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a b s t r a c t

We develop two approximations (CG3 and CGn) for pricing arithmetic Asian options. Approx-

imation CG3 utilizes a compound gamma distribution of the price average. It is calibrated by

analytically matching the first three moments. Approximation CG3 outperforms many other

existing approximations. Approximation CGn expands CG3 by utilizing the concept of or-

thogonal polynomials and matches n > 3 moments. It produces “near-exact” results, within

1 s, when volatility and maturity are not too high. Two useful insights of our work are (i)

demonstrating that orthogonal polynomials can be used effectively to improve accuracy and

(ii) showing that matching higher moments is beneficial.
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1. Introduction and motivation

Asian options are path dependent securities which are one of the most difficult options to price and hedge as they do not

have closed-form analytical solutions. Arithmetic options, having a payoff which is a function of the arithmetic price average,

are the most common type of Asian options (e.g. Milevsky and Posner [27]). The averaging associated with Asian options makes

them less risky than plain vanilla European options and as a result are much cheaper (See Kemna and Vorst [24] for a proof

that the price of an average-value option is less than that of a standard vanilla option.) Consequently, they are very attractive

especially for thinly traded assets or commodities such as gold or crude oil, since extreme price manipulation is inhibited by

the average (e.g. Kemna and Vorst [24]). In addition, arithmetic Asian options are used to hedge the risk of the exchange rate of

money flowing over a given period (e.g. Hull [20]). One local motivation for our research is using Asian options to hedge the risk

of gasoline price fluctuations. In Lebanon, the ministry of energy uses a four-week moving average forecast (of the delivery price

in the last four weeks) to set the price of gasoline on Wednesday of every week. As a result, Asian call options can be used to

hedge the risk of gasoline price fluctuations.

While significant research exists on pricing arithmetic Asian options (e.g. Ju [23], Kemna and Vorst [24], Levy [26], Milevsky

and Posner [27] and [31], Turnbull and Wakeman [33], and Zhang [36]), no exact closed-form formula has been developed.

The difficulty arises from the fact that the arithmetic averages of lognormally distributed asset prices, following a geometric

Brownian motion has no known distribution. In this paper, motivated by the findings of Milevsky and Posner [27], we utilize an

approximate compound gamma distribution for this average, which is a gamma distribution having a random scale parameter

also following the gamma distribution (e.g. Dubey [14]). We then develop a novel closed-form approximate pricing formula,

CG3, based on matching the first three exact moments of the arithmetic average with this distribution. Our extensive numerical
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study shows that CG3 performs well, with an average percentage error of 0.026% for short maturity (of 1 year) and 0.0443% for

long maturity (of 3 years). When compared to approximations in its league, those which can be considered closed-form (namely,

[23,26,27] and [33]), CG3 is consistently ranked among the top-two in terms of accuracy, while being easy to use and understand.

CG3 performs its best for low volatility and short maturity, as we observe in our numerical study.

In an effort to improve the accuracy of our approximation, CG3, we utilize the concept of orthogonal polynomials to develop

a generalization of the compound gamma distribution with a large number of parameters. (See Mourad [28] for a background on

orthogonal polynomials.) This leads to a refined approximation, CGn, which matches n > 3 moments. The addition of correction

factors resulting from higher moment matching via orthogonal polynomial improves the accuracy of our approximation, with

an APE of 0.0022% for short maturity and 0.0361% for long maturity, and with a higher ranking among similar approximations.

Specifically, CGn ranks first in all cases except for cases with long maturity and high volatility (σ ≥ 30%) where it ranks second

after Ju [23].

Our main contributions in this paper are as follows. First, we develop two novel closed-form approximations CG3 and CGn, for

pricing arithmetic Asian call options with high accuracy. Second, we develop a new ad-hoc orthogonal polynomial and introduce

a novel approach for pricing Asian options, and possibly other exotics, by matching higher moments via these polynomials.

Finally, our research shows how matching higher moments significantly improves the pricing accuracy, which is a useful insight.

The remainder of this paper is organized as follows. In Section 2, we briefly review the related literature. In Section 3, we present

our model and assumptions. In Section 4, we discuss the compound gamma distribution and derive our CG3 approximation. In

Section 5, we derive CGn which is an improvement of CG3 using orthogonal polynomials. In Section 6, we develop the deltas

of CG3 and CGn for hedging and replicating purposes. In Section 7, we present numerical results comparing our approximate

pricing formula to other approximations in the literature. Finally, in Section 8 we conclude the paper and discuss ideas for future

research.

2. Literature review

The literature has explored many ways to price arithmetic Asian options, including among others, finite difference, analytical

approximations, bounds, and Monte Carlo methods. The literature, however, can be classified into two main streams. The first

stream uses Monte Carlo simulation and numerical techniques; e.g. Airoldi [4], Benhamou [5], Boyle [8], Boyle et al. [9], Campolieti

et al. [10], Joy [22], Kemna and Vorst [24], L’Ecuyer [25], Mudzimbabwe et al. [29], Rogers and Shi [32], and Zhang [36]. Even though

simulation and numerical techniques are accurate pricing tools they are time consuming and require significant computational

effort. As such, there is a need for efficient closed-form approximations, similar to ours.

The second stream, to which this paper is closely related, develops closed-form approximations and bounds. Examples of

bounds are as follows. Curran [11,12] develops bounds by conditioning on the distribution of the geometric mean. Vanmaele [34]

uses comonotonicity to develop bounds for discrete arithmetic Asian options. Rogers and Shi [32] develop tight lower-bounds by

reducing the problem to a PDE with two variables. They, however, restrict the options maturity to exactly one year and require

numerical techniques to obtain the bounds. This implies that one cannot rely fully on the bounds as an efficient alternate pricing

tool and motivates the need for accurate closed-form approximations.

For developing closed-form approximations, the common approach in the literature is by approximating the arithmetic

average which has the same distribution as a sum of lognormal random variables. Examples of such approach are as follows.

Deelstra et al. [13] use moment matching to approximate the arithmetic average by lognormal and log-extended-skew-normal

distributions, and derive approximation for Asian and basket options. Their approximation approach is shown to be accurate for

long-term maturities. Turnbull and Wakeman [33] use the Edgeworth series expansion to approximate the arithmetic average

using a lognormal distribution as the base distribution in the expansion. Even though a closed-form formula is developed,

the accuracy of the approximation deteriorates for long maturity and high volatility. Similarly, Levy [26] uses the lognormal

approximation. He, however, does not use the Edgerworth expansion in [33]. His approximation is shown to be more robust than

that of [33], although it suffers from similar inaccuracies.

Milevsky and Posner [27], motivated by analytical results on continuous averaging, use an approximate reciprocal gamma

distribution for the arithmetic average. A closed-form pricing formula is attained which outperforms both [33] and [26] in terms

of overall accuracy. What is interesting about [27] is its insight on the true distribution of the arithmetic average being “close” to a

reciprocal gamma distribution. In this paper, we build on this insight and propose the compound gamma as a refined distribution

of the average. Numerical results demonstrate that our approach is more accurate than [27].

Posner and Milevsky [31] approximate the distribution of the average to the Johnson family of distributions. The main

advantage of this approach is the ability to equate higher moments because of the Johnson’s four parameter structure. Even

though an accurate formula is obtained, numerical techniques are often required. Our enhanced pricing method generalizes the

compound gamma via orthogonal polynomials which allows matching higher moments similar to [31]. However, unlike their

approach we typically match higher moments beyond the fourth order.

Ju [23], alternatively, uses perturbation theory and Taylor series expansion to approximate the distribution of the average.

Again he uses the lognormal distribution as the base to his approximation. The pricing formula attained is in closed-form and

is identical to the formula developed by Levy [26] with added correction factors. His method performs well especially for long

maturity. Our approach for developing our second approximation, CGn, is similar to that of Ju [23]. However, instead of using

the characteristic function and Taylor series expansion, we use higher moments and orthogonal polynomials to add corrections

factors to our first approximation, CG3. Dufresne [15], on the other hand, uses a similar approach to ours. He uses the Laguerre
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family of orthogonal polynomials to approximate the price of an Asian option. His method, however, fares poorly for short

maturity options.

3. Models and assumptions

Consider an asset with a price, at time t, following the standard risk-neutral, geometric Brownian motion, model,

dSt = rStdt + σ StdBt,

St = S0e(r− 1
2 σ 2)t+σBt ,

where S0 is the initial asset price, r is the risk-free interest rate, σ is the volatility, Bt is a Brownian motion, Bt = √
tZ , with Z being

a standard normal random variable, and t is the time measured in years. The asset price, thus, follows a lognormal distribution

with a location parameter (r − 1
2 σ 2)t and a scale parameter σ

√
t. In this paper, we study a fixed-strike, European style, Asian call

option with both discrete and continuous and averaging. In the discrete case, the arithmetic average of the asset prices over time

interval [0, T], where T is the option’s maturity, is defined based on N+1 equally-spaced observations as

AT = S0 + S1 + · · · + SN−1 + SN

N + 1
,

Defining �t as the time interval between two observations, �t = T/N, the discrete can be written as

AT = S0

N + 1

N∑
i=0

e(r− 1
2 σ 2)i�t+

√
i�tσZ .

In the continuous case, the arithmetic average is given by

AT = 1

T

∫ T

0

Stdt = S0

T

∫ T

0

e(r− 1
2 σ 2)t+σ

√
tZdt.

The payoff of the Asian option at maturity is equal to

VT = max(AT − K, 0),

where K is the fixed strike price of the option. Applying risk-neutral pricing, the value of this option is

CA = e−rT E∗[(AT − K)+] = e−rT

∫ ∞

K

(x − K)fA(x)dx,

where fA(x) is the probability density function of the average AT which has no known distribution. In this paper, we use the

compound gamma as an approximate distribution for this average. Next, we discuss the motivation behind selecting such a

distribution.

