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CHAPTER 1

EIGENVALUE ASSIGNMENT PROBLEM

Linear multivariable systems

Many physical systems may be modeled exactly or approximately
as linear multivariable system. Such a system has p inputs and q

outputs as shown in Fig. 1.

Fug
"1™ Linear Y1 ’ =J Linear
! |Multivariable i e = MultivariableT=)1 =
u —a{System : y ; System
P 4 up
Fig. 1

A mathematical model of the system is developed by establishing
a unique relation between the input vector u and output vector y. The
necessary amount of information to establish the unique relationship
is the input u and the '"state" x of the system. Thus if the system is
considered at the time interval 0 £t < oo , then the knowledge of the
input vector u(t) for 0 Lt < oo and the state x(0) at time zero is

sufficient to determine the output y(t) for 0Lt <00 .




In this thesis we are concerned only with linear time invariant

systems which have the dynamical equation representation

FE: x(t) = A x(t) + B u() (1-1)

y¢) = € x(@t) + D u® 1 -2
where

x(t) = state at time t, belongs to c” = complex n dimensional

Euclidean space

u(t) = input vector at time t, belongs to cP

y(t) = output vector at time t, belongs to cd

A = n X n matrix of real numbers

B = n x p matrix of real numbers

C = ¢ x n matrix of real numbers

D = q x p matrix of real numbers

We restrict our attention to linear systems for the following
reasons
(1) A great number of physical systems over their normal

operating range can be modeled as linear multivariable system.

(2) The theory of linear equations is complete and well organized.

(3) The theory is the basis for the study of non-linear equations.



1.2 Controllability

It can be verified by direct substitution that the solution of

equation (1 - 1) is given by

At t  A(t-
xt) = & x(0) +£ e B g ar
Where
At " . .
e~ is the state transition matrix of X(t) = A x(t) which
satisfies
4 At _ a4 At
dt — = =

A question which naturally arises in connection with FE is the
following: Given an initial state x(0) in c” and a desired terminal
state X;, does there exist a finite time t; > 0 and a control u such
that x(t;) = x,. I this is the case for all initial states x(0) and

terminal states X, then the system FE is said to be controllable.

Using equation (1 - 3) and the fact that

At n-1 Kk
e~ = E o, (t) A
=() k

it follows that the necessary and sufficient conditions for FE to be

controllable is that

PU = P[g:é]_?::..... :én-lg] = n

1 -3)
a-4)
1 - 5)



where PU denotes rank of U = maximum number of linearly
independent columns in U

where the n x np matrix

U = [g:éB:.....:én"IB] (1L - 6)

is the controllability matrix of FE.

1.3 Eigenvalue assignment by linear state variable feedback

The dynamical characteristics of FE depend upon the eigenvalues
of the system matrix A. Let the eigenvalues of A be denoted by 11, 3 'ln

where the Aj are not necessarily distinct. The eigenvalues J. 1o 1n

are the n roots of the characteristic equation of A

]
o

AA(H) = det [,11—5]

A symmetric set /A is a set consisting of n numbers such that

if A appears in A , then A also appears in A where A is the complex

conjugate of l ., Since the matrix A is real the set of eigenvalues

N = {ll"“’ln} of A is a symmetric set.

For many control applications it is desired to change the
dynamical characteristics of the system FE. This is done by changing

the location of the system eigenvalues. Thus it may be desired to



change the system eigenvalues from the symmetric set

AN - {Al,,,,,ln}tothe symmetric set P = {f,._.,f’n}. A

method of doing this which does not increase the dimension of the system

is by applying linear state variable feedback of the form
u = Fx + ¥ -1

where F is a p x n feedback matrix and v is a new control input.

Substituting equation (1 - 7) into equation (1 - 1) yields

]

xt) = [a+BE] xt +B 3o (-8

hence

I

A+ B F)t t A+ B F)t-7
x(t) E(‘ = = x(0) +£ 2"‘ BN )_Bg(r) dz (1-29)
The eigenvalue assignment problem becomes that of finding a feedback

matrix F such that the eigenvalues of A + BF are P = {f; fn } :

Wonham (1) has shown that there exists a real feedback matrix
F such that the set of eigenvalues of A + BF is P if and only if FE

is controllable.



In this thesis we will develop a method of determining the
feedback matrix F such that the eigenvalues of A + B F are P. The
basis for the method developed here is a technique proposed by
Davison (2), and developed in Chapter 3, which has the advantage that,
for a large class of systems, only a single linear functional of the state
is required in the state variable feedback. Accordingly, an eigenvalue
assignment algorithm for single input controllable systems is developed
in Chapter 4. Discussion of the method and an example is presented

in Chapter 5.



CHAPTER I

EQUIVALENT SYSTEMS

In this Chapter we develop the notion of equivalent systems and the

Jordan canonical form representation of the system FE

2.1 Change of basis and equivalent systems

Let P be an n x n non-singular matrix of complex numbers and

let X = P x where x satisfies equation (1 - 1). Then X satisfies
- . -1 -
FE: x =2§=£[&§+§u]=2é£’ xtPBu
A - -
= AXx + PBu 2-1)

FE and FE are said to be equivalent systems. We observe that

A_@a’ = det [11-@] det [A;—gég'l]

det [2(@-5)2’1]

det [3] . det [,u-_] . det [2—1]

det [).1-5] @2 - 2)

I

Il

thus the eigenvalues of 1_7\ are the same as those of A.



