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ABSTRACT

There now exist experimental evidences for the presence of a
second energy gap in pure Niobium superconductors arising from the
presence of pair condensation in the second electronic band in
Niobium. The presence of the second energy gap is believed.to be
able to account for the deviation of the lontitudinal attenuatiocn
coefficient for the pure Niobium superconductors from the behaviour
predicted theoretically by the one-bkand model of superconductivity,
However, no theoretical derivation of the attenuation coefficient of
transverse sound waves in a two-band superconductor has been attempted
until recently.

Starting with the Suhl-Matthias-Walker two-band model of super-
conductivity, the formulation of the transverse wave attenuation
coefficient will be carried out, The two-band coefficient will then
be compared with recently reported measurements of the attenuation
in a pure Niobium superconductor, and it will be shown that the
existence of two energy gaps accounts for the observed results quite

well in both the longitudinal and transverse cases.

-~ vii -



CHAPTER 1

INTRODUCTION

I.1 Superconductivity

Superconductivity was first\discovered in 1911 by Kammerlingh-
Onnes, who found that a strip of Mercury cooled to liquid Helium
temperatures exhibited no measurable resistivity. Since that time
many metals and alloys have been discovered which exhibited this
property, and it is now widely accepted that superconductors have
infinite conductivity. It was thought for sometime that "perfect
conductivity" was the sole result of this phenomenon, until in 1933
Meissner and Ochsenfeldl found that a magnetic field is excluded from
a superconductor, regardless of the past history of the specimen,
Perfect conduétors would have been expected to "trap" any maagnetic
flux inside them as they were cooled below the transition temperature.
Thus if a normal metal is situated in a magnetic field and is cooled
below the superconducting critical temperature, TC, it would be expected
to trap whatever flux had existed inside it before the transition and
become a permanent magnet., However, superconductors do not do this,
and the property of flux-exclusien is known as the "Meissner effect.”
Thus supercenductors behave as perfect diamagnets and perfect conductors

simultaneously,
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Various phenomenological theories of superconductivity were put
forwardz, based on these two properties and the "Silssbee effect.” This
effect is that a superconductor will revert to a normal metal if it is
placed in a large enough magnetic field, or if a large encugh current
is passed through it.

The discovery of the "isotope effect"3 was the first clue to a
possible mechanism for superconductivity., It was discovered that the
use of isotopes of a metal, differing only in the masses of the ions
comprising the lattice, produced changes in various superconducting
properties, such as critical temperature, which depended on the ionic
mass. Since superconductivity was viewed as an electronic phenomenon
this suggested an electron-lattice interaction as the mechanism for
superconductivity. Cooper 5howed4 that the electron-phonon interaction
could result in a net attraction between a pair of electrons just above
the Fermi sea, and that the Fermi sea was unstable to such a pair, i.e,
that such a pair could find an energy state below the Fermi sea. Bardeen,
Cooper, and Schrieffer5, using this idea of the instability of the Fermi
sea against pair information, published the first microscopic theory of
superconductivity, BCS dealt with a number of properties of a super-
conductor and made predictions concerning these properties.

These predictions were compared with experiment to determine the
reliability of the theory. Among these properties was the isotope effect
and the electronic specific heatsé, thermal conductivity, ulirasonic
attenuation, and spin relaxation rate7, and energy gaps by tunneling

and infra-red absorption.2 Good agreement was generally obtained with



a few exceptions. Some of these deviations were atiributed tc fine
structure in the phonen spectrum, others to strong coupling and other
effects, Deviations in the transition metals, however, were not really

clarified by these assumptions.

1.2 Transition-metal Superconductors

Experimental investigations of the specific heats and penetration
depth98 led a number of workers to postulate the existence of two energy
gaps in transition metals as a means of explaining their findings. Later,
two gaps were observed in tunneling and other experiments by several
workersg, although disagreement on this point existslo, as will be
seen later.

To take into account the two-band structure of the transition
metals Suhl et alll had proposed a two-band model of superconductivity

and it was shownll’12

that two energy gaps would result. This may be
seen by utilisinb the method of Gor'kovla, starting with the SHW
Hamiltonian, as will be shown in section TI.3.

Recently, measurements were made14 of the ultrasonic attenuation
of very pure Nicbium. To analyse these results itwo courses of action
have been taken. If the energy gap is known as a function of temperature

a
then the ration Eé can be predicted, and the theoretical curve can be

n
compared to the experimental points. Conversely, best-fit methods can
be used to derive values of the energy gap from the data and these values
can then be compared to the known gap values,

Since the energy gap as a function of temperature for pure Niobium

has not been recorded accurately the first of these methods cannot be



utilised. The second can still be used to generate values of the gap,

this time in a "self=-consistent” manner. For any frequency of the sound
wave values of the gap against temperature can be computed from the data,
Since the gap should not depend on the frequency of the incoming sound

wave all these predictions should give the same gap at the same temperature,
Thus if the theory is self-consistent it must account for all attenuation
data with the same gap values. This is a necessary condition for any good
theory, although not in itself sufficient until the computed gap values

have been verified experimentally.

I.3 Two-band Models of Superconductivity

The idea that transition metals possess two electronic bands,

15,16 He showed

referred to as s and d, was first discussed by Mott,
how the d-band electrons were more tightly bound to the ions, leading
to a narrow band (high density of states) and large effective mass.
The s electrons, being relatively lighter, contribute t¢ the normal
transition metal's transport properties, while the d-band electrons
contribute to these properties not related to transport.

Two=-band models of superconductivity have been proposed.ll’l7
In brief, the model is always based on the existence of two electron
gases, each corresponding to a band., If these twec bands do not interact
the problem is separable and each band can be treated individuallvy.

So superconductivity can result if either band possesses a mechanism
giving pairing, in the BCS manner.4 Two transition temperatures, and
two energy gaps, can result from such a model if both bands can form
pairs. However, if the two bands interact, even if slightly, the lower

17

transition temperature disappears.ll Kondo showed™  that even if



neither band forms pairs an attractive interband interaction will result
in superconductivity.