Define IT as

IT ≡ 1

S0

∫ T

0

Stdt = T

S0
AT .

Milevsky and Posner [27] prove that I∞ = limT→∞ IT follows a reciprocal gamma distribution, i.e., I∞ = 1/X, where X is a

gamma random variable, if the asset has a negative drift, i.e. r − 1
2 σ 2 < 0. They then price the continuous and discrete sampling

cases by using the approximate reciprocal gamma distribution for the arithmetic average. We, however, notice that IT can be

written as

IT = 1

S0

∫ ∞

0

Stdt − 1

S0

∫ ∞

T

Stdt.

As a result, IT can be approximately seen as the difference of two reciprocal gamma random variables. According to recent

research by Dufrense [16], this is related to the reciprocal Beta-Product random variable, which can be written as 1/(X1X2), where

X1 and X2 are Beta random variables. Specifically, Dufrense [16] shows that the sum of two reciprocal gamma random variables

is a reciprocal Beta-Product random variable. We conjecture that the difference of two reciprocal gamma random variables

would also follow a reciprocal Beta-Product distribution. Dufrense [16] further shows that the Beta-Product distribution reduces

to a Beta distribution in many cases. As such, in our study we use a generalization of the reciprocal-beta distribution, as an

approximation of the arithmetic average distribution, the compound gamma distribution, which is a gamma distribution having

a random scale parameter also following the gamma distribution (see Section 4.1 for further details). (Dubey [14] shows that the

reciprocal beta distribution is a special case of the compound gamma.)

The compound gamma distribution has a three parameter structure which gives us the ability to match the first three

moments. Even though the basis of our compound gamma approximation stems from continuous averaging, we, similar to [31],

also extend the approximation to discrete averaging because of its more practical uses. Our numerical results show that the

compound gamma distribution is a good approximation for both discrete and continuous averaging.

In order to get a feel of how good of a fit the compound gamma is to the true distribution of the average, Fig. 1 plots the

simulated probability density function of the arithmetic average and compares it to three distributions (lognormal, reciprocal
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Fig. 1. Probability density functions of different approximations. (a) Probability density function of the arithmetic average with parameters (S0 = 100, r =
0.09, σ = 0.4, T = 1). (b) Probability density function of the arithmetic average with parameters (S0 = 100, r = 0.09, σ = 0.4, T = 3).
gamma and compound gamma). The simulation is performed with discrete weekly averaging (�t = 1/52) for two maturities,

T = 1 year and T = 3 years corresponding to Figs. 1a and b respectively. The simulation was carried out in 2000 replications

for both maturities, and in each replication 500 arithmetic averages were estimated. Then, a histogram was generated from

each replication. We use the average of these histograms (obtained by averaging the number of observations in each interval of

the histogram) as an estimate of the density function of the arithmetic average (the solid-line plot in Fig. 1). In addition, a 95%

confidence interval is built on the estimated density function (utilizing the standard deviation of the number of observations in

each interval of the histogram). This justifies the accuracy of the simulated density function as it is being used as a benchmark.

Fig. 1 shows how the compound gamma distribution is the best fit among the three. In particular, for the short maturity case, the

compound gamma approximation is always within the confidence region and is clearly the best fit out of the three. For the long

maturity case, the accuracy is compromised for all three fits. However, the compound gamma distribution still provides the best

fit of the three. This empirical evidence further justifies the usage of compound gamma in our pricing scheme.



H. Aprahamian, B. Maddah / Applied Mathematics and Computation 264 (2015) 21–43 25
4. Asian option pricing via the compound gamma distribution

In this section, we present our basic pricing model. In Section 4.1 we present some characteristics of the compound gamma

distribution and then, in Section 4.2, we use this distribution to develop the approximate pricing formula CG3.

4.1. The compound gamma distribution

Following Dubey [14] the probability density function of the compound gamma distribution is given by

γc(x|α,β, q) = �(α + β)

�(α)�(β)

⎛
⎝

(
x
q

)α−1(
1 + x

q

)−α−β

q

⎞
⎠ , x ≥ 0 (1)

where α, β , and q are the positive parameters and �(x) = ∫ ∞
0 e−ttx−1dt is the gamma function. Its cumulative distribution

function is given by

�c(x|α,β, q) = Iy(α,β) = �(α + β)

�(α)�(β)

∫ y

0

tα−1(1 − t)β−1dt, (2)

where y = x/(q + x) and Iy(α,β) is known as the regularized incomplete beta function. Following Dubey [14] the moments of

this distribution are given by

M�c
(n) = qn �(α + n)�(β − n)

�(α)�(β)
. (3)

This is true if n < β . Otherwise, the moments are not defined. This distribution is our approximate distribution for the

arithmetic average.

In the following lemma, we match the first three moments of the compound gamma distribution to the exact three moments

of the arithmetic average.

Lemma 1. The three parameters of the compound gamma distribution having first three moments matching those of AT are

α = MA(1)MA(2)+ qMA
2(1)

q
(

MA(2)− MA
2(1)

) , (4)

β = 2MA

(
2
) + qMA

(
1
) − MA

2 (
1
)

MA

(
2
) − MA

2 (
1
) , (5)

q = 2MA

(
3
)

MA
2 (

1
) − MA

(
2
)

MA

(
3
) − MA

(
1
)

MA
2 (

2
)

2MA
2 (

2
) − MA

(
2
)

MA
2 (

1
) − MA

(
1
)

MA

(
3
) , (6)

where MA(i) is the ith exact moment of the arithmetic average AT .

Proof. See Appendix B. �

The exact moments, MA(i), for both discrete and continuous cases are available in the literature (e.g. Geman [18] and Jacques

[21]) and are shown in Appendix A. Lemma 1 shows that it is easy to compute the parameters of the fitted compound gamma

distribution.

4.2. Pricing via compound gamma

Having obtained the parameters of the approximate compound gamma distribution in Lemma 1, we present in the following

theorem our base pricing formula for arithmetic Asian options, CG3.

Theorem 1. (CG3) Under an approximate compound gamma distribution of the arithmetic average, the price of an Asian call option

is given by

CA = e−rT q
α

β − 1
�C(1/K|β − 1, α + 1, 1/q)− Ke−rT�C(1/K|β,α, 1/q) , (7)

where �C(x|α,β, q) is the cumulative distribution function of the compound gamma with parameters α, β and q given by

Lemma 1.

Proof. See Appendix B. �

Note that even though the volatility, σ , is not directly apparent in the pricing formula in Theorem 1, the parameters α, β
and q, by Lemma 1 and Appendix A, are all functions of σ . Moreover, CG3 is similar to the Black–Scholes European call option

pricing formula (Black and Scholes [6]). Instead of the cumulative distribution function of the standard normal random variable,
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we have the cumulative distribution function of the compound gamma distribution �c(·). The latter is available in many software

packages, including Excel.

CG3, in Theorem 1, is our base approximate formula and is easy to implement. In addition, CG3 is accurate over a wide range

of parameter values, ranking second when compared to four other well-known approximations (see Section 7).

5. Orthogonal polynomials and the compound gamma distribution

In this section, in an effort to improve the accuracy of our CG3 approximation given in Theorem 1, we utilize the concept of

orthogonal polynomials to develop a generalization of the compound gamma distribution with a large number of parameters.

This allows us to develop a refined approximation that matches higher moments. A similar approach was used by Bowers [7],

who used the Laguerre polynomials and the gamma density function to approximate the distribution of a random variable with

unknown distribution but having known moments.

To apply this method we must have an orthogonal polynomial whose weight function is related to the probability density

function of the compound gamma distribution. To the best of our knowledge, such a polynomial does not exist in the literature.

In this section, we construct an orthogonal polynomial that has the desired properties. Define the following three-parameter

polynomial,

Pn(z; α,β, q) = (−1)n

(
z

q

)1−α(
1 + z

q

)α+β dn

dzn

[(
z

q

)α−1+n(
1 + z

q

)−α−β+n
]

, (8)

and the following weight function

ρ (z) =
(

z

q

)α−1(
1 + z

q

)−α−β

. (9)

The following lemma establishes an orthogonality property of the polynomial in (8) with the weight function in (9).

Lemma 2. The orthogonality property of the polynomial in (8) with respect to the weight function in (9) is given by∫ ∞

0

ρ (z)Pn

(
z; α,β, q

)
Pm

(
z; α,β, q

)
dz = 0. ∀ m 	= n,

where α and β must satisfy the following condition

α + β > 1.

Proof. See Appendix C. �

In our case, and in similar situation involving fitting the compound gamma distribution by moment matching, the condition

in Lemma 2 is always satisfied. This can be shown easily by replacing α and β with their expressions in (4) and (5), respectively.

In other situations, where the compound gamma distribution is considered without moment matching, the condition needs to

be verified.

To simplify the analysis, we write the orthogonal polynomial in (8) in an alternate form, which is given in Lemma 3.

Lemma 3. The orthogonal polynomial defined in (8) can also be represented as follows,

Pn(z; α,β, q) =
n∑

i=0

ci(n; α,β, q)zi,

where

ci(n; α,β, q) = (−1)n+i

qn+i

(
n
i

)
�(β − n + 1)

�(β − n + 1 − i)

�(α + n)

�(+i)
.

Proof. See Appendix C. �

Having defined the orthogonal polynomial, we now define the generalized probability density function used to approximate

the distribution of the arithmetic average, as follows,

fA(x) = γc(x|α,β, q)
∞∑

i=0

AiPi(x; α,β, q), (10)

where γc(·) is the probability density function of the compound gamma, given in (1). The coefficients Ai are determined by using

the orthogonality property, defined in Lemma 2, in the following lemma.
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Table 1

Values of continuous averaging calls (S0 = 100, r = 0.09).

