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Title: Power System State Estimation with Continuous and Discrete Variables 

 

 

 

 

As a basic energy management system function that processes real-time 

measurements, power system state estimation deals with both continuous and discrete 

variables to estimate the state of a power system. One possible source for the discrete 

parameters is the transformer taps, whose positions should be estimated with high 

confidence. Given that the tap estimation error causes a network topological modeling 

inaccuracy, its range should be minimized. 

 

Motivated to accurately estimate the power system state vector including 

transformer taps, this thesis presents an mixed-integer quadratic programming (MIQP) 

based rounding estimator that processes the initial continuous vector solution obtained 

from a conventional weighted least squares optimization, and produces the estimated 

discrete values without any iteration. 

 

For comparison purposes, three recently proposed methods for power system 

state estimation are explained and tested against the proposed MIQP based rounding 

estimator: an ordinal optimization formulation based on a sensitivity analysis, a 

probabilistic technique, and an adaptive threshold technique. Experimental results on 

the IEEE 30-, 57- and 118-bus benchmarks reveal a slight superiority of the proposed 

MIQP based algorithm in terms of overall accuracy and motivate follow on research. 
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CHAPTER I 

INTRODUCTION 

 

An overview of the concept of state estimation (SE), its importance and 

application in modern power grids is briefly presented in this introductory chapter. 

More on each of the mentioned topics is to follow in the next chapters, as shown in the 

thesis organization section. 

 

1.1. Concept and Importance of State Estimation 

Initially introduced by Fred Schweppe to process redundant meter readings, 

and estimate the electric power system’s state [1], power system state estimation (PSSE) 

has now become a basic monitoring and control element of every energy management 

system (EMS) of energy control centers. With its various functions that identify 

erroneous data, monitor real-time power transactions and ensure secure operation of the 

power system, SE offers a reliable mechanism for real-time decisions, better diagnosis 

and maintenance of the network security database especially in case of emergencies [2].  

With SE approaches extensively tested and established at the transmission 

system level for over two decades now, current research is rather focusing on further 

improving the accuracy and the efficient computation of SE, which would be essential 

for a more reliable and efficient smart grid operation. 
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1.2. State Estimation and Transformer Taps 

SE can be directly applied to a transformer diagnostic system for deriving some 

of its vital quantities such as its loss of life and coil integrity [3]. Moreover, the accurate 

description of all the transformer tap positions for the different on-load tap changers 

(OLTC) serves as a valuable support in boosting the increasingly-important on-line 

security analysis in modern power systems. This also guarantees locating telemetry 

errors, and improving the SE model quality and network topology. 

 

1.3. Thesis Organization 

This thesis is organized in the following manner: Chapter 2 provides a 

summary of the previous literature work in state estimation of continuous variables, and 

later including discrete variables. Chapter 3 covers some of the topics related to state 

estimation, such as the measurement types, sources of errors or bad data, and the 

challenges in modern large-scale interconnected power systems. Also presented in the 

same chapter is the significance and operation of transformers with tap changing 

capabilities. The general formulation of the SE problem with mixed variables is the 

topic of chapter 4, which also discusses the simulation environment. In Chapter 5, the 

proposed MIQP-based rounding solution method is detailed, and the simulation results 

of three benchmark systems are shown. The implemented comparison techniques are 

discussed in Chapter 6 (Ordinal Optimization Workflow) and Chapter 7 (Probabilistic 

and Adaptive Threshold Methods), along with the tabulated simulation outcomes. 

Chapter 8 concludes the work, and suggests directions for further research.  
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CHAPTER II 

LITERATURE REVIEW 

 

This chapter discusses the previously published academic work on the topic of 

power system SE in its early days, and focuses on how the techniques employed for the 

treatment of discrete variables within SE have evolved. The references used within this 

chapter would serve well readers interested in more details. 

 

2.1. Standard State Estimation 

Originally, the weighted least squares (WLS) method was utilized to get the 

best possible solution to an over-determined set of equations representing the power 

system state estimation (PSSE) problem. Some of the later papers focused on the least 

absolute value (LAV) state estimator, which is another common SE technique offering a 

higher degree of robustness to the optimization process. Mili et al. [4] investigated the 

exact fit points of the Least Median of Squares (LMS) and the Least Trimmed Squares 

(LTS) estimators. 

 

2.2. Incorporation of Discrete Variables 

Regardless of the adopted algorithm, the incorporation of transformer tap 

positions as additional independent variables in the state vector complicates the problem 
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due to their discrete nature. In the following paragraphs, a chronological evolution of 

the proposed transformer tap estimation methods is presented.  

 

2.2.1. Disjoint Treatment of Variables 

Fletcher and Stadlin [5] first modified the turns ratio estimate between 

iterations of the state estimator to effectively minimize the transformer reactive flow 

measurement residual. This increased the number of iterations required for 

convergence, but also depended on the availability of reactive flow measurements and 

their correlation with the proper transformer tap. Mukherjee et al. [6] proposed having 

the tap position correction in the post-processing phase, so it does not affect the basic 

estimator solution. The residual of the voltage measurement at one of the transformer 

terminals was minimized in order to adjust tap positions in the network model before 

passing them on to the subsequent security calculations [6]. 

Van Cutsem and Quintana [7] estimated the transformer tap positions 

disjointedly using a linearized sensitivity relationship between measurement residuals 

and tap parameter errors. Teixeira applied state augmentation by including the off-

nominal turns ratio in the state vector as a new subset of independent components [8]. 

More recent techniques have recognized the superiority of this idea compared to post-

adjustment inaccuracy, and exploited the direct dependence of the measurement set on 

the tap positions. The absence of assumptions about available measurements and 

targeting the discrete nature of taps are the main features of Teixeira’s method. The 

authors in [9] improved bad data identification and robustness to measurement noise by 

using pre-filtering and prior information about the tap position’s dynamic behavior.  
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2.2.2. Mixed Optimization Problem 

The problem of estimating the tap positions developed in recent years into a 

mixed optimization problem with continuous and discrete variables [11]. Because of the 

need and the growing trend to computationally reduce advanced complex optimization 

problems, methods of construction or local search type, like simulated annealing and 

neural networks, were investigated. 

Researchers in [12] inspected three heuristic methods to solve SE with 

continuous and discrete variables. While their proposed Tabu search explored discrete 

search spaces of finite neighbor solutions set, and avoided revisiting the same state 

estimate, they operated genetic algorithms  on a population of solutions (state vectors) 

and generated new candidates accordingly, thus emulating species evolution [13]. 

Reference [13] also discussed an ant colony system that imitates the ants’ food quest 

and the pheromone traces along their preferred paths, a discontinuous manner to jump 

in the search space and update the state vector estimate through the iterations. Horng et 

al. [12] focused on ordinal optimization (OO) and compared its performance with the 

heuristic algorithms discussed in [13]. Their results revealed that optimization heuristics 

are not very attractive for real-time applications (such as SE) mainly due to their non-

repeatable results. 

 

2.2.3. Continuous Version of Discrete Variables 

Several references, including [8], specified taps as continuous variables, and 

initially solved the continuous non-linear optimization problem to calculate a 

continuous version of each discrete component before discretizing those based on either 
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some rounding criterion, sensitivity theorem or pre-specified norm. Then the state 

estimates were adjusted according to suitably discretized tap positions. Also beyond 

voltage transformer tap estimation, estimating the unknown taps of phase-shift 

transformers has been included in the literature over the last decade [10]. 

 

2.2.4. Discrete Variables with MIQP-based Method 

The proposed mixed-integer quadratic programming (MIQP) method in this 

thesis has not been previously explored in the context of SE with continuous and 

discrete variables. Basically, the MIQP-based method treats all the discrete variables 

separately, and as a bundle by estimating all of them in a single step without iterating. 

The continuous solution enables establishing two possible estimates for each unknown 

discrete variable (tap). Using direct rounding proved to be time-efficient, but fails in 

terms of accuracy. However, the MIQP-based solution has yielded more accurate results 

in a competitive computational time. Throughout the coming chapters, the difference 

between the aforementioned method and other published methods becomes clearer. 