To apply these ideas tc transition metals, in particular Niobium,
one must note that these metals have two bands: the d-band, which is
Narrow and hence the density of states at its Fermi surface is large,
and the s=-band, which is wide and hence the density of states at its
Fermi surface is small. In the Suhl-Matthias-Walker (SMW) model, which
seems most appropriate to the transition metal superconductors, we find

two energy gaps, as and Ad, such that A, > 35, but only one transition

d
temperature since there are non-zero interband interactions present.

It is impertant to note here that the two-band ideas do not
smoothly go over to the one-band model. In transition metals, measurements
of mean free paths in the normal state are generally made by observing
transport properties (such as electrical conductivity}. This means that
these measurements yield values for the electronic mean free path of the
s-band, the lighter electrons.

However, when a transition metal superconductor is analysed within
the one-band model, the energy gap which is computed must be the larger
of the two gaps, the d~gap. Hence it is not suitably to use values of
the mean free path deduced from transport properties in conjunction with

values of the energy gap deduced from properties of the superconductor,

as these quantities do not belong to the same electrons,



1.4 Evidences for a two-band Theory for Niobium

There exist many reports of deviations from the BCS theory in the
properties of transition metals. As examples we quote the work done on
specific heats by Sung and Shen8b and by Chow and.Burk9118; on magnetic
properties by Sunglg and by Wong and SungQO; on thermal conductivity

by Kumar and Gupta21 and by Vasudevan and Sung22; on penetration depths

by Radhakrishnanacg on ultrasonic attenuation by Falko23 and by Tan924g

cn spin-lattice relaxation by Falko and Serdyuk.25

All these authors conclude that the deviations which have been
observed are due to the existence of a second band in these metals.
Tunneling experiments have yielded some datas Hafstrom and MacVicar

%a that a second energy gap exists in Niobium, of magnitude

conclude
&s = 0.1 Ad, and a single transition temperature at which both gaps
vanish. This agrees well with the relative values cbtained by Sung
and Shen.Bb
On the basis of this evidence the transverse ultrasonic attenuation
coefficient will be derived on the basis of an SMW model with weak but
non~zero interband interactions, It is shown that this model correctly

14 Furthermore it is shown

predicts the experimental values of Carsey.
that the same numerical parameters will give good fits for the longitudinal
attenuation data of Carsey. The two-band expression of Tang24 ie used for

this comparison.



CHAPTER II

THE TWO-BAND MODEL

II.1 The Two-band SMW Hamiltonian
The two-band SMW Hamiltonian was first introduced by Suhl et alll
to describe the superconducting states of the transition metals,

The Hamiltonian, written in terms of the Heisenberg electron field

operators, is

H(t) = folr,t)dr
M +
hir,t) = ANSIRRLACIY + Whylrst) @, (r,t)
2ms 2"H

+ $V (rer Wiy (r,)00, (20,t)0g, (2500 4(r,t) a°r
+ svd(r"r')lp:;T (r't)’b;&' (I" !t)ll’dl (I' !t) "-pd"» (I‘.t) dsr'
f Svsd(r-r' )'Lb:AT (I‘ 9t)‘~|’:i (I" 1t)¢dl (I‘:‘.,t)'llldf (I‘,t) dar'

* Ivds(r-rl)¢;T(r't)¢;l(r'st)¢51(r'9t)¢51(r,t)dar'

{11.1)

(Sum over spins, keeping opposite spins opposed as shown.)

Here ms(d) is the effective mass of an s{d) electrong Vs(d) is the sum
over all two-particle interaction within the s(d) band; and Vsd(ds) is
the sum of all interactions arising from two electrons in the d{s} band
interacting and going over to the s{d} band, ¢:(d) (r,t) and ¢s(d) {r,t)

are creation and destruction operators, respectively, of the electron

field at position r and time t and with spin . In the expression for



the Hamiltonian (equation II.1) the third and fourth terms represent
pair condensation within each band, while the last two terms were
included by Suhl et al to take inte account possible interband pairing.
The last four terms correspond to the four processes A, B, C, and
D of figure 1.
There are other interactions possible, of course, However, it
is noted that for superconductivity, all electrons are paireds, and that
the pairs should have zero momentum and spin {(meaning that the electrons
of a pair have cpposite momenta and spins). Thus contributions such as
E of figure 1 would not be important since this would require and s and
d electron to ke paired. This pairing would be unlikely since the Fermi
surfaces of s and d electrons are not coincident and the electron-phonon

interaction gives a quick out-off above and below the Fermi level. An

electron in the s-band, of momentum p, such that e, - fhw_<e (p)gsFS + o

F

will not find a d-electron of momentum-p such that ¢

g 5

<egl(-p)<e. Hw
Fd Fd c
with which to pair off. Pairing between electrons from different bands would

d

- ﬁu%: J

not be likely. The mixed diagrams of the type of E (figure 1) can be
neglected.

Suhl et al applied the Bogoliubov-Valatin transformation to arrive
at the energy spectrum and to derive other properties of the model. For

our discussion, it is more convenient to use the Green's function approach.

I1.2 The propagator Equations of Motion

The propagator Gs( (rt,r't') is defined by

d)

Sy (ay (FEsr 1) = =1l (4 (] gy (rre) P



Figure 1
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where T is the Wick chroneclogical operator and < ... > indicates
an ensemble average over the ground state.35’36

The two-particle Green's function is similarly defined as

- - - - —— + + -
G. . P+ pid bty = - R bty 1+ )8
lJ(T I, rt,rrE,r0tr) T{¢i1(rt)¢il(rt)¢3l(r t )¢jT(r )}

In a BCS superconductor the potential is constant and attractive
for electrons near the Fermi surface, and zero elsewhere. The SMW model
also assumes this behaviour for all four potentials, VS, Vd’ Vsd’ and
vds' For electrons near the Fermi surface these are replaced by "9
“940 "9q° and “94s? respectively,.

To deal with the various two-particles propagators we use a
Hartree-Fock approximation modified to include pair-interactions

(figure 2).

The anomalous Green's function is defined by

FoqyFtore) = e 2@ 8 arf g ) g (e

2ip (t-tr)
e s(d) <T{ ¢:(d)T(rt) ¢:(d)§r‘t')}>

F:(d)(rt,r't‘)

The ensemble average over ground states is understood to mean an N-particle
ground state on the right and an (N * 2)-particle ground state on the

+

F
left for {F }.

