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Updated normalized load-settlement model for full-scale footings on granular soils
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The design of spread footings on granular soils is generally governed by serviceability requirements. Recent

studies have utilized databases of load tests to investigate the use of normalized load-settlement curves to model
the behavior of footings on sands. A major limitation of available databases is that they are based primarily on
data from plate load tests or footings that have an equivalent width smaller than 1.0 m. There is a need to

confirm the applicability of these curves to footings of practical scale. The main objective of this paper is to
update available normalized load-settlement curves using point measurements of settlement and load from full-
scale footings. Bayesian techniques are employed in the updating process. Results indicate that the updated

normalized load-settlement relationship is slightly more conservative but less uncertain than the current
relationship. Results from an illustrative example involving serviceability limit state reliability analyses using
footings with widths ranging from 1.5 to 3.0 m indicated that the updated relationship resulted in a slightly

higher reliability level compared to the prior relationship.
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1. Introduction and background

Shallow foundations are generally designed to satisfy

bearing capacity and settlement criteria. For granular

soils (sands and gravel), if the bearing capacity of a

foundation is ensured with an adequate margin of

safety, the design of the foundation is governed

largely by the requirement that foundation move-

ments must be within limits that can be tolerated by

the superstructure (Meyerhof 1965). As such, the

efficient design of shallow foundations on granular

soil is governed by the accuracy and reliability of

current settlement prediction models.

Settlement prediction is subject to a considerable

level of uncertainty. Natural deposits of granular soil

are inherently variable, both laterally and vertically,

with the variability differing from site to site. Based on

an analysis of cases where more than one footing was

present in a given site, Burland and Burbidge (1985)

state that the measured settlements in a site generally

lie between plus or minus 50% of the average value. In

addition, soil characteristics affecting settlement are

generally poorly defined as a result of limited spatial

sampling and errors associated with the measurement

techniques. Fenton, Griffiths, and Cavers (2005),

Shahin, Jaksa, andMaier (2005), Akbas and Kulhawy

(2009c), and Uzielli and Mayne (2012) studied the

effect of spatial variability in soil properties on the

reliability-based design of foundations on granular

soil. In these studies, spatial variability in soil proper-
ties was found to have a significant effect on both the
total and differential settlements of footings on sands
and thus on the serviceability limit state design of
these foundations.

Uncertainties due to inherent variability in soil
properties are amplified by uncertainties and limita-
tions of currently available models for predicting
settlement. Model uncertainty results from the sim-
plified and empirical nature of models which gener-
ally rely on the Standard Penetration Test (SPT) or
the Cone Penetration Test (CPT) for estimating the
compressibility or stiffness of the soil. The empirical
nature of such prediction methods represents their
greatest disadvantage.

Settlements computed by different methods have
been compared against measured settlements by sev-
eral researchers (Jeyapalan and Boehm 1986; Tan and
Duncan 1991; Berardi and Lancellotta 1991; Sivaku-
gan and Johnson 2002; Akbas 2007). A common
finding between all studies is that substantial scatter
exists between measured and predicted settlements.
For example, in Sivakugan and Johnson (2002), the
average and coefficient of variation of the ratio of
predicted to measured settlement are reported,
respectively, as 3.52 and 0.89 for the Terzaghi and
Peck (1967) method, 2.66 and 0.785 for the Schmert-
mann, Hartman, and Brown (1978) method, and 1.51
and 0.73 for the Burland and Burbidge (1985) method.
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The average ratio of predicted to measured settlement
for a given settlement prediction model is an indica-
tion of model accuracy and bias. On the other hand,
the coefficient of variation in the ratio of predicted to
measured settlement is an indication of the model
uncertainty. The above statistics for the ratio of
predicted to measured settlement indicate that tradi-
tional methods of settlement prediction lack accuracy
and consistency.

Most traditional methods of settlement prediction
for footings on granular soil do not address the
expected nonlinearity in the load-settlement behavior.
As a result, recent efforts in this field have attempted
to study the overall load-settlement behavior of a
foundation under load using various analytical and
empirical models (Lutenegger and Adams 1998;
Briaud 2007; Elfass, Norris, and Vilamaraj 2007) or
using the observed behavior of well-documented
footing tests which allows for an assessment of the
overall generalized load-settlement behavior of
footings (Akbas and Kulhawy 2009a; Uzielli and
Mayne 2012).

Akbas and Kulhawy (2009a) assembled a data-
base comprised of 167 axial compression tests with
complete load-settlement curves for footings on
soils ranging from silt to gravel. The database was
used to evaluate the normalized load-settlement
behavior of footings in granular soils. The normal-
ization was conducted by dividing the settlement (s)
by the footing width (B) and the force (Q) by the
interpreted failure load (QL2), which is defined
as the failure threshold which corresponds to
the beginning of the final linear portion of the

load-settlement curve (Akbas and Kulhawy 2009a).

The normalization was conducted to achieve a

common load-settlement behavior for all the tests

in the database.

To achieve this objective, Akbas and Kulhawy

(2009a) approximated the normalized load-settlement

curves measured for each load test in the database

using a hyperbolic fitting model with two fitting

parameters, a and b such that:

Q=QL2 ¼ s=B

a s=Bð Þ þ b
ð1Þ

The parameters a and b were calculated using least

squares regression. For the 125 cases analyzed (42

out of 167 test cases were not included in the analysis

since the load tests in these cases were terminated at

small settlements), results indicated averages and

coefficients of variation of 0.7 and 0.22 (for para-

meter a) and 1.77 and 0.54 (for parameter b),

respectively. These values were reduced to 0.69

and 0.21 (for parameter a) and to 1.68 and 0.38

(for parameter b) when the results were averaged for

each site and when the sites with residual or

cemented soils were excluded. The resulting mean

normalized load-settlement curve (a = 0.69 and b =

1.68) and the 125 best-fit hyperbolic load-settlement

curves are presented on Figure 1. The curves indicate

that the load-settlement exhibited significant scatter

about the mean relationship.

In a later study, Uzielli and Mayne (2012)

assembled a database comprised of 30 footings that

were subjected to axial loading. The database

included 18 squares, 7 rectangular, and 5 circular

Figure 1. Best-fit and average hyperbolic normalized load-settlement curves for 125 load tests reported in Akbas and
Kulhawy (2009a).
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shallow foundations, with the equivalent footing
width B varying from 0.5 to 6 m. The measured
load-settlement curves for the different tests were
normalized by dividing the settlement (s) by the
footing width (B) and the applied stress (qapp) by
the in situ net cone tip resistance qc,net. Linear,
hyperbolic, and power relationships were investi-
gated to model the observed normalized load-settle-
ment relationship of the 30 footings. The results of a
comparative assessment of the performance of the
three models indicated that the power model per-
formed better than the other two models.

