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Abstract—The recent power systems literature has witnessed an
intensified interest in state estimation methods that can handle
a vast array of measurements from large-scale networks while
maintaining performance that is commensurate with real-time
requirements. When measurements are from the Supervisory Con-
trol and Data Acquisition (SCADA) system and Phasor Measure-
ment Units (PMUs), an elegant formulation of the weighted least
squares problem can be cast in complex variables and solved via
the Gauss-Newton (GN) method. This paper presents a Perturbed
Gauss-Newton (PGN) method in complex variables that is suitable
for real-time tracking of the network’s state vector. The proposed
PGN method is built around an entirely linear measurement model
expressed in function of the complex phasor voltages, and its iter-
ative solution scheme requires one factorization of the coefficient
matrix followed by repeated forward/backward substitutions. The
complex variable PGN method for state estimation can be therefore
seen as the counterpart of the classical implicit bus impedance
method for power flow. The paper reports numerical results of
the PGN method on large-scale transmission networks having up
to 9241 nodes and contrasts the proposed method with the equality
constrained GN method in complex variables and a recent two-
stage estimator also operating in the complex domain.

Index Terms—Iterative algorithms, least squares approximation,
optimization methods, perturbation methods, state estimation.

I. INTRODUCTION

THE proliferation of Phasor Measurement Units (PMUs) in
transmission networks has been coupled with the develop-

ment of linear state estimation methods employing phasor only
measurements [1], and a practical implementation of such an
estimator has been running in the 500 kV system of Pacific Gas
& Electric (PG&E) [2]. However, the majority of transmission
network state estimators worldwide still employ measurements
from the Supervisory Control and Data Acquisition (SCADA)
system in addition to PMUs. In this case, a hybrid state estimator
is used to compute the network state from both the legacy
SCADA and PMU measurements [3]. The requirements of
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regional electricity markets in terms of observing long-distance
energy transactions translate into a broader geographical scope
of state estimation [4]. The associated rise in the number of
measurements has fueled research into hybrid state estimation
methods that efficiently estimate large scale networks [5]. The
approaches that achieve speed-up belong to the family of con-
stant gain matrix estimators [6], [7] that are executed in tracking
mode, i.e., when there are no changes in the network topology
and in the measurement weights. This paper proposes a constant
gain matrix hybrid estimator operating entirely in complex vari-
ables and derived via the perturbed Gauss-Newton method [8]
and Wirtinger calculus [9], [10]. The resulting approach can be
viewed as an extension of the implicit Z-bus power flow method,
as described in [11], [12], to state estimation.

The linear state estimators employing only PMU measure-
ments employ either the weighted least squares (WLS) [13]
or the weighted least absolute value (WLAV) [14] objective
function for better bad data rejection. The linear WLS method
can be written in a decoupled form [15] and using complex
variables [16]. While the linear WLS state estimators are non-
iterative, the hybrid WLS estimators require several iterations,
each of which entails matrix factorization [17], [18]. From a
computational perspective, there have been several advances
even before the development of hybrid estimation methodolo-
gies. A significant contribution is the fast decoupled state estima-
tor [19], [20] that was used in AEP’s control center in 1982 [21].
The convergence of the decoupled estimator, however, weak-
ens when the transmission lines have low X/R ratios, and the
decoupled version is not preferable over conventional WLS
when current magnitudes form part of the measurement set [19].
Although current magnitude measurements are seldom utilized
in transmission state estimation, they could be useful to achieve
observability at the sub-transmission level [22]. The limitations
of the decoupled estimator have motivated the development of
bilinear state estimation [22], which is essentially a three-stage
solution method that involves two linear WLS solutions and an
intermediate nonlinear transformation; the last stage needs high
redundancy so that the extended state vector remains observable.
Subsequent extensions to the bilinear state estimator include
the equality constrained formulation to handle virtual measure-
ments [23] and the mixed-integer linear programming model
for robust state estimation [24]. Another interesting non-iterative
state estimator employs the Kipnis-Shamir re-linearization tech-
nique to solve an over-determined system of polynomial equa-
tions [25]–[27]; its last phase for extracting the state vector
necessitates special care to avoid nonphysical solutions. Other
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recent approaches include a linear hybrid estimator that uses
an equivalent circuit model whose component parameters are
inferred from measurements [28]–[30] and a two-stage linear
state estimator in complex variables [5]. The literature review
shows a trend in state estimation research that principally targets
fast solution