Since we are dealing with Heisenberg operators, we have, for any

operator A, the relation

12 o )
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Figure 2, Modified Hartree-Fock Approximation
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Thus
Ao, 2
ti 3 ]lb (rt) = q ¥ (rt)tb (rt) ¢ (rt) + g b, (rt)\bd(rt)tbd(rt]
The equations cof motion for the Green's functiong are obtained as follows:
+
Multiply from the right by ¢S(r't') and from the left operate with the

chronclogical operator T3 then take the ensemble average:

2 L
<T[ig¥ ¥ %5—] ¢51(rt)¢:1(rt‘)> -9 <T[¢Zl¢si¢s?¢:T(r't')z>

M gsd<T{¢:l¢d¢¢dT¢:¥r't')}> (11.2)
Noting that

T{i g; ¢S(rt)¢;(r-tr)} = -id(rt - r'tr) + 1—— T {4, (rt)w ritt )}

we get

2 .
[t 55+ %ﬁ] STy (50> = a8t - rre) + o Tl gh gy (e}

9.4 I¢dl¢df¢sl¢sT(r't')z {11.3)

or
2

_ k") <
L éa"""" __;}_ G (I‘t T ) (It - rltl) - lgsGss(rt,r‘t;rt,ritl)

s
- ]
1gsdes(rt,rt;rt,r't )
Now, taking the equation of motion for ¢S

2
[~ %; + g;; ] ¢:(rt) = 9, ¢: ¢: ¢S + 94 ¢§ ¢; ¢S {(17.4)
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+
and multiplying by ¢s(r't') from the right, and following a procedure
similar to the one used above, we obtain after applying the modified

Hartree-Fock approximation:

2
) v, + =23 (t-t! +. t +
(-3 %% Y om T QMS]FS(rt,r‘t') = o2kl ) [gs<T¢s¢s><T¢s¢s(r't|)>
s

+ g STy < b (20t )>]

IT.3 Energy Spectrum of a Two-band Superconductor

The mcdified Hartree-Fock expansion of GS rt,rtsrt,r't') is:

d(
"<T{¢51¢5¢¢;jr't')¢;T(rt)}> = -<w51¢;(rrt-)><ms,r¢dl >
# <Thgpbgp><Tog g (z1¢1)>
- < e

-4 -1y 4+
= FS(O+)e 21p'd(t t) Fd(rt,r't')

The first term gives a negligible contribution; the second gives only a

constant addition to the chemical potential for Gss and s neoligible

contribution for Gsd; hence both may be ignored. So, eguation II.3
becomes

a V2

— e 1 = - Tt 1 +) + i +
[1 ST o Grtyritt) Salrt - x4 [ig F (0*) + ig, F, (0F)]

e'gi“s(t-t') F:(rt,r't')
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We define Fourier transforms by

Glrt,ritr) = ——§ dadapG(puﬁeip(r'r') - la(t-tr)
(2n)
e'Qi”s(d)(t't') F:(d)(rt,r't') = b [ 4w d3pF+(pw)eiP(r—r')—im(t—t')

(Qw)

Thus, Fourier-transforming the equations of motion II.5,6:

2

[t 5%; Jo (pw) = 1+ [ig F (0%) + 15 jF(01)] F, (pw)

1I.7)

2
_ _ B + _ + . +
[ - on + 2] Folpd) {19 F (0+) + ig, F.(0+)] G (pw)

Measuring energies relative to the Fermi level, so

’

; 2
“)__.'\)-psc ST"'—"—p— - IJ'

! 2m s
s

we have
[w - 2] 6,(p0) - {1g,F (0% *+1g Fy(on)] F, (pe) = 1
fw +e ] Er(pw) + {igFL(0%) + g, F (0%) }G_(p@d) = o©

i = . +) - i +
If we now define & 195F5(O ) 1ngFd(O )

—ana + — - + » +
and let g_, = g, , so that Ay = ig F_(0+) + g, 4F4(0+)

d

then dropping the primes, we have

+ -
[ed- sp] Gs(pa) + o F (pw) = 1 (11.9)

+ + _
[w+ ep] Flpw) +2G (pd) = 0
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In the Green's functions we have used so far we have implicitly
assumed the following convention regarding spins: for the normal Green‘'s
function G we assume that the spins associated with the two field operators
are alligned. For the ancmalous or pair Green's functions F we assume the
spins are opposed. This convention allows us to aveid the use of the usual
2 x 2 matrix notation for these functions.

Equation II.9 may now be solved for G and F*, to give

h)+ED
G (pw) =
s > 2 2
wo-e - la |
(11.10)
A
+ s
(pw) =
F, w2 - 2 - Ia 12
P 5

The poles of the propagator give the enerqgy spectrum of the system, so

that

Elp) = & .Jﬁﬁ + o )®

Similarly, the energy spectrum for the d electron is

_ 2 42
Ed(p} - i Jep + lAdl

This shows that each band has an energy gap, given by

la_|

. loF (0%) + g_ F (0|

a4 lagF lo+) + 6, F (09)]

In the limit of weak interband interaction (gsd<< .J‘gsgd) and
when the density of states at the Fermi surface for the d-band is much
larger than for the s-band the two gaps would have the gualitative

behaviour shown in figure 3.11
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CHAPTER I11

ULTRASONIC  ATTENUATION

IIT.1 Ultrasonic Attenuation in Single-band Metals

The ultrasonic attenuation coefficient in superconductors was
first derived thecretically by Bardeen, Cooper, and Schrieffers, who

found that

a

f = 2f(a) (111.1)
n

where f(x) = [ex/T + l]-l is the Fermi-Dirac distribution functien,
A is one-half of the energy gap (hereafter referred to simply as the
energy gap), and @, a. are the attenuation coefficients in the normal
and superconducting states, respectively.

The BCS calculation was based on the "Golden Rule" for calculating
transitions between states. They considered the emission and absorption
rates for phonons of a given wavevector and polarization. From the
difference between the two rates they were able to obtain the super-
conducting attenuation ccefficient. The attenuation coefficient turned

out to be of the form

a(T,A} = (functions of coupling) f(a)
(constants, etc.)

