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Abstract

We show that a class of solutions of minimal supergravity in five dimensions
is given by lifts of three-dimensional Einstein—Weyl structures of hyper-CR
type. We characterise this class as most general near-horizon limits of
supersymmetric solutions to the five-dimensional theory. In particular we
deduce that a compact spatial section of a horizon can only be a Berger sphere,
a product metric on S' x §? or a flat three-torus.

We then consider the problem of reconstructing all supersymmetric
solutions from a given near-horizon geometry. By exploiting the ellipticity
of the linearised field equations we demonstrate that the moduli space
of transverse infinitesimal deformations of a near-horizon geometry is
finite-dimensional.

Keywords: near Horizon, Einstein—Weyl, moduli space

1. Introduction

In dimension four the topology of a black-hole horizon is necessarily spherical [13], but in
dimensions five and higher this restriction needs not to hold [8]. The local differential geo-
metric structure of horizons in higher dimensional gravity theories is also rich. The aim of this
paper is to demonstrate that in the case of supersymmetric solutions of minimal supergravity
in dimension five, the horizon geometry is that of a three-dimensional Riemannian Einstein—
Weyl structure of hyper-CR type. We shall also show that the moduli space of linearised
transverse deformations of near-horizon geometries with compact spatial sections of horizons
is finite-dimensional.
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In the first part of the paper we shall demonstrate that a class of solutions of minimal
supergravity in five dimensions is given by lifts of three-dimensional Einstein—Weyl structures
of hyper-CR type. We characterise this class as most general near-horizon limits of super-
symmetric solutions to the five-dimensional theory. In particular we deduce that a compact
spatial section of a horizon can only be a Berger sphere, a product metric on S! x S or a flat
three-torus.

Space times containing Killing horizons with vanishing surface gravity admit a limiting
procedure leading to a near horizon geometry [15, 16, 19, 20]. In the second part of the paper
we consider the problem of reconstructing all supersymmetric solutions with a given near-
horizon geometry.

In the next two sections we shall review the D =5 and N = 2 supergravity with its near
horizon limit, and the hyper-CR Einstein Weyl equations respectively. In section 4 we shall
establish (theorem 4.1) a correspondence between 3D hyper-CR Einstein—Weyl structures and
near-horizon limits of supersymmetric solutions to D = 5, N = 2 supergravity, and deduce the
allowed topologies of horizons in this case. We shall also construct an explicit local fibration
of the 5D metric over a hyper-Kéhler four-manifold with a homothetic Killing vector field.

In section 5 we shall prepare the ground for the moduli space calculation, and derive the
Bianchi identities resulting from supersymmetry. In section 6 (theorem 6.1) we shall exploit
the ellipticity of the linearised field equations to prove that, if the spatial horizon 3-surface
> C M is compact, then the moduli space of infinitesimal transverse deformations of near-
horizon geometry is finite-dimensional.

In [12] it was demonstrated that the near-horizon geometries of minimal gauged five-
dimensional supergravity preserve at least half of the supersymmetry. These results are of top-
ological nature, and rely on compactness. In the current work we reveal the rich local structure
of the near-horizon equations and its connection with conformal geometry of 3D spatial slices.

The long formulae involving the Ricci tensor in the bulk, and the analysis of the gravitino
equation have been relegated to appendices.

2. 5D minimal supergravity and its near-horizon limit

Let M be a five-dimensional manifold with pseudo-Riemannian metric g of signature (4, 1)
and a Maxwell potential A. The five-dimensional action for the Einstein—-Maxwell theory with
a Chern—Simons term is

S:f ’RvolM—%H/\*SH—H/\H/\A, .1)
M

where R is the Ricci scalar of g, H = dA is the U(1) Maxwell field, voly, is the volume element
induced by g and s : AY(M) — A ~%(M) is the associated Hodge endomorphism. The result-
ing Einstein—-Maxwell-Chern—Simons equations coincide with the bosonic sector of minimal
five-dimensional supergravity. These equations are

dH=0, dxH+HANH=Q0,

3

1 .
Raﬁ - EI_Ia’yFIQS,y + ZgagHz = 0. (2 2)

In [10] it was shown that all timelike supersymmetric solutions of this theory admit local fibra-
tions over hyper-Kihler four manifolds, i. e. locally there exists a function u : M — R such that

g = —f*(du— ©)> +f 1Mk (2.3)
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where g% is a u-independent hyper-Kihler metric on some four-manifold X, and (O, f) are
respectively a one-form and a function on which do not depend on « and satisfy some system
of equations on the base X.

2.1. Near-horizon limit

Let (u, r, y'), where i = 1, 2, 3, be Gaussian null coordinates [19] defined in the neighbour-
hood of a Killing horizon g(V, V) = 0 where V = 0/0u is a stationary Killing vector. In these
coordinates the horizon is given by r = 0, and y' are local coordinates on three-dimensional
Riemannian manifold ¥ which is the spatial section of the horizon. The metric and the Maxwell
potential are given by

g= 2du(dr + rh — %rZAdu) +v, A=r®du+ B, 2.4)

where

v = yNdyidyl,  h=hi(r,yHdy, B = Bi(r,y)dy', A=Ay, @ =o(,yh)

are all real-analytic in r. The near horizon limit [15, 16, 19, 20] arises by replacing
u—sule, r—re,

