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Let A be a standard-graded Artinian Gorenstein algebra of
embedding codimension three over a field k. In the generic
case, the minimal homogeneous resolution, G, of A, by free
Symf(Al) modules, is Gorenstein-linear. Fix a basis z, y, z
for the k-vector space A;. If G is Gorenstein linear, then the
socle degree of A is necessarily even, and, if n is the least
index with dimg A, less than dimy Sym’,‘;’ (A1), then the socle
degree of A is 2n — 2. Let

o = Zamm*,

as m roams over the monomials in z, y, z of degree 2n—2, with
am € k, be an arbitrary homogeneous element of degree 2n—2
in the divided power module D¥(A%). The annihilator of ®
(denoted ann ®) is the ideal of elements f in Sym®(A;) with
f(®) = 0. The element ® of D¥(A?%) is the Macaulay inverse
system for the ring Sym®(A;)/ann®, which is necessarily
Gorenstein and Artinian. Consider the matrix (amm), as m
and m’ roam over the monomials in z, y, z of degree n — 1.
The ring Sym¥(A;)/ ann ® has a Gorenstein-linear resolution
if and only if det(mm’) # 0. If det(amm) # 0, then we give
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explicit formulas for the minimal homogeneous resolution of
Sym¥(A;)/ann ® in terms the ay,’s and z, ¥, z.
© 2015 Elsevier Inc. All rights reserved.

For the time being, let U be a vector space of dimension d over a field k, S = Sym® U
be a standard-graded polynomial ring in d variables over k, and D = D¥(U*) be the
graded S-module of graded k-linear homomorphisms from S to k. In his 1916 paper [16],
Macaulay proved that each element ® of D determines (in our language) an Artinian
Gorenstein ring Ag = S/ann(®); furthermore, each Artinian Gorenstein quotient of S
is obtained in this manner. Of course, ® determines everything about the quotient Ag;
so in particular, when @ is a homogeneous element of D, then ® determines a minimal
resolution of Ag by free S-modules. The standard way to find this minimal resolution is
to first solve some equations in order to determine a minimal generating set for ann(®)
and then to use Grobner basis techniques in order to find a minimal resolution of Ag
by free S-modules. We are interested in by-passing all of the intermediate steps. We
aim to describe a minimal resolution of Ag directly (and in a polynomial manner) in
terms of the coefficients of @, at least in the generic case. In [11], we proved that if ® is
homogeneous of even degree 2n — 2 and the pairing

(Ap)n_1 X (Ag)n_1 — k, (0.0.1)

given by (f, g) — fg(®), is perfect, then a minimal resolution for A may be read directly,
and in a polynomial manner, from the coefficients of ®. Furthermore, there is one such
resolution for each pair (d, n). Please notice that the pairing (0.0.1) is perfect if and only
if the determinant of the matrix ((m;m;)®) (as m; and m; roam over the monomials in
S of degree n — 1) is non-zero. This is an open condition on the coefficients of ® (which
are precisely the values of m® as m roams over the monomials of S of degree 2n — 2);
hence the pairing (0.0.1) is perfect whenever ® is chosen generically. Furthermore, the
pairing (0.0.1) is perfect if and only if the minimal resolution of Ag by free S-modules
is Gorenstein-linear.

The paper [11] proves the existence of a unique generic Gorenstein-linear resolution
for each pair (d,n); but exhibits this resolution only for the pair (d,n) = (3,2). In the
present paper, we exhibit this resolution when d = 3 and n > 2 is arbitrary. Indeed, once
n > 2 is fixed, we exhibit an explicit complex (B, b) (see Definition 2.7 or Observation 4.4
or Proposition 5.5, depending upon your tolerance for, and/or need to see, explicitness).
If U is a vector space over k of dimension d = 3 and ® is a generic element of D¥ _,(U*),
then S ® B is the minimal resolution of Ag by free S = Sym®(U') modules.

We preview the complex B. (Complete details are given in Section 2.) This complex is
built over Z. Let U be a free Z-module of rank 3 and 9 be the ring Sym% (U ®Sym3, , U).
(No harm is done by choosing bases z, y, z for U and {t,, | m is a monomial of degree
2n — 2 in x,y, 2} for Sym%, _, U and viewing R as the polynomial ring Z[x,y, z, {tm };
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although we will not officially choose these bases until Section 5. Until Section 5, we will
keep the calculation as coordinate-free as possible.) In the complex B, one of the basis
elements of U (we call this element ) is given a distinguished role. The complex B is
symmetric in the complementary basis elements (we call these elements y and z) of U.
Let Uy be the free Z-summand Zy @ Zz of U = Zx & Zy & Zz. The complex B is

ba
0 R Bs B3 R,

with By = R @z (Sym%_, Uy @ DZ(U{)). The presenting matrix by is induced by an
PR-module homomorphism

b: AnB: — R
with

z- [Ba(u A ') + Pa(p@v') = Ba(p' @) + Br(v AV')]

b VAW +1)) =
(e niv) {+y-5-([w](V’)—[ZM’](V))—2-5-([W](V’)—[yu’](l/)%

for p, ' in Sym?%_, Uy, v, v' in DZ(U}), where the Z-module homomorphisms

B1 s No(DE(UR)) — NRo,x,
By : Sym%_ Uy @z DE(UE) — Mo, and
Bs: Ao (Sym%_, Up) — Ro

all are defined in terms of the classical adjoint of the map
Sym% U — Ry, @z DE_(U*), (0.0.2)

which is induced by the Z-analogue of (0.0.1), the determinant, &, of (0.0.2), and
the clement ® of DZ ,(U*) with 2(®) = ® in D%, ,(U*) and u(®) = 0 for all
p € Sym5, (Up). (The ring Mo, is the subring SymZ(Sym3, ,U) of Sym%(U @
Sym3, _, U) = R.) We remark that the homomorphism by, which presents a generic grade
3 Gorenstein ideal, is an alternating homomorphism, as is predicted by Buchsbaum and
Eisenbud [4]. However, our calculations never used the Buchsbaum—Eisenbud Theorem;
and therefore, they provide an alternate proof of the Buchsbaum—FEisenbud Theorem for
linearly presented grade three Gorenstein ideals.

Section 1 contains the conventions and notation that are used in the paper. Section 2
is a complete and careful description of the maps and modules of (B, b). In Section 3 we
recall the relevant results from [11]. In particular, the complex (G, g) of Theorem 3.2 has
all of the desired properties, except, one is not able to answer the (very basic) questions,
“What exactly are G1, G2, g1, and g27” The main result of the present paper is that the
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explicitly constructed complex (B, b) has all of the properties of the complex (G, g). This
result is stated as Theorem 4.1 and/or Lemma 4.6.g. The proof of Theorem 4.1 is carried
out in Section 4. Ultimately, in Lemma 4.6.f, we produce an isomorphism of complexes 7 :
(B,b) — (E,e), where (E, e) is a sub-complex of (G, g) with (E,e)s = (G, g)s. In Section 5
we describe the homomorphisms of (B,b) in terms of the elements of the bi-graded
polynomial ring Z[z,y, z, {t,, }] explicitly; the word “induced” does not appear in the
section. The bi-homogeneous form of (B,b) is given just before Remark 5.1. Section 6
contains some explicit specializations of the generic complex (B, b); these examples are
related to the project 0.4, which is described below.

There are numerous interesting projects which are related to the present project. We
hope that the techniques and insights from the present project will lead to progress on
these related projects.

0.1. We would like to find an explicit version of the resolution of [11] for all values of
d = ranky U. Indeed, an explicit version of this resolution would be very interesting
even when d = 4. This resolution is a complete structure theorem for codimension four
Artinian Gorenstein rings with Gorenstein-linear resolutions. It would be nice to know
what the resolution is in addition to knowing that the resolution exists. Furthermore,
we wonder how Miles Reid captures this resolution in his program [17] for resolving
codimension four Gorenstein quotients.

0.2. Can we prove a version of [11, Thm. 6.15] with the hypothesis that Ag has a
Gorenstein-linear resolution replaced by the hypothesis that Ag is a compressed alge-
bra? Tony larrobino [15] initiated the use of the word “compressed” to describe Artinian
Gorenstein k-algebras which have the largest total length among all Artinian Gorenstein
k-algebras with the specified embedding codimension and the specified socle degree. The
set of Artinian Gorenstein algebras with a linear resolution is a proper subset of the set
of compressed Artinian Gorenstein algebras. In some sense, this question asks for the
generic resolution of standard-graded Artinian Gorenstein algebras with odd socle degree.
Marilina Rossi and Liana Sega have recently written a remarkable paper [18] in which
they prove that the Poincaré series of every finitely generated module over every local Ar-
tinian Gorenstein compressed algebra is rational provided the socle degree is not 3. (The
restriction on the socle degree is clearly needed because Bggvad’s examples [1] of Goren-
stein rings with transcendental Poincaré series are compressed Artinian rings with socle
degree equal to 3.) The Rossi-Sega theorem is especially remarkable because so many of
the usual tools for proving that Poincaré series are rational are not available to them. In
particular, they do not know the minimal R-resolution of R/I and they do not know if the
minimal R-resolution of R/I is an associative DG-algebra. Rossi and Sega independently
suggested to us that the project 0.2 might be a plausible generalization of [11, Thm. 6.15].

0.3. Lucho Avramov asked us “Is the resolution of [11] an associative DG-algebra?” (This
question is interesting only when d > 5.) If the answer is yes, it would help explain (and
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possibly simplify the proof of) the Rossi-Sega Theorem. Our present thinking is that it
might be possible to record such a pretty version of this resolution, for all values of d,
that explicit formulas for multiplication on the resolution can be given.

