1492

IEEE TRANSACTIONS ON SUSTAINABLE ENERGY, VOL. 13, NO. 3, JULY 2022

On the Optimality of Voltage Unbalance
Attenuation by Inverters

Yifei Guo”, Member, IEEE, Bikash C. Pal

Abstract—In this paper, we investigate the control of inverter-
based resources (IBRs) for optimal voltage unbalance attenuation
(OVUA). This problem is formulated as an optimization program
under a tailored dq-frame, which minimizes the negative-sequence
voltage at the point of common coupling (PCC) subject to the
current, active power, synchronization stability, and feasibility
constraints. The program is inherently nonconvex and intractable.
So, to guarantee the optimality, a rigorous optimality analysis is
performed by leveraging analytical optimization. The analysis is
divided into two cases: full mitigation of VU and partial attenuation
of VU. For the former case, we directly solve the original program
since the resultant VU is immediately deducible. For the latter
one, directly solving the problem becomes very hard. Thus, we
reformulate the program into an equivalent but more tractable
form under certain conditions, by which the analytical optimum
can be derived. It is found that the optimum trajectory has three
stages (01-03), depending on two critical boundary conditions (C1
and C2). We implement the optimum with a photovoltaic (PV)-
storage system by developing an OVUA controller. The proposed
approach is demonstrated by dynamic simulations under different
VU conditions and is compared with several existing practices.
Finally, we discuss the extension of the proposed solution in a
multi-IBR system.

Index Terms—Global optimality, inverter-based resources
(IBRs), negative-sequence voltage, voltage unbalance (VU).

I. INTRODUCTION

OLTAGE unbalance (VU) is one of the most common

power quality issues, which can be induced by unbalanced
load, asymmetrical transmission lines, transformer configura-
tion, asymmetrical faults, etc. VU is undesirable because it
results in adverse effects on equipment as well as on power sys-
tems. The equipment, such as induction motors, power electronic
converters and adjustable speed drives, suffers from reduced ef-
ficiency and decreased life under unbalanced conditions; power
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systems not only incur more losses and heating effects, but
also become less stable [1]. Thus, voltage unbalance attenuation
(VUA) is of great importance.

Inverter-based resources (IBRs) are considered a powerful
tool for VUA enhancement in distribution grids or microgrids
due to the flexibility of inverters. It has received extensive
attention in recent years and a popular way to achieve this
establishes on the well-known symmetrical component theory
and the decoupled dual-sequence control of inverters.

Rule-based control strategies for VUA have been well stud-
ied [2]-[15]. In these methods, the negative-sequence voltage
or voltage balance factor is regulated to a reference value (e.g.,
zero) or within a predefined range, using droop (proportional)
control [2]-[6] or proportional-integral (PI) control [7]-[15].
Moreover, coordination among multiple IBRs is addressed, so
that the work stress on negative-sequence current support can be
evenly shared [2], [11], [15]. These strategies are computation-
ally cheap and easy to implement. However, most of them deal
with mild VU caused by the unbalanced load during steady-state
operation, whereas their performance under significant VU (e.g.,
owing to asymmetrical grid faults) is unclear. Another common
limitation is suffering from suboptimality due to the heuristic
nature.

Driven by the large-scale deployment of IBRs, it is worth-
while to pursue better solutions for VUA in the sense that
the control of converters will highly impact the behavior of
a converter-dominated power system. In this regard, a few
advanced control strategies have been developed in [16]-[19],
wherein the negative-sequence voltage at the point of com-
mon coupling (PCC) is minimized subject to inverter current
limit. Although the optimal control solutions in [16]-[19] are
conducted and implemented in different ways [based on the
synchronous reference frame (dg-frame) or stationary reference
frame (a/3-frame)], they are consistent at bottom—IBRs behave
as a controlled current source injecting the maximum allowable
negative-sequence current, so that the resultant phase angle of
negative-sequence PCC voltage is exactly in line with that of
negative-sequence grid voltage; or equivalently, IBRs behave
as a passive impedance of which the angle is the same as that
of the grid impedance. Unlike [2]-[15], those optimal strategies
can deal with significant VU, but their optimality is conditional,
as will be elaborated in this paper.

This paper aims to achieve optimal voltage unbalance atten-
uation (OVUA) using inverters under any given VU conditions
(VU level and grid strength), resorting to optimization. So, the
first question of significance is: how should it be formulated? As
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suggested by the definition of VU in [20], there is little doubt that
reducing negative-sequence voltage is the most straightforward
way for VUA in a three-phase three-wire system; we consider
it as the goal of this work. As for constraints, it is observed that
only the current limit is well considered in existing methods
to avoid overloading of inverters, whereas the active power
(at ac side) and synchronization stability constraints are not.
Clearly, ignoring them may induce instability [21]. First, without
the active power limit, there is a risk of a power imbalance
between the dc and ac sides; as a result, the dc-link voltage
will become unstable. The resultant active power delivery on
the ac side may be infeasible for the dc side; so, the optimum
in [16]-[19] may be physically impossible. This is one of the
reasons why it is conditional. Such an issue is not given attention
to except in [18], where a suboptimal strategy is proposed for a
special case—IBRs purely inject the maximum reactive current
if active power absorption is not allowed. Second, as reported
in [22], loss of synchronism (LoS, also termed as synchronization
instability [23], current angle instability [24], etc.) of inverters
may occur once the current phase angle is driven approaching
the LoS boundary under severe (positive-sequence) voltage sags
and correspondingly, the voltage support control is enhanced to
avoid LoS [22], [23]. However, this instability is often left out
in VUA studies. As elaborated later, LoS could also happen
if the negative-sequence current is not adequately regulated.
The conventional PI control, droop control, and suboptimal
strategies [ 18], [19] are faced with this threat. Third, there should
be an additional consideration of the feasibility of power flow.
Although in theory, IBRs can operate in four quadrants, some
of the operating points (active and reactive currents) are, in
fact, physically infeasible. Unlike LoS, such infeasiblity does
not violate the LoS boundary, though physically, they both
result in system oscillations. It is worth noting that the optimum
given in [16]-[19] probably suffers from this infeasibility under
mild VU and/or weak grid conditions. This is another reason
why we argue that it is conditional. Thus, the feasibility of
the control solution should be guaranteed so that IBRs can
operate with a stable equilibrium, which, to the best of our
knowledge, has not been addressed so far. Since the physical
nature of LoS can also be regarded as the infeasibility of power
flow, it is expected to uniformly characterize such infeasibility
and LoS.