and taking the limit ¢ —» 0. The resulting metric and Maxwell potential on the neighbour-
hood of the horizon in M are given by (2.4), where now + is a Riemannian metric, (h, B) are
one-forms and (P, A) are functions on X. Thus in the limit (v, &, B, ®, A) depend on the local
coordinates yk, but not on (r, u). In the e — 0 limit, the Euler—Lagrange equations of the func-
tional (2.1) yield a set of equations on the three-dimensional data on 3. The Maxwell-Chern—
Simons equations are

d *3dB + #3(d® — ®h) — h A %3dB — 2®dB = 0, (2.5)
and the non-trivial components of the Einstein equations are
1vfh,~ — lhihi + ldBideij +®2 - A =0, (2.6)
2 2 4
and
1 3 X 1 I
Rij + V(ihj) — Ehihj — EdBikdBj + ’}/l/ ZdBkldB - E(I) =0. (27)

Here Vis the Levi-Civita connection of the metricy = ;(y)dy'dy/and+3 : N(¥) - A ~(%)
is the Hodge operator on . The necessary conditions for the near-horizon geometry to be
supersymmetric are [12]

h+%dB=0, A=3ao2 2.8)

3. Hyper-CR Einstein—-Weyl geometry

A Riemannian Weyl structure on a three-dimensional manifold ¥ consists of a positive-
definite conformal structure [y] = {c7, ¢ : ¥ — R}, and a torsion-free connection D which is
compatible with [y] is the sense that
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Dy = 2hiyy.
for some one-form 4 on X. This compatibility condition is invariant under the transformation
vy=e*y, h—>h+dQ, 3.9
where €2 is a function on X.. A choice of the conformal factor €2 such that
Vih; =0 (3.10)

is called the Gauduchon gauge.

A Weyl structure is said to be Einstein—Weyl [2, 14] if the symmetrised Ricci tensor of D
is proportional to some metric 7y € [y]. This conformally invariant condition can be formulated
directly as a set of non-linear PDEs on the pair (v, h):

1
R + V(,'hj) + ]’l,'hj — E(R + vkhk + hkhk)')/ij =0, (3.11)

where V, R;;, and R are respectively the Levi—Civita connection, the Ricci tensor and the Ricci
scalar of 7.

A tensor object T which transforms like 7 — exp(m )T when v — exp(2 €2)7 is said to be
conformally invariant with weight m. The Ricci scalar W and the Ricci tensor Wj; of the Weyl
connection have weights —2 and 0 respectively. The Ricci scalar is given by

W =R+ 4Vih, — 2hih;. (3.12)

An Einstein—-Weyl space is called* hyper-CR if [9] there exists a scalar function ® of weight —1
which, together with the EW one-form £, satisfies the monopole equation

*3(dP + h®) = dh (3.13)
together with an algebraic constraint
3 &2
W= 5{) . (3.14)

The hyper-CR Einstein—Weyl spaces can be equivalently characterised by the existence of a
holomorphic fibration of the associated mini-twistor spaces over CP', or by existence of two-
parameter family of shear-free, divergence-free geodesic congruences [1]. The only compact
examples are the Berger sphere, S x §2 or T° with the flat EW structure.

In the real-analytic category, a hyper-CR EW structure locally depends on two arbitrary
functions of two variables. This can be seen by reformulating the hyper-CR condition in terms
of a single second order PDE for one function of three variables [3]:

_ (E+iF,)dz + (F: — iF;)dzZ

1
=dzdz + —(Fdv — i(Fdz — Fd2) + dE)%, h ,
v =dzdz 16( (Fdz — F;dz) ) FIE.

(3.15)
where F = F(z, Z, v) satisfies

E:(F + Fy) — (E + 1K) (F; — iF;) = 4. (3.16)

“This class of Einstein-Weyl spaces has originally been called ‘special” in [9], and it has also been referred to as
‘Gauduchon-Tod’. The current terminology (see e.g. [1, 3, 4, 7]) reflects the fact that the hyper-CR EW spaces arise
as symmetry reductions of four-dimensional hyper-complex conformal structures by tri-holomorphic isometry. The
three-dimensional quotients admit a sphere of Cauchy—Riemann structures.
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The Cauchy—Kowalewskaya Theorem implies that the arbitrary data
F(z,z,v=0), and F(z,z,v=0)

specifies the solution uniquely.

4. From 3D Einstein—-Weyl to 5D minimal supergravity

‘We shall now show that hyper-CR Einstein—Weyl spaces give rise to solutions of minimal D =
5 SUGRA, and characterise the solutions which are obtained from this procedure. Roughly
speaking, any hyper-CR Einstein—Weyl structure lifts to a solution of the five-dimensional
theory, provided that the Gauduchon gauge is chosen. This reflects the fact that (unlike the
EW equations) the 5D SUGRA equations are not conformally invariant. To overcome this we
will need to introduce and solve a linear PDE (4.17) on the EW background to achieve the
right gauge fixing.