Until the power grid industry establishes methods and adopts them in practice, MIQP 

and several other techniques will be vigilantly studied. The ultimate goal, in this regard, 

would be to improve the performance of the control centers’ state estimators when 

dealing with network components having discretely varying settings like transformer 

tap positions. 
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CHAPTER III 

REVIEW OF STATE ESTIMATION & TAP-CHANGER 

TRANSFORMERS IN POWER GRIDS 

 

The significance of state estimation and the challenges posed by modern power 

systems, especially smart grids, are discussed in this chapter. Moreover, a brief 

summary covers the types of data collected from the grid, possible sources of error, bad 

data detection and identification, and the topic of observability analysis. The second 

part of the discussion sheds light on the tap changing transformers: their types, 

capabilities and role in power networks.  

 

3.1. General Significance of State Estimation 

It is of utmost importance to be able to calculate the voltages and currents in 

different parts of the power system. For an economical system operation, the losses 

should be kept at a low value taking various constraints into account, and the risk that 

the system becomes unstable should be monitored. This can be achieved in a 

satisfactory way only if the state of the system is known. 

 

3.2. Types of Measurement Data 

Classifying the data collected by the supervisory control and data acquisition 

(SCADA) system, two different types can be distinguished: status or topological data of 

breakers and switches, and analog data of active and reactive power flows, node 



 

8 

 

 

 

 

 

 

injections and bus voltages. The status data are used to determine the real-time topology 

of the power network, whereas the analog data are used to determine the line and 

transformer loading as well as the voltage profile of the system. 

 

3.2.1. Status Data 

Status data are not the focus of attention in this research, neither are they 

explored within the software simulations, yet topology processing is one of the different 

functions of state estimators. Without knowing how the transmission lines are 

connected to the load and generation buses, state estimators cannot run properly. 

Misconfiguration of any network element causes topology errors which might lead to 

unexpected changes in the telemetered measurements and weaken the state estimator’s 

reliability. 

Estimating an operating tap changing transformer parameter would not be 

possible if the dynamically updated structural map of the power network fails to identify 

that its corresponding branch status is on. Nagy [20] recently presented a pre-processing 

algorithm to detect network topological errors before SE gets into action. His method 

includes a parameterized version of branch admittance as a state variable to determine if 

this branch is in service. 

 

3.2.2. Zero-injection Measurements 

Power injection measurements in some switching network stations are 

constantly available and equal to zero. This information may be used as a virtual 
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measurement, the collection of which forms the so-called zero-injection measurements. 

No meter needs to be installed as zero injection is an inherent property of such nodes. 

 

3.2.3. Pseudo Measurements 

Missing data are occasionally substituted by a value representing the best 

possible guess in order to aid the SE convergence. These are labeled as pseudo-

measurements. 

 

3.3. Measurement Data Errors 

3.3.1. Sources of Errors 

Measurement sets may contain errors due to various causes. Some of these 

errors originate from the finite accuracy of the metering system or the 

telecommunication system in the grid. These errors could be random or caused by 

biases or even topological discrepancies. If the data errors are minimal, their effect on 

the state estimator is limited, but whenever they are sufficiently large, they directly lead 

to unacceptable estimates. A partial remedy is to provide sufficient redundancy among 

the measurement set, and equip the estimator with advanced computational features for 

filtering such bad data. Figure 1 is a diagram that summarizes the main sources of the 

tele-metered data errors. It is worth noting that the time skew problem is actually 

understood as the non-simultaneity of the collected data, which justifies specifying it as 

a common bridge between the inaccuracies of meters and communication channels. 
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Fig. 1: Sources of Measurement Data Errors 

 

3.3.2. Detection and Identification 

Detection determines whether the measurement set contains any bad data, 

while identification finds out the specific measurements that actually contain bad data. 

The configuration of the overall measurement set in a given power system is an 

important factor to consider, much like the measurement types involved. 

Both the location and the consequent effect of a measurement on the SE 

outcome decide whether this specific measurement is critical or redundant, and 

furthermore classifies certain redundant measurements as a critical pair, or a critical k-
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tuple [14]. Bad data appearing in critical measurements is undetectable using 

conventional measurement sets. 

When employing WLS in the state estimation procedure, chi-squared testing is 

used for bad data detection. Single bad data might be identified using the maximum 

normalized residual method. Multiple bad data are harder to handle, but one method to 

deal with them is the hypothesis testing identification method.  The treatment of bad 

data is a robustness issue for any estimator, and is crucial in order to improve its overall 

performance. Much more details on the subject could be found in reference [14]. 

 

3.4. Observability Analysis 

The theory of network observability was first presented by Monticelli and Wu 

back in the 1980s. Among the derived issues were observable islands, measurement 

relevancy and unobservable lines. The observability analysis and the measurement 

errors are correlated to the estimator’s convergence, efficiency and response time. 

Exposito and Abur proposed a generalized observability analysis numerical 

method [21] that permits non-iterative determination of unobservable branches. They 

redefined the critical and redundant measurements to relate the role of line current 

measurements in shaping non-uniquely observable systems. Singh et al [22] proposed a 

sequential procedure to specify a potential location for meter placement as the one with 

largest area of the error ellipse, which quantifies the measurement’s influence on the 

overall estimates’ accuracy. The authors in [10] demonstrate a numerical algorithm for 

observability analysis in state estimation, and test it. Transformer tap settings, in their 

algorithm, are treated as additional state variables, and observable islands in any 
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unobservable network can be identified. Unless the measurement configuration is 

appropriately reinforced with adequate redundancy and careful placement, the system is 

unlikely to be observable.  

 

3.5. Challenges in Modern Power Networks 

Monticelli, a decade and a half ago, foresaw that SE will have a crucial role to 

play in the emerging scenario of a deregulated power industry. Many market decisions 

will thus be based on the accurate knowledge of the system’s present state [23]. 

Changes occurring in today’s power grids pose, without any doubt, new 

challenges for state estimation. More accurate models and larger reliability are further 

expected. Deregulation of energy markets, penetration of diverse renewable energy 

sources, and advanced metering capabilities are all attributing factors which call for a 

system-wide power system state estimation. Smart meters have reached the distribution 

level, and networked processors are being installed throughout the grid. 

 

3.5.1. Advanced Metering 

The advances in metering infrastructure, such as phasor measurement units 

(PMUs), can only be described as unprecedented. These technological advances in 

instrumentation should be leveraged. Automation has even reached the substation level, 

in which intelligent electronic devices (IED) can provide important data to the control 

center too [24]. Measurements might be abundant and diverse whenever advanced 

monitoring capabilities are available, but processing those measurements still 
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constitutes a major challenge, exacerbated in the presence of malicious data attacks and 

bad data. 

 

3.5.2. Monitoring Tie Lines and Renewables 

Traditionally, power system state estimation (PSSE) has been performed at 

regional control centers with limited interaction. However, due to the deregulation of 

energy markets, large amounts of power are transferred over high-rate, long-distance 

lines spanning several control areas. These so-called tie lines, originally constructed for 

emergency situations, are now fully operational and must be accurately monitored. 

Since any control area can be strongly affected by events and decisions elsewhere, it 

would be safe to consider independent system operators (ISOs) no longer operating in a 

truly independent fashion [25]. Inter-area power transfers are further intensified by the 

ongoing penetration of renewables, whose intermittent nature necessitates more 

frequent state monitoring and acquisition.  

 

3.5.3. State Estimation in Smart Grids 

It is expected in the coming future that most centralized power grids will 

evolve into smart grids, which are characterized by automation technologies. Smart grid 

systems are designed to intelligently monitor and control energy flows in the power 

lines, thus improving the reliability and efficiency of electric power delivery. The 

successful functioning of smart grids necessitates low-delay, highly dependable two-

way communication between each of the customers, local utilities and regional utilities.  
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Large power systems grew independently over the years, but still had to be 

operated in an interconnected and synchronized manner. These large-scale systems can 

be accurately monitored by state estimators in smart grids by using smart metering 

systems. State estimators are widely considered as the building blocks in any 

automation and control system, by which data and models are validated in real-time.  