It was then assumed that the normal coefficient is given by a«{T,0}, or
in other words, that the mechanism for attenuation in the normal and

superconducting states is the same,

- 17 -
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The BCS expression (III.1) was compared to experimental data
on longitudinal waves and a good fit was generally obtained.27 Tsuneto
showed28 the general validity of the BCS expression for longitudinal
waves for all values of frequency and electronic mean path. For
longitudinal waves the electrons can lag behind the ions in their
motion; this will set up local oscillating electric fields, and hence
cause a change in the equilibrium position of the Fermi surface. This
correspends to an energy increase, which must come from the sound wave.
In superconductors such a mechanism is still reascnable and the BCS
treatment turns out to be correct for all frequencies and mean free
paths,

For transverse waves no density changes occur, so that the ions
and electrons do not lag behind each other. Hewever, local currents
are set up which will result in oscillating magnetic fields. These
will serve to alter the equilibrium value of the Fermi surface, and
hence cause damping. In superconductors, magnetic fields are strongly
shielded because of the Meissner effectl and such a mechanism would be
likely to give only negligible effects. Hence a zero-gap superconductor
would nct be expected to vield the same result as would a normal metal,
For transverse attenuation, therefore, the BCS treatment would not lead
to the correct result,

For normal metals Pippard obtained the following form for the
transverse attenuation coefficient:

_ quVF 1 - g{al} (111.2)

T einVy  alalal)
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where g = wave~vector of the incoming soﬁnd wave
N = number of electrons per unit velume
m = effective mass of electrons at the Fermi surface
¢ = electronic mean free path
Pion = ionic mass density
vy = velocity of itransverse waves in the metal

and the Pippard function, g(x) is given by

glx) = ——“‘%“" [(x2 + 1) tan“1 X v X] (1171.3)

2(x)

The transverse attenuation coefficient for a superconducter

turns out to be30
gNmV
a, = ""'“""5“ 2(1 - gl(qt))f(a) (111.4)
Pion t1

and this results in a supercenducting-to-normal ratio:

=]

= = 29(ql )f(a) (111.5)
n

as has been found by Tsuneto28 and by Levy.gl

111,22 Formulation

To deal with the sound wave in a metal, the propagator eguations
of motion are used to derive an expression analogous to Newton's Second

Law, (This is done in Appendix I.) The resulting expression is

-» >
< js(rt)> + < V.‘rs(rt)> = total force
on electrons (111.6)

2P
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To deal with these quantities we need to know the form of the
interaction Hamiltenian, i.e., the sound-wave perturbation., We note
that as the sound wave travels in the lattice, the Bloch periodicity
is destroyed and the rest frame of the unperturbed lattice no longer

28,32 The new frame in which the Bloch

supports Bloch's Theorem.
Theorem heolds is just the moving frame of the lattice. This amecunts
to a canconical transformaticn to a system in which the nodal surfaces
of the sound wave are fixed.33 Blount had considered such a transfor-
mation, but he used the unsymmetrised form which would result in only
half of the Hamiltonian showing up.34
The generating function for the transformation is:

. ] J

1 = l t - L - L}
F(x,p’) S PJ(xj ij) + Slx, ﬁ-)Pj

Here Q% is the ionic displacement associated with the ftransverse sound

wave
_ igz -1 t — -
B (rt) = glg 'L b g =g =0
and pi = %; , the new mcmentum operator,
i
and H* = H + %%, the new Hamiltonian,

Upeon performing these operations we obtain the new Hamiltonian

in terms of the new coordinates (primes have been dropped):

- -

_ 3 W Vs va Vg .
H = Sd r[ 2m5 + 2md ]

+ § [potentials in_terms of new
coordinates] d3r + Hy

(I11.7)



- 2] =

HI = Sdarﬁx(rt)[iamsjsx(rt) - ig T, (rt)

+ ioamdjdx (rt) - 19, o (rt)] {1711.8)

Now, following Tang24 we finally arrive at the relationg

2

m NV + m NV
2 2 E d d Fd
Pyon W BlA) - aB(g,w ) [ ]

+ l«)2@(“;)_[<1’_hs)‘;,hsx]>(q,°.>) + <[h‘x,h‘x]>(q.¢,§)] = {I11.9)

{rt}
Texe TH m i (rt) (111.10)

where hsx(rt) = Y Jex

and the correlation function is defined as

t
<[A,B]>(qd) = -1] dt" jdar om Wtrtr)=talz=2') raiey Brit) ]

{Henceforth hs(d)x will be denoted simply by hs(d)')

The appearance of the (1/5) coefficient here instead of the {3/9) appearing
in Tang?'s equation is due to the fact that we are loocking at the transverse
wave, Tather than the longitudinal wave considered in reference 24,

So, we can write:

Nm Ve + N

2 s"'s Fs "qVEd, 2
[ ™ Is Jq

w? = - W¥[<h ,h J>tq@) + <[hy,h ]>(g@)]

Pion

Now let g = k + iag, where a is the attenuation coefficient, and a<<k,
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Dividing by q and expanding to first order in % , We obtain:

2
+ NmV
4 0+ ta) - [<hgob P law)

2
igy _ Nsmsts
k)_ (

o
Pion 7: (1 -

2
-
e (

|-
=
o

+ <[hy,h 1>(qw)] 1 - (I11.11)

We note here in anticipaticn that the response functicns for the transverse
wave will turn out to be purely imaginary for the approximations we will
use, and will have a small real part in general, Therefore, on taking

the imaginary part of the above equation, and noting that

2 2
NmYV + N.m.V
@D

s 5 Fsg dd Fd -
5 ] where V. = -

2
t

p. > [ , wave velocity.

v
ion

Then we obtain the expression for the transverse attenuation coefficient

in the superconductor:

a = -Re ﬁ [<[hs,h5]>(q,w) + <[hd,hd]>(q W) ] (111.12)

I11.3 Random Phase Approximation and Screening

The response functions appearing in the expression for the
attenuation coefficient in the previpus section include long-range
Coulomb interactions, Although the effects of Coulomk interactions
are appreciable in normal metals for relativistic electron velocities,
they may be appreciable in superconductors for slower electrons.37
Substituting equation IIT.10 into III,12 we find that the transverse

attenuation is given by
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Vg P(a0) S m[5 5 > aw)

a : .
"My {<[Tsxz’35x]>(q°‘)) * <[Jsx’Tsxzj>{q‘°)}
+ gimilar d-terms]

The cross-terms are complex conjugates of each other, and their
imaginary parts cancel, so they can be discarded.. The remaining
two terms are to be evaluated in a sysfem which contains the long-
range Coulomb interaction. When the effects of the long=range
interaction are handled via the RPA, these response functions may
be expressed in terms of others evaluated in a fictitious system
with no Coulombk interactions, This is done in Appendix III. The

current~-current term becomes

<{3 3 > (qw)

] j = (a)x*’s{d}

<[Js(d)x’ Js(d)x]>(qw) = 4 §2 x*s{dix" o ’
me .