Theorem 4.1. Let the metric vy and the one-form h on a three-dimensional manifold 3 solve
the hyper-CR Einstein—Weyl equations, and let W be the Ricci scalar of the Weyl connection of
(7, h) given by (3.12). Let ) be a function on Y. which satisfies the linear PDE

d %3 (de®) + d %3 (e%*h) = 0. 4.17)

Then

g = e**Qdu(dr + rh — %rZWdu) +y+6rdudQ), A= \E eryWdu + o (4.18)

is a solution to the 5D Einstein—Maxwell-Chern—Simons supergravity (2.2). Here « is a one-
form on X such that

da = —es (h+dQ). (4.19)

All near-horizon geometries for 5D SUSY back holes/rings/strings (2.4) are locally of the
form (4.18). Moreover if the three-manifold corresponding to the spatial sections of the hori-
zon is compact, then vy is a metric on the Berger sphere, a product metric on S' x §? or a flat
metric on T>.

Proof. Consider the field equations (2.5)—(2.7) and additionally assume that the SUSY con-
strains (2.8) hold. Thus (dB);x = —¢;h; and

dBl'mdBjm = (’}/U|h|2 — h,hj)

The Maxwell-Chern—Simons condition (2.5) now reduces to the monopole equation (3.13).
We regard ® as a weighted scalar with conformal weight (—1) on the three-manifold 3. The
(ur) component (2.6) of the Einstein equation becomes (3.10). Thus the five-dimensional field
equations force the Gauduchon gauge on the Weyl geometry. Finally the (ij) components (2.7)
of the Einstein equations yield

1
R,-j + V(,'hj) + h,’hj = (E(I)z + hkhk)’}/,'jo (4.20)
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Taking a trace of this condition and using the Gauduchon gauge (3.10) gives a constraint on
the Ricci scalar of ~y

R= %(3@2 +4|h?).

Thus R > 0 with the equality iff both v and D on X are flat. We can now use the expression
(3.12) for the Ricci scalar of the Weyl connection to re-express this constraint as (3.14). Now
equation (4.20) are equivalent to the Einstein—Weyl equation (3.11) in the Gauduchon gauge,
subject to two constraints (3.14) and (3.13). These two constrains are (as we have explained in
the previous section) the defining property of the hyper-CR Einstein—Weyl conditions.

To recover the form of the five-dimensional solution from the hyper-CR EW geometry we
must make sure that the latter is given in the Gauduchon gauge. This appears to break the con-
formal invariance of our procedure, but it was to be expected as the five-dimensional theory
is not conformally invariant. Assume that a hyper-CR EW structure (7, h) is given in the
Gauduchon gauge. Substituting the Einstein—Weyl data into (2.4) we find that the construction
explained so far gives the lift to five dimensions of the form

g = 2da(d? + fh — %szdﬁ) + 4, (4.21)

where (7, ii) are some local Gaussian coordinates in the neighbourhood of the horizon. Now
consider a hyper-CR EW structure (v, #) in an arbitrary gauge. To put it in a Gauduchon gauge
we need to find a function €2 on ¥ such that (4.17) holds. The solution of this equation always
exists locally on %, and it follows from the work of Tod [21] that it also exists globally on
compact EW manifolds. Thus the EW structure

h=h+dQ, 9=e% (4.22)

is in the Gauduchon gauge. The constraints (3.14) and (3.13) are preserved under the confor-
mal rescaling if ® has conformal weight (—1). Therefore we substitute (4.22) together with

b =e
into (4.21). We also make coordinate changes

(,0) = (€*r,u).

This yields (4.18). To compare it with (2.4) if 2 = 1use (2.8) and (3.14).

We now consider the gauge potential. We substitute the expression (2.8) fordBinto H = dA,
where A is given by (2.4). Using the equation (3.13) and tracking down the effect of conformal
resealing needed to enforce the Gauduchon gauge yields A in (4.18). O

Remarks.

* As a spin-off from this analysis we have established the transformation rule for the five-
dimensional structures (g, A) under the conformal rescalings (3.9) of the underlying EW
geometry. We see that the metric g does not transform by a simple scaling but also picks
up an inhomogeneous term

g— > (g + 6rdud Q).

This additional term of course vanishes on the horizon.
6
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* Three-dimensional Einstein-Weyl equations are integrable by twistor transform [14],
and can be regarded as a master dispersionless integrable system in 3 and 2 + 1 dimen-
sions—all other known dispersionless systems arise as special cases. It is remarkable
that in the case of super-symmetric solutions the non-integrable equations of 5D minimal
supergravity reduce to integrable Einstein—Weyl structures. This phenomenon has been
observed in other supergravity theories [5, 6, 11, 18] supporting the evidence that that
the supersymmetric sectors of non-integrable classical field theories can be described by
integrable models.

4.1. Fibration over a hyper-Kahler manifold

Finally we shall show how to put the metric g (4.18) in the form of the fibration (2.3) over
a hyper-Kéhler manifold. Comparing the expressions (4.18) and (2.3), and completing the
square yields

2= %eZQrZW.

We now define a new coordinate p by r = exp(p — 3 2) and find
g = ey + O dp+ h)D), f=Der 2, © =23 (dp + h), (4.23)

where ®> = 2W/3 and W is the scalar curvature of the Weyl connection of (v, ) given by
(3.12). Moreover, it follows from the work of [9] that any hyper-Kahler metric with a tri-
holomorphic homothety’

is of the form (4.23) for some hyper-CR EW structure (v, 4). In our coordinate system the
homothety is generated by 9/0p, and the horizon in five dimensions corresponds to p = — <.

