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Abstract: Plastic pipes, tubes or catheters are extruded
by pressure-driven flows through annular dies. Whereas
die lands are straight, the section connecting the die land
to the extruder either converges or diverges, converging
when the product is smaller than the extruder barrel,
and diverging when larger. In this paper, we carefully
consider the converging or diverging connecting flows,
in spherical coordinates, for the most common configu-
ration: the Newtonian pressure-driven flow through the
annulus between two coapical coaxial cones. We derive
the exact analytical solution for the velocity profile, and
then use this to arrive at the exact analytical solution
for the temperature rise caused by viscous heating. We
care about this rise because it often governs maximum
throughput, since pipe makers must protect the melt
from thermal degradation. We find that both the velocity
profile, and the temperature profile, peak over the same
conical surface and this surface is nearer the inner die
wall. We also provide analytical expressions for the non-
linear pressure profile and the die cooling requirement.
We find that this cooling requirement is always higher on
the inner cone.
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1 Introduction

Plastic pipes, tubes, catheters or hollow fibers are extruded
by pressure-driven flows through annular dies. Whereas
die lands are straight, the section connecting the die land
to the extruder either converges or diverges, converging
when the product is smaller than the extruder barrel,
and diverging when larger. We call flows that converge or
diverge, verging flows. In this paper, we carefully consider
the verging connecting flow, in spherical coordinates, for
the most common configuration: the pressure-driven flow
through the annulus between two coapical coaxial cones.
We explore the analytical solution for the velocity profile,
and then use this to calculate the temperature rise caused
by viscous dissipation. We care about this rise because it
often governs maximum throughput, since pipe makers
must keep the melt from degrading. In this paper, we focus
specifically on highly viscous nearly Newtonian polymer
melts such as extrusion grades of condensation polymers.
These would include nylon, polycarbonate or polyester.

Table 1 classifies the literature on pressure-driven
converging or diverging annular flow. Whereas the
straight annular pipe die lands are rarely concentric (a sag
compensating measure [8-19]), connecting verging flow
geometries are normally coapical and coaxial. Table 2 lists
our dimensional variables, and Table 3, the dimensionless
ones.

Parnaby and Worth [3] (see also Problems 5-37 and
5-38 of [20]) used cylindrical coordinates to arrive at the
approximate analytical solution for coapical and coaxial
converging annular flow of Newtonian fluids, rewritten in
spherical coordinates defined in Figure 1 and Table 2 and
mindful of our erratum in [3]:

2uQ(1-«%) 2uQ(1-«°) W
3nQr’cos’6 tan' 6 37Qr’cos’6.tan 6,
where:
I
Kk=-+
r 2
and for (tané /tané )>0.6:
1(_ tand. \(. tand )
ané. ano.
Q=—| 1+ L 1- d 3)
6 tant9o tan@a
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Table 1: Literature on pressure-driven converging or diverging annular flow.

Papers Geometry Coordinates Solutions for Method Fluid References

Bird et al. (1960, 2002) \II\ ® v, T a N [1,2]

Parnaby and Worth (1974) Al ® Ap a PL [3]

Dijksman and Savenije (1985) \' § v, Ap a N Egs. (4.9) and (4.10) [4]
Kolitawong and Giacomin (2001) ‘II‘ F=20) v, a N, PL [5]

Liang (2003) Vv © v,Ap a PL [6]

Kolitawong et al. (2011) ‘ll‘ F=20) T n PL [7]

This paper V, A O v, T a N

a, analytical; n, numerical; N, Newtonian; PL, power-law; T, temperature; V, converging; A, diverging;
drop; y, shearrate; @, cylindrical; O, spherical; §, toroidal; == ®, bipolar cylindrical.

Table 2: Dimensional variables.

, straight; v, velocity; Ap, pressure

Variable name Actual variable Dimensions Variable range
Absolute temperature, inner surface T, T >0
Absolute temperature, initial fluid T, T >0
Absolute temperature, maximum T T >0
Absolute temperature, outer surface T, T >0
Absolute temperature, rise T T >0
Azimuthal component of gravity g, L/t 0
Azimuthal component of heat flux q, M/ 0
Azimuthal component of velocity v, L/t 0
Characteristic time, Eq. (90) },E/A/pcp(rmax--,;)) t >0
Continuity flow function c®) L3/t <0
Density, melt P m/L? >0
Gravity g L/t >0
Heat capacity, constant pressure (.:p L2/eT >0
Inner spherical radius r, L >0
Maximum velocity Vo L/t >0
Outer spherical radius r, L >0
Pressure p M/Lt >0
Pressure drop Ap=p -p, M/LE >0
Pressure, inner surface p; M/LE >0
Pressure, outer surface p, MLt >0
Radial component in spherical coordinates r L >0
Radial component of gravity g, L/e <0
Radial component of heat flux q, m/e >0
Radial component of velocity v, L/t R
Rate of deformation tensor Z 1/t R3
Shear rate y 1/t R
Shear stress T MLt R
Shear stress tensor z M/Lt R3
Spherical polar component of gravity g, L/e 0
Spherical polar component of heat flux q, m/e R
Spherical polar component of velocity v, L/t 0
Time t t >0
Thermal conductivity k ML/ET >0
Thermal diffusivity ask/pfp 12/t >0
Velocity vector v L/t R3
Viscosity, melt u M/Lt >0
Volumetric flow rate Q L3/t >0

L, length; M, mass; T, temperature; £, time.