The key issues in modernizing the power grid monitoring infrastructure are 

essentially performing PSSE at the interconnection level, and performing the 

decentralization of the power grid information processing at several distinct levels [26]. 

State estimates from ISOs can be merged at the interconnection level. These 

considerations substantiate that distributed PSSE and bad data analysis are essential for 

realizing the smart grid vision. 

 

3.6. On-Load Tap-Changing Transformers 

The tap selection within a transformer is enabled through a tap changer 

mechanism. Equipping transformers with taps on the windings makes them capable of 

adjusting the voltage transformation or the transformer reactive power flow. The tap-

changer is in reality the most expensive and vulnerable element in a transformer. 

Relative to the nominal transformation, any additional transformation is labeled off-

nominal turns ratio, and usually ranges between 0.9 and 1.1. 

Power supply interruption, during tap changing, is often undesirable to say the 

least, so the transformer is fitted with a more complex on-load tap-changing (OLTC) 

mechanism. Otherwise, the transformer will have a fixed tap during the system 

operation. As load changes cause voltage fluctuations, tap-changers change taps under 
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load, and prove to be quite responsive. During the tap-changing operation, short circuits 

are prevented via the addition of impedance to the OLTC circuit. This impedance could 

be either reactive or resistive; the latter is heavily favored due to the reactive OLTC’s 

slower operation, larger arcs and heavier size.  

Moving on to the tap-changer controller [27], whose primary function is to 

minimize bus voltage amplitude fluctuations by keeping it within a defined range, three 

categories exist: mechanical, electronically assisted and fully electronic. The 

conventional mechanical ones are the most frequent despite being limited by their high 

losses and maintenance costs. Electronically assisted tap-changers use thyristors to take 

the on-load current, thus preventing arcing on the main contacts, but require a low 

voltage power supply for the thyristor circuitry. Electrical OLTC, on the other hand, are 

designed using circuits of bidirectional solid-state power switches to reduce running 

costs and offer tap jumping capability. OLTC controllers with solid-state structures 

have so far been typically employed only on smaller transformers. 

 

Table 1: Modes of Control by Tap-changer Transformers 

Type of Automatic Control Physical Quantity Regulated 

Automatic Voltage Regulation Voltage at the regulated bus 

Phase Shift Control Active power through the transformer 

Reactive Flow Control Reactive power through the transformer 

 

The control mode dictates the specific role of the transformer in the considered 

branch. The three main control types are listed in Table 1, and the transformer tap 
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position automatically changes to maintain the matching quantity within the permissible 

bounds. 

 

3.6.1. Voltage Regulation 

The increase of power demand at a higher rate than the expansion of generation 

and transmission facilities has resulted in grids functioning closer to their operational 

and physical limits. The voltage profile in power systems is often maintained, in the 

vicinity of a specified magnitude, either by controlling the generator reactive power 

injection or by adjusting the tap setting of OLTCs. Any operating OLTC keeps the 

voltage regulated at one of its terminal buses through the adjustment of its tap ratio. 

If one of the limits is reached, the turns ratio will have a fixed value and voltage at the 

controlled bus starts to change. Moreover, in the presence of emergency situations, the 

integrity of the grid might be preserved by locking the transformer tap into 

predetermined positions known as voltage set-points [28]. In short, monitoring the tap 

positions at all times in increasingly crucial for a safe and reliable network. 
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CHAPTER IV 

PROBLEM FORMULATION AND SIMULATION 

 

The first part of this chapter deals with the optimization problem formulation 

of SE with continuous and discrete variables. The model and equations involved are 

presented briefly. The simulation environment constitutes the second part of the 

discussion, with emphasis on the input data fed to the computer program. 

 

4.1. Steady State Operation of Power Systems 

A power system is predominantly operating in steady state or in a state that 

could be considered steady with sufficient accuracy. At all times, small load changes, 

switching actions, and other transients are occurring, so that in a stringent mathematical 

sense most of the variables are varying with time. However, given the size of these 

variations, an algebraic model of the power system is adequately justified, rather than a 

time-varying model. In steady-state operation, there must be a balance between the 

power generated by the generators, the power consumed by the customers and the 

system losses. This power balance is described by a set of mathematical equations 

called power flow or load flow equations. 

Conventional SCADA measurements, i.e., active and reactive nodal power 

injections and line power flows, do not adhere to a linear model. In reality, performing 

state estimation using those types of measurements entails solving non-convex 
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optimization problems. Typically, such models are iteratively linearized using the 

Gauss-Newton method. 

 The two previous paragraphs demonstrated the dependence of state estimation 

on two foundations: steady state electric parameters, which cannot be ignored, and an 

online database based mainly on the SCADA system. In short, the presence of a reliable 

power grid database is a fundamental requirement for state estimation. 

 

4.2. Problem Formulation 

4.2.1. Nomenclature 

ijb : susceptance of the series branch connecting buses i and j 

ijB : imaginary part of the ij-th element of the complex bus admittance matrix 

sib : susceptance of the shunt branch connected at bus i 

d : discrete variables of the state vector to be estimated (transformer turns ratio) 

0d : portion of the continuous formulation solution representing the discrete variables 

e : measurement noise vector, whose components are assumed to have a zero-mean 

f : index representing a fixed (non-tapped) bus 

ijg : conductance of the series branch connecting buses i and j 

ijG : real part of the ij-th element of the complex bus admittance matrix 

sig : conductance of the shunt branch connected at bus i 

),( dxh : non-linear vector function of the state vector variables (continuous and/or 

discrete), which are expressions of the measurement types 
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),( dxH : Jacobian matrix of the vector function ),( dxh  

J : objective function of the original state estimation problem (weighted error squared) 

m : measurement index 

n : integer value representation of T, to be estimated by MIQP; Tn .100  

N : total number of buses in the power system 

iN : set of bus numbers that are directly connected to bus i
 

mN : total number of measurements 

transN : total number of transformers with unknown taps to be estimated 

r : residual error vector, representing the difference between the measured values and the 

corresponding estimated values 

R : diagonal covariance matrix of the measurement noise vector 

t : index representing a tapped bus 

T : transformer tap ratio as seen from the non-tapped bus side 

x : continuous variables of the state vector to be estimated, consists of voltage magnitude 

components V  and voltage angle components   

0x : portion of the continuous formulation solution representing the continuous variables 

y : total state vector, composed of continuous and discrete components 

z : measurement taken for state estimation in the power system under study 

i
 : standard deviation of the i-th measurement 
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4.2.2. State Vector 

   SE finds an optimal estimate for all the complex bus voltage phasors in a given 

interconnected N-bus power system. Accordingly, the power system state vector x  is 

essentially composed of two sets of components: i  and 
i

V , representing the bus 

voltage angles and magnitudes respectively. These are called the state variables, 

because any physical quantity in a power grid, such as line flow, voltage, current, etc. 

can be expressed in terms of them. In other words, the network state can be completely 

determined by the state vector components. One should note that i = 2, 3… N in i  

whereas i = 1, 2… N in iV . This is due to the fact that one of the bus angles is 

considered to be the reference and assigned the value zero, 
1
  = 0 [14].  

   Augmenting the original vector after the addition of the unknown turns ratios 

kd )1( transNk   of some (or all) of the transformers, the size of the state vector 

expands to )12(  transNN . The total number of continuous variables is )12( N , 

and the total number of discrete variables is transN . In view of that, the state vector to 

be estimated becomes the vector ][ TT dxy  . 