0.4. What is the orbit space of GL3 k x GLay,4+1 k acting on the space of (2n+1) x (2n+1)
alternating matrices with homogeneous linear entries from the ring k[z, y, 2]? This is the
question which lead to [11] and further comments about this question are contained
n [11]. Also, we return to this question in Section 6. This question is of interest because
there is much recent work concerning the equations that define the Rees algebra of
ideals which are primary to the maximal ideal; see, for example, [14,9,5,10]. The driving
force behind this work is the desire to understand the singularities of parameterized
curves or surfaces; see [19,8,6,2,7] and especially [10]. One of the key steps in [10] is the
decomposition of the space of 3 x 2 matrices with homogeneous entries from k[z,y] of a
fixed degree into disjoint orbits under the action of GLg3 k x GLs k. A successful answer to
question 0.4 would have an immediate interpretation in terms of the defining equations
of Rees algebras. Eventually, the Rees algebra result would have an interpretation in
terms of singularities on parameterized surfaces.

1. Conventions

If R is a graded ring, then a homogeneous complex of free R-modules is Gorenstein-
linear if it has the form

dt—l d3

0> R(=2n—t+2)" %y R(—n —t42)% R(-n—1)%

%y R(—n)* Iy R,

for some integers n, t, and s;. In other words, all of the entries in all of the matrices d;,
except the first matrix and the last matrix, are homogeneous linear forms; and all of the
entries in the first and last matrices are homogeneous forms of the same degree.

A graded ring R = @, R; is called standard-graded over Ry, if R is generated as
an Ry-algebra by R; and Ry is finitely generated as an Rp-module.

Conventions 1.1. Let U be a free Z-module of rank 3 and let z, y, z be a basis for U.

(a) For any set of variables {z1,...,2,} and any degree s, we write (’”1";’“) for the set
of monomials of degree s in the variables z1,..., z,.

(b) We always think of z; as z, x5 as y, and x3 as z.

(c) If S is a statement then

1, if S is true,
x(5) =

0, if S is false.
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(d) If m is a monomial in the variables z, y, z, then z|m is the statement “a divides m”.
(e) We make much use of the fact that DZ(U*) is a Sym%U-module. In particular, if u
and g/ are in the ring Sym%U and v is in the module D%(U*), then

u( () = () () = (') (v) = ' (u(v) € DEQU™). (1.1.1)
If 4 € Sym?U and v € DF(U*), then
uv) € DE_(U").
Furthermore, if 1 and v are homogeneous of the same degree, then

uwv)=v(u) €Z. (1.1.2)

(f) If m is the monomial z%y’z¢ of Sym% U, then m* is defined to be the element
2+ @y ®) (@) of DZ(U*). The module action of SymZU on DZ(U*) makes {m* |
m € (“$*)} be the Z-module basis for the free Z-module D% (U*) which is dual
to the Z-module basis (“};%) of Sym%U. (More information about divided power
modules may be found, for example, in [11, Subsect. 1.3].) Notice that if m € (*J“\’,Z)
for some N and x; € {z,y, 2z}, then the module action of SymZU on DZ(U*) gives

zi(m*) = x(am) (2)* € D% _,(U"). (1.1.3)

(g) In the present paper we have no need to consider the algebra structure of the Divided
Power Algebra DZ(U*); so, in particular, other than in (f) above, we will never write
vV with v and v/ in DZ(U*). However, we will often write (zm)* € D%, (U*) for
some monomial m € (“%%). Notice that

z((@m)’) =m and y((zm)") =x(ylm)(@)* in DY (U").

Summary 1.2. Let A be a standard-graded, Artinian, Gorenstein algebra over a field k.
In the generic case, the minimal homogeneous resolution, G, of A by free Sym’f(Al)
modules is Gorenstein-linear. Fix a basis x, y, z for the k-vector space A;. If G is
Gorenstein-linear, then the socle degree of A is necessarily even, and, if n is the least
index with dimg A,, < dimg Sym¥(4,), then the socle degree of A is 2n — 2. (See, for
example, [11, Prop. 1.8].) Let

P = Z aymm’”

me(3,03)
be an arbitrary homogeneous element of the divided power module D¥(A%) of degree
2n — 2. The annihilator of ® (denoted ann ®) is the ideal of elements f in Sym¥(A;)
with f(®) = 0. The element ® of D¥(A}) is the Macaulay inverse system for the ring
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Sym¥(A;)/ann ®, which is necessarily Gorenstein and Artinian. Fix an order for the

z,Y,z
n—1

scribed order. The ring Sym’f(Al) /ann ® has a Gorenstein-linear resolution if and only
if det(amm) # 0. (See, for example [11, Prop. 1.8].) If det(amm:) # 0, then in Theo-
rem 4.1 (see also, Proposition 5.5 and Section 6) we give explicit formulas for the minimal

set (Iyz) and consider the matrix (/) as m and m’ roam over ( ) in the pre-

n—1

resolution of Sym’f(Al)/ ann ® in terms the a,,’s and z, y, 2.
2. The coordinate-free version of B

The main results of this paper concern the sequence of homomorphisms that we call
(B,b). These homomorphisms are defined in a coordinate free manner in Definition 2.7.
A more explicit version of (B, d) is given in Proposition 5.5.

The basic data is given in 2.1. All of (B,b) is made out of Data 2.1. There are two
intermediate steps, Data 2.3 and Data 2.6, where various maps and elements are cre-
ated using the basic data of 2.1, before the coordinate-free version of (B,b) is given in
Definition 2.7.

Data 2.1. Let U be a free Z-module of rank 3 and n > 2 be an integer.

(a) Define %R to be the bi-graded ring % = Sym%(U @ Sym5, ,U), where
Ud0=Ra0 and 0&Symd, ,U =Ry

(b) Define W : Sym%U — R to be the Z-algebra homomorphism which is induced by the
inclusion

U=%Rqu,0 SR
(¢) Define ® : Sym%, ,U — % to be the Z-module homomorphism
Sym3, U = R(p1) C R.

Remark 2.2. We may think of ® as an element of R®z D%, _o(U*). Indeed, if ({m;}, {m}})
is any pair of dual bases for Sym5, U and D% ,(U*), respectively, then ® and
> ®(m;) ® m represent the same Z-module homomorphism Symgn_zU — A

The first collection of objects that we manufacture using the data from 2.1 all involve
the symmetric pairing

multiplication

Sym%_,U @z Sym%_,U Sym5, U NS

Data 2.3. Retain the data of 2.1. Let top represent (""2"1), which is the rank of the
free Z-module Sym”_,U, and let © be a basis element for the rank one free Z-module

/\tzop(Sym%q )-
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(a) Define Z-module homomorphisms
P :Sym%(Sym% ,U) =% and p:Sym” U — Rez DE (U*)
by

P(p@p') = @(up') = [p(w)] (1), (2.3.1)

for y and g/ in Sym%_,U.
(b) Define the element & of R by

8 =[(A""p)(©)1(8) € R(o,t0p)-

(It is reasonable to call § “the determinant” of p.)
(¢) Define the Z-module homomorphism ¢ : DZ_,U* — R ®z Sym”_,U by

n—1

av) = [(AR""" p)(¥(©))](©)

for v € D, _1U*. (It is reasonable to call ¢ “the classical adjoint” of p.)
(d) Define the Z-module homomorphism Q : DZ_ U* @7 DZ_,U* — R by

awer) = 4w,
for v and v/ in DZ_,U*.
Remark 2.4. The basis element © ® © of the rank one free Z-module
(AZ" Symy; U) @z (A" Symi,_,U)
is uniquely determined because every unit in Z squares to one. This basis element appears
in (b) and (c) of Data 2.3. We conclude that Data 2.3 has been described in a completely
coordinate-free manner.
We record a list of obvious, but very useful, statements about the data of 2.3.

Observation 2.5. Adopt the data of 2.1 and 2.3. The following statements hold.

(a) If p is in Sym”_ U, then p(u) = p(®) in R @z DZ_(U*).
(b) If p and ' are in Sym’,_,U, then [p(u)](1') = [p(u')](1) in R.
(¢) If p is in Sym”_ U, then q(p(n)) = 8 @ p in R @z Sym”_,U.
(d) Ifv is in DZ_,U*, then p(q(v)) = § @ v in R @z DZ_,(U*).

)

(e) If pis in Sym” U and v is in D%_U*, then Q(p(u) @ v) = & - u(v) in R.
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(f) If v is in DZ_,U* and p is in Sym”_ U, then Q(v @ p(p)) = & - v(u) in R.
(g) If v and V' are in DZ_,(U*), then Q(v ® V') = Qv ®@v) in R.

n—1

(h) If v and v' are in DZ_,(U*), then [q(v)](V) = [¢(v')](v) in R.

Proof. (a). In light of Remark 2.2, (1.1.2), and (1.1.1), p(r) and u(®) both represent the
PR-module homomorphism R ®z Sym%_lU — R which sends ' in Symg_lU to

[p(w)](1') = ®(up').

(b). The assertion holds because multiplication in SymZU is commutative.

(c). Observe that

a(p(1)) = [(A"P ™ ) (p(1)(©)))(©) = [u[(A"® p)(©)]](©)
=[(A""p)(©)](©) - p=8 p.

The second equality used (b).
(d). Observe that

(@) = p([(A"""" P ((©))](©)) = M(O)[(A"" p)(©)] = [BIA"" P)(O)]] - v =S B .

Again, the second equality used (b).

(¢)- Observe that Q(p(x) @ v) = [a(p())(¥) = & - () by (o).
(g). The interplay between the module action of the ring AJ(Sym%_,U) on mod-
ule A7 (DZ_,(U*)) and the module action of the ring A7 (DZ_,(U*)) on the module

A(Sym?%_,U) yields
Awev) = e
= (A pw©))©)] ()
= [N p)((©)](©)]
= [V AN D) ©))] (©)
= (=) [ D)) A V] ()
= (=) [N ) m(©))] V(©)]
= (=) L [(A ) (©))] [1(®)] by (b)
= (1) (AP ) (©) A v (©)
= [V AN ) (©))] (8)
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v A ) (©)))(0)]
(A" ) (v (©))](©)] (v)

I
=
<
—
<
S~—
I
5
t\
®
<
N—

Assertions (f) and (h) now follow from (e) and (g). O

In our description of (B, b) in Definition 2.7, it is not necessary to name a complete
basis for U; but our description does make use of a distinguished minimal generator “x”
of U. (In other words, if the free Z-module U has basis z, y, z, then the maps and modules
of B treat the basis vector = differently than they treat y and z; but B is symmetric in y
and z.) The second collection of data which is manufactured from the basic data of 2.1
makes use of the distinguished element x.