Where 7, is the force exerted in the jth direction on a unit area of fluid surface of constant x, by fluid in the region lesser x. on fluid in the

region greater x, [2].
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Table 3: Dimensionless variables and groups.
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Group name Symbol Group range
Azimuthal angular coordinate ¢ [0; 27]
. . - . Cu
Dimensionless continuity constant, Eq. (63) (EA 3 R
pr
_CA
Dimensionless continuity constant = R
3
Di jonless fl te, Eq. (3) [3 Q=1 1,120, [, tand, R
imensionless flow rate, Eq. (3) [3] =6 tano, tano,
Function of & B, B, R
Function of 0, Egs. (32), (33), (54) a, b, A R
Functions of 6, and 6 , Eqs. (37), (38), (39), (40) a,a,b,b, R
Half conical angle, maximum 0, 0061
Half conical angle, inside 0, [0, %}, 0,>0,
Half conical angle, maximum temperature e T [0;:0]
Half conical angle, maximum velocity max,y, [0;0]
Half conical angle, minimum velocity miny, [0;0)
Half conical angle, outside 0, [O, %}, 0,>0,
,_aMr,-r)
Péclet number, Eq. (92) Pé= o R
Pressure, Eq. (68) L [0; 1]
Ap
Pressure drop A= Apr, R
'uvmax
. - rr
Radial position, Eq. (65) R=— [0; 1]
r-r
o ) 2).Ap
Pressure to viscosity dimensionless number P=—— R
n
pV_r
Reynolds number, Eq. (130) Re="—"maxr’ >0
n
Shape factors, Eqgs. (73), (74), (6), (70) Lt R
. L 6-6.
Spherical angular position, Eq. (56) 550 0’ [0; 1]
Spherical polar angular coordinate 0 [0; %}
Spherical radii ratio, Eq. (2) k=rfr, >0
Temperature = T, [0;1]
Tmax-TO
. . our
Velocity, Eq. (67) ) =t R
(P,
Volumetric flow rate )= Q R
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Figure 1: Spherical coordinates for pressure-driven flow through
converging coapical concentric conical annulus (/c:%, 0=11°,

0,=31°).

Dijksman and Savenije [4] used the special toroidal
coordinates to find exact analytical solutions for converg-
ing and diverging non-coapical and coaxial annular New-
tonian flow. By non-coapical, we mean that the conical
walls do not share the same apex. They even rewrote the
equations of continuity and motion in toroidal coordi-
nates (see Appendices I and II of [4]). For coapical converg-
ing Newtonian flows, their equation for the velocity (Eq.
(4.9) of [4]), rewritten in spherical coordinates, defined in
Figure 1 and Table 2 is:

| _30066)(6-6,6,)

r

(4)

7r’6’ sind,

However, Eq. (4) does not satisfy the boundary condition
at 0 given by Eq. (34). Hence, Egs. (4.9) and (4.10) of [4]
should not be used.

Liang [6] also reached analytical solutions for con-
verging annular flow of power-law fluids. For our case, the
Liang exact analytical solution written using the variables
defined in Figure 1 and Table 2 is:

Qu
ar’f,

Ap=o L (1) ©)

where « is defined in Eq. (2) and:
f %{( 6.-0,)sind +(0,-0 )’ sing, -%( 6,-0,)(cos),-cos6, )}
(6)

where 6[=]rad, and in which 0C=%(0i+60) for both
u(r,6)=0andu(r, 6 )=0.
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In this work, we use spherical coordinates to analyze
viscous dissipation in pressure-driven flow through a
verging annular plastics extrusion die. We find exact ana-
Iytical solutions for the steady state velocity and tempera-
ture rise profiles.

2 Materials and methods

We consider molten Newtonian plastics, flowing through
verging conical annular dies. Figure 1 shows these annuli,
between two coaxial coapical cones. Our analysis follows
the transport phenomena approach. We explore the
analytical solution for the velocity profile, and then use
this to calculate the temperature rise caused by viscous
dissipation.

3 Analysis

3.1 Velocity profile
3.1.1 Physical intuition

Figures 2 and 3 show that the molten plastic moves in the
r-direction only:

v,=v,=0 7)
where:

v=(v (r,0),0,0);v(r,0)<0 (8)

for converging flows, and:

| o
>

\qjl,»

ro __I__ Gi 0

O —

v, (r, 0)<0

Figure 2: Velocity profile for pressure-driven flow through
converging coapical concentric conical annulus (K=%, 0=11°,

6,=31°).
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v, -4C
0 y =2—L=—rn 13
! "oor 13)
= ;

1dv, v v. 2C

v =2 _9+_r)=2_r=_

6, Voo (r 0 r ror

) 1 9v, v v cotf v
§ y¢¢=2 - e =2-+=A,,
/ rsinf op r r r
v.(r,0)>0 :

jyer 2| )12 12 10 (6(9)}_ 19C
or\r

ro0 rod rodl r* | r’oo (14)

Hence 7,,=7,,, so that combining Eq. (12) with Egs. (10)
v and (11) yields:
2
Figure 3: Velocity profile for pressure-driven flow through diverging _zpC_SZ-ap 'V 12 J (r’r )4 1 J (1;9 Sinﬁ)-grw}
coapical concentric conical annulus (K:li, 6=11°, 6 =31°). r ar I_r Jar rsinf 00 r
-pg cosh
v=(v(r,0),0,0);v(r,0)=0

(15)
)
for diverging flows.