-1
Let the matrix P = be expressed as

Pl - g = [ge g

where q,..... q, are linearly independent vectors in C", The
relationship x = P™1 X can be written as
[x;(0)] %1(t) |
xt) = - [gl ..... ﬂn]
X, (t) X, ()
X ¥ wsiey F X
x,(t) 9 x ®a,
Let - - o = _
1 0 0 ]
0 1 0
€ = & = 0]  «eese 8 = 6
0 0 1
L - L = L o

be the natural basis vectors for Cn. Then

X(t) = %) & + ... rx (e, = F®d +..... +x (09, (2 -3)



2.2

We see that by applying the equivalence transformation from

FE to FE we are simply changing the basis of the state space c"

Consider now the problem of choosing a basis 91 ..... _qn such

that the matrix ;A_ in equation (2 - 1) has a particularly simple form.

Jordan canonical form

2m be the distinct eigenvalues of A with multiplicity
n(l), n@) ..., nmrespectively. This is the same as saying that the

characteristic polynomial of A is

Doty = det [A1-4] - -2 9 @ - 4
=1
and
m
n = % n(j) (2 - 5)

A vector v in Cc" is said to be a generalized eigenvector of

rank k associated with an eigenvalue A if and only if
k
A-Al) v = 0 @ - 6a)

k-1
A-Al) v # 0 (2 - 6b)



< T -

Note that if k = 1 then the definition reduces to (A -AI) v =0,
v # 0 which is the definition of an eigenvector associated with A .
Let v be a generalized eigenvector of rank k associated with the

eigenvalue A . Define

k

v =3

v s @ -Any

s @A’y S
l",l = @A -ll)k—l v

We call the set of vectors {11, 12 sy y_k} a chain of
length k of generalized eigenvectors associated with the eigenvalue BN

It can be shown that { 11, vz, ceeey lk} is a linearly independent set.

An eigenvalue lj may have several chains of eigenvectors
associated with it. If n(j)is the multiplicity of ’Qj then the number of
generalized eigenvectors (including all the chains associated with ’2;1)
associated with 'Qj is equal to n(j). This implies that the length of each
chain is equal to or less than n(j). The length of the largest chain

associated with an eigenvalue /31 is called the index of '?j'



= AT

-1
It may be seen that by letting @ = P = consist of all the
generalized eigenvectors corresponding to each distinct eigenvalue

p E— . A _» the nxn matrix J, called the Jordan form of A ,
m

:, 1
J
% -2
J = PAP = - @ - 8)
(nxn) *
! m
where
J
2
_J_-j — 1 . (2 - 9)
n (j) x n(j) .
J
) ~ix(@d)
for j = 1, 2, ..... , m, where r(j) denotes the number of chains

associated with lj .
gj is an n(j) x n(j) matrix, and denotes all the Jordan blocks
associated with the eigenvalue A i’ r(j) is the number of Jordan blocks

in ._Jj , and gj,i is the ith Jordan block in J of the form
]



- 18

s -

The numbers n(j)and nj,i are the order of J and J  respectively

and
m m T
n = E n(j) = E _f_ nlyi (2 - 10)
=1

To clarify this discussion consider the following example
Example 1: ( Chen (3) ).

Let us transform the matrix A into the Jordan form

[~ =
3 -1 1 i 0 0
1 1 -1 -1 0 0
0 0 2 0 1 1
A =
- 0 0 0 2 -1 -1
0 0 0 0 1 i
0 0 0 o0 1 p
L 2

The characteristic polynomial of A is

det A-2I) = (A-2°2



= 18 =

hence A has eigenvalue 2 with multiplicity n(1)=5 and eigenvalue 0

with multiplicity n(2)=1. Now it may be verified that if

0 0
0 0
w = (1) wehave@}-2_1)39_3 = g
0 0
@] 3
and
o]
2
ab = [0 = @a-2Pdd £ o0
0
_0_.
and
o
-1
o | 0| = @a-d £ o0
0
..0_

hence a chain of length 3, {gl, g? gsj associated with ,21 = 92 is

obtained, where the generalized eigenvector 53 is of rank equal to 3.



= Y. =
Since we have only three generalized eigenvectors and the

multiplicity of A =2 is 5 we have to find two more linearly independent

generalized eigenvectors, If

we have (é-z_l)zlz = 0

and

1 2 3 1

Furthermore u™, u”, u", v, are linearly independent,

v
hence a chain of length 2, {11, !2] associated with ,11 = 2 is obtained.

Here the index of 11 =21is 3.

The eigenvector associated with 2 9 = 0 is




- 15 -

Thus
2 1 0 0 0
2 -1 0 o0 O
o 0 1 2 1
Q - [u1u2u3 1 2 ] _
il Bl 0o 0 0 -2 -1
o 0 0 0o 1
Let 0o 0 0 0 1
Q = P
Then the Jordan canonical form of A will be
{_2__1_ 0to o
|10 2 110 o0
i
4 = Rak - 0 0 0 } 2 1:
0o 0 o'!'o 2
bt
LO 0o 0 0 Ol

2.3 Controllability of Jordan-Form equations

Consider again the n-dimensional, linear, time-invariant system

of equation (1 - 1)

FE:  %(t) = A x(t) + B u()

-1

Let Q = P be an equivalence transformation such that

x(t) = Pyt

J

jole © o o o

1
| -
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then
Y= PAP  yt) + P B uw
JFE: y()= J y® + B u(t)

where -1

e
1
I
1>

P

gt
]

Id

Itd

and

Theorem 2.1: (3)

The controllability of a linear, time-invariant dynamical system is

invariant under any equivalence transformation.