Once the problem is formulated, the second question of inter-
est is: can it be efficiently solved with global optimality guaran-
tees? Unfortunately, the problem is not convex. This implies that
numerical solvers usually do not offer optimality guarantees.
It is worth noting that in [16]-[19], the optimum is solved
based on the Karush—Kuhn-Tucker (KKT) conditions, i.e., the
KKT point as optimum. Strictly speaking, KKT conditions
only necessarily hold for regular local optima. Given that the
additional nonlinear constraints should be considered besides the
current limit, a comprehensive and rigorous optimality analysis
is needed. Moreover, unlike steady-state optimization, there is
a stringent demand for computational efficiency to suit the fast
real-time control. In this context, the analytical solution would
be preferred.

The contributions of this paper are outlined as follows:
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1) We model the system based on the tailored dq-frame for
negative-sequence system to reduce the complexity of
formulation and analysis. To make the model tractable
for optimization, it is simplified without loss of exactness
by examining the feasibility of solutions. Then, an OVUA
model that minimizes negative-sequence voltage and cov-
ers all the necessary physical constraints is proposed.

2) The optimality analysis of OVUA is performed using
analytical optimization. Given the complexity, it is non-
trivial to analytically solve OVUA with all constraints,
simultaneously. Thus, we propose to look for its exact
relaxations under different VU conditions. Leveraging
the underlying geometry properties of the optimization
program, we recognize the critical constraints that really
matter to construct an exact relaxation. This significantly
reduces the program’s complexity; thereby, all the candi-
dates for optimum can be found analytically.

3) We implement the theoretical results with a photovoltaic
(PV)-storage system in a combined open- and closed-loop
fashion. To guarantee robust synchronization of IBRs, the
optimum is finally converted to the control solution under
the dq-frame based on the positive-sequence voltage.

4) We extend the proposed single-IBR solution to a general
multi-IBR system under certain conditions, while analyz-
ing and validating its behavior.

This paper improves the earlier studies in the following ways.
First, all the active power, synchronization stability, and fea-
sibility constraints are properly addressed, so that IBRs can
contribute to VUA while safely operating themselves. Second,
through the rigorous optimality analysis, the solution of OVUA
under any given VU conditions is provided. Third, the analysis
methods and results in this work can also achieve optimal
positive-sequence voltage reduction during a high-voltage ride-
through. Moreover, this paper, in conjunction with our earlier
work [21], could provide some reference for IBRs planning,
where the voltage support and/or VU compensation capabilities
are specified.

The rest of this paper is organized as follows. Section II
outlines the problem statement of the OVUA problem, including
the modeling and problem formulation. Section III provides the
optimality analysis along with some geometric illustrations. Sec-
tion IV proposes the implementation method with a PV-storage
system. Dynamic simulation results are presented in Section V.
Section VI further extends the analysis to a multi-IBR system,
followed by the conclusion. Most derivations and proofs can be
found in the arXiv version of this paper [25].

II. PROBLEM STATEMENT
A. System Model

Fig. 1 shows the system configuration of a three-phase grid-
connected IBR system. The dc-side source is considered on a
broader concept, which could be distributed generators (e.g.,
PV and wind), energy storage, controllable loads, or their com-
bination. It is connected to the grid through a voltage-source
inverter, an LC filter, and a step-up transformer; the grid side of
the transformer is seen as the PCC bus.
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Fig. 1.  System configuration of a three-phase grid connected IBR system.

The typical control structure of a three-phase grid-connected
inverter consists of an outer power/voltage control loop and an
inner current control loop under the synchronous dqg-reference
frame. For VUA, the dual sequence control that allows decou-
pled positive-and negative-sequence control is adopted; see [26]
for more details. The VU originates from the external grid,
which consequently induces the voltage unbalance at the PCC
bus. As shown in Fig. 1, the grid is modeled by the Thévenin
equivalent, which emulates unbalanced grid conditions where
Vyand Z := R + jX denote the negative-sequence grid voltage
and impedance, respectively.

Taking the phase sequence ‘B-A-C,’ the negative-sequence
system can be treated as a virfual positive-sequence system with
Phase B being the leading phase; thereby, all the conventional
methods for positive-sequence analysis also hold for the vir-
tual system, and this virtual system enjoys the same properties
as the positive-sequence system regarding voltage magnitude,
current magnitude and active power before and after the Park
transformation. We advocate adopting such virtual system and
the corresponding dq-frame (DQ~ for short) throughout the
modeling and analysis because 1) it reduces the complexity of
model expression and corresponding analysis, and 2) it helps re-
veal a particular dual relationship between the positive-sequence
voltage support [21] and negative-sequence voltage attenuation.
For simplicity of expression, any voltage, current, and power
refer to the physical quantities associated with the fundamen-
tal frequency negative-sequence system throughout the paper,
unless otherwise specified.

Accordingly, the fundamental frequency negative-sequence
physics of inverters under DQ~ can be described as:

I=,/+12 (12)

v VIt vi=v, (1b)
3 3

P = 5 (Vdfd + Vqu) = iVId (1c)

where V, I, and P are the voltage magnitude, current magnitude,
and active power (average over one fundamental frequency pe-
riod) at the PCC; V; and V, are the d-axis and q-axis components
of PCC voltage; I and I, denote the active and reactive currents,
respectively.
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LC Filter

The current and active power limits of IBR are given as,
0<I1<I )
3)

where I > 0 denotes the current limit; P < 0 and P > 0 are the
lower and upper active power limits.

P<P<P

B. Physics of Voltage Unbalance Attenuation

By Kirchhoff’s voltage law, the negative-sequence network
can be expressed as:
V-V, =T(R+jX)
——
‘ Z |e.i¢

“

where V,, := V,el%, V := Vel? and I are the phasor representa-
tions of grid voltage, PCC voltage and IBR output current. Keep
in mind that an implicit condition of (4) is,

V >0. (5)

To derive the relationship between the controllable variables
(I4, I,) and voltage solution (V, §), multiply both sides of (4)

by e3¢ and split the real and imaginary parts, which yields
V —RIg+ X1, = V,cosf (6a)
RI, + X1q = V,sin6. (6b)

Based on (6), it follows that any feasible power flow solution
(V,8) yields a specific control solution (I4, I,) but the inverse
is not valid. Therefore, some control solutions (/4, I,) may not
yield a feasible power flow solution (V,6).

C. Optimal Voltage Unbalance Attenuation Model

OVUA aims to find the optimal control solution of (14, I,)
that minimizes negative-sequence voltage while satisfying the
current, active power, synchronization stability, and feasibility
constraints. So, the problem can be formulated as

PO: minV (7a)
over Ig,14,V,0
st IZ412<T (7b)
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ngvhgﬁ (7¢)
V — RI;+ XI, = V,cosf (7d)
RI, + X1q=V,sin0 (7e)
V>0 (7f)

where the first and second constraints are the current and ac-
tive power limits; the last three constraints are the feasibility
constraints that inherently cover the synchronization stability.
In the analysis, we take 6 € [—180°,180°].

The following assumptions are made throughout this paper.