This paper proposes a new constant gain matrix method
for hybrid state estimation operating entirely in the complex
domain. The constant gain matrix is systematically derived from
the perturbed Gauss-Newton method for nonlinear least-squares
by using Wirtinger calculus [9], [10], in contrast to real variable
calculus as initially reported in [8]. The decoupling between the
complex state vector and its conjugate is obtained by turning
SCADA measurements into equivalent phasor measurements.
The resulting constant gain matrix iterative scheme is equivalent
to extending the implicit Z-bus power flow method [11], [12] to
hybrid state estimation, in a manner that parallels the extension
of the fast decoupled power flow [31] to fast decoupled state
estimation [19], [20]. The proposed decoupled implementation
is suited to tracking mode operation and has been contrasted with
the recent complex variable two-stage linear state estimator [5].

The rest of this paper is organized as follows. Section II
presents the derivation of the perturbed Gauss-Newton method
in complex variables and the decoupling principle. Section III
describes the decoupled implementation of the hybrid state esti-
mator, including the incorporation of equality constraints to han-
dle virtual measurements. Bad data detection and identification
are detailed in Section IV . Section V reports numerical results
on large scale networks having up to 9241 nodes in addition to
comparison with [5]. The paper is concluded in Section VI.

II. DECOUPLED AND PERTURBED GAUSS-NEWTON METHOD IN

COMPLEX VARIABLES

A. Gauss-Newton Method

Consider the nonlinear weighted least squares problem in
complex variables:

min
(x,x)

φ(x, x) =
1

2
f
T
(x, x)WMf(x, x) (1)

where x is an n-dimensional complex vector, f is an m-
dimensional complex vector function of x and x, the bar sign
denotes complex conjugation, and WM is a diagonal weighting
matrix. The vector function f is partitioned into an mc × 1
vector fc of complex functions and its conjugate f c:

f(x, x) =

[
fc(x, x)

f c(x, x)

]
(2)

The problem in (1) can be therefore written as:

min
(x,x)

φ(x, x) =

mc∑
i=1

wif cifci (3)

The gradient of φ(x, x) is given by:

F (x, x) = ∇(x,x)φ(x, x) = J
T
(x, x)WMf(x, x) (4)

where:

J(x, x) =

[
Jcx Jcx
Jcx Jcx

]
(5)

Jcx and Jcx are the Jacobian and conjugate Jacobian matrices
of fc:

Jcx =

⎡
⎢⎢⎣

∂fc1
∂x1

· · · ∂fc1
∂xn

...
...

∂fc(mc)

∂x1
· · · ∂fc(mc)

∂xn

⎤
⎥⎥⎦ (6)

Jcx =

⎡
⎢⎢⎣

∂fc1
∂x1

· · · ∂fc1
∂xn

...
...

∂fc(mc)

∂x1
· · · ∂fc(mc)

∂xn

⎤
⎥⎥⎦ (7)

The classical Gauss-Newton algorithm is defined in the steps
below:

Step 1: Initialize the iteration counter (k = 1) and the initial
solution x(1).

Step 2: Compute J(x(k), x(k)) and form the gain matrix:

G(x(k), x(k)) = J
T
(x(k), x(k))WMJ(x(k), x(k)) (8)

Factorize G(x(k), x(k)) using Cholesky decomposition.
Step 3: Compute f(x(k), x(k)) and form the right-hand-side:

β(x(k), x(k)) = −JT
(x(k), x(k))WMf(x(k), x(k)) (9)

Step 4: Solve the complex normal equations using the
Cholesky factors and Forward/Backward substitution:

G(x(k), x(k))

[
Δx(k)

Δx(k)

]
= β(x(k), x(k)) (10)

Step 5: Update the solution vector and its conjugate:[
x(k+1)

x(k+1)

]
=

[
x(k)

x(k)

]
+

[
Δx(k)

Δx(k)

]
(11)

Step 6: If |Δx(k)|∞ < ε, stop and print the solution. Other-
wise, update the iteration counter (k ← k + 1) and go to Step
2.