5. Extension into the bulk

In this section we briefly summarise some of the conditions imposed on the gauge field
strength and the geometry by supersymmetry which we shall use in the moduli calculation in
section 6. The gravitino Killing spinor equation is given by:

[%_éanWM+%mmﬂe:Q (5.24)

where € is a Dirac spinor. Here we work with a metric of mostly plus signature (—, +, +,
+, +).

We have already introduced the Gaussian null coordinates. In what follows, it is convenient
to adopt the basis {e", e, e:i=1,23), adapted to the Gaussian null co-ordinate system in
which

g =2e"e + §yelel (5.25)

3Recall that a tri-holomorphic homothety is a conformal Killing vector K which preserves the sphere of complex
structures, i. e

Lx(g™) =n gH&,  Lgl =0,

where 7) is a non-zero constant, and /;, i = 1, 2, 3 are the complex structures satisfying the quaternionic algebra.

7
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and
e =du

e =dr+rh— %rZAdu

and take a u-independent basis of ¥ to be given by e = e ;dy/ for i, j = 1, 2, 3; where €';
depends analytically on r, but not on u and y/ are local co-ordinates on Y. The spin connection
associated with the above frame is computed in appendix C.

Furthermore, in what follows, - denotes the Lie derivative with respect to %; d denotes the

restriction of the exterior derivative to surfaces of constant r, i.e.

G5 =08y, B SOy - O AdY. B=—s (526)
y

5.1. Conditions obtained from supersymmetry

Supersymmetry imposes a number of conditions on the gauge field strength, as well as condi-
tions on the geometry. The explicit analysis of the Killing spinor equations is given in appen-
dix C. Here we shall summarise the results which will be of use in the moduli space analysis
to follow. In particular, the gauge field strength is given by

H=nduA d(rA%) n %(*31/ +(dr+rh) A W) (5.27)
where W is a r-dependent 1-form on ¥, and

Y= —3h—3rh+2nrJAW. (5.28)
The Bianchi identity associated to this expression for H implies

d(rh AW + %3Y) = 0 (5.29)
and

dw — £ 2 (rh AW + x3Y) = 0. (5.30)

A number of further useful identities obtained from the supersymmetry analysis are
~ : 1 1. 1,14 1 1.
dh=rhANh—nx;3 (Azh + 2rA2h — nrAW + EA 2dA — EnA 2Ah)
(5.31)

dy = —3£Q(r2h ANh—nrx; (A%h + 2r A2 — AW + %A‘%&A — %rA_%Ah)J + ana(A%W).
or

(5.32)
Also, the gauge field equations reduce to the following:
n 1
daksW— Lo (rh Ax3W) + %W/\ *x3Y — 3nL 5 (0(rA2) dvoly) = 0. (5.33)
or or



Class. Quantum Grav. 34 (2017) 045009 M Dunajski et al

6. Moduli space calculation

We shall now consider the moduli space of infinitesimal supersymmetric transverse defor-
mations of the near-horizon data, and prove that, for compact %, this is finite-dimensional
by establishing that the moduli are constrained by certain elliptic second order differential
operators. This analysis follows that done in [17] for the case of non-supersymmetric vacuum
horizons with a cosmological constant, though for the solutions we consider, there is some
modification due to the inclusion of a 2-form field strength, as well as supersymmetry.

In particular, suppose that we consider the metric written in Gaussian null coordinates as
(2.4) and Taylor expand the metric data (A, &, y) as

A= 3( y) + r6A(y) + O(r?),
h = K(y) + réh(y) + OG2), (6.34)
v = 9(y) + rév(y) + O(r?)

o O
where A, h, '()? are the near-horizon metric data, and the metric moduli are 6 A, éh, 6-y. There

is some gauge ambiguity in this choice of metric moduli, although the near horizon data is
unique. As noted in [17], the vector field

= lf(dr+ rh— lrzﬁdu) - lrz(&f—i— Lof)du — lrdf (6.35
) 2 4 h 2 33)

for an arbitrary smooth function fon ¥, maps the near-horizon data (A, 6k, 6v) to (§A, 6i, 67)
where

- [O}ye) [oge]
0% = 0%+ ViVif — hqVjpf

~ 100 1 co oj loooj 1] oo oj loooj
6h; = 6hi + —ANLf — —(Nihp)V f — =iy f+ —(Vih)V f+ —h NIV f
2 4 4 2 4
~ loi oo 00
6N = 6A + EV f(VA — hA). (6.36)

In addition to the metric, we also have the Maxwell 2-form, which we have shown can be
decomposed as

H = nduA d(rAé) + %(*3(—% —3rh + 2 A W)+ (dr + rh) A W)

(6.37)
where W is a 1-form on . The—component of the Einstein equations implies that W is of
the same order as (0A, 8h, 6y). We therefore take the transverse moduli to be (6 A, 6k, 6y, W)

Theorem 6.1. The moduli space of supersymmetric transverse deformations of supersym-
metric near horizon solutions with compact spatial sections of horizons, corresponding to the
moduli (0, 6h, &y, W), modulo the gauge transformations of the type (6.36), is finite dimen-
sional.