- q2 <[35(d)x’js(d)x]3 (g}

The zero subscript indicates that the average is taken over the
fictitious system, This term will give a neagligible ceontribution
when compared to the tensor-tensor term, The transverse attenuation
coefficient can now be written in terms of the fictitious 5ystemlwith

no Coulomb interactions {subscripts) have been dropped hereafter),
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2
4ne . 2
.2 = | <lt___si_ Plaw)]
¢ = -Re ¥ <[t vt Plqw) + q2 sxz’"sx
pionvt sxz? "sxz )
4qe . .
1 - -"q"'2' <[Jsx’JSX]>(qQ)
+ similar d-terms] (111.13}

The second term (and its d-band equivalent) is also negligible. This
term corresponds to the electromagnetic response and will become
appreciable only at high frequencies (Ruw~ As). The first term

(and its d-band equivalent) corresponds to the so-called rcollision
drag." Both such terms were treated by Kadanoff and Falko for the
single-kand nndel.30

The transverse ultrasonic attenuation coefficient for relatively

low frequencies (below 109 Hz for pure Niobium) is then written as:

. 2
a = - Re *Lrme- t<in Plaw) + <[x ,tdxz]>(q¢°)] (111.18)

T
sxz® ‘sxz dxz

Pion t

where both response functions are to be evaluated in the screened system,

Ii1.4 The Transverse Attenuation Coefficient

Non-magnetic impurities in the two-band superconductors perform
four roles: they lead to s-s, d-d, s-d, and d-s scattering. The first
two are the intraband scattering processes, while the last two are the
interband scattering processes which lead to transitions of electrons
from one band to the other. The rates of transition for these processes

are given by
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m_p
s' Fs 2
as ~ 17,2 I<|Vsd‘ > df

3
I

m.p
"d°Fd 2
5 j<{vdsi > dN

4y

sd

where n; is the impurity concentratiocn, and ms(d!st§d2 = N (0)
an2 s{d)

1“‘ds(sd

rate for d-s (s-d) transitions. The intraband scattering rates can be

the density of states at.the Fermi surface. ) is the scattering
similarly defined,
With these definitions borne in mind, using the methods qutiined

in Appendix III we arrive at the following integral expression for the

normalised transverse attenuation coefficient

+o0
Z f@dwﬁ%&u NimiVFi[l - ci(co)]vi'l[l - 9(y;)]
4 _

i=s,

Yy NmY L alaly)
al, 2Taty)

i=s,d

where {s(d) = Ps(d) VFs(d) is the mean free path of s{d) electrons,
g(x) is the transverse Pippard function defined in section 1II,1, and

all other quantities are defined in Appendix ITI.



CHAPTER 1V

APPROXIMATIONS AND NUMERICAL COMPARISONS

iv.1 Approximations

The most general assumption that can be made is that all the

scattering rates (FS, Ty Py and T 5) are of the same order of magnitude,

d d
However, with this assumption, none of the integrals in equation III.4 can

be solved analytically. Furthermore, the attenuation coefficient will

then depend upon the interband scattering rates ' g)? and these

sd(d
cannot be measured experimentally. The adoption of this assumption
will then lead to a dead end, as no numerical analysis can be made.
If, on the other hand, we assume that the interband transition
rates, Psd and Pds’ c

I11.15 can be solved snalytically. In such a case, the transverse

an be neglected, then the integrals in eguation

attenuation coefficient becomes

N.m_V N,m,V
221 - glabe)le(a) + 2 3 1 - olaby)Ieley)

Is _ & _ 4

N Ves [ -9lal)]  NymiVes 1) - glat))

a
h g(q‘s) td QEQOd)

n

f(Ad) (1v,1)

1v.2 Experimental Data

Carstyl4 has measured both the longitudinal and the transverse
attenuation in a single superconducting Niobium specimen of RRR = 7000.
However, we noticed that his transverse attenuation data did not fit the

single-band expression for the transverse attenuation coefficient

- 26 =
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o

f = 2g(qb)f{a).
n

First of all, at the transition temperature, where & = 0, we should have

=y

(=)= = glql).

n

ct1

For the RRR 700C specimen, where q@ % 1 for the range of frequencies used,
we have g(ql )<1. Thus a discontinuous drop in %E'would be predicted,

n
from the value 1.0 just above the critical temperature to g(c;ﬁ) just

below Tc' However, Carsey foundl4 that the drop amounted to a different

value corresponding to

g'(ql) = glql) + L=alad)

1.6 !

Next, we saw that below the transition temperature a fit could
be cbtained only by assuming different gaps for different frequencies,
(longitudinal and transverse). (See figure 4.} No single gap relation

was able to fit the data for all the freguencies used.