B. Perturbed Gauss-Newton Method

In the perturbed Gauss-Newton method [8], J(x, x) in (5) is
replaced by an approximation J̃(x, x) that is easier to compute
and makes it cheaper to solve the normal equations. When
the computation is carried out using real variables, Ref. [8]
gives explicit conditions on the perturbed Jacobian that are
sufficient to guarantee convergence. In essence, the conditions

state that the gain matrix G̃(x, x) = J̃
T
(x, x)WM J̃(x, x) is a

good approximation to the derivative of the perturbed gradient
equation:

F̃ (x, x) = J̃
T
(x, x)WMf(x, x) (12)

In power system computing, it is well known that the power
flow Jacobian is rather insensitive to relatively small variations
in the solution vector. If the matrix J̃(x, x) is set to remain
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constant throughout the iterations, then the Cholesky decompo-
sition of G̃(x, x) would have to be carried out only once. The
perturbed Gauss-Newton algorithm would be the same as in the
Gauss-Newton method in Section II-A, except that whenever the
stopping criterion is not met, the algorithm resumes iteration at
Step 3 with J(x, x) replaced by its approximation J̃(x, x).

C. Perturbed Gauss-Newton Method: Decoupled
Implementation

For some applications, it happens that the elements of the
conjugate Jacobian of fc, i.e., Jcx, are relatively smaller than the
elements of the Jacobian Jcx. In this setting, the approximation
J̃(x, x) becomes:

J̃(x, x) =

[
J̃cx 0

0 J̃cx

]
(13)

The above equation gives rise to the decoupled normal equations[
J̃
T

cxWJ̃cx 0

0 J̃T
cxWJ̃cx

] [
Δx(k)

Δx(k)

]
=

[
−J̃T

cxWfc
−J̃T

cxWf c

]
(14)

where

WM =

[
W 0
0 W

]
(15)

The block matrix equations in (14) are complex conjugates
of each other. Therefore, it is sufficient to solve the normal
equations for Δx(k):[

J̃
T

cxWJ̃cx

]
Δx(k) = −J̃T

cxWfc(x
(k), x(k)) (16)

Eq. (16) requires solving a matrix equation that is half the size
of (10).

III. APPLICATION TO HYBRID STATE ESTIMATION

Hybrid power system state estimation seeks to estimate the
state of the network from measurements obtained via both the
SCADA system and PMUs. In the conventional complex vari-
able state estimation [32], the vector of complex measurement
residuals is:

r(x, x) = zm − h(x, x) (17)

where zm is the vector of measurements and h(x, x) represents
a vector of generally nonlinear measurement functions in terms
of the complex state vector x and its conjugate x. The proposed
method makes use of the alternative complex measurement
residuals given by:

fc(x, x) = zc(x, x)−Hx (18)

In (18), Hx is a complex valued vector of linear measurement
functions in terms of the complex state vector x; Hx repre-
sents phasor voltages and branch/injection phasor currents. The
complex valued vector zc(x, x) of generally nonlinear functions
transforms the measurement vector zm into its equivalent vector
phasor measurement that is in function ofx andx. The Appendix
includes the details of this transformation.

A. Normal Equations – Perturbed Gauss-Newton Method:
Decoupled Implementation

The perturbed Jacobian and conjugate Jacobian matrices of
fc as given by (18) are constant matrices:

J̃cx = −H, J̃cx = 0 (19)

Using (18) and (19) in (16) gives:[
H

T
WH

](
x(k+1) − x(k)

)
= H

T
W

(
zc(x

(k), x(k))−Hx(k)
)

(20)
or [

H
T
WH

]
x(k+1) = H

T
Wzc(x

(k), x(k)) (21)

The decoupled implementation of the perturbed Gauss-Newton
method is according to the following algorithm:

Step 1: Initialize the iteration counter (k = 1) and the initial
solution x(1).

