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Abstract

This work proposes a practical guideline for designing and tuning adaptive backstepping control systems by leveraging the
similarity with PID control laws for a class of second-order nonlinear systems. A complete set of mathematical formulations,
visual aids, and a well-structured algorithm are provided to exploit the benefits of the established link. This aims at facilitating
the adoption of advanced nonlinear control laws in more real-life and industrial applications while benefiting from the legacy
of PID tuning rules. Furthermore, the proposed guideline allows for upgrading primitive PID controllers to more advanced
nonlinear control system. The adaptive backstepping control law is formulated as a two degrees-of-freedom control law that
combines the sum of a feedback PID control component and a feedforward model compensation component. The relationship
between backstepping and PID gains is provided in the form of a third-order polynomial, and a simplified second-order one,
with practical design algorithm and tuning guidelines. The proposed control law and tuning methodology are validated on a
quadrotor unmanned aerial vehicle (UAV) system in both simulation and experimentally.
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1 Introduction

The effectiveness and simple architecture of proportional-
integral-derivative (PID) control systems has lead to their
wide adoption in real-world industrial applications [1]. Fur-
thermore, PID controllers can be tuned intuitively based on
basic concepts that relate system performance characteris-
tics to each one of its three gains [2], or systematically
following certain equivalence-based gain selection and tun-
ing techniques [3,4], amongst other methods. However, PID
controllers suffer from their inability to address the needs of
increased precision and complexity of advanced nonlinear
systems due to their oversimplification amongst other issues
[5], which lead to the continuous evolution of other control
system designs.

The stability and tuning of PID controllers are critical
aspects of their deployment. To automate the tuning process
of control systems, several self-tuning methods have been
proposed by relying on Lyapunov’s stability theory, such as
designing self-tuning PID controllers for a class of linear and
nonlinear PID control systems [1,6].

Still, PID controllers cannot meet the requirements of
complex real-life systems and applications, thus more advan-
ced control system designs continued to evolve [7]. However,
the complexity and required deep theoretical knowledge
of advanced control systems, among-which is backstepping
control thatis acommon method when dealing with nonlinear
systems [8], presented a challenge towards their wide adop-
tion. Complex backstepping-based controllers suffer from an
intricate tuning process that is required to achieve the desir-
able system performance.

The complexity of the backstepping design process
becomes more challenging when dealing with systems of
high-order dynamics [9], namely in systems with order
higher than three [10]. Smoothing functions and filters [11]
that are introduced at the virtual commands can reduce the
effect of excess differentiation [10], but at the expense of
introducing time delays in the control signals [10]. It was
also demonstrated in [12] that the increased number of design
parameters in a backstepping-based adaptive tuning function
deteriorated the performance of the controller.

A similarity in the formulation of backstepping-based con-
trol laws with the PID control law has been established. For
instance, backstepping control with integral action was used
to design a robust adaptive PID controller for linear systems
in [6]. The previous formulation was later modified in [13]
by incorporating the integral action within the first back-
stepping error, and it was shown that the regulation poles
can be placed at any stable location. Later, various forms of
the backstepping method with integral action were applied
in [14] to a class of nonlinear second-order systems, where
the resulting control law was formulated as a feedback PID
plus feedforward terms, and the characteristics of each form
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were compared, albeit without making the connection of the
designs to the resultant closed-loop pole locations and overall
system performance. Later works on this subject were mostly
application-based. For instance, a backstepping-based PID
controller was designed in [15] for a quadrotor UAV sys-
tem, where the form proposed by [13] was generalized to
include nonlinear terms. In addition, the developed back-
stepping analysis tools were employed to design a robust
PID controller with guaranteed performance in [16], yet it
was only applied to the linearized version of a quadrotor’s
inner-loop controller. Last but not least, an explicit PID-based
tuning guideline of backstepping controllers was proposed
for a class of second order nonlinear systems in [17].

The motivation of this work lies in the need for control
systems that are easy to design and deploy based on PID
control laws, yet advanced enough to deal with uncertain-
ties and disturbances. Even though some prior works have
established a link between the backstepping design method
and PID control, the similarity remains underappreciated and
has not been fully exploited, as evidenced by the fact that the
general implicit form of backstepping control design still
dominates newly published works in the related literature.
On the other hand, a select few robotic applications benefited
from the PID representation of the backstepping method to
achieve easier controller tuning with guaranteed closed-loop
system stability [4,15-19].

This work formulates the similarity between the gains of
PID and adaptive backstepping controllers in a form that
may enable easier and wider adoption of this nonlinear con-
trol method. Here, we emphasize that the scope of this work
focuses on establishing an original formulation of the link
between existing control techniques, not on providing a new
or superior control system design. We present a compact for-
mulation of the adaptive backstepping control law, which
consists of two components: PID feedback and feedforward
model compensation, for a class of second-order nonlinear
systems, which cover a wide spectrum of real-life practical
systems [20]. The practicality of this work lies in the unique
link that it establishes between backstepping controller gains
and the PID gains, whereby tuning the adaptive backstepping
gains can be achieved by standard PID tuning rules (e.g.,
Ziegler—Nichols). We also make available on GitHub the
relevant scripts that are needed to compute the gains and plot
the various relationships between the backstepping and PID
gains. Furthermore, the hereby presented formulation pro-
vides insight into the contents of the virtual backstepping
commands, which allows for a more prudent employment
of filters, thus reducing excessive time-delays. Moreover, we
note that a manual tuning process may prove useful and supe-
rior since it is based on intuitive understanding of the control
law, whereas optimization-based techniques typically require
complex or non-intuitive efforts, as well as knowledge of
exact system parameters, which is not always feasible [21].
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This work offers a unique representation of the similarity
between the PID gains structure and the adaptive backstep-
ping gains of a class of nonlinear second-order systems
subject to uncertainties, and features multiple advantages.
First, we represent the similarity to the PID gains with the
minimal number of parameters (three) as compared to the
representations in [13,15] that use four parameters. Second,
we use a minimum number of dependencies between the
adaptive backstepping gains and the PID gains (one multi-
plication and one summation) as compared to [6,13], which
use up to two multiplications and two summations. Third, this
work offers a unique and explicit analysis of the implications
on this similarity in terms of gains selection and stability,
powered by clear and easy-to-follow guidelines in the form
of tables, charts, and algorithm. Fourth, we provide a survey
on the formulations of the backstepping-PID structure sim-
ilarity, which makes it easier to choose the suitable method
and directly apply it to the systems at hand. These differ-
ences are substantiated in a comparative table that is later
provided to compare this work to similar works in the liter-
ature (Table 1).

The paper starts with defining the problem under con-
sideration in Sect. 2. A baseline controller is presented in
Sect. 3, followed by its reformulation into the proposed form
in Sect. 4, which also provides the tuning guidelines after
establishing the similarity link to PID control. The proposed
methodology is validated in Sect. 5 on a quadrotor UAV sys-
tem in numerical simulations as well as in experimentation.
Finally, the work is summarized in Sect. 6 and suggestions
on future work are provided.