3.1.4 Eliminating stresses

(r,6,9)

Combining Egs. (1 d(Q ith th tituti -
3.1.2 Equation of continuity in spherical coordinates ‘om g qs‘ (13) a'n (14) wi ¢ constittiive equa
tion for Newtonian fluids:

From the equation of continuity (Eq. B.4-3 of [2]), for
constant density and using Eq. (7) we get:

T="py (16)
yields:
4ucC
c(o T =
v,= 5 ) (10) P
S 2uC
and differentiating gives: L &
aC
v, -2C(0) r =.rot
pT— 1) =509 (17)
which we will use to simplify the rr-component of the rate

of deformation tensor, and also, to simplify the r-compo-

We can eliminate the stresses from Eq. (15), and since C
nent of the equation of motion.

depends on 6 only:
c -p u d(dC . )
2p—=—+————| —sinf |-pg cosH 18
p r° or r'sinfdo\do P8 (18)
3.1.3 Equations of motion in spherical coordinates
(r,6,9) Neglecting both fluid inertia and gravity we get:
The r-component of the equation of motion (Eq. B.5-7 —;j—p+%di(%sin9j (19)
of [2]), after applying Eq. (7) and ¢ symmetry, reduces to: r rising do\ do
) T +T for which the variables easily separate:
pv, aavr =%- 12 E)a (r'r, )+ 1 (9880(%’ sing)-—% ¢
r or |r°or rsin r“d—pz u i(d—csine) (0)
-pg cosh (12) dr sinf do\ do
hus:
Each relevant component of the rate of deformation tensor and thus
(§B.1 of [2]), simplified with Egs. (8), (9), (10) or (11) then ” dp —C
gives: da

(1)
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which is easily integrated to give the (nonlinear) pressure
profile:

c
p=C,-—%

3r’ @)

from which we learn that the pressure depends at most
on r, and which is subject to the pressure boundary
conditions:

C
P,=C, 35 (23)
p; =C4 3_’,13 (24)

where, for converging flows, the outer pressure must
exceed the inner:

p,>p; (25)
and for diverging:
p>p, (26)
Solving Egs. (23) and (24):
_ 3
¢, =X PP @)
1-«
¢ PP (28)
4= 143
where k is defined in Eq. (2). Hence:
1 -p)r’
p=—s [po -K3p,--—( L I}) : } (29)
1-k r
Returning to the right side of Eq. (20) gives:
d*C cospdC C,
St T (30)
do* sinf do u
which has the general real solution:
-C
C=—(a+b)-C,(a-b)+C, (31)
2u
where:
a=log( 1+cos0H) (32
b=log( 1-cosH) (33)

and where C[=]C,[=]C,[=]C /u[=]L’/t.
Eqg. (31) is subject to the no-slip boundary conditions:

€(6,)=C(6,)=0 (34)
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and hence:
-C
0=—2(a,+b,)-2C,(a b )+2C, (35)
u
-C
0=—2(a,+b,)-2C,(a,-b,)+2C, (36)
u
where C, is given by Eq. (27), and where:
a,=log(1+cos6, ) (37)
b, =log(1-cosh ) (38)
a,=log(1+cos#,) (39)
b,=log( 1-cosb), ) (40)

Solving Egs. (35) and (36) and substituting the results into
Eq. (31) gives:

3(p -p)r’ a +b -a-b, ab-ab
C= o i’ | b [o] o 1 i _b 2 o i _io0
2u(iy | M o arn, ) P @b arh

(41)
Substituting this into Eq. (10) we get the exact solu-
tion for the velocity profile in spherical coordinates for

pressure-driven flow through conical coapical coaxial
annulus:

-p)r’ b -a-b. b-ab
v =—3(p0 p;)r‘ -(a+b)+ L4045 (a-b)+2 B/
" 2u(1-7)r a-b -a+b, a-b -a-+b,

i i

(42)

be it converging or diverging. Differentiating Eq. (42) and

solving for 6 =~ we get:
0 arccos a, b, ra+h, (43)
_ =arccos| —>—°¢ L L
Y, a-b -a+b,
For converging (and diverging) flows, 0 i <(6,+6,)]/2,

with 6, 6 €[0; /2], and thus the minimum (and maximum)
velocity cones are nearer the inner surface than the outer.
This is why shear rates 7 , (and thus the shear stressesz )
on the inner cone are higher than on the outer (for both
converging and diverging flows).

We now turn our attention to the ¢-component of
the equation of motion (Eq. B.5-9 of [2]) which, following
Subsections 3.1.3 and 3.1.4, and since we are neglecting
gravity, gives:
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Bv¢ i 8v¢ } v, E)v Y, av¢ } v¢vr+v9v¢cot6
ot " or r 80 rsinG dp r
1 Jp [1 ., d,
= - r'r )4 7, sinf
rsinfdg Lr’or ™ rsinfof % )
1 arwltwcoté) (44)
" rsing op N
Eliminating the stresses using:
T,=T ¢—O
_ 2uC (45)
03
we get,
ap
—=0 46
% (46)

from which we learn that the pressure does not depend
on ¢.