® We consider a resistive-inductive grid, i.e., R > 0 and
X > 0; the grid impedance is assumed to be known. How-
ever, in practical implementation, an online grid estimation
impedance is preferred; some recent studies can be referred
to [27], [28].

e The inner power losses of the IBR system are negligible
in the optimality analysis. Still, a real lossy system is
considered in the implementation and simulation, where
a feedback mechanism is designed to deal with it.

e This paper focuses on the negative-sequence voltage re-
duction; the positive-sequence system performance is of
no interest, and the positive-sequence current is considered
zero without loss of generality. This implicitly requires that
the negative-sequence control has a higher priority than
positive-sequence control so that the current capacity of
inverters can be fully exploited for VUA. The remaining
available current and active power can be further utilized
for positive-sequence control, e.g., positive-sequence volt-
age support [21]. If the positive-sequence control is given
the higher priority, it may affect the net available current
and active power for negative-sequence control, i.e., the
current magnitude limit (I) and (average) active power
limits (P and P) in PO. Once a specific positive-sequence
control is determined, those parameters should be modified
accordingly to avoid over-current and power imbalance;'
however, note that the optimality analysis method in this
paper is still valid after the modification. The optimal
coordination between the positive and negative-sequence
control is out of the scope of this paper, but it is worthy of
investigation as future work.

III. OPTIMALITY ANALYSIS

In this section, the optimality analysis of PO is conducted
analytically, of which the benefits include:

e it guarantees the global optimality;

* it reveals how the parameters (V,, R, X, I, P and P) im-

pact the solution; and

e it can be used for designing a fast real-time controller.

However, the complexity of PO makes it very difficult to solve
analytically. Hence, we will explore the conditions, under which

The net active power limits can be directly computed by the subtracting
the components associated with the positive sequence from the total available
active power. For the net current limit, a straightforward but conservative strategy
is subtracting the positive-sequence current magnitude from the maximum
allowable phase current magnitude [4].
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the program can be simplified and thus becomes tractable. Based
on (7f), the lower bound of the cost function is V' = 0, which
corresponds to the full mitigation of VU. However, this may not
be achievable under certain conditions. The following optimality
analysis will start with full mitigation; then, we consider the
cases with only partial mitigation, where the problem can be
reformulated into an equivalent form but tractable version. Note
that all the solutions will be derived and expressed under DQ ™.

A. Full Mitigation of Voltage Unbalance

The optimality of PO under this case is elaborated as follows.
Theorem 1: The full mitigation of VU can be achieved, i.e.,
V* = 01in PO, if and only if the following condition holds:

Tzlb Vg

C1l: = —=
1Z|

®)

and x := (I, 1,)T is optimal if and only if,

V.
WW:V@+@:§T ©)

Based on (4), there is a unique current phasor solution:

—

Tx Vg
|Z|ej¢

= [,(180°~9) (10)

which yields V* = 0. However, paradoxically, Theorem 1 im-
plies that there should be an infinite number of solutions x*
achieving the full mitigation of VU. This is because only the
current magnitude is restricted to the fixed value [, whereas the
restriction on active current (by the active power constraint) is
relieved by V* = 0. In this context, the reference dq-frame can
be arbitrarily chosen in (4), i.e., 8* is not unique; thereby, I*
corresponds to different x* under different dq-frames.

To be in line with the implementation later in Section IV, we
here take the grid voltage as the reference signal (i.e., * = 0°)
and the optimum is thus uniquely expressed as,

T
O1: x* = ( R Ib, XI[,) .

- 11
7] Y

Theorem 1 implies that whether or not full mitigation can be
achieved only depends on the relationship between the current
limit I and I,,. Considering I is fixed, full mitigation can be
expected if the VU is very small and/or the grid is weak.

Moreover, the fact that the optimum in [16]-[19] may suffer
from infeasibility under C1 is revealed below.

Such an optimum under DQ~ corresponds to the solution

R —

X _
-—T1, I
|1Z|

I; = = —1.
‘ T |Z]
Substituting it into (6), one can obtain
V =—1|Z|+ Vycos0 < —I|Z|+V, <0

if C1 holds. This contradicts (5). So, if it is implemented based
on DQ ™, the system will fail to reach an equilibrium.
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Fig. 2. Contours of voltage (left) and active power (right) where Vy = 0.2 pu, Z = 0.1pu and R/X = 1/3 in this example.

B. Partial Attenuation of Voltage Unbalance

The problem solving becomes much more complex in this
case since V* is no longer directly inferable. Moreover, the
nonlinear constraints, especially for the existence of cosine and
sine functions of 6, make the program intractable. So, firstly, we
seek to simplify the program by eliminating 6.

Lemma 1: If C1 does not hold, then it follows that

1) the optimum of PO satisfies —90° < * < 90°, and

2) PO is an exact relaxation of the following program:

PO : min V(I I,) (12a)
over Ig4,1,

st. I2(Ig 1) <T (12b)

P(Ig. 1) > P (12¢)

P(I4,1,) <P (12d)

V(Ig,1,)>0 (12¢)

where

Vg 1,) = \/V; — (RI,+ X1,)? + RI; — X1I,. (13)

This implies that if C1 does not hold, PO can be replaced
by PO’ without loss of optimality. The decision variables of
PO’ reduce to Iy and I, without ¢, and thus, PO’ becomes
more tractable. We will equivalently solve PO’ in the following
analysis. And note that the optimal angle 6* € [—90°,90°] can
be uniquely recovered from the optimum of P0’. Besides, there
is an underlying constraint in P0O':

S(Ig,I,) ==V, — |RI, + X1I4| > 0. (14)

It is, in fact, the (steady-state) synchronization stability
condition? for the negative-sequence system, which has a similar
expression as the counterpart for the positive-sequence sys-
tem [21]. It guarantees the existence of a real-valued solution of
V' mathematically and the equilibrium of the system physically.
Any control solution that does not satisfy (14) is physically
infeasible and will induce LoS.

Before solving PO, it is formally clarified that the optimum
of PO’ exists because it minimizes a continuous function over
a closed and bounded set. The proof regarding the existence of
the optimum is similar to the one for positive-sequence voltage
maximization in [21] and omitted here for brevity.

Though PO’ has a simpler form than PO, it is still nonconvex
and is hard to be analytically solved with all the constraints
simultaneously. Hence, we further reduce the complexity by
examining the geometry of PO'. Fig. 2 shows the voltage and
active power contours where the thick black line is the current
limit boundary. Observing the contours, we can infer:

¢ The optimum appears in the 2" quadrant or on I, q-axis.

® The upper bound of active power (12d) will not be binding

at the optimum.

e The voltage constraint (12e) will not be binding at the

optimum (because C1 does not hold).

So, we will explore the optimality of the relaxations of PO/
only with the critical constraints (12b) and (12c¢) in the following
analysis and find the sufficient conditions that guarantee the
exactness. The following theorems state the main results.