2 Problem formulation

In this section, we introduce the general form of second-order
systems, which are amongst the most popular and practi-
cal system models, and that may benefit from the nonlinear
control law in the PID-feedback plus feedforward-model-
compensation form presented in this work.

2.1 Preliminaries

Notations that facilitate the formulations developed in this
paper are first provided here. The set of positive-real numbers
{x €e R | x > 0}, and the set of non-negative real numbers
{x € R | x > 0}, are respectively denoted by R.( and
R>0. The mean absolute value of a signal (-) is denoted by
MAV(.), and its L, norm is denoted by |-||. Also, for an
angle (), the cosine, sine, and tangent functions are denoted
by ce, Se, and t,, respectively.

In addition, for an estimate X of x € [Xmin, Xmax] and a
signal (-), let the projection function, Proj, (-), be defined as
[22]:

0 if X =xmjppand- <0
0 if X =xpaxand- >0 )

otherwise.

Proj; (1) =

2.2 Problem formulation

Let X1 = [x1,...,x,]T and X, = [Xy, ..., X,]T represent
the state vectors of a second-order nonlinear time-varying
system, and let U = [uy, ..., u,]T € R” represent the control
input vector, where n € N*. The system is represented as:

X, =X,

. - _ _ 2
Xy =g(X,0)U +¢X)0(1) + f(X) + A), @

where X = {X|, X2}; g € R is the input-multiplied
unknown nonlinear functions; 8 € R’ represents the vec-
tor of unknown linear system parameters with [ € NT;
¢ € R is the known nonlinear regressors matrix; f €
R" is the vector of known nonlinear functions; and vector
A = [Aq,...,A,]T € R" represents the external distur-
bances and unmodeled system nonlinearities. The controller
objective is described by following the reference command
X1a() = [x1d,s - -+, XpalT.

Assumption 1 It is assumed that X, is bounded, which
implies that the functions g, ¢, and f are bounded along
with their first- and second-order derivatives with respect to
X>.

Assumption 2 X 4(#) is smooth and bounded up to the sec-
ond order.

Assumption 3 The unmodeled nonlinearities and external
disturbances term in A, and the parametric uncertainties in
0 and g are restricted to bounded sets such that:

Al < A,
gijmin < &j < Gijmaxs i, j=1,...,n, (3)
Qi,min =< 91' < Gi,max, i = 1, ce ,l,

where A is a positive constant, and 6; and g;; represent the
elements of # and g, respectively.

With Assumptions 1, 2 and 3, we ensure that the states and
signals in the considered system are bounded.

Remark 1 As a case-study for validating the hereby proposed
algorithm, we consider multirotor UAVs, which can be mod-
elled (after proper reduction) as second-order time-varying
systems that fit the model presented in (2). This work offers a
contribution for this type of systems, without claiming gen-
eralization to other system types.
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3 Adaptive backstepping control system
design

In this section, we design an adaptive backstepping con-
trol law for the second-order nonlinear time-varying system
defined in Sect. 2 in two steps with virtual inputs. The con-
trol law incorporates a model-based parameter estimation
scheme and a robust feedback component to improve its tran-
sient response, steady-state accuracy, and robustness. This
section serves as an overview of the adaptive backstepping
control system design process leading to the similarity with
PID control laws.

3.1 Parameter estimation law

The achievement of desirable tracking performance depends
on the knowledge of the system parameters, which can-
not be guaranteed using the nominal values of 6(¢) and
g()_( ,1). Hence, the control law should employ their esti-
mates, é(t) and g(¢), instead of their unknown (true) values.
The parameter estimation algorithm relies on a recursive least
squares (RLS) adaptation law with projection mapping to
provide a model-based estimation of the system’s unknown
parameters, which tend to be faster and more accurate than
error-based estimates. Since this is outside the scope of this
paper, readers are referred to [23,24] for details on the RLS
estimator design. The parameter estimation vector includes
0 and the linear combination of unknown parameters in the
term g(X, t)U. Note that g is conditioned to remain invert-
ible.

3.2 Controller design

In this section, and for the sake of notation simplicity and
compactness, we do not explicitly express the in-brackets
vector dependencies, that we use g instead of g (x, ¢). Hence,
the error dynamics vector is given by:

81=X1—X1d. (4)

Two steps are required in the backstepping control design
process for second-order systems. In the first step, we pro-
pose a candidate Lyapunov function, Vi, based on the error
dynamics, and its derivative Vl , to be:

1
V) = Eefel,

Vi=elé) =e] (X1 — X1a),

&)

where e can be stabilized by employing a virtual control
input, & € R", that substitutes X1, as follows:

a:de—klel, (6)
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where k; € RZ{" is a diagonal matrix. In step two of the
backstepping controller design, we define the second error
term relating the state vector derivative to the virtual input as
follows:

er=X,—a. N

The error dynamics are obtained by differentiating (7) and
substituting X» from (2):

er=f+¢0+gU + A —a, ®)

which explicitly includes the control input vector U. How-
ever, due to the variable system parameters and the presence
of unknown external disturbances, (8) is expressed in the
following form:

ér=f+¢0+3U +d—a, ©9)

where d = [dy, ..., d,]T lumps the errors in modeling and
estimation with the external disturbances. The term d is split
into two components: one for low-freclliency signals, d., and
the other for high-frequency signals, d [23]:

di=d.+d =—3U —¢b + A, (10)

whereg’:g—gandé:é—&

Remark 2 The system disturbances and uncertainties are
bounded as per Assumption 3, such that ||d| < d, with
de R>p. Additionally, vector A includes both disturbances
and unmodeled nonlinearities, thus it can be split as per
(10) into low-frequency and high-frequency terms: the low-
frequency terms can be compensated for via an integrator,
or they can be included in a parameter estimation scheme if
they were structured; and high-frequency terms are handled
by a robust control component [22] as shown next.

Finally, the proposed nominal control law possesses the form:

U=3"@a—¢0 — f—e1 —kaes +u, —do),
1 2

u = ——hey,
4de

B , (1D
d. = Proj; (ye2),

where € € R.( is a design parameter that influences the
error attenuation level, steady-state accuracy, and transient
response of the tracking error; and 4 is any smooth function
that guaranties the following [25]:

B> 11 10max — Ominll + 1U | | gmax — &min| + [ Al
(12)

Proj(}c(~) = [ProjdCl Y Projcjcn(-,,)]T, and y € R’g)" is
a diagonal matrix that adjusts the adaptation rate. Note that
Proj; () limits d.: to the set Qq, = {d. : —d < d. < d}.
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Assumption 4 It is safe to assume that dc = 0 given that d,
includes low-frequency signals only.