 

4.2.3. Weighted Least Squares 

   The various network measurements (line flows, bus injections, etc.) are 

themselves non-linear functions of the state variables. For instance, the power flow 

equations are a set of non-linear equations relating the active and reactive power 

injections to the set of transformer turns ratios and bus voltage magnitudes and phase 
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angles. Thus the measurement data set can be expressed by the following set of 

equations: mmmmmm Nmedxheyhz ,...,2,1),()(           (1) 

    

   The SE problem with mixed variables (continuous and discrete) is formulated 

as an unconstrained weighted least squares (WLS) problem, defined by: 




 


mN

m m

mmT
dx

dxhz
dxhzRdxhzdxJ

1
2

2
1

,

)],([

2

1
)],([)],([

2

1
),(min


              (2)  

  

   The WLS optimization is performed using KNITRO [29], a software package 

designed for solving large-scale mathematical optimization problems, specifically non-

linear problems. KNITRO is called as a solver from within the MATLAB environment. 

 

4.2.4. Equations of Measurements 

   The equations of the conventional SCADA measurements are non-linear 

functions of the state variables. A brief review of these equations is provided in this 

section. The adopted model of the network branches is first shown. This model is 

known as the two-port  -model, and its adoption is reflected in the type of input data 

fed into the solver programs. 
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Fig.2: Two-port  -model of a Network Branch 

Source: [14] 

 

The shunt susceptance of any network line is always sufficiently larger than the 

conductance, sisi bg  . The admittance of the shunt branch connected at any bus can 

hence be safely considered pure imaginary. Accordingly, the simplified model of a 

network branch is the one shown in Figure 3. 

 

    

 

 

 

 

   Fig.3: Simplified Two-port  -model of a Network Branch 

The presence of tap-changing transformers is taken into consideration implicitly within 

the elements of the nodal admittance matrix. The bus power injection equations are the 

following. 
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Real Power Injection at bus i : 






iNj
ijijijijjii BGVVP )sin.cos.(.       (3) 

Reactive Power Injection at bus i : 






iNj
ijijijijjii BGVVQ )cos.sin.(.       (4) 

In the absence of a tap-changing transformer in the corresponding branch, the line flow 

equations are the following. 

Real Power Flow from bus i  to bus j : 

)sin.cos.(..2
ijijijijjiijiij bgVVgVP       (5) 

Reactive Power Flow from bus i  to bus j: 

)cos.sin.(.).(2
ijijijijjiijsiiij bgVVbbVQ      (6) 

In the presence of a tap-changing transformer in the corresponding branch, the line flow 

equations are the following. 

Real Power Flow from tapped bus t  to fixed bus f : 

)sin.cos.(.... 22
tftftftffttfttf bgVVTgVTP      (7) 

Real Power Flow from fixed bus f  to tapped bus t : 

)sin.cos.(...2
ftftftftftftfft bgVVTgVP       (8) 

Reactive Power Flow from tapped bus t  to fixed bus f : 

)cos.sin.(..).(. 22
tftftftffttfstttf bgVVTbbVTQ     (9) 
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Reactive Power Flow from fixed bus f  to tapped bus t : 

)cos.sin.(..).(2
ftftftftftftsffft bgVVTbbVQ      (10) 

 

4.2.5. Typical Problem Dimension 

   Due to the discrete nature of transformer tap settings, a new dimension of 

problem complexity is added in comparison to the classical SE problem. To provide an 

illustration of this complexity, consider a typical scenario where the common number of 

transformer taps is 21 (one principal tap and 10 in each direction), the nominal tap ratio 

1, and each step corresponds to 1% of the nominal. Estimating the 21 tap positions of 

this transformer can be reformulated into 21 different continuous variable programming 

problems, each of which can be directly solved. If the tap positions of the 25 

transformers are all to be estimated, a total of 21
25

 continuous variable formulations 

would exist, which is a huge search space and an unquestionably challenging SE 

problem to be solved in a real-time manner. 

 

4.3. Simulation Environment 

4.3.1. Software 

   The mixed integer solver used in this research is embedded in MOSEK, a 

developed optimization toolbox for stand-alone use and/or in conjunction with 

MATLAB [18]. MOSEK integer solvers use branch and cut techniques to solve the 

generalized mixed integer optimization problem. 
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4.3.2. Standard Network Test Cases 

   The simulation case testing of the MIQP-based rounding SE method and the 

three comparison methods is performed on three standard IEEE power systems: 30-bus, 

57-bus, and 118-bus systems. Table 2 summarizes the parameters of these systems: 

      Table 2: System Data 

System IEEE 30-bus IEEE 57-bus IEEE 118-bus 

Buses 30 57 118 

Branches 41 78 162 

Generator Buses 2 4 23 

Transformer Taps 7 15 25 

Measurements 100 215 425 

Redundancy Ratio 1.515 1.680 1.635 

 

4.3.3. Input Data 

   In the simulation tests, sufficiently rich sets of redundant measurements in the 

power system were employed, and these included bus real and reactive injections, line 

real and reactive power flows as well as bus voltage magnitudes with a smaller 

variance. The measurements were generated from a load-flow program, with additive 

random noise having zero mean and a standard deviation of 0.032 per-unit for bus 

injections and branch flows, and 0.024 per-unit for bus voltage magnitudes. The 

diversity of the measurement set combinations was effectively simulated through 

selecting pseudo-randomly a portion of each measurement type. The selection 
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procedure generated topologically observable states by maintaining enough redundancy 

of meter readings per bus. In other words, careful choice of meter placement and proper 

filtering of bad data using the classical chi-squared test have been employed to 

guarantee that the system is observable. 

   The number of unknown taps is taken to be 7, 15 and 25 in the three 

benchmark systems respectively. The off-nominal turns ratio T  of each of the 

transformers is specified in the range of 0.9 to 1.1 with steps of 0.01, thus combining for 

a total of 21 possible discrete positions per unknown transformer tap variable.  

The branch data and bus data for each of the tested systems are obtained from [19], 

however, the branch location of the transformers with taps, and the available 

measurement set vary in 400 different sample simulations per system for each of the 

four utilized methods. 

  



 

27 

 

 

 

 

 

 

CHAPTER V 

MIXED INTEGER QUADRATIC PROGRAMMING (MIQP) 

 

   This chapter presents the proposed MIQP-based method in terms of ease of 

application, expected contribution, and difference from other available methods. 

The details of including one of the measurement types into the formulation serve as an 

example for clarifying the method. Defining the rounding range for each discrete 

variable is also discussed. The chapter concludes with tabulating the simulation results 

for the three benchmark bus systems. 

 

5.1. Introduction 

The proposed contribution of this thesis is a mixed-integer quadratic 

programming based rounding solution method which estimates the continuous and 

discrete variables for the power system SE problem in a soft computing way using two 

classical continuous weighted least squares (WLS) routines: before and after detecting 

the transformer tap positions. This means that the MIQP solver is effectively run with 

no intention of directly adjusting any variables other than the discrete ones. Afterwards, 

the newly estimated taps are fixed simultaneously, and the voltage magnitudes and 

phase angles are re-estimated in order to construct the unknown state vector. MIQP 

differs from other researched rounding methods in that it avoids sequential fixing of the 

discrete variables. 
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   The proposed solution method is based on reformulating the mixed 

continuous/discrete SE problem into a MIQP problem. Figure 4 summarizes the concept 

behind the MIQP-based rounding method and its progression from one phase to another. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4: Procedural Chart of the Proposed MIQP Method 

 

   The knowledge of the entire state vector characterizes the operating point of 

any power system at a specific network structure and associated parameters. However, 

the successful application of any SE algorithm, including the MIQP-based rounding 

Initial Input Data 
(Line Data, Bus Data, Measurement Data) 

Classical Continuous Optimization executed 

with all continuous & discrete variables 

assumed continuous 

Perform MIQP to obtain 

                    and n
1
, n

2
 … 

 

Fix the estimated discrete taps T
1
, T

2
 … 

 

Classical Continuous Optimization executed 
with remaining variables 

originally continuous 

Construct the complete state vector 
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method, will undeniably depend on the type, redundancy and accuracy of the 

measurement set collected at the energy management center. Using mixed integer 

solvers (including MIQP) guarantees that the final solution is repeatable. This is 

attributed to the fact that these solvers adopt deterministic search techniques, as opposed 

to non-deterministic techniques based on heuristics. 

   It is important to emphasize that the MIQP-based rounding estimator is an add-

on, so it will be executed only after the WLS optimization is carried out together with 

its associated bad data processing techniques. 