Despite the fact that the derived normalized
hyperbolic load-settlement curve shown on Figure 1
constitutes the first rigorous attempt for modeling
the full load-settlement behavior of footings on
granular soils, a closer look at the actual data
indicates that only 22 out of 167 test cases involve
footings that have widths that are greater than 1.0 m,
and only 14 footings with equivalent widths greater
than 1.0 m were used to derive the load-settlement
relationship on Figure 1. There is a need for valid-
ating and updating this relationship with test cases
involving footings of practical field scale. There is a
wealth of data in the literature on point measure-
ments of settlement and load for such footings. Point
measurements are the result of load tests whereby
one settlement reading is obtained for a given applied
load, restricting the results to a single point rather
than a full load-settlement relationship.

The paper aims at using point measurements of
settlement and load from full-scale footings to (1)
update the current normalized load-settlement rela-
tionship which is mainly derived from footings with
widths that are smaller than 1.0 m, (2) evaluate the
uncertainty in the predictions of the updated load-
settlement relationship, and (3) quantify the effect of
the updating process on the SLS design of shallow
foundations using illustrative examples. The updat-
ing process will be conducted by utilizing the First-
Order Second-Moment Bayesian approach (FSBM)
presented in Gilbert (1999).

2. Load-settlement behavior of footings using point

measurements

Akbas (2007) compiled a database of 426 cases
involving point measurements of settlements and
loads for shallow foundations on granular soils. The
test cases included foundations ranging in equivalent
widths from 0.25 m (plates) to 135 m (rafts). Since
the database included 116 test cases that were
extracted from the database of complete load-settle-
ment curves (Akbas and Kulhawy 2009a), these test
cases were excluded from the analysis, resulting in a

net number of original tests of 310. These point
measurements of settlement and load were not used
in the calibration of the model proposed by Akbas
and Kulhawy (2009a). Thirty-five tests involved
footings with widths that are less than 1 m, 204 tests
involved footings with widths between 1 and 10 m,
and 51 tests involved footings with widths greater
than 10 m.

To utilize the database collected by Akbas (2007)
in the assessment/updating of the normalized load-
settlement relationship proposed in Figure 1, the
point measurements had to be normalized with
respect to B and QL2. This posed a problem since
the value of QL2 was not available for the point
measurements. However, Akbas and Kulhawy
(2009b) proposed a relationship between QL2 and
the conventional ultimate bearing capacity (Qtcp) of
the foundation. This relationship suggests that QL2

could be estimated as a function of Qtcp such that:

QL2 ¼ Qtcp ¼ Qc
tcp þ Qq

tcp for footings with

B greater than 1:0 m
ð2Þ

QL2 ¼ Qtcp ¼ Qc
tcp=B

� �þ Qq
tcp for footings with

B less than or equal to 1:0 m

ð3Þ
An expression for Qtcp, as defined by Akbas and
Kulhawy (2009b), is presented in Appendix 1. Equa-
tions 2 and 3 could be used to evaluate QL2 for each
of the 310 tests mentioned above.

Since the accurate estimation of Qtcp involves
knowledge about soil properties that were not
presented in Akbas (2007) for each case in the
database, the ratio of Q/QL2 was back-calculated
from tabulated settlement predictions obtained and
presented in Akbas (2007) using the model proposed
in Figure 1. For example, assume that the measured
normalized settlements (s/B) for one of the cases in
Akbas (2007) is equal to 0.5% and that the normal-
ized settlement that is predicted in Akbas (2007) for
this case using the normalized load-settlement model
by Akbas and Kulhawy (2009a) is 0.7%. Given the
model parameters as a = 0.69 and b = 1.68, the
value of Q/QL2 for this case could be back-calculated
from Equation 1 as Q/QL2 = 0.7 / (0.69 � 0.7 +
1.68) = 0.32. This back-calculated ratio of Q/QL2

coupled with the ratio of the measured settlement to
the footing width (s/B = 0.5% for this case)
constitutes one point (among 310 points) to be used
in the evaluation/updating process of the hyperbolic
model presented in Figure 1.

The 310 normalized datapoints are plotted in
Figure 2 together with the original mean load-
settlement relationship proposed by Akbas and
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Kulhawy (2009a). In Figure 2a, all the cases with a

footing width B less than or equal to 1.0 m are

included, while in Figure 2b, all the cases with a B

that is greater than 1.0 m are included. The data

presented in Figure 2a indicates that the hyperbolic

model seems to provide an acceptable prediction of

the point measurements with a B that is less than or

equal to 1.0 m. An analysis of the data (35 test cases

only) indicates that the ratio of predicted to meas-

ured Q/QL2 for these small footings/plates was found

to have a relatively unbiased mean value of only 1.10

and a reduced coefficient of variation (COV) of 0.38.

On the other hand, an analysis of the ratio of

predicted to measured Q/QL2 for the tests with a

footing width greater than 1.0 m (Figure 2b) indi-

cates that on average, the hyperbolic model tends to

overestimate the normalized load for a given normal-

ized settlement. For these cases which involve foot-

ings of a practical field scale (275 test cases), the

mean value of the ratio of predicted to measured

Q/QL2 is equal to 1.36 with an associated coefficient

of variation of 0.47.

The more effective predictive performance of

the normalized hyperbolic model as exhibited in

Figure 2a for footings with widths less than 1.0 m is

related to the fact that the hyperbolic model (Akbas

and Kulhawy 2009a) was derived from footings with

widths that are generally smaller than 1.0 m (145

footings with B < 1.0 m from a total of 167

footings). This explains the reason for the bias in

the predictions of the model increase from 1.1 to 1.36

for footings that are larger than 1.0 m. This finding is

important, because it points to the importance of

differentiating between foundations with widths less

than 1.0 m from larger foundations (from a service-

ability perspective). Such a differentiation between

footings with widths that are less than 1.0 m and

those that are greater than 1.0 m was adopted by

Figure 2. Normalized point measurements of load and settlement for different footing widths (Data from Akbas 2007).
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Akbas and Kulhawy (2009b) for shallow foundations
on cohesionless soils from a bearing capacity per-
spective. Akbas and Kulhawy (2009b) separated
footings with widths that are less than 1.0 m from
footings with widths that are greater than 1.0 m when
proposing an equation for calculating the bearing
capacity of the foundation (see Equations 2 and 3).

The above discussion indicates that the hyper-
bolic model could be updated using data from full-
scale footings (B > 1.0 m) to make it more
applicable to footings of practical field scale. To
test whether very large footings (basically rafts)
might have biased the results, an additional analysis
(Figure 2c) was conducted for foundations with
widths that are confined to the range of 1–10 m.
The normalized point measurements for such foot-
ings (204 test cases) were plotted on Figure 2c. The
statistics of the ratio of predicted to measured Q/QL2

for these footings were found to be similar to the
case with B > 1 m, indicating a more-or-less
negligible effect of very large footings (rafts) on the
reported findings.