Theorem 1 Consider the system model described in (2) that
is subject to unknown disturbances, and whose fidelity is
affected by unmodeled nonlinearities and parametric uncer-
tainties. Also, let Assumptions 1, 2, 3, and 4 hold true. The
stability of this system and the boundedness of its signals are
guaranteed by the control law (11), with « defined in (6) and
e defined in (7), for some gains k| and ky [17].

Proof We start by defining the augmented candidate Lya-
punov function, V», differentiating it once with respect to
time, then substituting d from (10) and U from (11) into (9)
to obtain:

1 1 [
Vo = EelTel + 56’56’2 + EdcTy de,
YV, = —elTkle] - e;kzez + JCTV_I‘Z

+e;(dc _‘Alc +‘~1* +uy),

13)

where JC = 30 — dc., and dc = 0 per Assumption 4.
By substituting [lc from (11) in (13), we get: Vz =
~%
—elkie; —elkrer +el(d +uy).
In addition, two robust performance conditions are to be
satisfied by the robust feedback term, u;, such that [26]:

elu, <0,
T . (14)
e,(ur—d.+d) <e,

which is achieved by choosing u; as described in (11), and
robust performance under the prescribed conditions can be
guaranteed [26]. This results in V), being negative semi-
definite, thus stability in Lyapunov’s sense is concluded. It
can also be shown that ), is lower bounded and that Vz is
uniformly continuous by Assumptions 1 and 3; therefore, by
Barbalat’s lemma, the asymptotic convergence of V; to zero
is obtained [27]. O

4 From backstepping to PID form

In this section, we formulate the backstepping control law in
a PID feedback plus feedforward form that has two degrees-
of-freedom (2-DOF), then we present a visualization of the
obtained relations with ample discussion and practical tips
to design and tune the controller gains, which justifies the
adoption of the proposed form of the control law. Finally, we
relate the backstepping gains to the location of the closed-
loop system poles.

4.1 Expressing the backstepping control law in PID
form

First, we seek to reformulate and simplify the control
law while maintaining its practical results. In practice, a
large-enough positive constant, k3 o, can produce robust per-
formance that is similar to that of the nonlinear robust gain,
ﬁhz, in (11), such that:

1
koo >n—h? i=1,....n, (15)

de

where n, > 1 is a constant multiplier. This causes the effect
of u, to be similar to that of the linear term —k,e;. Thus, by
choosing the elements of matrix k; to be greater than some
positive constants (k; >R%n k2.0), robust performance can
be guaranteed within a large-enough and practical operating
range [22,28]. With this modification, the control law (11) is
approximated as U ~ U’, where U’ approximates the effect
of the nonlinear robust term, u,, by the high gain feedback
term, —koep, and can be reformulated by substituting (4),
(6), and (7) into (11):

U= [Xia—kié)) — 98 — f — e
— k(X1 — (X1q — krep) —d. ]
=27 [ k2 + I)er — (k1 + ko)éy —de
— 00 — f+ X1d].
t}c = Pij,;C(}’[Xl — (X1a —kie)])
= Proj; (y(é1 +kien)),

(16)

where é; = X| — X4 and I,, € R is the identity matrix.
Thus, (16) is now expressed as a 2-DOF controller with a
feedforward model compensation component and a feedback
PID component, designated as the Integrated Control System
(ICS):

U' =g '[ — kpe) — kie} — kpé
— 90— f + X14], (17)
éll = PI'Ojell (eq +k1_1é1),

where eI1 =/ élld t and the bounds of the projection function
vary accordingly as per (1) by a factor (yk;)~!, and

kp =kiky + 1,
ki = yky, (18)
kp = ki + k».

The control law (17), with its six terms, can now be seen as a
combination of an error-based PID feedback component with
gains kp, k1, and kp that are included in the first three terms,
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and a feedforward component based on model compensation
desired accelerations that are included in the last three terms.

When operating in the nominal region, it is safe to assume
that saturation of the integral term does not occur, which per-
mits bypassing the projection function representation, so that
after integrating the term kl_lél, the control law in (17) and
the control gains in (18) undergo the following modifications:

¢ = e,
(19)
kp =kiko+y +1,.

Let the diagonal elements of an arbitrary single row of
matrices kp, ki, kp, k1, k2, and y be represented by kp, ki,
kp, k1,k2, and y, respectively. By solving the following third-
order equation, which is derived from the definition of kp in
(19) and that of ky and kp in (18), for some desired values
of kp, k1, and kp, we can determine the set of equivalent &y,
ko, and y gains as follows:

ki + (—kp)k? + (kp — Dky — ky = 0,
ky :=kp — ki, (20)
y =ki/ki,

where the solution is valid only when k; and k; are positive
and real. To examine the behavior of (20), we present a sam-
ple solution with respect to kp for kp = 5 and k1 = 1 in
Fig. la, and with respect to kp for kp = 5 and k1 = 1 in
Fig. 1b. Note that the solutions for k; (red), k> (green), and
y (blue) in each subplot is divided into three subsets, based
on their change of direction at the inflection points, as indi-
cated by their line style (Subset #1-solid, Subset #2-dashed,
and Subset #3-dotted) to simplify the analysis and arrive at
practical recommendations:

1. Subset#1 (solid lines) has a parabola-like shape for k1 and
k> in Fig. 1a, and a hyperbola-like shape in Fig. 1b, which
result in a wide range of variation for these two gains
and thus offers more leverage in tuning them to meet the
system’s stability and performance requirements. On the
other hand, the value and variation of y are minimal (near
zero) as compared to Subsets #2 and #3.

2. Subset #2 (dashed lines) corresponds to the smallest
domain of the solution space and features large varia-
tion of all three parameters (ki, k2, and y). The strong
dependencies amongst the parameters, combined with
their large variations in this relatively small subset, make
it difficult and impractical to interpret the relationship
between the backstepping and PID gains within Subset
#2. In fact, any formulated relationship is of a limited
merit since it encompasses a very small domain of cou-
pled kp and kp values.
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Fig. 1 Coupled backstepping gains, ki, k2, and y, for specific kp, kp,
and kg values: (a) at constant kp and (b) at constant kp. Three solution
subsets exist: Subset #1 - solid lines, Subset #2 - dashed lines, and
Subset #3 - dotted lines

3. Subset #3 (dotted lines) is characterized by large y val-
ues and a narrow tuning range (nearly constant) for both
k1 (near zero) and k as compared to Subsets #1 and #2,
which limits the ability to meet the stability and perfor-
mance requirements of the system.

Based on the above analysis of Fig. 1, it is prudent to only
consider the first subset of the solution of (20) given its low
dependency on y, high dependency on ki and kp, and the
relatively larger tuning range to achieve the desired system
stability and performance requirements. The recommenda-
tion to adopt Subset #1 is further justified in Sect. 4.4.

Remark 3 The differentiated term e typically requires filtra-
tion in order to reduce the signal’s noise level. However, e is
implicitly embedded within & and e; of the control law (11),
whereas the PID-like form of the control law in (17) explic-
itly shows it, which makes it easier to design an appropriate
filter with minimal time delay and information loss that may
arise form excessive filtration of & and e; [10].

