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Abstract

1 Introduction

The search for topological objects whose chain maps coincide with free resolutions of
a given monomial ideal has been a major research area in commutative algebra. Such
topological objects are said to support a (minimal) free resolution of the ideal. Diana
Taylor [20] showed that every ideal in a polynomial ring generated by ¢ monomials has a
free resolution supported on a g-simplex.

Our work connects two fruitful directions of research in commutative algebra. On one
hand, starting with Taylor’s construction there has been a substantial body of work on
finding smaller topological structures, such as simplicial or more generally cell complexes,
which support free resolutions of a given monomial ideal. We refer to Peeva [19, Chapter
II1] for the basics of such constructions. On the other hand, the problem of studying the
powers of a (not necessarily monomial) ideal  arises naturally in the study of Rees algebras.
There are numerous analyses of invariants of the powers I”, such as depth, regularity,
projective dimension, Betti numbers, free resolutions, and more. For a sampling, see
Guardo and Van Tuyl [10], Morey [16], Fouli and Morey [9], Engstrom and Noren [6].

At the intersection of the above-mentioned directions of research lies the following:

Question 1.1 IfT is a cell complex supporting a minimal free resolution of a monomial
ideal I, can T" be used to define a family of cell complexes {I""},>1 such that I'" supports a
minimal free resolution of I” for eachr > 1?

In this paper we provide a positive answer to this question in the case when I = G is a
tree, that is, a graph with no cycles, supporting a minimal free resolution of a square-free
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monomial ideal /. Given a positive integer r, we build a graph G”, which can be viewed as
a power of G, using an abelianized extension of a graph-theoretic construction called the
box product (Sect. 3). We then use G” to construct a polyhedral cell complex G”, which is
shown to support a minimal free resolution of the ideal I”.

The polyhedral cell complex G” is built on a skeleton that originates from the graph G”.
More precisely, assuming that G has g + 1 vertices, we describe an embedding of G” into
R? such that all the vertices of G have non-negative integer coordinates, and all edges
have unit length and are parallel to one of the standard basis vectors in R7. The graph
G is no longer a tree, except when g < 1 or r = 1, as multiple cycles are formed among
its edges. However, due to our embedding in RY, the cycles are easily recognizable: They
appear in 1-skeletons of cubes of various dimensions. This is detailed in Sect. 3. In Sect. 3,
we describe these cubes using an orientation on the edges that ensures that the 1-skeleton
of each such cube has a source and a sink, which can be used to identify the cube, and we
define the cell complex G” as the collection of these cubes. Proposition 3.23 proves that
G is indeed a polyhedral cell complex.

On the other hand, it is known by Faridi and Hersey [8] that every monomial ideal I of
projective dimension one has a minimal free resolution supported on a graph G. When
I is square-free, we label the vertices of the cell complex G” described above using the
minimal monomial generators of I” (Sect. 3) and we describe explicitly the differentials
of the homogenized cellular chain complex that is supported on G'; see (3.26.2). We
then show in Proposition 4.7 that this complex is isomorphic to a strand of the Koszul
complex resolving the Rees algebra of I. The fact that this chain complex is a minimal
free resolution of I” is a consequence of the fact that the ideal I is of linear type and its
Rees algebra is a complete intersection, as shown in Theorems 4.3 and 4.4. In particular,
we find explicit formulas for the projective dimension and the Betti numbers of I”; see
Corollaries 4.10 and 4.11.

Our construction of the powers G’ points towards the possibility of defining, more
generally, the powers of any simplicial (or cell) complex, and providing additional classes
where Question 1.1 has a positive answer. This is a topic for ongoing and future work.

The interested reader might be curious about a slightly different, but related version of
Question 1.1:if I is a g-simplex (which supports a free resolution of any ideal generated by
g monomials) and r is a positive integer, can we construct a cell complex I'”, starting from
I', which supports a free resolution of I”, where [ is any ideal generated by ¢ monomials?
This question has been addressed in [4,5].

2 Setup

This section provides the background and notation that will be used throughout the rest
of the paper, by building a correspondence between monomial ideals and combinatorial
structures that support their resolutions.

Notation 2.1 If G is a graph with vertices V(G) = {x1, ..., x,}, then an undirected edge
between vertices x; and x; will be denoted {x;, x;} while a directed edge from x; to x; will be
written [xj, x;]. The graphs used in this work will be simple graphs, that is, without loops or
multiple edges. Throughout the paper, all graphs will be assumed to be connected unless
otherwise indicated.
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2.2. Cell complexes The topological objects in this paper are polyhedral cell complexes.
See [14,18] for additional resources on these topics.

Definition 2.3 ( [15, p. 62]) Let X be a finite collection of convex polytopes in a real
vector space RY. If these convex polytopes, called faces of X, satisfy the two properties
below, then X is said to be a polyhedral (or polytopal) cell complex:

(1) if Pisapolytopein X and F is a face of P, then F is in X;
(2) if P and Q are polytopes in X, then P N Q is a face of P and a face of Q.

The faces of the polyhedral cell complexes that we will see in this paper will be cubes of
varying dimensions. Specifically, our n-cells will always be #-dimensional cubes.

Definition 2.4 An n-cube C, is the Cartesian product of # unit intervals. That is, C,, =
I x -+ x I, for n > 1, where I; is a unit interval [0, 1]. The boundary of the n-cube
consists of the n — 1 cubes formed by replacing one of the unit intervals by one of its two
boundary points, which are 0-cubes. Thus, there are 2n boundary components, each of
which has the formof I} x -+ x {0} x -« x [yorly X -+« x {1} x --- X ;.

An n-cube can be built in R? when g > n by taking a point a in R? and a collection of n
standard unit vectors e;, . . ., e;,. The vertices of the cube are the endpoints of the vectors

a—+ Z e;
jeA

forall A C [n] = {1, ..., n}. The edges of the cube, each of which has the form

{a+ Zeij’ a+ Z e + e;} forsome k ¢A,
jeA jeA
inherit a natural direction from that of e; . Viewing unit vectors as embedded copies of
the unit interval [0, 1], directed from O to 1, the directed edges are then

[a+ Z e,a+ Z e; +e;] forsome k¢A
jeA jeA
A vertex v of a directed graph is a sink if every edge that contains v is of the form [w, v]
for some vertex w. Similarly, v is a source if every edge that contains v is of the form [v, w]
for some vertex w. Note that a is a source of the directed graph formed by the edges of the
cube described above and b = a + Zje[n] e is a sink.

Given a polyhedral cell complex I let ") be the set of n-cells of I". For convenience, &
is considered to be a (—1)-cell, and I~V = {z}.