It is worth noting that although the mean ratio
of predicted to measured Q/QL2 for the hyperbolic
model is in the order of 1.36 (for B > 1.0 m), this
ratio increases if only the cases with s/B between
0.4 and 2.0% are included in the analysis. This
range represents settlements that are expected for
full-scale footings with widths ranging from 2.0 to
7.0 m and allowable settlements that are in the
range of 2.5–5.0 cm. If only such cases are taken
into consideration, the mean ratio of the predicted
to measured Q/QL2 increases to values of 1.56 and
1.58 for the cases involving footings with B greater
than 1.0 m and B between 1.0 and 10.0 m,
respectively. These results further reinforce the
need for updating the curve proposed in Figure 1
using data for footings with widths that are greater
than 1.0 m.

3. Probabilistic hyperbolic load-settlement model

3.1. General formulation

The hyperbolic model in Equation 1 could be
represented probabilistically by considering that the
normalized force Q/QL2 for a given normalized
displacement s/B is a random variable with a mean
and a standard deviation that are represented by:

lQ=QL2
¼ s=B

U1 s=Bð Þ þ U2
and rQ=QL2

¼ eU3 ð4Þ
where Φ1, Φ2 are the parameters of the mean
hyperbolic model and eΦ3 reflects the standard
deviation in the value of Q/QL2 about the predicted
mean. The exponential term is used to ensure that

the standard deviation is a positive quantity. In the
probabilistic model, the parameters (Φ1, Φ2, and Φ3)
were assumed to be random numbers that are defined
by their means, variances, and covariances.

3.2. Prior statistics for model parameters

The prior estimates of the means of Φ1 and Φ2 were
adopted from the statistics proposed by Akbas and
Kulhawy (2009a) (μΦ1 = 0.69, μΦ2 = 1.68). The
estimation of the prior variances of Φ1 and Φ2 on
the other hand was not straightforward, since the
coefficients of variation for Φ1 and Φ2 as presented
in Akbas and Kulhawy (2009a) represent the vari-
ability in the individual load-settlement relationships
for the different case studies, while the prior
variances of Φ1 and Φ2 to be used in association
with the probabilistic model in Equation (4) repres-
ent the uncertainty in the average load-settlement
relationship. To get representative estimates of the
prior variances of Φ1 and Φ2, the variances reported
in Akbas and Kulhawy (2009a) were reduced by
dividing the variances by the number of cases n, to
reflect the fact that the prior variances of Φ1 and Φ2

are associated with uncertainty in the average
normalized load (μQ/QL2) and not in the actual
normalized load (Q/QL2). The division by the
number of cases n assumes that these cases are
statistically independent, which is a realistic assump-
tion for the case at hand. The prior coefficients of
variation of Φ1 and Φ2 were thus evaluated as
COVΦ1 = 0.21/√25 = 0.042 and COVΦ2 =0.38/
√25 = 0.075. It should be noted that the number of
cases n was taken as 25, to be consistent with the
statistics presented in Akbas and Kulhawy (2009a)
(μΦ1 = 0.69, COVΦ1 = 0.21, μΦ2 = 1.68, and
COVΦ2 = 0.38) for the case where the results were
averaged for each site and when the sites with
residual or cemented soils were excluded.

An analysis of the 125 pairs of Φ1 and Φ2

indicated that the two parameters are negatively
correlated with a correlation coefficient ρ of −0.69.
This estimate was used as a prior estimate of the
correlation coefficient between Φ1 and Φ2.

The parameter Φ3 in Equation 4 defines the
uncertainty in the load-settlement relationship, as
reflected in rQ=QL2

. The formulation of the probabil-
istic model is based on the assumption that rQ=QL2

is a
constant that is independent of the s/B ratio. The
validity of this assumption is verified on Figure 3a
which shows the variation of rQ=QL2

with s/B for the
125 test cases reported in Akbas and Kulhawy
(2009a). To compile this plot, the actual datapoints
(about 1500 points) that form the 125 load-settlement
curves (presented in Akbas 2007) were digitized and

Georisk 67



an effort was made to compute the standard devi-

ation of Q/QL2 about the mean load-settlement

relationship for representative intervals of s/B. A

similar effort was made to compute the variation of

the covQ=QL2
with s/B for comparison. The variation

of rQ=QL2
and covQ=QL2

with s/B is shown on Figures

3a, and 3b, respectively. Results indicate that rQ=QL2

could be considered to be independent of s/B, while

the covQ=QL2
is strongly dependent on s/B, especially

at s/B ratios that are less than 4.0% which are

relevant to serviceability problems.

In order not to complicate the probabilistic load-

settlement model, a decision was made to assume

that rQ=QL2
in Equation 4 could be considered as a

constant, with a mean of 0.122 and a standard

deviation of 0.025. Since the actual model parameter

that defines rQ=QL2
is Φ3, the prior mean and

coefficient of variation of Φ3 were evaluated from

the mean and standard deviation of rQ=QL2
as μΦ3 =

−2.1 and COVΦ3 = 0.2. Since there is no physical

reason for Φ3 to be correlated to either Φ1 or Φ2, it
was assumed that Φ3 was statistically independent
from Φ1 and Φ2.

The prior distribution of the model parameters
will be assumed to be a multivariate normal distri-
bution that is characterized by a mean vector l~U and
a covariance matrix C~U such that:

l~U ¼
0:69
1:68
�2:1

2
4

3
5and

C~U ¼
0:029ð Þ2 �0:0025 0

�0:0025 ð0:126Þ2 0
0 0 0:420ð Þ2

2
4

3
5

ð5Þ

4. First-order second moment Bayesian

approach (FSBM)

The FSBM proposed by Gilbert (1999) was used to
calibrate the probabilistic hyperbolic model using
normalized point measurements of settlement and

Figure 3. Variation of the standard deviation and the coefficient of variation of Q/QL2 with normalized settlement s/B.
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load derived from full-scale footings. Following the

derivation in Gilbert (1999), the FSBM uses Bayes’
theorem (Equation 6) to update the probability

distribution of the model parameters for a given set

of data.

f
~Uj~e

~U
���~e� �

¼ L ~e
���~U� �

f
~U

~U

� �	ðþ1

�1
:::

ðþ1

�1

L ~e
���~U� �

f
~U

~U

� �
dU1 . . .dUn

ð6Þ

where f~Uj~e ~Uj~e
� �

and f~U
~U

� �
are the updated (given

the new data ~e) and prior joint distributions of the

model parameters ~U, L ~e
���~U� �

is the likelihood func-

tion, and
Ðþ1
�1 :::

Ðþ1
�1 L ~e

���~U� �
f
~U

~U

� �
dU1:::dUn is a

normalizing constant. The first (updated mean vector

~l
~Uj~e) and second (updated covariance matrix C

~Uj~e)
moments of the calibrated model parameters are

derived from a second-order approximation of Equa-

tion 6 by approximating the natural logarithm of the

likelihood function with a second-order Taylor series.