Step 2: Compute H and form the reduced gain matrix:

Gc = H
T
WH (22)

Factorize Gc using Cholesky decomposition.
Step 3: Compute zc(x(k), x(k)) and form the right-hand-side:

βc(x
(k), x(k)) = H

T
Wzc(x

(k), x(k)) (23)

Step 4: Solve the complex normal equations using the
Cholesky factors and Forward/Backward substitution:

Gcx
(k) = βc(x

(k), x(k)) (24)

Step 5: If |x(k+1) − x(k)|∞ < ε, stop and print the solution.
Otherwise, update the iteration counter (k ← k + 1) and go to
Step 3.

The above procedure is essentially similar to the Z-bus power
flow [11], [12], also known as the current injection approach, as
it maintains a constant complex valued matrix (22) throughout
the iterations while simply updating the right-hand side (23).

Ref. [33] shows that the weighted least-absolute value
(WLAV) estimator in real variables has an iteratively reweighted
least-squares implementation. It is known that the WLAV esti-
mator is capable of rejecting a wrong data measurement, as long
as it is not a leverage point. The iterative scheme in [33] cor-
responds to solving a sequence of linear weighted least-squares
problems. Therefore, the above procedure allows for an itera-
tively reweighted implementation of the WLAV estimator using
the PGN method, but in real variables. Also, the reweighting
requires the update and factorization of the gain matrix at every
iteration, i.e., the technique would not belong to the category of
constant gain matrix methods.

B. Equality Constrained Normal Equations – Perturbed
Gauss-Newton Method: Decoupled Implementation

Virtual measurements arise from nodes with zero-injections,
i.e., nodes that have neither generation nor load connected at
them. Virtual measurements are considered as error-free and are
consequently assigned a relatively much higher weight in the
normal equations approach; this may result in ill-conditioning
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Fig. 1. Flowchart of the tracking mode equality-constrained Perturbed Gauss-
Newton Estimator (PGNE).

during the iterative solution process. A better solution is to
consider the virtual measurements as phasor current injections
that are equal to zero, leading to the equality constrained normal
equations:

[
Gc E

T

E 0

] [
x(k+1)

λ
(k+1)
c

]
=

[
βc(x

(k), x(k))
0

]
(25)

When using (25) in the perturbed Gauss-Newton algorithm
of Section III-A, Step 2 would require factoring the coeffi-
cient matrix in (25) using Bunch Kaufmann decomposition,
and Step 4 solves (25) using Forward/Backward substitution.
Fig. 1 shows the flowchart of the equality-constrained Perturbed
Gauss-Newton Estimator (PGNE) when employed in tracking
mode. The index j refers to the time-step number in tracking
mode operation. The term equality-constrained is dropped from
the PGNE acronym for compactness.

IV. BAD DATA DETECTION AND IDENTIFICATION

The ability to detect, identify, and eliminate erroneous mea-
surements is an essential function of the state estimator [34]. This
section consists of two parts: bad data detection in Section IV-A,
which describes a procedure that determines if the data con-
tains any wrong measurements, and bad data identification in
Section IV-B, describing an algorithm that identifies erroneous
measurements in the data set. The bad data detection and identi-
fication are along the lines in [34], but with the equations updated
where necessary to account for the fact that the state vector is
complex valued.

A. Bad Data Detection (BDD)

Bad data detection is carried out using the Chi-squares test;
the test consists of the following steps:

Step 1: Solve the SE problem to find the state vector estimate
x̂ and compute the objective function φ(x̂, x̂) as given by (3).

Step 2: Compute the number of degrees of freedom Υ, given
by the number of measurements minus the number of states,
and choose a value for the significance level α, typically in the
range 0.01 to 0.05. Given that the probability density for φ is
chi-squared withΥ degrees of freedom, use the chi-squares table
to find tφ, such that the probability that φ is greater than tφ is
equal to α:

Pr
(
φ > tφ|φ ∼ χ2(Υ)

)
= α (26)

Step 3: Test if:

φ(x̂, x̂) > tφ (27)

If (27) is satisfied, then the presence of bad data will be suspected
and the probability that this is a false alarm is α. Otherwise, bad
data will not be suspected with a confidence level of (1− α).