Data 2.6. Adopt the data of 2.1. Decompose the rank 3 free Z-module U as Zz & U, for
some element x of U and some rank 2 free submodule Uy of U. Let ® be the element of
D% (U*) with 2(®) = ® in D, ,(U*) and pu(®) = 0 for all u € Sym%, , (Up).

An explicit version of ® may be found in (5.0.3).

It is possible, and not difficult, to phrase Definition 2.7 using a basis for /\; Uy instead
of an explicit basis y, z for Uy. On the other hand, we have chosen to use the explicit

basis y, z. The interested reader can easily re-write Definition 2.7 in terms of a basis
for /\; Up.

Definition 2.7. Adopt the data of 2.1, 2.3, and 2.6. Let y, z be a basis for Uj.

(a) Define the Z-module homomorphisms

B+ NL(DE(U)) - R,
By : Sym%_ Uy @z DE(UE) — R, and
Bs: No(Sym?%_,Up) - "R

by

Prv Av') =T (x) - [Q(2(v) @ y(v)) — Qy(v) @ 2(V))]
Ba(u @ v) = U() - [Q((21) ()

(21)(®) @ y(v)) — Q(yp)(®) ® 2(v))]
Ba(uA ') =T(z) - [Q((20) (@) @ (y')(®)) — Q((yp)(D) @ (2/)(D))],

for yu and g/ in Sym”% Uy and v and v/ in DZ(UY).
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(b) Define the free R-module By and the R-module homomorphisms

b:AxBs— R and by: By — Bj

By =R @z (Sym?_,Uy @ DE(UY)),
Ba(u A p') + B2(p@v') = Bo(W @v) + Bi(v A V)
b((u+v) AW +v')=q +2(y) - 6 ([zp] (V') = [21/](v))
= W(z) 8- ([ypl(v') = lyw'](v)),
for pu, p/ in Sym%ion,l/, v in D%(US‘), and
[b2(62)](65) = b(02 A 6L), for 0o and ) in Bo.

(c) Define B to be the sequence of free R-modules and R-module homomorphisms:

(B,b): 0— Bs % B, 2 B M By,

with By = By = R, Bz equal to the module described in (b), B; = B3,

bi(v) = U() - U(q(v)), for v € DZ_,(Up),
bi() = 8- W() — V() - Uq(u(®))), for p € Sym?U,

by equal to the homomorphism described in (b), and b3(1) = b;.

Remarks 2.8.

(a) Notice that By = R @z (DZ_,(Ug) @ Sym%Up).

(b) We have written “-” to emphasize that the multiplication is ordinary multiplication
in the polynomial ring R.

(¢) An alternate description of the homomorphism by is given in Observation 4.4.

(d) A more explicit version of (B,d) is given in Proposition 5.5.

(e) Examples of specializations of B are given in Section 6.

(f) The bi-homogeneous form of (B, b) is given just before Remark 5.1.

3. The description of G as given in [11]

The following data has been taken from [11], especially Section 6. We employ Con-
ventions 1.1.
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Data 3.1. Adopt Data 2.1.

(a)

Let L, and K, represent the free Z-modules LgbU and KgbU, respectively, as
described in [11, Data 2.1]. In particular,

Loy = ker (/\% U @z SymZU 5 No™'U @4 Sym%HU) and
Ko = ker (/\; U &z DE(U*) s &7V U @ D%,I(U*)) ,

where k is a Koszul complex map and 7 is an Eagon—Northcott complex map.
Consider the map of complexes

h1
R Rz Loy R Rz L1y R®z Loy — R

hb hi

K,
Rz Ny U —> Rz Koz —> Rz K12 —> R &z Koo,

(3.1.1)
of [11, Obv. 4.2]. The vertical map v, : R®z L;—1.,, = R Qz K;_1,—2 is induced by
Sym%U — R ®z D, _o(U*)  with g+ u(®) for p € Sym“U;  (3.1.2)
the horizontal map h; is induced by ¥ : Sym,ZLU — fR; the horizontal map
hi R®z Lic1p >Rz Li—ap, for2<i<3,

is induced by the Koszul complex map /\iZ_1 U— Rz /\iZ_2 U with

LA AU t—)Z D (uj) @uy A~ NGy A Ay for uj € U;
(3.1.3)
the horizontal map h} : ;R ®z Km_g — R Qg Ki_l,n_g, for 1 <4 < 2, is induced
by the Koszul complex map AL U — % @z Al * U which is analogous to (3.1.3);
and the horizontal map
hg R ®yz /\% U—->RRy KQ,n72

is induced by

NoU = Rez N\oU @z DZ_,(U*)
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with

w1 A ug A us > Z\I/(mg) ® [u1 Aug @ uz(my) — ug A us ® uz(my)
¢

+ ug A uz ®@ ug(my)],

where ({my}, {m}}) is any pair of dual bases for Sym%_,U and D%_,(U*), respec-
tively, and the u; are elements of U.

(c) Follow the lead of [11, Def. 6.6 and Thm. 6.15] and consider the complex of 9i-module
homomorphisms

(G,9): 0= G3£— Gy £ G LR, (3.1.4)

with G; = kery,, for 1 <i <2 and G3 =R ®y /\% U. (In [11] this complex is called
G’(n).) The R-module homomorphism ¢, is induced by Gy € R ®z Sym, U X+ R;
the R-module homomorphism g is induced by

Gy CR @z AL U @z Sym2U LE¥EL 53 @) SymZU > Gy;

and the R-module homomorphism g3 is induced by

qoev™

Gs =Rz NoU LY Moy \JU @z Sym%_ U

Kos” ok 1 Z
—E _°F s R ®y /\Z U ®z Sym, U DR®z L1, D Gs.

The R-module homomorphism ¢ o ev* sends the element w € /\% U, to
(qoevt)(w) = X U(my) @w®g(m;) € R ez A3 U @z Symi,_, U,
¢

where ({my},{m}}) is any pair of dual bases for Sym%_,U and DZ_,(U*). The
PR-module homomorphism Kos¥ ok sends the element 1 ® (up A ug A ug) ® p of
Rz /\% U ®z Sym”_ U, with u; €U and p € Sym” U, to

(Kos” ok)(1® (u1 Aug Ausg) @ )
U(up) @ ug @ ugps — U(uz) @ ug @ ugpt — U(ug) @ ug ® ugpt
+0(u3) @ up @ ugpr + Vlug) @ ug @ uip — VUlug) @ ug @ urp

in R @z Ay U @z Sym”U.
(d) As was observed in Remark 2.2, ® is naturally an element of

R @z D5, _o(U*) = D3, _,(R@zU").
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Let I = ann(®). In other words,

I={reR|r(®) =0ecR®; D5 (U},

where r(®) represents the R-module action of r on ®. (See, also, [12, Def. 4.3].)

The following result is established in [11, Thms. 6.15 and 4.16]. For item (3) one must
also use the “Persistence of Perfection Principle”, which is also known as the “transfer
of perfection” (see [13, Prop. 6.14] or [3, Thm. 3.5]).

Theorem 3.2. Adopt Data 3.1. The following statements hold.

(1) The R-module homomorphisms (G, g) form a complez.

(2) The localization Gg is a resolution of Rs/IRs by projective Rs-modules. (The projec-
tive Rg-modules (G1)s and (Ga)s both have rank 2n+1. The module G is isomorphic
to R.)

(3) If S is a Noetherian ring, p : R — S is a ring homomorphism, (p(R,0))) is an
ideal of S of grade at least 3, and p(8) is a unit of S, then S @x G is a resolution
of S/p(I) by projective S-modules.

(4) Let S be the standard-graded polynomial ring k ®y, Sym?U, where k is a field, and
let p: R — S be a SymZU-algebra homomorphism, with

(i) p(Ro)) € k.

(ii) p(d) is a unit in k, and

(iil) @, = >, p(®(m;))m; is the element in D5, _,(S}) which corresponds to @,
where {m;}, {m*} is any pair of dual bases for Sym3, .U and D%, ,(U*),
respectively,

then

(a) S®@n G is a minimal homogeneous resolution of S/ ann(®,) by free S-modules

(b) S®@n G is a Gorenstein-linear resolution of the form

0—S(—2n—1) = S(—n — 1)t = §(—n)*"*tt = g (3.2.1)

(c) every Gorenstein-linear resolution of the form (3.2.1) is obtained as S @x G for
some SymZU -algebra homomorphism p : | — S which satisfies (1)—(iii).

Remark 3.3. The paper [11] only promises that the $s-modules (G1)s and (Gz)s of
Theorem 3.2 are projective. In Lemma 4.6, we prove that the fRs-modules (G;)s and
(G2)s are free. So, Lemma 4.6 shows that each “projective” in Theorem 3.2 may be
replaced by “free”.
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4. The main theorem

The complex (G, g) of Theorem 3.2 has all of the desired properties, except, one is not
able to answer the (very basic) questions, “What exactly are G, Ga, g1, and g2?” The

explicitly constructed complex (B,b) is our remedy to this defect of (G, g). The main
result in the paper is Theorem 4.1.

Theorem 4.1. Let A be a standard-graded, Artinian, Gorenstein algebra over a field k.
If the embedding codimension of A is three and the minimal homogeneous resolution
of A by free Sym® Ai-modules is Gorenstein-linear, then Sym® A; @x B is a minimal
homogeneous resolution of A by free Sym’f Ai-modules, where (B,b) is the complex of
Definition 2.7.c. Furthermore, Sym’f Ay @, B is explicitly constructed in a polynomial
manner from the coefficients of the Macaulay inverse system for A.

Theorem 4.1 is an immediate consequence of Lemma 4.6.g by way of Theorem 3.2.4c.

Roughly speaking, in order to prove Lemma 4.6 (and hence Theorem 4.1) one must
identify a nice generating set for (G1)s and (G2)s and one must write g; and go in terms
of this nice generating set. In fact, we reformulate g; and gs first, in Lemma 4.5, and then
we reformulate (G)s and (G2)s in Lemma 4.6 (a) and (b). The proof of Lemma 4.5 is not
particularly hard; but it is long. On the other hand, Lemma 4.5 is the central calculation
in the paper.

