenstein space
of level M. O

We conclude this article by raising the question of whether one can also generalize
the proofs of Proposition 4.8 and the second half of Proposition 4.11 in [4]; these results
show that more general traces of products of Eisenstein series, not just those in (4.1),
can again be written as combinations of such products at lower level. Generalizing
our earlier proofs appears to require a better understanding of the effect of a certain
“Fourier transform” on spaces of Eisenstein series, along the lines of Proposition 4.3
of that article, alongside a similar theory of relations between products of Eisenstein
series in the image of this Fourier transform. With our current state of knowledge, the
stronger results in Section 4 of [4] can be proved directly only for weights 2 and 3,
as is done in that article. The reason for this is that any product of two Eisenstein
series in such low weight must include one Eisenstein series of weight 1; this saves
us in our earlier article, because the Fourier symmetry on weight 1 Eisenstein series
is essentially the identity transform.
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