Definition 2.5 For a field k and each i > 0, let ki denote an i-dimensional k-vector space.
The oriented chain complex of I is the complex

COLK): e KITON 20 ir @) 2 )

with differentials defined as follows: For ¢ € '@ and ¢ € T¢=1, let e(¢, ¢/) = 0 if ¢ is
not a face of ¢, and otherwise (¢, ¢’) = £1, chosen by convention, commonly by using an
orientation or an incidence function, so that 82 = 0. Then for all i > 1, ¢ € 'Y, and basis
elements u., define
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0i(ue) = Z e(c, Ny .

cer-n

In particular, if I' is a polyhedral cell complex (Definition 2.3), the faces of I" can be ori-
ented (in an arbitrary manner) so that the boundary chain of a face Fis 9(F) = Y _ &(F, G)G,
where the sum is taken over all maximal proper faces G of F and

+1 if the orientation of F induces the orientation of G;

e(F, Q) =

—1 otherwise.
For instance, in Example 3.19, if the 2-cell has a clockwise orientation, then the left and top
edges have an orientation that is induced by the clockwise orientation while the bottom
and right edges do not.
2.6. Cellular Resolutions Throughout, assume that R = k[x1, . . ., x,] is a polynomial ring
over a field k and I = (my, ..., my) is an ideal generated by monomials. A graded free
resolution of ] is an exact sequence of free S-modules of the form:

9 0;
F: 0—>Md—d>---—)Mi—>Mi_1—>~~-—>M1i>M0 (2.6.1)

where I = M/ im(d1), and each map 9; is graded, in the sense that it preserves the degrees
of homogeneous elements.

If 9;(M;) € (x1, ..., %,)M;_1 for every i > 0, then the free resolution F is minimal. The
length of a minimal free resolution of I (which is d in the case of IF above) is another
invariant of I called the projective dimension and is denoted by pd(/).

One concrete way to calculate a multigraded free resolution is to use chain complexes
of topological objects, and in particular of cellular chain complexes. This approach was
initiated by Taylor [20], and further developed by Bayer and Sturmfels [1] and many other
researchers.

Let I' be a polyhedral cell complex, or more generally any regular CW complex, with
vertex set labeled by the monomials my, . . ., m,. We label each cell ¢ € I" by lem(c), which
is defined as the least common multiple of the labels of its vertices. The homogenization
of the oriented chain complex C(T’, k) defined in Definition 2.5 is a complex F = Fr as
displayed in (2.6.1), such that

M; = P Rllem(c)).
cer®

We denote the basis element corresponding to the free module R(lcm(c)) in this sum by
u,. The differential of Fr is described by

)= Y el )y,

/
Wit lem(c’)

for each ¢ € '), Recall that £(c, ¢’) is nonzero only when ¢’ is a face of ¢, and in this case
lem(c’) divides lem(c).

We say that I" supports a resolution of I = (my, .. ., my) if the chain complex Fr is a
resolution of /. In this case, we say I is a cellular resolution of /.

Note that if Fr is a resolution of 7, then it is minimal if and only if lem(c) # lem(¢’) for
every cell ¢ and every maximal face ¢’ of ¢, see for example [1] or [19].
2.7. Ideals of projective dimension one In [8, Theorem 27], Faridi and Hersey proved
that for a square-free monomial ideal /, having a minimal free resolution supported on
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a tree is equivalent to having projective dimension one. Here a graph can be viewed as a
polyhedral complex where the maximum dimension of a cell is one. Moreover, Faridi and
Hersey gave a concrete construction describing how to build the tree given a monomial
generating set of an ideal of projective dimension one.

Example 2.8 LetI = (xy, yz, zu) in R = K[%, y, z, u]. Then pdy(I) = 1, and I has a minimal
resolution supported on the labeled graph below.

vz
xyz yzu

xy zu

3 Powers of trees

In this section we show that if G is a graph supporting a minimal free resolution of a
square-free monomial ideal / and r is a positive integer, then we can build a polyhedral cell
complex G” from the r power graph G” (described below), which supports a minimal
free resolution of I”. In this setting, the ideal I has projective dimension one in R =
kix1, ..., %], as per [8, Theorem 27].

Our definition of G" (Definition 3.1) is an abelianized extension of a well-known con-
struction in graph theory called the box product. Given two graphs G and H, the Cartesian
product, or box product, of G and H, denoted by GLIH, is a new graph whose vertex
set is the Cartesian product of the vertices of G and H, and {(g h), (¢/, /')} is an edge if
and only if {g ¢’} isan edge of Gand & = W/, or {h, i} isanedgeof Hand g = ¢'. If G
and H have the same vertex set {vy, .. ., 4}, then one can define an abelian version of this
product by forming a graph quotient that identifies (v;, v;) with (v}, ;). Note that no loops
are created in this process since if {(v;, vj), (v}, v;)} is an edge of GUH, then i = j.

Definition 3.1 (The (directed) graph G") Let G be a graph on the vertex set {vy, ..., v4}
and let r be a positive integer. Define

N, ={(ao, ..., aq) GZ‘gl lao+ - +ag=r}.
Let G" be the graph with distinct vertices labeled v for each a € N, that is
V(G) = (V= v vyt la=(ag, ..., a9) € Ny,
and edge set
E(G) = {{va, VW v = Wvj, vP = Ww; for some (v vi} €e E(G)and W € V(G’_l)},

where if W = v¢ then Wy; = v¢tfi. Here f, .. ., f, denotes the standard basis of R+,
where the indexing starts at 0 for later convenience. More precisely, f; denotes the (i + 1)
standard basis vector

fi=(fo....fy) with i=1 and fr=0 if k#.i (3.1.1)
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If G is a directed graph, an edge {v?, vP} of G” as described above inherits its direction
from that of {v;, v;}. We denote the directed edge from v* to vb by [v?, Vbl

Notice that under this definition, if G is a directed graph then
vVt - -v;q, vgovfl . -qu] € E(G")
if and only if there exits an edge [v}, v;] of G with
aj+1=bj,a;—1=>b; and ayp=>b; for k#ij

Example 3.2 From the path G below, we form the product G2 by gluing the paths G2,
Gyz, G2, and G2, which are obtained by multiplying the vertices in the path G by vy =
xv1 = yv2 = z and v3 = w respectively. Note that G and G2, which appear in G?
along the top and the right, respectively, are glued at xw; Gy2 and G2 are glued at yz.

G:
x y z w
G2 o o —o . .
xz xy xz xW x2 Xy XZ XwW
G2 e e @
y 2 2 Z w
xy ¥ yz oW L A
2.
Gg ——————e— G”: — ¢
Xz yz z w z2 zw
G2 « o e o .
Xw w zw W2 W2

Construction 3.3 (Labeling and directing a rooted tree) Let G be a tree with g + 1
vertices. Fix a vertex vg of G to be the root of the tree. Label the remaining vertices so that
the vertices along the unique path from v to any vertex are labeled in increasing order,
so that if

V0os Viys Vigy -+ -5 Viy

are the distinct vertices of a path between vo and v;,, then i; < iy whenever1 <j <k <.
With this labeling, a direction on the edges of G is defined by writing every edge [v}, ;] as
an ordered pair e; = [v, v;] wherej < i.