The expansion point ~U� which maximizes g(~U) (the
natural logarithm of the likelihood function, see

Appendix 2) is then obtained and used to calculate

approximations for the updated mean vector ~l
~Uj~e and

the updated covariance matrix C~Uj~e (Gilbert 1999):

~l
~Uj~e ¼ C~Uj~e

�d2g
dUidUj

����
U�


 �
U� þ C�1

U ~l
U

� 

ð7Þ

C~Uj~e ¼
�d2g
dUidUj

����
U�


 �
þ C�1

U


 ��1

ð8Þ

It should be noted that the updated moments that

result from the FSBM method are approximate

values. These updated moments are based on prior

information and the information contained in the

likelihood function. The above formulation assumes

that the prior model parameters follow a multivariate

normal distribution, and as a result, the approximate

distribution for the updated model parameters is also

a multivariate normal distribution. The updated

mean value obtained using the FSBM is a weighted

average of the prior mean value and maximum

likelihood point for the data-set (Gilbert 1999).

Therefore, if more information about a given para-

meter is provided in the data-set (ex. larger data-set

of observed measurements), the more this informa-

tion will be weighted compared to the prior informa-

tion. The updated covariance matrix calculated by

the FSBM provides the updated variance of each

parameter and the covariance between each

parameter. In addition, correlation coefficients can
be calculated between each model parameter to
identify related pairs of parameters.

The FSBM was developed to provide a practical
Bayesian method for problems with multiple model
parameters, large data-sets, and various data distri-
butions. As with any First-Order Second-Moment
method, the results of the FSBM are considered
approximate, especially for cases involving nonlinear
models and large uncertainties in model parameters.
To provide an indication of the advantages and
limitations of the FSBM, Gilbert (1999) presented
an example involving a model of pile capacity at an
offshore site. The probabilistic model involved 7
parameters and included a spatial variability model
that caters for spatial correlation in pile capacity.
Gilbert (1999) checked the validity of the approxim-
ate results obtained from the FSBM using Monte
Carlo simulations and concluded that the results of
the FSBM compared favorably to the Monte Carlo
simulation results. It was also concluded that the
FSBM approximations are better for the model
parameters describing the mean and standard devi-
ation of the pile capacity than for parameters
describing the correlation structure. The main
advantage of the FSBM is that the results were
obtained in less than 1/10000 of the computational
time required for the Monte Carlo analysis leading to
the conclusion that FSBM provides a far more
practical means of analyzing data than Monte Carlo
simulations.

5. Updated probabilistic hyperbolic load-settlement

model

The updating process of the hyperbolic relationship
was conducted using two sets of data. The first set
involves the 310 cases representing Q/QL2 and s/B
point measurements of all the foundations in the
Akbas (2007) database (Cases I, II, and III), while
the second set (Cases IV, V, and VI) was restricted to
the 204 load cases with footing widths that range
from 1.0 to 10.0 m. For both sets, three cases were
analyzed to investigate the effect of correlation
between multiple datapoints in a given site on the
results of the updating process.

It is worth noting that since the estimation of QL2

requires the utilization of the bearing capacity model
that is proposed by Akbas and Kulhawy (2009b) and
presented in Equations 2 and 3 (and Appendix 1), the
estimate of QL2 will have a degree of uncertainty
associated with it. To limit the scope of this paper
and its length, assessing the value of this uncertainty
and incorporating it in the updating process was
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judged to be not feasible. This could be a subject of

future work.

5.1. Bayesian updating assuming statistically
independent within-site data

The analysis was first conducted for the case where

all the observed datapoints were assumed to be

statistically independent (correlation coefficient ρ = 0)

even if the datapoints came from multiple footing tests

in the same site. This assumption may not be practical,

given that results from a given site are expected to

be positively correlated. If the positive correlation

is neglected, sites with multiple datapoints could

bias the resulting updated load-settlement relationship.

The presence or lack of correlation affects the

updating process through (1) the resulting expan-

sion point ~U
�
which maximizes g( ~U) (the natural

logarithm of the likelihood function), and (2) the

second derivatives of the natural logarithm of the

likelihood d2g
dUidUj

which affect the updated means

and covariance matrix of the model parameters in

Equations 7 and 8.

The prior means, coefficients of variation, and

correlation coefficients of the model parameters are

presented in Table 1. Assuming statistically inde-

pendent observed datapoints, the Bayesian updating

process was conducted using the 310 cases represent-

ing all the foundations (Case I) and using the 204

load cases with footing widths that range from 1.0 to

10.0 m (Case IV). The resulting updated model

parameters are included in Table 1 for comparison.

Results in Table 1 indicate that the resulting
updated mean values of Φ1 and Φ2 are 0.64 and
2.08, respectively (compared to 0.69 and 1.68 for the
prior case), and are insensitive to the number of cases
in the two data-sets. Since the parameters Φ1 and Φ2

define the mean hyperbolic load-settlement relation-
ship, the difference between the prior and updated
relationships could be illustrated graphically (see
Figure 4). As expected, the updated load-settlement
curve is lower than the original curve proposed by
Akbas and Kulhawy (2009a). For the practical range
of normalized settlements (0.5% < s/B < 2.0%), the
updated curve provides a better fit to the measured
data. For larger settlements (s/B > 2%), the lack of
data makes the assessment of the behavior incon-
clusive. As such, there is a need for gathering more
information of load and settlement in this high
settlement range for practical footings on granu-
lar soil.

The parameters that affect uncertainty in the
load-settlement relationships are the coefficients of
variation in Φ1 and Φ2 in addition to the mean and
coefficient of variation of Φ3, which could be
combined using a first-order approximation (Gilbert
1999) to produce an estimate of the overall uncer-
tainty. Results in Table 1 indicate that the updated
coefficients of variation for Φ1 and Φ2 were slightly
reduced (0.038 < COVΦ1 < 0.039 and 0.03 <
COVΦ2 < 0.036), compared to their prior estimates.
However, what governs the uncertainty in the load-
settlement relationship is the parameter Φ3 which
determines the standard deviation of Q/QL2 for a
given s/B. Results in Table 1 for cases I (310 test

Table 1. Results of the Bayesian updating process for different prior scenarios.

Updating using all data (310 tests)
Updating using footings with 1.0 m< B< 10.0 m

(204 tests)

Case I Case II Case III Case IV Case V Case VI

(ρ = 0,
same site)

(ρ = 0.2,
same site)

(ρ = 0.4,
same site)

(ρ = 0,
same site)

(ρ = 0.2,
same site)

(ρ = 0.4,
same site)

Model

parameters Prior Updated Updated Updated Updated Updated Updated

μΦ1 0.69 0.64 0.64 0.64 0.64 0.64 0.64

COVΦ1 0.042 0.038 0.039 0.040 0.039 0.040 0.041
μΦ2 1.68 2.07 2.09 2.10 2.08 2.09 2.10
COVΦ2 0.075 0.030 0.035 0.038 0.036 0.041 0.044

μΦ3 −2.1 −2.66 −2.68 −2.63 −2.70 −2.77 −2.75
COVΦ3 0.20 0.015 0.015 0.015 0.018 0.018 0.018
ρΦ1, Φ2 −0.69 −0.62 −0.64 −0.64 −0.60 −0.64 −0.65
ρΦ1, Φ3 0 0 0 0 0 0 0
ρΦ2, Φ3 0 0 0 0 0 0 0
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cases) and IV (204 test cases) assuming statistical
independency between datapoints in a given site
indicate a significant reduction in the standard
deviation of Q/QL2 for a given s/B. This is reflected
in the reduced updated mean value of Φ3 (−2.66 to
−2.7), compared to its prior mean (−2.1). These
reductions translate into a reduction from 0.122 to
about 0.068 in the standard deviation of Q/QL2 for a
given s/B. Moreover, the uncertainty in the para-
meter Φ3 was also reduced dramatically in the
updating process, reflecting a high degree of confid-
ence in the standard deviation of the updated load-
settlement model.