Theorem 2: Suppose C1 does not hold, the unique optimum
of PO/ is,

R- X -\"
02: x*' = <——I, —I) (15)
1z |Z]
if the following condition holds,
3 R__- =
C2: P<P=3 (—EVQIJFIQR) . (16

Theorem 3: If neither C1 nor C2 holds, the unique optimum
of PO’ is,

03: x* = (Icosp*,Isin @*)T 17)

2The steady-state condition only guarantees the existence of the operating
point. Whether and how it is reachable also depends on the system’s dynamic
behavior; we refer the readers to [29] for more details. Here, we assume any
operating point is reachable as long as it exists.
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Fig. 3.

Geometric illustration of optimum where the black circle denotes the current limit boundary I(I4,I4) = 1, the orange curves denote the contours of

active power at specific value, and dashed lines are the stability boundary S(I4,I;) = 0.

which satisfies

P(g*) =P, 90° < p* < 180° — ¢. (18)

By Lemma 1, Theorems 2 and 3 also provide the optimum
for PO. This implies that 1) the current limit is always binding at
the optimum and 2) the lower bound of active power becomes
the only key factor that affects the optimum trajectory if C1
does not hold. Note that O2 is, in fact, same as the obtained
optimum in [16]-[19]. Theorem 2 reveals that it is indeed the
global optimum only if C1 does not hold while C2 holds. In
the last subsection, we have elaborated that if C1 holds, O2 is
infeasible. Here, it is shown that if C2 does not hold and O2 is
implemented, there will be a power imbalance between the dc
and ac sides of inverters. This will lead to a significant boost
of dc-link voltage, threatening the safety of IBRs. O2 usually
corresponds to the case that VU is sufficiently large and/or the
grid is rigid while the IBR can absorb considerable active power;
on the contrary, O3 corresponds to the case that the allowable
power absorption is somewhat limited. Besides, it is shown that
O3 cannot be explicitly expressed, but as will be detailed later,
it can be tracked in a closed-loop manner.

C. Geometric Illustration of Optimum

To better explain the underlying geometric properties, we here
give the graphical illustration of the optimum trajectory under
different VU conditions.

The left part of Fig. 3 corresponds to the case of VU full
mitigation (i.e., C1 holds). The inner violet circle denotes the
trajectory I (Iq, I,) = Ip, and the orange point is O1. Geometri-
cally, Ol is the second-quadrant intersection point between the
trajectory (9) and the following straight line:

L£1: RI,+ XI;=0. (19)

In this case, the stability boundary has an intersection with
the current limit boundary. This suggests that some solutions
within the current limit may cause LoS and therefore become
infeasible regardless of active power constraints. If the grid has

a relatively high R/X ratio, the point (0,1) could be out of
the synchronization stability boundary, i.e., S(0,1) < 0. This
indicates that the strategy that injects the maximum allowable
reactive current to reduce VU [18] will induce LoS.

The middle part corresponds to the case that O2 is the opti-
mum (P < P,). 02 is the intersection between the current limit
boundary and L1 in the second quadrant. As P increases so
that P > P, the optimum O3 (right part of Fig. 3) will move
along the current limit boundary towards the point (0, 7). O3 is
geometrically the unique intersection point between the curves
P(14,1,) = P and the current limit boundary in the second
quadrant. For the cases that C1 does not hold, the synchroniza-
tion stability boundary has no intersection with the current limit
boundary, and therefore LoS will never happen.

IV. IMPLEMENTATION

Theorems 1-3 have given the optimum of the OVUA problem.
This section presents the implementation method of such opti-
mal control solution, which mainly aims to deal with VU during
short-term abnormal operations caused by asymmetrical faults.3
Without loss of generality, this paper considers a combination
of PV and backup energy storage as the dc-side source, enabling
active power absorption. The OVUA controller will be integrated
into the IBR control system to generate current references for
attenuating VU.

A. Overview

In normal operation, the IBR system operates in the maximum
power point tracking mode with unity power factor. When the
OVUA control mode is triggered (any phase voltage < 0.85 pu),
the following tasks will be carried out:

3The optimality analysis results in this work can also be used for mitigating
mild long-term VU during normal operation (e.g., caused by unbalanced loads).
However, the trigger condition and the coordination between the positive and
negative sequence control should be further investigated so that IBRs can
contribute to VUA while achieving certain primary operation goals, e.g., MPPT
operation.
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(Input V,, R, X, 1, P)

Fig. 4. Logic loop of optimum selection.

e The dc voltage reference generated by the MPPT control
is latched while the normal dc voltage controller is locked.
Given that this work considers an energy storage system
with small power rating, the PV panel will opt-out and
energy storage opt-in during OVUA. The estimated max-
imum allowable power absorption P is initially set as per
the power rating of the energy storage system.

® The grid model estimation is performed, which provides
the grid parameters for the OVUA controller. The following
simple strategy is used to estimate the grid voltage. During
the first m cycles (m = 3 ~ b) after triggering OVUA, the
positive and negative sequence dq current references are
set to zero so that the grid voltage can be locally esti-
mated. The information, including positive-sequence and
negative-sequence grid voltage and the angle difference,
can be estimated and used in the control.

e Based on the knowledge of grid conditions and IBR pa-
rameters, the negative-sequence current references under
DQ . ie., (I, Iq*), are generated as per Theorems 1-3.

* Then, the generated current references (I, I;) are trans-
formed to the counterpart (I;”, 1, ) under the dq-frame
based on the positive-sequence voltage (DQ™ for short),
as the final input of the current control loop.

® The optimality analysis is performed based on a lossless
system. However, the active power losses can, in fact,
enlarge the available power absorption capabilities of IBRs,
which may further enhance the VUA performance. This
indicates that the optimum can possibly be promoted from
03 to O2. So, a feedback correction is considered. If
03 is initially implemented, it will be rechecked if O3
can be promoted to O2 after obtaining the active power
measurements at the PCC. This is carried out at the nth
cycle after implementing O3.

B. OVUA Controller Design

The logic loop that determines the active stage (01/02/03) is
illustrated in Fig. 4. As mentioned above, this selection will be
carried out twice to achieve the potential optimum promotion if
03 is initially activated.

If the negative-sequence voltage is small (whether initially or
after attenuation), the negative-sequence voltage angle cannot
be computed robustly. This often happens when the VU can
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be fully mitigated. In that case, we use the positive-sequence
voltage angle to create a robust dq-frame, in line with the typical
dual sequence control.