7(i): We denote the index j in the directed edge e; by t(i), so that the directed edges of G
can be written as

ei = [ve, vil for ief{l,...,q}

For the remainder of the paper, all directed graphs will be assumed to have vertices
labeled in accordance with Construction 3.3. In particular, v will always denote the root
of a directed tree.

Notice that this uniquely labels the g edges of G byey, . . . ¢4, with each ¢; directed toward
v; as seen in Example 3.4 below.

Furthermore, the edges in G” inherit their direction from the edges of G: if [v;(;, v;] is a
directed edge of G, then the corresponding edge [v*v;(;), v?*v;] is a directed edge of G" for
everya € N,_1.
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Example 3.4 We direct the edges of G and G? of Example 3.2 by picking vo = x as the

root.
x2 xy xz xW
v oolyz yw
G > > o > o G2
x y z w
z2 w
w2
[ ]

Lemma 3.5 Let G be a directed tree on vertices vy, . . ., v4, labeled as in Construction 3.3,

letr,q > 0, and leta = (ag, ...,a4), b = (by, ..., by) € N;. Then [v*, v is a directed edge
of G" if and only if for a unique i € [q], we have

a=>b—f+f
where _ﬂ denotes the (j + 1) standard basis vector in R as in (3.1.1).

Proof By definition, [v® vP] is a directed edge of G” if and only if for some i € [g] and
c=(co...,cq) € Np1,

v =v".v; and W=y
This happens if and only if a; = b; = ¢; whenj ¢ {i, 7(i)}, and since (i) # i, b; = c; +1 =
a;+1land b + 1 =c.) + 1 = a.. Thus

a=b—f+f.

The uniqueness of i also follows from the same observation, since the only coordinates

in which aand b differ are i and 7 (i), and we know 7 (i) < i, b; = a;+1,and b, (3 +1 = a.;,
so the roles of i and 7(i) cannot be reversed. O

3.6. Embedding G" in R? as 1-skeleta of cubes We now define an explicit embedding of
G into the Euclidean space R? when G is a tree. The embedding chosen is based on the
edges of G and designed so that each edge of G” will be parallel to an axis of R7.

Definition 3.7 Let G be a directed rooted tree on g + 1 vertices vy, .. ., vy, labeled as in
Construction 3.3. Define a g x g matrix ® = ®(G) = (®;;) by:
Bri = 1 if e; lies on the unique path from vq to v},

7o otherwise.

That is, ® is the vertex-path incidence matrix whose rows are indexed by edgese;, . . ., ¢,
and whose columns are indexed by the vertices vy, . . ., v; with , j entry indicating whether
or not the ¢; is in the path from vy to v; in the graph G. Using this matrix, we can embed
the vertices of G” into RY.

Example 3.8 Let G be the path graph in Example 2.8 with labels vy, v1, v» replacing the
vertex labels xy, yz, zu, respectively. Since e; lies on the unique path from vp to v; and vy,
but ey only lies on the unique path to vy, the matrix ®(G) is

v =()1)
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Definition 3.9 Let G be a directed rooted tree on g + 1 vertices vy, . . ., V4, labeled as in
Construction 3.3. Define ¢: Zgl — R? by

al
plao, ay, ..., aq) = ®(G)
Aq
For convenience, we write w(vgov;” cee vgq) = g(ao, ..., aq) = ¢(a).

Lemma 3.10 The function ¢,  is injective.

Ny

Proof First notice thatif (o, . . ., a4) € Ny, thenag = r — (a1 + - - - +ag) and so the value
of ag is uniquely determined by the vector (ay, .. ., a4).

By Construction 3.3, every vertex v; appearing on the unique path from vy to v; satisfies
j < i. Thus, by the labeling of the edges using their terminal vertex, the matrix ® is an upper
triangular matrix. In addition, the diagonal entries are all equal to 1 since by definition, e;
is the final edge in the unique path from vy to v;. Therefore ®(G) is a nonsingular matrix,

and as a result ¢ is injective. ]

Nr

Notice that under the embedding ¢, the i coordinate of the point ¢(v§° - - - qu) in R?
is the total number of times, with multiplicity, that the edge e; appears on the path from
Vo to any vertex vg with gy > 1and k > 1.

Lemma 3.11 Let G be a tree, labeled as in Construction 3.3, r,q > 0, and a,b € N,. If
[v*, V?] is a directed edge of G”, and i is as in Lemma 3.5, then

@(b) = p(a) + e,
where e; denotes the i standard basis vector in RY.
Proof Leta = (a,...,aq4) and b = (by, ..., by). If [V¥, vP] is a directed edge of G”, then

using the unique i from Lemma 3.5, the unique path in G from vy to v; is an extension of

the unique path from vg to v,(;) by the edge e;.
€i
— o - -—-o—9
Vo V(i) Vi

Therefore, for i € [q], if ®(G); denotes the i" column of the matrix,
e; if (@) =0
@(G)T(,‘) +e; if (i) >1

@(G); =
By Lemma 3.5 we have

T
ob) =(G) (b1 -+ by)
T
—d(G) (m ... aq) — O(G);() + D(G);

=¢(a) +e;,

where when 7(i) = 0, we set ®(G)y = 0 for convenience. O
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Definition 3.12 (The directed graph ¢(G”)) Let G be a directed rooted tree as in Con-
struction 3.3. We define ¢(G") to be the directed graph embedded in R? whose vertices
are g(a) where a € NV, and whose edges are [¢(a), ¢(b)] where [v?, vP]isan edge of G". By
Lemma 3.11 we must have ¢(b) = ¢(a) + e; for a unique i € [¢].

To summarize we observe the following correspondence between edges of the directed
graphs G” and ¢(G"). If a,b € N,, then for a unique j € [g]

€ E(p(G")) < ¢(b) =¢p(a)+e;
< b=a+f;— fr(i) (3.12.1)
— [v& V] € E(G"),

where e; and f; are unit vectors in R? and R9t! respectively, as in Definition 3.1.

11
Example 3.13 Let G be the graph in Example 2.8 with matrix ®(G) = (0 1) computed

in Example 3.8. The vertex set of G?is {v%, VoVvi, VoVa, v%, Viva, V%} with corresponding

exponent vectors
{(2} 0} O)l (1) 1) 0)’ (1) 0} 1)) (0) 2} O)l (O) 11 1), (01 0} 2)}‘

We thus have

o)) = mer-(()-)

Similarly we have
1 1 2 2
1,1,0) = , (1,0,1) = , 9(0,2,0) = , 9(0,0,2) = .
¢(1,1,0) (0) ¢(1,0,1) <1> 9(0,2,0) (0) 9(0,0,2) (2)

¢(v3)

¢(viva)

o(v3) ¢vovi) )

The graph ¢(G?) is above.

Example 3.14 Let G be the directed tree with 4 vertices that starts at the root vy and
consists of two distinct paths as shown in the figure below. The directed edges of G have
the form [v;, v;] withj < i.

G: V‘l\\o—>—o—>—c

Vo V2 V3

The matrix ®(G) is
100

PG =|o011
001

Page9of25 31
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The figure below shows the graph ¢(G?).