 

5.2. Mathematical Formulation 

   Starting with the classical WLS continuous state vector solution, which does 

not distinguish between continuous and discrete variables, and which has been one of 

the earliest approaches used in literature, the formulation is as follows: 

mmmm

N

m m

m
dx Nmdxhzrts

r
dxJ

m

...1),(..
2

1
),(min

1
2

2

,  
 

            (1) 

   This classical approach is sometimes referred to as the normal equations 

method. Starting from this preliminary solution, the linear approximation of the non-

linear vector function h  is evaluated by using a Taylor series expansion. By neglecting 

the second and higher order terms, )12(  transNN unknowns would represent small 

deviations of the total state vector in the neighborhood of the continuous solution. The 

estimated taps from the continuous solution are used to form the linearized system 

model from which the discrete taps are estimated based on WLS criteria. Accordingly, 
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the unknown taps are transformed into integer variables to be optimized (ranging from 

90 to 110 or according to the specifications of the OLTC). Essentially every transformer 

tap setting variable T  will undergo an elementary transformation ( Tn .100 ) so that n  

is the new integer variable to be estimated, rather than T  itself. This means that the 

discrete components of the new state vector ),( dxv are in fact the integer variables 

)1( transNknk  . This transformation renders the problem an MIQP one, where the 

quadratic objective function results from choosing a WLS objective. The emphasis is 

solely on the integer solutions of this MIQP because the following step is to fix these 

taps into their original discrete form (inverse transformation), and re-estimate the 

continuous variables with the classical approach. 

   In what follows, the mathematical development of the proposed approach is 

covered. The MIQP-based rounding method utilizes the continuous SE solution and 

tries to drive it towards a much more accurate solution which respects the discrete 

nature of the unknown taps. The non-linear vector function h  is linearly approximated 

using Taylor series, neglecting the high order terms: 

   ),(.),(),(),( 0000 dxvdxHdxhdxh               (2) 

Where ),( dxv  is the new state vector (of small variations) to be estimated through a 

WLS minimization: 

)3(]),(),(.),([]),(),(.),([
2

1
min 000010000

, zdxhdxvdxHRzdxhdxvdxH T
dx  

 

The partial derivatives of ),( dxh  which constitute the elements of the matrix ),( dxH  are 

obtained from the expressions of power flows and injections. 
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   As an illustrative example, the development of the linearized form of the active 

power flow between 2 buses, one of which is tapped, is shown below: 

)4(.][.][.][

.][.][

000000

0000

,,,

,,

0

T
T

PPP

V
V

P
V

V

P
PP

dx

tf

fdx
f

tf

tdx
t

tf

fdx
f

tf

tdx
t

tf

tftf


































)5()(.][.][.][

.][.][

0

,,,

,,

0

000000

0000

TT
T

PPP

V
V

P
V

V

P
PP

dx

tf

fdx
f

tf

tdx
t

tf

fdx
f

tf

tdx
t

tf

tftf


































 

)6(.][.][.][

.][.][).][(

000000

000000

,,,

,,

0

,

0

T
T

PPP

V
V

P
V

V

P
T

T

P
PP

dx

tf

fdx
f

tf

tdx
t

tf

fdx
f

tf

tdx
t

tf

dx

tf

tftf






































 

Rearranging the terms in matrix form yields: 
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Consequently, the final form is obtained as:
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  The resulting voltage magnitude and angle deviations ...,,...,,, 3221   VV  are 

not added to the corresponding state variables from the continuous formulation as the 

main purpose of MIQP-based rounding is to yield the estimated discrete values. 

 

5.3. Rounding Range 

   The last discussion of the MIQP-based rounding technique before 

demonstrating the simulation results is centered on the size of the permissible range of 

integer solutions per tap position. Essentially, based on the continuous version of each 

discrete component after the initial WLS, the discrete variable is only allowed to take 

two values: the lower or the upper position. In other words, n  is bounded by the nearest 

lower and nearest upper integer values to the continuous formulation solution of T . 

For example, if 0T  = 1.0347, then the only two possible values for n  are 103 and 104. 

This constraint is applied to all integer variables during the execution of the MIQP 

solver. Expanding the permissible bounds requires including two more possible 

integers, one from the bottom and one from the top. Considering the same example 
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0347.10 T  for the sake of demonstration, Table 3 shows the rounding range with 

different numbers of integers. 

             Table 3: Possible Size of Rounding Range within MIQP 

 

Range Size Continuous Problem Estimate 
0T  = 1.0347 

2 integers   103 104   

4 integers  102 103 104 105  

6 integers 101 102 103 104 105 106 

 

According to the simulations performed on the various network cases, augmenting the 

interval size does not contribute positively to detecting the proper position of the taps. It 

might sound counterintuitive, but even if this larger range works for one of the taps by 

including the real position in the options, it eventually fails to improve the overall state 

vector solution. Moreover, the net effect is optimality degradation, some erroneously 

estimated taps, and a larger sum squared error. The empirical results prove that the extra 

flexibility on offer does not balance the required accuracy from a state estimator. Hence, 

the conclusion is to keep the rounding choices as a pair: either the nearest lower bound 

or the nearest upper bound, determined by solving the quadratic optimization model.  

 

5.4. Simulation Results 

   Over the range of simulations, Table 4 evaluates the simulation test results of 

the proposed MIQP-based rounding method in terms of the average value of the major 
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parameters over the sample simulations. These average values include the number of 

inaccurately estimated taps, the objective function value, and the sum squared error 

(SSE) of each set of the state vector components which includes: the bus phase angles, 

bus voltage magnitudes and transformer tap positions. The SSE is evaluated between 

the real (load flow) and the estimated values of the state variables.  

 

   Table 4: MIQP Method Results of 400 Simulations for each Test Case System 

Results 30-bus 57-bus 118-bus 

Inaccurate Taps 1.3959 3.3125 5.9981 

Objective 0.4924 2.6355 200.419 

SSE of Bus Angles 2.27x10
-3

 6.68x10
-3

 1.48x10
-2

 

SSE of Bus Voltages 1.43x10
-3

 2.03x10
-3

 5.23x10
-3

 

SSE of Taps 1.46x10
-3

 2.65x10
-3

 2.05x10
-2

 

 

   Using an Intel Core 2 Duo P8700 (2.53 GHz) processor on a 64-bit Windows 7 

Home Premium version, MOSEK solver delivered results within 4 seconds on average. 

The results are found to be satisfactory within the tolerated ranges of error. Moreover, 

the MIQP-based method managed to successfully detect a larger number of the 

unknown taps compared to the other methods (as will be shown in the next chapters) 

despite the bias of some of the estimated continuous taps (from the initial estimate) 

towards the wrong tap position. In other words, direct rounding of the initial 

optimization solution could have yielded inaccurate results.  
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   On average, the main advantage of the MIQP based rounding procedure exists 

in the correct estimation of the transformer taps, which is in reality one of the main 

goals of SE with mixed variables. Improvements in other performance indices do exist. 

However, they are masked by the fact that while only a small portion of the unknown 

taps is inaccurately detected, at least one of the wrong taps might be relatively further 

away from the right position, thus augmenting the error.  
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CHAPTER VI 

ORDINAL OPTIMIZATION WORKFLOW 

 

   Ordinal optimization (OO) has emerged as a new technique, effective in 

improving the efficiency of simulation and optimization.  This chapter demonstrates a 

classical OO procedure within the context of state estimation with mixed variables, in 

the aim of estimating the transformers tap settings with precision. The results for the 

three standard networks are compared with those obtained in the previous chapter. 

 

6.1. Introduction 

   OO, which has been recently employed for solving both the optimal power 

flow and the state estimation problems [12], is investigated for comparison purposes. 

Compared to heuristic methods, confidence in OO solutions is superior because the OO 

formulation gives probabilistic guarantees on the quality of the solution obtained and 

favors order over value by relaxing the optimization goal and by defining the solution’s 

optimality in terms of its performance value order [15], [16]. 