B. Bad Data Identification (BDI)

In the case when the chi-squares test detects the existence of
bad data in the measurement set, further processing is needed to
identify the erroneous measurement. This is accomplished using
the Largest Normalized Residual (LNR) test, which consists of
the following steps [35]:

Step 1: Compute the measurement residual vector fc(x̂, x̂) as
given by (18).

Step 2: Calculate diagonal entries of the residual covariance
matrix Ω, starting from the Cholesky factors of Gc:

Gc = LcL
T
c (28)

Step 2.1: Calculate the column entries of temporary matrix T
by solving the following system for each row H(i,:) of H:

LcL
T
c T(:,i) = H

T
(i,:) (29)

Step 2.2: Compute the diagonal entries of the residual covari-
ance matrix using:

Ωii =
1

Wii
−H(i,:)T(:,i) (30)
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TABLE I
MEASUREMENT COUNT

TABLE II
MEASUREMENT STANDARD DEVIATION

Step 3: Compute the elements of the normalized residual vector
fn
c :

fn
ci =

|fc|√
Ωii

(31)

Step 4: Find the largest element of the fn
c vector and compare

it to the identification threshold c. Ifmax(fn
c ) ≥ c, then the mea-

surement corresponding to the maximum normalized residual is
suspected as bad data. Else, stop, no bad data is identified in the
measurement set.

Step 5: Eliminate the measurement corresponding to
max(fn

c ) and go to Step 1.

V. NUMERICAL RESULTS

The equality-constrained Perturbed Gauss-Newton Estimator
(PGNE) in complex variables (c.f. Fig. 1) was contrasted with:
� the Complex Equality-Constrained Estimator (CECE)

in [35]. It is essentially the traditional equality-constrained
WLS state estimator [34] but implemented using complex
variables.

� the Complex Two-Stage Estimator (CTSE) in [5]. It also
employs complex variables and promises fast execution.

The three estimators, i.e., PGNE, CECE, and CTSE, were
programmed in C++ and executed on a PC with an Intel i5-
7600 K processor and 16 GB of RAM. The comparison was
carried out on three networks whose datasets are given with the
distribution files of MATPOWER [36], [37]. Table I shows two
measurement sets for each system. The table includes the num-
bers of virtual zero-injection (ZI) measurements, complex power
flow measurements (S), PMU current measurements (PMU_I),
and PMU voltage measurements (PMU_V). The systems having
the letter A have fewer PMU measurements than those with
the letter B, and those with the letter B do not have complex
power measurements. The percentage standard deviations of the
measurements are given in Table II. The error is simulated under
two distributions: Gaussian noise with zero mean and a per-unit
standard deviation computed as a percentage of the full-scale

TABLE III
EXECUTION TIME AND SPEED-UP FACTOR (GAUSSIAN NOISE)

TABLE IV
MEASUREMENT ERROR AND ITERATION COUNT

meter reading, and an exponential noise distribution. The expo-
nential noise is distributed according to the probability density
function: P (x|λ) = λe−λx, where λ is a parameter calculated

from the standard deviation using λ =
√

1
σ2 . The Exponential

distribution was chosen because it can be easily implemented in
C++, and it is close to the Laplace distribution that was suggested
in [38]. The weights usually are selected as one over the square
of the per-unit standard deviation.

Table III shows the computing time for the CECE [35], the
CTSE [5], and the proposed PGNE. The table also shows the
Speed-Up Factor (SUF) for the CTSE and the PGNE relative
to the CECE, which forms the reference for execution time
comparison. The results reveal that the PGNE gives a higher
speed-up as compared to the CTSE, and the speed-up value is
higher for the networks having complex power measurements
(marked by the letter A, i.e., measurement scheme A). The
SUF_PGNE is between 9.3 and 13.3 for the systems with com-
plex power measurements, while the corresponding SUF_CTSE
is around 4. Table IV reports the corresponding iteration counts
and the values of the measurement error performance index as
given by (32). As expected, there is no need for iterations for
the systems without complex power measurements (scheme B).
For systems with the measurement scheme A, the measurement
error performance values for PGNE are significantly lower in
comparison with CTSE. The conclusion holds for both Gaussian
and Exponential measurement noise.