Similarly, for the 6-component (Eq. B.5-8 of [2]), by
following Subsections 3.1.3 and 3.1.4 we get:

E)v by v, Vs v, Ve dv, V,v,v,cotd
ot "dr r 96 rsinf dp
-19p {1 ., CIP
= T )+ 7 sinf
roo Lr*or " rsingoo ” )
. 1 arw 7,,cot0 @)
rsinf de r
and then using:
2uC
Too=Tgp=" i
Tn9_- Iu aC
o0
7,=0 (48)
to eliminate the stresses gives:
dp 2udC
W P do ()
and integrating yields:
(50)
Substituting Eq. (29) into Eq. (50) gives:
1 , (p,p)r’ Z,uC
S| D,k P; S C,(r) (51)
1-k r r’
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Solving for C, at 0=0_ we get:

1 (p,p)1’
C=15 [po-fc3p,.-r—3 =p(7)

(52)

Substituting Egs. (27), (41) and (52) into Eq. (50) yields the

two dimensional nonlinear pressure profile:

(p -p)r’ -K>p.
popl I(A'l)}po 3pl

p(r, 6)= (1-3)r° 1k

(53)

with:
a+b -a-b. ab-ab
A= [ (asbs (b—]( o [ﬁﬂ 50

For most plastics extrusion die designs:

Akl (55)

Therefore Eq. (53) reduces to Eq. (29) and our assump-
tion that p depends on r only (see Subsection 3.1.4) is
confirmed.

3.1.5 Nondimensional velocity and pressure

We begin our nondimensionalization by rearranging:

0-6.
o0, co
from Table 3, to give:
0=£(6,-6,)+6, (57)
which, substituted into Eqgs. (32) and (33), yields:
a=log[ 1+cos(&(6_-0,)+0,)] (58)
b=log[1-cos(§(6,-6,)+0,)] (59)

Next, in Eq. (41), we let:

a+b -a ab-ab
B(§,0,0)= (a+b)+[W]( -b)+ z[ﬂ]

(60)
so that:
BC
C=—==1~ (61)
2u
Substituting Eq. (27) into Eq. (61), we get:
3B(p -p)r’
_2b\p,b)r; (62)

©2u(17)
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Using this with Table 3 gives:

. Cu 3B
o= =
(p,p)r 201 (©)
and thus:
“(p -p)r’
c= PP 64)
u
which we will use below. Also letting:
r
—K
r-r. lx
so that:
r=r [ (1-k)+k] (66)

Substituting Egs. (64) and (66) into Eq. (10), rearrang-
ing, and using Table 3, we get the dimensionless velocity
profile:

o UMy @ _ 3B(¢)
(p,p)r’ [ (1)+k]? 20167 [ (k) +k]

(67)

where « is defined in Eq. (2).
Using Table 3 with Eq. (29) and rearranging gives the
dimensionless pressure profile:

- 3
ﬁ/’“:pp"z 13{1 K - s A<l
Ap 1°| (2 (1k)+k]

(68)

3.1.6 Nondimensional @/A@”

Integrating Eq. (42) twice, with respect to 6 and ¢, and
then rearranging gives:

Ap:Qu( 1-k7)

b -a-b.
f= G0, [a (1+cosf )-a.(1+cosH.)]
S ao_bo_ai+bi o o 1 1
b -a-b.
- 1+M [b (1-cosO )-b.(1-cosb.)]
a-b-a+b | ° °r !
ab-ab,
a -b -a-+b

-2(cos6 -cosb),) (l+ (70)

DE GRUYTER

witha,, b , a,and b, defined in Egs. (37)-(40). Equation (70)
is the first main result of this paper. Using Tables 2 and 3,
we adimensionalize Eq. (69) to get:

1«* ©

37 Aff/“: s

(71)

Figure 10 illustrates Eq. (71) and shows how the dimen-
sionless flow rate per unit pressure drop, f,, changes with
the extrusion die shape, 6, and 6 . Practitioners can use
Figure 10 to get the volumetric flow rate graphically, or the
pressure drop (see worked example in Section 5).

In Figure 11, we will compare the previous approxi-
mate solutions of Parnaby and Worth [3] [Eq. (1)] and
of Liang [6] [Eq. (5)] with our exact solution [Eq. (71)].
For this, we must nondimensionalize Egs. (1) and (5) in
the same way as our Eq. (71). For Parnaby and Worth [3]
[Eq. (1)], we get:

1k o
<7 72
fc 3n A f‘ (72)
where:
, Qcos’0 tan'6,
flfe2o 2 (73)
2
.~ Qcos’6.tan" 6
22202 9T % (74)

¢ 2
where Q is defined in Eq. (3), and for Liang [6] [Eq. (5)],
we get:
1< 0
3n At

(75)

with f, defined in Eq. (6).

3.2 Temperature rise

In this section, we focus on the temperature rise caused
by the viscous dissipation associated with the velocity
profile given by our exact solution, Eq. (42). Specifically,
we consider melt entering the conical die (illustrated in
Figures 1, 4 and 5) at a uniform temperature T, and with
isothermal inner and outer conical surfaces also at T,. We
are, of course, aware that the extrusion die surfaces can be
controlled with other thermal boundary conditions. These
conditions lie beyond the scope of this work.

3.2.1 Physical intuition

Figures 4 and 5 show how the temperature profile evolves
in the dies for converging and diverging flows. When
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Figure 4: Temperature rise profile for pressure-driven flow through
converging coapical concentric conical annulus (/c=%, 0=11°,

6,=31°).