The parameters that affect uncertainty in the
load–settlement relationships were combined using a
first-order approximation (Gilbert 1999) to produce
an estimate of the overall uncertainty in the updated
load-settlement relationship. Details regarding how
the uncertainties were combined are presented in
Appendix 3. The resulting uncertainty is reflected in
Figure 4 in the form of curves representing plus and
minus one and two standard deviations about the
mean relationship. These curves represent uncer-
tainty in Q/QL2 for the case where test cases in a
given site were assumed to be statistically independ-
ent in the updating process.

5.2. Bayesian updating assuming correlation between
within-site data

Results from load tests that are conducted within the
same site are expected to be correlated. The degree of
correlation could be affected by many parameters
including the distance between the locations of the

different tests, the lateral and vertical variabilities of

the soil within the site, variability in the sizes of

footings, and variability in the magnitude of the test

loads.

An attempt to quantify the degree of correlation

between datapoints within a given site was conducted

for the available data. All sites with more than 5 load

tests were included in the analysis which consisted of

an effort to quantify the autocorrelation coefficient

between within-site test points. Only 12 sites included

more than 5 datapoints, as indicated in Figure 5,

which shows the point measurements in relation to

the prior mean load-settlement relationship proposed

by Akbas and Kulhawy (2009a). The statistical

analysis was based on a quantification of the degree

of correlation between the residuals (ui) of the

datapoints which were calculated by subtracting the

measured Q/QL2 at a given s/B by the predicted mean

Q/QL2 value at the same s/B ratio. The sample

correlation coefficient for the within-site data was

then evaluated using Equation 8 as the ratio of the

covariance of Q/QL2 measurements in a given site to

the variance of all the residuals in the data-set such

that:

q ¼ E ui:uj
� �
r2ðuÞ

ð9Þ

where ρ is the sample correlation coefficient for

measurements in a given site, ui and uj are pairs of

residuals of Q/QL2 measurements in a given site, E(ui.

uj) is the expected value of the product of the pairs of

residuals of Q/QL2 measurements in a given site

(covariance between pairs of Q/QL2 measurements

Figure 4. Prior normalized load-settlement relationship and updated mean and plus and minus 1 and 2 standard deviations
about the mean load-settlement relationships for no within-site test correlation, (ρ = 0).
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in a given site), and r2ðuÞ is the variance of all the

residuals of Q/QL2 in the data-set.

The resulting sample correlation coefficients are

summarized on Figure 5 for all the sites with more

than 5 cases. Results indicate that the correlation

coefficient could range from −0.06 (indicating very

weak correlation) to about 1 (indicating perfect

correlation), but the majority of cases involved

positive correlation coefficients ranging from about

0.1 to 0.5 (8 out of 12 cases). The average correlation

coefficient was found to be 0.26.

To investigate the effect of correlation between

within-site data on the results of the updating

process, the Bayesian updating exercise was repeated

assuming representative positive correlation coeffi-

cients ρ = 0.2 (cases II and V in Table 1) and 0.4

(cases III, and VI in Table 1), respectively. As

expected, the inclusion of a non-zero correlation

Figure 5. Assessment of the degree of correlation in load-settlement measurements within a given site.

72 S.S. Najjar et al.



coefficient was found to have a notable effect on the
expansion point ~U

�
which maximizes g( ~U) (the nat-

ural logarithm of the likelihood function).
To illustrate the effect of assuming different cor-
relation coefficients on the updating process, the
resulting ~U

�
’s (particularly U�

1 and U�
2) were used to

calculate and plot the normalized load-settlement
curves that represent curves of maximum likelihood
for different assumptions of the correlation for data
within the same site. These curves are shown as gray
dotted lines in Figure 6. Also shown on Figure 6 are
the prior (Akbas and Kulhawy 2009a) and updated
(for different correlation coefficients) normalized
load-settlement relationships.

The results on Figure 6 indicate that the assump-
tion of different correlation coefficients resulted in
different maximum likelihood curves. However, the
effect of assuming different correlation coefficients
on the updated load-settlement relationships was
found to be insignificant, as indicated in the figure.
This could be explained by the fact that the results of
the updating process are also affected by the statistics
of the prior model parameters which for this example
had a significant weight in the Bayesian analysis, thus
obscuring the effect of correlation on the results of
the updated model parameters.

Based on the above results, it could be concluded
that the assumption of correlation between point
measurements in a given site did not affect the results
of the updating process.Moreover, the results in Table 1
also indicated that the updating process with all the
data (310 points) resulted in very similar updatedmodel
parameters compared to the case with the footings with
1 m < B < 10.0 m (204 cases). As a result, it could be
assumed that the updated load-settlement relationship

presented in Figure 4 for the case involving all the
datapoints assuming no correlation for within-site data
(Case I in Table 1) is representative of all the other cases
analyzed in this study. As a result, this updated load-
settlement relationship will be used in this paper to
illustrate the use of the updated relationship in solving
serviceability limit state (SLS) problems for footings on
granular soils.

6. Illustrative example

An example that illustrates the use of the updated
normalized load-settlement relationship in solving
serviceability limit state (SLS) design problems for
footings on granular soils is presented in this section.
The example involves square footings with widths of
1.5, 2.5, and 3.0 m that are embedded 0.8 m in a
medium dense sand layer with a friction angle of 36˚
and a modulus of elasticity of 40,000 kPa. Since the
objective of the example is to portray the effect of
the load-settlement model on the SLS capacity of the
footings, the effect of uncertainty in soil properties
due to spatial variability on the settlement will be
ignored in the analysis. In addition, a practical design
scenario whereby an allowable or tolerable settlement
is used as a design criterion will be adopted in lieu of
more rigorous but less practical approaches that are
based on tolerable angular distortions between foot-
ings. In such approaches, the effect of the settlement
prediction model is generally masked by the governing
effect of spatial variability in soil properties between
adjacent footings. Akbas and Kulhawy (2009b) pres-
ent a rigorous and robust approach for calibrating
resistance/deformation factors to account for angular
distortions between adjacent footings. In the example

Figure 6. Effect of correlation between within-site measurements on the maximum likelihood and updated load-settlement
relationships.
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presented in this section, tolerable or allowable settle-
ments, discussed below, will be used as the basis for
the SLS design as is the case in practical design
problems involving footings on granular soils.