Proof. To begin, we shall consider the trace of the metric moduli 67> and prove that by
choosing an appropriate gauge transformation (6.36), this modulus satisfies an elliptic PDE
which decouples from the remaining transverse moduli.
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In particular, the trace transforms as

5y k= &y + Df (6.38)
where
p=V _ i (6.39)

and the adjoint is given by
D = 4 9 (6.40)

because %igi = 0°. We decompose 5y~ as

Syk= o + ¢t (6.41)
where ¢ € ImD, and ¢+ € (ImD)*. It follows that

¢ = D(7) (6.42)
for some smooth function 7, and ¢+ € (ImD)* must satisfy

Digt =0, (6.43)

which is an elliptic PDE. So, choosing f = —7 in the transformation (6.38), with this choice
of gauge
o= ot (6.44)

and so in this gauge

Disy k= 0. (6.45)
In fact, this implies that 67k" must be constant. To see this, note that (6.45) implies that

JE 2 k2
MV &yj/+ h NVi(67,.)) = 0. (6.46)

1 oi
2
On integrating this expression over §J, and using %,% = 0, implies (under the additional as-

sumption that the near-horizon spatial cross section has no boundary) that §v, ¥ is constant.

To analyse the remaining transverse moduli, we linearize the field equations in terms of the
moduli §A, éh, 6y and W, making use of the conditions imposed by supersymmetry which we
have previously obtained. We first use the —i and +— components of the Einstein equations to
fix the moduli 64 and 6 A in terms of W and 6 as:

1o . 1 P 1 0Jj 1 o% 1 %2
(Shi = —EVJ(S%’ — Z((S’yk )h, + Eh 6’}’1] + E?’]A W — E‘/V]'Ei‘/ hk (647)

©This was established in [20].

10
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o . O o .. O 1 0 oi
6A = NiSH — h by — (Vi6yU)hj + Z(S'yk khh

ioj Lo ool .
f%%mu %ﬁ - %nﬁzﬁ W %nWl%,ﬁz ~ i, (6.48)

1
2

We remark that as a consequence of the analysis in [20], the last two terms in (6.48) vanish,
because
[e)

V = const., %(chj) =0. (6.49)

Having fixed these moduli, we shall construct elliptic systems of PDEs constraining W and
&v. To begin, consider the W moduli. We consider the Bianchi identity (5.30), which when
linearized implies

%,-Wj—%,mz(ﬁAWJrﬁa*sY). (6.50)
or if

On taking the divergence, we then obtain the condition

y

02 ] , o o . oif o
VWj——R,jW‘—FVj(ViW’)—i—V(h/\W—FEa*3Y) (6.51)
ar

and the term %iWi is given by linearizing (5.33), as
: 1
‘ i 5o 1
VWi =30 W+ %77526%4 616(A%) 6.52)
and hence
02 o . 0io o oi 3 Q5.
VW= —-R;W'+V (hAW); + Vj(3h Wi + EnA 67[’]

+6Vi6(AT) + %’(ca . Y) (6.53)
ij

or

r=0

It is clear that the first three terms on the RHS of this expression give no contribution to the
principle symbol of the differential operator acting on W. However, due to the presence of A

02
in the remaining terms, it may appear that the RHS contains terms of order V g on using
(6.47) and (6.48). Such terms arise in the combination

6nd5AT — x(d6Y). (6.54)

However, on making use of (5.32), it follows that the A contribution to this expression van-

ishing, and hence in (6.53) the RHS depends on the moduli linearly in W, %W, o, %67.
Next, we consider the ij components of the Einstein equations, which imply

3 1
Ry = 2 (HisHj-+ HyiHi- + Hiel] H- Z‘S”'(’Z(H**)Z +4H (H, '+ Hy,H") (6.55)

1



Class. Quantum Grav. 34 (2017) 045009 M Dunajski et al

On making use of (5.28), all of the terms quadratic in H on the RHS of this expression depend
(6] (6]

linearly in W, VW, &y, Vv, with the exception of the (H,._)? term, which gives rise to a §A

term. Taking this into account, and making use of (6.47) and (6.48) we find

o o

2
V 6y — 6y — (WY — VD&Y — (VN — ViVey = Ay (6.56)

o o
where A;; depends linearly on W, VW, &, Véy. This expression can be simplified by first not-
[}

ing that the terms on the second line of the LHS can be rewritten in terms of R curvature terms,
and hence incorporated into the algebraic term on the RHS, i.e.

02 o O
V by — 6V Vi = By (6.57)

where B;; depends linearly on W, %W, o, %&y. On taking the trace of (6.57) we also find

o 0O 1 ...
Vi Viby % = —EB,-’ (6.58)

and so the second term on the LHS of (6.57) can be eliminated in favour of B, to give

02
V by =Gy (6.59)

where C;; depends linearly on W, %W, o, %67.
The condition (6.59) is an elliptic constraint on the traceless part of 6717. So, we have proven

that there exists a gauge in which the system of PDEs (6.59) and (6.45) together with (6.53)
constitute an elliptic set of PDEs which constrain the moduli W, &y, * and the traceless part of

& O
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Appendix A. Spinorial geometry conventions

The space of Dirac spinors consists of the space of complexified forms on R?, which has basis
{1,ey, ez, e12 = e Aey}. We define the action of the Clifford algebra generators on this space
via

v = —ei N\ =g, Vigo = (=& N+ig) =12 (A.1)
and set

Yo = Ma34 (A.2)
which acts as

Nl =il, e =ien, e = —le. (A.3)

12
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We then define generators adapted to the frame (5.25) as

| .
L=zt L= L= VZen,  T3=42i, (A4)

where we take a basis {e!, 2, ei} for X such that €2 = (e?)* and the metric on ¥ is
v = (e)? + 2e2e?. (A.5)