Figure 5: Temperature rise profile for pressure-driven flow through
diverging coapical concentric conical annulus (x=%, 0=11°,

0,=31°).

viscous dissipation matters, the temperature rises as the
melt flows from r, to r, (r, to r ) for converging (diverging)
flows. Not unlike vr(r, 0), the temperature also depends on
both r and 6, T(r, 6). Thus, for converging flows through
isothermal die walls we have:

3—{<0 (76)
and:
(1, 0)=T(r, 0 )=T(r, 6,)=T, 77)
whereas for diverging flows we have:
IT (78)

or
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and:
T(r, 0)=T(r,60,)=T(r, 6,)=T, (79)
For both converging and diverging flows, we define:
oT
—] =0; 6=0 r
ae o max,T( ) (80)

‘max

which defines the hottest surface in the flowing melt,
which is at most a function of r.

3.2.2 Viscous dissipation term in spherical coordinates

(r,0,9)

We begin by combining the general expression for the
viscous dissipation in spherical coordinates (Eq. (C) of
Table A.7-3 of [2]) with our physical intuition for the veloc-
ity, Eq. (7):

v, v, v, 10v,
v, (5 o e (155

oy 1 9v,
"\ rsinf d¢

which when combined with the velocity profile and its
derivative, Egs. (10) and (11), gives:

v, v, v, 10v,
e, (o [ (o (155)

from which we eliminate the stresses using Egs. (17), (45),
T =2, andt op=Top 1O 8eL:

yv)=| e[ 4CY
(r.Vv)—r6 llZC J{d@] 1

which we will use in Subsection 3.2.3, and where the exact
solution for C is given by Eq. (41).

(81)

(83)

3.2.3 Equation of energy in spherical coordinates

(r,6,9)

We begin by simplifying the equation of energy written in
terms of temperature for an incompressible fluid (Eq. B.8-3
of [2]), with ¢ symmetry for the longitudinal heat flux, g »
gives:

A BT_{I .,

M

! 1 a ( 3 -
- ar\r q,)A m—— ae\qesme)] (z:Vv) (84)

Eliminating the heat fluxes using Fourier’s law (Egs. B.2-7
and B.2-8 of [2]) we get:
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~ doT 19 oT 1 9(10T

Cv —=k|l—— —| ———sind | |-(z:V

PEY r { 2 or [r 8r]+rsin989(r895nﬂ (w:vv)
(85)

Now, if we assume that axial conduction is negligible
(with respect to radial convection):

oT 19 ,0T
,Dvarg»k Zar( Brj (86)
then:
T a d(19T ) 1
0 |-——(7:V
' or rsind 20\ r 06 sin pCp\T v) (87)

where a=k/ pép is the thermal diffusivity (see Table 2).
Substituting Egs. (10) and (83) into (87) and rearranging
gives:

T « of. oT\ 1 u|.., [(dC
C—=——— 60— = 2C°+ 88
or sinf 89(5111 00 )+ C, r“[ [d@] 1 (88)

which is subject to the boundary conditions given by
Egs. (77) and (79).

3.2.4 Dimensionless temperature rise

Using Tables 2 and 3, we rewrite Eq. (88) as:
_ar(1«) 9 ( iy 8_@)
20
u |

Csinf 00
(1-«) { dac
" pC, (T, -T,) |1 ( 1-K)+K]4[12C+E[EJ }

max "0

00
9

(89)

which uncovers the characteristic time:

= H*
pC, (T, T,)

max ~ 0

(90)

so that:

00  Pé a(i

2
= s nea—g\a A(1x) (12C+1 dac
oo Csind 90 0 ) N EZA 1-K)+K]['\_ C\ do

(91)
where we have also uncovered the Péclet number:
. aMr-r)
e5+ (92)

r

o

Further, using Table 3, yields:
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90 _ Pe i(sirle)a—@j+—1"‘ 1z<r:+ dcy
9 Csind oo\ 00 )" [ (1) +]" a0
(93)

which we will use presently.

In this Subsection, we begin by neglecting conduc-
tion in the #-direction, and finish with an exact analytical
solution for the temperature rise that is consistent with
isothermal, inner and outer die walls, Egs. (77) and (79).
Neglecting conduction in the 6-direction (Pé<1), Eq. (93)

reduces to:
2
o | c+L[4C (94)
9o [ (1x)+]*| T Cldo
and has the exact solution:
2
:Cﬁ-; 12<C+i ac (95)
[ (1-k)+k]’ C\ do

subject to the entrance condition, which for converging
flows is:

(,)=6 [::] e(1)=0 (96)
so that:
01 ! scs L[dCY (97)
[ (1-6)+k]> 3C| do
and for diverging flows is:
rer
@(f”/:i)=®[r' rlj 8(0)=0 (98)
so that:
o 1. 1 4Ca 1 (dcY ©99)
K [20(1-k)+k]? BCLdG
Using Eq. (133), proven in Appendix 7.2, we get:
o) (dCY oy (100)
d& o
which, when applied to Egs. (97) and (99) gives:
1
0=4C|1——_|; A’«<1 101
[ [f/l’(l-/c)+lc]3} 1on
o-4c| L — 1 |a« (102)
[ (1x)+c]? |
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where the condition A<1 [Egs. (54) and (55)] on our pres-
sure and velocity [Egs. (29) and (42)], upon which Egs.
(101) and (102) are based, is already sufficient for A2«1.
The reader is reminded that, for most plastics extrusion
die designs, A<1.