   In complex optimization problems involving a combinatorially large search 

space, it would be reasonable to adopt the strategy of OO in the aim of outwitting the 

present limitations and difficulties. Settling for the good enough solution, albeit with 

high probability, instead of searching for the best can facilitate hard problems, while 

achieving better speeds.  
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Fig.5: Procedural Chart of the OO Method 

   The general procedure of ordinal optimization and the specific features of a 

mixed state estimation problem are highlighted in Figure 5 in order to clarify the 

Execute Classical Optimization with all variables assumed continuous 

Read Initial Input Data (Line Data, Bus Data, Measurement Data) 

Set each estimated tap position to its lower/upper bounds to reduce 

discrete space into         

Construct the         discrete samples and calculate the norm deviation of 

each bounded tap 

Reduce into a representative set of            1000 samples by finding 

the suitable k discrete components and fixing them 

Compute |Sensitivity Function| for the 1000 candidates 

Order these sensitivity-based sums from smallest to prioritize optimization 

Select the top s samples to yield the Selected Subset 

Execute Classical Continuous Optimization without discrete variables on all 

s candidates 

 

Construct the complete state vector corresponding to the solution with 

minimal objective function 



 

38 

 

 

 

 

 

 

workflow. The steps may appear numerous; nonetheless many of them include ranking 

and fast function evaluations, so it can hardly be labeled as a cumbersome process. 

 

6.2. Mathematical Formulation 

   OO is divided into several stages. It starts with the classical continuous 

formulation, followed directly by a reduction in the number of unknown tap positions 

through finding those k  components which satisfy a specified norm deviation. This can 

be achieved through evaluating the level of closeness of each discrete component 

between its corresponding continuous solution and the nearest permissible discrete 

value. After fixing these k  taps to the closest discrete solution, the remaining unknown 

taps should be approximately 10, i.e. 10 kNtrans , so that the number of samples 

forming the representative set is around 1000. Sensitivity analysis of the discrete 

variables with respect to the objective function [17] is then applied. Calculating the 

sensitivity components of the different unknown taps proceeds as follows: 
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The first order derivative of the objective function with respect to a specific transformer 

tap, treated as a continuous variable, is: 
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Accordingly, the sensitivity function is given by: 
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   The later stages of OO require the calculation of the absolute value of the 

sensitivity function evaluated for the 2
10

 candidate tap combinations, and arranging 

them in ascending order to prioritize the top percentage. The latter ranking-and-

selection methodology is incorporated within the OO procedure to narrow down the 

options rapidly. An approximate 50-fold reduction of the representative set would be 

expected in the following step. The top 20 samples (with smallest absolute sensitivity 

function values) constitute the selected subset, whose size is relatively conservative 

[15]. Those accepted candidates are all subject to standard WLS continuous SE 

routines. OO then chooses the good enough solution corresponding to the minimum 

objective function. Empirically, the resulting state vector has a very high probability of 

being an acceptable solution, and an acceptable probability of being optimal. 

 

6.3. Simulation Results 

   Over the same range of simulations as the MIQP method, the simulation test 

results of the OO-based approach are tabulated in Table 5 below, in terms of the 

average value of the main parameters over the sample simulations. These average 

values include the number of inaccurately estimated taps, the objective function value, 

and the sum squared error (SSE) of each set of the state vector components. The SSE is 

evaluated between the real (load flow) and the estimated values of the state variables. 
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   Table 5: OO Method Results of 400 Simulations for each Test Case System 

Results 30-bus 57-bus 118-bus 

Inaccurate Taps 2.0970 4.0600 7.1260 

Objective 0.4978 2.6652 203.176 

SSE of Bus Angles 2.29x10
-3

 6.78x10
-3

 1.52x10
-2

 

SSE of Bus Voltages 1.48x10
-3

 2.17x10
-3

 5.66x10
-3

 

SSE of Taps 1.53x10
-3

 2.77x10
-3

 2.18x10
-2

 

 

   The results are slightly inferior to those yielded by the MIQP-based method, 

especially regarding the number of inaccurate tap estimations. The SSE for each of the 

three state vector members is a bit larger than the corresponding SSE in MIQP. 

Relatively speaking, the average objective function values were the most comparable to 

MIQP. The gap between the proposed method and OO tends to be consistent with the 

different sizes of tested networks. 

The bias of some of the estimated continuous taps (from the initial estimate) towards the 

wrong tap position reduced the capability of the OO procedure to provide optimal 

results, but that was a common issue for all the methods in this thesis.  
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CHAPTER VII 

PROBABILISTIC AND ADAPTIVE THRESHOLD METHODS 

 

   This chapter discusses and tests two non-deterministic approaches to estimate 

discrete variables in a mixed continuous/discrete state estimation problem by rounding. 

The first is the probabilistic method which uses a probability distribution function to 

round transformer taps into specific positions depending on the closeness of the 

continuous solution to the discrete value. The adaptive threshold method is the other 

method, and it fixes a discrete variable if the continuous counterpart lies within a 

threshold. 

 

7.1. Introduction 

   The standard rounding method consists of rounding discrete variables to their 

nearest discrete value at the final iteration after modeling them as continuous variables 

and obtaining an initial estimate. This method has been shown to degrade optimality in 

problems such as the security-constrained optimal reactive power flow (SCORPF), and 

even create infeasibilities. These deficiencies have motivated the application of new 

rounding methods based on some heuristics to enhance the final results. 

Two of these methods [30] have been tested on practical large-scale network models in 

Great Britain to improve the SCORPF solution relative to the standard rounding. These 

two methods are the probabilistic and the adaptive threshold methods, each of which 

fixes a subset of discrete variables progressively until a complete estimate is obtained, 



 

42 

 

 

 

 

 

 

and only purely continuous variables are left for a separate estimation. A general 

workflow of both approaches is shown in the following Figure 6. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.6: Procedural Chart of the Adaptive Threshold and Probabilistic Methods 

 

   The process of fixing the unknown taps is repeated iteratively until reaching a 

stop condition: either the discrete variables within the state vector are all fixed, or the 

maximum number of iterations is attained. Afterwards, assuming the second stopping 

condition applies, any remaining taps are fixed to their nearest permissible value. The 

Classical Continuous Optimization executed 
with remaining variables originally continuous 

Construct the complete state vector 

Execute Classical Optimization with all variables assumed continuous 
excluding the discrete taps which have been fixed 

Read Initial Input Data (Line Data, Bus Data, Measurement Data) 

Perform Adaptive Threshold or Probabilistic method to 
fix a subset of the discrete tap positions 

Check if the Stop Conditions are applicable 
 

If No: Go back to Step 2 
 

If Yes: Proceed 

Fix any remaining tap positions to the nearest discrete value 
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final step is an optimization routine with only bus voltage magnitudes and angles as 

variables to construct the entire state vector of the system. 

 

7.1.1. Iterations and Algorithmic Parameters 

    Even for small power systems, neither the adaptive threshold nor the 

probabilistic method is likely to produce an estimate of all the discrete variables at the 

first iteration. This means that a number of iterations need to be performed, in which 

state estimates are produced using a standard continuous WLS optimization routine, 

before flagging the unknown transformer tap variables as fully estimated. Moreover, 

due to the heuristic nature of both methods, their level of success is very likely to 

depend on tweaking particular algorithmic parameters and tuning them accurately [30], 

which are to be discussed within the scope of this chapter. 

 

7.2. Probabilistic Approach 

   The probabilistic method for estimating the discrete tap positions starts by 

examining the continuous solution obtained from the WLS routine. Some of the discrete 

tap settings are fixed to the nearest discrete value at every iteration depending on a 

certain probability value. This value is specified by the proximity between the 

continuous version and the nearest discrete position on a scaled normal distribution. 

Fixing the taps is based on random values generated by the program at each iteration. 

Accordingly, the performance of this method can be assessed in a realistic manner only 

after running multiple executions. This is achieved, in a similar fashion to all the other 
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tested methods, through the multiple simulations for each of the benchmark system 

cases. 