With these conventions, the space of positive chirality spinors is spanned by {1 — e}, e + €12},
and the space of negative chirality spinors is spanned by {1 + e, e, — €12} and we remark that
Spin(3), with generators il%5, [1(I5 + I'5), i[j(I5 — I'5) form a representation of SU(2) acting
on{l —e,e;+ e}

A Spin(4, 1) invariant inner product 3 on the space of spinors is then given by

Bler, €2) = (Y€1, €2) = %((ﬂ — e, &) (A.6)

where {, ) denotes the canonical inner product on C* equipped with basis {1, e;, e2, e }.
The charge conjugation operator C is defined by

Cl=—ep, Cen=1 Ce=¢cle (A7)
and satisfies

CxI,+1,Cx=0. (A.8)
With respect to the real frame (5.25),

ri=rn ri=r, r=r. (A.9)
We also note the following useful identities:

Ljer = Fig; ey, Ljker = Figjres. (A.10)
The relationship between the 5-dimensional volume form ¢s and the volume form ey, of X is

=€ Ne Aes. (A.11)

Appendix B. Ricci tensor
The components of the Ricci tensor in this basis are:
o 3, 1 e, lasi P BN

Riy=r _Eh VA — EAV,»h + EV’V A+ Al 4 Z(dh),;,»(dh)f

+ r3(%h“@,A — hVA + %hf@’Agij — ig,( FRiVIA + 2AhH

— Ak — Wi (@h); — %Ah"hfg,-j + iAhihig'k" + %AW? - %AW)

(= Lani - Lannis - Lannig — Lafo,6 0+ Le o
+r ) i+5 LT £/ 8t 858

2

+ An + %Ahih’gk’“ - %Ahih FALEE %hih’hjh/ - %h’hih/hj) (B.1)

13
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Ry = 1%!‘ - lh,hi —-A
2 2

+r| =Vih' — =g ki — 2A — —Ag*+ —hihig. — Zh’hi)
(2 4gk J 2 8k 2 gz]

1o 1. 1. 1 ,
5 i i -k
+r (— Ehlhi + Ehh &j — Ehih 7% hih!
'S U DV PR
Lo w1,
R__= ) 0r8 "+ Egijg (B.3)

. 1.~ 1 1 . 14 .
Roi=hi— —Ng + —hig*— —hig. + —\Ng.J
p VBT s T T Vs

1. 1. .. 1, . |
+ V(Ehi - Ehjgij + hi(581~gkk+ Zgjkgjk) (B.4)
1 - ki 1 T . 1 < k1 je
+ ng hi — Eh 8ij — ng h]gij)

Rii= r(%ﬁj(&hw— W(@hy; + Ah; — VA)

1 . 1 4 . 1.~ . N 14 L 1 .4
+ rz(— S = ZhS 4 I W = S + g VA

Lo o1 a 0 LA 333
+ AV + g A+ @l g - Sk — b — S Ag

VA — %@(Agk Y+ 2Ah; + %Ahigk ‘-~ %hj(ah)ijgk ")

N | =

1 . . 1 1 | 1 .. 1 L.
+ r3(f — Ahi+ =hihihy — —hhii; + —hibh' — =By + — g h;
4 2 2 2 2 4

1 . - 1 . . . 1. .
+ Eg'ik(hjh/hk — hjhjhk) + E(h,»hfhk — h,-h/hk)gjk — ZAgith

1 .. 1 . 1 1 1 . 1. . 1 . . 1 .
+ —Ahi + —hiAg K + —h,»A(—@,‘ kp—g ‘f") + —IA — —AgIh — —Ahig *
2 i R C R L 4 4 8T T g ik
1y kh.(lh./,f LTy lAg‘j) _ lAg-‘,hj) (B.5)
PAAEE U I T R A
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A A 1
Rij = Rij + Mihjy = Shihy
A ) 1~ A
+r V(ihj) — 3h(ih]‘) + (—A =+ Eth" — hkhk)gl-j — g(l-kV‘k‘l’lj)
— Wi + HENkg; — haV gy + 2hihagy F+ haVpg,t
I, e
+54 “(Nihy — hihj))
o 1 P I S,
+rl - E(A + hh™)(& — §"8,) + Ehihn(gj - &%+ Ehjhn(gi —&°&"
1

_EAgij_

1. . . 1 . . . 1. . .
+ Egl-k(hjhk + hihy) + Egjk(h,-hk + i) — b — S *(hihj + hih)

.. 1 . L., .. 1. .
Ehjhi - Ehihj(argkk+ 288 k) — —hihj — ZAgk kgij

1. .
—hh; —
! 2

2

1 T o, L o, Lo o L
— Zh,,h"gk kgij + ng khih,,gj + ng knih,g;"+ Eh hkgnkgij - Eh hkgmgjk) (B.6)

Here f\’,,j denotes the Ricci tensor of ¥, and - denotes the Lie derivative with respect to %, SO

hzﬁah, éizﬁaei, ]’l:ﬁah, etc. (B7)
and
Or(hi) = hi — &)k, O,(hy) = h; — (&)h;. (B.8)

Appendix C. Analysis of Gravitino equation

In this appendix we present the analysis of the gravitino Killing spinor equation. We first list
the components of the spin connection, and then investigate the gravitino equation