IV.3 Results

The two-band transverse attenuation coefficient is used to fit
the transverse data (16.5 and 51.0 MHz), while the two-bsnd longitudinal
attenuation coefficient obtained by Tan924, which was evaluated within
the same approximations we have used, was used to fit the longitudinal

data (21,0, 42,5, 80.0, 110.0 MHz). Tang's result is

o, M Ve Glal )E(a)) + oNym e Glalg)E(ay)

44
Ln N_m Ve Glaby) + Ngm Vo Glad )

(IV.2)
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where
G(x) = 1 x2 tan-l X _ 3
3 x - tan x '

The attenuation coefficients are expressed in terms of the

parameters fs, Pd’ NymgVeg

NmV

, & , and &
3
s 5§ Fs

dq° Initially, all of these

parameters were varied and it was found that the attenuation coefficients

NgmgVeg
were not very sensitive to changes in e ' t s Or . Best fits
s’ *d NsmsVFs

were obtained for the values

t

S

&

N ™4 VEg

Nsmsts

40 x 10‘.4 cm

20 x 10”4 em

I

= 80

These wvalues were then held fixed, and best fits used to obtain

values of as and &4,. Finally, the values of the parameters [S, !d’ and

d
Ny Veg
Nm V. were varied slightly to obtain the possible spread. This gave
$ s Fs
{, = (4020 x10™ em
ly = (20%10) x 1074 em
N mV
ﬁgagvgg = 80 %15
s s Fs
¢
and Eé ~ 2,

o
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The energy gap was plotted for each frequency and mode, as
shown in figure 5. It is evident that these values are self-
consistent, as contrasted to the widely differing single-gap results,
The relatively sharp rise as the temperature drops just below Tc is still
a feature of these results., Accurate experimental data below 0.3 Tc
is not available, but &, appears to be about (2.0 + 0.2)ch. The smaller

d
. . 9s,8b
gap agrees with the relative values found before

s With ﬁs ~ O.IAd.

As a measure of self-consistency, the best-fit average gap found
from the longitudinal data was used to plot thecretical curves for the
two transverse frequencies, shown in figure 6. The transverse data
average gap was Similarly used to plet a theoretical curve for the
longitudinal frequencies, shown in figure 7.

The transverse curves fit the data quite well. The value of the
attenuation at the critical temperature is seen to agree with Carsey's
experimental results with no need to introduce empirical adjustments.

The longitudinal atienuation expression IV.2 is insensitive to
frequency variations, and for the frequencies under consideration the
same curve results, This fits the 110.0, 80.0, and 42.5 MHz data quite

well, but a slight deviation from the 21.0 MHz data is noted. The

agreement is, however, still superior to the one-band model,.

Iv.4 Theoretical Considerations

It is evident that our neglect of interband impurity scattering
has not affected our results, since a good fit was obtained. However,

it is seen that atabout 0.25 TC the attenuation drops to negligible
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values, Although the two-band theory does predict a lower attenuation
than the one~band theory, neither can account for these low values.

Tt is possible, however, that if the interband impurity scattering,
though small, is not negligible, then our results would have to be slightly
adjusted. A semi~quantitative analysis of this situation indicated that
the electronic mean frée paths would be slightly longer, which would cause
the attenuation te drop. These results depend upen the relative values
of FS and rsd and their experimental verification is not obvicus. The
low-temperature data available is inaccurate, in any case, and no concrete

conclusions can be reached.



CHAPTER V
CONCLUSION

We have shown that the use of a two-band model to describe
ultrasonic attenuation in pure Niocbium superconductcrs is far more
satisfactorily than the use of a single-band model.38 The two-band

mcdel, when applied teo transverse sound waves, was seen to describe
the relatively high attenuation at the critical temperature as well

as the steep drop in attenuation as temperature drops. The relative
values of the two energy gaps agreed with those obtained by previous
authors investigating Niobium superconductors. The values of the
electronic mean free paths for the twe bands, being close together,
agree qualitatively with the single-band result of Carsey.14 Carsey
deduced the electronic mean free path from attenuation in the normal
state, and in the spirit of the two-band model the value he obtained
should be a "hybrid" of the electronic mean free paths of.the two
bands; the values cbtained for these paths were both close to that
of Carsey,

We have shown that the data at all frequencies yield the same
gap dependence on temperature, and hence that the theory is at least
self~consistent. The gaps do not exhibit a BCS behaviour, however,
until relatively low temperatures are reached. This is not too
surprising, since Nicbium is not considered a wehk-coupled super-

2 . . ;
conductor”™, whereas the interactions we have considered are those of
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weak-coupled superconductors. To treat the strong-coupling case a
knowledge of the phonon spectrum would be required, and this is not
possible at this time. However, we have shown that within this
disadvantage, the two-band model gives the self-consistency required.

In conclusion, we have shown that, based on the evidence
presented in this thesis, and on the evidences presented

befored?9r18:19,20,21,22,23,24,25

the two-band model of super-
conductivity offers a superior basis to the one-band model, from
which fo describe transition metal superconductors similar to

Niobium.
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APPENDIX I
DERIVATION OF THE FORCE EQUATION AND THE DISPERSION RELATION

The equations of motion {II.1) are subtracted from each other
to give

-3 2 L v u {r,t)+ u (z't')]6_{rt,r't") (AL.1)
3t ot* “om. T o2m, T e s s0 7

us(r,t) is the sound-wave perturbation as felt by the s-electrons.

Operate from the left by Vi - vi :
2i
v, -V, V.49 . V.-V
.8 .8 i- ' VIR R B
—_— b v v tfe
(1a.t + 1 atr)ms Qims Gs(rt!r t ) + ( J+ J)ms( 24 )( Qims)GS(rt’r )
Vi - V£
- —— - P LB - .
o [(us(rt) us(r t ))Gs(rt,r )] 0 (A1.2)}
Set t' = t+ and r' = T [t =t + ¥, 0 and infinitesimal ]
8 . iVs ViYL VY
L 3etmg 2im_ G lrtyrt)] 5, + 1V, L0 N 2ims)Gs(rt’r't+)3r1=r
ViuS(rt)
=+ = [6_(rt,rt+)] (AL.3)
However, we recognize two quantities:
the density <n5(rt)> = % Gs(rt,rt+)
the current density <§ (rt)> = L [(V-V')G (rt,r't+)
5 i 2im5 2 ! r'=r
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and we define a new quantity,

3

10, V=V V-V
< So AP eNIDY e NEY '

the stress tensor T(rt) i[( Qims)( > )Gs(rt,r t+)]r'=r

So,
a - - :; > N
— < > < > = - >
m. 5% Js(rt) + V.Ts(rt) Vus(rt) <n5(rt)
equivalent to equivalent Total force on
Q_( to torque, the s-electron system,
gE(mv)
change of linear Change of
momentum, angular
moment um

=

If #(r,t) is the ionic motion about the equilibrium point due to

the sound wave, then Newton's second law gives:

2 - - -
w2 gzt) ZeE(r,t) + F, _

at2

3
where E is the electric field due to any non-electronic sources,
Fie is the total force of the electrons on the ions

Ze is the ionic charge

and M 1is the jonic mass.