The limiting tolerable or allowable foundation
settlement (referred to in this paper as δall) was
examined by many researchers (e.g., Skempton and
MacDonald 1956; Zhang and Ng 2005). Skempton
and MacDonald (1956) report that the maximum
settlement of a foundation on sand (in inches) is
generally equal to about 600 times the angular
distortion of the foundation. They also report that
damage for typical buildings is observed at an
angular distortion of about 1/300, indicating that
the maximum settlement that can be tolerated by an
isolated foundation on sand is about 2 inches or
5 cm. By applying a factor of safety of 1.5 to the
allowable angular distortion, they recommend that
the tolerable maximum settlement should be taken as
1.5 inches or 3.75 cm. Using a database of over 300
buildings, Zhang and Ng (2005) reported that the
maximum allowable or tolerable settlement δall varies
over a wide range and follows a lognormal distribu-
tion that has a mean of 12.9 cms and a coefficient of
variation of 0.558. However, they do not report
statistics that distinguish between shallow founda-
tions on sand and clay. Wang and Kulhawy (2008)
report that these statistics are significantly larger
than the allowable settlement limit of 2.5 cms that is
used frequently in deterministic design. Zhang and
Ng (2005) state that the small allowable settlement
(2.5 cm) is obtained by dividing the large limiting
tolerable settlements that are observed in databases
by appropriate safety factors or by adopting the
lower-bound of the observed tolerable settlement.

For the exercise presented in this paper, a typical
deterministic δall of 2.5 cm will be initially adopted to
calculate a deterministic estimate of the SLS capacity
(QSLS) of the 3 square foundations described earlier. The
analysis will be conducted for the prior and updated
normalized load-settlement relationships presented in
Figure 4. In addition, the SLS capacity resulting from
two commonly used SPT-based settlement prediction
models (Meyerhof 1965; Burland and Burbidge 1985)
will be computed for comparison with the more recent
normalized-load settlement models. The QSLS that is
computed from these traditional models is given by
Equations 10 and 11, respectively, as:

QSLS ¼ N60 Bþ 0:3ð Þ2

2:12 1� Df

4B

� �
k
dall for B > 1:22 m ð10Þ

QSLS ¼ B1:3 N60ð Þ1:4
1:71k

dall þ cDf B
2 ð11Þ

where N60 is the uncorrected blow count from stand-

ard penetration tests (SPT),Df is the embedment depth
of the footing, γ is the unit weight of the overburden
soil, B is the width of the square foundation, and λ is a
random variable representing the model uncertainty

(to be included only in reliability calculations and not
in the deterministic calculations). For the SPT-based
models, N60 was taken to be equal to 18 to reflect

medium dense sand with a friction angle of about 36
degrees.

For the three footing widths of 1.5, 2.5, and 3.0 m,
the computed SLS capacities for a deterministic
allowable settlement of 2.5 cm are presented in

Figure 7. In the computation of the SLS capacities
for the prior and updated hyperbolic models, the
parameter QL2 was predicted using Equation 2 to be

equal to Qtcp which was in turn calculated using
Equation A.1 presented in Appendix 1. Results in
Figure 7 indicate that the updated mean normalized
load-settlement relationship that is presented in

Figure 4 resulted in a QSLS that is about 15% smaller
than that predicted using the prior mean normalized
relationship presented by Akbas and Kulhawy

(2009a). As an illustration, QSLS decreased from
3068 kN (prior case) to 2683 kN (updated case) for
the footing with a width of 2.5 m. For comparison,

the Burland and Burbidge (1985) SPT-based method
resulted in an intermediate QSLS of 2852 kN while the
conservative SPT-based Meyerhof (1965) approach
resulted in a reduced QSLS of 1809 kN.

The SLS design capacities that are presented in
Figure 7 result from a deterministic analysis where

the uncertainty in the load-settlement relationship
and the uncertainty in the allowable or tolerable
displacements are ignored. Conventional reliability-

based design codes generally apply reliability prin-
cipals to the ultimate limit state (ULS) design, and
ignore these principals in serviceability limit state

design (Wang and Kulhawy 2008). In this example,
an attempt is made to evaluate the probability
of excessive settlement for a foundation on granu-
lar soil based on a reliability approach that takes

into consideration the serviceability limit state of
the foundation. The probability of failure for the
SLS design can be obtained from Equation 12 such

that:

pf ¼ Prob QSLS < Pð Þ and bSLS ¼ �U�1 pf
� � ð12Þ

where QSLS, as defined earlier, is the serviceability

limit state capacity, P is the applied load, U�1 is the
inverse of the standard normal probability distribu-
tion function, and βSLS is SLS reliability index.

The SLS reliability analysis requires a quantifica-
tion of the uncertainty in QSLS and in the applied
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load P. For the prior and updated normalized load-

settlement relationships analyzed in this paper, the

mean and standard deviation of QSLS for a given s/B

ratio could be readily evaluated, given the probabil-

istic nature of the normalized load-settlement model.

For the SPT-based methods of Meyerhof and

Burland and Burbidge (1985), the parameter λ
(Equations 10 and 11) which is a random variable

representing the ratio of the “actual” settlement to

the “predicted” settlement could be used for this

purpose. Najjar and Sadek (2010) report means and

COVs for λ of 0.65 and 0.76 for the Meyerhof (1965)

model and 0.96 and 0.65 for the Burland and

Burbidge (1985) model based on a database compris-

ing 66 load test cases compiled by Berardi and

Lancellotta (1991). These statistics could be used in

Equations 10 and 11 to account for model uncer-

tainty in the two SPT-based methods.

Since previous research shows that the tolerable

or allowable settlement is also expected to be an

uncertain parameter (Skempton and MacDonald

1956 and Zhang and Ng 2005), an effort was made

to include the uncertainty in δall in the calculation of

the uncertainty in QSLS. The mean of 12.9 cms and

coefficient of variation of 0.558 reported by Zhang

and Ng (2005) for the maximum allowable or

tolerable settlement are based on cases of footings

on sands and clays. To estimate the statistics of δall
specifically for foundations on sand, data from 10

cases presented in Skempton and MacDonald (1956)

were analyzed. The data indicate that the recom-

mended δall of 5 cm (inferred by Skempton and

MacDonald) is a representative mean value and that

the scatter around that mean can be represented by a

COV of about 0.2. In this study, δall will be assumed

to be a random variable having a mean of 5 cm and a
COV of 0.2.

A first-order approximation was used to combine
model uncertainty and uncertainty in the allowable
or tolerable settlement to estimate the first two
moments (mean and variance) of QSLS (see Appendix
3). Uncertainty due to spatial variability in soil
properties was intentionally ignored from the ana-
lysis so as not to obscure the effect of the model
uncertainty on the resulting SLS probabilities of
failure. Such uncertainties could be included in any
future study that is aimed at recommending safety
factors or resistance/deformation factors in the SLS
design of footings.