C.1. The spin connection
With respect to the frame (5.25) we have
det =0,
de” = (e — %rerﬂ Ah+ rdh+ rAet Ne — %r2aA Aet
1, | 1 .
+ Erer+ Ae  + ErSAh Aet +r(e” —rh+ Ererﬂ Ah,
del = (e~ —rh+ %rerﬂ Aél + del. €D
Also, if g is any function, then the relationship between frame and co-ordinate indices is:
1
0,8 = 0ug + ErzAg'

0g =3¢ (C2)

0ig = Oig — rgh;

15
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where §; = e/ i0;. It follows that the components of the spin connection are given by
1 .
Wi =—rA— ErZA
Wi g = l}'zAh — eréA + lr3Ah< — l,ﬁA[,.
+,+ ) i ) i B i 5 i
1 1
Wy —j = ——/’l,' — —rh,-
- 2 2

wy = —%r(ah),-j + %ﬂ(h,hj — hjhi) — ir%(ei)j + %rzA(éj)i

W_ 4 = 0
1 1 .
wW_ 4 = ——/’li — —rh,-
.+ ) )
W— —j = 0

I ., |
EES *E(e’)j + E(ej)i
Wi+— = %hi + %rfli
1 2 -] j ] A 1 2 . .
Witj = =T A((€); + (e/)) — Er(dh)ij +tor (hihj — hjhi)
1 .. Ny
Wi,—j = *5((91)1' +(¢/))
1 . . 1 i . 1 " iy
wijk = Qi + Erhi((ej)k — (€5 + Erhj((el)k + (&) — Erhk((el)j +(¢/)i) (C.3)

where §; j is the spin connection of ¥ with basis e (restricting to constant r).

C.2. Analysis of the KSE

Next, we consider the gravitino KSE (5.24). We shall first analyse these equations acting on
a u-independent spinor € = ¢4 + ¢_, and then apply the conditions (C.20), (C.21) and (C.29)

imposed by the bi-linear matching. We begin by analysing the « = — and o = + components
of (5.24).
From the « = — component of (5.24) we obtain the conditions
1 ., 3i ;
Orey = (—(e’)jFﬂ— —HfiF’)@ (C.4)
4 4
and

Ohe = F,(%(hi + rh)D 4+ %H+, + éH,»jF"/)q
X i (C.5)
+ (Z(él)jEJ* ZH_,-F!)E_.

Furthermore, on substituting (C.4) and (C.5) into the & = + component of (5.24), and using
the condition d,e = 0 which we have obtained previously, we find the following algebraic
conditions

16
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3i -1 1. 1 1 Ao i .
(—grzAH,-F‘ + E(I’A + EFZA) + (—gr(dh),] + Zrzh,-hj)FU + ZH+iFl)€+

and
F(irzAHJr + Lr2AH,~jFij + (irzAhi — lrzﬁiA + lr‘%Ahi — lﬁA@)I")@
4 16 8 4 4 8
+ (—irzAH T — l(rA + erA) + (—lr(ah)-» + lrzhh-)l“’j + 3y '].—‘i)f =0. (C7
8 ) 2 g g T g e = ED)

This exhausts the content of the @ = 4 and @ = — components of (5.24). The av = i comp-
onent of (5.24) is equivalent to

- 3i co 1 : 1 Lo i i
Niey + | —riH TV — —(h; + rhy) + —rhpy, T* + —TiH, _ — —T/*Hy + —Hin)e
+ (4 J 4( ) 4 ik 4 + 3 ik 2 ij +

T
+ (Z%jFJ + ZHijiJ - EH,,-)EEf =0 €9

Ve + (irh,-H,ij + i(h,» + ) + %rhﬂ'ikf‘fk - inm, - ér,-ka,-k + %H,»,-Ff)e
1 j i i jk L ooan 1 A (Y j
+ Zrh,-th‘ - ErhiH+_ — grh,»ijF + gr A’Yl] + Zr(dh),] + Zr hihj I
+ iHHEJ' - %HH)DQ -0 (C.9)

where

’}'/l-j = e’”,-e"jékg(ékmeén + ekmé[n)- (CIO)

C.3. u-dependence of the spinor and bi-linear matching

To proceed, note first that if € is a Killing spinor then so is C * ¢, where C * denotes the charge
conjugation operator. Also, € and C x ¢ are linearly independent (over C). We shall assume that
the bulk black hole solution is half-supersymmetric.

As all the bosonic fields, and the frame, are u-independent, it follows that if ¢ is a Killing
spinor then so is d,¢. This implies that there exist constants ki, k» € C such that

Oue =kie+kCxe. (C.11)
Now consider the Killing spinor
E=awae+ [BCxe (C.12)

for constant «, 5 € C. By choosing «, § appropriately (not both zero), it follows that there
exists a Killing spinor & such that

17
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0,& = ke (C.13)
for constant k € C, and hence
¢ =¢ckgp (C.14)

where 0,¢ = 0. If the solution is exactly half-supersymmetric, then any Killing spinor € can
be written as a linear combination of € and C * &, it follows that

€= leMd + bekC x ¢ (C.15)

for complex constants 4, . We shall require that the spinor has a well-defined near-horizon
limit, which implies that k = 0, and hence the Killing spinor € is u-independent.