Let (17, 1) be the dq currents under DQ™ and (I, ;) be
its counterpart under DQ™, respectively. Then, we have

I; =1 cos(0—0T+¢7)

Iy =1"sin(0” — 60" +¢)

(20)
21

where 0 and 6~ are the phase angle of positive-sequence and
negative-sequence voltage at the PCC, respectively; and
17 =

(I3)? + (13)? (22)

@~ = atan2 (I;,I;) . (23)

It can be observed that, besides I~ and ¢, the angle differ-
ence A := 0~ — 7 is required for the transformation. Given
that the positive-sequence current is controlled to be zero, we
have T = 9;’. However, as mentioned above, the negative-
sequence voltage angle cannot be robustly estimated when VU
is very small. So, for O1 and O2, the dg-frame based on the
negative-sequence grid voltage (DQ, ) will be leveraged as the
intermediate to achieve the optimum because the angle differ-
ence A, =0, — 0" =0, — 0} can be computed during the
first m cycles and memorized, where 9; and Hg‘ are the phase
angle of positive-sequence and negative-sequence components
of grid voltage. Given that the positive-sequence current is
controlled to be zero, T = 9;.

Therefore, the OVUA controller is designed as in Fig. 5, which
is detailed as follows:

e [f Ol is triggered, the dq current references are generated

in an open-loop manner according to (11). So, we have

I =1 24
o =180° — ¢ (25)
AO =AY, (26)

where (26) holds because O1 in (11) is precisely conducted
based on DQ, (6* = 0). A0 is computed at the end of the
mth cycle.

e Asfor O2, by (15) and (6b), one has 6* = 0. This indicates
that DQ™ is aligned with DQ, when the optimum is
achieved. Accordingly, one can obtain

I =T (27)
0 =180°— ¢ (28)
A = AG,. (29)

e [fO3istriggered, itimplies that there will be a considerable
VU even after the attenuation. In this case, the negative-
sequence voltage angle can be well estimated. To be consis-
tent with O1 and O2 and thereby reduce the complexity of
the control system, we first compute the current reference
under DQ™ and then transform it to the counterpart under
DQ™. Since O3 does not have an explicit form, it cannot
be directly implemented in an open-loop fashion as O1 and
02. However, as per Theorem 3, the inverter should inject
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Fig. 5. OVUA controller design.
the maximum current and the dc source should absorb TABLE I
power as much as possible. So, a PI controller for dc-link SYSTEM PARAMETERS
voltage is exploited to regulate the active current while Description Value

the reactive current reference is computed correspondingly.
Hence, the dq current references under DQ™ are given by,

Iy = K, (Vae — Vi) + K, / (Ve — Vi) dt  (30)

* 2 *
I =T — (I3)?

where Vg, and V¢! denote the filtered dc voltage and dc
voltage reference; K, and K are the proportional and
integral coefficients. Then, we have

€1V

I =1 (32)
@~ = atan2 (I;,I;) (33)
Af = atan2 (—V, ,V,) (34)

where V,;” and V,~ are the instantaneous dq components
of negative-sequence PCC voltage under DQ™. Different
than O1 and 02, Af and (o~ are estimated in real time.
Remember that the transformation from DQ~ to DQ* is
unique; the voltage magnitude, current magnitude, and instanta-
neous/average active power do not change through the transfor-
mation. This implies that the physical constraints satisfied under
DQ are still satisfied under DQ™. Therefore, such transforma-
tion does not affect the OVUA performance. More details about
the transformation from DQ~ to DQ™ are offered in the arXiv
version of this paper [25].

V. VALIDATION

This section tests the proposed OVUA with a grid-connected
PV-storage system (as shown in Fig. 1) via dynamic simulations
in MATLAB/Simulink R2021a environment. More specifica-
tions of the test system are provided in Table I. The energy
storage is modeled as a controlled power source in the dynamic
simulation. Four cases are considered for testing our proposal
under different operation conditions (different voltage sags and

Power rating of PV
Nominal ac voltage

250 KW (1 pu)
250V/25kV (1 pu)

Nominal dc voltage 480V
Nominal frequency 60 Hz
Pre- and post-fault SCRs 20/10

R/X ratio 2
Maximum current limit 1.5 pu
Number of delayed cycles m,n 3, 20

different power ratings of backup energy storage). Before the
unbalanced voltage sag occurs, the PV system operates with the
rated power. We compare OVUA with the conventional droop
control [4], PI control [10], [14], and the (sub)optimal voltage
unbalance attenuation control strategy in [18] (VUA for short).
For the PI control and droop control, the pure negative-sequence
reactive current support is provided. The control solutions of
those strategies are computed based on DQ™ and finally imple-
mented under DQ™.

A. Full Mitigation of Voltage Unbalance: O1

In the following Cases A1 and A2, an unbalanced voltage sag
that occurs at ¢ = 2s is imitated, where the positive-sequence
voltage is 0.5Z0°pu and the negative-sequence grid voltage is
set as 0.1250°pu. Since I;, = 1.0pu < 1.5pu = I, the OVUA
strategy should operate with O1. Since O1 is not affected by
the available power absorption, the control solutions of OVUA
are the same in Cases Al and A2. The three-phase grid voltage,
PCC voltage, and current are shown in Fig. 6.

Case Al: Inthis case, there is no energy storage available at the
dc side; therefore, active power absorption is not allowed, i.e.,
P = 0. This enables a fair comparison among PI control, droop
control, VUA (wherein the suboptimal strategy is triggered), and
OVUA. It can be observed in Fig. 7 that PI control and VUA both
result in large oscillation (LoS instability) because PI control
and VUA both drive the system towards the operation point
1;=0,1,= I (under DQ™), which is not a feasible solution
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Fig. 6. Simulation results with OVUA under Cases Al and A2 (from top to
bottom: three-phase grid voltage, PCC voltage, and output current).
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Fig. 7. Negative-sequence voltage magnitude at the PCC under Case Al.

of (6) [and S(I4,I,;) < 0]. Thus, the system fails to reach an
equilibrium. The system can converge to a stable equilibrium
with droop control by selecting a conservative droop gain, but the
VU mitigation is very limited. If the droop gain is too large, the
system will also become unstable. In comparison, the proposed
OVUA not only guarantees stability but also fully mitigates the
Vu.

Case A2: In this case, suppose there is a considerable active
power absorption capability of IBR — the power rating of
energy storage is set as 0.3pu. In this context, VUA operates
with the optimal strategy, i.e., [; = —(R/Z)I and I, = (X/Z)1
(under DQ™). The simulation result is shown in Fig. 8. It shows
that with VUA, the system still fails to attain an equilibrium.
The reasons are twofold: 1) such a control solution inherently
results in a physically infeasible operating point as discussed in
Section III-A and 2) it is hard to accurately track the negative-
sequence voltage angle when VU tends to be very small. * Unlike

4VUA can also be modified to take advantage of the stable feedforward angle
information (same as OVUA) to avoid the oscillation owing to the deterioration

IEEE TRANSACTIONS ON SUSTAINABLE ENERGY, VOL. 13, NO. 3, JULY 2022

021 = OVUA=-== VUA
E " h " Hll :o|.‘ :0". .:i“ I
L
go “’-'.: . “'-'.'. b
& R
=0
\ \ \ \
205 21 215 22 225 23 235 24
Time (s)
Fig. 8. Negative-sequence voltage magnitude at the PCC under Case A2.
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Fig. 9. Simulation results with OVUA under Case B (from top to bottom:
three-phase grid voltage, PCC voltage, and output current).

in Al, this solution satisfies S(Iy,I;) > 0; this instability is
slightly different from the LoS but the rationales behind them
are same—the control solution fails to yield a feasible solution
for Kirchhoff’s voltage law (4).