# K σ “Exact” CG3 CGn TE6 LN EW RG

T = 1 year

1 95 5% 8.80884 8.80884 8.80884 8.80884 8.80888 8.80884 8.80881

2 100 4.30823 4.30824 4.30824 4.30824 4.30972 4.30823 4.3072

3 105 0.95838 0.95836 0.95836 0.95837 0.95815 0.95838 0.9581

4 95 10% 8.91185 8.91195 8.91184 8.9119 8.91721 8.91185 8.9082

5 100 4.91512 4.91509 4.91511 4.91513 4.9231 4.91459 4.90938

6 105 2.07006 2.06988 2.06988 2.06996 2.07045 2.07002 2.06952

7 95 20% 9.99565 9.99588 9.99561 9.99594 10.03043 9.98596 9.97052

8 100 6.77735 6.77658 6.77737 6.77692 6.80355 6.77025 6.75716

9 105 4.29646 4.29503 4.29651 4.29561 4.30409 4.29618 4.2889

10 95 30% 11.6559 11.6556 11.65589 11.65565 11.73288 11.60606 11.59733

11 100 8.82876 8.82608 8.82876 8.82686 8.88576 8.8019 8.78217

12 105 6.51779 6.51342 6.51779 6.51494 6.54628 6.5175 6.49026

13 95 40% 13.51072 13.5099 13.50996 13.50887 13.64791 13.3695 13.40169

14 100 10.92378 10.91843 10.92391 10.91903 11.03113 10.857 10.83223

15 105 8.72994 8.72105 8.73083 8.72337 8.79965 8.73326 8.66299

APE 0.0211% 0.0020% 0.0157% 0.3835% 0.1768% 0.3218%

RMSE 0.00303 0.00031 0.00234 0.05612 0.04302 0.04637

Rank 3 1 2 6 4 5

T = 3 years

16 95 5% 15.11626 15.11627 15.11626 15.11626 15.11630 15.11628 15.11625

17 100 11.30361 11.30363 11.30361 11.30360 11.30422 11.30368 11.30318

18 105 7.55332 7.55339 7.55334 7.55335 7.55670 7.55335 7.55075

19 95 10% 15.21380 15.21433 15.21379 15.21396 15.22546 15.21442 15.20538

20 100 11.63766 11.63821 11.63765 11.63798 11.65759 11.63510 11.62237

21 105 8.39122 8.39137 8.39122 8.39140 8.41476 8.38631 8.37232

22 95 20% 16.63723 16.64172 16.63717 16.63942 16.74024 16.52767 16.55504

23 100 13.76693 13.76884 13.76699 13.76770 13.86951 13.66580 13.68133

24 105 11.21985 11.21873 11.22006 11.21878 11.31054 11.14618 11.14037

25 95 30% 19.02323 19.03888 19.02102 19.02651 19.27910 18.36062 18.80529

26 100 16.58613 16.59424 16.57703 16.58507 16.82822 16.10381 16.37079

27 105 14.39295 14.39321 14.37777 14.38751 14.61011 14.09941 14.19043

28 95 40% 21.74097 21.79482 21.79250 21.74458 22.23179 19.63683 21.30176

29 100 19.5883 19.62682 19.62429 19.58353 20.05569 18.26416 19.15286

30 105 17.62548 17.64830 17.64562 17.61267 18.05875 16.98037 17.20470

APE 0.0513% 0.0473% 0.0140% 0.9444% 2.0443% 0.8504%

RMSE 0.01869 0.01765 0.00407 0.23788 0.70154 0.21841

Rank 3 2 1 5 6 4

Notes: The "exact" value is obtained from Zhang [36]. Columns 6−11 represent the compound gamma (CG3) approach of

this paper, the compound gamma with orthogonal polynomials (CGn) approach of this paper, the Taylor expansion (TE6)

of Ju [23], the lognormal approximation (LN) of Levy [26], the edgeworth expansion approximation (EW) of Turnbull and

Wakeman [33], and the reciprocal gamma distribution method (RG) of Milevsky and Posner [27]. RMSE is the root of

mean-squared errors and APE is the average absolute relative error.
Lemma 4. The coefficients Ai are given by

Ai =
∑i

j=0[cj(i; α,β, q)MA(j)]∑i
k=0

∑i
j=0 ck(i; α,β, q)cj(i; α,β, q)M�c

(k + j)
, (11)

where MA(i) is the ith exact moment of the arithmetic average given in Appendix A, M�c
(i) is the ith moment of the compound gamma

given in (3), and ci(·) is the coefficient of the polynomial given in Lemma 3.

Proof. See Appendix C.

The interesting point of (11) is that Ai’s may be calculated from ones knowledge of the moments of the arithmetic average

even though the exact form of fA(x) is unknown. Notice, however, by looking at the denominator of Ai we have the moments of

the compound gamma distribution which are only defined when k + j < β, ∀ [k, j] ∈ [0, n]2. Thus the following condition must

be satisfied.

n < β/2. (12)

Condition (12) must always hold. Otherwise, the moments of the compound gamma will not be defined as mentioned in

Section 4.1. In particular, the first four values of the coefficient, given by (11), are, A0 = 1, A1 = 0, A2 = 0, A3 = 0. As expected,

the first term is 1. That is, if one only expands to the first order the basic CG3 pricing formula in Theorem 1 is obtained. The other

three terms are all zero because the first three moments are matched in CG3. All terms that follow have nonzero values.
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Table 2

Values of weekly averaging calls (S0 = 100, T = 1).

# K σ r MC HW CG3 CGn TE6 LN EW RG

1 95 5% 5% 7.1780 0.00005 7.1780 7.1780 7.1780 7.1782 7.1780 7.1778

2 100 2.7130 0.00005 2.7130 2.7130 2.7130 2.7151 2.7130 2.7117

3 105 0.3338 0.00005 0.3338 0.3338 0.3338 0.3319 0.3338 0.3349

4 95 9% 8.8101 0.00008 8.8101 8.8101 8.8101 8.8101 8.8101 8.8100

5 100 4.3080 0.00008 4.3080 4.3080 4.3080 4.3095 4.3080 4.3070

6 105 0.9543 0.00008 0.9543 0.9543 0.9543 0.9541 0.9543 0.9544

7 95 15% 11.0974 0.00008 11.0974 11.0974 11.0974 11.0974 11.0974 11.0974

8 105 2.7444 0.00008 2.7444 2.7444 2.7444 2.7465 2.7444 2.7431

9 90 10% 5% 11.9507 0.0001 11.9507 11.9507 11.9507 11.9530 11.9509 11.9494

10 100 3.6324 0.0001 3.6323 3.6324 3.6323 3.6388 3.6319 3.6284

11 110 0.3266 0.0001 0.3266 0.3266 0.3267 0.3191 0.3270 0.3311

12 90 9% 13.3861 0.0001 13.3861 13.3861 13.3861 13.3872 13.3863 13.3855

13 100 4.9091 0.0001 4.9090 4.9090 4.9090 4.9174 4.9084 4.9037

14 110 0.6243 0.0001 0.6242 0.6243 0.6243 0.6170 0.6247 0.6286

15 90 15% 15.4020 0.0001 15.4021 15.4020 15.4020 15.4023 15.4021 15.4019

16 110 1.4071 0.0001 1.4069 1.4071 1.4070 1.4041 1.4073 1.4087

17 90 20% 5% 12.5851 0.0002 12.5857 12.5850 12.5856 12.6203 12.5769 12.5641

18 100 5.7436 0.0002 5.7423 5.7434 5.7426 5.7641 5.7386 5.7291

19 110 1.9742 0.0002 1.9729 1.9741 1.9736 1.9542 1.9809 1.9843

20 90 9% 13.8238 0.0002 13.8248 13.8239 13.8245 13.8554 13.8180 13.8051

21 100 6.7605 0.0002 6.7595 6.7603 6.7598 6.7878 6.7528 6.7417

22 110 2.5304 0.0002 2.5288 2.5302 2.5295 2.5178 2.5357 2.5358

23 90 15% 15.6395 0.0003 15.6404 15.6394 15.6399 15.6639 15.6371 15.6246

24 110 3.5409 0.0003 3.5393 3.5408 3.5399 3.5416 3.5428 3.5381

25 90 30% 5% 13.9295 0.0004 13.9310 13.9297 13.9306 14.0180 13.8691 13.8746

26 100 7.9158 0.0004 7.9120 7.9156 7.9128 7.9646 7.8985 7.8794

27 110 4.0459 0.0004 4.0404 4.0454 4.0427 4.0298 4.0738 4.0478

28 90 9% 14.9639 0.0004 14.9660 14.9638 14.9653 15.0509 14.9031 14.9091

29 100 8.8017 0.0005 8.7988 8.8015 8.7994 8.8612 8.7733 8.7584

30 110 4.6715 0.0005 4.6661 4.6712 4.6681 4.6692 4.6926 4.6650

31 90 15% 16.4995 0.0004 16.5024 16.4993 16.5012 16.5808 16.4430 16.4473

32 110 5.7072 0.0004 5.7022 5.7070 5.7039 5.7256 5.7148 5.6875

33 95 40% 9% 13.4757 0.0006 13.4741 13.4740 13.4729 13.6185 13.3270 13.3743

34 100 10.8874 0.0006 10.8811 10.8866 10.8813 10.9988 10.8161 10.8016

35 105 8.6941 0.0006 8.6840 8.6941 8.6859 8.7657 8.6959 8.6306

APE 0.026% 0.002% 0.019% 0.413% 0.170% 0.270%

RMSE 0.00282 0.00035 0.00220 0.04513 0.03397 0.03200

Rank 3 1 2 6 4 5

Notes: Columns 5–12 represent the Monte-Carlo Simulation, half width, compound gamma (CG3) approach of this paper, the compound

gamma with orthogonal polynomials (CGn) approach of this paper, the Taylor expansion (TE6) of Ju [23], the lognormal approximation (LN)

of Levy [26], the edgeworth expansion approximation (EW) of Turnbull and Wakeman [33], and the reciprocal gamma distribution method

(RG) of Milevsky and Posner [27]. RMSE is the root of mean-squared errors and APE is the average absolute relative error.
Having defined the orthogonal polynomial, we define an approximate probability density function, by truncating (10) to order

n, as

f̂A(x) = γc(x|α,β, q)
n∑

i=0

AiPi(x; α,β, q). (13)

We now proceed with the option pricing which is shown in Theorem 2.