A
!
!
|

o(})

@(vov}) (v}vy)

w(vv1) -5 @(1v3)

3.15. Building the cubical polyhedral cell complex G’ in R7. Now that we have a
directed graph G”, we focus on building an acyclic polyhedral cell complex which has G”
as its 1-skeleton. Using the concept of a sink (see Definition 2.4), we identify the 1-skeleta
of cubes that appear as induced subgraphs of ¢(G"). Below, by the support of v* or of

1
a=(apay,...,aq) € Zz-g we mean the set

Supp(v*) = Supp(a) = {j > 0 | a; # 0} < [q].

Definition 3.16 (The subgraph C(b, B) of ¢(G")) If G is a directed rooted tree labeled
as in Construction 3.3, 7,4 > 0, b € N, and @ # B C Supp(b), then we denote by C(b, B)
the induced directed subgraph of ¢(G”) on the vertex set

{pb)—> ei| @ S B C B).
ieB

Proposition 3.17 Let G be a directed rooted tree as in Construction 3.3, r,q > 0, b € N,
and @ # B C Supp(b). Then C(b, B) is the 1-skeleton of a |B|-dimensional cube in R? with
source @(a), where

a=b-) (f,~fp)
ieB
sink ¢(b), and edges

[o(a) + Zei, o(a) + Zei +e] for @ CB CB and keB-\B.
ieB’ ieB’
Proof Letb = (bg, by, ..., by) and set
a=b+) f5—> fi (3.17.1)
ieB ieB
as in the statement of the theorem. Since B C Supp(b), a = (ao, a1, . .., 44) in N, and
p(a) € ¢(G"). It follows that a,;) > O for every i € B, and by Lemmas 3.5 and 3.11,
¢(a) = ¢(b) — > _;.p €. Therefore
V={p@+) e|o<B CB.
iep
Moreover, for each B C B,

p@)+ ) e =g(a+ )y (f—f) €o(G).

ieB’ ieB’
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By (3.12.1), [v¢, vd] isan edge of G" ifand only ifd = c+f; —f; (k) for some k, or equivalently
¢(d) = ¢(c) + ex. Thus the edges of the induced graph on vertex set V' are precisely
[(p(a)—i—Zei, go(a)—l—Zei—{—ek] for ¥ CB CB and ke B-\B.
ieB’ ieB’
By Definition 2.4, these are the edges of a |B|-dimensional cube in R? with source ¢(a)

and sink ¢(b) = ¢(a+ Y _;.p €), as desired. ]

Consider the graph ¢(G") as a union of 1-skeleta of cubes embedded in R?, as described
in Proposition 3.17. Our next step is to fill each of these cubes to build a polyhedral cell
complex. With this goal in mind, we set the following notation.

Notation 3.18 Let C(b, B) with B C Supp(b) denote the solid cube whose 1- skeleton is
C(b, B) from Proposition 3.17. Let G’ be the collection of the solid cubes C(b, B) for each
b € N, and B C Supp(b). More precisely

G = U (C(b, B)). (3.18.1)

be N,
B C Supp(b)

Note that if B = @, then we set C(b, B) = C(b, B) to be the 0-dimensional cube {¢(b)}.

Example 3.19 If ¢(G") is as in Example 3.13, then G2 is shown below. The 2-cell is

C((0,1,1), {1, 2}), with
1 . 2
source ¢(1,1,0) = p(vov1) = (0) and sink  ¢(0,1,1) = ¢(v1vo) = (1) .
Taking a = (1, 1, 0), the edges of the 2-cube C((0,1,1), {1,2}) are

[p(a), p(a) + el [¢p(a), (@) + e2], [¢(a) + e1, p(a) + €1 + €],
[0(a) + e, @(a) + e+ e1],

or equivalently, the edges can be written as
[(1,0), (2,0)], [(1,0), (1, 1), [(2,0), (2, D], [(1, 1), (2, 1)].

Similarly, the 1-cell C((0, 1, 1), {1}) is the top edge of the square, with source ¢(1,0,1) =
pvora) = (L 1)T.

™
|

|

I

I

I

|

o ebor) @(viva)
|

|

|

-

o) @(vovi) o)

3.20. Constructing G"*1 from G’ when r > g. Note that, for any b € A/, and for any
B < Supp(b),

C(b, B)) = C(b + fo, B), where fy = (1,0,...,0),

hence there is an embedding G" C G*1.Since b € N,, we always have |Supp(b)| < r.
On the other hand when r < g, there exists at least one b € N, such that |Supp(b)| = 7,
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hence C(b, Supp(b)) is a maximal, r-dimensional cube in G”. Thus, each iteration of the
construction of G” adds new, higher dimensional cubes, as long as r < q. We refer the
reader to the picture of ¢(G2) in Example 3.14 in order to visualize the 3-dimensional cube
in G3 for that example. On the other hand, the dimension of the cubes cannot exceed the
dimension g of the space, so the maximal dimension of a cube stabilizes at g. This does

not mean that G” and G"*! become equal, but it turns out that, when r > g, all the cubes
of G™1 can be described as translations of cubes in G, as discussed below.

We denote by C(b, B) + x the translation by the vector x € R of a cell C(b, B) € G”. For
any 0 <j < q,b € NV, and B C Supp(b), observe that

C(b,B) + ¢(f;) = C(b + f;, B). (3.20.1)
In particular, translation by the vector ¢(f;) in R? induces a cellular map #;: G" — Gr+l,
satisfying

t(C(b,B)) = C(b+f£;, B) € G"t1,
When r > g, notice that all the cubes in G"*+1 are obtained as translations of cubes in G,
namely:

U 4@) =G+ forall r=>gq. (3.20.2)

0<j<q
Indeed, let a € NV;11 and A C Supp(a). If r > g, then, since ap + ...a; = r + 1, either
a; > 1forsomei € [g] orelse ap > 1. Whenag > 1 and a; < 1forall;j € [g], seti = 0.
With i as above, one has a — f; € NV, A € Supp(a) = Supp(a — f;), and

C@A) =t;(Cla— £, A) € t:(G"),
which proves Equation 3.20.2.

Example 3.21 In the context of Example 3.19,

o(fo) = (g) o(f) = (é) o(fy) = (1)

The cell complex G3 is shown below, and consists of three overlapping copies of G2,
obtained by translating G2 along the vectors listed above. Note that £,(G?) = G2 and the
center most vertex in the picture is ¢(vov1v2).

~

ovov3) onv3)

£(G2)

(W3va) @(vivy)

G2 11(G?)