B. PFartial Attenuation of Voltage Unbalance: O2

In Case B, an unbalanced voltage sag that occurs at t = 2s
is imitated, where the positive-sequence and negative-sequence
grid voltages are set as 0.5£0°pu and 0.3£50°pu, respectively.
The power rating of energy storage is 0.3pu. Since I, = 3pu >
1.5pu=1T and P, = —0.2pu > —0.3pu = P, OVUA should
operate with O2. The three-phase grid voltage, PCC voltage,
and output current are depicted in Fig. 9. Fig. 10 gives the
negative-sequence PCC voltage with the VUA and OVUA strate-
gies. Both of them achieve the optimal VU attenuation where

of negative-sequence voltage angle estimation. If in this way, there will be no
oscillation but it still results in suboptimal performance V = I|Z| -V, >0
instead of full mitigation.
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Fig. 10. Negative-sequence voltage magnitude at the PCC under Case B.
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Fig. 11.  Simulation results with OVUA under Case C (from top to bottom:
three-phase grid voltage, PCC voltage, and output current).

the negative-sequence PCC voltage is reduced from 0.3pu to
0.15pu because they generate the same control solution in this
case. The only difference is that OVUA reaches the equilibrium
faster than VUA since OVUA exploits the feedforward angle
information Ad, for O2.

C. Partial Attenuation of Voltage Unbalance: O3

In Case C, the same unbalanced voltage sag that occurs at
t = 2s is imitated as in Case B. Differently, the power rating
of energy storage is 0.1pu. Given that I, = 3pu > 1.5pu =
and P, = —0.2pu < —0.1pu = P, OVUA should operate with
03. Fig. 11 illustrates the three-phase grid voltage, PCC voltage
and current. Fig. 12 shows the negative-sequence voltage at the
PCC. It is observed that the real resultant VU (L/* = 0.158pu)
is slightly smaller than the expected value (V* = 0.169pu)
computed based on P = —0.1pu due to inner power losses of

the system. Since the VUA strategy does not specify the control

1501

= OVUA
=
=
% V= 0.169pu |
+~
S V* = 0.158pu
\ \ \ \ \ \ |
2.1 2.2 2.3 2.4 2.5 2.6
Time (s)
Fig. 12.  Negative-sequence voltage magnitude at the PCC under Case C.
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Fig. 14. Filtered active power measurement at the PCC under Case D.

solution under this condition, no comparison can be provided
here.

D. Promotion From O3 to O2

In Case D, the same VU condition is considered as in Case
C. The only difference is the power rating of energy stor-
age is set as 0.19pu. Given that I, = 3pu > 1.5pu = I and
P, = —0.2pu < —0.19pu = P, O3 should be triggered at the
beginning. Figs. 13 and 14 show the negative-sequence voltage
and filtered active power at the PCC. OVUA initially operates
with O3; then, after 20 cycles, it switches to O2 due to the
feedback mechanism. The active power measurement (filtered
by a 120 Hz Notch filter) is around —0.23pu, which is actually
lower than P, = —0.2pu due to the existence of power losses.
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Fig. 15. A multi-IBR system.

Compared with the non-feedback strategy, the system with a
feedback mechanism quickly reaches a better optimal operation
point (same as in Case B) after the transition.

VI. EXTENSION TO A MULTI-IBR SYSTEM
A. System Model

Consider a typical radial distribution network or microgrid
with multiple IBRs (see the 8-bus example in Fig. 15). We label
the line impedance in accordance with its unique downstream
bus and the IBRs are labeled as per its terminal bus; bus 0
is an infinite bus, from which VU originates. Each IBR can
be regarded as an independent current source. Therefore, the
power flow relationship of the negative-sequence network can
be modeled as:

V =V,1, + ZI (35)
with
Vi I 71 Z1n
Vi=|:|,I:= Zo= | (36)
V, I, Zm Zon

being the negative-sequence bus voltage, current injection,
and impedance matrix, respectively, where V= \‘7; |ed I =
\I;|e3%t, Z;j = | Zij|e’®, and 1,, denotes the n-dimensional
column vector with all entries being 1. Let Vo = |17'0|ej0. Note
that, for convenience, we will conduct the analysis directly in
the phasor domain, instead of using the dq reference frame.
However, keep in mind that once the power flow solution in
the phasor domain is given, the control solution under a given
dg-frame can be recovered.

For a tree-topology network, there exists a unique path from
any bus i € {1,...,n} to the root bus 0, and let P; be set of the
line segments over the path. Then, we have:

Zzg:Z]z: Z Zl, Z“:ZZ[

LeP; ﬂPj LeP;

(37

Suppose there is no other negative-sequence current source in
the network except the IBRs and let 7 be the set of IBR buses.
To better illustrate the extension from a single-IBR system to a
multi-IBR system, we are therefore particularly interested in the
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VU at the buses with IBRs. So, (35) is reduced to the counterpart
with only IBR-buses:

Vi = Volpy + Zuly (38)

where VH, I;{, and Zy, represent the vectors that collect the bus
voltage, negative-sequence current injection, and the reduced
impedance matrix associated with IBR buses.

B. Thévenin Equivalent
For the circuit shown in Fig. 15, the Thévenin equivalent seen
frombus i € {1,2,...,n} is:

Zh .= R X = 7, (39)

N
VIR =Vot+ > ZuLi=Vo+ Y Zyl;.
J=Lj#i e}

(40)

This shows that the Thévenin impedance seen from an IBR-
busis not affected by other IBRs, but the Thévenin voltage is. The
level of interaction between two buses depends on the transfer
impedance associated with them.

C. Problem Formulation

The counterpart of OVUA for a multi-IBR system can be
formulated as a multi-objective optimization program:

min (|x7h|,heH) (41a)

over 17;“ I_;;, heH
st |In] < T, heH (41b)
Vi =Vot+ Y Zulr, heH (4lc)

keH

where the active power limits of IBRs are relaxed. This aims
to reduce the complexity of the following theoretical analysis.®
Note that, such relaxation is expected to be exact if VU is very
mild, and/or IBRs can considerably absorb power.