Ultimately, in Lemma 4.6.f, we produce an isomorphism of complexes 7 : (B,b) —
(E,e), where (E, e) is a sub-complex of (G, g) with (E, e)s = (G, g)s. We begin by defining
the critical homomorphisms 7; in Definition 4.2 and Observation 4.3. In Lemma 4.5 we
show that the homomorphisms 7 : (B,b) — (G, g) form a commutative diagram.

Definition 4.2. Recall the sequence of SR-module homomorphisms (B, b) of Definition 2.7.c
and the complex of M-modules (G, g) of Data 3.1.c. Define R-module homomorphisms
7; : B; — G; as follows.

(a) Let 79 : Bp = R/ — R = Gy be the identity map.
(b) Let 7 : By — G be the R-module homomorphism defined by

(v + p) = 2q(v) + 8 — zq(u(®)) € R @z SymZU,

for v € DZ_(Ug) and p € Sym”“Uy. (We show in Observation 4.3 that the image of
71 is contained in G;.)
(c) Let 75 : By — G5 be the SR-module homomorphism defined by

r(x Az ® q((yu)(®))) — 8z Ay @ q((2p)(D))) — 8°k(y A 2 ® 1)

m(u+v) = { _
+or(x Nz @q(y(v))) — k(z Ay @ q(2(v))), in R& 7L,
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for € Sym%_, Uy and v € DZ(Ug). (We show in Observation 4.3 that the image of
To is contained in Gs.)

(d) Let 73 : Bg = R — R ®y /\‘;’U = (3 be the R-module homomorphism defined
m3(1) = 8%z Ay Az

Observation 4.3. The image of each homomorphism 7;, from Definition 4.2, is in G;.

Proof. We need only discuss 71 and 75. The module G, is defined to be the kernel of the
PR-module homomorphism

v iR ®z Lo = R@z SymiU — R @y DE_,(U).

We verify that the image of 7 is contained in the kernel of v,. If v € D,,_1Uj;, then

vi(11(v)) = vi(2q(v)) = [zg())(®)  (3.1.2)
=z ([g@))(®)) (1.1.1)
= z(p(e(v))  (25.2)
= dz(v) (2.5.d)
=0 (1.1.3),

and if p in Sym%Uo, then

v (71(1) = v, (8 = 2q(u(®))) = Op(®) — [aq(u(@)](@)  (3.1:2)

= ou(®) - 6z (u(®)) (2.5.d)
= ou(®) — op (2(D)) (1.1.1)
= (@) — 5u(®) (2.6)
= 0.

The module L, ,, is equal to the submodule /<;(/\% U @z Sym”_,U) of /\% U @z Sym“U;
and therefore the image of 75 is automatically contained in 9 ®z L1 ,. We still must
verify that 7o(B3) is contained in Go, which is defined to be the kernel of the R-module
homomorphism

Vo 1 R®z L1,y = R®z K10—2.

Fix p € Sym,ZLfon. The definition of x yields

K@ Ay ®q((zp)(P))) = y @ 2q((21) (D)) — 2 © ya((21)(®)) € R @z Ny U @z Sym.U;
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so, calculations similar to the calculations of ker v, yield that

Vo (F«'(w NZ® Q((yu)(‘f)))) = 2 ® [2q((yp)(9))(®) — = @ [2q((yp) (8)))(®)

=20z ([ @))(®)) — 2 @ = (la(w) (@)](@))
=6 z@a(y)(@®) - v @ 2((yn)

= 5| 22 (@)~ 2@ (y=)(D)],

v (—r(@ Ay @ al(z)(@)) = 8 [~y @ (@) + 2@ (yzu) ()], and

(@)

v, (~0(y Az ) =5 |-2® ()

hence, m(pt), which is equal to

5 (e A2 @ q((yn)(@)) = r(x Ay @ g((z0)(@)) = Sr(y Az @ p))
is in ker vy = Go. Fix v € DZ(Ug). Observe that
w5 (2(0) = 8y, (W2 A 2 @ a(y(v)) = Kz Ay @ a(=()))
= 82z @ wy(v) — @ y2(v) — y @ 22(v) + 2 @ y2(v)]
and this is zero because z(v) = 0. It follows that 72(v) also is in G3. O

We re-write the differential by of Definition 2.7 in a manner that is a little easier to
use. This calculation makes use of the facts

Z m*(u)-m=yp and Z m(v) -m* =v (4.3.1)

me(")7) me(")7)
for all g in Sym%Uy and all v € DZ(U) for any non-negative integer 7.
Observation 4.4.

(a) If p € Sym”_ Uy, then

T ® %) [Q((zu)@) ® (ym1)(®)) — Q(yp)(P) ® (zml)(ci)))} -

U= bre T [A(Em®) @ yimi) - Q) @) @ 2m)] - m

m1€(%7)

+yRozu — z @ dypu.
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(b) If v € DZ(UY), then

Y @8- 2(v) +288-y()
—e® Y [2(em)@) 2 y) - 2ym) (@) © ()| - mi

by (v) = m1€ (V)

tee X [2E0) @ ymi) - Ayw) @ (mD)] - m.

m1€(%7)

Proof. (a). If € Sym” Uy, then
ba(p) = 2(: )[52(M)](m1) -mi + Z(: )[52(N)](m1‘) -my
mye(¥? mae(¥?

= 3 bpAm)-mi+ Y b(pAmi)-m

m1€()5 mi€(%7)

)
>, Ba(pAmy)-mi

N G R R CR R
2y ) [D(z1) () © (yma)(®)) — Q((yw)(®) ® (zm1)(®@))] - m
R [2((z) (@) @ y(m1) — () (B) @ 2(m7) | - mn

+¥(y) - 6zp — WU(z) - dyp

1 Y [QEn@) @ (rm)(@) - () (@) @ (m)(@))] - mi

mi€(,)5)

Yo T [En@) @ yim) - A (@) @ 2mp)] - m

m1€ (%)

+y @ dzu — z @ dyu.

(b). In a similar manner, if v € DZ(U{), then

bo(v) = > [bo(W)l(ma) -mi+ >0 [ba(¥)](m])-ma

mi€ () mi€ (")
= > blvAmi)-mi+ > blxAmi) -m
mie(V:?) m1€(%7)
s, (= Balmr @ v) = W(y) 8+ [zm)(0) + (=) 8- [yma) () -
mie( Y7

+ > BulvAmi)-m
mae (%)

n
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S (@) [Q(m)(@) @ y(v) — Q(ym)(@) @ 2w))] - mi

m1€(y"z)

n—1

= —U() 8 2(0) +(2) - 8- y(v)
+ 2 (Y@ G @ ym) - ¥@) - Aye) @ 2m)) - m

mi€(%)
—y®8-2(v) +288-y()
—ee Y [2em)@) 2 y) - lym) (@) © ()] - mi

= mle(f’—i) O

tre Y ((w)@ymD) - Q) @ 2mi))) - m.

m1€(%7)

Lemma 4.5. The R-module homomorphisms 1; : B; — G; of Definition 4.2 give rise to a
commutative diagram:

0 R Bs B; R
KR A
0 G3 gs Gg 92 Gl g1 %

Proof. We first show that by = gyo7. If v € DZ_,(Ug) and p € Sym”U, then, according
to Definition 2.7.c,

bi(v+p) =¥(z) W)+ V(u) = V(x) - U(g(u(P))) (4.5.1)
On the other hand, g; is the restriction to G; of 1 ®@ ¥ : R ®z Sym,ZLU — fR; so,

(g1 o71)(v + 1) is given by the right side of (4.5.1).
We show that go o 79 = 71 0 by for elements from each of the summands of the module

By =R @z (Sym?_, Uy ® DE(UY)).

We first take € Sym”_ | Uy. Routine calculations yield

y® (621 — wa((2u)(®))) — 2 © (byn — va(lyul(®)))
(g2om2)(1) =46 B N (4.5.2)
+o (ya(() (@) — za(lyul(®)) ) -

Indeed,

(92 0 72) (1) = g2 (80(x 2 @ (i) (@) — 8n(w A y @ a((24)(8)) — 8*(y 2 @ )
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—y@xq((2p)(®))) +z @yq((z2p)())) )
—d(z®yu) +0(y ® zu) in | @z U @z SymZU

( z@zq((yp)(®)  —2® z2q((yp)(P))
By P

z@aq((yp)(®)  —z @ 2q((yp)(P))
=002 P P

—y @ 2g((2)(2)))  +z @ ya((21)(P))) )
—0(z @ yu) +o(y @ zp) in R @z SymZU

Use Observation 4.4 to see that (11 0 ba)(u) is equal to

e L [2En®@) e m)@) - Aun)(@) @ (m)(@)] - za(mi)

mi1€ (r?izl)

SLEp> )[a«zu)@)@y(m;))—a«yu)@)@z(m;))] [ — wq(m ()]
mie(¥?

+0y @ (62p — 2q([zp](P))) — 6z @ (dyp — zq([yu)(P))).
(4.5.3)

Compare (4.5.2) and (4.5.3). It suffices to show that the elements

X =6 (vallzu)(®)) - zq([yul(#)))  and

T [2CEn@) @ [ym) @) - Au)(@) @ (zm)(@))] - zq(mi)

m1€ (73;21)
Y = B B

+ X [0 @) @ yimD) - () (@) @ 2m1)] - [ — wg(ma ()]

mi€ (yT’LZ)

of ® @z Sym%U are equal. To that end, we compare X (v) and Y (v) for v € DZ(U*).
Furthermore, it will suffice to compare X (v) and Y (v) for v = mj with ms € (**) and
v = (zmg)* for mg € (T¥F) because (*¥*) = (V*) Uz(T¥F) and {m* | m € ("¥7)} is

n—1 n—1

a basis for DZ(U*).
First take v = mj3 with mo € (*>%). Observe that

[eq(m)](m3) =0, [zq(m1(®))(m3) =0, and ¥ ma((m3)) - mi =mj.