Since C(0,)=C(0)=0, the temperature rise on the die
surfaces is also zero, (0 )=0(6)=0. In other words, Egs.
(101) and (102) are exactly consistent with the isothermal
wall boundary conditions Egs. (77) and (79), which we
have yet to use.

Using Table 3, Egs (101) and (102) become:

_ 2M(p,p)K’ 1

6{ u(1x*) }{1 [f/?'(l-lc)+/c]3}A (103)
_ Z’I(PC,'PI»)IC3 1 1

®_l (1) }L@ [-/‘ﬁ(l-lc)ﬂc]}}A (104)

with A already defined in Eq. (54). We next differenti-
ate Egs. (103) and (104) to get the hottest surface in the
flowing melt:

-a -b +a.+b,
R —— (105)

0. ,=arccos| —*
g a-b-a+b,

which is conical, and which matches the velocity minimum
cone, 0=0mmr, given by Eq. (43). We thus find that the
temperature maximum cone H:Gmax,r is nearer the inner
surface than the outer.

Using Table 3 to rewrite Egs. (103) and (104) we get:

o, s):zp[ ”33) r——— B,
1« [ [M“(l-/c)ﬂc}

(106)

(', 5):1?( L J{i-;}B (107)

13 )| & (2 (1k)+k]? |
Egs. (106) and (107) give the nondimensional temperature
rise for converging and diverging flows, respectively, and
these are thus the second main result of this work. Equa-
tions (106) and (107) are exactly consistent with the iso-
thermal wall boundary conditions Egs. (77) and (79). In
Section 4, we will differentiate Egs. (106) and (107) to cal-
culate the corresponding cooling requirement for conical
die surfaces.

4 Results and discussion

In this section, we will illustrate and discuss the main
results of our analysis in Section 3. We graph the velocity
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and then the temperature profiles for a specific die design:

1
6=10°, 0 =15° and K=§. We further compare our exact

solution [Eq. (71)] for the throughput per unit pressure
drop with prior approximations of Parnaby and Worth [3]
[Eq. (72)] and of Liang [6] [Eq. (75)]. We will close Section 4
with a dimensionless graph for Eq. (71) that is specifically
for practitioners of plastic pipe extrusion die design.

4.1 Velocity profile

In the next two subsections, we discuss Figures 6 and 7,
which illustrate the velocity profiles for converging and
diverging dies.

4.1.1 Converging flows

The accelerating velocity for converging die flows is nega-
tive, and the pressure drop in Eq. (42), is positive. Figure 6
illustrates the velocity profile shape for a particular con-
verging die design. We see that the minimum velocity
cone is nearer the inner surface. Using Eq. (43) for the
specific die considered, this minimum velocity cone is
0 =12.42°, which is just inside the midcone, 6=12.5°.

min,v,

4.1.2 Diverging flows

The decelerating velocity for diverging die flows is posi-
tive, and the pressure drop in Eq. (42) is negative. Figure 7

0.01
0 p= . =1
ﬁi“*—a__u;w_ — //
-0.01 F \\ \HH““-—%___ 0.5 ’,_/,-"‘/ y 4
002f 025 | /ﬁ’ 1
~-0.03f \\ / i
-0.04 ‘\ // ]
-0.05 A\ / .
N\ %
-0.06 | \ / ]
-0.07 S~ ] ,,/ 1
_ 0.0001
0 01 02 03 04 05 06 07 08 09 1
&

Figure 6: Dimensionless velocity profile [Eq. (67)] for pressure-
driven flow through converging coapical concentric conical annulus
for different dimensionless conical half angles and dimensionless

radial positions (K:%, 6=10°, 0 =15°).
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Figure 7: Dimensionless velocity profile [Eq. (67)] for pressure-
driven flow through diverging coapical concentric conical annulus
for different dimensionless conical half angles and dimensionless

radial positions (K:%’ 6=10°, 0 =15°).

illustrates the velocity profile shape for a specific diverg-
ing die design. We see that the maximum velocity cone is
nearer the inner surface. Using Eq. (43) for the specific die
considered, this maximum velocity cone is Gmax,v =12.42°,
which is just inside the midcone, #=12.5°. '

4.2 Temperature rise profile

In the following two subsections, we discuss Figures 8
and 9, which illustrate the temperature rise profiles in the
converging and diverging dies.

x1073

6 . . . . . . ; .
,ﬂ‘a_‘

5 L

4t J

31 i

o|ay

2 L

1k 4
0.5

0 e !

R'=1
-1 " " L " L "

04 05 06 07 08 09 1
3

0o 01 02 03

Figure 8: Dimensionless temperature rise profile [Eq. (106)] for
pressure-driven flow through converging coapical concentric conical
annulus for different dimensionless conical half angles and dimen-

sionless radial positions (/c:%, 6=10°, 0 =15°).
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Figure 9: Dimensionless temperature rise profile [Eq. (107)] for
pressure-driven flow through diverging coapical concentric conical
annulus for different dimensionless conical half angles and dimen-

sionless radial positions (K:%, 6=10°, 6 =15°).

4.2.1 Converging flows

In Figure 8, we plot the dimensionless temperature rise
per unit pressure drop, ©(%¢,&)/P which shows the
shape of the temperature rise for a specific converg-
ing die design. The surface of maximum temperature
rise is conical Omax,r ='9min,v,:12'42°’ which matches the
minimum velocity cone. Figure 8 also shows that the wall
temperatures are constant at T, and thus the walls are
isothermal. To achieve this condition, to compensate for
viscous heating, the walls must be cooled.