Theorem 2. (CGn) Under an approximate distribution given by (13) of the arithmetic average, the price of an Asian call option is

CA(n) = e−rT
n∑

i=0

Ai

i∑
j=0

[cj(i; α,β, q)M�c
(j + 1)�c(1/K|β − (j + 1), α + (j + 1), 1/q)

− Kcj(i; α,β, q)M�c
(j)�c(1/K|β − j, α + j, 1/q)], (14)

where �c(x) is the compound gamma CDF given in (2), Ai is given in (11), M�c
(j), is the jth moment of the compound gamma distribution,

which is given by (3), and n is the number of matched moments.

Proof. See Appendix C. �

Note that it can be shown that (14) reduces to (7) for n = 0, 1, 2, 3. Eq. (14) gives the price of an Asian option as a function

of the expansion order n, which is the number of matched moments. Moreover, by increasing n, we match higher moments and

expect highly accurate results for large n. However, due to restriction imposed by the compound gamma moments, we have an
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Table 3

Values of weekly averaging calls (S0 = 100, T = 3).

# K σ r MC HW CG3 CGn TE6 LN EW RG

1 95 5% 5% 11.1031 0.0001 11.1031 11.1031 11.1031 11.1041 11.1032 11.1025

2 100 6.9226 0.0001 6.9227 6.9226 6.9226 6.9273 6.9226 6.9194

3 105 3.3576 0.0001 3.3575 3.3576 3.3576 3.3625 3.3573 3.3540

4 95 9% 15.1197 0.0001 15.1197 15.1197 15.1197 15.1197 15.1197 15.1197

5 100 11.307 0.0001 11.307 11.307 11.3069 11.3076 11.307 11.3065

6 105 7.5561 0.0001 7.5562 7.5561 7.5562 7.5596 7.5562 7.5536

7 95 15% 19.9611 0.0003 19.9611 19.9611 19.9611 19.9611 19.9611 19.9611

8 105 13.5850 0.0003 13.5850 13.5850 13.5850 13.5850 13.5850 13.5849

9 90 10% 5% 15.5149 0.0003 15.5155 15.5149 15.5151 15.5284 15.5153 15.5062

10 100 7.9698 0.0003 7.9698 7.9698 7.9699 7.9946 7.9645 7.9518

11 110 2.9713 0.0003 2.9703 2.9713 2.9708 2.9701 2.9726 2.9708

12 90 9% 18.9568 0.0003 18.9570 18.9568 18.9567 18.9615 18.9587 18.9538

13 100 11.6390 0.0003 11.6396 11.6390 11.6394 11.6593 11.6365 11.6242

14 110 5.6521 0.0003 5.6515 5.6520 5.6518 5.6702 5.6481 5.6371

15 90 15% 23.1501 0.0004 23.1501 23.1501 23.1500 23.1505 23.1509 23.1498

16 110 10.7328 0.0004 10.7334 10.7329 10.7332 10.7517 10.7302 10.7173

17 90 20% 5% 17.0671 0.0006 17.0713 17.0669 17.0693 17.1785 16.9527 16.9875

18 100 11.0851 0.0006 11.0830 11.0852 11.0832 11.1774 11.0168 11.0116

19 110 6.7312 0.0006 6.7241 6.7311 6.7265 6.7637 6.7442 6.6963

20 90 9% 19.7944 0.0008 19.8006 19.7944 19.7973 19.8881 19.7000 19.7262

21 100 13.7625 0.0008 13.7645 13.7626 13.7634 13.8668 13.6600 13.6790

22 110 9.0061 0.0008 9.0017 9.0060 9.0029 9.0763 8.9682 8.9419

23 90 15% 23.4274 0.0009 23.4334 23.4273 23.4292 23.4848 23.3971 23.3851

24 110 12.7642 0.0009 12.7659 12.7642 12.7647 12.8592 12.6674 12.6784

25 90 30% 5% 19.6041 0.0015 19.6187 19.5991 19.6069 19.8781 18.9303 19.3943

26 100 14.4737 0.0015 14.4718 14.4563 14.4664 14.6982 14.2122 14.2837

27 110 10.4811 0.0015 10.4644 10.4574 10.4663 10.6173 10.5647 10.3443

28 90 9% 21.6960 0.0016 21.7190 21.7006 21.7038 21.9571 20.8800 21.4924

29 100 16.5759 0.0016 16.5848 16.5668 16.5755 16.8224 16.0868 16.3658

30 110 12.4270 0.0016 12.4198 12.4068 12.4175 12.6135 12.3068 12.2490

31 90 15% 24.5409 0.0018 24.5692 24.5550 24.5500 24.7554 23.6763 24.3669

32 110 15.4243 0.0018 15.4325 15.4154 15.4233 15.6489 14.9690 15.2086

33 95 40% 9% 21.7275 0.003 21.7814 21.7791 21.7307 22.2251 19.5888 21.2967

34 100 19.5754 0.003 19.6129 19.6104 19.5689 20.0481 18.2268 19.1469

35 105 17.6114 0.003 17.6341 17.6315 17.5977 18.0505 16.9528 17.1980

APE 0.0443% 0.0361% 0.0198% 0.6956% 1.2837% 0.6048%

RMSE 0.0173 0.01658 0.00573 0.20382 0.63709 0.17971

Rank 3 2 1 5 6 4

Notes: Columns 5–12 represent the Monte-Carlo Simulation, half width, compound gamma (CG3) approach of this paper, the compound

gamma with orthogonal polynomials (CGn) approach of this paper, the Taylor expansion (TE6) of Ju [23], the lognormal approximation (LN)

of Levy [26], the edgeworth expansion approximation (EW) of Turnbull and Wakeman [33], and the reciprocal gamma distribution method

(RG) of Milevsky and Posner [27]. RMSE is the root of mean-squared errors and APE is the average absolute relative error.
upper bound on n, given by (12). This limits the accuracy of CGn in some cases. However, as shown in Section 7, CGn performs

extremely well in most cases.

6. Deltas

In this section we develop expressions for the delta, � = ∂C/∂S0, of an Asian call option priced by our two approximations

CG3 and CGn. The following theorem summarizes our findings.

Theorem 3. Under an approximate compound gamma distribution of the arithmetic average, the hedging parameter � of an Asian

call option, based on the CG3 and the CGn pricing formulas, are respectively

(i) � = e−rT q
S0

α
β−1

�C(1/K|β − 1, α + 1, 1/q)

(ii) �n = e−rT

S0

n∑
i=0

Ai

i∑
j=0

[cj(i; α,β, q)M�c
(j + 1)�C(1/K|β − (j + 1), α + (j + 1), 1/q)]

where �c(x) is the compound gamma CDF given in (2), Ai is given in (11), M�c
(j), is the jth moment of the compound gamma distribution,

which is given by (3), n is the number of matched moments, and S0 is the current asset price.

Proof. See Appendix D. �

The two formulas given by Theorem 3 are simple, easy-to-use and very accurate as shall be demonstrated in numeri-

cal results shown in Section 7. As a result, effective and efficient delta-hedging and replication could be implemented for
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Fig. 2. Graph of CGn as a function of the number of matched moments. (a) Price of a continuous Asian option with parameters (S0 = 100, σ = 0.2, r = 0.09, T =
3, K = 100), Case 23 of Table 1. The dotted line represents the exact value obtained from Zhang [36]. (b) Price of a continuous Asian option with parameters (S0

= 100, σ = 0.3, r = 0.09, T = 3, K = 100), Case 26 of Table 1. The dotted line represents the exact value obtained from Zhang [36].
Asian options priced with CG3 and CGn. (See, for example, Hull [20] and Wilmott [35] for background on hedging and

replication.) For example, both the CG3 and CGn formulas show that replication is doable by buying � amount of stocks

and borrow an amount B such that CA = �S0 − B, where B, in the case of CG3 is B3 = Ke−rT�C(1/K|β,α, 1/q), and in CGn is

Bn = e−rT K
∑n

i=0 Ai

∑i
j=0[cj(i; α,β, q)M�c

(j)�c(1/K|β − j, α + j, 1/q)].

7. Numerical results

In this section, we numerically compare both of our pricing formulas, CG3 and CGn, to “exact” results, obtained from Zhang

[36] for continuous averaging and Monte Carlo simulations for discrete averaging, and to four other approximations, TW from

Turnbull and Wakeman [33], TE6 from Ju [23], LN from Levy [26], and RG from Milevsky and Posner [27]. For CGn in (14), the

value of n is chosen when the difference of two consecutive prices is smaller than ε. That is n must satisfy the following condition
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Table 4

Hedging ratios (deltas) of weekly averaging calls (S0 = 100, T = 1).