It follows that

Y(m3) = 8 (Q((z0)(®) ® y(m3)) — A(yu)(@) @ 2(m3)) ) = X(ms).
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Now take v = (zmg)* for my € (3¥77). We see that

N 9@ @ () (@) - (e (@) @ (zm1)(@))]

mi€ (%)

n—

- [zq(m7)]((zm2)")

+ X [Q(GE0@) @ ymD) - (@) @ 2(m)))]

m1€(%7)

“[0ma — zq(ma (®))]((wms)").
Use the facts z((xmz)*) = mb and my(xmsg)* = 0 to re-write Y (v) as Y(v) = 2?21 Y,
with

hence,

Y1 = Q((z1)(2) ® (ya(m3))(®)) — Q((yp)(2) ® (2q(m3))(P))- (4.5.4)

A similar trick yields

¥ = — [2((z0)(®) @ y(la(m3))(®)) — 2(y)(®) @ 2(a(m3)|(@))] ;

thus, Y7 + Y3 =0. In Y5,

Q((zp)(®) ® (ym)(®)) — Q(yp)(®) ® (zzm1)(®))
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= Q((2p)(®) @ (ym1)(®)) — Q((yp)(P) ® (2m1) (D))
=6 ([(ZN)(EI;)](yml) - [(y,u)(‘i))](zml)> _o;

and therefore, Y5 = 0. We conclude that Y (v) = Y. As we simplify Yy, we see that

[q((zrm1)(@))](m53) = [q((m1)(®))](m3) = dmi(m3) = dx(m1 = ma).

The final equality holds because m; and my are both monomials in (%) It follows
that

Y(v) = Ya = 8 [Q((21)(®) @ y((wms)")) = () (@) @ 2((am3)"))]
= X((zma)") = X(v),

and go 0 79 = 71 0 by for elements of the summand R ®7 Sym%71U0 of Bs.
Now we show that g, 0Ty = 71 0 by for elements v € By with v € DZ(Ug). We compute

(920 m2)(v) = 89 (e A 2@ a(y(v)) - Kz Ay @ a(=(1))))
=592 (2@ 2a(y(v) — 2 @ 20(y(v)) — y @ 2a(2(v)) + 7 @ ya(2(v))) € AU @7 Sym-U)
=4 (z Rzq(y(r)) —z @ 2q(y(v)) —y R zq(2(v)) + z ® yq(z(u))) € M @z Sym~U.

Use Observation 4.4 to see that

(11 0b9)(v)
—y6 ®@ vq(2(v)) + 26 ®@ xq(y(v))

e T [am)@ eye) - am)@ @ )] - rami)

teo Y [QGw) @ym) - Q) @ 2mi)] - [5-m - zqmi(@)))

m1€(%7)

Compare d(g2 0 72)(v) and (71 0 bo)(v). In order to prove that these two expressions are
equal, it suffices to show that X =Y for the elements X = d(yq(z(v)) — z¢(y(v))) and

-3 [aem)@ o) - aitm) @ o )] st
mie(Y?
Y =

+ Y [2Ge) @ym) - 2ye) @ 2mD)] - [6 - m - q(ma (@)

m1€ (%)

of R®y Sym%U. Apply m3, with my € (y;f). We have z(m}) = 0; so,
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Y(ms) = > [2E0) @ym) - Qym) @ 2(m)] - 6 - ma(my)

m1€(%7)

= 8 [D(=(v) @ y(m3)) — Q)  2(m3))| = X (m3).

Apply (zmg)* with me € (7¥7). We know that mq((zmz)*) = 0 for my € (%7); but
x((xmg)*) = mb. So,

- ;) [2((zm) (@) @ y(v)) = (ym) (@) @ 2(v))] - lam)](m3)
Y(ame))=¢ 7

+ Y [2Gw) @ ym) - Aye) @ 2m7)] - [-latm (@)](m3)]

mae (%)

Re-write Y ((xms2)*) as Zle Y; with

e 2 Q((zm)(@) @ y(v) - A(ym1)(@) @ 2(v)] - [a(mi)] (m3)
B=t T Q((zem) (8) @ y(v) — A(yam)(@) @ 2(v))] - [a(wma)*)](m3)
Yo=— ¥ [QG0) eymD) - 2u) © 2m)] - lom (®)m3)

Vi=+ 2 QG0 @y(@m)) - 2uw) @ ((em)")] - fa((@m) (@))m3).

Use the trick of (4.5.4) to see that Y7 + Y3 = 0 and use the defining property z(®) = ®
of @ together with parts (a) and (e) of Observation 2.5 to see that

o= Y [8(zm)(y(v) = 8(yma)(z(v))] - [al(zma)*))(m3) = .

mi€(Y3)
Of course, [q((zm1)(®))](m}) = &m1(m3); and therefore
Y(lma)) =Ya= Y [200) @yl@m)) - 2ym) @ 2((@m))] - 6ma(m3)
mi€(30)
= 8 [(:() ® y((am2)") = Ay(v) © 2((wm2)")| = X ((wma)").

This completes the proof that go o 79 = 71 0 bs.

Finally, we prove that gs o 73 = 73 0 bs. Observe that (g3 o73)(1) and (72 0 b3)(1) both
are elements of R ®7z U @ Sym”“U. We prove that (g3 o 73)(1) = (72 0 b3)(1) by showing
that
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[(gaoms)(DIA®@1@v)=[(r20b3)()]1®1®Y) R, (4.5.5)
for each v € DZU*. We see that the left side of (4.5.5)

_ < tm @y @ [2q(m*)]|(v) —ym @ @ [2q(m*)](v) —2m ® 2 @ [yg(m*)](v) )
me(v7) \ +2m @z @ [yg(m*)]|(v) +ym ® 2 @ [zq(m*)](v) — zm @ y @ [xq(m*)](v)

=0’ ([ZQ(y(V)) —yq(zW)] @z + [2q(2(v)) - 2q(z(V))] @y + [y(a(z(v)) — 2q(y(v))] @ Z) -

On the other hand, the right side of (4.5.5) is

®
m*))J(v) —x ® [zq(y(m*))](v) )
m*)))(v) +x ® [yq(z(m*))](v)

(
(y(v)) ® z + dxq(2(v))
+dyq(z(v)) ® z — dyq(z(v))
(z(v)) @y + 02q(y(v))

z(V)(®)) ® z + zq([yg(z(»))|(®)) ® =

V) @y
(V)@
X x

=4 ([ZQ(Z/ v)) =ya(zw))] @ x + [2q(2(v)) — 2q(z(v))] @ y + [yq(z(v)) — zq(y(v))] @ Z) :
The two sides of (4.5.5) agree and the proof is complete. O
Lemma 4.6. Retain the notation and hypotheses of Lemma 4.5. For 0 < i < 3, define

E; = 1,(B;) and for 1 < i < 3, let e; be the restriction of g; : G; — G;—1 to E;. The
following statements hold.

(a) Each module E; is a free R-module.
(1) The elements

{r(m*) |me (V7)Y u{n(m)|me (%)} (4.6.1)

form a basis for E.
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(2) The elements
{r2(m) | m e (V7)) U{ra(m*) |me (%7)} (4.6.2)

form a basis for Es.
(3) The module Ey is equal to Gy = R.
(4) The module Es is the free R-module 6>G's.
(b) For each i, with 0 <i <3, (E;)s = (G;)s-
(¢) Each R-module homomorphism 7; : B; — E; is an isomorphism.
(d) The sequence of homomorphisms

€3 €2 €1

(E,e): 0 Es Ey E, Ey

is a complex of free R-modules.

(e) The sequence of homomorphisms (B,b) of Definition 2.7.c is a complex of free
R-modules.

(f) The R-module homomorphisms 7; : B; — F; give an isomorphism of complexes
(B,b) ~ (E,e):

b b b
0 R—">By—>B —=NR
0 o N

Furthermore, the localizations (E, e)s and (G, g)s are equal.
(g) All of the assertions of Theorem 3.2 hold for the explicitly constructed complex (B, b)
in place of (G, g).

Proof. Assertions (a3) and (a4) are obvious. Assertion (b) is also obvious when ¢ = 0 or
1 =3.

(al) and (b) for 2 = 1. We prove (al) and (b) for i = 1 by showing that (G1)s is a free
Ms-module with basis (4.6.1). The fact that ¢ : Rs @z DZ_,(U*) — Rs @z Sym”_,U is
an Rs-module isomorphism guarantees that

the elements {g(m*) | m € (2¥F)} form a basis for Rs 7 Sym% | U.  (4.6.3)

n—1
It follows that the elements

{zg(m*) [me (T¥H)u{m|me (%)} (4.6.4)

n

form a basis for Rs ®z Sym,,U. Thus,

{wq(m*) | m € (7))} U{dm —zg(m(®)) | m € (%)} U{wq((zm)*) |m € (5¥5)}
(4.6.5)
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is a basis for Rs ®z Sym,,U. (This step is legitimate, but a little complicated. We took
the basis (4.6.4); multiplied each element in the right-most set by a unit and added an
element of the sub-module spanned by the left-most set, then we partitioned the left-most
set into two subsets.) At any rate, (4.6.5) is a basis for Rs ®z Sym,, U and (4.6.5) is the
union of (4.6.1) and

{zq((zm)*) | m € (725)}- (4.6.6)

Observe that v, gives a bijection between the set (4.6.6) and the basis

{6m* | m e ("”‘3’5)} for Rs ®7 Dn,Q(U*) =NRs Rz, Ko,nfg,

n

since

vy (zq((zm))) = [zq((zm)*)](®) = z([g((2m)")|(®)) = & - z((am)") = 6m”™.
Thus, the map vy : Rs ®z Sym,, U — Rs ®z D,,_2(U*) takes the basis
(4.6.1) U (4.6.6)

for M5 ®z Sym,, U, sends each element of (4.6.1) to zero and carries (4.6.6) bijectively
onto a basis for Rs ®z Dy,—2(U*). We conclude that (kerv,)s is the free R module with
basis (4.6.1) and this establishes (al) and (b) for ¢ = 1.