 

7.2.1. Scaling Factor 

   The scaling factor (or probability factor) is one of the two flexible parameters 

of the probabilistic method, the other being the maximum number of iterations. This 

factor determines the final shape of the probability function, and is essentially the 

largest probability assigned to fix any discrete value if it coincides with the continuous 

solution. A reasonable value of the probability factor, according to [30], is 0.9, and the 

simulation results have validated this choice. Higher scaling factor values lead to a 

fewer number of iterations, while lower values imply more running time and more 

accurate results. Selecting 0.9 for this probability factor turned out to be a successful 

compromise. 

 

7.2.2. Probability Density Function 

   The scaled normal probability distribution is of exponential form [30], and it is 

used to calculate the probability that an unknown tap position is fixed to the closest 

discrete value. The idea is to allow a higher chance of fixing whenever the continuous 

solution component is close enough to a discrete value, and to reduce that chance 

significantly if the tap estimate is in the middle of the range of discrete values. 

The mathematical expression of the distribution function is 
205 )(*10*2 dTTe  in which dT  

is the value of the nearest discrete position. This function should be multiplied by the 
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scaling factor to produce the scaled normal distribution. The graph in Figure 7 plots the 

probability of fixing at a specific discrete value according to the scaled normal 

distribution function. The discrete value in this particular example is 96.0dT . 

Assuming the continuous solution of the tap is 0.9612, the probability of fixing this 

variable at the 0.96 value would be 0.6748. In that case, a random number between 0 

and 1 is generated, and fixing the tap variable at dT  occurs only if this random number 

is smaller than 0.6748. 

 

Fig.7: Graph of Scaled Normal Distribution 

 

7.2.3. Pseudo Code 

   Let jF , 
0

j
T , and 

d

j
T  represent the optimization status flag, the continuous 

solution component, and the nearest discrete value of the j
th

 transformer tap position 
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variable jT  respectively. 0jF  denotes that the corresponding discrete variable has 

been fixed to the nearest value, and is no longer included in the optimization routines of 

the next iterations. Let Rand be a random number between 0 and 1. The pseudo code for 

the probabilistic method is presented below. 

FOR i = 1 to the maximum number of iterations 

   FOR j = 1 to the total number of discrete tap variables 

    IF 1jF  AND Rand   Scaling Factor * 
205 )(*10*2 d

jj TT
e



 

    THEN 0jF  ;
 

d
j j

TT    

    ENDIF 

   ENDFOR 

   IF all 0jF  

   THEN BREAK 

   ENDIF 

   Re-estimate the continuous state variables, and the remaining discrete variables 

ENDFOR 

 

7.3. Adaptive Threshold Approach 

   The adaptive threshold method is initiated in the exact same way as the 

probabilistic method and the continuous version of each of the discrete tap positions is 

inspected. However, the mode of fixing the taps to their discrete values is what actually 

differs. Within each iteration, a subset of the discrete variables is fixed depending on the 
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distance from the nearest permissible value. At the end of the iterations, and after all the 

non-continuous variables are fixed, a final state estimation is carried out to get the best 

possible estimates of the bus voltage phasors, which are effectively the non-discrete 

state variables. 

 

7.3.1. Threshold Levels 

   The first iteration of the approach fixes any tap whose estimate is within a 

threshold distance of 10% from the nearest discrete value. This threshold increases to 

20% in the second iteration, 30% in the third, and 40% for all the remaining iterations.  

These thresholds have shown acceptable results in previous work; they can be 

adjustable and tuning them for optimal values could prove to be a challenging task. 

The application of these thresholds to a specific example proceeds as follows: consider 

the same example of the discrete value 96.0dT  as in the probabilistic method. The 

discrete step is of size 0.01, so the 10% of that step is 0.001. The 10% threshold means 

that any discrete variable corresponding to a continuous solution within a distance of 

0.001 from 0.96 is to be fixed. In other words, any estimate ranging between 0.959 and 

0.961 is fixed even in the first iteration. This range is widened per iteration. 

Furthermore, assuming the continuous solution of the tap to be 0.9612, the 

corresponding variable is not fixed to 0.96 unless this estimate occurs in the second 

iteration or beyond, because 0.9612 lies outside the 10% threshold of dT . 
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Fig.8: Graph of Threshold Levels 

 

7.3.2. Pseudo Code 

   The pseudo code for the probabilistic method is presented below. 

FOR i = 1 to the maximum number of iterations 

   IF i < 4 

   THEN threshold = 10% * i 

   ELSE threshold = 40% 

   ENDIF 

   FOR j = 1 to the total number of discrete tap variables 

    IF 1jF  AND absolute value (
d

jj
TT 0

 )   threshold 
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    THEN 0jF  ;
 

d
j j

TT   

    ENDIF 

   ENDFOR 

   IF all 0jF  

   THEN BREAK 

   ENDIF 

   Re-estimate the continuous state variables, and the remaining discrete variables 

ENDFOR 

 

7.4. Simulation Results 

   The simulation test results confirm the ability of the two heuristic methods to 

noticeably enhance the results of direct standard rounding in complex optimization 

problems. The direct rounding of the initial optimization solution yields highly 

inaccurate results. However, the enhancement of rounding the taps by the two 

approaches does not reach the level of results displayed by the MIQP-based method nor 

by the OO method in any of the three widely recognized network systems (30-, 57- and 

118-bus systems). 

On a direct comparison between the two methods, the adaptive threshold method 

provides better estimates and smaller SSE for the smaller 30-bus system, but it is 

outperformed by the probabilistic method for the larger systems. This trend is evidently 

shown in Tables 6 and 7. One possible explanation could be that when the number of 

unknown discrete variables is small, the ones closest to the permissible discrete value 
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are much better candidates to be fixed at a given iteration rather than the ones in the 

middle range. This might favor the applied threshold and justify it in small test cases. 

 

Table 6: Probabilistic Method Results of 400 Simulations for each Test Case System 

Results 30-bus 57-bus 118-bus 

Inaccurate Taps 2.6973 4.4615 8.2786 

Objective 10.154 22.619 437.712 

SSE of Bus Angles 4.33x10
-3

 8.86x10
-3

 3.00x10
-2

 

SSE of Bus Voltages 1.95x10
-3

 3.52x10
-3

 8.38x10
-3

 

SSE of Taps 3.03x10
-3

 3.67x10
-3

 3.45x10
-2

 

 

Table 7: Adaptive Threshold Results of 400 Simulations for each Test Case System 

Results 30-bus 57-bus 118-bus 

Inaccurate Taps 2.6228 4.7192 9.1017 

Objective 8.4537 26.795 508.267 

SSE of Bus Angles 4.30x10
-3

 9.13x10
-3

 3.54x10
-2

 

SSE of Bus Voltages 1.82x10
-3

 3.60x10
-3

 9.65x10
-3

 

SSE of Taps 2.97x10
-3

 4.01x10
-3

 4.20x10
-2

 

 

7.5. Illustrative Example 

   This section provides one illustrative example, from the IEEE 30-bus system, 

that demonstrates the different results obtained when using the proposed MIQP-based 

rounding estimator versus the adaptive threshold method. Tables 8 and 9 show the state 
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vector solutions from the two methods as compared to the true values, obtained from a 

load flow. The discrete tap settings which were incorrectly estimated are shown in a 

bold font in Table 10. A summary of the performance indices is included. 

 

Table 8: MIQP versus Adaptive Threshold on a 30-bus Test Case System, Buses 1-15 

 Load Flow Values MIQP-based Method Adap. Thr. Method 

Bus Angles 

(rad.) 

Magnitude 

(pu) 

Angles 

(rad.) 

Magnitude 

(pu) 

Angles 

(rad.) 