# K σ r MC HW CG3 CGn TE6 LN EW RG

1 95 5% 5% 0.97177 0.00005 0.97176 0.97177 0.97176 0.97156 0.97176 0.97188

2 100 0.79114 0.00005 0.79116 0.79115 0.79112 0.79132 0.79116 0.79105

3 105 0.20512 0.00005 0.20511 0.20512 0.20515 0.20542 0.20511 0.20493

4 95 9% 0.95597 0.00008 0.95597 0.95597 0.95597 0.95593 0.95597 0.95598

5 100 0.90165 0.00008 0.90165 0.90165 0.90162 0.90116 0.90166 0.90195

6 105 0.43751 0.00008 0.43752 0.43752 0.43752 0.43864 0.43749 0.43682

7 95 15% 0.92864 0.00008 0.92864 0.92864 0.92864 0.92864 0.92864 0.92861

8 105 0.76793 0.00008 0.76794 0.76793 0.76790 0.76801 0.76794 0.76786

9 90 10% 5% 0.96523 0.0001 0.96521 0.96523 0.96522 0.96450 0.96523 0.96564

10 100 0.65989 0.0001 0.65996 0.65991 0.65995 0.66159 0.65982 0.65896

11 110 0.11570 0.0001 0.11566 0.11570 0.11568 0.11524 0.11579 0.11592

12 90 9% 0.95255 0.0001 0.95256 0.95255 0.95256 0.95213 0.95254 0.95279

13 100 0.75556 0.0001 0.75562 0.75558 0.75561 0.75615 0.75560 0.75526

14 110 0.19395 0.0001 0.19388 0.19392 0.19389 0.19443 0.19394 0.19355

15 90 15% 0.92796 0.0001 0.92795 0.92796 0.92796 0.92782 0.92793 0.9280

16 110 0.35271 0.0001 0.35268 0.35271 0.35268 0.35462 0.35255 0.35143

17 90 20% 5% 0.86104 0.0002 0.86115 0.86104 0.86109 0.86009 0.86193 0.86182

18 100 0.58897 0.0002 0.58912 0.58898 0.58909 0.59324 0.58744 0.58653

19 110 0.28188 0.0002 0.28172 0.28186 0.28170 0.28471 0.28155 0.27997

20 90 9% 0.87355 0.0002 0.87363 0.87357 0.87357 0.87201 0.87469 0.87469

21 100 0.63998 0.0002 0.64018 0.63999 0.64014 0.64339 0.63877 0.63806

22 110 0.33622 0.0002 0.33612 0.33621 0.33609 0.33992 0.33543 0.33378

23 90 15% 0.88007 0.0003 0.88008 0.88008 0.88002 0.87811 0.88123 0.88141

24 110 0.42074 0.0003 0.42074 0.42074 0.42070 0.42511 0.41939 0.41786

25 90 30% 5% 0.77719 0.0004 0.77762 0.77717 0.77749 0.77881 0.77545 0.77672

26 100 0.57018 0.0004 0.5705 0.57017 0.57038 0.57689 0.56414 0.56631

27 110 0.36065 0.0004 0.36051 0.36065 0.36039 0.36679 0.35818 0.35667

28 90 9% 0.79179 0.0004 0.79217 0.79178 0.79203 0.79232 0.79146 0.79197

29 100 0.60179 0.0005 0.60225 0.60184 0.60213 0.60778 0.59602 0.59845

30 110 0.39662 0.0005 0.39657 0.39661 0.39643 0.4032 0.39306 0.39232

31 90 15% 0.80670 0.0004 0.80697 0.80668 0.80682 0.80584 0.80831 0.8077

32 110 0.44956 0.0004 0.44976 0.44963 0.44963 0.45641 0.44481 0.44521

33 95 40% 9% 0.66494 0.0008 0.66590 0.66479 0.66561 0.67122 0.64946 0.66182

34 100 0.58625 0.0008 0.58721 0.58621 0.58690 0.59484 0.57012 0.58163

35 105 0.50755 0.0008 0.5082 0.50751 0.50787 0.51717 0.49376 0.50189

APE 0.031% 0.003% 0.025% 0.538% 0.416% 0.328%

RMSE 0.00030 0.00003 0.00021 0.00380 0.00483 0.00226

Rank 3 1 2 6 5 4

Notes: Columns 5−12 represent the Monte-Carlo Simulation, half width, compound gamma (CG3) approach of this paper, the

compound gamma with orthogonal polynomials (CGn) approach of this paper, the Taylor expansion (TE6) of Ju [23], the lognormal

approximation (LN) of Levy [26], the edgeworth expansion approximation (EW) of Turnbull and Wakeman [33], and the reciprocal

gamma distribution method (RG) of Milevsky and Posner [27]. RMSE is the root of mean-squared errors and APE is the average

absolute relative error.

Table 5

Efficiency/effectiveness values for different approximation.

CG3 TE6 LN EW RG

EE-value – short maturity 0.0287%.s 0.3866%.s 0.3545%.s 1.3002%.s 0.2044%.s

EE-value – long maturity 0.0827%.s 0.1732%.s 0.8750%.s 12.1123%.s 0.5973%.s
|CA(n + 1)− CA(n)| < ε, where CA(n) is the price of the Asian call option given defined in Theorem 2, and ε = 10−5, for continuous,

averaging cases and ε = 10−4, for discrete averaging cases . Tables 1–3 show our results.

Table 1, for both short and long maturity cases (corresponding to maturities of 1 and 3 years), shows European style Asian

calls having an initial asset price of S0 = 100 and a risk-free rate of r = 9%, under continuous averaging. The values of the

volatility σ and strike price K are as shown in the table. The accuracy of different approximation in Table 1 is measured by the

absolute percentage error (APE) and the root of mean squared error, RMSE, which are computed as APE = ∑n
i=1 |CA

i − Ĉi
A|/CA

i,

and RMSE =
√∑n

i=1 (CA
i − Ĉi

A)
2
, where Ci

A and Ĉi
A are the respectively the “exact” and approximate price, and n is the number

of observations. In terms of short maturity, the results show that our base pricing formula, CG3, is performing notably well

ranking second, based on APE and RMSE, among the other approximations. Our enhanced approximation, CGn, on the other

hand, outperforms all of the other approximations having an APE of 0.0020% which is eight times smaller than the next best

approximation. For example, with a somewhat high volatility of 30%, an initial and strike prices of 100, an interest rate of 9% in

Case 11 of Table 1, the exact price is $8.82876. Our approximation, CGn, gives the same answer at 5-digit accuracy, TE6, gives the
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Fig. 3. The efficiency-effectiveness plot (EE-plot) for both short and long maturity and for different approximations. (a) EE-plot for short maturity (T = 1 year),

the y-axis represents CPU time in seconds while the x-axis represents the absolute relative error. (b) EE-plot for long maturity (T = 3 years), the y-axis represents

CPU time in seconds while the x-axis represents the absolute relative error.
second best answer with a price of $8.82686, followed by our base CG3 approximation with a price of $8.82608, EW with a price

of $8.80190, RG with a price of $8.78217, and finally LN with a price of $8.88576.

The second part of Table 1, for long maturity cases with T = 3 years, shows that with high maturity our approximations are

slightly less accurate. Both of our approximations are ranked second behind TE6. However, notice for volatility values less than

or equal to 0.2, CGn is performing well, ranking first among the other approximations. The reason is because as the maturity and

volatility increase the value of β in (5) decreases, and thus we would be heavily constrained by the restriction on n, as indicated

in (12). As a result, we would be unable to expand to higher orders. Fig. 2 illustrates this concept. It plots the price from GCn,

given in (14), as a function of n, the number of matched moments. Graph (a) in Fig. 2 for Case 23 of Table 1, with low volatility,

displays how the price is tending to the exact value as the number of matched moments increase. Graph (b) in Fig. 2 for Case 26 of

Table 1, on the other hand, displays an option with higher volatility and thus with higher restriction on the value of n according

to Eq. (12). In this case, n cannot exceed 8. We can clearly see how the constraint on n, in Graph (b), restricted us from tending

to the exact value such as in Graph (a).

Tables 2 and 3 give results for discrete Asian call options with weekly observations. Again we compare our results to the

same four approximations. Moreover, we use a Monte-Carlo simulation to generate the benchmark values. We implement a
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Fig. 4. Ranking of different approximations based on average absolute relative error (APE) in four sectors.
variance reduction technique, from Kemna and Vorst [24], by using the price of a geometric Asian option as the control variate.

We have run 5 million simulations for cases in Table 2, with short maturity, and 10 million simulations for cases of Table 3, with

long maturity. In these tables the half width, HW, represents a 95% confidence. Tables 2 and 3, for discrete cases, yield similar

results to Table 1, for continuous cases, with, CGn, ranking first for short maturity and second for long maturity and CG3 ranking

third in all three tables. However, as for all other approximations, the discrete results are slightly less accurate than those of the

continuous ones.

Table 4 reports the hedging ratios, deltas, for the options considered in Table 2. Considering how CGn gives very accurate

prices, it is not surprising that it gives extremely accurate hedging ratios as well. It ranked first with an APE that is eight times

smaller than that of the next best approximation. The deltas are obtained by running two Monte Carlo simulations with slightly

different values of the initial stock price. The delta is the difference of the two price divided by the change in the initial stock

price.

Finally, to quantify the computational effort of different approximations, Fig. 3 displays an efficiency/effectiveness plot (EE-

Plot), which plots the CPU time as a function of the absolute relative error for all approximation except CGn. The reason why we

excluded CGn from the plot is because it required much more CPU time than other approximations. CGn, however, is much more

accurate in many cases. The times are obtained by pricing an option one million times. Both figures (a) and (b), for short and long

maturity respectively, show that the most accurate approximation, excluding CGn, out of the other four, is TE6. However, it is

also the least efficient. Our approach, CG3, on the other hand, proves to be reasonably accurate with lower computational time,

providing an excellent efficiency/effectiveness trade-off.

In order to better see the results we adopt a new measure that we call the efficiency/effectiveness value, EE-Value for short,

which is the product of the average CPU time with the average absolute relative error. The EE-Value captures both the accuracy

and efficiency of an approximation in one measure. Table 5 shows the EE-Value for different approximations. According to

EE-Values in Table 5, our approach, CG3, ranks first, by far, for both short and long maturities while TE6 ranked third for short

and second for long maturity.