(a2) and (b) for 2 = 2. We prove (a2) and (b) for i = 2 by showing that (G2)s is a free
MRs-module with basis (4.6.2). Our argument is similar to the proof of (al) and (b) for
¢ =1 in that we prove that (4.6.2) together with

{k(x Ay @ q((zm)*)) [ m € (325)} U {r(@ Az @q((@m)?) [ m e (575)}

n—2 n—2

U{k(z Ay @a(lym))) [me (V5)} (4.6.7)

forms a basis for s ®z L1 ,, with the property that v, carries (4.6.7) bijectively onto a ba-
sis for Rs®z K1 5—2. The Z-modules L, ,, and K1 ,_2 are known to be free and have bases

(rlany@m) | me (G2} Uina Az om) | me (205))

n—1 n—1

U{slyrze@m) |me (%)} (4.6.8)

n—1

and

{n@ny® (@m)) [me ((25)U{n(@Aze (@m))[me (725)}
U{n(@ Ay ® (ym)*) [me (13)}, (4.6.9)
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respectively, see, for example, [11, (5.4) and (5.5)] or [20, Examples 2.1.3.h and 2.1.17.h].
The basis (4.6.8) for L; , leads to the decomposition of Rs @z L1, into the following
direct sum of free fRg-modules:

Rs @z k(x Ay @ Sym%_ U) & Rs @z k(x Az @ Sym%_,U)
Re @z Lin =19 g P ReklyAzom) (4.6.10)

me(n 1)

For each m € ( 1) recall the element

ma(m) = dr(z A 2 @ q((ym)(®))) — dk(x Ay @ q((zm)(D))) — 8% k(y A z @ m)

of Es. Notice that m2(m) is equal to the sum of a unit of Ry times the basis vector x(y A
z®m) from the third summand in (4.6.10) plus an element from the first two summands.
It follows that {r2(m) | m € (¥*)} generates a free submodule of Rs ®7 L1, and

Rs @z k(x Ay @ Sym%_ U) @ Rs @z k(x Az @ Sym%_,U)
R5@2Lin=3 & @ Ryr(m). (4.6.11)

me(n )

Use (4.6.3) to see that

{s(@ Ay @q(m”)) |me (327)}U{n(zAz@q(m?)) | me (27)}
U{ra(m) [m e ()}

is a basis for Rs @z L1 . Keep in mind that (x v ) is the disjoint union x( yzz) U (f Zl)

and that (7)) is the disjoint union y(¥?) U {z""'} as well as the disjoint union
z(Y%) U {y"}. Thus,

{r(z Ay @q((@m))) | me (325)}Uin(z Az @q((@m))) [ me (725)}
U{s(@ Ay @q((ym) ) [m e (V%) U{k@ Az @q((zm)*)) | m € (V5)}
U{r(z Ay @q((z"1)") ke Az@q((y" "))} U{n(m) [me (V7))

is a basis for Rs ®z L1 ,,. We subtract each basis element in the set {k(zAy®q((ym)*)) |

m € (%)} from the corresponding basis element in the set {x(z Az ® q((ym)*)) | m €
(¥%,)} to see that

(5@ Ay ® al(@m)*) [ m € (525)} U {sle Az @ q((em)) | m € (275))
U {s(x Ay @ q((ym)) | m e (7))
U {n(a Az ® a((zm)") — w(x Ay © gl(ym)") | m € (25))
U (e Ay ® (=" w(e Az @ gy ~)")} U m(m) | m € (3)) (46.12)
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is a basis for Rs ®z L1 5. The union of the first three subset of (4.6.12), namely
{r(z Ay @q((zm)*)) |m e (3Y5)}U{k(@ Az @q((am)*)) [me (375)}
U{k(z Ay @q((ym)*)) [me (V7))

is the set we have called (4.6.7). We reparameterize sets four and five of (4.6.12), namely

{s(z Az ®q((zm)") — sz Ay @ q((ym)*)) [ m € (V5)}
U{r(z Ay ®q((z"71)%), k@ Az @ q((y" 1))} (4.6.13)

Ifme (é”_ZQ), then let my be the monomial yzm in (y;Lz). Observe that
T2(my) = 8r(x Az ®q(y(my))) — 0Kz Ay @ q(2(m7)))
= 0r(x N z@q((zm)"))) = 6r(z Ay @ q((ym)")))-
Observe also that
T2(m) = 6r(x Az ®q(y(m1))) — dk(z Ay © q(2(m7)))

_ { dr(xAz@q((y"=1)*) ifmy=y"
—d(k(x Ay@q((z"H*) if my = 2"

Thus, {2(m}) | m1 € (%7)} is a basis for the free R5-module spanned by (4.6.13) and

the union of (4.6.7), {me(m?}) | m; € (y;lz)}, and {r2(m) | m € (y7z )}

n—1

is a basis for Rs ®z L1 5. Furthermore, the set (4.6.2) is the union of

{r2(m}) [ m1 € (U7)}U{ra(m) [m € (V7)}

Therefore, we have established that the union of (4.6.2) and (4.6.7) is a basis for the
free-module R ®z L1 ,. We saw in Observation 4.3 that each element in (4.6.2) is in the
kernel of v,. A straightforward calculation shows that v, carries (4.6.7) bijectively onto
the unit 4 times the basis (4.6.9) of Rs ®z K1 n_2:

vo(k(x Ay @ q((am)*))) = dn(e Ay © (zm)*)  for m € (3,V5)
vo(k(x Az @ q((zm)*))) = dn(z A z® (zm)*) for m € (2¥7)
vo(k(@ Ay @q((ym)*)) = dn(z Ay® (ym)*) forme (V7). (4.6.14)
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In particular, for example, the top equation in (4.6.14) is:

v, ((z Ay @ gl(zm))))

=V, (y ® zq((xm)*) —x ® yq((wm)*)) the definition of &

=y © [2g((zm)))(®) — 7 & [ya((em)")))(®) the definition of v,

=y (ld@m) @) ~zey ((@m))])(@) (11.1)

= 6 (y@a((@m)’) -z @ y((zm))) Observation 2.5, items (a) and (d)
= on(z Ay @ (zm)*) the definition of .

We conclude that the kernel of v, : s ®z L1, = Rs ®z K12 is the free Rs-module
with basis (4.6.2) and this completes the proof of (a2) and (b) for i = 2.

(c). We proved in (a) that ; carries a basis for the free Si-module B; bijectively onto a
basis for the free R-module F;.

(d). We must verify that e;(E;) C E;_; and this follows from (c) and Lemma 4.5:
ei(Ei) = gi(E;) = gi(im7;) = im(g; o 7)) = im(7;_1 0 b;)
=7_1im(b;) C 1i—1(Bi—1) = Ei—1.

(e). We must verify that b; o b1 = 0. One may apply the fact that 7,_; is injective,
together with Lemma 4.5, to the complex (G, g), in order to see that

Ti—10b; 0bit1 = gi © git1 © Tit1 = 0;

hence, bi ] bi—i—l =0.

(f). We know from (d) and (e) that (E,e) and (B,b) are complexes; from Lemma 4.5
that 7 : B — E is a map of complexes; from (c) that 7 : B — E is an isomorphism of
complexes; and from (b) that Es = Gs.

(g). We see in (f) that (B,b) to isomorphic to a free sub-complex of (G, g) and that
(B,b)s and (G, g)s are isomorphic complexes. O

5. The matrix description of B

Start with Data 2.1. Pick a basis z, y, 2 for U and use the basis (3:¥3) for Sym3, _,U.
It follows that R is the bi-graded polynomial ring

Z[¥ (), ¥(y), ¥ (2), {®(m) | (5;25)}]-

The symbols ¥(z), ¥(y), ¥(2), and &(m) are all fairly cumbersome. In order to avoid
these symbols, we write R in place of R when we emphasize that we have chosen the
monomial bases for U and Sym%, ,U. Furthermore, we write
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z, Yy, z, and t,,, in R in place of ¥(z), ¥(y), ¥(z), and ®(m) in R, respectively,
for m € (3:73). (5.0.1)

At any rate, R is the bi-graded polynomial ring

R = Zlx,y,z,{tm|m € (5:*3)}], (5.0.2)

where z, y, and z have degree (1,0) and each variable t,,, has degree (0, 1). The equation

o= > tn®m' €R®Dj, o(UY)

me(3,73)

is explained in Remark 2.2. It follows immediately that the element ® of Data 2.6 is
given by
®= > t,®(@m) €ReyD5, (U (5.0.3)

me(3,73)

In Proposition 5.5, we describe the complex (B, b)

R ®z Sym%_, Uy R @z Di_(Ug)
0 R b @ ba_, ® SLINN 1} (5.0.4)
R @y DE(UE) R @7 Sym., Uq

in terms of the elements of R explicitly. As a bi-homogeneous complex B has the form

R (-n—1,-2(";"))" R (=n—(";1) +1)"
0—>R(-2n—1,-3(";"+1) — ® — ® —R.
R(-n=1,-2("3")+1)"" R (=n, (")

There are two motivations for this project. First of all, we have promised that (IB,b)
is built in an explicit and polynomial manner from the coefficients of the Macaulay
inverse system ®; we are thereby compelled to leave no doubt that we have given an
explicit description. Secondly, we recognize that some readers will prefer the description
of Definition 2.7; whereas others will prefer the description of Proposition 5.5.

Remark 5.1. Let T be the matrix (,,,m,) Wwhere m; and mo roam over (fﬁf) in the

same order. Let d be the determinant of 7" and @ be the classical adjoint of T'. It makes

sense to refer to the entries of @ as @, m, for m; and mq in (fif)

(a) Notice that 7" is the matrix for p from Data 2.3.a with respect to the bases (%Y%)
for Sym”_,U and {m* | m e (2¥:5)} for DZ_, (U*), because

n
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p(ms) = S tmym, @M} € R®z DZ_(U*), for my € (ryf)

ma€ (7

n—1

(b) The element § € R of the present remark is the image of § € 9 from Data 2.3.b
under the convention (5.0.1).