Remark 4 By inspecting (18), (19), and (20), we see that k;
and k> can be used interchangeably. This is achieved by solv-
ing for kj first instead of k1 as was done in (20):

k3 + (—kp)k3 4 (kp — Dka — ky = 0,
k1 = kD —k2, (21)
y =ki/(kp —k1).

Note that the results in (21) are identical to those in (20),
with the only exception being that k1 and k, values have been
switched. This can be proven by substituting the interchanged
values of k| and kj into the definition kp in (18) and the
definition kp in (19), where the same exact control law in
(17) can be obtained by setting:

ky :=y (kp — k1). (22)
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Remark 5 As seen in Fig. 1, k{ is larger than k; in the gains
solution subset of interest (#1), in which ky can have very
small values. However, based on Remark 4, k> can be the
larger gain in the {k, k2} solution set, thus the condition for
large enough k> gain to overtake the effect of the robust gain
(ﬁhz) remains valid.

4.2 Comparison to other formulations

To help differentiate this work and to validate the proposed
PID-like adaptive backstepping control law, Table 1 is pro-
vided to summarize previous works that are found in the
literature dealing with the backstepping-PID gains similar-
ity. We note that in order to get a clear comparison and arrive
at a better interpretation of the results, the notations of the
original formulations were mathematically manipulated to
show that the various efforts lead to similar relationships,
albeit with minor differences. Note that in the PID gains col-
umn, the gains k;,i = {1, 2, 3} refer to the Lyapunov function
gains, the gains ¢, and ¢; relate to the integral action within
the control law, and the other parameters relate to the system
model.

In this work, the similarity formulation to the PID gains
is simpler in the sense that it is established based on three
parameters only as shown in Table 1, whereas the integral
backstepping representations in [15] use four parameters
(k1,k2, ce, and ¢;) and two additional model-dependent con-
stants (ap and ap) in [13], respectively. Furthermore, the
number of dependencies between the adaptive backstepping
gains and the PID gains in this work is also minimal, where
we use only one multiplication and one summation as com-
pared to [6,13], which use up to two multiplications and two
summations. Therefore, an advantage of the formulation pre-
sented in this work over other representations lies in the fact
that it provides a simpler method to design and tune backstep-
ping controllers based on PID laws and tuning rules, which
makes it more practical and easier to adopt in real-life appli-
cations.

4.3 Implementation of the backstepping-PID gains
relationship

An implementation of (20) for four preset values of kp
(k1=0,1,2,4) is shown in Fig. 2, where Fig. 2a on the left
shows the backstepping gains, k1 and k», as a function of kp
with a constant kp condition, and Fig. 2b on the right shows
the gains as a function of kp with a constant kp condition.
For every streamline marking a constant kp or kp, the black
asterisks mark the intersections of the k; and k curves as
applicable, which correspond to the maximum kp value in
Fig. 2a and the minimum kp value in Fig. 2b. Note that y
is not plotted on the same figure in order to maintain a clear
and legible representation of the analysis results, noting that
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Fig.2 Coupled backstepping gains, k1 and ky, as a function of kp and
kp at constant ky values (kj = 0, 1, 2, 4 corresponding to four rows).
The left column in (a) shows the backstepping gains at constant kp and
ki, and the right column in (b) shows the backstepping gains at constant
kp and k[

it can be directly calculated from (20) and is perceived as a
scaled version of the inverse of k; for each corresponding
plot.

The significance of the above results lies in making the
design and tuning process of the backstepping-based ICS
gains easier by allowing the application of well-established
PID tuning rules. Additionally, by excluding the unfeasible
PID gains that result in non-positive or non-real k| and k»
roots, the tuning interval is tightened. Furthermore, the for-
mulation provides insight into both the traditional stability
perspective as well as the performance perspective of the
adaptive backstepping control law.

Tuning each one of the gains k| and k> has a dual effect on
both kp and kp, as illustrated in Fig. 2, yet it does not influ-
ence the system performance directly as typically expected
from tuning PID gains, which can make the tuning process
cumbersome and not straightforward. For instance, increas-
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ing any of the backstepping gains k; and k, will also result in
an increase in both kp and kp simultaneously, and similarly,
tuning y affects both kp and ;.

Remark 6 To provide a more detailed analysis, we introduce
the following notes to guide the tuning process based on the
results obtained in Fig. 2:

e For a given value of kp, the kp value that attains the
desired performance and stability margin can be obtained
from Fig. 2a.

e For a given value of kp, the kp value that attains the
desired performance and stability margin can be obtained
from Fig. 2b.

e As the value of iy increases, the shape of the solutions
starts to deviate from the uniform parabola and hyperbola
contours.

e Since k; and k> must be positive per Lyapunov stabil-
ity requirements, a streamline stops when one of its two
branches reaches the abscissa.

e The dual point (asterisk) can be the optimal solution in
terms of stability, for some preset values of kp or kp.

e kp linearly relates to the sum of k; and k>, which mani-
fests in Fig. 2b as all solution sets (k| and k») are below
the identity line (unity slope), and their sum is equal to
it (k; + k2 = 1). As such, one can promptly compute the
value of k; in Fig. 2b for any given k; based on (20).

e While other solutions besides the ones presented in Fig. 2
may exist (as per Fig. 1), they are disregarded due to their
irrelevance to this work.

4.4 Simplified backstepping-PID relationships

If (20) has a weak dependence on y, then by referring to (19)
and (20), the following inequality holds:

kiky +1 >> ki/ki, (23)

and (20) can be simplified into the following second-order
form:

ki 5+ (—kp)kiz + (kp —y — 1) =0,

ki = max{ki 2},

ka = min{k; 2}, 24)
Yy =ki/ki,

such that: k2 > 0.

As a rule of thumb, the condition in (23) holds if:

kp > 10k1/kD.

Hence, the general solution of the second order polynomial,
k1,2, 1s given by:

k k
ki = 7‘) + \/(7[’)2 —(kp—y — D). (25)

Note that k1 and k» are directly obtained from solving the
polynomial in (24), unlike in (20) where only k1 is obtained.
To further analyze (24) and determine the behavior of kj »
when kp and kp vary, the following analysis based on conic
representation is introduced.