In terms of CGn, however, the average CPU time required to price one option is around 0.59 s. It is less efficient than the

other approximations although this extra effort is justified by its accuracy as shown in many cases. In fact, CGn can be seen as a

fast alternative to extensive Monte Carlo simulations requiring, on average, around 15 min. Fig. 4 displays the ranking, based on

APE, of different approximations in a 2 × 2 matrix based on volatility and maturity. It shows how our approach, CGn, is ranked

first in all quadrants except in the high maturity–high volatility case where TE6 ranks first. Our other approximation, CG3, is

consistently ranked among the top-three in terms of accuracy, while being easy to use and implement. Other approximations

are not shown in the figure as they have very low accuracy (high APE) compared to CGn, CG3, and TE6. Fig. 4 suggests that CGn
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is in fact a very accurate approximation when maturity and volatility are not too high. In these cases CGn can indeed be used as

a cheap alternative to Monte Carlo simulation.

8. Conclusion and suggestions for future work

In this paper we present two approximate pricing formulas for fixed strike, European style, arithmetic Asian call options

applied for both discrete and continuous averaging. Many pricing variations can be obtained from our results since the pricing

of many types of European Asian options, such as puts, floating strike and forward start options, can be reduced to finding the

value of a fixed strike, European style, Asian call option (e.g., Addea [3], Henderson and Wojakowski [19], and Levy [26]).

Our first approximation is based on approximating the average with a compound gamma distribution while our second

approximation utilizes the concepts of orthogonal polynomials to generalize the compound gamma distribution and matches

higher moments. Our base approximation, CG3, ranks second when compared to four popular approximations (namely, [23,26,27]

and [33]). The improved approximation, CGn, proves to be superior, ranking first in almost all of the cases except for high volatility

and high maturity where it ranks second behind Ju [23].

The concepts developed in this paper will pave the way for future research on areas such as pricing other exotic options via

orthogonal polynomials, utilizing a different distribution for the arithmetic average that has no restrictions on its moments, or

incorporating stochastic volatility. Finally, our research shows that matching higher moments significantly improves the pricing

accuracy of the approximation. Perhaps a phase-type distribution can be used for this purpose.

Appendix A. Moments of the arithmetic average

The formulas for the moments of the continuous arithmetic averages are from Geman [18] and are given by

Mc
A (n) = E

[(
S0

T

∫ T

0

exp
[
σ

(
Bt + vt

)]
dt

)n]
= n!Sn

0

σ 2nTn

n∑
j=0

d
( v

σ )
j

exp

[(
σ 2j2

2
+ σ vj

)
T

]
,

where

d
(b)
j

= 2n
∏
i 	=j

0≤i≤n

[(b + j)2 − (b + i)2
]−1,

v = r − 0.5σ 2

σ
.

The expressions for the first three moments, needed for CG3, are

Mc
A(1) = S0

rT
[erT − 1],

Mc
A(2) = 2S0

2

T2

[
1

r(2r + σ 2)
− erT

r(r + σ 2)
+ e(2r+σ 2)T

(2r + σ 2)(r + σ 2)

]
,

Mc
A

(
3
) = 6S0

3

T3

[
−1

6r
(
r + 0.5σ 2

) (
r + σ 2

) + erT

2r
(
r + σ 2

) (
r + 1.5σ 2

)
− e(2r+σ 2)T(

2r + σ 2
) (

r + σ 2
) (

r + 2σ 2
) + e(3r+3σ 2)T

6
(
r + σ 2

) (
r + 1.5σ 2

) (
r + 2σ 2

)
]

.

Another equivalent form for the continuous moments can be found in [1]. The formulas for the moments of the discrete, equal

time interval average are found recursively. Jacques [21] developed a recursive algorithm that for equally spaced observations

gives the following first two moments

Md
A(1) = S0

N

erN�t − 1

er�t − 1
,

Md
A(2) = S0

2

N2

[
e(2r+σ 2)N�t − 2erN�t + 1

(er�t − 1)(e(r+σ 2)�t − 1)
− (e(2r+σ 2)N�t − 1)er�t(eσ 2�t − 1)

(e(2r+σ 2)�t − 1)(er�t − 1)(e(r+σ 2)�t − 1)

]
,

here N is the number of observations and � is the time between two consecutive observations. Higher moments are then found

recursively.
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Appendix B. Proof of analytical results on CG3

Proof of Lemma 1. Using the following property of the gamma function,

�(x + n) =
[

n∏
i=1

(x + n − i)

]
�(x),

and setting M�c
(i) = MA(i) , i = 1, 2, 3 gives the expression for α, β and q in (4-6). �

Proof of Theorem 1. Applying risk-neutral pricing,

CA = e−rT E∗{(AT − K)+}
= e−rT

∫ ∞

K

(
a − K

)
γca|α,β, q)da

= e−rT

∫ ∞

K

aγc(a|α,β, q)da − Ke−rT

∫ ∞

K

γc(a|α,β, q)da,

where γc(a|α,β, q) is given in (1). Note that using (1) one can prove that

aγc(a|α,β, q) = q
α

β − 1
γc(a|α + 1, β − 1, q).

Substituting back into the equation gives

CA = e−rT q
α

β − 1

∫ ∞

K

γc(a|α + 1, β − 1, q)da − Ke−rT

∫ ∞

K

γc(a|α,β, q)da.

Using the change of variable x = 1/a

CA = e−rT q
α

β − 1

∫ 1/K

0

γc(1/x|α + 1, β − 1, q)

x2
dx − ke−rT

∫ 1/K

0

γc(1/x|α,β, q)

x2
dx

Using the following property,

γc(x|β,α, 1/q) = γc(1/x|α,β, q)

x2
,

we get the following pricing formula

CA = e−rT q
α

β − 1
�c(1/k|β − 1, α + 1, 1/q)− Ke−rT�c(1/k|β,α, 1/q) ,

which completes the proof. �

Appendix C. Proof of analytical results on CGn

Proof of Lemma 2. Consider the following hypergeometric differential equation,

σ(x)P′′
n(x)+ τ(x)P′

n(x)+ λnPn(x) = 0,

where σ(x) is a polynomial of degree less than or equal to 2 i.e. deg[σ(x)] ≤ 2, τ(x) is a polynomial of degree less than or equal to

1 i.e. deg[τ(x)] ≤ 1 and λn is a constant. The solution of such a differential equation will yield a family of orthogonal polynomials

(e.g. Abramowitz [2]). The properties of the polynomials are described by σ(x) and τ(x)1. In addition, following [2] λn is defined

as

λn = −nτ ′(x)− n(n − 1)

2
σ ′′(x). (15)

Consider the following expressions for σ(x) and τ(x). These expressions give an orthogonal polynomial that has a weight

function related to the probability density function of the compound gamma distribution.

σ (x) = x

q
(1 + x

q
), (16)

τ(x) = − (β − 1)

q2
x + α

q
, (17)
1 For example, the Laguerre family of orthogonal polynomials has σ(x) = x and τ(x) = −x + α + 1 where α is a parameter.
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where α,β and q are non-negative parameters which correspond to the three compound gamma parameters. Based on (15)–(17)

we get

λn = n

q2
(β − n).

As a result, our hypergeometric differential equation becomes,

x

q

(
1 + x

q

)
P′′

n(x)+
(

− (β − 1)

q2
x + α

q

)
P′

n(x)+ n

q2
(β − n)Pn(x) = 0. (18)

The solution of (18) is given by Rodrigues’ formula as follows (e.g. [2])

Pn (x) =
(−1

)n

ρ (x)

dn

dxn
[ρ (x)σ n (x)],

where ρ(x) is the weight function associated with the orthogonal polynomial and can be calculated as follows

[ρ(x)σ (x)]′ = τ(x)ρ(x).

Expanding gives

ρ ′ (x)
ρ (x)

= τ (x)− σ ′ (x)
σ (x)

Substituting the expressions of σ(x) and τ(x) into (16) and (17) we get

dρ (x)

ρ (x)
=

− (β+1)
q2 x + α−1

q

x
q

(
1 + x

q

) dx ,

which gives

ln ρ(x) =
∫ − (β+1)

q2 x + α−1
q

x
q
(1 + x

q
)

dx

= −(β + 1)

∫
d(x/q)

1 + x/q
+ (α − 1)

∫
(1 + x/q − x/q)dx

x(1 + x/q)
dx

= −(β + 1) ln(1 + x/q)− (α − 1) ln(1 + x/q)+ (α − 1) ln(x)+ C

= ln

(
1 + x

q

)−α−β

+ (α − 1) ln(x)− (α − 1) ln(q)+ (α − 1) ln(q)+ C

= ln

[(
x

q

)α−1(
1 + x

q

)−α−β
]

+ C,

where C is a constant. Taking the exponential of both sides gives the following expression for the weight function

ρ (x) =
(

x

q

)α−1(
1 + x

q

)−α−β

.

The constant resulting from the integral was set to a value of one in order to match the expression to that of the probability

density function of the compound gamma distribution. Substituting back into Rodrigues’ formula gives

Pn

(
x; α,β, q

) = (−1
)n
(

x

q

)1−α(
1 + x

q

)α+β dn

dxn

[(
x

q

)α−1+n(
1 + x

q

)−α−β+n
]

.

The next step is to check the orthogonality condition of this orthogonal polynomial i.e. to find the interval at which they are

orthogonal in. In order for the polynomials to be orthogonal we should have [σ(x)ρ(x)]b
a = 0 (e.g. [2]), which gives[(

x

q

)α(
1 + x

q

)−α−β+1
]b

a

= 0. (19)

Eq. (19) holds when a = 0 and b = ∞, if α + β > 1which is assumed to be true in the lemma. �

The two following supporting lemmas are needed in the proof of Lemma 3. These lemmas present some useful properties of

the gamma function and one of its related functions, the hypergeometric.