The program in (41) may attenuate the VU at an individual bus
and/or the VU level across the whole network, depending on the
setting of objective function. Usually, such a vector optimization
program can be converted into a single-objective program via
scalarization for numerical solution (e.g., linear scalarization
with positive weights). However, this way does not intuitively
illustrate the relationship between the single-IBR and multi-IBR
cases. Instead, some theoretical findings can be drawn in an
analytical way, which links the single-IBR case to a general
multi-IBR case and reveals the impact of network characteris-
tics. So, in what follows, we will provide a rigorous theoretical
analysis under two typical cases (moderate and significant VU).

SThe analysis can also be generalized to consider those buses without IBRs.

5The nonlinear active power constraint makes the problem hard to investigate
in an analytical way. Solving the full program with active power constraint
should resort to numerical methods.

Authorized licensed use limited to: American University of Beirut. Downloaded on April 09,2024 at 09:25:11 UTC from IEEE Xplore. Restrictions apply.



GUO et al.: OPTIMALITY OF VOLTAGE UNBALANCE ATTENUATION BY INVERTERS

D. Theoretical Analysis

1) Moderate VU: We first discuss the case where there is
very moderate VU and full mitigation is achievable.

In a single-IBR case, O1 is computed based on the Thévenin
voltage and impedance, i.e.,

th
"
th’
Z,

However, as stated above, the Thévenin voltage involves the
impact of other IBRs, which becomes very hard to compute since
it varies as any IBR’s operating point changes. One option for

Vh € H.

(42)

implementing O1 in a multi-IBR case is replacing V,fh with Vp,
without considering other IBRs” impact; however, this will lead
to the over-correction of VU and thus even more severe VU. So,
theoretically, due to the coupling among IBRs, the centralized
computation is usually inevitable to achieve the full mitigation,
which is formulated as,

0= Vol + ZyIy 43)

and yields,

Iy = —VoZy 1. (44)

This is, in fact, a generalization of Ol in a multi-IBR case.
It is feasible if none of IBRs exceeds its current limit, which
is a generalization of C1 in a multi-IBR case. Obviously, it is
the optimum that achieves the system-wide OVUA, since VU at
each bus i € H is fully mitigated.

It is worth noting that only the most upstream IBRs on each
lateral (e.g., IBR3, IBR4, and IBRg in Fig. 15) contribute to
such VU mitigation, whereas the remaining ones (e.g., IBR5
and IBR7) do not inject negative-sequence current in this case.
This can be simply elaborated as follows. For example, if Vi =0,
the VU at bus 5 is also zero if and only if IBR5 does not inject
negative-sequence current because V}) = 1721 + zslg = z5lg =0
if and only if |I;| = 0.

2) Significant VU: As an extension of the partial mitigation
in the single-IBR case, here consider a significant VU across
the network. To be more clear, suppose VU at each bus h € ‘H
cannot be fully mitigated no matter how IBRs are coordinated,
i.e., mathematically, for any h € H,

mf{vm
(45)

The interaction and coordination among IBRs can be under-
stood from the perspective of game theory. Relaxing the active
power limit, O2 is the optimal strategy for a single-IBR case. In
a multi-IBR system, if IBRs make their own decision locally
without sharing information with others, the VUA problem
across the network can be treated as a non-cooperative game,
where O2 is, in fact, the dominated strategy [30] for each IBR
to reduce its local VU, which yields

Vo=V Zui smea} ~0
keH

I = Ty = 2nnt00) - wp e 3. (46)

This is because although the current injections of other IBRs
affect the Thévenin voltage seen from each bus [c.f. (39)], O2,
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which only depends on the Thévenin impedance, is always the
optimum [under (45)] for an IBR to reduce its local VU, no
matter how other IBRs react. Then, if every IBR operates with
02, they will reach a Nash equilibrium (NE) [30], given that no
IBR can better attenuate its local VU by unilaterally changing
its operation point. Clearly, such NE usually does not guarantee
Pareto optimality.

For each objective |1/71|, h € H, there exists a unique Pareto
optimal solution of (41) that minimizes it. This is derived as
follows. Based on (38), we have,

Vil = Vo + 3 Zuni| = Vo = Y 1ZmlTe - @D
keH keH
for any h € H, where the lower bound is attained if,
I = L, ®) e X (48)

which uniquely minimizes |V}, |. Therefore, it is a Pareto optimal
solution of (41); we denote it as PO-h.

The above analysis is applicable to general radial networks
with arbitrary profile of R/X ratios, where NE usually does not
yield the system-wide OVUA’ or even a Pareto optimal solution.
However, it can be found that once the network line impedance
satisfies certain conditions, NE yields the system-wide OVUA
or its approximation, which is detailed as follows.

For a network wherein all line segments have the same R/X
ratio (homogeneous network for short), i.e., 71 /21 = ro/x9 =
<o =1y /T, =1/, Wwe have

®;; = & = atan2(x,r), Vi,j € {1,2,...,n}. (49)
So, it follows that
Vil = [V + Zi 0| > Vol = > 1 Zel T (50)

keH

for any h € H, where the lower bound of |ﬁl| is attained (i.e.,
the Pareto optimality is achieved) if and only if

Iy =T, ®  Vhe. (51)
Then from (38), we have,
0, =0, I,=TIy"2 VheH (52)

which corresponds to O2 [c.f. (46)]. This shows that NE exactly
yields the unique operation point, where the Pareto optimality
PO-h is achieved, for all h € H, simultaneously. So, it can be
concluded that for a homogeneous network, NE exactly yields
the system-wide OVUA. This implies that the objectives of (41)
are not conflicting for a homogeneous network, and therefore
the Pareto frontier reduces to a single point, i.e., NE.

For a heterogeneous network, the performance gap between
NE and PO-/ is quantified below. By (38) and (46), we have for
any h € H,

Vi="Vo+ Z Znpe I = Vo — Z | Zppo | T Ok F Prr=Prn),
keH keH
(53)

7«System-wide OVUA” means that VU at each bus h € # is minimized, i.e.,
PO-h is achieved for all A € H, simultaneously.
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TABLE II
LINE IMPEDANCE PARAMETERS

Line Impedance  Heterogeneous Case = Homogeneous Case
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TABLE IV
VOLTAGE MAGNITUDE UNDER DIFFERENT STRATEGIES AND GAP
(HOMOGENEOUS CASE)

z1 =711 +Jjx1
29 =12 + ja2
23 =13+ jr3
z4 =14 + jTs

0.01 + j0.04 pu
0.03 + j0.05 pu
0.02 + j0.01 pu
0.10 4 jO0.10 pu

0.01 7 30.02 pu
0.03 + j0.06 pu
0.02 + j0.04 pu
0.05 + jO.10 pu

25 =rs+jos  0.01+j0.01 pu 0.02 + j0.04 pu

26 =16 + jT6 0.01 + j0.02 pu 0.01 + j0.02 pu

z7 =17 + jo7 0.02 4 j0.02 pu 0.02 4 j0.04 pu
TABLE III

RESULTS UNDER MODERATE VU

Bus h I, (Analytical) I, (Numerical) Voltage V},
3 0.8206/130.94° pu  0.82064£130.94° pu 0 pu
4 0.76852124.19° pu  0.76852124.19° pu 0 pu
5 0 pu 0 pu 0 pu
6 0.8206£94.07° pu 0.8206£94.07° pu 0 pu
7 0 pu 0 pu 0 pu