!
|
|
|
|
|
|
|
|
|
!
!
|
|
|
-
o(73) wgv) w(vov}) o)

Proposition 3.22 (The faces of the cube C(b,B)) Let r,q > 0, and let G be a directed
tree on q + 1 vertices labeled as in Construction 3.3, b € N,, and @ # B C Supp(b). Then
for every face F of C(b, B) there exists a subset C C B such that

F=C(c,B\C) where c:b—Z(fi—ft(i)) forsome @ CC' CC
ieC’
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In particular, for a (|B| — 1)-dimensional face F of C(b, B) there is some i € B such that
F=C(b,B~{i})) or F=Cb—f+f B~ (i)
Proof Letg(a)bethesource of C(b, B) asin Proposition 3.17. Assume that F has dimension

|B| —t for t > 1. We use induction on ¢ to prove the statement. The base case is t = 1. By
Definition 2.4 for a fixed i € B, the face F can be described as the cube on vertices

{p@+e+) B SB~{i}} or {p@+) e|B B~ {i}.
jeB' jeB'

Using (3.12.1), it follows immediately that
F=Cb,B~{i})) or F=Cb—f;+f, B~ {i})
If we set C = {i}, then indeed we have shown that

F=C(¢,B\C) where c=b-— Z (fi—f,;)) and C'=2 or C' ={i).
ieC’
Now suppose ¢ > 1, and F is of dimension |B| — ¢. By the definition of a cube (Definition
2.4), F is a the boundary of a |B| — ¢t + 1 = |B| — (t — 1)-dimensional cube G, which is
itself a face of C(b, B). By the induction hypothesis, there exists a subset D C B such that

G = E(d,B D) where d=b-— Z (f,' — ft(i)) forsome @ C D CD.
ieD’

By the base case of the induction, we know for some i € B\ D,
F=CWdB~(DU(}) or F=Cd—f+f ) B~ (DU/{i})).
Setting C = D U {i}, we have the desired result where C' = D" or C' = D’ U {i}. |

Proposition 3.23 (G’ is a polyhedral cell complex) Let r,q > 0 and let G be a tree on
q + 1 vertices as in Construction 3.3. Then G” is a polyhedral cell complex.

Proof Definition 2.3 (1) follows directly from Proposition 3.22. To verify Definition 2.3 (2),
for b,d € N, consider

F=C(b,B)NC(d, D) where @ # B C Supp(b) and @ # D C Supp(d).
We need to show

F=C(c,C) forsome ceN, and C C Supp(c).
By Proposition 3.17, the cubes C(b, B) and C(d, D) have vertex sets

{p(b) =Y e |AC B} and {p(d)—) e | A<D,

jeA jeA
respectively.
Claim: if By, By C B are such that
u=¢(b) — Z ecF and v=gp(b) - Z e cF (3.23.1)
jeB1 Jj€B2
then
pb)— Y e€F (3.23.2)

jEB1NBy

31
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To see this, first note that
ob)— > e cCbB)
jeB1NBy
by definition. Now since u, v € F, then u, v € C(d, D). Hence, for some D, Dy € D
u=g¢d - Y ¢ and v=9pd) - ) e (3.23.3)
jeD1 jeDy
Now (3.23.1) tells us that
u— Z ej =V — Z e;
jEBz\Bl jEBl\Bz
which combined with (3.23.3) implies that
o(d) — Zej— Z e =¢(d) — Zej_ Z €j.
jEDl jEBz\Bl j€D2 jEBl \Bz

This implies that
Dy U (By \ B1) = Dy U (B \ By) = (B1 \ Bz) € D1

Now combining (3.23.1) and (3.23.3) we get
@(b) — Z e — Z ej:u:go(d)—Zej.
JEB1\By jeB1NBy jeDy
Moreover, since (B1 \ By) C Dy, it follows that
ob)— > e=¢d— > eeCbD)NCED)
jEB1NBy jEDl\(Bl ~By)

This establishes (3.23.2) as claimed. It follows immediately that there exist unique minimal
subsets By of B and Dg of D such that

w(b)—zejzw(d)— ZejGF
j€Bo j€Do
Set
c=b— ) (f—f;5) €N, and C= (B~ Bo)N (D~ Do) < Supp(c)
jEBo
so that
p(c)=gb)— ) e eF
j€Bo
and moreover
¢(c) — Zej eF forall C'cC
jeC’

In other words,

ClcC)CF (3.23.4)

To see the reverse inclusion to (3.23.4), take w € F so that

sz(b)—zejzsv(d)—zej

jeB' jen’
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for some
BoCB C€B and DyCD CD.

So we can write

w=gb)—> e— Y e=g¢— Y e (3.23.5)

j€Bo j€B' By jE€B' By
Similarly
w = ¢(c) — Z e;. (3.23.6)
jeD'~Dyg

Equations (3.23.5) and (3.23.6) indicate that
Z e = Z ej=>B/\Bo=D/\D0§C.
jEB'~By jeD'~Dq

Hence w € C(c, C). We conclude that F = C(c, C) as desired. O

3.24. Labeling G” with monomials. If ] is a monomial ideal generated by my, . . ., myg, the
ideal I” is generated by monomials of the form

a__ _do Aq
m _mo ...mq
where m = {my, ..., m;} anda = (ag, a1, . .., ag) € N,.

When [ is square-free of projective dimension one, [3, Proposition 4.1] shows that

m*=m" < a=b

In particular, the set {m? | a € N} is a minimal generating set for the ideal I” in this case.
Thus for the remainder of the paper we will assume the following setting unless otherwise
noted.

Setting 3.25 Let I be a square-free monomial ideal of projective dimension one in a poly-
nomial ring R = K[xy, ..., x,]. By [8, Theorem 27], there is an ordering of the minimal
monomial generators o, my, . . ., my of I that produces a tree G, labeled as in Construc-
tion 3.3, such that G supports a minimal free resolution of / when each vertex v; is labeled
by m;. We fix G to be such a tree, with this ordering and labeling.

In this setting, we label each vertex v? of G” with the monomial m?. Our goal is to show
that the polyhedral cell complex G” with this labeling supports a minimal free resolution
of I".

With this monomial labeling, we homogenize the cellular (cubical) chain complex of
G”. The cell complex G” gives rise to the oriented chain complex C(G", k), as described
in Definition 2.5. In order to define the signs of the maps, let

B=1{j,...,ji} where j; <jo<---<j.
Using Proposition 3.22 the differential 9; is described by:
dilucwp) = Y (=D Mucps iy + D (_1)kuc(b—fjk+ff(,k),3\{jk})- (3.25.1)

1<k=<i 1<k<i
To homogenize these maps, denote the lcm of the monomial labels of the vertices of a
cube C(b, B) by m¢p, g). The chain complex in (3.25.1) then homogenizes as described in
Sect. 2 to a Z"-graded cellular complex

o s EAE S RS E (3.25.2)
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where F; is the free graded R-module with basis elements uc, g) with C(b,B) € G" and
where uc(, ) is considered to be in degree equal to the exponent vector of m¢, ). For
each i > 0 the differential 9; of F is described by:

mem,B
diuews) = 3 (DR —SCE i oyt

1<k<i meb,B~{ji))

— mc(bB) (3.25.3)
* Z (_l)km ) . uC(b*f]’kJrfr(ik)’B\{ik})'

1<k<i C(bffik+fr(/k)'B\{]k})

We now focus on the two monomial coefficients appearing in (3.25.3).