Also
a_ > >3 > > >
<ms At js(r,t) + V.ts(r,t)> = -NSeE(r,t) + fse,i + fse,de
N > = > N >
and <m g¥ jd(r,t) + V. ;d(r,t) = -NdeE(r,t) + fde,i + fde,se

(A1.4)

{A1.5)

{AL.6)
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where Ns( = number of s(d) electrons per unit volume,

d)

fs(d)e,i = force of ions on s{d) electrons,

f = force of d-electrons on s-electrons
se,de

£ = force of s-electrons on d-electrons
de,se

- -

Newton's Third Law gives f

se,de -fde,se, and

Ns + Nd >
PR B——— = - +
( Z )Fi,e (fse,i fde,i)
This gives
2 e e > - o
J 3 ' 3
wdBet) o _Z o ddsleat) L 9T gy + o 20T 4 93 (r0)>
at N +N 8 at 5 d d
s d at
So - - -
) . - a4 - >
ad(r,t) _ Js {r,.t _— Jglr,t) 3
= = < + + +
Pion at2 M &t Vi (r,t) d at V.rd(r,t)
(AT.7)
> _ . igz~iwt
For a transverse wave @(r,t) = (#?(qw)e , 0, 0)
So
2 . aj (I‘ 't) 5 - . -
. ooWy B(r,e) = <m Zsx 8iq,. (r,t) 2
plOn ﬂ ’ ) 5t + V'Tsx(r’t) + md _._CB..—-_,._ + V.de(ryt)>

ot

The transformation of coordinates to the moving system means
that operators are written as

fixed moving
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Performing this operation, we obtain

ajs}((r’t) 32 - 83 r,‘t) 2=
<m_ ZESX T+ v.'csx(r,t)> <ms_§¥;__ + V.’csx(r,t)>

s at fixed moving

-CDZmSNSQ(r,t) v g Blr KT > (AT.8)

to first order in #(r,t).

Upon evaluating the right-hand side of equation (AI.B), and
To(@ (it o og Js(d)x (rst)
Q s(d)

defining hs(d)(r,t) = q

we obtain

2
NmV
2 - 2 2 5 5 Fg
pionw Q(rSt) - ‘-w (mSNS + mde)Q(r’t) + q g(r!t) 5

- <[h5,hs]>(q,w ) W2 @r,t)

2
N,m,VY
d d
+° Plryt) 5 - <(hy,h P lgw) W)

(AT.9)

The first term in {AI.9) is negligible. This leaves

2 2
+
NmV N 5

m,V
o = (R R) oF [ fh h Plqw) + <lhy,h P (qw)] W

(AI.10)



APPENDIX II

RANDCM PHASE APPROXIMATICON AND LINEAR RESPONSE

The Green's function in the presence of the sound wave is altered,
35,36
Ye

Glrt,r't'sU,W) = <T5¢L—§%%SLA £1)>

where

S = exp { ‘J‘j d I‘"dt"[U(I‘"‘t")J {rlt!!) + w( ||-t||).-|:xz(rutn) ]}

and U,W are regarded for now as variable functions. The second band
may be neglected in this analysis because all operators pertaining

to one band commute with those cof the cother band, The.results obtained
here are true for either band.

The functional derivatives of S are:

3 S Ve

——— = - 3 HE AL = 3 _______'____X + 14 n4n
6U(rntn) 183){(1‘ t ) 18{ 2im (r t ) (r t ) }r"‘* .
Vv - v -V
b _ . - - s xn X zn P + " " e
W( ll-tll) - -ls XZ(r t ) 18 {( 2im ) 21 '4’ (r tt )11’(1' t )}

rl!l‘: rll

Consider the functional derivatives of G

__bég..__. - - TjUL"t“) 1b(rt)'¢ (I‘ e )>
bU(I‘"t") <75
<rsb(re N (re )> 58
o <TS>? T SGEmry

- 41 -
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Sao
vxll -vx“' + +
a0 - (TS{ —2im P (r"‘t")\b(r"t")}r",_, r||¢(rt)¢ (r't')>
sU(rme) ,
<TS>
+ 2nd term
vx" = Vx“l
- [( 2im ) Gz(r"t",r‘t;rit! st ]I‘"'_' L
sULW,
vxl‘ = xl"
Wlre,ortsuW,) [ S Glptr rr ) ]
. 3 U'w THi=pt
Therefore
bG v " - e
b—-—-——-—-——-—-—-U(r"t") = [(_E_E.En_ﬁ._) {G(rt,r't‘;U,W,) G(r"t",r"'t"‘*‘;U,W,}}].
= Gztrts I'"t";rltl 91'""t“+; U,W,) }]rlll-br!l
Similarly

Vouw = V_u,

—RG ={ (-E'“-E.—*-Z'—) as ahove ]

5 W(rntu)

1 rl!!.—arn

These functionzl derivatives may be viewed as the response of the

system to the external perturbation.



We may define response functions:

Lj(rt’r"t";r't"r”t""') - 3G{rt, vt

sU(x"t")
U=W=0
and
3G(rt,r't!
LR ISR &) " 4 = __.(___.I__.__).
Lo(rt,ontiyri ey, rotnsd) rTenrT)
U=W=0
We may also define, for convenience,
L (ztyrntmrttr,pmrtnh U0 = Glrt, ot 3U,W)G(z"tr vty U W)

= Gy{rt,rrtnr it Tt ULW)

Then, for any of these functions, a boundary condition is satisfied26=

L{zt,z"tr;r' ¢, crtnd) = L{rt,rrtrir'ttyretn+)
=0 t=-ip

Hence, the response function can be expanded in a Fourier sum-integral:

3 3! 1 =t =3 -t
I..(rt,r"t";r't',r"t"+) = “-J. .d.-l—(.g-._k— i L(k,kr , L }elkr ik'r lnv{t t )
6 LY v
(2m)
where flv = -g; , v = even integers (from the Boundary condition).