Lemma 5. For any integer i and real number y

�(−y + i)

�(−y)
= (−1)i �(y + 1)

�(y + 1 − i)
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Proof. Utilizing the facts that �(−y + l) = (−y + l − 1)�(−y + l − 1) and
∏i

l=0(m − l) = �(m+1)
�(m−i) , for any integers i and m,

�(−y + i)

�(−y)
=

∏i−1
l=0(−y + l)�(−y)

�(−y)
= (−1)i

i−1∏
l=0

(y − l) = (−1)i �(y + 1)

�(y + 1 − i)
. �

Lemma 6. For any integers i,j, n and real numbers α and β ,

j∑
i=0

(
n
j

)(
j
i

)
�(α + n)

�(α + j − i)

�(−α − β + n + 1)

�(−α − β + n − j + i + 1)
=

n∑
j=0

(
n
j

)
�(α + n)

�(α + j)

�(−β + n + j)

�(−β + n)
.

Proof. The proof is in two steps. First, we prove the identity in (21), and then we simplify the right-hand side of (21).

j∑
i=0

(
n
j

)(
j
i

)
�(α + n)

�(α + j − i)

�(−α − β + n + 1)

�(−α − β + n − j + i + 1)

=
(

n
j

)
�(α + n)

�(α + j)

�(−α − β + n + 1)

�(−α − β + n − j + 1)
2F1(−α − j + 1,−j; −α − β − j + n + 1; 1), (21)

where 2F1(.) is the hypergeometric function which is defined as

2F1(a,−m; c; x) =
m∑

i=0

(−1)i

(
m
i

)
�(a + i)�(c)

�(a)�(c + i)
xi,

(e.g. Gasper and Rahman [17]) and m is a positive integer.

The right-hand side of (21) can be written as(
n
j

)
�(α + n)

�(α + j)

�(−α − β + n + 1)

�(−α − β + n − j + 1)

j∑
i=0

(−1)i

(
j
i

)
�(−α − j + 1 + i)�(−α − β − j + n + 1)

�(−α − j + 1)�(−α − β − j + n + 1 + i)

=
j∑

i=0

(−1)i

(
n
j

)(
j
i

)
�(α + n)�(−α − β + n + 1)

�(−α − β − j + n + 1 + i)

�(−α − j + 1 + i)

�(−α − j + 1)�(α + j)
,

where utilizing Lemma 5, with y = α + j − 1,

�(−α − j + 1 + i)

�(−α − j + 1)
= (−1)i �(α + j)

�(α + j − i)
.

Simplifying and noting that (−1)2i = 1 completes the proof of (21).

Next, consider the right-hand side of (21) again. The Chu-Vandermonde’s identity (e.g. Gasper and Rahman [17]) implies that

for any real numbers a and c and an integer m,

2F1(a,−m; c; 1) = �(c − a + m)�(c)

�(c − a)�(c + m)
.

Applying Chu-Vandermonde’s identity, the right-hand side of (21) simplifies to

n∑
j=0

(
n
j

)
�(α + n)

�(α + j)

�(−α − β + n + 1)

�(−α − β + n − j + 1)

�(−α − β + n − j + 1)�(−β + n + j)

�(−β + n)�(−α − β + n + 1)

=
n∑

j=0

(
n
j

)
�(α + n)

�(α + j)

�(−β + n + j)

�(−β + n)
,

which completes the proof. �

Proof of Lemma 3. Utilizing the general Leibniz rule (e.g. Osler [30]),

Pn

(
z; α,β, q

) = (−1
)n
(

z

q

)1−α(
1 + z

q

)α+β n∑
k=0

(
n
k

)
dn−k

dzn−k

[(
z

q

)α−1+n
]

dk

dzk

[(
1 + z

q

)−α−β+n
]

Utilizing the fact that dk

dzk [( z
q )m

] = [
∏k−1

i=0
(m−i)]

qk ( z
q )m−k,

Pn(z; α,β, q) = (−1)n

(
z

q

)1−α(
1 + z

q

)α+β n∑
k=0

(
n
k

)
[
∏n−k−1

i=0 (α − 1 + n − i)]

qn−k

(
z

q

)α−1+n−n+k [
∏k−1

i=0 (−α − β + n − i)]

qk

×
(

1 + z

q

)−α−β+n−k

.
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Utilizing the fact that
∏j

i=0
(m − i) = �(m+1)

�(m−j) , and simplifying

Pn(z; α,β, q) = (−1)n

qn

n∑
k=0

(
n
k

)
�(α + n)

�(α + k)

(
z

q

)k �(−α − β + n + 1)

�(−α − β + n − k + 1)

(
1 + z

q

)n−k

Utilizing the binomial theorem, (1 + z
q )n−k = ∑n−k

i=0

(
n−k

i

)
( z

q )i. This gives

Pn

(
z; α,β, q

) =
(−1

)n

qn

n∑
k=0

n−k∑
i=0

(
n − k

i

)(
n
k

)
�(α + n)

�(α + k)

�(−α − β + n + 1)

�(−α − β + n − k + 1)

(
z

q

)k+i

Utilizing the change of variable j = i +k and the fact that
∑n

k=0

∑n−k
i=0 aki = ∑n

j=0

∑j
i=0

aj−i,i, for any aij , it follows that

Pn(z; α,β, q) = (−1)n

qn

n∑
j=0

j∑
i=0

(
n − j + i

i

)(
n

j − i

)
�(α + n)

�(α + j − i)

�(−α − β + n + 1)

�(−α − β + n − j + i + 1)

(
z

q

)j

Note that(
n − j + i

i

)(
n

j − i

)
= n!(

n − j
)
!
(
j − i

)
!i!

= n!(
n − j

)
!j!

j!(
j − i

)
!i!

=
(

n
j

)(
j
i

)
.

Therefore,

Pn

(
z; α,β, q

) =
(−1

)n

qn+j

n∑
j=0

⎡
⎣ j∑

i=0

(
n
j

)(
j
i

)
� (α + n)

�
(
α + j − i

) �
(−α − β + n + 1

)
�

(−α − β + n − j + i + 1
)
⎤
⎦ zj.

Using Lemma 6,

Pn

(
z; α,β, q

) =
(−1

)n

qn+j

n∑
j=0

[(
n
j

)
�(α + n)

�(α + j)

�(−β + n + j)

�(−β + n)

]
zj.

Utilizing Lemma 5, with y = β − n and i = j,

�(−β + n + j)

�(−β + n)
= (−1)j �(β − n + 1)

�(β − n + 1 − j)
,

which, upon replacement, completes the proof. �

Proof of Lemma 4. Multiply (10) by Pi(x; α,β, q) and integrate over [0,∞[. Since the polynomials are orthogonal then all the

terms that have different polynomials will be zero and the following expression is reached,

Ai =
∫ ∞

0 f (x)Pi

(
x; α,β, q

)
dx∫ ∞

0 γc(x|α,β, q)(Pi(x; α,β, q))2
dx

.

Using Lemma 3 and substituting gives

Ai =
∫ ∞

0 f (x)
∑i

j=0[cj(i; α,β, q)xj]dx∫ ∞
0 γc(x|α,β, q)

(∑i
j=0[cj(i; α,β, q)xj]

)2

dx

,

=
∑i

j=0

[
cj(i; α,β, q)

∫ ∞
0 xjf (x)dx

]
∑i

k=0

∑i
j=0 ck(i; α,β, q)cj(i; α,β, q)

∫ ∞
0 xk+jγc(x|α,β, q)dx

.

This concludes the proof.

The following supporting lemma is needed for the Proof of Theorem 2. �

Lemma 7. The following identity holds

xnγc(x|α,β, q) = M�c
(n)γc(x|α + n, β − n, q) ∀ n ≥ 0 , (22)

where γc(·) is the PDF of the compound gamma distribution given in (1), and M�c
(n) is the n-th moment of the compound gamma

distribution given in (3).

Proof. We will prove this lemma by mathematical induction. It can be easily seen that (22) holds for n = 0. By induction we

assume (22) holds for n = m, and prove it for n = m + 1. For n = m + 1 we have
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xm+1γc(x|α,β, q) = x × xmγc(x|α,β, q)

= M�c
(m)× x × γc(x|α + m, β − m, q)

= M�c
(m)

x

q

�(α + β)

�(α + m)�(β − m)

(
x

q

)(α+m)−1(
1 + x

q

)−(α+m)−(β−m)

= M�c
(m)

�(α + β)

�(α + m)�(β − m)

(
x

q

)(α+m+1)−1(
1 + x

q

)−(α+m+1)−(β−m+1)

.

Using the fact that

�(x + 1) = x�(x),

we get

xm+1γc(x|α,β, q) = q
α + m

β − (
m + 1

)M�c
(m)

�
(
α + β

)
q�

(
α + m + 1

)
�

(
β − (

m + 1
))

×
(

x

q

)(α+m+1)−1(
1 + x

q

)−(α+m+1)−(β−m+1)

= q
α + m

β − (m + 1)
M�c

(m)γc(x|α + m + 1, β − m − 1, q).

Now using the expression of the moments given by (3) we get

q
α + n

β − (n + 1)
M�c

(m) = q
α + m

β − (m + 1)
× qn �(α + m)�(β − m)

�(α)�(β)

= qn+1 �(α + m + 1)�(β − m − 1)

�(α)�(β)

= M�c
(m + 1).