Now, we shall assume that there exists a Killing spinor € such that the Spin(4, 1)-invariant
1-form Killing spinor bi-linear Z, where

Zo = (It — e, Ie) (C.16)
is proportional to the 1-form dual to the black hole Killing vector
0
V=—. C.17
o (C.17)
We shall identify V with Z, and set, without loss of generality
Z=-2V=r2Ae" —2e". (C.18)
In order to impose the bi-linear matching condition Z = —2V, we decompose the spinor €
as
e=e +e, e =0. (C.19)
The condition Z_ = —2V_ implies
el =1 (C.20)
and the condition Z, = —2V, implies
1
el = Zr2A (€21

We also require Z; = 0, or equivalently
Re ({e;, i e )) = 0. (C.22)

We shall use spinorial geometry methods to analyse this condition. First, note that we can
apply a Spin(3) gauge transformation as described in the appendix A, to set

er=f1—e) (C.23)
where f€ R. Note that (C.20) implies that 2> = 1. In addition, we set

e =p(l +e) + qlex — e2) (C.24)
for p, g € C. So (C.22) can be rewritten as

Im ((Ii(1 + e), p(1 + e1) + glez — €12))) = 0. (C.25)
It is straightforward to note that these conditions imply that

Im(p) =0, qg=0. (C.26)
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Hence
e =h(l+¢) (C.27)

for h € R. The condition (C.21) implies that 2h% = %rzA. In particular, note that A > 0. These
conditions can be rewritten as

i h
= —=IL
V2 f

and on using (C.20) and (C.21), this can be further rewritten as

€ €4 (C.28)
i 1
€= EnrAzllq (C.29)

where 77> = 1. We then compute the gauge-invariant scalar bi-linear, to obtain

Ble, ) = —2inprdA. (C.30)

We require that all spinor bilinears are analytic functions of r, and so rv/A is analytic in r.

C.4. Bi-linear matching: further simplification of the KSE

Next we substitute the bi-linear matching conditions (C.20), (C.21) and (C.29) into the KSE
conditions (C.5)—(C.9). We rewrite these conditions in terms of conditions solely on ¢,.
First, note that on using (C.4) it follows that (C.5)—(C.7) are equivalent to

1 1 1.
H, =nA2+ ErA’EA) (C.31)
Lt riy+ Lemm, — Loadm =0 (C32)
4 i i 3 i mn 277 —i .
3, | BN 1 . 1 11 . 1
. AH,,'+ —r(dh mn — T 2hmhn) imn+_H i+ AZ _hl+ hi - 3 imn mn =0
Y (8"( ) i € PRias i (4( rh;) g€ )
(C.33)
1, 3, S B P
— A" Hyy + —1°Ah; — —r*NJA + —r°Ah; — —r°Ah;
16 8 4 4 8
1 3 1 11 A 1 . 3 1
—EnﬂAzH_i - EnrAz(gr(dh)m,, — Zrzhmhn)eim”+ gnrAzHH =0 (C.34)

and it is straightforward to show that the KSE (C.9) is implied by (C.8) together with
(C.31)—(C.34). The conditions (C.31)—(C.34) determine all of the components of H, as

11 1.
H, =nA2 + ErA 2A) (C.35)

H ;= %nr’lA’%hi + %nAf%fzi + %nr’lA’%@A

| . 4, 1 1, (C.36)

- — AifAhi + —=r Ay (_ dh mn — hmhn) imn
6" 3 g/ (@ =T e
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lfimn i = —lhi + lrh,' + lA_I@,A — er_lAhi

2 3 3 3 3

s 1 . (C.37)

+ —nr- AN 2| =r(dh mn — hmhn l_mn
3nr Z(Sr( ) 4r )6

5 1 1 1. 7 la 7 1.
H.i = —=nr&2hi + —nr*Axh; + —nrX2V,A — —nr? N 2Ah
+ 677 377 1277 1277

(C.38)
2(1 A 1 .
+ g(gr(dh)mn - Zrzhmhn)fimn
which implies that
1 2 _1 1 .3
H = ndu Nd(rA2) + gnd(A 2h) + ET}A 2r-idrAdA
+ %r*l(dr +rh) A (A*l x3(dh — rh A h) + nA’%h - %nA’%dA) (C.39)
+ % *3(—=h + rh+ X'dA — rX'Ah),
or equivalently
1
H = ndu A d(rAz) + %(*3Y—|— (dr+rh) ANW) (C.40)
where

W, =3H_, Y;

_fimnHmn- (C4l)

C.5. Gauge field equations

Here, we briefly summarize some details required for the evaluation of the gauge field equa-
tions. In particular, we have

WH = %rdu Adh — %du Adr AR — (A2 + %rA—%A) dvol
+duA(dr+rh) A (%A’ldA + %nAf% x3(dh — rh A ﬁ))
_ %nm%du At — rh— AAA + r 1 AR
—(dr+rh) A (*3 (%nrlA_;h + %nA_%k + énr’lA_%aA - %nA_gAh)

+ %r*wldh), (C.42)

or equivalently
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1
*H = —du Ad(rh) + %nrAEdu A (k3Y + (dr 4+ rh) A W)

| ' (C.43)
- E(dr + rh) A *3W — n@,(rAz)dvolg.

Then the (urij) component of the gauge equations is equivalent to (5.29), and the (uijk)
component is equivalent to (5.30). The only remaining (rijk) component of the gauge equa-
tions then reduces to (5.33).
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