Lemma 3.26 Using Sect. 3.25, letb € N, B C Supp(b) and i € B. The following equalities

then hold:

1) Mepbp) lem(m;, mr(i));
e (b, B~ {i}) m;

2 e (p,B) _ lem(my;, mr(i))'
MC(b—f,+f, ) BiD) M (i)

Proof By Proposition 3.17 and (3.12.1) the vertices of C(b, B) are the images under ¢ of

b—> fi+) f) forallB suchthato B CB.
jeB' jeB’
Notice that for each j, the monomial label associated to
m°71e()

b—f+f i :
ke s

so for each B’ C B, the label associated to
. M (j)
b—Zf/+Zfr(,') is mbnm;;].
jeB' jeB’ jeB'

As a result, considering all 28! vertices of C(b, B), we have

Mo
mc(b,B) =lcm mbl_[m;(l)iggB/gB
je

b N )
=lcm [ mP m MGyt e
- J

mjl e mjt

}{/1:-»-:/:}23

=m”[[| ] =] where xefx,. .., %} (3.26.1)

JEB \x|m (), xtm;

Similarly,

me b, B{i}) = m” l_[ l_[ x

JEB\{i} \x|myj), xtm;

Thus the quotient is

mcpp M = M (j) _ lem(m;, mep)

mepa (i) — ged(my, me () m;

e
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and (1) follows. To see equality (2), note that by (3.26.1)

Me(b—f;+f, ), BN{i}) M)

me (b, B~ {i}) m;

and thus using equality (1),

me(b—f;+f,;),B{i}) M (i) M (b, B~ {i}) M (i)

me (b, 5) _om; Mg lem(mg, meg)

O

As a result of Proposition 3.26, the homogenized differentials described in (3.25.3) can
be written as

lem(mj,, my(j,))
di(ucwp) = Y (—1)k+1M+m UC (b, B {ji})
1<k<i Tk
Jeon( ) (3.26.2)
cmim;j, , mf(fk)
b Y (e M)

M (i)

uC(b—f/‘k +ft(}'k)’B\ D)
1<k<i

Example 3.27 Let G be the path graph in Examples 2.8 and 3.13. In the cell complex
G2 drawn in Example 3.19, let ¢ = C((0, 1, 1), {1, 2}) be the shaded square. The cells of
dimension 1 are the 6 line segments representing the edges, with the horizontal segments
on the first line below and the vertical ones on the second.

a1 =C((1,1,0),{1}) ¢ =C((0,2,0), {1}) c3 =C((0,1,1),{1})
ca =C((0,1,1), {2}) cs = C((1,0,1),{2}) c6 = C((0,0,2), {2}).

The 0-dimensional cells are shown below, where the first entry is ¢(2, 0, 0) = (0, 0).

((0,2,0), @)

(1, 1,0), @) cy =
v =C((0,0,2), 2).

((1,0,1), @) C

With this notation, the differential of the complex C (@, k) is given as follows:

d(u;) =ug +uy —ug — ug d(u,) = uy —ugy
a(ug,) = uy —ug d(ug,) = uy —ugy
d(ug,) =uy —uy (ug;) = uy —uy

d(ug) = u; —ug

The complex C (G_Z, k) is thus as follows:

0 10 0 0 0 0]

1 1 -10 0 -10

—1 01 0-100

1 0011 0-1

-1 0 0-101 0

0 000 0 0 1
0>k —> kb = Ny

31
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Now we homogenize this complex using the monomial generators of I, namely mg = xy,
m1 = yz, and my = zu, which yields:

[0 ] [—z 0 0 0 0 O]
U x —z 0 0 —u O
—y 0 x 0 —u 0 O
x 0 0 x y 0 —u
-z 0 0 -=z0 y O
0 0 00 0 O
Fez: 0— R(—4) —— R(—3)° — = R(—2)°

and we get a multigraded resolution as follows:

[—z 0 0 0 0 0]
—2z 0 0 —u O

x
-y 0 x 0 —u 0 O
X R(x2y2z) 0 0 x vy 0 —u R(x2y2)
~z| @Ry |0 0~z 0 3y 0| gRay)
0 — R(xy*z’u) L) ®R(yzu) LO 0 0 0 0 7 @R(yzzz)'
@R(yzzzu) @R(yzzu)
®R(xy*zut) ®R(xyzuL)
®R(yz>u?) BR(Z*u?)

Remark 3.28 Letr > 1.1In Sect. 3, we introduced the translations t;: G" — G"*+1 and we
noted they are cellular maps. At the level of the associated homogenized chain complexes,

these cellular maps induce chain maps #;: Fez — F described by

sy
ti(ucm,B) = Uc(bt£,B)

for all E(b, B) € G and all i with0 < i < q- One can check that these maps are indeed
chain maps, using the description of the differentials in Example 3.26.2. As will be shown
in Sect. 4, under the hypotheses of Sect. 3.25 Fgr is a minimal free resolution of I and
Fr77 is a minimal free resolution of I +

Note that the chain maps ¢; can also be described as the chain maps induced by the
map I” — I"t! given by multiplication by ;. Additionally, if we consider the map
v 69?:0 I" — I"t1 whose i component is given by multiplication by m; for each i, then
the induced chain maps

q q
Di: BFe — For
i=0 =0
are surjective when r > ¢, in view of Equation 3.20.2. Hence, the induced maps

q
Torf (¥, k): Torf(@D 1", k) — Torf (I, k)
i=0

are surjective for allj > Oand all r > ¢.
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4 Minimal cellular resolutions of I
In this section, we construct a cellular resolution of I”, where I is a square-free monomial
ideal of projective dimension one, showing that Question 1.1 has a positive answer for this
class of ideals. At this point, using the graph G as in Sect. 3.25, we have constructed G” as
a polyhedral cell complex labeled with the monomials that generate I”. What remains in
this section is to prove that the labeled chain complex of G” gives a minimal free resolution
of I". To complete this task we will compare the labeled chain complex of G to another
chain complex, which is in turn isomorphic to the minimal free resolution of I”.

The Rees algebra of an ideal I is a well-studied object that encodes all powers of [ into
a single construction. Having a family of minimal resolutions of /" for all » > 0 that
are constructed from a common base, namely G, naturally leads one to wonder if these
resolutions are related to a resolution of the Rees algebra. Indeed, the other chain complex
mentioned in the previous paragraph turns out to stem from the Rees algebra. We will
show that for square-free monomial ideals of projective dimension one, the Rees algebra
can be presented as a quotient of a polynomial ring by a complete intersection ideal. A
strand of the Koszul resolution of the complete intersection is the chain complex that will
be isomorphic to the chain complex of G”.
4.1. Rees algebras and ideals of linear type We first recall background information
related to the Rees algebra and show that square-free monomial ideals of projective dimen-
sion one are of linear type.

Let (R, m) be a Noetherian local ring and I an ideal of R. The Rees algebra of I, denoted
R[It], is a subalgebra of the polynomial ring R[¢] consisting of polynomials for which the
coefficient of ¢° is in I® for all s. That is,

Rt =Re It I’ ot --.