The expression for the required heat flux for cooling is
given by (Eq. B.2-8 of [2]):

10T
=-k
& r 00

(108)

Substituting Eq. (106), into Eq. (108), and evaluating
the result for the inner surface gives the cooling load
requirement:

4k Apk’ ’ b -a-b.
pr (1 rLj[COS&+M] (109)

%, _pép( 1-k) sin6, rrt ""a,-b-a-+b,

and for the outer surface:

4k Api® 17 a +b -a-b.
4, == f - r "4) cosf +——o—— (110)
, pCp(l-/c )smeukr r a-b -a+b,

From Egs. (109) and (110), we conclude that the
cooling load at the inner die cone must be higher than
for the outer.
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4.2.2 Diverging flows

In Figure 9, we plot the dimensionless temperature rise per
unit pressure drop, -O(2¢, &) / P, which shows the shape
of the temperature rise for a specific diverging die design.
The surface of maximum temperature rise is conical
OmaX’T:Hmax,v =12.42°, which matches the maximum veloc-
ity cone. Fiéure 9 also shows that the wall temperatures
are constant at T, and thus the walls are isothermal. To
achieve this condition, to compensate for viscous heating,
the walls must be cooled.

Substituting Eq. (107), into Eq. (108), and evaluat-
ing the result for the inner surface gives the cooling load
requirement:

4kApi’® [

1 7 a,+b -a-b,
q, T = o - COSG]."‘% (111)
i pCp(l-/c )sind,

3 4 _ _
e’ r ac-b-a+b

and for the outer surface:

4kAp® (1 r3j b -a-b.
E— o COSG 4—0 o 1 1 112
%, ,on(l-/c3)sin60Knc3 r ° a-b-a+b, (112)

i i

From Egs. (111) and (112), we conclude that the cooling at
the inner die cone must be higher than for the outer.

4.3 Throughput per unit pressure drop
In this section, we use Figure 10 to compare our exact

solution [Eq. (71)] for the throughput per unit pressure
drop with prior approximations of Parnaby and Worth [3]

4 X10% ‘
\
\f
3 \ !
) \
o3| \
bl g \
o f&\\\ \
__-_hf__—_‘_ wﬁ«\h \
0 S .

021 022 023 024 025 0.26
0, (rad)

0.18 0.19 02

Figure 10: Shape factors (dimensionless volumetric flow rate), f,
[Eq. 7D, (f, £°) [Eq. (72)], f, [Eq. (75)], vs. 6, in radians and para-
meterized with 6 =15°=7/12 rad.
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[Eq. (72)] and of Liang [6] [Eq. (75)]. Figure 10 has been

constructed for: 110°<6,<15°, 6 =15° and K=%, which

includes the special basis 6.=10°, 6 =15° and /c:% that we

used for Figures 6-9. For these conditions, Figure 10 shows
that whereas the cylindrical approximation of Parnaby
and Worth [3] [Eq. (72)] slightly overpredicts the flow rate,
Liang [6] [Eq. (75)] grossly overpredicts. Figure 11 charts
the flow rate per unit pressure drop predicted by our exact
solution, Eq. (71). We provide this dimensionless graph
specifically for plastic pipe extrusion die designers. We
will use Figure 11 presently.

5 Worked example

An engineer gathers the following process details for her
polycarbonate pipe extrusion line, and specifically for
the converging connection between her extruder and her
straight annular die land: 6 =31.0°, 6=11.0°, r =0.130 m
and r=0.0500 m, with the throughput of pQ=-0.0100 kg/s,
and the material properties at the operating temperature
are u=1.10x10’ Pa-s, p=900 kg/m’, C,=1.60x10’ J/kg-°C
and k=0.1 W/m.

She wants to estimate (i) the required pressure drop
for the given throughput and (ii) the temperature rise in
the die.

(i) Using Eq. (54), she first gets A( 0. iny )=
A(20.2°)=-0.0941 which satisfies Eq. (55). She then inter-
polates Figure 11 with cos 6,=0.982 and cos 6 =0.857 to get,
for our exact solution:

f,=107%=-0.00257 (113)

107! T
10 !
10-3 .
107 15

100 F

107 F

000 T OO O O L
0 0.1 02 03 0. 05 06 07 08 09
cost),,

108

Figure 11: Shape factor (dimensionless volumetric flow rate), f, vs.
cosf, and parameterized with cos6, [Eq. (71)].
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For this same die, the cylindrical approximations [Egs.
(73) and (74)] give:

f1=-0.0253 (114)
f?=-0.0168 (115)

and the Liang approximation [Eq. (6)] gives:
f,=-0.187 (116)

Combining Eq. (71) with A2 =Apr/(uV_ ) and
©=Q/(V_ r*) from Table 3 and rearranging gives the

pressure drop:

A _-Qu(1-k*) -pQu(1-(r/1))
D= 3 - 3
3ar’f, 37pr S,

117)

Inserting the given die geometry, physical properties and
Eq. (113) into Eq. (117):

_Ap_-(-0.0100 kg /s)1.10x107 Pa-s(1-(0.0500/0.130)°)
372(900 kg /m’)(0.0500 m)’(-0.00257)
=-3.81x10’ Pa

(118)

which the engineer must use to get the required
throughput.