In practical medium-voltage/low-voltage networks, the volt-
age angle difference between two buses is relatively small, i.e.,
0; ~ 6y = 0, for all 7. Based on this fact, we have,

Vil 2 Vol = > | Znk[Tecos(@ni — ®ri), Vh € H. (54)
keH
Then, combining with (47), the gap between NE and PO-h
can be approximately quantified as,

Ay =Y 1 Znkl T (1 = cos(@ng — ®y)) ,Yh € H. (55)

keH

It can be observed that for a relatively homogeneous network
(Ppr =~ Py, for all h, k € H), the gap is expected to be small.
So, NE achieves similar performance as each PO-h, which is
also close to the system-wide OVUA.

Keep in mind that the relative homogeneity of R/X ratio is
widely believed to hold in many practical distribution grids and
microgrids; see the IEEE test feeders [31] for example. In the
next subsection, a numerical example will show that such result
may also hold for a network even with a wide range of R/X
ratios.

E. Numerical Validation

Numerical tests on the multi-IBR system shown in Fig. 15
are performed to validate above theoretical analysis. The line
impedance parameters are shown in Table II. The current limits
of IBR3_7aresetas I3 = I, = I5 = Is = I; = 1 pu.

1) Moderate VU: In this case, we validate the theoretical
analysis on the heterogeneous case where 17'0 = 0.2£0° pu.

The results are shown in Table III where the column “An-
alytical” corresponds to the analytical solution computed via
(44); the column “Numerical” shows the numerical solution
of (41) with )~ 4 |Vi,| being the single objective function.®
It can be observed that the numerical and analytical solutions
are consistent, which both achieve the full mitigation at each

8The resultant program is inherently a convex conic optimization program
that can be handled by conic programming solvers (e.g., CPLEX, MOSEK,
etc.) where the global optimality is guaranteed.

Bus A~ PO (Analytical) PO (Numerical) NE Gap

3 0.2422 pu 0.2422 pu 0.2422 pu O pu

4 0.2646 pu 0.2646 pu 0.2646 pu O pu

5 0.2199 pu 0.2199 pu 0.2199 pu O pu

6 0.2422 pu 0.2422 pu 0.2422 pu O pu

7 0.1975 pu 0.1975 pu 0.1975pu O pu
TABLE V

VOLTAGE MAGNITUDE UNDER DIFFERENT STRATEGIES AND GAP
(HETEROGENEOUS CASE)

Bus A PO (Analytical) PO (Numerical) NE Gap
3 0.2039 pu 0.2039 pu 0.2111 pu  0.0072 pu
4 0.1202 pu 0.1202 pu 0.1225 pu  0.0023 pu
5 0.1062 pu 0.1062 pu 0.1084 pu  0.0022 pu
6 0.1774 pu 0.1774 pu 0.1587 pu  0.0083 pu
7 0.1506 pu 0.1506 pu 0.1584 pu  0.0078 pu

IBR-bus, though T, < |V,/ Z'h|, Vh € H. This implies that no
IBR can mitigate its local VU on its own without other IBRs’
contributions, but the coordination among IBRs enables full
mitigation across the network.

2) Significant VU: Consider 170 = 0.6£0° pu. The results of
the homogeneous and heterogeneous cases are presented in Ta-
bles IV and V, respectively, where the column “PO (Analytical)”
gives the optimal |‘7;L |, analytically computed by each PO-h (47),
and the column “PO (Numerical)” corresponds to the numerical
optimal solution of (41) with |V},| being the single objective
for each h € H, respectively, which is used to verify the Pareto
optimality [i.e., “PO (Analytical)”].

It can be seen from Table I'V that the analytical and numerical
results are consistent. For the homogeneous network with an R/X
ratio being 0.5, NE provides the Pareto optimality at each bus
h € H, simultaneously, indicating that the system-wide OVUA
is achieved. This validates the theoretical analysis for a strictly
homogeneous network.

Table V shows the results of the heterogeneous case where
the R/X ratio of line impedance ranges from 0.25 to 2. It can be
found that the analytical and numerical results are consistent,
which validates the analysis of PO-h. Although NE does not
achieve any PO-h, the gap is rather small (less than 0.01 pu).
This verifies the good performance of O2 in a multi-IBR case.

VII. CONCLUSION

This paper investigates the optimal voltage unbalance at-
tenuation provided by IBRs. We model the OVUA problem
under a tailored dq frame, where negative-sequence voltage is
minimized subject to the physical constraints in terms of current
magnitude, active power, synchronization stability, and feasi-
bility. To solve this nonlinear nonconvex program with global
optimality guarantees, we perform a rigorous optimality analysis
where the analytical optimum is found. Then, we implement it
with a PV-storage system by developing an OVUA controller,
of which the effectiveness is well validated. It shows better
control performance compared with the existing PI control,
droop control as well as the optimal strategies. Finally, we extend
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the analysis to general multi-IBR systems after relaxing active
power constraints of IBRs. Some facts are, for the first time,
revealed in this paper:

1y

2)

3)

4)

Under the given VU conditions, there always exists a
unique optimum for OVUA, but its expression is not
uniform. The trajectory of optimal solutions has three
stages (O1-03), and it depends on two key factors: the
inverter current limit and the maximum allowable active
power absorption. The boundary conditions are C1 and
C2.

The negative-sequence control may also cause LoS insta-
bility when the VU is small and/or the external grid is
weak. The existing methods (PI control, droop control,
and the VUA strategy) may suffer from the LoS, whereas
the proposed OVUA does not.

The active power losses inside the IBR system can further
improve the VUA performance since power losses enlarge
the active power absorption capability.

For a multi-IBR system under moderate VU, Ol can
be generalized to optimally coordinate IBRs, achieving
the system-wide full mitigation of VU. Under significant
VU, if all IBRs operate with 02, they will reach a Nash
equilibrium, which exactly results in the system-wide
global OVUA if the grid has a homogeneous R/X ratio.
For general distribution grids/microgrids with relatively
homogeneous R/X ratios, such a Nash equilibrium also
achieves close VUA performance as Pareto optimal solu-
tions.

The presented implementation method requires a grid model
estimation with good accuracy, which might not be straightfor-
ward; so, in the future work, we will explore some advanced

impl

ementation strategies by leveraging the properties of opti-

mum trajectory, which will no longer rely on the feedforward
model information.
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