When R = K[x1,...,%,] is a polynomial ring, the definition carries through with m =
(%1, ..., x,) the homogeneous maximal ideal of R. A common way to gain insight into
R[It] is to embed it in a larger polynomial ring and then study its defining ideal. Suppose
I is a monomial ideal of projective dimension one minimally generated by square-free
monomials my, ..., my, and let S = R[Ty, ..., T;]. The map v : S — R[I] defined by
¥ (T;) = m;t gives a surjective R-algebra homomorphism. Hence, if ] = kery, then

R[It] = S/] = R(Ty, ..., T,/

The map  is graded so its kernel ] = J; 4+ J» + - - - is a homogeneous ideal, commonly
referred to as the defining ideal of R[/t]. The graded component of J of degree 1, namely
J1, is generated by elements of the form:

{aoTo +a1T1 +---+agTy | apmo + ... + agmy = 0}

which correspond to the generators of the first syzygy module of /. In the case where
I = (my, ..., my) is square-free of projective dimension one, we know that ([8, proof of
Theorem 8]) the first syzygy module can be generated by the homogenized generators of

the chain complex of the graph supporting the resolution of I, namely
lem(mg, m lem(myg, m
% = Ui i) T, — (g 1)) T,w for ke lql. 4.1.1)
s M (k)

Therefore, /1 = (g1, ..., 8¢)-
We now show that I is of linear type, that is, J is generated by its degree one elements.
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Lemma 4.2 Let I be an ideal of projective dimension one minimally generated by q + 1
square-free monomials in the polynomial ring R = K[x1, . . ., x,] overa field k. Thenq+1 <
n

Proof If g = 0 the result follows trivially, so suppose ¢ > 1. From the concrete construc-
tion of the tree G that supports a minimal free resolution of I it follows [3, (4.0.1)] that for
every i € [q] there exists a variable x,, € {x1, ..., x,} such that

Xq; tm; and x4 |m; for 0<j<i (4.2.1)

This implies that ¢ < #. On the other hand, by (4.2.1) x4, - - - x4, | mo. If for any j, x | m;
implies x = x,, for some i, then since [ is square-free, m; | mg, a contradiction. Thus we
must have at least g + 1 variables; i.e.q + 1 < n. O

Theorem 4.3 Let I be a square-free monomial ideal of projective dimension one in the
polynomial ring R = k[xy, . . ., x,] over a field k. Then I is of linear type.

Proof Let u(I) denote the minimal number of generators of I. If we show that u(f,) <
depth R, for all prime ideals p of R containing I, then by a result of Tchernev [21, Theo-
rem 5.1] I is of linear type.

Let p be a prime ideal of R containing I, and suppose p’ is the ideal generated by all the
variables in p, i.e. p’ = (x; | x; € p) C p, and suppose that p’ is generated by #’ variables.
It is not difficult to see that (e.g. see [7, proof of Lemma 1]) I, and /,; have the same
(square-free) monomial generating set, and so

nlly) = L), (4.3.1)

These generators form a square-free monomial ideal in the polynomial ring R’ generated
by the #’ variables generating p’, and pdy (I,y) < 1, and so from Lemma 4.2 it follows that

u(ly) < n' = height p" < height p = depth R,,. (4.3.2)

Equations (4.3.1) and (4.3.2) together imply (I,) < depth R, for all primes I C p, and we
are done. O

Theorem 4.3 tells us that

RUt] =S/ =S/@u - &)

Next we show that the generators gi, . . ., g listed in (4.1.1) form a regular sequence, and
make use of the associated Koszul complex K to extract a chain complex that leads to a

minimal free resolution of I, where r > 0.

Theorem 4.4 Let I be a square-free monomial ideal of projective dimension one in a
polynomial ring R over a field. Then

RUZRITo, ..., T/ )

where g1, . .., gq are as in (4.1.1) and form a regular sequence.

Proof Recall that the Rees algebra R[/¢] has dimension equal to dimR + 1 = n + 1. In
particular,

height(/;) = dimR[Ty, ..., T;] —dimR[It] =n+qg+1—-(n+1)=gq.

This yields the desired conclusion. ]
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Theorem 4.4 shows that the generators of J; form a regular sequence in § =
R[Ty, ..., T4] and as aresult, the Koszul complex of (g1, . . ., g;) over the ring S is a minimal
free resolution of S/(g1, . . ., g;) (see [2] for basic facts about exterior algebras and Koszul
complexes). Since S/(g1, . .., g4) = R[It], we gain information about the free resolutions
of powers of I by obtaining information on the graded strands of the Koszul complex of
S/(g1, ..., g4). To make that information easier to access, we use the fact that exterior
algebras commute with base extensions (see, e.g., [11, §6.13]). In other words, instead of
starting with a rank g free module over S, we let F be a rank g free module over R with
basis ey, . .. e4.

The augmented Koszul complex on the elements g3, .. ., g4 is

0—> AF(—g) @S > AT 'F(—g+1)®85 — ---
coi > AVF(-1) @S > S —> S/ — 0.

In this complex, the degree shifts refer to the T-grading on /, which is determined by an
element’s total degree in Ty, ..., T;. We write S = So @ S1 @ S2 @ - - - where §; is the
ith graded component of S relative to 7. We then take the linear strand of the Koszul
complex above with T-degree equal to r, we obtain the complex

K’ 0> AF(—=r)®Sy = ATTIF(—r +1)®8; — ...
o> AVF(-1) Q8.1 —> S, > I" — 0.

We note that A’F = 0 for all i > q. The differential of this complex can be described by
i
8L1Kr(eh A Ne @w) = Z(_l)k_lejl Ao N N A e @ g W.
k=1

where w € S,_;.

Example 4.5 Let I be the ideal in Example 2.8, with R = Kk[x, 5,z u]. Then § =
R[Ty, T1, T>] and the elements g1, g» defined in (4.1.1) are:

lem(yz, xy) T lem(yz, xy)
= 1—

a To = xT1 — 2Ty,
yz xy
lem(zu, yz) lem(zu, yz)
o= Zuy T, — Zy Ty = yTs — uTh.

If F is a free R-module with basis ej, ey, the complex K? is then the complex of free
R-modules

0— A2F(=2) ® Sy > F(-1) ® S, 5 Sy — 0,
where:

« abasis for A2F(—2) ® Sy consists of the element e; A e2 @ 1;

» a basis of F(—1) ® S; consists of the six elements e ® T;, with i € {0, 1,2} and
ke {1,2};

+ abasis of Sy consists of the six elements T;T; with j,j € {0,1,2},i <.

31
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The differential 95 acts as follows:

hlertrne®l)=e®g —e1 Qg
=x(e2 ® T1) — z(e2 ® To) — y(e1 ® T2) + ule1 ® T1)

and the differential 9; is described by

e ®Ty) =aT; = —2ToT; +xT1 T}
(e ®Ty) =gl =—ul1T;+yT>T;

for i € {0,1,2}. At this point, the reader can observe that K is exactly the homogenized
complex Fy described in example 3.27. This is true in general, as we shall prove next.