Theorem 2.2: (3)

The n-dimensional, linear, time-invariant, Jordan-Form system JFE
is controllable if and only if for each i = 1, 2, ..... , m where
m is the number of distinct eigenvalues of the system matrix A ; the
rows of matrix E corresponding to the last row of all Jordan blocks
associated with the same eigenvalue are linearly independent (over the

field of complex numbers).

Let us illustrate Theorem 2 by an example.

@ - 11)
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Example

Consider the following system represented by its Jordan-form equation

F:zl 1i0 0 0 0 0 [0 0 o
0 2150 0 0 0 0 1 0 0
RS} S
0 012i0 0o 0 o0 0 1 0
JFE: x = | 0 0 1—5_?_1-1-1: 0 0 0 x + 0o 0 1
0 0 0 oA TTTY Lo
0 0 0 0 Eo A, 1 0 1 0
0 0 0 0 Eo 0 22 0 0 1
L al L y

The conditions for controllability are that the set of vectors

b 5 biss b and the set { b be, separately, linearl
by by ] bgu] b sepesstely, Mnearly

independent, which is the case, hence the system is controllable ,

Corollary 2.3: (3)

A single-input, linear, time-invariant, Jordan-form system is controllable
if and only if all the eigenvalues corresponding to each Jordan block are
pairwise distinct, and all the components of the column vector B that

correspond to the last row of each Jordan block are different from zero.

=-—b
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To illustrate Corollary 2.3 consider the single-input system

having one distinct eigenvalue

—_ ’ - — -
Ap 110 1
I
x = 0 11: 0 x + -1 u
oo
o 014 2

There are two Jordan blocks associated with the eigenvalue ;11.
Applying Theorem 2.2 the 1 x 1 vectors [-1] and [2] corresponding
to the last row of each Jordan block must be linearly independent which
of course is not the case since [2] = =2 [-1] . Thus in accordance
with Theorem 2.2 the system is not controllable, This could also be

ascertained from Corollary 2.3. However the system

A, 100 1
x = 0o Ao | x+ |-1]| u
B L N
0 01} 2
L W B e °

A, + A,

for which the eigenvalues corresponding to the Jordan blocks are pairwise

distinct, is controllable since -1 # 0 and 2 # 0,

These theorems bring again, more advantages to Jordan

canonical form equation as we shall see in Chapter 5 .



CHAPTER III

AN EIGENVALUE ASSIGNMENT PROCEDURE

In this chapter we will discuss the principal elements of Davison's
approach (2), for multivariable, linear, time-invariant systems. We first
consider the case where the eigenvalues corresponding to the Jordan blocks
in J are pairwise distinct and then the case where the eigenvalues corresponding

to the Jordan blocks are not pairwise distinect.

3.1 Case where the eigenvalues corresponding
to the Jordan blocks are pairwise distinct

Given the linear, time-invariant system

Xt = Ax@) + Bu() @ -1)

where

x(t) is an n vector
u(t) is a p vector

A is an n x n constant real matrix

I

is an n x p constant real matrix

- 10 =
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Theorem 3.1: (1)

The pair [é, 1_3] is controllable if and only if for every choice
of the symmetric setA= {21, .o uig ln} there is a real matrix F

such that A + B F has A for its set of eigenvalues.

In other words if equation (3 - 1) is controllable, then it is always
possible to find a linear state feedback for equation (3 - 1) so that the
eigenvalues of the closed-loop system matrix take on preassigned

values,

Partition B into its column vectors as

B

|
| e
Joe
-
s}
e
jes)
=)
—_—J

where
Ei, i - 1, 2, ----- 'Y p
are n vectors., Then equation (3 - 1) becomes

X(t) = A x(t) + By uyt) + By ugt) + ...+ Byuy(t)

(3 - 2)



- 9] -

Now let

Il

x(t) Py

such that
PAP = d

where J is the Jordan canonical form of A, [see equation (2 - 8)
and (2 - 11) ] . Substituting equation (3 - 3) and (3 - 4) in equation

(3 - 2) we get

¥ = Jy® + PB u® +PB u,®+..... + PB u )

Let the matrix J consist of m Jordan blocks of respective size

n(l), n2), ..... , n(m); let the corresponding eigenvalues be )_1,

Ly R

It is given that system (3 - 1) is controllable, therefore (3),

every row of the n x p matrix

corresponding to the last row of each Jordan block of J contains at

least one nonzero element.

3 -3)
B -4
@ - 5)



- 22 -

Now form the vector f 5

£-r2B+> 6, PB

where Gj, i = 2, ..... , p are real constants, so that every

component of E corresponding to the last row of each Jordan block

of J is nonzero. This can be done as follows,

Determine 92 so that

P j = gy ses e y
@El)j + 62(_ 1_5’:2)j #£ 0 j 1,2 n

when either (P El)j # 0 or (P ]—32)j 7# 0, where (P ]_31)_ is the
]
This is possible to do since the

jth element of the vector P _}§1, ete.

number of values which 92 cannot assume by these constraints is at

the most n. Now determine & g so that

+ 93@§3)j # 0

when either (P El + 92 P Ez)j # 0 or (P §3)j # o.