ξz =

m∑
i=1

∣∣zestimated
i −ztruei

∣∣2 (32)

The test instances whose names end with the letter B do not
have SCADA measurements; they make use only of PMU and
ZI measurements, as Table I shows. Given that the PMU mea-
surements have low errors (compared to SCADA), the results in
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TABLE V
AVERAGE MEASUREMENT ERROR PER MEASUREMENT TYPE

(GAUSSIAN NOISE)

TABLE VI
AVERAGE MEASUREMENT ERROR PER MEASUREMENT TYPE

(EXPONENTIAL NOISE)

Table IV suggest that the use of the alternative complex measure-
ment residuals (18) with PGNE results in a slight improvement
in the performance index on the large test instances. The same
trend is reflected in Table V and VI, which show a breakdown
of the measurement errors averaged per measurement type.

In summary, the PGNE is faster than CECE [35], with a
speed-up factor that is 7.2 on average and without an appreciable
change in the accuracy. As compared to CTSE [5], PGNE is three
times faster on average (average speed-up factor is 3.0), and it

Fig. 2. Gradual change in total load.

Fig. 3. Steep change in total load.

is much more accurate, especially when there is a steep change
in load as the next section illustrates. The relative speed-up of
PGNE is due to having a smaller size matrix that is factorized
only once, and its accuracy is because the right-hand-side is
iteratively updated until convergence.

A. Tracking Mode Operation

The loads at all nodes were uniformly scaled to illustrate the
operation of the estimator in tracking mode. Two load profiles
were considered: a scenario with gradual change as in Fig. 2
and another with an abrupt change as in Fig. 3. Figs. 4–7 depict
the logarithm of the measurement performance index in (32)
for both load scenarios under Gaussian measurement noise, and
when considering measurement schemes A and B of the 1888
network, following Table I. The figures consistently show the
superiority of the PGNE as compared to the CTSE, as reflected
by consistent lower measurement performance error values.

A concern linked to all hybrid state estimation implemen-
tations is the differing refresh speeds of PMU and SCADA
systems, resulting in non-coincident measurements [32]; typi-
cally, PMU measurements are scanned at 30 samples per second,
while SCADA measurements are recorded every 2 to 5 seconds.
The outcome is that at every occurrence of the state estimator
computation, a large number of phasor measurement values
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Fig. 4. Measurement error performance index – gradual change in load,
1888 A system.

Fig. 5. Measurement error performance index – gradual change in load, 1888B
system.

Fig. 6. Measurement error performance index – steep change in load, 1888 A
system.

correspond to the current set of SCADA measurement values.
One approach for handling the difference in the recording speeds
between PMU and SCADA measurements is using buffering,
which manages to distinguish the set of phasor measurement
values to be used in the hybrid estimator solution [39], [40].
In the numerical experiments, the three estimators, i.e., PGNE,
CECE, and CTSE, are assumed to use the most recently available
measurements, whether they are SCADA or PMU.

Fig. 7. Measurement error performance index – steep change in load, 1888B
system.

TABLE VII
BAD DATA IDENTIFICATION STATISTICS – AVERAGE OVER

1000 MONTE-CARLO TRIALS (GAUSSIAN NOISE)

B. Bad Data Identification

Table VII shows a comparison between the performance of
the PGNE and the CTSE for Bad Data Identification (BDI) using
the largest normalized residual test, as outlined in Section IV-B.
Over 1000 trials of erroneous data amongst measurement types
in the left column of Table VII, the second and third columns
provide the percentage of successful detection when using the
CTSE and the PGNE, respectively. The fourth and fifth column
give the average of the max(fn

c ) in Step 5 of Section IV-B. The
higher detection rate for the PGNE is attributed to the larger
values of normalized residuals for bad data points.