Magnitude 

(pu) 

1 0.00000 1.06000 0.00000 1.05745 0.00000 1.06522 

2 -0.11701 1.04500 -0.11294 1.04752 -0.12560 1.04607 

3 -0.13686 0.98440 -0.12259 0.98502 -0.14755 0.98146 

4 -0.16962 0.96713 -0.14959 0.97163 -0.14675 0.97148 

5 -0.26395 0.93425 -0.26277 0.93356 -0.26385 0.93163 

6 -0.20139 0.94663 -0.21106 0.94556 -0.19036 0.95185 

7 -0.23755 0.93687 -0.22584 0.92758 -0.25129 0.93558 

8 -0.21207 0.93157 -0.21786 0.92059 -0.22935 0.93140 

9 -0.27055 0.92420 -0.27514 0.92666 -0.27202 0.92859 

10 -0.30841 0.91418 -0.29975 0.91221 -0.31247 0.93717 

11 -0.27055 0.85946 -0.28409 0.86346 -0.25135 0.86377 

12 -0.28763 0.93062 -0.30674 0.92354 -0.27789 0.94633 

13 -0.28763 0.93062 -0.28142 0.94576 -0.27894 0.92129 

14 -0.30978 0.95474 -0.30586 0.95571 -0.33300 0.95046 

15 -0.30922 0.93323 -0.29829 0.94153 -0.32477 0.93548 
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Table 9: MIQP versus Adaptive Threshold on a 30-bus Test Case System, Buses 16-30 

 Load Flow Values MIQP-based Method Adap. Thr. Method 

Bus Angles 

(rad.) 

Magnitude 

(pu) 

Angles 

(rad.) 

Magnitude 

(pu) 

Angles 

(rad.) 

Magnitude 

(pu) 

16 -0.30226 0.91474 -0.29741 0.91294 -0.29902 0.90678 

17 -0.31145 0.90868 -0.30088 0.90739 -0.31704 0.88652 

18 -0.32359 0.95775 -0.31411 0.96322 -0.30886 0.96363 

19 -0.32852 0.91932 -0.33408 0.92373 -0.30697 0.92716 

20 -0.32491 0.93540 -0.31699 0.92652 -0.33424 0.93816 

21 -0.31785 0.90195 -0.31616 0.88979 -0.30379 0.90571 

22 -0.31732 0.90318 -0.32226 0.89448 -0.30490 0.89489 

23 -0.31869 0.91427 -0.32034 0.90304 -0.31353 0.90952 

24 -0.32398 0.89846 -0.31766 0.89893 -0.29790 0.89744 

25 -0.31381 0.90046 -0.31726 0.89720 -0.29674 0.89391 

26 -0.32321 0.88038 -0.32275 0.88746 -0.31976 0.88354 

27 -0.30166 0.91144 -0.30941 0.90065 -0.28757 0.92398 

28 -0.21313 0.93815 -0.22828 0.94333 -0.21000 0.93356 

29 -0.32887 0.88884 -0.32719 0.89233 -0.33553 0.89501 

30 -0.34856 0.87579 -0.34917 0.87508 -0.34280 0.88593 

SSE of Bus Angles 2.40x10
-3

 5.11x10
-3

 

SSE of Bus Magnitudes 1.32x10
-3

 2.15x10
-3
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Table 10: MIQP versus Adaptive Threshold on a 30-bus Test Case System, Tap Settings 

and Performance Indices 

 Load Flow Values MIQP-based Method Adap. Thr. Method 

Tap 

Setting 

Turns Ratio 

(pu) 

Estimated Turns Ratio 

(pu) 

Estimated Turns Ratio 

(pu) 

1 1.00 1.00 1.01 

2 1.01 1.04 1.04 

3 1.05 1.05 1.05 

4 0.93 0.93 0.93 

5 1.06 1.06 1.09 

6 0.94 0.94 0.94 

7 1.08 1.08 1.08 

SSE of Taps 9x10
-4

 1.9x10
-3

 

Objective Function Value 0.6722 9.483 

Number of Incorrect Taps 1 3 
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CHAPTER VI 

CONCLUSION AND FUTURE WORK 

 

   State estimation (SE) is valuable in any power grid for providing adequate 

security and proper control. SE can monitor a complex system’s performance like 

transformers without directly measurable internal states. However, the incorporation of 

the discrete taps into the SE formulation augments the complexity of the optimization 

problem. This thesis studied the transformer taps estimation problem in a mixed 

(continuous and discrete) SE formulation, and proposed a method to achieve such 

estimation with high accuracy. The proposed MIQP based rounding procedure achieved 

reliable solutions to the SE problem with mixed variables. It employs a concise 

linearization of the non-linear expressions of the grid’s measured physical quantities in 

the neighborhood of the preliminary continuous WLS estimate, and then complements it 

with a classical continuous optimization routine where all taps are fixed. Integer 

variables, within the MIQP formulation, represent the discrete settings of the unknown 

taps. A comparison with the OO procedure shows that both techniques reduce the huge 

discrete sample space associated with the set of unknown transformer tap ratios. 

Simulation results on IEEE 30-, 57- and 118-bus benchmarks showed that the MIQP-

based method correctly estimates a higher average number of the unknown taps than the 

OO-based technique, and provides estimates having smaller SSE. Two other techniques 

are presented for comparison: the probabilistic method, and the adaptive threshold one. 

Both are non-deterministic methods which apply a specific check iteratively, coupled 
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with re-estimation of the entire state vector, before fixing the discrete variables of the 

problem. They managed to enhance the results obtained by standard rounding to the 

nearest discrete variable. However, none of the heuristic methods matched the accuracy 

of detecting tap positions of the OO-based approach, let alone the MIQP-based one. 

Moreover, the lack of consistency in results along the large spectrum of simulations was 

evident in both the probabilistic and the adaptive threshold techniques. Based on the 

obtained results, MIQP promises to aid in solving SE with continuous and discrete 

variables and would be interesting to evaluate in the context of smart grids. 

 

   Tables 11-13 summarize, for ease of comparison, the simulation results of the 

four different methods covered in this thesis for each of the test systems.  

 

Table 11: Average Results of 400 Simulations for 30-Bus Test Case System for all the   

Methods 

Method MIQP OO Prob. Adap. Thr. 

Inaccurate Discrete Variables 1.3959 2.0970 2.6973 2.6228 

Objective 0.4924 0.4978 10.154 8.4537 

SSE of Bus Angles 2.27x10
-3

 2.29x10
-3

 4.33x10
-3

 4.30x10
-3

 

SSE of Bus Voltages 1.43x10
-3

 1.48x10
-3

 1.95x10
-3

 1.82x10
-3

 

SSE of Taps 1.46x10
-3

 1.53x10
-3

 3.03x10
-3

 2.97x10
-3
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Table 12: Average Results of 400 Simulations for 57-Bus Test Case System for all the 

Methods 

Method MIQP OO Prob. Adap. Thr. 

Inaccurate Discrete Variables 3.3125 4.0600 4.4615 4.7192 

Objective 2.6355 2.6652 22.619 26.795 

SSE of Bus Angles 6.68x10
-3

 6.78x10
-3

 8.86x10
-3

 9.13x10
-3

 

SSE of Bus Voltages 2.03x10
-3

 2.17x10
-3

 3.52x10
-3

 3.60x10
-3

 

SSE of Taps 2.65x10
-3

 2.77x10
-3

 3.67x10
-3

 4.01x10
-3

 

 

 

Table 13: Average Results of 400 Simulations for 118-Bus Test Case System for all the 

Methods 

Method MIQP OO Prob. Adap. Thr. 

Inaccurate Discrete Variables 5.9981 7.1260 8.2786 9.1017 

Objective 200.419 203.176 437.712 508.267 

SSE of Bus Angles 1.48x10
-2

 1.52x10
-2

 3.00x10
-2

 3.54x10
-2

 

SSE of Bus Voltages 5.23x10
-3

 5.66x10
-3

 8.38x10
-3

 9.65x10
-3

 

SSE of Taps 2.05x10
-2

 2.18x10
-2

 3.45x10
-2

 4.20x10
-2

 

 

This work can motivate further investigation of the proposed MIQP-based technique, 

and can be improved by addressing the following points: 

- Robustness and effective error handling 

- Security against different contingency levels 
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- Accuracy in very large scale systems 

- Application of MIQP-based method to estimate discrete settings of other power 

network components, like discrete shunt devices 
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