Repeat this process until the vector f is formed. Clearly the vector

is not unique.

3 - 6)
B-17
@ - 8)

4



- Y

Let

ut) = F x(t) (3 - 9)

be the linear state feedback for equation (3 - 1), where F is a

p x n matrix and

F = (3 - 10)

where prime denotes matrix transpose and f' is a 1 x n matrix

found so that the eigenvalues of the closed-loop system matrix of

x(t) A x(t) + B* u(t) 3 - 11)

u(t)

I
=

x(t) = scalar (3 - 12)
where the n x 1 vector B* is given by

B* = [_131 + 92 B, + 93 By .anns + ep gp] (3 - 13)

take on the preassigned eigenvalues.



3.2

- 24 -

Then the eigenvalues of the closed-loop system matrix
obtained by using equation (3 - 9) with equation (3 - 1) will take on

the preassigned values since:

p i 1
.

0,1
0,1
@+BE = | A+ [B, By, oo By ] .
fl
| %*

L =

= A+ B*f

We see that the eigenvalue assignment problem has been reduced to
that of determining a 1 x n row vector f' such that the eigenvalues
of A + B* f' have preassigned values., This problem will be considered

further in Chapter 4,

Case where the eigenvalues corresponding to the
Jordan blocks are not pairwise distinct.

Davison (2) has shown that linear feedback control system can
always be found so that equation (3 - 5) is transformed into a system

with n distinet eigenvalues, The procedure is illustrated below.

(3 - 14)

(3 - 15)
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Transform the system (3 - 5) by

=1
y = T (3 - 16)
Zo
so that
— - = - — - — —
J 0 Z
=1 -1 o= -1 €1
= + u (3 - 17)
% . L 2 fz
L L JL b ]

where J 1 contains all the distinct eigenvalues of A and J 5 contains
all the remaining eigenvalues of A. Now J 5 contains 8 m Jordan
blocks of J , some of which are repeated. Let the last Jordan block
of J 2 be of dimension Ty . Apply now a linear feedback control system
to egquation (3 - 17).

%

a [Q, o, 5)] @3 - 18)

Z9

1=

where k is an p x rp matrix, so that the rj eigenvalues of the last
Jordan block of J, are put equal to r) distinct values not equal to the
eigenvalues of J 1 This is always possible to do since the subsystem
of equation (3 - 17) corresponding to the last Jordan block of J 2 is

controllable and has a minimal polynomial of degree Ty -



- 26 -

Consider now the system obtained on applying such a

control system

Z i3 fobw z
z, 0 I+ £0K Z)
e ! | o TR

This has r, more distinct eigenvalues than system (3 - 17).
transform system (3 - 19) into Jordan canonical form, and repeat the
process of equation (3 - 16) to (3 - 19) so that the eigenvalues of the
last Jordan block of the new J 2 matrix obtained take on distinct

eigenvalues not equal to the distinct eigenvalues of the system matrix

L,

u

We now

of equation (3 - 19), This process is then repeated until the system

matrix finally obtained has n distinct eigenvalues.

3 - 19)

In Chapter 4 we will develop a procedure of eigenvalue assignment for

single input controllable systems with Jordan blocks in the Jordan

canonical form of A associated to pairwise distinct eigenvalues.
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CHAPTER IV

AN EIGENVALUE ASSIGNMENT ALGORITHM FOR
SINGLE INPUT CONTROLLABLE SYSTEMS

This chapter contains the main contribution of the thesis. In the
following we will develop a procedure to determine the feedback vector f'
for multivariable, linear, time-invariant, controllable single input systems

such that the eigenvalues of the closed-loop system take on preassigned values.

4.1 Introduction
Consider the linear time-invariant controllable single input
system

%t = AX(t) + boug (4 - 1)

where A is an n x n matrix and b is an n x 1 column vector.
We will determine the state feedback vector f' such that A + b f'

has preassigned eigenvalues P.

First we find, by the methods outlined in Chapter 2, a

transformation matrix P such that J = fég'l = Jordan canonical
form of A so that equation (4 - 1) becomes upon setting y = Px

. a =

X = Jy + Pbu = Jy + bu
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Now if we determine a feedback vector f' such that (J + b E) has P
as its set of eigenvalues, then upon setting f = P' f , the eigenvalues

of A+ b f' are those of J + b [' since

== -1 - -1
dot[A1-3-5F] = aet [2pr2” -par-ppre’]
- det P[21-A-br] 7
= det [Jl-A—gg]

Thus let us now consider the problem of finding_-ij such that the

eigenvalues of the system

i = gx-}-Eu (4"23.)

u = fl'y (4 - 2b)

are P,

The open-loop characteristic polynomial of the system (4 - 2a) is

Pyis) = ,s_-J, @ - 3)

while the closed-loop characteristic polynomial of the system with

feedback given by equation (4 - 2b) is

o) = ]s_l-g —E..':[

& =4

1]
——
=
1
[

S ——
e
g—c
1
‘g |
w
| —

1

ey
| I—
I
[t
[[=al ]
|21
—

where I is the n x n identity matrix,



4.2

= D)

Equation (4 - 4) may be written as

m n(j)

T T -8 B
Pos) & 1 I = | 1,- [s_I-J]_IQ_f
@ (s) m .
’ T - 29"

=i

where lj’ I = 3, 3y e , m; are the distinct open-loop
eigenvalues and the ?j,l’ I = Wy B wvean s B0 3 = 1585 seees

are the closed-loop eigenvalues. The determinant in the right hand

member of equation (4 - 5) may be readily expanded in accordance with

the equation

o] - - -
I,- [a-3]7"ee| = 1-£[a-3]70

We will now develop a method of solving for _fj such that equation (4 - 5)

is satisfied.