C. Current Magnitude Measurements

Although transmission network state estimation does not
usually make use of current magnitude measurements, there are
cases where such measurements are useful for increasing re-
dundancy or even ensuring observability at the sub-transmission
level. Starting from the 1888 A system in Table I that has 2531
complex power flow measurements, some power flow measure-
ments were replaced by branch current magnitude measurements
to test the performance of the PGNE. Table VIII summarizes the
results where the swapping of measurements is carried out in
multiples of 5. The table shows the effect of using the complex
power flow and current magnitude measurements as opposed
to not considering the current magnitude measurements (i.e.,
using the number of complex power flow measurements in
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TABLE VIII
IMPACT OF CURRENT MAGNITUDE MEASUREMENTS ON THE NUMBER OF

ITERATIONS AND MEASUREMENT ERROR PERFORMANCE OF PGNE
(1888 NODE NETWORK – GAUSSIAN NOISE)

the first column). The results reveal that the use of current
magnitude measurements in the PGNE increases the number
of iterations. Still, the current magnitude measurements give a
measurement performance error index (32) that has a value less
than that obtained without using them. Table VIII does not show
a comparison with the CTSE, as the details for handling current
magnitude measurements were not reported in [5].

VI. CONCLUSION

This paper presented a new constant gain matrix method
for hybrid state estimation. The technique is derived starting
from the Perturbed Gauss-Newton (PGN) method and employs
Wirtinger calculus to run entirely in the complex variable do-
main. The result of the derivation is an iterative approach that is
essentially an extension of the implicit Z-bus power flow method
to state estimation. The proposed PGN estimator is ideal for
tracking mode operation. It is computationally efficient because
it employs a single factorization of the coefficient matrix. The
PGN method is validated through comparison with a recent
complex variable equality constrained GN estimator [35], and it
is shown to be superior to a two-stage complex variable estimator
that does not involve iterations [5].

APPENDIX

This section describes the components of (18) for a measure-
ment i, denoted by [zc(x, x)]i and [Hx]i, where x is the same
as the vector U of nodal voltage phasors. The superscript M as
used below denotes a measured quantity.

A. PMU Measurement – Voltage At Node K: UM
K

[zc(x, x)]i = UM
K (33)

[Hx]i = UK (34)

There are two approaches to modeling the reference angle
condition [35]. In the first approach, a common GPS reference is
used for all nodal voltages, and the slack node voltage measure-
ment is modeled like any other PMU voltage measurement. In
the second approach, a bus where a PMU is present is chosen as

the reference; in this case, the slack angle condition is accounted
for by having the angle of UM

K being zero.

B. PMU Measurement – Branch Current From Node K to
Node L: IMKL

[zc(x, x)]i = IMKL (35)

[Hx]i = Y P
KKUK + Y P

KLUL (36)

where the superscriptP in the admittance termsY P
• is to indicate

that they are primitive values corresponding to the component,
which in this case is the branch.

C. PMU Measurement – Current Injection At Node K: IMK

[zc(x, x)]i = IMK (37)

[Hx]i = Y S
KKUK +

∑
L∈ϕK

Y S
KLUL (38)

where the superscriptS in the admittance termsY S
• is to indicate

that they are system values, andϕK is the set of nodes connected
to node K by a branch. Note that the PMU current injection
measurement is also used to model virtual zero-injection mea-
surements as in (25), with IMK = 0.

D. SCADA Measurement – Branch Complex Power Flow
From Node K to Node L: SM

KL

[zc(x, x)]i =
S
M
KL

UK

(39)

[Hx]i = Y P
KKUK + Y P

KLUL (40)

E. SCADA Measurement – Complex Power Injection At Node
K: SM

K

[zc(x, x)]i =
S
M
K

UK

(41)

[Hx]i = Y S
KKUK +

∑
L∈ϕK

Y S
KLUL (42)

F. SCADA Measurement – Voltage Magnitude At Node K:
|UK |M

[zc(x, x)]i = |UK |M ∠angle (UK) (43)

[Hx]i = UK (44)

G. SCADA Measurement – Branch Current Magnitude From
Node K to Node L: |IKL|M

[zc(x, x)]i = |IKL|M ∠angle
(
Y P
KKUK + Y P

KLUL

)
(45)

[Hx]i = Y P
KKUK + Y P

KLUL (46)
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