The general second-order equation of conics is of the form:

/qx% + Kk2X1Xp + K3X% + Kk4X1 + k5% + kg = 0. (26)

where x; and x, € R are the variables of the equation, and
ki € R,i ={1,...,6}are constants [29]. If x5 # 0, then the
principle axes of the conic incur a counterclockwise rotation
¥ with respect to xp, such that:

cot29 = 113 27)
K2

4.4.1 Conic representation with constant kp

If (24) is solved for specific kp values, as in Fig. 2a, we
obtain:
ko =0,

X2 =kp—y, k1:=1,

k4 := —kp, ks =1,

X1 :=ki2,
k3 =0, kg := —1.
Noticing that k1 # 0 and k1x3 = 0, we conclude that (24)
becomes a horizontal parabola that relates kj > to kp in the
form:

X1 — ((I%D)2 + 1) = —(Xz - ]%D)z, o8
ve= [(2p 1)

where V, is the parabola’s vertex.
4.4.2 Conic representation with constant kp

Similarly, (24) can be solved for preset kp values, as in
Fig. 2b, to relate k; » to kp, that is:

X1 :=ki2, X2:=kp, k1:=1, k2 :=—1,

k3 := 0, ka:=0, «k5:=0, kg:=kp—y — 1.

Noticing that k> # 0, the rotation angle of the conic axes is
calculated from (27) to be vy, = % We can then substitute
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Fig. 3 Coupled backstepping gains, k| and k», in the simplified form,
for specific kp, k1, and kp values at constant kp in (a) on the left, and
at constant kp in (b) on the right. The colored regions in red and green
represent the sets of all feasible k; and k> combinations, respectively.
The blue line marks the boundary between the two regions, and the grey
region represents the set of unfeasible solutions. The colored stars mark
the boundaries of the solution set

X1 = X Cp, — X589, and Xp = X|$y, +X5¢y, in (24), where x|
and x) are the principle axes of the rotated conic, to obtain:

XX
2 b2 -
a (29)

Vp = {acﬂh, asy, ]

which represent a rotated horizontal hyperbola, with Vp

2(kp—y—1) _
N AT and b =

being the hyperbola’s vertex, a =

[2(kp—y—1)
V241 . . .
However, the function of k; » with respect to kp is inter-
preted easier when it has the same form as (24), since we seek

solutions for a single value of kp one at a time. The double
roots occur at Vi, such that:

Vb:{z\/kp—y—l,\/kp—y—l}. (30)

4.4.3 Interpretation
The resultant plots of the parabola and hyperbola formula-

tions in (28) and (29) are shown in Fig. 3, which can be used
to promptly and clearly interpret the relationship between
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the backstepping and the PID gains, while mainly benefiting
from the vertices’ locations. For instance, starting from an
initial combination of k1 and k», one can easily find the cor-
responding kp, kp, and kj gains using Fig. 3; at the same time,
one can navigate along the curves to arrive at the desired PID
gains while keeping an eye on the resulting k| and k; gains.
Note that the feasible k; and k, solutions are marked in red
and green colors, respectively, while the unfeasible region is
marked in grey.

To maximize the benefits of Fig. 3, we provide an explicit
interpretation of its results:

e For some preset kp, the maximum (kp — y) value can be
deduced from (28) as:

ke = yma = (2) 1, a1

which corresponds to the last real solution (two identical
roots) of (28):

kp
kip=—.
1,2 5
e For some preset (kp — y), the minimum kp value can be
approximated from (30) as:

kp,min = 2vkp —y — 1, (32)

which corresponds to the first real solution (two identical
roots) of (24):

ki =+vkp—y—1.

e Ifitisdesired to increase kp while maintaining a constant
kp, k1 should be decreased while k, should be increased.
e Ifitis desired toincrease kp while maintaining a constant
kp, k1 should be increased while k; should be decreased.

A summary of stable tuning intervals of the PID gains
as well as the backstepping gains intervals is presented in
Table 2, which serves as a practical guide for the tuning pro-
cess concerning the gains and stability bounds. In addition,
a summary of the influence of tuning the PID gains on the
backstepping gains, as well as their effect on the system per-
formance is presented in Table 3.

Remark 7 Unlike the PID gains, a single backstepping gain
variation, i.e. k1, k2, or y, does not result in a unified effect on
the system performance as per Table 3, which can be verified
by referring to (18) and (19).

By combining the results of Fig. 3 and Table 3, and start-
ing from an initial system performance, we can specify the
desired performance modification, i.e. speed, stability, or
overshoot, then decide on the PID gains tuning direction
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Table2 PD Gains Tuning Intervals and Effect on Backstepping Gains

(kp — ¥)min (kp — ¥)max kD, min kD, max k1, min k1, max k2, min k2,max
Constant kp 1 )2 +1 - - b kp 0 b
Constant kp - - 2Vkp —y — 1 00 Vkp—y —1 00 0 Vkp—y —1

Table 3 Effects of Tuning PID Gains [30] and their Influence on the
Backstepping Gains

Gain variation ~ kj ky vy Speed  Stability  Overshoot
kp increases - + + o+ — +
ki increases — +  + = + +
kp increases + — — + + _

based on Table 3, then by referring to Fig. 3, the effect on the
backstepping gains can be directly assessed.

Given the above discussion, and by perceiving the seem-
ingly complex control law in (11) as a PID feedback plus
feedforward terms as in (17), the ambiguity can be clarified
by a direct visual interpretation that can be obtained from
Fig. 3, thus reducing any complexity concerns that are typi-
cally associated with adopting nonlinear control laws.

4.5 From backstepping to pole placement

After substituting (17) and (19) in (8), the resulting error
dynamics of the system become:

Ei(s® + s2(ki + ko) + s(kika + ¥ + 1) + (vk)) = D,
(33)

where s is the Laplace operator, and £ and D are the Laplace
transforms of e; and A, respectively. In the PID representa-
tion, (33) becomes:

Ei(s* + s%kp + skp + ki) = D. (34)

The error dynamics are expressed in the poles form to show
the relationship between the PID gains and the locations of
the closed-loop poles in the s-plane:

Ei((s + p1)(s + p2)(s + p3)) = D,
E) (s3 +5%(p1 + p2+ p3) +s(pip2 + pa(p1 + p2)

+(p1p2p3)) =D, (35)

where p| and p, € C, and p3 € R. are the roots of (35),
such that they always have positive real parts € R.¢ for a
stable system performance. With a basic analysis that com-
pares (34) to (35), the required PID gains for a specific roots

location in the s-plane are obtained as follows:

kp = p1p2 + p3(p1 + p2),
ky = p1p2p3, (36)
kp = p1 + p2 + ps3.

The resulting PID gains can then be substituted in (18) and
(20) to obtain the equivalent backstepping gains, if feasible.
Furthermore, a visual relationship can be established between
the system error dynamics roots to the backstepping gains as
follows:

kiky +y + 1= p1p2+ p3(p1+ p2),
yki = p1paps, 37
ki +ky = p1 + p2 + ps.

Note that although a simple analytical solution cannot be
attained for this problem, some similarity still exists between
the backstepping gains and the error dynamics roots. For
instance, kp and k1 include multiplication of the backstepping
gains, and kp includes summation of the gains. In addi-
tion, one can notice the stark similarity captured in Table 1
between the formulations in [6,13] and that in [15], relative
to the s-plane poles in (36). This observation stipulates that
the backstepping gains have a close manifestation as the sys-
tem closed-loop poles, when specifically formulated to lend
themselves for such analysis.