Evaluation of t—'_' [al = _-]] = E

The matrix J has the form

(4 - 5)

(4 - 6)



= 8 -

i = . 4 - 1)

ley

Since the single input system (4 - 1) is assumed to be controllable,

it follows [see Corollary 2.3] that J g Jo 9 saiene ’ _Jm are m

2 ]
Jordan blocks and their respective eigenvalues are pairwise distinet. Thus
the elements of b = P b [see equation (4 - 23.)] corresponding to

the last row of each Jordan block are nonzero.

Thus J1 is associated with /11 and the multiplicity of 21 is

n(l), hence J. is an n(l) x n(l) matrix. This is also the case of

1

We know that for functions f defined on the spectrum of A (3)

£d)
£d,)

1@ = ' 4 - 8)

fdm
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Taking into consideration equations (4 - 3), (4 - 4) and (4 - 6)

we have

det [s1-3-BF] - I s_I-glll-E' [s_—gj'lﬁl @ - 9)

let
-1
19 = [s1-1] (4 - 10)
Apply now equation (4 - 8) and (4 - 10) we get
-1
-3
[a-2]"
il
-1
1@ = [a2-3]7 - .
-1
[SI -d :}
= —-m
i !
4 -11)
Write ' = [fl P s _f_'m]
i r§1 L
by

dC'I
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where Ej is the feedback vector corresponding to _Jj . of dimension 1 x n(j).

ﬁj is the input vector corresponding to J

Thus

i [a-1] .

[=al}
I
—

In other words

= = - m
Bla-a]78 -2
i

=1
e
i
1=
I
ley
L
—_
]
—
=2
T e

(=]
[
(=]

j of dimension n(j) x 1.

=] ™
By
b,

-1 -

] b
m -m
4 - 12)
@ - 13)
4 - 14)
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Note that the order of e.. , e_ , «..., € is n(@)
° S g )

Letting
[} - y
b,
il
Ej = J = 1 cesae m
PinG)
then
l; = b +b # openns +b
i oS R % jnG) Shad)
ng) _
= b e
=1 1k jk

Since the system (4 - 1) is controllable, bj ng) must be nonzero.
'y

Placing equation (4 - 15) in equation (4 - 13) we get

N S TACIEN

-1
Let us now transform the term [8 - gj] %k of equation (4 - 16).

It can be shown that

£J.) o 1® = Ja-a ]
wp By o)

(4 - 15)
(4 - 16)
4 - 17
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Thus
n(j )-1 k

n(j)-1

w
=0
=
|
I

k=0

'y &

1
L (s-A.)

1l
]

where
n(j)-1

o 1* -

k)

£(2;)
k=0

where k = we make

Now for f(J,) e.
_.(_]) ik

use of equations (2 - 7) as follows

n(i)-1 k
ﬁi‘. &, 3. e,
k=0 k=) 7R

[
IS
lo
®
Il

-----

(4 - 18)
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Hence
fgg)ej'2 = (¢ +22jq;+3,zjzaé+ ..... )Ej’l+
+(Q6+Qi/7+4‘;/{j2+q;,z:’+ ..... )e
We continue further and as before
n(j)-1 K
1g) e, = 4:;0‘ @, 3, %5
_ 0_1’3+ Q/1£21,3+42'J?_J,3+QS!:§§3+”
- Ayt A, /132;3) * e 2/119}2
+»€jzz) + %(32j§j’1+3 j£y+d?e ) +
Hence
_f(=_1j)gj’3 = (Q'2+3,zqu+ ..... )g;l+

(4 - 19)

(4 - 20)



Thus if

J
~i

( n(j) x n@) )

= 96 =

Where the Jordan block gj associated with ;{j is an

n(j) x n(j) matrix, we conclude by induction the following relationships,

£@y &

f@
1d) e

]

£( ,'Lj)

£y

1

frr( /2-]')

21

1

g

e

e +

N

2y

£1( /lj)

1t

(1-k) .

o f(,?.j)gj/z

‘*Jm

% + Zj) Ej;

(4 - 21)
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Now
1
f(A) =
(s- A1)
g ) ) 1!
(s- A )2
2!
f”(/? ) =
3
(s- A)
4 - 22)
3!
frro ( /? ) - 7
(s- A4)
1-k+1
(s- A)

putting equation (4 - 22) in equation (4 - 21) we get

- 1 (I-k)
tgpey = [a-3] e ==

e
3 k=1 (-k)'! (s- zlj)l'k”*1 ik

1 1
€
Zk= 1k Nk /zj kL S
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Therefore
oE 5 n@g) -1
4] -3y [45]"
n(j) 1 1
5"
= P 5a A gkl T
Let us expand equation (4 - 23)
-1 - _ g . e. e,
[SE_J_]lb_ . B o WY - S -
R Poe-dy P \e4)7? 6 lj)
+ b, % + 2 B
P2y 47 A
= e e
4+ Baoye il - 4 ..
imn@) ((s- /lj)n(]) (8- /Zj)n(j)-l

L SnG)-1 , Sng)

- A)? (- /ZJ.)