(ii) Using Egs. (106), (90) and P=2AAp/u, & =r-r[1 T,
and £=0-6,/6 -0, from Table 3, she gets the expression for
the temperature rise in the converging die:
. 2ApK’ {1 rj}A

e |1 (119)

"o

and since the temperature peaks at r;:

2AAp
T =—— (120)
pC,

Inserting the physical properties, A and Eq. (118) into
Eq. (120), she gets:

o __ -2(-0.0941)3.81x10’ Pa
mx 0 (900 kg /m’)1.60x10° J/kg-°C

=4.98°C  (121)

which she can then add to the temperature rise for the die
land, to see if her polymer extrudate will exceed its degra-
dation point.

At the end, she verifies the two flow conditions: Rex1
and Pé<1. Using Egs. (130):

meax rl

Re=—""—
u

(122)

where V__is calculated using Eq. (42):
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ApAr,

26011 /7)) (123)

max

4 =|Vr(r;’0min,v )|:

v, =1v,(0.0500 m, 20.2°)|
| 3.81x107 Pa(-0.0941)0.0500 m |
|2(1.10x107 Pa-s)(1-(0.0500/0.013)°)|
=0.0086 m/s

(124)

She gets, after inserting Eq. (124) and the physical proper-
ties into Eq. (122):

Re_( 900 kg/m’)0.0086 m/s (0.0500 m)

- =3.52x10" (125)
1.10x10" Pa-s

which is «1.
She then uses Eq. (92) and Table 2 to get:

. ku(r -r)
e=—— — 126
(pCp)Zroz(Tmax-TO) ( )

Inserting Eq. (121) and the physical properties into Eq.
(126) gives:

_ (01W/m)1.10x10” Pa-s(0.130 m-0.0500 m)
(900 kg /m?)*(1.60x10° J/kg-°C)?*(0.130 m)* 4.98°C
=3.88x10° (127)

which is also «1.
This specific worked example happens to be the one
we chose to illustrate in Figure 1.

6 Conclusion

This paper attacks the problem relevant to the connection
between a plastics extruder and a pipe extrusion die: the
pressure-driven flows, converging or diverging, through
the annulus between coapical coaxial cones. Using the
transport phenomena approach we arrive at (1) an exact
solution for the velocity profile [Eq. (67)] which we inte-
grate to get (2) the throughput per unit pressure drop [Eq.
(75)] and (3) the temperature rise [Egs. (106) and (107)].
We care about this rise because it often governs maximum
throughput, since pipe makers must keep the melt from
degrading. Equation (75) and Egs. (106) and (107) are the
two main results of this work, which we cast in dimen-
sionless terms (see Table 3) and which we illustrate in
Figures 8, 9 and 11.

Our first main result, the exact solution for the
throughput [Eq. (75)] is subject to the dimensionless con-
straints on the geometry, A<1, on the flow field, Rex1
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(see Appendix 7.1), that is that fluid inertia be negligible.
We find that these constraints normally apply to plastic
pipe extrusion. Our second main result, the exact solution
for the temperature rise [Egs. (106) and (107)], is subject
to the dimensionless constraints, A<«1, and on the flow
field, Pé«1, that is, that latitudinal conduction is neg-
ligible relative to radial convection. We find this exact
solution for the temperature rise to be consistent with
isothermal, inner and outer die walls, and we thus calcu-
late the corresponding heat flux requirements for cooling
[Egs. (109)—(112)]. To teach practitioners how to use our
main results, we crafted Figure 11 and our two-part worked
example (see Section 5).

We are unaware of any temperature rise measure-
ments on flow through conical annuli, with which Egs.
(106) and (107) might be compared. Whereas we do find
flow rate measurements reported for non-Newtonian
fluids pumped through converging dies [6], we find none
for Newtonian fluids, with which Eq. (75) might be com-
pared. Moreover, the non-Newtonian flow rate measure-
ments that we do find [6] are for only a slight convergent

conical die (6 =12°, 6,=10° and /c:% ).

In this paper, we have focused on the extrusion of
pipe, or tubing, or catheters. We close by noting that our
work will be at least as useful to those designing diverging
dies for blow molding [21-24].
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7 Appendices

7.1 Reynolds number

In this paper, to obtain our main results [Eq. (75)], we
neglected fluid inertia. In this appendix, we closely
examine this assumption by defining the Reynolds
number for the pressure-driven flows, converging or
diverging, through the annulus between coapical coaxial
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cones. Retaining the inertial terms in Eq. (18) and still
neglecting gravity, and since p(r), gives:

pC_r"dp 1

(128)

which, using Table 3, can be rewritten as:

r'[R(1-k)+x] dp_(R( 1-IC)+ICJ d (dc )

- —sinf
2Cu dr \' 2Csinf ae

ao

RekC A =

(129)

in which we have uncovered the Reynolds number for
pressure-driven flows through the annulus between coap-
ical coaxial cones:

PV
u

Re= (130)

Since for most polymeric liquids the viscosity u is large,
Rex1.

7.2 Latitudinal symmetry of @

Using Table 3 to adimensionalize Eq. (49) and rearranging
we get:

I 2k de (131)
o6 [ (1k)+k]’ d&
Since @ (42):
1 do
0= 132
[ (1-k)+k]® dE (132)
and thus:
do dC
:0:—
i 7 (133)
since @ is proportional to C and since & is just

normalized 6.
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