To provide a clear visual aid that illustrates the above com-
pelling finding, Fig. 4 shows an implementation of the system
of equations in (36) for the case when k1 = 0, such that the
root locus of the error dynamics is drawn in Fig. 4a for some
constant kp values, and in Fig. 4b for some constant kp val-
ues. Note that the colored (red, green, and blue) asterisks
and stars in Fig. 4 correspond to the exact same gains of their
counterparts in Fig. 3. For instance, the solution sets at the
stars that mark distant values of k; and k; in Fig. 3 corre-
spond to more-damped closed-loop system poles, but with
one pole being closer to the imaginary axis in most cases as
per Fig. 4. Also, the solution sets at the asterisks that mark
dual (equal) values of k| and k» in Fig. 3 correspond to less-
damped closed-loop system poles, with their real-parts lying
in between the real-part of the sets marked by the stars as
per Fig. 4. Hence, it can be stated that moving towards the
dual solution of k1 and k; in Fig.3 (at the asterisks) during
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Fig.4 Coupled pole locations, p; and py, for specific kp and kp values
at constant kp in a on the left, and at constant k{, = kp — y in b on the
right. The stars and asterisks mark the same set of the corresponding
gains in Fig. 3

the gains tuning process tends to reduce the damping ratio of
the resultant s-plane poles.

The unique combination of Figs. 3 and 4 allows for under-
standing and visually expressing the relationship between
backstepping gains, the PID gains, and the poles of the
closed-loop system.

4.6 Tuning procedure

After deriving the necessary equations, expressing them in
the proper form, and providing visual aids and practical
implementation tips, we consolidate the work in an algorithm
that can be used to tune the gains of a backstepping-based
controller based on the findings of this paper, which is pre-
sented in Algorithm 1.

Note that if a primitive PID controller is designed as a
baseline to get a first assessment of the system performance,
the obtained PID gains can be plugged into Algorithm 1 for
initialization. It is also possible to calculate the set of PID
gains that satisfy the design specifications given by the pole
locations in (36). Finally, the fine-tuning of the gains can be
performed to strike a balance between the performance or
stability of the system by referring to Figs. 2 and 3.
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10: else

11:  Tune kp using Table 3 and Fig. 2a

12:  Tune kp using Table 3 and Fig. 2b

13: Tune k5 using Table 3 and Fig. 2

14:  Find the equivalent k1, k7 and y from Fig. 2 and (20)
15: end if

16: return ki, ko, y

5 Simulation and experimental validation

Among various possible applications, a quadrotor UAV plat-
form with variable payload is adopted to validate the hereby
proposed ICS, where a motion control system is required to
achieve good tracking performance of desired trajectories in
the presence of disturbances and changing operating condi-
tions. Collectively achieving the aforementioned objectives
is faced with several challenges including design complexity,
internal and external disturbances, high frequency noise, and
applicability to various quadrotor platforms. To deal with the
challenges while achieving the performance objectives, the
controller structure shown in Fig. 5 is adopted, which fea-
tures an inner-loop for attitude control and an outer-loop for
position control, thus the proposed ICS has the advantage of
reducing the complexity of the design and tuning process.

Nonetheless, the main purpose of this validation section is
to show the tuning process for a complex robotic system using
the methodology presented in this work, and not necessarily
to show the superiority of the control law. The proposed algo-
rithm is validated via numerical simulations on a quadrotor
UAV’s dynamic model of high-fidelity, and experimentally
on the Quanser QBall-2 quadrotor platform [31].
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Fig.6 Quadrotor system setup with an indoor motion capture system

5.1 Dynamic model

Consider the system illustrated in Fig. 6, where the inertial
and body frames of reference are V¥ and B, respectively. The
latter is fixed to the quadrotor’s centroid, Op. The quadro-
tor’s mass and inertia tensor relative to Op are respectively
m € Rogand J € R¥3. The quadrotor’s center of mass
(CoM) coordinates in B are denoted by r = [ry, ry, r;]T €
R3, its translational position in W is & = [x,y,z]T, and
its Euler angles vector for roll, pitch, and yaw motions is
n = [n1, m, n3]T.

The motor and propeller dynamics are superficially mod-
elled as a reduced first-order transfer function, but they are
not included in the controller design process due to their
relatively fast dynamics as compared to those of the quadro-
tor’s chassis. The quadrotor’s dynamics are represented by
the following model:

m§ =-mG +RFp+ Ag,

.. (38)
JRip=t5+r x Fg+ Ay,

where R, and R; are the rotational and translational trans-
formation matrices between W and B [32]; G = [0, 0, g]T
is the gravitational acceleration vector and g is the gravity
constant; Fg = [0,0, F{]T and 15 = [T, T», T3]T € R3
are the total force and torque vectors of the rotors in B; the
relationship between the motor speeds and the net thrust and
torques is defined as U = I'Q?, and explicitly expressed as:

F K, K K. K w%
Ti| | 0 0 dKki —KL||o} (39)
| |KL-KL 0 0 w3 |’

T3 Ko Ko —Kg —Kqg a)ﬁ
where K and K are respectively the rotor constants of thrust
and torque, L is the quadrotor’s arm length, w; is the angular
speed of the i rotor withi € [1,2, 3, 4], and L is the vector
of the four rotors’ angular speeds. The control inputs, w;, are
calculated from the above equations using matrix inversion
and square root operations.

The terms, A and A, € R3, respectively denote the exter-
nal disturbances and unmodeled nonlinearities (not explicitly

shown for brevity purposes), and they are assumed to be uni-
formly bounded. For more details on the quadrotor modeling,
readers are referred to [32,33].

5.2 Problem formulation

The dynamics of the quadrotor are expressed in the form of
(2) by choosing:

X =1Ix,y,z 01, m, 1", Xo=I[X,y, 2z, 101,72, 317,
g =[m I, 05 05, JR)1],

f == [05 07 _g7 05 07 O]Ta ¢ = [03><2; ¢2] 5
A =[Ag Ayl U=I[Fyw;tpl, 0 =[re,ry]T,

(40)

where the vectors 6, g, and A are the unknown entities in
the system, and O3 € R3*3 is the null matrix. Acrobatic
maneuvers are not considered in this work, and the singular
point of 3 = iT” is not to be reached, which implies that
g remains Lipschitz continuous. The matrix ¢, € R3*2 is
defined as:

0 _Ftcnz/Jxx,()
Ft/Jyy,O _Fttnlsnz/Jxx,O s
0 Ftsnz/(cm Jxx,O)

&, =

where Jy, o and Jyy o are the nominal values of Jy, and Jyy,
respectively. Choosing these nominal values is realistic and
practical since the quadrotor’s inertia variation is typically
a small fraction of its nominal value, which simplifies the
formulation of the adaptation law. The control input vector
for the translational subsystem is calculated as follows:

SipCnz Sy Crpp Sy
SmySny = Spi CaCns | Fr (41)

CniCn

Fy =

5.3 Control inputs and reference signals

The aim of the controller is to achieve trajectory tracking by
bringing the state vector, X 1, to a desired state vector, X g =
[4:mg]l = [Xd,Yds Zd, M1d, M2d, 1347, by generating an
appropriate control input vector, U, = [Fic, Tic, Tac, 1317,
denoted by the subscript (e).. The motor’s rotational speed
can be modelled as:
w; = Hn(s)wic, i €ll1,2,3,4], 42)
where Hp, (s) is the motor’s transfer function, and w; . is the
command rotational speed that is proportional to the input
pulse width modulated (PWM) signal of each motor. w; ¢
can be obtained form the inverse of the following equation:
U= FSZ%. In practice, the motor dynamics are much faster
than those of the quadrotor, thus Hy, (s) can be set to one.
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By dividing the quadrotor’s motion control system into
two subsystems, namely an inner-loop for attitude control
(Euler angles) and an outer-loop for position control, the
complexity of the problem is considerably reduced. The posi-
tion controller generates the control signal, [u1, u3, u3], from
which the total thrust command is calculated as:

Fic :,/u%—i—u%#—u%, (43)

and the desired attitude angles, 1}, and n),, are calculated
from (41) as follows:

arctan((uls,,3 — uzcn3)/u3),

arcsin((u1cyy + uzsys)/ Fie).

/
Md

, (44)
M4

The inner-loop commands in (44) are smoothed and bounded
by the function:

Nid = Mmax tanh(nl/'d/nmax)’ i=1,2, (45)

where 0 < Nmax < /2 is the attitude angle’s upper limit.
As aresult, X4 is smooth and bounded. This completes the
definition of the desired state vector, X 14, to be tracked by
X.

Note that the control law in (17) and its modification in
(19) were implemented with the projection function being
realised as an integrator, with upper and lower saturation
bounds calculated as d/(y k) based on Remark 2.

5.4 Simulation model elements
5.4.1 Simulation setup

The MATLAB/Simulink® environment is used for validating
the proposed control design and tuning scheme, where a high-
fidelity nonlinear dynamic model powers the flight mission.
The model is augmented to include feedback delays, force
and torque disturbances, and induced sensor noise. Estimates
of the actual measurement signals are used in the feedback
process, where a Kalman filter generates smooth signals from
raw sensory data, and RLS algorithm provides estimates of
the parameters m, Jyx, Jyy, J;z, 'y, and ry. An external wind
gust is generated via the method described in [34] to disturb
the quadrotor with a magnitude of 5m/s, which results in a
drag force that acts on the quadrotor’s centroid.

5.4.2 Quadrotor specifications

The Quanser QBall-2 platform [31] is used as a baseline
for the quadrotor’s specifications. We set: m = 1.76kg,
Jex = Jyy = 0.03kgm?, J,; = 0.04kgm?, K, = 13N,
Kqg = 04Nm, and L = 0.2m. Upon adding a payload,
the quadrotor’s CoM and moment of inertia (Mol) vary as
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Fig. 7 Desired trajectory tracking of the x and y position states (left)
and their corresponding tracking errors (right) of the ICS-controlled
quadrotor in each step of the tuning process executed via numerical
simulations

per [35], with their main effect manifesting in the moment
arm shift due to pure thrust as expressed in (40) by the term
(r x Fp). The thrust and torques feedback signals are esti-
mated via a battery drain model due to the unavailability of
a motor speed sensor [36].

5.5 Testing scenario

The controller testing scenario consists of the following
actions: the quadrotor first takes-off from the ground while
picking up a payload, it executes an oco-shaped maneuver
three times, and then performs landing on top of its starting
position. The payload has a mass mp = 0.2kg and is placed
beneath the original CoM of the quadrotor at coordinates
rp = [rp1, rp2, rp3] = [0.05,0.05, —0.1]m in B. We set
Jix,0 = Jxx, and Jy, o = Jyy, and a wind gust of magnitude
Sm/sisactivated att = 11s.
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5.6 Tuning process

The tuning process described in Sect. 4.6 is performed for
the outer loop’s lateral motion subsystems (x and y com-
ponents) to serve as a guideline for utilizing the proposed
tuning method. Tuning is based on the PID gains, since it is
intended in this work to move away from the abstract back-
stepping gains, and the process is phased as follows:

1. The x and y subsystems’ gains are initially set to kp x y =
1.1, kp x,y = 1.1, and k1 xy = 0. The results are shown
in Fig. 7a, where a sluggish response with undesirable
overshoot and steady-state error are obtained.

2. We attempt to improve the overshoot performance and
increase the tuning range of kp xy, as we notice from
Fig. 3c that for kp & 1, kp is limited to a small set near
unity. The specified objectives are attained by increasing
kp,x,y as per Table 3. We choose kp x,y = 3. The results
are shown in Fig. 7b, where we notice a significant reduc-
tion in the tracking error and overshoot. But the system’s
transient response is still slow in the initial time interval
t =[10, 19]s.

3. Next, we attempt to increase the speed of the system,
which by referring to Table 3 can be achieved by increas-
ing kp x,y. By referring to Fig. 3c, we choose kp x y = 3.
The results are shown in Fig. 7c, where we indeed observe
an improved speed of response. But the system still has
a steady-state error that is noticed at the time intervals
[0, 10] s and [70, 80]s.

4. Next, we increase the integral gain to eliminate the steady-
state error, which is due to the initial drift of the quadrotor
that is induced by the presence of the eccentric payload.
We gradually increase k| x y until we find an optimal value,
while maintaining kﬁ,)x’y = kpxy — ¥xy constant to
reduce unwanted effects on the previously attained per-
formance. We set kg x,y = 4.2. The results are shown in
Fig. 7d, where we notice that the initial drift in position
has been promptly compensated for. Now, we can proceed
to the final stage of fine-tuning the gains.

5. By inspecting Fig. 3b, we see that the overshoot can be
improved at the expense of reducing k3 x y. Thus, we pro-
ceed by slightly increasing kp x,y and setting it tokp x y =
4. The results are shown in Fig. 7e, where we notice that
the overshoot has been reduced (e.g. t = {19, 39, 59} s).
At this stage, the performance is deemed satisfactory and
the tuning process is terminated.

The tuned PID gains and their corresponding backstepping
counterparts, which are obtained in each step of the tuning
process, are shown in Table 4 along with the respective mean
absolute error of the tracking signals (M A E). From the table,
itis clearly noticed that predicting the combinations of k1, k2,
and y that yield the desired performance improvement is nota

Table 4 Tuning steps for the x and y subsystems of the quadrotor’s
adaptive backstepping controller starting from the selected PID gains

ke ki ko ki ke y  MAV {lex] + |ey|} (cm)

1.1 0 1.1 1 0.1 0 37
1 0 3 297 0.03 0 25
3 0 3 2 1 0 12
3 42 3 28 02 1.5 7
3 42 4 3.8 02 1.1 6

A

trivial task and may prove to be very challenging to be deter-
mined by control system engineers. This last result shows
the power of exploiting the backstepping and PID gains rela-
tionship to speed-up the manual tuning process. On the other
hand, when a PID controller is employed for controlling a
second-order system of the form shown in (2), the relation-
ships shown in Fig. 3 can serve as an indicator of the stability
margins of the system.