Rearranging terms we obtain

[sl—gjj 'lij % f_‘) b

k=1 & ¥ - A f’k+1 e

(4 - 23)

(4 - 24)
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Letting
1! = £ . f I = A ivaws m
I [11 i,n(J)]
we have
5 n@g) _
! = E f e' (4 - 25)
K =1 W 4
hence

(4 - 26)

R . /?j>1 T i 1:1 (s-:lj“

n@G)  _ _ 1
. b
2 : =1 —
()1 fj,n(l) il (8- /?j)l (n(j)-1)+1

s PO ]
o) ) T
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Rearranging and grouping terms we get

= -1 - [ b, b, b
. [sz-g ] - Bl e P s LTI
: : ”1(@- ) (- Rj)z o= A" ))

Jdo

+ f 612 + Bﬁ' + e + -j.n(jgm__j
¥ ((s— ) ) o 3" )

(s-

+En')—1 Pin)-1, Ping) 5| +f o —ing)
o)1\ (- Zj) 6= 2) ya) (s- 1].)

grouping further we obtain

- Af = n@ _  _ 1 ng) _ - 1
r [s;-_g.] b - b +S f b ——
j j j 1 Ok (s- /lj) =2 Wl ok (s- lj)
n(j) _ o 1
+ oennns + = fo b.
e an LUl ol ;{j)n(j)-l
n()  _ i 1
+ f . b, . & ———
— Jk-n(G)+1 “jn() i /Qj)n(j)

and finally we have



where

Ak

Therefore

= =
1.-1. [SI-J.]
=L = =)

Il

1=k

1-

41 -

=
(=2

Joicel g

0 S

k=1 (s-,Zj)k

- ®
o
-

Combining equations (4 - 5), (4 - 6), (4 -13), and (4 - 30)

yields

(4 - 27)

(4 - 28)

(4 - 29)

(4 - 30)



nm) B
-5 EmE @ - 31)

Equation (4 - 31) is just the partial fraction expansion of the

left hand side, therefore the coefficients ﬁ;k are given for k = 1, 2, ...

.., n{)andj = 1, ..... , m by L, -
m n(j) -P
X (s- A
8 gni)-k ;!:’1- 1=1 3
k= - . (4 - 32)
ast)-k m Iy ,2 )n(p) 3-2
]p=]1 p j
M s
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When the eigenvalues 21 4 /z g 1 seres
ngg) = 1,93 =1, 2, .....
n
TT & £
j=1 n
: = 1= Jgg
i=1
g (5= A)
Tr (s- l]) )
i=1 _ .
n f.1 b.
= 1-> '
- Ay
and n
(].-f‘)
o L
P = f = s
e .
k=1
k=]
for j = 1, 2, , n

determine the feedback vector f. To do this let us expand 48;,1{ k =1,

So far we evaluated _ﬁ ik whereas our ultimate purpose is to

. » n(j) in equation (4 - 29) as

(4 - 33)

(4 - 34)
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- -

y: = T b+ f b+ ... + £ b

il o P’ o2 pnG) na)

= f_b f.b  + ..... + f b

B LR TR PR Bn6)-1 “ing)
B = T b+ f b o+ ... + f b

P o 2" nG)»2  jnG)

4 - 35)

Byni-1 = Ty Bga Ty g,
Bingy = T Byng)

i i A | . [ ]
b  + b

o P R By

b Do e e ... 1

P2 _1,3 ind) fj,2 ﬁj,z

B, U f

i 7! png) o 0 f;s Bip
@t Ppagy 0o “ || fynar1 Bingi)-1
b, L Do HR g o ||t .

() || w0 Bing)

(4 - 36)
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which we can write as

B.f =
ni - A
n(n+3
_ = n(j) .
clearly| B | = (-1) b. # 0, since b, is the
J ynd)| nQ)

element of b corresponding to the last row of the jth Jordan block in
J and since the system is controllable then Bj,n(j) # 0. Thus gj'l
exists; and

r = B-I ﬁ I = 1 40500 m 4 - 37)

B =i B

Note that the matrix B; is in triangular form, hence B § is

easily obtained.

Thus we find ‘Bj,k from equation (4 - 32) and substitute the result

into equation (4 - 37) to solve for the required feedback gains __f_ i ]

= 1, LR
., m, The feedback vector for the system given by equation (4 - 1) is

then
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The feedback matrix for the system described by equation (3 - 1)
is given by equation (3 - 10) and in equation (4 - 1) the input vector

b = B* is given by equation (3 - 13).



CHAPTER V

DISCUSSION AND EXAMPLE

Consider the system

X = Ax +Bu
i 7 i |
-2 0 -1 0 1
|
X = 0 -2 -1 x <+ 1 0 (5 - 1)
u
L 0 0 -2 1 1 “
The characteristic polynomial of A is
-2-A 0 -1
|§-RI_|= 0 -2-4 -1 = -2+4) (5 - 2)
0 0 -2-4

A = -2 is an eigenvalue with multiplicity equal to 3. It is required to
change the eigenvalues -2, -2, -2 to -3, -4, -5 by applying state variable

feedback.

We first transform the system equation to Jordan form.