Let us consider the Hariree approximation:

; & + ?2 + i TP 3 . " W
Fat" 2m- Y% 71 J d rndtrv(r-rv) & (t-tv)G  (zetr,rrtesu, )]
o]

x G(rt,r'trsU,W,) =8 (rt - r't’)
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-1 ) = i a V2 3 .-1B 3 ' "
G “(rt,rrt'yu,W) = [i 3t + " Up + 4 J d rrdtrv(r - rm)s{t - )
0
G(r"t",r“t'?;U,W,) ] B (rt - rltl)
where Up = all single-body interactions,
v T the electron-electron interaction,
So

36 (rt rit UMW) - J

3 "e ne - LLI ] - ne
ULz L) d rmrdtrev(r - r) s(t - tur)

bG(I‘"'t"' .r"'t"'+:_U,ﬂ.)

x bU(r“,t") 5 (I‘t - I"t')
The definition of the inverse is
—13
J d3reat Glrt, ot UNIGT (ot , o e UMW) = b (ztertte)
)
From this definition it immediately follows that
5G6{rt,rrt'sU W) _
(iu(intu) L= G(rt,r t*UW)G(rrtr,rr t!3U,W)
-ip -ip
. ) i 3 3 , e
-i J ] @Prydrdtdt Glrt,r t s UMIGT by, 7t 5 UW)
C o
3G(7 b, 5T b+ UW)

x virg = 1) 8{ty - t,) T sU(rt")
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So
L(rt,r"t“;r‘t',r"t”+ ;U,W) = G(rt,r"t";U,W) G(rntn’r|tn;U,w)
_iﬁ
-3 jj ¢ dr at Glrt,r. t_;U,W)G{r. t.,r t sU,W)
o 3 a4 3 s 3 3! * 3 3! LI |
" + I|+
X v(r3 - rd)L(r4t3,r"t jT4tqy, Tt ,U, W)

In the fictitious system where electreon-electron interactions are absent,

we have v = 0, so define
Lo(rt,rntuirltl ,I"'t"+;U,W) = G(rt,r"t";U,W)G(r“‘t"+;:r"t‘ .U,W)

Note: These results hold for any correlation function by using the appropriate

]
LA : Ny o pw
5im for Lj’ and letting r ™.

operators, e.q.

Lo satisfies the same boundary conditions as L and hence its Fourier

components Lo(k’flv) may be similarly defined. From this we get

Lk, ) = L (k) {1+ v(k)L(k, 52 )]

where v{k) is the Fourier component of v(r}. So

L0 {1 -voL(k, 00} = L (k)
So
L (k,£2 )
Lk,1 ) = -t
1 - vik) L (k,02)

The "screened" response.
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To evaluate the response functions occuring in the attenuation

coefficient we note that

(v Pla,w ) [Kj") U=
LI i Plg,w = —W=
X% sU(zute) W 0
c ;T ) = b<F o>

[TXZ,JX] Q!w - [bU(rlltl!) ]q’w’U:WZO

[5<sz> 1
bw(rntn) q,w ’Uzw:o

<1:sz ;;z])(ch w )

and hence, we get
aU d <12
Xz’

eff
+
q, @ ,UFW=0 L sW ]Ch'é

L4

&5 %
[~SX22

b Uags

T TP aw) =

Ueff=0

where Ueff = the Hartree selfeconsistent field,

Therefore we get

<[ 23 7> (qa)ane’q %[i 1. 1> {
TXz] >(qw) = <[z _,F ]>o(qaa)-+ [sz Jx] o 9 ¢4 [Jx sz] 0 aQ)

<["E s
2. -2 .
XZ'XZ 1 - 41-|-e q <[JX,JX]>O(QQ)

xz?



APPENDIX III

EVALUATION OF THE RESPONSE FUNCTIONS

The correlation functions we will need are defined as in
Appendix II. However, they will not be translatien-invariant, so

that Fourier transforms must be modified:

. 3 3
L{rt,rvtmsritt, o) = -1 ] f I ?—2?32 L(p’Q,21’22)
2
Vivo

" ei(p +g )r - izlt e—i(p - g)r' + izt

< eiqr" - i(zy-zp)tn

where 2, = im viT, and vy runs over all odd integers.

The Fourier=transform of the Green's function is

3 . \
Glrt,r'tt) = -TZ 9—5—5 elkT-1Zt ey o
1
vl {2nm)
Congider the correlation function LT:
N 141 n+re = bG(I‘t.I"t':U.W)
LT(I“t,I‘ t ,I‘ t ,I‘ t ) [ bW(I‘"t") ]U:w:o

~ip
=], == = -
- 3= 3=, == — ==y 3G “(rt.r't®)
Jv d I‘d r dt dt (rtgrt) bw( ||’tlr)

Glritr,rrtr)
]

vu - V"l V" -yt

[(-% 5 X )(—“2:_”11 Z236(rt,rm tm)G{rrtr,rrt )]

"t - n
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V-V V-V

* - x z z L 1] ] 1" "
But<fr v I(qw) = [(F5r R (5550 (rtrmtny oot o) ] (q,08)
S0, after some algebra, we get

' 3 p2p2
= dp X'z g _a
<[TXZ,TXZ]>(Q,2) T ‘ij (2n)3 5 Glp + 1 zl+z)G(p o0 zl)
1

The Green's functions appearing here are the impurity renormalized

Green's functions36,

0.2) (z) + E;(z)
Gglpsz) = 5 B
®  (z) - Eps - 55(2)
~ _ il ESS(Z) lr\d Esd(z)
where COS(Z) - z + L?-e-ns(z) + > f‘(‘i(z) .
ir B (2) iT . E.(2)
et _ 5 sd d
As(z) . ?Z(z) M Ed(z)

with two similar relaticens for the d-quentities:
%;(d) :hj f32 - B
s(d) s(d)

The integral over p can be performed, and the freguency sum neglected

replaced by integral30, and after some algebra,

+oo
- . _@2 af!tﬁi pF -1
<[15x2’rcsxzj>(qz) - '12.,[._0“2” 3> 3ﬂ5q L - CS(O))] Yo [z - Q(YS)]

iqV
where y = -—-F—S.(g)_ s
s{d)  2Imeg(q)
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f(w) = the Fermi-Dirac distribution function,
2
G%{d! _ 1
52
- . s{d}
Cs(d)(“\))
e
Boa)
?\'2
s{d)
and g(x}) = —§§ [(x2 +1) tan™! x - x]

2x
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