Finally xm+1γc(x|α,β, q) = M�c
(m + 1)γc(x|α + m + 1, β − m − 1, q). �

Proof of Theorem 2. Applying risk-neutral pricing,

CA = e−rT E∗{(AT − K)+} = e−rT

∫ ∞

K

xfA(x)dx − Ke−rT

∫ ∞

K

fA(x)dx,

where fA(x)is the exact probability density function of the arithmetic average. We will approximate fA(x)with Eq. (13). Substituting

we get

CA(n) ∼= e−rT

∫ ∞

K

[
xγc(x|α,β, q)

n∑
i=0

AiPi(x; α,β, q)

]
dx

− Ke−rT

∫ ∞

K

[
γc(x|α,β, q)

n∑
i=0

AiPi

(
x; α,β, q

)]
dx,

where γc(x|α,β, q) is the probability density function of the compound gamma distribution given by (1). Using Lemma 3 and

simplifying we get

CA(n) = e−rT

∫ ∞

K

⎧⎨
⎩

n∑
i=0

Ai

⎡
⎣ i∑

j=0

cj

(
i; α,β, q

)
xj+1γc(x|α,β, q)

⎤
⎦
⎫⎬
⎭dx

− Ke−rT

∫ ∞

K

⎡
⎣ n∑

i=0

Ai

⎛
⎝ i∑

j=0

[
cj

(
i; α,β, q

)
xjγc(x|α,β, q)

]⎞⎠
⎤
⎦ dx

CA(n) = e−rT

⎧⎨
⎩

n∑
i=0

Ai

⎡
⎣ i∑

j=0

(
cj

(
i; α,β, q

) ∫ ∞

K

xj+1γc(x|α,β, q)dx

)⎤⎦
⎫⎬
⎭ .

− Ke−rT

⎧⎨
⎩

n∑
i=0

Ai

⎡
⎣ i∑

j=0

(
cj

(
i; α,β, q

) ∫ ∞

K

xjγc(x|α,β, q)dx

)⎤⎦
⎫⎬
⎭

Using Lemma 7 we get



40 H. Aprahamian, B. Maddah / Applied Mathematics and Computation 264 (2015) 21–43

⎧ ⎫

CA(n) = e−rT

⎨
⎩

n∑
i=0

Ai

⎡
⎣ i∑

j=0

(
cj(i; α,β, q)M�c

(j + 1)

∫ ∞

K

γc(x|α + (j + 1), β − (j + 1), q)dx

)⎤⎦⎬
⎭

− Ke−rT

⎧⎨
⎩

n∑
i=0

Ai

⎡
⎣ i∑

j=0

(
cj(i; α,β, q)M�c

(j)

∫ ∞

K

γc(x|α + j, β − j, q)dx

)⎤⎦
⎫⎬
⎭ .

Applying the change of variable x = 1/u we get

CA(n) = e−rT
n∑

i=0

Ai

i∑
j=0

cj(i; α,β, q)M�c
(j + 1)

∫ 1/K

0

γc(1/u|α + (j + 1), β − (j + 1), q)

u2
du

− Ke−rT
n∑

i=0

Ai

i∑
j=0

cj

(
i; α,β, q

)
M�c

(
j
) ∫ 1/K

0

γc(1/u|α + j, β − j, q)

u2
du.

Using the fact that γc(x|β,α, 1/q) = γc(1/x|α,β,q)
x2 we get

CA(n) = e−rT
n∑

i=0

Ai

i∑
j=0

cj(i; α,β, q)M�c
(j + 1)

∫ 1/K

0

γc(1/u|β − (j + 1), α + (j + 1), 1/q)du

− Ke−rT
n∑

i=0

Ai

i∑
j=0

cj(i; α,β, q)M�c
(j)

∫ 1/K

0

γc(1/u|β − j, α + j, 1/q)du.

This completes the proof. �

Appendix D. Proof of analytical results on the �’s

The following supporting lemma is needed for the proof of Theorem 3.

Lemma 8. The following equality holds for both discrete and continuous cases

dMA (n)

dS0
= n

S0
MA (n)

where MA(n) is the n-th exact moment of the arithmetic average and S0 is the current asset price.

Proof. We first present the proof for the discrete averaging case and then for the continuous case. The expression for the

arithmetic average can be written as

A = S0

N + 1

(
1 + R1 + R1R2 + R1R2R3 + · · · + R1R2 · · · RN

)
,

where Ri =Si / Si–1 . Note that Ri are independent of S0. As a result, the n-th moments of the average is given by

MA (n) = E [An] = S0
nE

[(
1 + R1 + R1R2 + R1R2R3 + · · · + R1R2 · · · RN

)
N + 1

]

Thus,

dMA (n)

dS0
= n

S0

(
S0

nE

[(
1 + R1 + R1R2 + R1R2R3 + · · · + R1R2 · · · RN

)
N + 1

])
= n

S0
MA (n),

which proves the result for the discrete case.

For the continuous case, by using the expressions shown in Appendix A we have

dMc
A(n)

dS0
= d

dS0

⎧⎨
⎩ n!Sn

0

σ 2nTn

n∑
j=0

d
( v

σ )
j

exp

[(
σ 2j2

2
+ σ vj

)
T

]⎫⎬
⎭

= n

S0

⎧⎨
⎩ n!Sn

0

σ 2nTn

n∑
j=0

d
( v

σ )
j

exp

[(
σ 2j2

2
+ σ vj

)
T

]⎫⎬
⎭ = n

S0
Mc

A (n),

which proves the result for the continuous case. �

Proof of Theorem 3. Using the CG3 pricing formula given by Eq. (7) we get

� = ∂CA

∂S0
.
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Using Lemma 8 and (4)–(6) we get

∂q

∂S0
= q

S0
,
∂α

∂S0
= 0 and

∂β

∂α
= 0 .

Thus we get

� = e−rT ∂q

∂S0

α

β − 1
�C(1/K|β − 1, α + 1, 1/q)

+ e−rT q
α

β − 1

∂�C(1/K|β − 1, α + 1, 1/q)

∂S0

− Ke−rT ∂�C(1/K|β,α, 1/q)

∂S0
. (23)

As a result,

∂�C(1/K|β − 1, α + 1, 1/q)

∂S0
= ∂�C(1/K|β − 1, α + 1, 1/q)

∂q

∂q

∂S0
.

In addition, we have

�C(1/K|β − 1, α + 1, 1/q) = �
(
α + β

)
� (α)�

(
β
)B

(
q

q + K
; β − 1, α + 1

)
,

where B(x; α,β) is the incomplete beta function defined in (2). Thus,

∂�C(1/K|β − 1, α + 1, 1/q)

∂q
= �

(
α + β

)
� (α)�

(
β
) ∂B

(
q

q+K
; β − 1, α + 1

)
∂q

.

We have the following

B

(
q

q + K
; β − 1, α + 1

)
=

∫ q
q+K

0

tβ−2
(
1 − t

)α
dt .

As a result,

∂B
(

q
q+K

; β − 1, α + 1
)

∂q
=

∂B
(

q
q+K

; β − 1, α + 1
)

∂u

∂u

∂q
,

where u = q/(q + K). Thus we get

∂B
(

q
q+K

; β − 1, α + 1
)

∂q
=

(
q

q + K

)β−2(
1 − q

q + K

)α K(
q + K

)2
,

which reduces to

∂B
(

q
q+K

; β − 1, α + 1
)

∂q
= qβ−2Kα+1(

q + K
)α+β

.

Substituting we get

∂�C(1/K|β − 1, α + 1, 1/q)

∂q
= �(α + β)

�(α + 1)�(β − 1)

qβ−2Kα+1

(q + K)α+β
,

∂�C(1/K|β − 1, α + 1, 1/q)

∂S0
= �(α + β)

�(α + 1)�(β − 1)

qβ−1Kα+1

S0(q + K)α+β
.

Similarly,

∂�C(1/K|β,α, 1/q)

∂S0
= �

(
α + β

)
� (α)�

(
β
) qβKα

S0

(
q + K

)α+β

Substituting back into (23) we get

� = e−rT q

S0

α

β − 1
�C(1/K|β − 1, α + 1, 1/q)+ e−rT α

β − 1

�(α + β)

�(α + 1)�(β − 1)

qβKα+1

S0(q + K)α+β

− e−rT �(α + β)

�(α)�(β)

qβKα+1

S0(q + K)α+β
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= e−rT q

S0

α

β − 1
�C(1/K|β − 1, α + 1, 1/q)+ e−rT�(α + β)× qβKα+1

S0(q + K)α+β

[[
1

�(α)�(β)
− 1

�(α)�(β)

]]

= e−rT q

S0

α

β − 1
�C(1/K|β − 1, α + 1, 1/q).

This proves (i). To prove (ii), note that it can be shown that the following holds

∂ci(n; α,β, q)

∂S0
= −

(
n + i

S0

)
ci(n; α,β, q) (24)

∂Ai

∂S0
= i

S0
Ai (25)

Next using (14), Lemma 8, Eq. (24) and (25) and the proof of (i), we have

�n = e−rT

⎡
⎣ n∑

i=0

i

S0
Ai

i∑
j=0

cj(i; α,β, q)M�c
(j + 1)�c(K|α + (j + 1), β − (j + 1), q)

− Ai

i∑
j=0

(i + j)

S0
cj(i; α,β, q)M�c

(j + 1)�c(K|α + (j + 1), β − (j + 1), q)

+ Ai

i∑
j=0

(j + 1)

S0
cj(i; α,β, q)M�c

(j + 1)�c(K|α + (j + 1), β − (j + 1), q)

+ Ai

i∑
j=0

�(α + β)

�(α + j + 1)�(β − (j + 1))

qB−(j+1)Kα+j+1

S0(q + K)α+β
cj(i; α,β, q)M�c

(j + 1)

⎤
⎦

− Ke−rT

⎡
⎣ n∑

i=0

i

S0
Ai

i∑
j=0

cj(i; α,β, q)M�c
(j)�c(K|α + j, β − j, q)

− Ai

i∑
j=0

(i + j)

S0
cj(i; α,β, q)M�c

(j)�c(K|α + j, β − j, q)

+ Ai

i∑
j=0

j

S0
cj(i; α,β, q)M�c

(j)�c(K|α + j, β − j, q)

+ Ai

i∑
j=0

�(α + β)

�(α + j)�(β − j)

qB−jKα+j

S0(q + K)α+β
cj(i; α,β, q)M�c

(j + 1)

⎤
⎦ .

Using similar ideas to that of proof (i) completes the proof. �
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