(c) Notice that @ is the matrix for the map ¢ of Data 2.3.c with respect to the bases
{m* |m e (2%} for DZ_,(U*) and (7¥7F) for Sym”_ U, in the sense that

gm3)= Y Qmym, ®mi € R®zSym”%_ U, formy € (T¥5).  (5.1.1)

mae ()

n—1

It follows from Observation 2.5.g, Data 2.3.d, and (c) that

Q(mi @ m3) = Q(ms @ mi) = [¢(m3)](m]) = Qumym,  for my and mg in (V7).
(5.1.2)

The order on ("” Yoz ) that was used to create the matrices T and @ is irrelevant; see, for
example, Remark 2.4. The matrices T and @) are both symmetric and, as was seen in
Observation 2.5,

Z tm/QO,m” = X(ml = mll)6

me(Y7)
= (zjy )an,mtmm/, for all m’ and m” in (fﬁf) (5.1.3)
me a:l_lz

Definition 5.2. For each ms € (fﬂf), define the element A,, of R by A,, =
Z lemth'

mi€(R07)

Remark 5.3. If my € ( Y ) then

(Woq)(m3) = ¥( > Qumim,®ma) (511

mle(:r Y, z)

= Z \Ij(ml)lem’LQ ENR
m )

= Z lemhmz eR (501)
m1€(707)

= A\, €R. (5.2)

Observation 5.4. If m; € ( ) then

mi(®) = Y tmm, ® (zma)” € R®z DL, (U”).

mze(* Y, z)
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Proof. The explicit form of d is given in (5.0.3). The monomial m; does not involve z;
so mq[(zm)*] is equal to x(mi|m)(z )" and

mi (@)= Y tm@mil@m)]= Y tm@x(malm) (@)
me&(3;3) me (3,3

m
ma

assertion follows. O

Let mo = x(mq|m)-2-. Notice that as m roams over (5:*'3), mo roams over (7¥7%). The

2n—2 n—2

Proposition 5.5. The differentials in the complex (B,b) of Definition 2.7.c are described
below.

(1) The R-module homomorphism by is

bi(1®@m*) = x\p,, form e (), and
bl(l ® m) = 6m — X Z )\xmltmlm; fOT’ m € (y’;LZ)'
m€Cr)

(2) The R-module homomorphism b is described below.
(a) If mg € (7?’—21)7 then

tmlMly tmlMlz N
Z Z mQ$M17$M2 det @ m]

mi€(V5) My, M2 (%Y5)

n—1 n—2

tmgng thMQZ

_ ) + x m m1 oMt Mmaz
ba(1®@meg) = mlez(:y’z) ME%E’;) [x(ylm1)Q L MUMme

= X(2lm1)Qm partarm,y] ® ma

+yd ® zmg — 20 @ ymeo.

(b) If ma € (%), then by(1 ® m3) is equal to

m'e(05) Me(,7)

n—

Me()5)

Z Z xtsz/sz,7¥®M*_25®(%)*
mle(z,y,Z) Me(y,z) Yy

n—2 n—1

+ X rQpp,m2 @ 2M

Me()5)
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(3) The R-module homomorphism bs is given by

bs()= > blem)em+ Y bhlom)em.

me(/5) me (")
Proof. We prove (1). Let my € (2%). We see that

bi(1@m3) = W(x)-¥(g(m3)) (2.7.c)
= TAm,, (5.0.1) and (5.3)

as expected. Let mo € (¥*). We see that
n

bhi(1®@mg) = 8- T(ma) — U(x) - (¥ oq)(ma(P)) (2.7.c)
S Um) @) Yt ® (Foq)(em)) (5.4)

me ()

n—2
=dme—2z >, dzmibtmime (5.3) and (5.0.1)
mi€(Y3)

as expected. The proof of (1) is complete. Assertion (3) follows automatically.
We prove (2a). Let ma € (7%). We use Observation 4.4.a to see that by(1 @ my) is
equal to

V) T [2(ema)(@) @ m)@)) - Alyma)(@) @ (m)(@))] @ mi

mle(gﬁzl)
) T [aem® 6 ymi) - ama) @ & 2mi)] o m
m1 € y,’Lz
+T(y) -0 ® zmy — ¥(2) - 6 @ ymo.
Z Z \I/(:L') : [t2m2M2tym1M1 - tmeMQtzmlMl]Q((xMQ)*
mi€(5) My, Mae(705)

@ ())& mj
=1+ T Y @) e D{(@M) @ y(m)) (5.4)

= tym, M Q((xM)* ® 2(m7))] @ my
+TU(y) -0 ® zmg — U(2) - d @ ymo

Z Z \IJ(J}) ' [tzm2M2tym1M1 - tymgMgtzmlMl]Qng,le ® mT
ma1€(V5) My, M2€(7,07)
+ E \I/(.Z’) : [X(y|m1)tzm2MQzM,%
= mely) M) (5.1.2)

- X(Z|m1)tyszQzM,%} @ my

+U(y) -0 Q@ zma — U(2) - d @ yma
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Z Z $[t2m2M2tym1M1 - tymZMQtzmlMl]QmMQ#EMl & mT
ma&(25) MM ()
=9+t > > alxlma)tem, Qg m — X (2ma)tymy m Quag, i ] @ ma (5.0.1)

() Me(ig)

4140 ® zmso — 20 ® yma,

as expected. We prove (2b). Let my € (%*). We use Observation 4.4.b to see that
b2(1 ® m3) is equal to

= 2 (@) [Q((zm)(®) @ y(m3)) — Q(ym1)(P) ® 2(m3))] @ mi

mi€(;"5)

=\t Z(:y,z)‘l’(x)'[D(Z(m§)®y(m’f))—Q(y(m§)®3(mi))]®m1 (2.7.:2)

—U(y) -6 @ z(m3) + ¥(2) - 6 @ y(m3)
- X > V(@) - [tamymQ((xm)” @ y(m3))

mi€(V5) me(hYy)

= tymmQ((2m)* © z(m3))] @ my

- (5.4)
+ - U(z) - [Q(z(m3) @ y(m])) — Qy(m3) @ z(m7))] © m
mye(¥®
=VU(y) -0 ®z(m3) + ¥(z) - 6 ® y(m3)
- Z Z \I’(JI) : [tzm1mX(y|m2)sz,m72
mi€(, ) me(3Y5) ‘
= +m1e%ﬁ) V(@) x(2lm2) Qe m, @y (5.1.2)
IR CRCLECEEE
mi1€(,, 1
—V(y)- 6 ®z(m3) + ¥(2) - 6 ® y(m3)
- Z Z x[tZM1mX(y|m2)Qmm,% - tym1m)((z|m2)@xm,%] ® mT

, (
=9t 2 ax(eme)Qmz,, @ymi— 3 wx(yme)Qma @ zmy (5.0.1)

mi€(V%) mi€(,7)

—y6 ® %(mi) + 26 @ y(m3),
as expected. O
6. Examples
Consider the resolution (B,b) of Definition 2.7, with n = 3. Let x, y, z be a basis

for U and write R = Z[x,y, 2] in place of R, ) = SymZ(U). For each index 4, with
0 <14 < 3, we exhibit an R-algebra homomorphism p; : R — R, with the property that
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pi(MR0,1)) € Z and p;(d) # 0 in Z. For each i, we record the resolution p; ®n Bs of
Rs/I; by free Rs-modules, where I; is the annihilator of ®; = p; ®x ®. We focus on
the particular ideals Iy, ..., I3 because it is shown in [11] that none of these four ideals
may be obtained from another by way of change of variables. (Actually, the calculation
in [11] is made over a field of characteristic zero; hence, the conclusion also holds over
Zs.) If one looks at the examples from the point of view of the presentation matrices
pi ® by, then the work in [11] says that none of the presentation matrices p; ® by may
be obtained from another by performing a sequence of change of variables and invertible
row and column operations. (This is the topic of Project 0.4 from the Introduction.)

To describe the R-algebra homomorphism p; : /8 — R, it suffices to record ®; =
pi @9t @ because R is a polynomial ring over R; each variable of R over R appears as a
coefficient in

o = Z <I>(m)®m* ER®z Danz(U*);

Y,z

m6(2n72)

and R is the polynomial ring R[{®(m) | m € (5:*'7)}]. At any rate,

Qo = (2y*)" — (zy2?)" +2(z1)" + (21)" +2(y")",

@1 = (2%y?)" = (wy2®)" +2(z1)" + (277,

®y = (2%y%)" — (2yz*)" +2(z")", and

B3 = (y222)" + (2222)* + (2%y?)* + 2(xyz?)* + 2(xy?2)* + 2(2?y2)*.  (6.0.1)

The fact that none of the ideals {I;} may be obtained from any other ideal on this list
by way of change of variables is due to the fact that there are i linearly independent
linear forms /1, ...,¢; in Z[z,y, 2] with £3,...,¢3 in I;, but there do not exist i + 1 such
linearly independent linear forms. (The existence of ¢1,...,¢; is clear in each case; the
non-existence of ¢ + 1 such linear forms requires a calculation and this calculation is
made in [11, Prop. 7.14].) The ideal I3 is generated by the maximal order Pfaffians of
the Buchsbaum—-Eisenbud matrix [4, Sect. 6, pg. 480)]

0 T 0 0 0 0 =z
-z 0 0 0 z 0
0O —y O T z 0 0
0 0O -z O Y 0 0
0 0O —z —y O z 0
0 —z O 0 —x 0 vy

0

-2 0 0 0 0 -y 0]

(A proof of this assertion is contained in [11, Prop. 7.10].) The Macaulay inverse systems
®, and ®( are modifications of ®5. It is shown in Lemma 6.5 that the ideal I3 is equal

(23,93, 2%)  (x +y + 2)% (6.0.2)
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Now that the ®; are defined in (6.0.1), the R-algebra homomorphisms p; are implicitly
defined, as described above (6.0.1). For each 4, we record the matrices T; = p; @ T
and Q; = p; ® Q for T and @ from Remark 5.1. We express these matrices using the
basis 2%, vy, x2,y?, yz, 22 for Sym,(U). We also describe the homomorphisms p; ® b;
and p; ® by using the basis (y2)*, (y2)*, (22)*, 33, y%2,y2%, 23 for p; ® B; and the basis
v yz, 2%, ()", (y22)*, (y2°)*, (2%)* for p; @ Ba.