4.6. Isomorphism of complexes. We now compare K" to the Z"-graded cellular complex
[Fz established in (3.25.2) with differentials given in Equation (3.25.3). We prove that the
complexes are isomorphic, which gives us that the labeled chain complex G” supports the

minimal free resolution of I”.
Proposition 4.7 Under Setting 3.25, the chain complexes Fer and K" are isomorphic.

Proof To describe an isomorphism p: Fz — K’, we need to specify how it acts on the
basis elements of the free modules in . Let uc(y, g) be a basis element of Fj, as in Equation
3.25.2, with B = {ji,...,ji} and j1 <jo < --- < j;. Sinceb € N, by + -+ + by = r. Let
TP = Té’o e T;q € S,. Defineb’ =b — Y, fi. Then T €S,_;. We define

pucmwp) =€, A---Neg;® ™ € A'F® Sr_i.
We also note that

pUem B i) =€ A" A AL A€ ® Tb/Tjk e ANTIF®S i1
and hence

PUChEf) =€ A AGy A... Aej ® T i

The map p is clearly bijective. We need to verify now that p is indeed a homomorphism
of complexes (i.e. commutes with the differential). Setting B = {ji, ..., j;} in Equation
(3.26.2), we get:

Fer lem(m;,, M)
0, (o) = Y (1)

1<k<i Tk

lcm(mjk, WIT(]' ))
+ (—1)k—kuca)—f +E, i, BNk )) ¢
152](; Mo () Tk T Gig) 13

Uc(b,B~ k)
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We then have

Fer . lem(m;,, me) oy
P <8i G (uC(b,B))> = Z (_1)k+le]'1 A NG NN ® k—‘(/kT i
1<k<i My

lem(m;,, my(; ¢ L
+ Z (_1)kej1 A A e’]; AN ® MTI’ f/k+ff(//<)+f1k‘
1<k<i M (i)

On the other hand, we have:

-

A (plucpp) = 0 (g, A+ Ae, @TY)

lem(m;,, my; lem(m;,, m,(; ,
= Z (—]_)](7131»1 Ao A e/]; AN, ® ( ( Tk T(Ik)) Tjk _ ( Jk T(Ik)) TT(jk)> Tb
un M ()

=p(9; ?(“C(b,B))> .
O

4.8. Main results So far, we have seen in Theorem 4.4 that g3, . . ., g, is a regular sequence
and the Koszul complex on these elements is acyclic. Furthermore, since the number of
generators of J; is less than the dimension of R, the strand K" of K is a minimal free
resolution of the r" graded piece of R[It] = S/J1, which is I". From this, we obtain the
result below.

Theorem 4.9 Let I be a square-free monomial ideal of projective dimension one, and
r > 0. Then I" has a cellular minimal free resolution supported on the polyhedral cell
complex G’

Proof This follows immediately from Proposition 4.7. O

Corollary 4.10 (The projective dimension of I" and I" /I"1) If I is generated by q + 1
square-free monomials in the polynomial ring R, I has projective dimension one, and r is a
positive integer, then

if r> +1 if r>g-—1,
pdpl” = 1 if q, and deIV/Ir“: 1 4 1

r if r<gq r+2 ifr<q—1.‘

Proof The projective dimension of I” can be read from the complex K" (which is isomor-
phic to [Fzr), as we note that A'F = 0ifand only if i > gq.
To obtain the formula for pdgI”/I"*! one uses the fact that the map

R 1 R
Tor (I"t, k) — Tor (I", k)

induced by the inclusion I” +1 C J" is zero for all i > 1; this follows from a result of Maleki
[13, Proposition 3.5]. The map above can be seen to be zero when i = 0 as well. For any
i > 1 there is thus a short exact sequence

0— Torf([r, k) — Torf(]’/[”l, k) — Torffl(lﬂrl, k) =0
that gives pdpl” /I"! = max{pdgl”, 1 + pdpl’" ™'} = 1 + pdgI" 1. m

Given the structure of this resolution, we are able to say more. We can find the precise
Betti numbers for each power of I.
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Corollary 4.11 (The Betti numbers of 1") IfI is generated by q+ 1 square-free monomials
in the polynomial ring R and I has projective dimension one, then the t" Betti number of
I"is (1) - (777" if t < r and O otherwise. In particular, the Betti numbers of I" do not
depend on the characteristic of the base field.

Proof If b € G” then each distinct B € Supp(b) with |B| = ¢ determines a cell of size ¢
embedded as in Sect. 3. For each t, there are (?) distinct sets B of size t. For each such B,

there are (q+r_t

jn ) vertices of G” whose support contains B. o

Example 4.12 In our running Example 3.13, the path has three vertices, and I =
(xy, yz, zu). By Corollary 4.10, pdg/” = g = 2forallr > 2. Furthermore, applying Corollary
4.11 for r = 3, we obtain o(I%) = (3) = 10, 1(1%) = 2- (3) = 12,and o(I°) = (}) = 3.

4.13. An application to the fiber cone. While the result below also follows directly from
Theorem 4.4, we present an alternate proof that illustrates additional properties of the
ideals I. Before stating the result, we briefly recall the relevant definitions and background.
Additional information can be found in [22,23].

An ideal J C I is a reduction [17] of I if there exists an integer r such that JI" = I+,
Reductions can be viewed as approximations of an ideal / that share asymptotic behavior
but have fewer generators. The analytic spread of I, denoted by ¢(I), is the minimal
number of generators of a minimal reduction of /.

An interesting class of ideals are those that are their own minimal reductions. Since the
dimension of the fiber cone of 1

R[It]
mR[It]

is the analytic spread, the fiber cone is often used to detect this property.

F) =

=R/m@I/mISI*/mI*P---

Corollary 4.14 IfI is a square-free monomial ideal of projective dimension one minimally
generated by (mo, . .., my), then I has no proper non-trivial reductions. Moreover, the fiber
cone is isomorphic to a polynomial ring in q variables.

Proof Consider the standard presentation map
¢ :R[Ty, ..., T;] — R[It] induced by ¢(T;) = m;t.

Since ] isa monomial ideal, /] = ker(¢) is a binomial ideal. In general, J(0) = (J+m)/mR[/t]
is the defining ideal of F(I). That is,

F(U) = K[T, ..., T,1/J(0).

Aq

Thus the generators of /(0) have the form Tgo s Tyt — Té’o e T;q where ¢(T?) = ¢(TP).
By definition of ¢, this implies |a] = |b| and m® = mP, which by [3, Proposition 4.1]
means that a = b and therefore J(0) = (0). Thus

FU) = K[To, ..., T,]

It is well known (see, for example, [22]) that £(I) = dim F(I) and £(I) < p(I), where u(l)
is the minimal number of generators of I. Hence ¢(I) = dim F(I) = g + 1 = u(I), which
implies I has no proper non-trivial reductions. ]
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