The calculated means and COVs for the SLS
footing capacities are presented in Table 2. Results
indicate that the mean of QSLS and the COV of QSLS

are consistently larger in the SPT-based methods
compared to the normalized load-settlement models.
These larger mean values in the SPT-based models
are largely due to the linear relationship that is
inherent in these models between load and settle-
ment. Since the mean QSLS corresponds to a rela-
tively large mean tolerable settlement of 5 cm, the
mean QSLS in the nonlinear normalized hyperbolic
model was found to be much smaller than that
calculated in the linear SPT-based models for the
same displacement. The larger COVs in the SPT-
based models could also be attributed to the linear
relationship assumed in the models coupled with the
relatively large model uncertainties that were origin-
ally inherent in these two models (COVs of 0.76 and
0.65). As an illustration, for the linear load-settle-
ment relationship, predicted QSLS values correspond-
ing to s/B values that are plus or minus two standard
deviations about a given mean s/B value are expected

Figure 7. Effect of the load-settlement model on the SLS capacity of footings with different widths B (assuming a
deterministic δall = 2.5 cm).
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to exhibit a wider range than QSLS values that

correspond to plus or minus two standard deviations

about the same mean for a nonlinear hyperbolic

relationship. This would lead to larger COVs for the

linear relationships in comparison to the hyperbolic

relationship.

To illustrate the difference in the resulting uncer-

tainty inQSLS, the case of footings with B=2.5 mwas

considered and plots showing typical lognormal

probability density functions (PDF) that are described

by the means and COVs presented in Table 2 are

shown on Figure 8 for comparison. The PDFs clearly

illustrate the reduced uncertainty which is exhibited in

the QSLS distributions that are associated with the

prior and updated normalized load-settlement rela-

tionships in comparison to the more traditional SPT-

based methods. A comparison between the prior and

updated PDFs of QSLS for the normalized load-

settlement models indicates that the left-hand tail of

the distribution which will govern the SLS probability

of failure in any reliability analysis is slightly shifted to

the left in the case of the prior distribution. It is thus

expected that the reduced uncertainty that was exhib-

ited in the updated distribution (COV = 0.17)

compared to the prior distribution (COV = 0.25)

will result in a higher reliability for the updated model.

To quantify the effect of the load-settlement

model on the probability of a SLS failure (or

reliability index) of the foundations, a reliability

analysis was conducted using the QSLS distributions

shown in Figure 8. The load distribution for each

case was also taken as a lognormal distribution with

a typical COV of 0.15. For comparison, the coeffi-

cients of variation specified by AASHTO (2004) to

represent the uncertainty in bridge loads are 0.13 and

0.18 for the dead and live loads, respectively. The

mean of the load distribution was assumed to be

equal to a nominal load that corresponds to a

deterministic settlement of 2.5 cm for each model,

multiplied by a bias factor of 1.1 to account for a

10% difference (conservatism) between the mean and

nominal load, as is the convention. The assumption

that the nominal load is equal to the load that will

result in a deterministic settlement of 2.5 cm is in line

with current design practice where no factors of

safety are assumed in the SLS design of foundations.

The calculated SLS reliability indices and asso-

ciated probabilities of failure are presented in Figures

9a and 9b, respectively. As expected, results indicate

that the updated normalized load-settlement rela-

tionship resulted in the lowest probability of failure

(pf ∼ 0.006 and βSLS ∼ 2.5), while the SPT-based

Table 2. Statistics of QSLS for different load-settlement models and footings widths (assume δall is uncertain with mean of

5 cm and a COV of 0.2).

B = 1.5 m B = 2.5 m B = 3.0 m

Load-settlement model Mean QSLS COV QSLS Mean QSLS COV QSLS Mean QSLS COV QSLS

Prior (s/B vs. Q/QL2) 2100 0.20 4726 0.25 5900 0.28
Updated (s/B vs. Q/QL2) 1975 0.13 4363 0.17 5300 0.19
Meyerhof (1965) 2442 0.79 5566 0.79 7621 0.79

Burland and Burbidge (1985) 2987 0.67 5833 0.67 7411 0.67

Figure 8. Probability density functions for QSLS (B = 2.5 m).
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methods resulted in the highest probability of failure

(pf ∼ 0.10 to 0.17 and βSLS ∼ 0.94 to 1.28). The

probabilities of failure associated with the prior

normalized load-settlement model (Akbas and

Kulhawy 2009a) were slightly larger (pf ∼ 0.04 and

βSLS ∼ 1.75) than the updated normalized model due

to the reduced uncertainty in the updated model.

These results were found to be insensitive to the

assumed width of the footing B. The significantly

reduced reliability of the SPT-based models is largely

due to their inherent linear relationship between load

and settlement and their relatively large model

uncertainties.

7. Conclusions and future work

Based on the results of a Bayesian process that

targeted updating the normalized load-settlement

relationship proposed by Akbas and Kulhawy

(2009a), the following conclusions can be drawn

based on the analyses conducted in this paper:

(1) For a given settlement, the normalized hyper-

bolic load-settlement relationship proposed by

Akbas and Kulhawy (2009a) was found to

slightly overpredict the point measurements of

load obtained from full-scale footings, with

the mean value of the ratio of predicted to

measured Q/QL2 being in the range of 1.35–
1.36. For normalized settlements that are

more representative of practical footings

designed at typical allowable settlements

(0.4% < s/B < 2%), the mean ratio of

predicted to measured Q/QL2 increases to

about 1.56–1.58.
(2) The updating of the hyperbolic load-settle-

ment curve with point measurements from

full-scale footings using the First-Order Sec-

ond-Moment Bayesian approach indicated

that the updated curve exhibited a softer

response in comparison to the original curve.
(3) The uncertainty in the updated hyperbolic

model was also assessed using the Bayesian

Figure 9. Variation of (a) the SLS reliability index and (b) the SLS probability of failure with footing widths (assume COV of
load = 0.15).
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updating process and indicated a significant
reduction compared to the prior model.
This was reflected in the significant reduction
in the COV of the standard deviation of
Q/QL2.

(4) A quantification of the expected degree of
correlation between within-site measure-
ments of load and settlement indicated an
average positive correlation coefficient of
about 0.26. An investigation of the effect of
positive correlation on the updated load-
settlement relationship indicated a very
minor effect which could be ignored for all
practical purposes.

(5) An illustrative example using footings with
widths of 1.5, 2.5, and 3.0 m indicated that
the updated normalized load-settlement rela-
tionship generally results in deterministic
SLS capacities that are 15% smaller than
those obtained using the prior model for a
practical allowable settlement of 2.5 cm.

(6) The same example was analyzed with the
uncertainties in the settlement models and
the allowable settlement being considered.
The results of the probabilistic analysis
indicated average COVs in QSLS of about
0.24 for the prior normalized load-settlement
model and about 0.16 for the updated model.
A comparison between these COVs and
those obtained for two commonly used
SPT-based methods indicated relatively ele-
vated levels of uncertainty in QSLS for the
SPT-based models [COV = 0.67 for Burland
and Burbidge (1985) model and 0.79 for the
Meyerhof (1965) model].