Example 6.1. When i = 0, then ®¢ = (z2y?)* — (zy2?)* + 2(z4)* + (24)* + 2(y*)*,

1 0 0O 1 0 0 -2 0 0 1 0 O
0 1 0O 0 0 -1 0O -2 0 0 0 -1
0 O 0O 0 -1 0 0 0O 0 0 1 0
T = —
=11 0 0 20 of PT|1 0 010 o
0 0 -1 0 O 0 0 0O 1 0 0 O
0 -1 0 0 0 2| 0 10 0 0 -1
p0(6)2_17
(o@b)(1@ (y*)) = 2* —xy?,
(po @ b1)(1® (y2)*) = 27,
(po @b1)(1® (2%)") = —a%y — @2?,
(pob))(1®y?) = —y3+ 422y + 2222,
(po@b1)(1@y?2) = —y’z,
(ro®@b1)(1®yz?) = —yz* — 22° + 2y,
(po@b))(1®2z%) = —2%—2xyz, and
0 0 0 —=z y 0 =2z
0 0 2z r =z Y 0
0 —2x 0 0 -3z —=z
pQ@®b=| 2z —z 0 0 -z 0 0f. (6.1.1)
-y z 3z z 0 0 0
0 -y z 0 0 0 -z
| 2x 0 —y 0 0 =z 0]

We provide a few details in this example; however the calculations are straightforward
and we suppress them in Examples 6.2, 6.3, and 6.4. The rows and columns of T are
tagged by the monomials z2, zy, zz, y?, yz, 22 in that order. The entry in row m,,

column my is (m;m;)(®g). So in particular, row 4 of Ty is

[(y2$2)(¢)0)7 (y2xy)(q)0)’ (yQ-rZ)((I)O)’ (y2y2)((1>0), (yQyz)(CI)O)’ (yQZQ)((I)O)] = [la 0,0,2,0, O}'
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One computes pg(d) = det Ty and the classical adjoint @, which is equal to, (detTp)
times the inverse of Tj. The recipe of Definition 5.2 gives

Po Ay2 = - y2a
Po /\yz = Iz,
Po A2) = —wy — 227

and Proposition 5.5.1 immediately gives the value of (pp ® b1) applied to (y?)*, (yz)*,
(2%)*. We compute

(Po®@b)(1@Y°) = po(8y° =2 > Aumytm,ye)
mi€("7)
—% — xpo (Azatays + Aaytyys + Apztoys)
—y® = 2((=22” +y*)(0) + (—2zy — 2°)(2) + y=(0))
—y® — x(2(—2zy — 2?)) = —y® + 42y + 2227

One computes (po ® by) of the basis elements 322, y22 and 23 in a similar manner.
Use Proposition 5.5.2a to see that

(po ® b2)(1 ®y?)

*
® mj

Z Z xQ.’EMl,IMQ det [

m1€(yéz) M1,M2€(m‘?1/’z)

Y+ T > $[X(y|m1)Q%,thMy2z — X(Z|m1)Q%,xMtMy2y] ® my
m1€(Y7) Me("17) ‘

tmlMly tm1M1Z‘|

by Moy Ly2M,z

-y Ry?z+ 2y

We have seen that po(ty2ar,y) = 2X(M2 = y) and po(t,2ar,.) = 0. It follows that
—2x Z Z Qli,zytmlMlz ® mT
mi (') € L)

m1

(Po®@b2)(1®@y*) =pog =2 > x(z|lm1)

m1€(%y7)

—y Ry’ +2zy°.

"L py & M

We have seen that po(Qansy.zy) = —2x(M1 = y) and if my € (%), then

po(x(2lm1)Qmr ) = —x(m1 = 2°).
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It follows that

(po @b)A@ YY) =4z Y poltmiy:) @mi+22®2° —y@y’z+ 209"

my€ (yéz)

We see that po(tm,y.) =0 for my € (y;) We conclude that

(po @b)(1®@y?) =22® 2% —y@y*2z+ 209>
We have recorded this calculation as column one of (6.1.1). One computes pp ® bs of the

basis elements yz and 22 in a similar manner.
Use Proposition 5.5.2b to see that (pp ® b2)(1 ® (y2)*) is equal to

= —po Z Z thM77L/me/7y2 X M* — z0 ® (y2)* + Z mQM,y2 ® M
m/€("17) Me(¥7) Me(%y)
Observe that po(Qum y2) = x(m' = z) and if M € (%), then po(Qpry2) = —x(M = y?).
It follows that
(po @ bo)(1® (¥*)*) = —po Z Ttope @ M* 4+ 2@ ()" —z @ y*2
Me(%y)
The value of po(t.nrz) is —x(M = yz); thus,
(Po®b2)(1® (1°)") = = [~2® (y2)" + 29 (¥*) -z @ y’2].

We have recorded this calculation as column four of (6.1.1). One computes pg ® b2 of the
basis elements (y?2)*, (y22)*, and (2®)* in a similar manner.

Example 6.2. When i = 1, then ®; = (2%¢y?)* — (zy2?)* + 2(2*)* + (z%)*,

1 0 0 1 0 0 00 0 1 0 0
O 1 0 0 0 -1 02 0 0 1
00 0 0 -1 0 00 0 0 —10
=1y 0 000 ol @=|10 0 -1 0 of mO=L
00 -10 0 0 00 -1 0 0 0
0 -1 0 0 0 2 01 0 0 o0 1]




T

o O = O O O

o O O = O
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(p1® by
(p1®by
(p1 ® by
(M @b
(pr ® by
(@

(m

p1 @by =

O O O O O

p2 @by =

)(1
)(1
)(
)(
)(1
b1)(
bi)(

[0
0
0

3

® (y*)) = 2° —ay?,
® (y2)*) = —a?2,
1® (22)*) = 22y + 222,
loy’) =y
®y’z) = y’z,
1®yz?) = yz* +ay?,
1®2%) = 2%+ 2ryz, and
0 0 2z -y O 0
0 0O = 2z -y O
0 0 O z -y
—xr 0 0 —x O 0
—z —x x 0 0 0
y —=z 0 0 0 T
0 y 0 0 —x 0 |
2yP)F = (wy2?)* +2(2%)
i [0 0 0 1 0
0 2 0 0 O
0 0 0 0 -1
@10 0 0 o
0 0 -1 0 O
| 001 0 0 0
1® (y2)*) = 1'37
1® (y2)*) = —a2z,
1®(22)*) = 2%y + 2z
loy’) =y’
loy’z) = y’z
loyz?) = y2* +ay?,
1®2%) = 234 2zyz, and
0 0 z —y O 0
0 0O = =z -y O
0 0 0 =z z -y
- 0 0 O 0 0
—z —x 0 0 0 0
y —z 0 0 0 T
0 y 0 0 —z 0 |

_ o O O K~ O

)

p2(6) =1,

183
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Example 6.4. When i = 3, then ®3 = (y%22)* + (2222)* + (2%y?)* + 2(zy2?)* + 2(2y?2)* +
2(z%y2)",

00 01 2 1 27 —-18 -—18 9 18 9
01 2 0 2 2 —18 18 0 -—18 0 18
021 2 2 0 —18 0 18 18 0 -—-18
T3 = ’ Q3 = )
1 0 2 0 01 9 -—18 18 27 —18 9
22 2 010 18 0 0 -—18 18 —18
1 2 01 00 9 18 —18 9 -—18 27
p3(6) = 547

p3 @b1)(1® (y?)*) = z(92% — 18zy + 18x2 + 27y? — 18yz + 922),

p3 @b1)(1® (y2)*) = z(1822 — 18y% + 18yz — 1822),

p3 @ b1)(1® (22)*) = 2(92% + 18xy — 18xz + 9y? — 18yz + 2722),

® y3) = 54y37

p3 @ b)) (1 ®y%z) = b5dy?z — 2(3622 — 362y — 18x2 + 36y? + 36y2),
p3 @b1)(1®yz?) = 5dyz? — 2(3622 — 18zy — 3622 + 36y2 + 3622),

p3@b1)(1®23) = 5423, (6.4.1)

and p3 ® by is equal to

0 —bdx —36x —36x 4+ 54z —36a — H4y 0 0
S54x 0 —d4x 0 54z —54y 0
36x 54x 0 0 0 36x + b4z 36z — Hdy
36z — 54z 0 0 0 27x —18z 9z
36x + 54y —54z 0 —27x 0 9z —18z
0 54y  —36x — 54z 18z -9z 0 27z
0 0 —36x + 54y —9x 18x —27x 0

We promised in (6.0.2) to show that ®3 from Example 6.4 is the Macaulay inverse
system for the ideal

I3 = (23,43, 2%) : (x +y + 2)° (6.4.2)

This promise is fulfilled in the next lemma. It is clear that the right side of (6.4.2)
contains 3 linearly independent perfect cubes even though it is not immediately obvious
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from the generators of I3 listed in (6.4.1) that 2 is in I3. On the other hand, (p3 ®
b)) ((¥2)* 4 2(y2)* + (22)*) = 54a®.

Lemma 6.5. The Macaulay inverse system for the ideal (z™,y™,2") : (x +y + 2)"" ! in
the ring Z[z,y, 2] is

n—1 n—1l—a,n—1—b_n—1—c\*
Z (a,b,c><x y z )"
a+b+c=n-—1
a,b,e<n-—1

Proof. Observe that

Fe@"y" 2" (z+y+2)" e flety+2)" €@y ")
The Macaulay inverse system of (x™,y", 2") is (x"~1y"~12"~1)*; therefore,

fe@y" ") (@+y+2)" ' e fla+y+2)" ' €amn (2" Tyl ))
S flr+y+)" @y =
ﬁf((x+y+z)"_1 ((xn 1yn 1 SN 1)*)) -0

n—1 n—1l—a, n—1—b_n—1—c\*
S D R

a+b+c=n—1
a,b,c<n—1

= 0. |
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