- 47 -
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Compute -

_P[_@_+2_I.] = @flo o -4 = 1

(5 - 3)
[0 0 0]
j?[é+21]2=f0 o o | =0
EEE

hence we stop at [_11 + 21]2 = 0. Since the rank of [é * ZI_] is

one, the dimension of its null space is 3 - 1 = 2. Thus there are two
linearly independent eigenvectors of A; therefore, there is one chain of
length two corresponding to one eigenvector and one chain of length 3 - 2 = 1

corresponding to the second eigenvector.

We look now for a generalized eigenvector of rank 2. We can

easily verify that if

0
A 12
u = 0 then A- 21 u = 0
L 4
3
L , ;
and A-a|u* 0
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Define
.1
By 2 [é + 21 J L = -1
0
I
and

=
()
e

We look further for another generalized eigenvector of rank 1,

i.e. an eigenvector associated with J. equal to -2.

We see that " q
1

satisfies the requirements, that is

[é+21]z

2
and that y_l, u , v are linearly independent vectors, hence gl, 52, v

1
f=}

form a basis for C3.

Let
Q - [gl,gz,z] - pl 6 - 4)



hence

and

Let

then

that is

I

|

= BD =

-1 0 1

-1 0 0

0 1 0
[ A
. ;

0 -1 0

o 0 1

1 -1 0
p-l h'd

-1 A -

PAP y + PBu = Jy + Bu
|'—-—-———«-l 7 i o
| "’2 1 | 0 -1 0
| |
0 -2, 0 | g+ |1 1]u
_____ + 4 HE

0o o ! -2 | -1 1
s g . a3

In this case J has already the form

associated with the eigenvalue 21 =

: ; where J 1 and gz are

L-2, and consequently T* = I,

the 3 x 3 identity matrix [see equation (3 -16) and (3 - 17) ]

(5

(5

(5

(5

(5

5)

6)

7

8)

9)
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We now determine a feedback to change iz =

Apply the feedback

[~z] to [-5]

0 0 0
u = y = Cy (5 - 10)
0 0 -3
we then obtain
§ =[2+BCly+Bu 2 Jy+B (5 - 11)
- I~
r—2 1 0 -1
y = 0 -2 -3 y + 1 u (5 - 12)
0 0 -5 -1
L y L
We now transform system (5 - 11) to Jordan canonical form. To do
this we repeat the process of equation (5 - 1) to (5 - 9) as follows:
-2-1 1 0
J- A1 I = 0 -2-A4 -3 = —2+A2)P2 6+) (5 - 13)
0 0  -5-A
As expected we get ’ll = =2 with n(l) = 2 and ’22 = =b

with n(2) = 1



« B0 -

- 1
0 1 0
j’[g+2_1_]:f0 0 -3 = 2
0 0 -SJ
- - (5-14)
0 0 -3
= 2
y[_.)_wz;] =p| 0 0 9 = 1
0 0 9
If 1
w o= |1
0
then
[ - 12
J+2a|"w = 0
and
J+2aAlw # 0
Define 1
1 a =
w = [£+2_1]1v = 0
0
d
an 1
w?t w = |1
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Let g be the eigenvector associated with /'l 5 = -5, we can
easily show that
-1
q = 3 (5 - 15)

Let
o - [whwta] - 27
hence
L 1 -1
-1
P* = 0 1 3 (5 - 16)
0 0 3
1 i
and s
[ 4
1 =
L 3
P* = 0o 1 -1 (5 - 17)
b
0 0 =
3
Let
-1
y = P* g (5 - 18)
Z = P*JP*z+P*Bu

J*z+B*u (5 - 19)




b*

where 62 is chosen so that the element of b* corresponding to the

|-

* *
B* + 62]_32

|N
+

Wik o W=

-

=

vector

-

o =

o=

(5 - 20)

(5 - 21)

last row of each Jordan block in J* is nonzero. Clearly 92 = 10 will

satisfy this condition, whereupon b*

We now construct a 1 x 3 vector f*

fi,z |

J* + b¥*f*'

[ b+
b*

b*

L

are

1,1
1,2

2,1

-@.,1 = -3,

J

nd

=t

is given by

-4,

such that the eigenvalues of

fz g -5. The

eigenvalues of J* are /11 = -2 with multiplicity 2 and ,12 =

i *1 = * * *
multiplicity 1. Let the feedback vector f’ [f 1 lf 1,2f 2,1 ]

(6 - 22)
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Applying equation (4 - 32) obtains

(8- £ ) (6= 5 5) (5= & )

ﬁ — - 2’ 1 = -2
1,2 (s+5) 8=

d (-8 )65 ,)6 2 )

ﬁ = - — 2 1 = _.3
1,1 ds (5+5) s=2

£ R E By

/82,1 = = =0

(5+2)2 s=5

Applying equation (4 - 29) obtains

= * * * % - -
A, .1 PPt e P ¢

’

= * * = =
/812 f1,1':’1,2 4

]

- * * =
/82,1 fz,lbz,l 0

The choice of & 9 = 10 is to take advantage of the non-uniqueness
of & i’ j =2 ... p; such that, if possible all elements of h*j except
b*j,n(j) are made equal to zero. This simplifies the computation of f*j,i
i.e. the matrix ]—3j in equation (4 - 36) is ''sparse' .
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Now solving for f*l,l’ f*1,z’ f*2,1 obtains f*l,l = -1,
3
= ==, f* = 0
1,2 2 2’1
Hence
3
= [—1;-5,0] (5 - 23)

The feedback matrix for the system given by equation (5-20) is

given by (note that & 9 = 10)
5 - , -
FE 1 -2
1,1 1,2 2,1 2
F* = = (5 - 24)
* 10f* 10f* -1 -15 0
R 2 1,2 o1 ] i ’ )

The feedback matrix F for the system given by equation (5 - 1) is

105 -1
F =[9+£*£*]2 - & ¢ 2 (5 - 25)
4 3 5
3 3

It may be verified that the eigenvalues of A+ BF are -3, -4, -5.