(7) The results of an illustrative SLS reliability
analysis that was conducted on the three
footings using the prior and updated load-
settlement models and the SPT-based models
indicated that the updated load-settlement
model generally resulted in SLS reliability
indices of about 2.5, while the prior model
resulted in reliability indices in the order of
1.75. The SPT-based methods exhibited the
least reliability with reliability indices in the
range of 0.94–1.28. The above results indic-
ate that the SLS design of foundations on
sands could require the need for safety
factors or resistance/deformation factors if
specific target SLS reliability indices are
desired in a given design.

It should be mentioned that the reliability analysis
that was conducted in this study does not include
uncertainty due to spatial variability of soil

properties in its formulation. As a result, the reported
reliability indices should be used only for comparat-
ive assessments that are aimed at reflecting the effect
of the load-settlement model on the SLS probability
of failure of the foundation. Moreover, the service-
ability limit state that was used as a basis for defining
failure in this reliability analysis is based solely on
allowable tolerable settlements which were indirectly
linked to allowable angular distortions. The analysis
does not explicitly use the allowable angular distor-
tion for defining the limit state.

The above limitations could be addressed in
future work that will target incorporating spatial
variability in the soil properties in the probabilistic
assessment of the SLS limit state. This analysis could
include an approach that is based on total allowable
or tolerable settlements (similar to this paper) and an
approach that is based on the concept of tolerable
distortions and that would require an assessment of
the differential settlements between adjacent founda-
tions (Akbas and Kulhawy 2009c). Moreover, an
effort will be conducted to test the performance of a
power load-settlement model and compare it with
that of the hyperbolic model. This could be done for
the case with full load-settlement relationships to be
followed with an update using point measurements.
Such an analysis could shed light on the comparative
performance of the two models (hyperbolic and
power) in SLS problems involving full-scale footings
on granular soils.
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Appendix 1

For a footing on granular soil, which is a drained loading problem,

the predicted bearing capacity, or predicted tip/base capacity in

compression, Qtcp for footings on level ground and without any

load inclination or eccentricity is given by the following equation:

Qtcp ¼ qultAF ¼ Qc
tcp þ Qq

tcp

¼ 0:5B�cNcfcsfcdfcr þ �cDNqfqsfqdfqr
� �

AF ðA:1Þ
where AF = footing area; B = footing width; D = footing depth;

�c = effective soil unit weight; Nγ and Nq = bearing capacity

factors; Qc
tcp=Qtcp from Nγ portion and Qq

tcp=Qtcp from Nq

portion. The factors fcs; fcd; fcr and fqs; fqd; fqr are correction

factors for soil rigidity (r), foundation shape (s), and foundation

depth (d). Expressions for all the above parameters could be found

in Akbas and Kulhawy (2009b).

Appendix 2

For a dataset,~x, with an assumed multivariate normal distribution,

the natural logarithm of the likelihood function is given by the

following (Gilbert 1999):

ln L ~xj~U
� �h i

/ � 1

2
ln C~xj jð Þ � 1

2

� ~x�~l~xð ÞTC�1
~x ~x�~l~xð Þ ðB:1Þ

where ~x in the problem under consideration in this study is a

vector of all the Q/QL2 measurements which are associated with

corresponding measured s/B values. It should be noted that the

mean of the measured data ~l~x and the covariance matrix for the

measured data ~x are both functions of the probabilistic model

parameters, ~U.

Appendix 3

For the prior and updated normalized load-settlement relationship,

the expected value of Q/QL2, E(Q/QL2) and the variance of Q/QL2,

Var(Q/QL2) could be evaluated using a first-order approximation

as follows (Gilbert 1999):

E Q=QL2ð Þ ¼ E~U lQ=QL2j~U
� �

ðC:1Þ

Var Q=QL2ð Þ ¼ E~U rQ=QL2j~U
� �2

þVar~U rQ=QL2j~U
� �

þ Var~U EQ=QL2j~U
� �

ðC:2Þ
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where lQ=QL2 j~U and rQ=QL2 j~U are the mean value and standard

deviation of Q/QL2 as indicated in Equation 4 (both are random

variables, since they are function of the uncertain model

parameters ~U), and E Q=QL2ð Þ and Var Q=QL2ð Þ are the expected

mean and variance of Q/QL2 as obtained from the first-order

approximation. It should be noted that Equation C.2 indicates that

the uncertainty in Q/QL2 arises from two sources: random

variability that is modeled by the model parameters,

E~U rQ=QL2 j~U
� �2

and uncertainty in the model parameters

themselves, Var~U rQ=QL2 j~U
� �

and Var~U EQ=QL2 j~U
� �

.

The first and second moments for lQ=QL2 j~U and rQ=QL2 j~U themselves

can be approximated as functions of the first and second moments

of the model parameters ~U, using first-order Taylor series

expansion such that:

E~U lQ=QL2j~U
� �

¼ hl ~l~U
� � ðC:3Þ

Var~U EQ=QL2j~U
� �

¼ dhl
d~Ui

�����
l~U

8<
:

9=
;

T

C~U

dhl
d~Ui

�����
l~U

8<
:

9=
; ðC:4Þ

E~U rQ=QL2j~U
� �

¼ hr ~l~U
� � ðC:5Þ

Var~U rQ=QL2j~U
� �

¼ dhr
d~Ui

�����
l~U

8<
:

9=
;

T

C~U

dhr
d~Ui

�����
l~U

8<
:

9=
; ðC:6Þ

where
dhl
d~Ui

����
l~U

( )
and dhr

d~Ui

����
l~U

( )
are vectors containing the partial

derivatives of hl ~U
� �

and hr ~U
� �

, respectively, evaluated at the

mean values of the model parameters, and hl ~U
� �

and hr ~U
� �

are

the expressions of the probabilistic model of the lQ=QL2
and rQ=QL2

,

respectively, as reflected in Equation 4.

Finally, for the case where the allowable tolerable settlement is

included in the analysis as an uncertain parameter, all the previous

equations could still be utilized with the incorporation of s/B as an

additional uncertain parameter (U4) in Equation 4.With regard to

the two SPT-based models, the two uncertain parameters that were

included in the analysis are the model uncertainty λ and the

allowable settlement δall. A first-order approximation was also

used to evaluate the mean and standard deviation of QSLS, such

that:

lQSLS
¼ N60 Bþ 0:3ð Þ2

2:12 1� Df

4B

� �
lk

ldall for B > 1:22 m ðC:7Þ

lQSLS
¼ B1:3 N60ð Þ1:4

1:71lk
ldall þ cDf B

2 ðC:8Þ

rQSLS
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dQSLS

dk

� �2

rkð Þ2þ dQSLS

ddall

� �2

rdallð Þ2
s

ðC:9Þ

It should be noted that Equation C.9 applied to the two SPT-based

models.
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