5.7 Simulation results

The final controller gains are set to k| = diag(3.8, 3.8, 2.6,
30,30,4), kr = diag(0.2,0.2,0.4,0.3,0.3,1), and y =
diag(1.1,1.1, 1,0.4, 0.4, 1) by following the proposed tun-
ing process in conjunction with the performance results
obtained in Fig. 7. The quadrotor planar trajectory is shown
in the ‘xy’-subplot of Fig. 8 (top), where the UAV makes
three laps in an co-shape trajectory in the presence of wind.
The quadrotor keeps oriented towards the direction of the
trajectory while maintaining a level flight as seen in the
‘heading’ and ‘z’ subplots of Fig. 8, respectively. Finally, the
sinusoidal x- and y-signals that produce the co-shape trajec-
tory are shown in the ‘x” and ‘y’ subplots of Fig. 8 (bottom
right). Based on a mean absolute error M AV {[ex, ey, e,]}
of [3.0,2.7,1.2]cm in position and MAV{e,,} = 1.5°
in heading angle, the ICS’ overall performance is deemed
acceptable.

5.8 Experimental validation

We first note that since tuning of controllers typically pro-
duces gains that yield sub-optimal performance, the design
process is started in the simulation environment to prevent
physical damage to the quadrotor system. After arriving at
satisfactory simulation results, the experimental validation
phase kicks off by following the same tuning procedure,
which further validates the proposed algorithm. In the exper-
imental validation, the ICS is tested on the Quanser QBall-2
platform [31], with specifications that are similar to those
presented in Sect. 5.4.2. The flight experiment is conducted
inside an indoor testing facility, where a motion capture sys-
tem, depicted in Fig. 6, provides feedback for the closed-loop
control system.

@ Springer



1844

A. Kourani, N. Daher

‘xd: 2sin(2nt/20)  yqa= 1sin(2at/10) #yq= atan2(yy, xd)‘
T T T T T

actual
— — desired

1 2

) .| 0
x (m)

[ = = desired actual |

A2

L AVAVAYS
»
2

z (m)
=] =lc>8>—‘
T

< 1

& B

~ \-/0
SRVAVAVARE= WIS
S -7 -1

8 0 20 40 60 80 0 20 40 60 80
- Time (s) Time (s)

Fig.8 Trajectory (top) and tracking states (bottom) of the quadrotor in
numerical simulations after fine-tuning the ICS per the hereby proposed
Algorithm 1

payload

Fig. 9 Demonstration of the quadrotor platform (Quanser QBall-2)
lifting a payload inside the UAV testing laboratory

5.8.1 Experimental scenario

The quadrotor is loaded with a payload of m, = 0.2kg,
placed at coordinates rp, = [0, 0, —0.1] m in 3, which is
beneath its original CoM as shown in Fig. 9. The flight
maneuver starts by a vertical take-off, followed by a sideways
motion in the x-y plane during which the carried payload
is released midway, and ends by landing on the ground, as
depicted at the top of Fig. 10.

5.8.2 Controller tuning

Given the expected inaccuracies between the simulation
model and the physical quadrotor platform, fine-tuning of
the obtained gains from the numerical simulations is per-
formed through multiple flight tests using the same proposed
tuning guidelines of Algorithm 1. We refrain from showing
the detailed tuning step to avoid redundancy. The result-
ing controller gains that were deemed adequate in terms of
performance and robustness are kp = diag(2.7,2.7,7.2,
32.2,32.2,6), k1 = diag(1.3,1.3,4.1,5.6,5.6,5.2), and
kp = diag(3.7,3.7,4,16.2,16.2,4), which give the fol-
lowing backstepping gains: k; = diag(3.3,3.3, 1.96, 14,
14,2), k, = diag(04,0.4,2.1,2.2,2.2,2), and y =
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Fig. 10 3D trajectory tracking of the ICS-controlled quadrotor in the
payload-drop experiment. The experiment is depicted at the top, and
the x, y, and z positions and tracking errors are shown at the bottom

diag(0.4,0.4,2.1,0.4,0.4, 1). Note that the ratio of change
of the PID gains, as compared to those in simulation, is
smaller than that of the backstepping gains. Since the PID
gains better represent the controller’s performance, they
should be considered as the starting point for evaluating the
transition between simulation and experimentation.

5.8.3 Experimental results

The final tracking performance of the quadrotor is shown
at the bottom of Fig. 10, which captures its position in the
z-, X-, and y-directions. After adequate fine-tuning, the ICS
achieves stable and and accurate tracking performance, with a
mean absolute error M AV {[ex, ey, e,]} of [1.3,2.7, 1.8] cm
in position. The recorded error in position-hold is minimal
in all three directions, even during lifting the payload off
the ground and while dropping it. The quadrotor recovery
after the sudden drop of the payload (at t+ = 18, marked
by the purple strips at the bottom of Fig. 10), is fairly quick,
and the quadrotor successfully and accurately completes its
maneuver. The experimental results demonstrate the efficacy
of the adaptive backstepping-based ICS and the practicality
of the proposed tuning algorithm based on the established
PID similarity.

6 Conclusion

In this paper, we leveraged the underutilized similarity
between backstepping and PID control laws for a class of
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second-order systems, and further developed it to formu-
late a special relationship between the backstepping and PID
gains in the form of a third-order polynomial, which can
be simplified to second-order under certain conditions. The
obtained similarity provides deeper insight into the tuning of
backstepping gains and allows for a better understanding of
the backstepping control law, which can be represented as
the sum of a feedback PID component and a feedforward
model compensation component. We provided visual and
mathematical tools that facilitate the design and tuning of the
backstepping gains in a similar fashion as tuning PID con-
trollers, which benefits from the legacy of well-established
PID tuning rules, while maintaining the original stability per-
spective of the backstepping gains. This work contributes to
the field of control systems by promoting the adoption of
nonlinear Lyapunov-based integral backstepping controllers,
which is achieved by facilitating certain aspects of the con-
trol law design and tuning and bridging the gap between
complexity and practicality. The proposed control scheme
and tuning algorithm are validated numerically via a quadro-
tor UAV dynamic model of high-fidelity, and experimentally
on a quadrotor platform, to showcase the ease and utility of
the proposed tuning process.

Future work entails the extension of the proposed method
to other nonlinear control designs, in addition to backstep-
ping, and to higher-order classes of nonlinear systems.
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