Davison, in a later publication (6), has developed a pole assignment
procedure for systems having their Jordan blocks associated with pairwise

distinct eigenvalues. The procedure is based upon obtaining first the Jordan
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canonical form with Jordan blocks associated with pairwise distinct
eigenvalues in order to fix the values of gj, ji=2, ..., p, such that
the single-input system obtained is controllable. The pole assignment
algorithm used by Davison (6) is based on a transformation of the system

A matrix to companions form.

To compare Davison's (6) procedure with that developed in
Chapter IV we start with the system given by equation (5 - 11) and (5 - 12)

and proceed to equation (5 - 21) to end with 92 = 10. and

0
b* = 2 (5 - 22)
3
L e
we form the matrix
Q - [Q*, Ab*, A® 9*] (5 - 26)
Then we determine the vector
|
a = ay
ag
such that
a1 :
a, = 9'1é B* (5 - 27)
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Fa
Once we determine [al, az, a3 ] we form the matrix

-32 —3.3 1
_&_ = -aq 1 0 (5 - 28)
1 0 0
Then the feedback matrix for system (5 - 11) is given by ()
1
-_* = E*.E* - [[(+1)(-F]_,1)(P1 2)(?2’1)1

10 <
(-1) (?1,1)('?1,2) + (?1’2)(57211) +
+ (‘?2,1)(?1,1) ’(.Pl'l)-'- (91,2)4- (ez, 1}]
o [al, ay, ag ]] "‘g-l _Q__l

(5 - 29)

2 A
This method requires the computation of Q 1 and Q 1 Thus one

proceeds from equation (5 - 11) to (5 - 21) to calculate 92 and b* .

The Q matrix must then be constructed and, Q'l, 9'1_A_3 b* computed.
A

Then é » Q 1, and finally K* are determined. In the procedure of

Chapter IV we simply determine ,81 K then the fj i It is to be noted that,
to compute the Qj, {28 ..,

Jordan canonical form, and once it is in this form the pole assignment

. p,it is necessary to convert the system to

algorithm of Chapter IV is obviously more efficient than the method of

Davison (6).



CHAPTER VI

CONCLUSION

In this thesis an eigenvalue assignment algorithm was developed for
the class of linear, time-invariant, multivariable, controllable systems. Two
approaches to the problem were illustrated depending on whether the eigenvalues
corresponding to the Jordan blocks in the Jordan form of the system equation
are pairwise distinct (i.e. there is one and only one Jordan block associated

to each eigenvalue) or not pairwise distinct.

In the pairwise distinct case, the system is controllable by a single
input, accordingly an eigenvalue assignment algorithm was developed for the
class of single input controllable systems. It was illustrated how to make the
multi-input system equivalent to a single input system, thus permitting the use

of the pole assignment algorithm developed in Chapter IV.

The main result of the thesis is contained in Chapter IV namely the
development of an eigenvalue assignment algorithm for the single input case
where the multiplicity of the eigenvalue may be greater than one. The
procedure is straightforward and involves the computation of the coefficients

in a partial fraction expansion and inverting a triangular matrix.
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One advantage of the method developed here for the pairwise
distinct eigenvalues case is that only a single linear functional of the

state vector f' x is required.

If the state vector x is not available for feedback, the state may
be estimated with a Luenberger observer. As shown in Luenberger (5)
a considerable reduction in the dynamic order of the observer may

result if only a single linear functional of the state is required.

In the case where the system is controllable and the eigenvalues
corresponding to the Jordan blocks in J are not pairwise distinct, i.e.
there is more than one Jordan block associated to an eigenvalue, the
system is not controllable by a single input and the pole assignment
algorithm cannot be used. However as shown in Davison (2) and illustrated
in the example, feedback may be applied to place the system matrix in
a form for which the system is controllable by a single input and the
procedure of Chapter 4 may then be applied to obtain the desired eigenvalue

shift.

It should be noted that even if the Jordan blocks are associated to

pairwise distinct eigenvalues, we can apply Davison's (2) approach for the
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non-pairwise distinct case to assign one eigenvalue after the other. It is

clear that this requires a large amount of computational work.

In the pole assignment method of Davison (6) it is necessary to
calculate the Jordan canonical form of the system A matrix in order to
compute the 9]., j =2 ... p which makes the multi input controllable
system equivalent to a single input controllable system. The pole assignment
algorithm developed by Davison (6) in which the system A matrix is converted
to companion form does not utilize the fact that the Jordan canonical form
of the A matrix is available. The pole assignment algorithm of Chapter IV
is based on the Jordan canonical form representation and is essentially

a simple two step process, namely computation of the ,8 i,k and then
’

inverting a triangular matrix to obtain the fj grd=1...m,k=1...n() .

It was brought to the Authors attention after the defense of this thesis
that the pole assignment algorithm of Chapter IV was published by Retallack

and Mac Farlane (7) in 1970.



(1)

(2)

(3)

(4)

(5)
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